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Permutation-Based Transmissions in Finite Blocklength
Regime: Efficient and Effective Resource Utilisation

Wenyao Li, Yuli Yang, Bingli Jiao

Abstract—In this paper, the concept of permutation-based
transmissions is developed at the transport layer of short-packet
communications, where the application-layer data is divided
into two parts: one is conveyed by the permutation of various
lengths in a group of packets, and the other is encapsulated into
these various-length packets. The former part, referred to as
permutation-conveyed data unit (PCDU), improves the goodput
and reduces the latency. From a finite blocklength perspective,
the maximal payload rate of permutation-based transmissions is
formulated, based on which the goodput and latency are derived
and obtained in analytical forms. Moreover, the spectral efficiency
and energy efficiency are analysed. Illustrative numerical results
on the performance and resource utilisation comparisons not only
substantiate the advantages of our permutation-based transmis-
sions over conventional transport-layer encapsulation schemes,
but also provide useful tools and specifications for the PCDU
design in short-packet communications.

Index Terms—Permutation-conveyed data unit (PCDU), short-
packet communications, finite blocklength, maximal payload rate,
goodput, latency, spectral efficiency, energy efficiency.

I. INTRODUCTION

As a major driver for the development of future wire-
less communication infrastructures, the Internet of Everything
(IoE) promises to fundamentally change how we live and
work. The foundation of IoE-enabled services is constituted
by ultra-reliable and low-latency communications (URLLCs),
where the target delay for individual interfaces is expected
to be lower than 1ms [1], [2]. For supporting mission-critical
services, e.g., in real-time detection and control, short packets
are utilised to meet the delay constraints [3], [4].

Since Shannon’s classical framework established for infinite
blocklength is not applicable to URLLCs using short packets,
the information-theoretic advances in finite blocklength regime
have created a powerful framework for the design, analysis,
and optimisation of short-packet communications [5], [6]. The
seminal works [7], [8] investigated maximal coding rate of
short packets in the finite blocklength regime and obtained
non-asymptotic bounds on it. Inspired by these works, a series
of asymptotic approximations of converse and achievability
bounds on the maximal coding rates have been developed in
the finite-blocklength information theory [9], [10]. Particularly
for the short-packet communications over wireless channels
of practical interest, various transmission protocols and short
channel codes have been designed and optimised to achieve
URLLCs at low cost and low computational complexity [11],
[12].
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On the other hand, a huge number of connected devices,
giving rise to the IoE, have been challenging how to effi-
ciently utilise the scarce resources of spectrum and energy.
A large volume of attempts have been committed to the
enhancement of spectral efficiency and energy efficiency for
wireless communications in the IoE [13], [14]. Among them,
the philosophy of permutation modulation at the physical
layer is one of the promising solutions, which exploits the
physical resources in a smart way [15]. It utilises the activation
of physical-layer resource units, e.g., in space, frequency,
time or code domain, to convey a part of information bits,
rather than solely relies on classical modulation, i.e., amplitude
and/or phase modulation, to map and physically transmit them.
The physical-layer community has been encouraged by this
philosophy to conceive the ideas of spatial modulation [16]–
[18], frequency index modulation [19], [20], and time index
modulation [21], [22]. The permutation philosophy has been
used at the physical layer in a wide range of applications, such
as relay channels [23], [24], cognitive radio networks [25], co-
operative communications [26], physical-layer security [27]–
[29], aeronautical ad-hoc networking [30], and reconfigurable
intelligent surfaces [31], [32].

As reliable end-to-end connectivity in the IoE relies on
transport-layer protocols that operate above physical channels,
the philosophy of permutation modulation has been developed
at the transport layer to increase the goodput and reduce the
latency, where a portion of application-layer data is conveyed
by the permutation of activated transport-layer resource units,
e.g., the transmission order or the packet length. In [33] and
[34], a portion of information bits in the data unit (DU) of a
packet are referred to as opportunistic bits (OBs) and conveyed
by the index of the time slot (TS) when the packet is trans-
mitted. In [35] and [36], the permutation-based encapsulation
was proposed, where a portion of application-layer data is
conveyed by the permutation with repetition of various DU
lengths in a group of packets, rather than encapsulated into
the packets.

In comparison to their long-packet counterparts, short-
packet communications need to address two associated chal-
lenges with the aid of finite-blocklength information theory
[37], [38]. Firstly, the transceiver’s buffer size is limited by the
IoE device configuration and the service latency requirement.
Secondly, the header length of a packet cannot be neglected,
as it is comparable to the DU length. Motivated by this, we
will optimise the packet structure for the permutation-based
encapsulation in short-packet communications based on the
advances of finite-blocklength information theory.

Our main objective is to maximise the performance and re-
source utilisation efficiency for the application of permutation-
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TABLE I
CONTRASTING THE NOVELTY OF THIS WORK TO THE LITERATURE.

Novelty This
Work

[16]–[32] [33]–[36]

Permutation Philosophy X X X

Transport-Layer Encapsulation X X

Goodput X X

Latency X X

Resource Utilisation X X

Optimal Design in
Finite Blocklength Regime

X

based transmissions into practice. The novelties of this work
are boldly and explicitly contrasted to the state-of-the-art in
Table I at a glance. More specifically, our contributions in this
work are three-fold as below.
• Payload Rate Optimisation: With the aid of finite-

blocklength information theory, the maximal payload rate
of permutation-based transmissions is formulated and
maximised through optimising the short-packet structure
design. Specifically, increasing the number of alternative
DU lengths brings extra bits conveyed in a permutation-
based transmission. However, the average DU length
will be decreased under the constraint of maximum
DU length, which leads to the payload loss due to the
influence of header in the finite blocklength regime.
Closed-form solutions are provided to achieve the optimal
balance.

• Performance Evaluation: On the basis of the max-
imised maximal payload rate, the performance of
our permutation-based encapsulation within short-packet
communications is evaluated and compared with that of
conventional transmissions, in the metrics of goodput and
latency.

• Resource Utilisation Analysis: To investigate our
permutation-based encapsulation in short-packet commu-
nications from the perspective of resource utilisation
efficiency, its spectral and energy efficiency gains are
formulated and maximised in closed-form expressions
through optimising the packet structure design.

The remainder of this paper is organized as follows. In
Section II, the system model of permutation-based transmis-
sions is presented, followed by the introduction to information-
theoretic analysis in finite blocklength regime. Section III for-
mulates the maximal payload rate of permutation-based trans-
missions through optimising the structure of short packets,
based on which Section IV analyses the goodput and latency
improvements offered by our permutation-based transmissions.
Further, the resource utilisation efficiency is addressed in
Section V. Finally, the paper is concluded in Section VI.

II. SYSTEM MODEL

The permutation-based transmission has been proposed to
reduce the header redundancy at the transport layer and
improve the spectral efficiency at the physical layer. In this

PCDU
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[ 𝑇c bits ]
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Fig. 1. Data encapsulation in a permutation-based transmission.

section, the permutation-based transmission is developed in
finite blocklength regime, for further balancing the payload
length and the header length.

A. Permutation-Based Transmissions

In a permutation-based transmission, a group of N various-
length packets, denoted by s1, s2, · · · , sN , are delivered over
the network interface at physical layer. Each packet sn consists
of a header un of length LH bits and a DU vn of a various
length, n = 1, 2, · · · , N . This is the structure of a conventional
packet, where the DU contains application-layer information
bits, and the packet length is recorded in a formatted metadata
field of the header. Different from the conventional packet
structure, the permutation-based transmission chooses the DU
lengths in a group from a set of cardinality K, denoted
by {L0, L1, · · · , LK−1}. Herein, these lengths are set to an
arithmetic sequence [35], [36], i.e.,

Lk = M + kP, k = 0, 1, · · · ,K − 1, (1)

where the initial term M is the shortest DU length, and P is
the common difference of successive lengths, M,P ∈ N.

The encapsulation of application-layer data into a
permutation-based transmission is shown in Fig. 1, where
the application-layer information bits are divided into two
portions: the permutation-conveyed DU (PCDU), composed of
Te bits, and the conventional DUs, composed of Tc bits. The
Te-bit PCDU is mapped onto the permutation with repetition
in allocating the K available lengths into the N DUs, while
the other Tc bits are encapsulated into these N DUs in a
conventional way. As the length of each DU is selected from
K candidates, the lengths of N DUs form KN permutation
patterns in total, and each pattern is determined by a PCDU. In
this way, each PCDU has Te = N log2K bits, which are the
extra bits conveyed though a permutation-based transmission.
For example, the 16 permutations in the case of N = 4 and
K = 2 are listed in Table II, where the PCDU has Te = 4 bits.
To convey the same number of application-layer information
bits, a permutation-based transmission requires less resource
units at the physical layer than a conventional transmission, as
the PCDU is not physically transmitted but conveyed by the
DU length permutation, which does not consume any physical
resources.

The probability that the DU length Lk occurs in an encapsu-
lation is denoted by γk, with 0 < γk < 1 and

∑K−1
k=0 γk = 1.
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TABLE II
16 PERMUTATIONS IN THE CASE OF N = 4 AND K = 2.

Permutation ] PCDU DU Length Allocation

1 0000 DU 1 ←M

DU 3 ←M

DU 2 ←M

DU 4 ←M

2 0001 DU 1 ←M

DU 3 ←M

DU 2 ←M

DU 4 ←M + P

3 0010 DU 1 ←M

DU 3 ←M + P

DU 2 ←M

DU 4 ←M

4 0011 DU 1 ←M

DU 3 ←M + P

DU 2 ←M

DU 4 ←M + P

5 0100 DU 1 ←M

DU 3 ←M

DU 2 ←M + P

DU 4 ←M

6 0101 DU 1 ←M

DU 3 ←M

DU 2 ←M + P

DU 4 ←M + P

7 0110 DU 1 ←M

DU 3 ←M + P

DU 2 ←M + P

DU 4 ←M

8 0111 DU 1 ←M

DU 3 ←M + P

DU 2 ←M + P

DU 4 ←M + P

9 1000 DU 1 ←M + P

DU 3 ←M

DU 2 ←M

DU 4 ←M

10 1001 DU 1 ←M + P

DU 3 ←M

DU 2 ←M

DU 4 ←M + P

11 1010 DU 1 ←M + P

DU 3 ←M + P

DU 2 ←M

DU 4 ←M

12 1011 DU 1 ←M + P

DU 3 ←M + P

DU 2 ←M

DU 4 ←M + P

13 1100 DU 1 ←M + P

DU 3 ←M

DU 2 ←M + P

DU 4 ←M

14 1101 DU 1 ←M + P

DU 3 ←M

DU 2 ←M + P

DU 4 ←M + P

15 1110 DU 1 ←M + P

DU 3 ←M + P

DU 2 ←M + P

DU 4 ←M

16 1111 DU 1 ←M + P

DU 3 ←M + P

DU 2 ←M + P

DU 4 ←M + P

Thus, the average length of a DU in permutation-based trans-
missions is given by

L̄ = M +

K−1∑
k=0

γkPk. (2)

In practice, the maximum DU length, denoted by Lmax, is
determined by specific transport-layer protocols, e.g, Trans-
mission Control Protocol (TCP) or User Datagram Protocol
(UDP). Explicitly, we have

M + P (K − 1) 6 Lmax. (3)

Moreover, the amount of application-layer data is limited
by the transceiver’s buffer size, denoted by Fs. As N packets,
each containing a header of length LH and a DU of the
maximum length Lmax, are loaded into the buffer, we have

N [LH +M + P (K − 1)] 6 N(LH + Lmax) = Fs. (4)

Given these constraints, we will optimise the packet struc-
ture design for permutation-based transmissions, based on the
information-theoretic analysis in finite blocklength regime.

B. Information-Theoretic Analysis

In Shannon’s classical analysis framework [39], the channel
capacity is used to define the maximal coding rate in the case
of infinite code length with an arbitrarily small error prob-
ability. However, the code length in practical transmissions
is finite and the error probability cannot be made arbitrarily
small. Therefore, the advances in finite blocklength regime,
e.g., [8], are preferred in the information-theoretic analysis of
practical transmissions. Given the blocklength B, the block
error probability ε, and the signal-to-noise power ratio (SNR)
ρ, the maximum number of information bits conveyed over
the block is given by [8, Eq. (1)]

D(B, ε, ρ) ≈ BC(ρ)−
√
BV (ρ)Q−1(ε), (5)

where the channel capacity C(ρ) = (1/2) log2(1 + ρ). The
channel dispersion V (ρ) = (ρ/2)[(ρ + 2)/(ρ+ 1)

2
](log2 e)

2,
and Q−1(·) is the inverse function of Q(x) =∫∞
x

(1/
√

2π) exp(−t2/2)dt.
At the physical layer, although the header un and the DU

vn are usually encoded with different-rate channel codes for a
better protection of the header, the average coding rate is used
to scale the transmission rate from the information-theoretic
point of view, where the encapsulation process is deemed to
be a consistent mapping from the transport-layer bits to the
physical-layer symbols.

On the basis of finite blocklength regime, we investigate the
optimal packet structures in permutation-based transmissions
for two scenarios, concerning the minimum values of the
shortest DU length M and the common difference of suc-
cessive lengths P . Firstly, the practical scenario with popular
transport-layer protocols, e.g., TCP or UDP, is considered. In
this scenario, a formatted metadata field, of length l in the
header un, is used to specify the packet length in the unit
of bytes, which equals to the header length LH plus the DU
length. Therefore, the minimum values of M and P , denoted
by Mmin and Pmin, are both 8 bits. In addition, a loose
constraint on the maximum DU length Lmax is

Lmax 6 (2l − 1)× 8− LH < (2LH − 1)× 8− LH. (6)

Subsequently, to demonstrate full benefits achieved by our
permutation-based transmissions, the ideal scenario with
Mmin = Pmin = 1 bit is taken into account, which will
provide effectual specifications for permutation-based packet
design in advanced protocols.

III. MAXIMAL PAYLOAD RATE

In this section, the maximal payload rate is formulated to
scale the effective data rate in permutation-based transmis-
sions, excluding the contribution from metadata in headers.

At the physical layer, the average amount of payload
data within a block is Te/N + L̄, which is conveyed by a
permutation-based packet of average length LH+L̄. Therefore,
the payload rate of permutation-based transmissions is given
by (Te/N + L̄)/B, where B is the blocklength, defined as the
number of symbols used to convey a packet of average length
LH + L̄ over the network interface.

This article has been accepted for publication in IEEE Transactions on Communications. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TCOMM.2023.3253698

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: UNIVERSITY OF ESSEX. Downloaded on May 16,2023 at 12:22:41 UTC from IEEE Xplore.  Restrictions apply. 



4

According to (5), the minimum blocklength required to
convey LH + L̄ bits, with the target packet error probability ε
at the SNR ρ, is expressed as

B∗ = D−1(LH + L̄, ε, ρ), (7)

where D−1(κ, ε, ρ) denotes the inverse of the function B 7→
D(B, ε, ρ), given by

D−1(κ, ε, ρ) =√V (ρ)Q−1(ε) +

√
V (ρ)(Q−1(ε))

2
+ 4C(ρ)κ

2C(ρ)

2

. (8)

Subsequently, the maximal payload rate of a permutation-
based transmission is obtained by

R =
Te/N + L̄

B∗
=

log2K + L̄

D−1
(
LH + L̄, ε, ρ

) . (9)

Without loss of generality, allocating a fair DU length
follows the discrete uniform distribution, i.e., γk = 1/K for
k = 0, 1, · · · ,K− 1. Thus, the average length of a DU, given
by (2), is rewritten as

L̄ = M +
K − 1

2
P. (10)

Substituting (10) into (9), we rewrite the maximal payload rate
as

R(M,K,P ) =
log2K +M + P (K − 1)/2

D−1 (LH +M + P (K − 1)/2, ε, ρ)
. (11)

Obviously, there are six parameters in (11). Among them, LH,
ε, and ρ are determined by the transport-layer protocol, the
reliability requirement, and the channel condition, respectively.
Then, the packet structure design will be optimised with
respect to the shortest DU length M , the common difference of
successive lengths P , and the number of available DU lengths
K for maximising the maximal payload rate.

Now that ρ and ε are constants during the maximisation of
R, we will replace the notations C(ρ), V (ρ), and Q−1(ε) in
(8) with C, V , and Q−1, respectively, for brevity’s sake.

Concerning the constraints introduced in Section II-A, the
maximisation of the maximal payload rate R is formulated by
an optimisation problem as

P1 : R∗ = max
M,K,P

R(M,K,P ) (12)

s.t. M + P (K − 1) 6 Lmax, (12a)
N [LH +M + P (K − 1)] 6 Fs, (12b)
M,P,K ∈ N, (12c)

where the objective function R(M,K,P ) is given by (11).
Since R(M,K,P ) is independent of N , the constraint (12b)
can be attained by arbitrarily adjusting N . Therefore, the
constraint (12b) will be removed and the constraint (12a) will
be the primary concern in the optimisation process hereafter.

Next, we will solve P1 for two scenarios, concerning the
minimum values of M and P , i.e., the practical scenario with
Mmin = Pmin = 8 bits and the ideal scenario with Mmin =
Pmin = 1 bit.

A. Practical Scenario

Herein, the optimisation problem P1 is solved in three steps:
1) converting the inequality constraint (12a) into an equality
one by introducing the constraint on the longest DU length
α = M + P (K − 1); 2) optimising P and K under the
converted equality constraint, given that the shortest DU length
M is deemed to be a constant; 3) optimising M based on the
optimised P ∗ and K∗.

1) Conversion of (12a): Given the longest DU length α =
M +P (K− 1) 6 Lmax, the shortest DU length M in (1) can
be expressed as M = α − P (K − 1). Then, the optimisation
problem P1 in (12) is rewritten as

P2 : R∗ = max
α,K,P

R(α,K, P ) (13)

s.t. α 6 Lmax, (13a)
P (K − 1) < α, (13b)
α, P,K ∈ N, (13c)

where the objective function R(α,K, P ) is

R(α,K, P ) =
log2K + α− P (K − 1)/2

D−1 (LH + α− P (K − 1)/2, ε, ρ)
. (14)

Relaxing the constraint α ∈ N and allowing α to take real
values, i.e., α ∈ R, the partial derivative of the function
R(α,K, P ) with respect to α is given by

∂R

∂α
=
V (Q−1)2 +

√
V Q−1Ψ(α) + 4C (LH − log2K)

Ψ(α)[
√
V Q−1 + Ψ(α)]3/(2C)2

,

(15)
where

Ψ(α) ,
√
V (Q−1)2 + 4C(LH + α− P (K − 1)/2) > 0.

According to the constraints (13a), (13b), and (6), we have

P (K − 1) < α 6 Lmax < (2LH − 1)× 8− LH. (16)

That is,

K <
(2LH − 1)× 8− LH

P
+ 1 <

(2LH − 1)× 8

Pmin
+ 1, (17)

where Pmin = 8 bits in the practical scenario.
Therefore, the inequality (17) is equivalent to

K < 2LH . (18)

Substituting (18) into (15), it is obvious that ∂R/∂α > 0
always holds. Hence, the maximal payload rate R is a mono-
tonically increasing function of α, which is also confirmed by
Fig. 2.

In other words, to maximise R, the longest DU length α
should be set at its maximum value, i.e. α∗ = Lmax, which is
a constant independent of K and P . As such, the inequality
constraint (12a) can be converted into the equality constraint

M + P (K − 1) = Lmax. (19)
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Fig. 2. Maximal payload rates versus α, given P = 8, 16 bits and K =
2, 4, 8, for LH = 24 bits, at ε = 10−3 and ρ = 10 dB.

2) Optimisations of P and K: In this step, the tradeoff
between P and K is analysed on the premise that the shortest
DU length M is a constant.

Based on the equality constraint on the longest DU length,
i.e., (19), the common difference of successive lengths and the
number of available DU lengths can be expressed as

P = (Lmax −M)/(K − 1), (20a)
K = (Lmax −M)/P + 1. (20b)

The maximal payload rate is expressed as a function of K,
i.e.,

R(K) =
log2K + (Lmax +M)/2

[
√
V Q−1 + Φ(M)]2/(2C)2

, (21a)

and a function of P , i.e.,

R(P ) =
log2

(
(Lmax −M)/P + 1

)
+ (Lmax +M)/2

[
√
V Q−1 + Φ(M)]2/(2C)2

,

(21b)
by substituting (20a) and (20b) into (11), respectively, where

Φ(M) ,
√
V (Q−1)2 + 4C[LH + (Lmax +M)/2] (22)

is deemed to be a positive constant given M .
It is obvious from (21a) and (21b) that R(K) is a monoton-

ically increasing function of K and R(P ) is a monotonically
decreasing function of P , given M . This phenomenon is
confirmed by Fig. 3 as well, where the maximal payload rate
R is plotted as a function of K in Fig. 3(a) and as a function
of P in Fig. 3(b), for the permutation-based transmissions
with the longest DU length Lmax = 160, 200, 240 bits and the
shortest DU length M = 40, 48, 56 bits. Hence, to maximise
the maximal payload rate given Lmax and M , the optimal P is
its minimum value and the optimal K is its maximum value,
i.e., P ∗ = 8 and K∗ = (Lmax −M)/8 + 1 in the practical
scenario.

3) Optimisation of M : Given the optimised P ∗ = 8 and
K∗ = (Lmax − M)/8 + 1, the maximisation of R through
optimising M is formulated as

P3 : R∗ = max
M

R1(M) (23)

(a) R(K) versus K at P = (Lmax −M)/(K − 1)

(b) R(P ) versus P at K = (Lmax −M)/P + 1

Fig. 3. Maximal payload rates under the constraint (19), at ε = 10−3 and
ρ = 10 dB, for LH = 24 bits.

s.t. Lmax −M > 8, (23a)
M > 8, M ∈ N, (23b)

where the objective function R1(M) is

R1(M) =
log2((Lmax −M)/8 + 1) + (Lmax +M)/2

D−1 (LH + (Lmax +M)/2, ε, ρ)
.

(24)

The constraint (23a) indicates that at least K = 2 lengths
are available in a permutation-based transmission, and (23b)
specifies that the shortest DU length M is one byte in the
practical scenario.

Relaxing the constraint M ∈ N and allowing M to take real
values, i.e., M ∈ R, we have the following lemma.

Lemma 1: The first-order derivative of the objective function
R1(M) is a monotonically decreasing function of M .

Proof: The first-order derivative of R1(M) with respect
to M is derived as

R′1(M) =

√
V Q−1/2− Φ(M)/[(Lmax −M + 8) ln 2]

Φ(M)[
√
V Q−1 + Φ(M)]2/(2C)2

+
(2C)3[LH − log2((Lmax −M)/8 + 1)]

Φ(M)[
√
V Q−1 + Φ(M)]3

, (25)
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where the function Φ(M) > 0 is given by (22).
The second-order derivative of R1(M) is calculated using

R′′1 (M) =
−(2C)2 · [Θ1(M) + Θ2(M) + Θ3(M)]

Φ2(M)[
√
V Q−1 + Φ(M)]4

, (26)

where

Θ1(M) ,
[
√
V Q−1 + Φ(M)][

√
V Q−1 + 3Φ(M)]

2Φ(M)/(C
√
V Q−1)

, (26a)

Θ2(M) ,
2C2 [LH − log2((Lmax −M)/8 + 1)]

Φ(M)/[
√
V Q−1 + 4Φ(M)]

, (26b)

Θ3(M) ,
1

ln 2

(
Φ(M)[

√
V Q−1+Φ(M)]

Lmax −M + 8
− 2C

)2

− 4C2

ln 2
.

(26c)

It is obvious from (26a) and (26c) that

Θ1(M) > 0 and Θ3(M) > −4C2

ln 2
. (27)

From (26b), we have

Θ2(M) > 8C2[LH − log2((Lmax −M)/8 + 1)]. (28)

Given that l 6 LH − 1, the constraint (6) leads to

Lmax 6 (2l − 1)× 8− LH 6 (2LH−1 − 1)× 8− LH. (29)

Substituting the minimum value of M given by (23b) and
the maximum value of Lmax given by (29) into the right-hand
side of (28), we have

Θ2(M) > 8C2
[
LH − log2

(
2LH−1 − LH/8− 1

)]
> 8C2

[
LH − log2

(
2LH−1

)]
= 8C2

(30)

Therefore, Θ2(M) + Θ3(M) > (8− 4/ ln 2)C2 > 0.
As a result, the second-order derivative R′′1 (M) < 0 always

holds and, consequently, the first-order derivative R′1(M) in
(25) is a monotonically decreasing function of M , which
completes the proof.

Based on Lemma 1, the optimisation of M is discussed
concerning the range of Lmax.

When M is set at its minimum value, i.e., Mmin = 8, (25)
is written as

R′1(8) =
2C [LH − log2(Lmax/8)] + [

√
V Q−1 + Φ(8)]θ

Φ(8)[
√
V Q−1 + Φ(8)]3/(4C2)

,

(31)
where Φ(8) = Φ(M)|M=8, and the constant

θ ,

√
V Q−1

2
− Φ(8)

Lmax ln 2
. (32)

Apparently, R′1(8) > 0 holds if θ > 0, which is satisfied given
that

Lmax >
2

ln 2
+

8C

V (Q−1)2(ln 2)2
+

8
√
C√

V Q−1 ln 2

+
4
√
CLH√

V Q−1 ln 2
. (33)

In practice, it is easy to meet (33), as we usually have√
C/(
√
V Q−1) ∈ (0, 1). Hence, R′1(8) > 0 agrees with the

reality of packet transmissions under study.

Fig. 4. The constraint β in (35) versus the header length LH. Given Lmax >
β, R is maximised on M ∈ [8, Lmax − 8].

When M is set at its maximum value, i.e., Mmax = Lmax−
8, (25) is obtained by

R′1(Lmax − 8) =
(4C2)[

√
V Q−1/2−Φ(Lmax−8)/(16 ln 2)]

Φ(Lmax−8)[
√
V Q−1 + Φ(Lmax−8)]2

+
8C3(LH − 1)

Φ(Lmax−8)[
√
V Q−1 + Φ(Lmax−8)]3

,

(34)

where Φ(Lmax−8) = Φ(M)|M=Lmax−8. To meet R′1(Lmax−
8) < 0, we have

Lmax > [32(ln 2)2 − 1/2]V (Q−1)2/(4C) + (8 ln 2− 1)LH

− (8 ln 2− 4) + (8 ln 2− 1)
√
V Q−1/(4C)

×
√

(4 ln 2 + 1/2)2V (Q−1)2 + 32(ln 2)C(LH − 1)

, β, (35)

More explicitly, the length β in (35) is plotted in Fig. 4.
In the case that Lmax > β, the first-order derivative R′1(M)

in (25) is a monotonically decreasing function of M , ranging
from positive to negative values, and the maximal payload rate
R1(M) in (24) is concave with respect to M .

In the case that Lmax < β, R′1(M) > 0 always holds and,
thus, R1(M) is a monotonically increasing function of M on
[8, Lmax − 8]. That is, the maximal payload rate R1(M) is
maximised at M = Lmax − 8, where K = 2 DU lengths are
available in a permutation-based transmission.

As a consequence, the optimal value of the shortest DU
length M in the practical scenario with P ∗ = 8, denoted by
M∗1 , is achieved at

M∗1 =

{
M?, Lmax > β,

Lmax − 8, Lmax < β,
(36)

where M? is the root of the equation

R′1(M) = 0 (37)

and can be obtained through an iterative algorithm, e.g.,
Newton’s method.

In Fig. 5, the maximal payload rate R is plotted versus M ,
for various values of the maximum DU length Lmax, with
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Fig. 5. Maximal payload rates versus M in the practical scenario with P ∗ =
8, at ε = 10−3 and ρ = 10 dB, for LH = 24 bits.

P ∗ = 8 and K∗ = (Lmax − M)/8 + 1. Given ε = 10−3,
ρ = 10 dB, LH = 24 bits, we have β = 193 bits based
on (35). As shown in this figure, increasing Lmax improves
the maximal payload rate of a permutation-based transmission,
where more DU lengths are available. However, if Lmax < β,
e.g. when Lmax = 160 bits, only K = 2 DU lengths are
available. More specifically, if Lmax further decreases, e.g.
given that Lmax = 112 bits, the performance gain achieved by
permutation-based transmissions over conventional approaches
will disappear. The main reason behind this is that, in shorter
packets, a larger portion of the resource is consumed by the
headers, which however does not contribute to the payload
at all. As such, if Lmax is very small, the payload gain
contributed by the PCDU cannot compensate the payload loss
caused by the DU reduction.

In summary, if Lmax > β, our permutation-based transmis-
sion outperforms conventional approaches, and its maximal
payload rate is maximised at P ∗ = 8, K∗ = (Lmax−M∗1 )/8+
1, and M∗1 as

R∗1(Lmax, LH, ε, ρ)

=
log2((Lmax −M∗1 )/8 + 1) + (Lmax +M∗1 )/2

D−1 (LH + (Lmax +M∗1 )/2, ε, ρ)
.

(38)

In Fig. 6, the maximised R∗1 is plotted as a function of Lmax.
For comparison, the maximal payload rate of conventional
scheme is also plotted in terms of the most advantageous
case, where the DU length of all packets is set to Lmax.
In this case, the packet length LH + Lmax in conventional
scheme is larger than the average packet length LH + L̄ in the
permutation-based scheme, consuming more communication
resources. In spite of this, the maximal payload rate of the
permutation-based transmission still outperforms that of the
conventional transmission, thanks to the extra application-layer
data conveyed by the PCDU. The advantage becomes more
obvious as the header length gets shorter, because the DU
reduction has smaller influence on the payload rate gain in
this case. Besides, the maximal payload rate is improved upon
increasing Lmax or ε.

Fig. 6. The maximal payload rate R∗ maximised at ρ = 10 dB.

B. Ideal Scenario

Herein, given Mmin = Pmin = 1 bit, the optimisation
problem P1 is solved in three steps as well. The first two
steps are exactly the same as Steps 1) and 2) in Section III-A,
i.e., under the equality constraint M + P (K − 1) = Lmax,
the optimal common difference of successive lengths P is its
minimum value, while the optimal number of available DU
lengths K is its maximum value. More specifically, P ∗ = 1
and K∗ = Lmax −M + 1 in the ideal scenario.

As shown in (21b), the maximal payload rate R is im-
proved upon decreasing P , from which it is readily inferred
that permutation-based transmissions achieve higher maximal
payload rate in the ideal scenario with P ∗ = 1 than in the
practical scenario with P ∗ = 8.

In the last step, we will optimise the shortest DU length M
based on the optimised P ∗ = 1 and K∗ = Lmax−M+1. For
the ideal scenario, the maximisation of R through optimising
M is formulated as

P4 : R∗ = max
M

R2(M) (39)

s.t. Lmax −M > 1, (39a)
M > 1, M ∈ N, (39b)

where the objective function R2(M) is

R2(M) =
log2(Lmax −M + 1) + (Lmax +M)/2

D−1 (LH + (Lmax +M)/2, ε, ρ)
. (40)

Relaxing the constraint M ∈ N and allowing M to take real
values, i.e., M ∈ R, we have the following lemma.

Lemma 2: The first-order derivative of the objective function
R2(M) is a monotonically decreasing function of M .

Proof: The first-order derivative of R2(M) with respect
to M is derived as

R′2(M) =

√
V Q−1/2− Φ(M)/[(Lmax −M + 1) ln 2]

Φ(M)[
√
V Q−1 + Φ(M)]2/(2C)2

+
(2C)3 (LH − log2(Lmax −M + 1))

Φ(M)[
√
V Q−1 + Φ(M)]3

, (41)

where the function Φ(M) > 0 is given by (22).
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The second-order derivative of R2(M) is calculated using

R′′2 (M) =
−(2C)2 · [Ω1(M) + Ω2(M) + Ω3(M)]

Φ2(M)[
√
V Q−1 + Φ(M)]4

, (42)

where

Ω1(M) ,
[
√
V Q−1 + Φ(M)][

√
V Q−1 + 3Φ(M)]

2Φ(M)/(C
√
V Q−1)

, (42a)

Ω2(M) ,
2C2 [LH − log2(Lmax −M + 1)]

Φ(M)/[
√
V Q−1 + 4Φ(M)]

, (42b)

Ω3(M) ,
1

ln 2

(
Φ(M)[

√
V Q−1+Φ(M)]

Lmax −M + 1
− 2C

)2

− 4C2

ln 2
.

(42c)

Through the derivations similar with (27)–(30), we can
prove that the second derivative R′′2 (M) < 0 in the case of
P ∗ = 1. Therefore, the first-order derivative R′2(M) in (41) is
a monotonically decreasing function of M , which completes
the proof.

Based on Lemma 2, the optimisation of M is discussed
concerning Lmax ∈ [1, Lmax − 1].

When M is set at its minimum value Mmin = 1, (41) is
written as

R′2(1) =
2C [LH − log2 Lmax] + [

√
V Q−1 + Φ(1)]ω

Φ(1)[
√
V Q−1 + Φ(1)]3/(4C2)

, (43)

where Φ(1) = Φ(M)|M=1, and the constant

ω ,

√
V Q−1

2
− Φ(1)

Lmax ln 2
. (44)

Apparently, R′2(1) > 0 holds if ω > 0, which is satisfied given
that

Lmax >
2

ln 2
+

8C

V (Q−1)2(ln 2)2
+

2
√

2C√
V Q−1 ln 2

+
4
√
CLH√

V Q−1 ln 2
. (45)

In comparison with the condition (33) in the case of P ∗ = 8,
(45) is easier to meet. Hence, R′2(1) > 0 agrees with the
reality of packet transmissions under study.

When M is set at its maximum value, i.e., Mmax = Lmax−
1, (41) is achieved at

R′2(Lmax−1) = − 2C2
√
V Q−1(1/ln 2−1)

Φ(Lmax−1)[
√
V Q−1+Φ(Lmax−1)]2

− (8C3/ln 2)(Lmax+ln 2−1/2) + 8C3LH(1/ln 2−1)

Φ(Lmax−1)[
√
V Q−1+Φ(Lmax−1)]3

< 0.

(46)

That is, R′2(M) monotonically decreases from a positive
value to a negative one, with the increase in M . Hence, R2(M)
is a concave function of M ∈ [1, Lmax − 1].

As a result, the optimal value of the shortest DU length M
in the ideal scenario with P ∗ = 1, for maximising the maximal
payload rate R2(M), is the root of the equation R′2(M) = 0,
denoted by M∗2 .

Now that M∗2 < Lmax − 1, the maximal payload rate
R2(M) is maximised with K∗ > 2 DU lengths available

Fig. 7. Maximal payload rates versus M in the ideal scenario with P ∗ = 1,
at ε = 10−3 and ρ = 10 dB, for LH = 24 bits.

in a permutation-based transmission. In other words, our
permutation-based encapsulation always outperforms conven-
tional transmissions.

Given P ∗ = 1 and K∗ = Lmax − M + 1, the maximal
payload rate R∗2 maximised at M = M∗2 is plotted in Fig.
7. Different from M∗1 in the practical scenario with P ∗ = 8,
M∗2 is not constrained to be a multiple of 8, i.e., it can be an
arbitrary positive integer on [1, Lmax − 1].

Comparing Fig. 7 with Fig. 5, we may find that R2(M) >
R1(M) and M∗2 < M∗1 . More specifically, given the same
conditions of Lmax, LH, ε, ρ, the maximal payload rate in
the ideal scenario with P ∗ = 1 is higher than that in the
practical scenario with P ∗ = 8, and the shortest DU length
for maximising R2(M) is shorter than than for maximising
R1(M). The main reason behind this is that, as the common
difference of successive lengths, P ∗, decreases, the payload
gain contributed by the PCDU is larger than the payload loss
caused by the DU reduction.

In addition, we may notice that R2(Lmax) = R1(Lmax).
That is, when M = Lmax, the permutation-based transmis-
sions in both scenarios achieve the same maximal payload
rate, which is equal to that of conventional transmissions, i.e.,
with K = 1 DU length available.

IV. PERFORMANCE ANALYSIS

In this section, the performance of permutation-based trans-
missions is evaluated in the metrics of goodput and latency,
based on our formulation of the maximal payload rate in finite
blocklength regime, denoted by Rpbt = R(M∗,K∗, P ∗),
where R(M,K,P ) is given by (11).

For the purpose of performance comparison between the
permutation-based transmissions and conventional approaches,
the maximal payload rate of conventional transmissions, de-
noted by Rcon, is investigated for the average length of a DU,
L̄ = M∗ + P ∗(K∗ − 1)/2, where

Rcon =
L̄

D−1(LH + L̄, ε, ρ)

=
M∗ + P ∗(K∗ − 1)/2

D−1(LH +M∗ + P ∗(K∗ − 1)/2, ε, ρ)
. (47)
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(a) P ∗ = 8

(b) P ∗ = 1

Fig. 8. Goodput comparison between permutation-based and conventional
transmissions at ρ = 10 dB.

A. Goodput

The metric of goodput is used to measure the effective
delivery of application-layer data, i.e., excluding the metadata
arising from headers. Concerning the block error probability ε,
the goodput of our permutation-based transmissions is defined
as

Gpbt = (1− ε)Rpbt

= (1− ε) log2K
∗ +M∗ + P ∗(K∗ − 1)/2

D−1(LH +M∗ + P ∗(K∗ − 1)/2, ε, ρ)
,

(48)
and the goodput of conventional transmissions is obtained by

Gcon = (1− ε)Rcon

= (1− ε) M∗ + P ∗(K∗ − 1)/2

D−1(LH +M∗ + P ∗(K∗ − 1)/2, ε, ρ)
.

(49)
In Figs. 8(a) and 8(b), the goodput of our permutation-

based transmissions is compared with that of conventional
approaches at ρ = 10 dB for the practical scenario with
P ∗ = 8 and the ideal scenario with P ∗ = 1, respectively.
Note that, given the average length of a conventional DU as

L̄ = M∗ + P ∗(K∗ − 1)/2 = (Lmax +M∗)/2, (50)

the conventional goodput Gcon remains the same in both
scenarios, since it is independent of P ∗. From both figures,
we may find that the permutation-based goodput is consider-
ably improved in comparison with the conventional goodput,
specifically for the ideal scenario with P ∗ = 1. Moreover,
the goodput gap between permutation-based and conventional
transmissions is increased as the header length LH decreases.
The case of LH = 0 demonstrates the maximum goodput
gain achieved by permutation-based transmissions over the
conventional, where the overhead of headers is disregarded.

B. Latency

In comparison to conventional transmissions, our
permutation-based encapsulation reduces the payload for
delivering the same amount of application-layer data, since
the PCDU is not physically encapsulated into the payload
and does not consume any resource.

To investigate the latency reduction capability of
permutation-based transmissions, the time resource consumed
in delivering a single bit of the application-layer data is used
to scale the latency, which is referred to as latency per bit
and calculated using

Tpbt = Ts/Rpbt

=
Ts ·D−1(LH +M∗ + P ∗(K∗ − 1)/2, ε, ρ)

log2K
∗ +M∗ + P ∗(K∗ − 1)/2

,
(51)

where Ts denotes the time resource consumed per physical-
layer channel use, including the time consumption of all
necessary operations at the physical layer, e.g., transmission
through the physical channel, modulation and demodulation,
coding and decoding, etc.

Similarly, the latency per bit in conventional transmissions
is obtained by

Tcon = Ts/Rcon

=
Ts ·D−1(LH +M∗ + P ∗(K∗ − 1)/2, ε, ρ)

M∗ + P ∗(K∗ − 1)/2
.

(52)

In Figs. 9(a) and 9(b), the latency per bit is compared
between permutation-based and conventional transmissions at
ρ = 10 dB for the practical scenario with P ∗ = 8 and
the ideal scenario with P ∗ = 1, respectively. As shown in
these figures, the conventional latency per bit Tcon remains
the same in both scenarios. This phenomenon is a counterpart
of that in Fig. 8, and the reasons behind them are the same.
Moreover, the permutation-based latency is always lower than
the conventional one, and the gap between them is increased
as P ∗ or LH decreases.

V. RESOURCE UTILISATION EFFICIENCY

An outstanding advantage of our permutation-based en-
capsulation is using the permutation of DU lengths to map
the PCDU, rather than consuming physical resources. In
this section, the spectral and energy efficiency gains of the
permutation-based encapsulation are formulated to demon-
strate its resource utilisation efficiency.
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(a) P ∗ = 8

(b) P ∗ = 1

Fig. 9. Comparisons of latency per bit between permutation-based and
conventional transmissions at ρ = 10 dB.

A. Spectral Efficiency Gain

In comparison with conventional transmissions, the spectral
efficiency gain (%) of our permutation-based encapsulation,
denoted by ∆SE, is defined as the percentage of the payload
rate improvement of permutation-based transmissions against
the conventional payload rate, i.e.,

∆SE(M,P,K) =
R(M,K,P )−Rc

Rc

=
log2K

M + P (K − 1)/2
, (53)

where the permutation-based payload rate R(M,K,P ) is
given by (11), and the conventional payload rate

Rc =
M + P (K − 1)/2

D−1(LH +M + P (K − 1)/2, ε, ρ)
. (54)

Obvious, ∆SE(M,K,P ) is a monotonically decreasing
function of M or P , and the partial derivative of the function
∆SE(M,K,P ) with respect to K is

∂∆SE

∂K
=

4M − 2P + 2PK(1− lnK)

K[2M + P (K − 1)]2 ln 2
. (55)

Fig. 10. Spectral efficiency gain ∆SE versus the number of available DU
lengths, K.

Given M and P , the spectral efficiency gain ∆SE is
maximized when ∂∆SE/∂K = 0, namely

K(lnK − 1) = 2M/P − 1. (56)

The solution to (56) is obained by

K? =
2M/P − 1

W(0, (2M/P − 1)/e)
, (57)

where e is the Euler’s number, and W(0, x) is the 0th branch
of the Lambert’s W function [40].

More specifically, the spectral efficiency gain ∆SE is plotted
as a function of K in Fig. 10, where P is set to its minimum
value, i.e., P = 8 bits in the practical scenario and P = 1
bit in the ideal scenario. As shown in this figure, the spectral
efficiency gain of permutation-based transmissions in the ideal
scenario is higher than that in the practical scenario. In
addition, the spectral efficiency gain is improved as the shortest
DU length M decreases, which implies that our permutation-
based encapsulation achieves higher spectral efficiency gain in
shorter packet communications.

B. Energy Efficiency Gain
In comparison with conventional transmissions, the energy

efficiency gain (%) of our permutation-based encapsulation,
denoted by ∆EE, is defined as the percentage of the energy
saved by permutation-based transmissions against the conven-
tional energy consumption, i.e.,

∆EE(M,P,K) =
Es/Rc − Es/R(M,P,K)

Es/Rc

=
log2K

log2K +M + P (K − 1)/2
, (58)

where Es denotes the energy per symbol and, thus, Es/Rc
and Es/R(M,P,K) are the energy consumed per bit in con-
ventional and permutation-based transmissions, respectively.

Apparently, ∆EE(M,K,P ) is also a monotonically de-
creasing function of M or P . The partial derivative of
∆EE(M,K,P ) with respect to K is given by

∂∆EE

∂K
=

4M − 2P + 2PK(1− lnK)

K[2 log2K + 2M + P (K − 1)]2 ln 2
. (59)
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Fig. 11. Energy efficiency gain ∆SE versus the number of available DU
lengths, K.

Given M and P , the energy efficiency gain ∆EE is maxi-
mized when ∂∆EE/∂K = 0, whose solution is the same as
(57). The energy efficiency gain ∆EE versus K is plotted in
Fig. 11. Comparing this figure with Fig. 10, we may find that
∆EE and ∆SE have the same variations with respect to the
number of DU lengths K, the shortest DU length M , and the
common difference of successive lengths P . In brief, using
shorter packets leads to higher resource utilisation efficiency
of permutation-based transmissions.

C. Tradeoff between Performance and Resource Utilisation

In Fig. 12, the tradeoff between the maximal payload rate
R(M,K,P ) and the spectral efficiency gain ∆SE(M,K,P )
of permutation-based transmissions is investigated at ρ = 10
dB and ε = 10−3, for LH = 0. As shown in this fig-
ure, the permutation-based encapsulation using longer packets
achieves better performance, i.e., higher goodput and lower
latency per bit pertaining to higher maximal payload rate.
The main reason behind this lies in (5), which indicates
that longer blocklength results in higher coding rate. On the
other hand, the permutation-based encapsulation using shorter
packets achieves better resource utilisation, i.e., higher spectral
or energy efficiency gain, because the efficiency gain is defined
in comparison to conventional systems and depends on the
contribution from the PCDU. Moreover, the ideal scenario
with P = 1 can more efficiently balance the tradeoff between
the performance and resource utilisation, compared with the
practical scenario with P = 8.

VI. CONCLUSION

To improve the goodput and reduce the latency in short-
packet communications, permutation-based encapsulation has
been developed at the transport layer and investigated in
this paper, where the PCDU is not transmitted via physical
resources but mapped onto the permutation of various DU
lengths. Based on the finite-blocklength information theory,
the maximal payload rate of permutation-based transmissions
was formulated in an analytical form, and the optimal packet
structure was obtained for maximising the maximal payload

(a) P = 8

(b) P = 1

Fig. 12. Tradeoff between the maximal payload rate R(M,K,P ) and the
spectral efficiency gain ∆SE(M,K,P ) of permutation-based transmissions
at ρ = 10 dB and ε = 10−3, for LH = 0.

rate in both practical and ideal scenarios. As per the opti-
mal packet structure, the performance of permutation-based
transmissions was evaluated in terms of goodput and latency,
as well as compared with the conventional performance.
Moreover, the resource utilisation efficiency of permutation-
based transmissions was analysed in the metrics of spectral
and energy efficiency gains. Illustrative numerical results on
the performance and resource utilisation comparisons sub-
stantiated the advantage achieved by our permutation-based
encapsulation over conventional short-packet communications,
specifically in the ideal scenario. In particular, an impor-
tant insight was reached to facilitate the system design of
permutation-based transmissions. That is, in contrast to the
practical scenario with P = 8, the ideal scenario with P = 1 is
more beneficial to permutation-based transmissions, as it leads
to better performance and higher resource utilisation efficiency
as well as more efficiently balances the tradeoff between the
performance and resource utilisation.
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