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Abstract—The quality of skills learned by robots from demon-
strations depends on the level of demonstration by the instructor,
while models such as Dynamic Motion Primitives (DMP) are
extremely sensitive to the quality of demonstrations because they
can only learn from a single demonstration. In this paper, we
propose a method of learning from multiple demonstration. First,
we model multiple demonstration data by generalized Gaussian
mixture models (GMMs), then generate a smooth trajectory
by the Gaussian mixture regression (GMR), and finally, the
generated trajectory is modeled by DMP. This method can
capture features from multiple demonstrations of the same task,
reducing the impact of incorrect demonstrations on skill learning.
Additionally, the generalized Gaussian mixture model has strong
data fitting ability, enabling robots to learn smooth and high-
quality motion skills. Finally, the effectiveness of the proposed
method was verified by performing a Chinese character writing
task on a Baxter robot.

I. INTRODUCTION

Robots are usually used to complete fixed tasks in structured
environments, such as automobile manufacturing, electronic
product assembly, etc. With the continuous and rapid devel-
opment of the robotics industry, in the future, more and more
robots will provide services for human daily life, such as
nursing robots [1], [2] and cleaning robots. In a structured
factory environment, task trajectories are usually carefully
designed and coded for robots, where robots only need to
repeat tasks according to predetermined trajectories. However,
in unstructured environments, pre-designed trajectories cannot
cope with dynamic and unknown environments, nor can they
adapt to changes in tasks. In order to make it easier for robots
to work in the actual environment, it is a simple and effective
method to transfer human skills to robots. Learning from
demonstration (LfD) [3] has received widespread attention
in recent years [4]. It is an effective method to reduce the
complexity of Robot learning new skills. Human instructors
only need to demonstrate how to complete a new task, and
robots can learn motor skills from the demonstration. There
are three core issues in the learning of robot motor skills.
One is the stability of motion, which means ensuring that
the motion converges to the target position. The second is
the generalization ability of skills. We hope that the learned
skills can be applied to different environments and tasks,
rather than simply repeating the demonstration trajectory of
the instructor. The third is the quality of motor skills. We hope
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that the movements learned by Robot learning are smooth and
continuous.

At present, there are many methods used for motion tra-
jectory modeling, such as spline decomposition [5], Gaussian
mixture models (GMMs) [6], [7], hidden Markov model
(HMM) [8], dynamic motion primitives (DMP), and so on.
Using spline curves to encode trajectories can maintain their
smoothness and continuity, and can flexibly represent and
process various trajectory shapes. Both GMMs and HMM are
statistical models used to describe the probability distribution
of trajectory points, but they focus on different aspects. GMMs
are more suitable for trajectory pattern recognition and clus-
tering, while HMM is more suitable for temporal modeling
and trajectory sequence generation. DMP motion as a dynamic
system with an attractor. Its basic idea is to generate and
control motion by decomposing complex motion into simple
basic modes and using appropriate parametric representation.
At present, DMP has been widely applied in the field of
robotics [9], such as robot table tennis [10], robot online
obstacle avoidance [11], and dual arm collaborative tasks [12].
Some researchers have also modified the original model [13],
[14] to make it more scalable and generalized. [15]proposed
a method that combines DMP with probability models, which
can generate smooth trajectories and capture higher-order
statistical information of motion. In addition to modeling
motion trajectories, DMP can also model information such
as force and stiffness obtained from demonstrations [16].

In the process of human learning, humans can master
motor skills through multiple exercises. for learning from
demonstration, the quality of skills learned by Robot often
depends on the quality of demonstration data. We hope that
robots can learn high-quality motion skills from some im-
perfect demonstrations, just like humans. Many researchers
have studied the trajectory modeling method based on GMMs
[17]. By GMMs, multiple demonstration data modeling can
be modeled as a mixture of a group of Gaussian component.
Each Gaussian component represents the behavior mode and
state of the task trajectory. GMMs can extract the invisible
features in the motion trajectory. [18] replace the nonlinear
term in DMP with GMMs, so that they can learn from
multiple demonstrations. However, trajectory models based on
GMMs have low computational efficiency and poor modeling
performance for nonlinear data. In this article, we propose a
method of learning skills from multiple demonstrations based
on Generalized Gaussian Mixture model. Firstly, a generalized
Gaussian mixture model [19], [20] is used to model the
demonstration data. Compared to conventional GMMSs, the
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generalized Gaussian mixture model has better modeling per-
formance for nonlinear data. Then, we use the corresponding
Gaussian mixture regression algorithm [21] to obtain a smooth
trajectory. Finally, model the generated trajectory by DMP.
In this way, we can learn a relatively perfect trajectory from
multiple demonstrations, and use DMP to model the trajectory,
making motion skills have strong generalization performance
and can achieve real-time motion generation.

The main contributions of this paper are twofold. Firstly,
we propose a learning method based on the generalized Gaus-
sian mixture model, Gaussian mixture regression, and DMP.
Secondly, we adjust the original Gaussian mixture regression
algorithm to make it applicable to the generalized Gaussian
mixture model, too. The rest of this article is organized
as follows. The second section introduces DMP, generalized
Gaussian mixture model, and Gaussian mixture regression.
The third section presents simulation and experimental results,
and the fourth section presents conclusions.

II. METHODOLOGY
A. Dynamic Movement Primitive

Dynamic Motion Primitives (DMP) is essentially a second-
order nonlinear equations that can be regarded as spring
damping systems driven by nonlinear terms. DMP consists of
a linear term and a nonlinear term: the linear term is a function
of time, which is related to the manually set target trajectory.
Its function is to make the robot follow the set target trajectory
when executing motion. The linear term usually takes the form
of a time proportional factor, which gradually decreases over
time. The form of the nonlinear term allows the robot to adjust
the speed and amplitude of motion adaptively, so that the
motion track shows a specific shape. The original DMP can
be represented by the following equation [22]:

70 =k(g — ) — dv + f(s) (D)
TE =v 2)
T$ = —as 3)

Where z and v represent the position and velocity of the
demonstration trajectory, respectively, g is the target position,
k is the stiffness coefficient of the system, d is the damping
coefficient of the system, and s is the phase of the system,
gradually decaying from the initial value of 1 to 0. DMP does
not directly depend on time, but rather on phase, which makes
it easy to expand the model, T represents the time constant of
the system, which determines the evolution time of the system
and can be adjusted to change the duration of the task. « is
a normal number, and f(s) is a nonlinear continuous bounded
function driven by the system phase. When s decays to 0, f(s)
becomes a constant. The nonlinear term f(s) is defined as:
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Where zy represents the initial position of the trajectory,
psi; is the radial basis function, ¢; and h; represent the
center and width of the radial basis function respectively,
w; is the weight of the 4., basis function, and N is the
number of basis functions, determined according to the task.
The estimation of w; is a supervised learning process. After
obtaining the demonstration trajectory, record its position ()
and at each time step ¢=0, 1, ..., p and calculate its acceleration
and velocity %(t), (t), and obtain the objective function based
on these data and Eq. (1):

ftarget(s) =70+ dv — k(g - LC) (6)

J = Z (ftarget(s) - f(S))Q (7)

Then, by minimizing the function J, the weights w; of
the base function ¢); is obtained. Usually, locally weighted
regression (LWR) and locally weighted projection regression
(LWPR) are used to solve this problem. The method of using
locally weighted regression is as follows:

ZTFiftarget
where,
bit) 0 .. 0
oo wit) .. 0
0 0 Ui (tp)

The DMP has the following characteristics:

1) Strong robustness, able to resist uncertainty and inter-
ference during motion. From Eq. (3), it can be seen that
the phase s will decay to 0 over time. Therefore, the
nonlinear term f(s) is bounded. It is only necessary
to ensure that the system stiffness coefficient £ and
damping coefficient d are both greater than O to ensure
that the system is stable and will eventually converge to
the target position.

2) Has strong adaptability and generalization, by modifying
the starting position xy of DMP and target position g can
achieve generalization of trajectories in space, modify
the time constant in the model 7, the generalization of
trajectories in time can be achieved, and the shape of the
generalized trajectory is roughly similar to the original
trajectory.

B. Generalized GMMs

Classical GMMs only include conventional Gaussian mod-
els, as their axes are linear, so it usually requires more
components when fitting nonlinear datasets. Active curve axis
Gaussian model (AcaG) [20] has a bent principal axis, so its
fitting effect on nonlinear data is better, as shown in Fig.
1. Next, we introduce generalized GMMs [19] that include
both conventional Gaussian models and AcaG. Assuming
X = {z1,...,z,} is a d dimensional observation dataset of
n vectors, and the distribution of X is based on Gaussian
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Fig. 1: The left is AcaG, and the right is conventional Gaussian
model

component or AcaG, a generalized GMMs can be represented
by the following equation:

p(x:]©) (10)

k
= aipi(wl6;)
i=1
where k is the number of Gaussian components, each compo-
nent may be a conventional Gaussian model or AcaG, «; is
the weight of each Gaussian component, 6; is the parameter
of each Gaussian component, the process of calculating the
parameters of each component in GMMs is as follows:

(1) Divide the data into K classes by k-means clustering,
where K is pre-set, meaning there are a total of K Gaussian
components, this is obtained by observation of the data, and
then for each class of data, transforming raw data by PCA:

Yi=Qx (z; = T) Y

Where T and @ are the translation matrix and rotation matrix
of PCA respectively, Y = {yi1,...,ym} is the transformed
coordinates of raw data, the d dimensions of Y are denoted as
v = [v1, ...,v4)T, in this paper, the data is all two-dimensional.
Then, fit [v1, vo] by the least squares method, and the standard
curve which is defined as y = ax? + b, then we divide each
component into a conventional Gaussign_model and AcaG
based on the degree of curvature of the main axis, a small
positive real number ¢ is preset. If |a| < ¢, it can be considered
as the main axis approaching a straight line, at this point, the
Gaussian component is a conventional Gaussian component.
If |ajéa, then it is considered the main axis is sufficiently
curved, and the Gaussian component at this point is AcaG.

(2) Initialize the parameters of each component. For a
conventional Gaussian model, the parameters are the center
point and covariance matrix. For AcaG, the probability density
function of point x; is:

Jt

zf[ S
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Where j; is the number of projection points of x; on the main
axis, X1 and Yo represent the two covariances on the main
axis, lj(v1¢) is the arc length from the j;;, projection point
to the midpoint of the main axis, and [;(vs;) is the distance
from x; to the j;; projection point. The line connecting point
x; and the projection point is perpendicular to the tangent of
the main axis at the projection point, as shown in Fig.2. The

1't|9

12)

parameters of AcaG is 0 = (u, X1, %, C,Q,T), where p is
the center point, and C represents the parameters a and b of
the principal axis curve. p is initialized by k-means, ) and
T are initialized by PCA, C is initialized by the least squares
method, ¥; and X5 are initialized by following equation:

1 n

Y= E i=1 (lnearesr‘/(vli))2 (13)

= 1 En (Inearest (v2i))° (1
9 ni:l nearest\V2i

where l,eqrest Tepresents the projection point closest to x;.

@ Sample points
@® Projection Point

0 2 H 5 8 10 T
Fig. 2: Projection of sample points on the main axis

(3) Iteratively update the parameters of each component, the
iterative method for the EM algorithm for generalized GMMs
is as follows: -~

E step: Compute ‘expected’ component of all data points
for each component.

a;pi(z4]0;)
2521 QsPs (xt |08)

Where w;; is the posterior probability of x; belonging to the
14, Gaussian component in generalized GMMs.

M step: Calculate the maximum likelihood of each Gaussian
component for a given data. Then update the weight for each

component:
§ Wit

For AcaG, the update process of its parameters is as follows:

15)

Wit =

ale? —

(16)

—
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where PC'A() is the principal component analysis function,
and LSFM() is the least squares fitting method. For more
detailed descriptions of generalized GMMs and AcaG, as well

as the process of parameter updates, please read [19] and [20].

C. Learning from Multiple Demonstrations

For the given demonstration data D = {pw,ti,j}iv:’oﬂjzo,

where p is the position, ¢ is the time, /N is the number of
demonstrations, and 7; is the number of 7;, demonstration
sample points. First, model the demonstration data by the
generalized GMMs that containing K components, Where K
is set based on the trajectory demonstrated. Then, the expected
maximum position &, at a given time & can be calculated by
GMR. The mean value of k;;, Gaussian components in GMMs
is:

e = {te ks Lo,k } (22)
The covariance matrix is:
Yik sk
Y= ’ ’ 23
k <Zst,k Es,k ( )

For conventional Gaussian component, ¥, and ¥, are the
variances of time and position, respectively. For the AcaG,
i, and X, are the two covariances on the principal axis,
for each Gaussian component, given &;, the conditional expec-
tation and estimated conditional covariance of & are:

Eoe = o, + St o (See) T (s pee) (24)
Sose = T = Dotk (Ser) T S (25)
For conventional Gaussian component, (&, p k) = (& —

te ), for AcaG, I e, ) is the arc length from the in-
tersection of ¢t = & and the main axis to the center point.

Combine és’k and f]s,k based on the weight coefficients of

each Gaussian component, for &;:
ng—

p(&elk)

K ;
2_i—1P(&eli)
For GMMs with K Gaussian components, given &;, the
conditional expectation and conditional covariance of &, are:

Br = (26)

K

£ = Bion 27)
k=1

A K A

Se =Y BiZek (28)
k=1

Then, the corresponding trajectory can be obtained through a
set of time series, and the generated trajectory can be modeled

using DMP. Fig. 3 shows the process of learning from multiple
demonstration groups. First, model multiple demonstration
groups of data by generalized GMMs, then obtain a series
of trajectory points by GMR regression to , and finally model
the trajectory by DMP.

30
« Sample points
x0{ o GMR generated
data points

20

20

150

100

50

Fig. 3: DMP model for trajectory points and trajectory points
generated by GMR.

D. Comparison of Learning from Multiple Demonstrations
Based on Generalized GMMs and Cguyentional GMMs
N — —

We model multiple demonstrations by conventional GMMs
and generalized GMMs respectively, and compare their fitting
effects on nonlinear data. The effect of conventional GMMs
on data modeling is shown in Fig. 4. The number of Gaussian
components set in the three figures is 3, 5 and 10 respectively.
It can be seen that if the number of models set is small, the
fitting effect on data is poor. If there are too many models set,
it is easy to cause overfitting. The effect of learning multiple

Fig. 4: Based on conventional GMMs-GMR learns multiple
teaching data.

« Sample data "
— GMR

e

Fig. 5: Learning from multiple demonstration data based on
generalized GMMs.
—

demonstrations by generalized GMMs is shown in Fig. 5.
The set number of component fractions in the three images
is 2, but the number of EM optimizations is different, namely
1, 3, and 10. As the number of iterations for optimization
increases, the trajectory generated by GMR becomes smoother
and smoother. It can be seen that compared to conventional

GMMs, generalized GMMs performs better in fitting nonlinear
data. -_
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III. EXPERIMENT

We conducted writing experiments on Baxter robots to
verify the effectiveness of the proposed method. As shown
in Fig. 6, it is a schematic diagram of a robot writing Chinese
characters.

Fig. 6: Robot writing Chinese characters.

A. Learning from demonstration

Fig. 7: Dragging the robotic arm to write Chinese characters.

As shown in Fig. 7, the instructor drags the robotic arm
to complete the writing of Chinese characters on paper and
records the trajectory of the end-effector during this process.
During this process, dragging the robotic arm is a significant
burden for the instructor, making it difficult to ensure the
accuracy and smoothness of the writing trajectory. A total of
three_writing_demonstrations were conducted, and the results
and recorded data™are shown in Fig. 8, it can be seen that the
Chinese characters written by dragging are not smooth.

B. Skill learning

In the skill learning stage, we first use generalized GMMs
to model the recorded data modeling. Since writing is carried
out on a plane, we only focus on the tracks in the X and
Y directions, and because the X and Y directions of Chinese
characters are not one-to-one corresponding, it is not suitable
for regression analysis, so we do not directly model the
position tracks in both directions, but separately model the
position and time in both directions. As shown in Fig. 9,

Fig. 8: The results of three writing sessions and the recorded
end trajectory. S S——

it is the position trajectory and time data in the X and Y
directions. Then, two sets of data were modeled by generalized
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Fig. 9: The results of three writing sessions and the recorded
end trajectory.

Gaussian mixture model. We used four Gaussian components
for both sets of data, which were artificially set by observing
the two sets of data, and the number of iterations for model
optimization is 10. The results are shown in Fig. 10, which
shows the principal axis of each component.

Fig. 10: The generalized GMMs model of the data, where
the curve in the graph represents the principal axis of each
Gaussian component.

After the model is established, given a series of times 1" =
t1,to, ..., tn, we obtain the position trajectory corresponding to
each time using GMR to generate a smooth trajectory. Then,
we use DMP to generate the generated trajectory, and the
results are shown in Fig. 11, it can be seen that the generated
trajectory is very smooth.

C. Robot reproduction

After establishing the DMP in the X and Y directions, the
desired trajectory for the robot to write Chinese characters
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Fig. 11: DMP model based on GMR.

can be obtained, and then the robot can independently write
Chinese characters based on the desired trajectory. Fig. 12
shows the expected trajectory for writing and the actual writing
results of the robot, it can be seen that the Chinese characters
written by robots are smoother than those manually dragged.

Although the demonstration data is not very smooth, gener-
alized GMMs can extract all the features in the demonstration
and present them in a smoother way, which fully demonstrates
the necessity of learning skills from multiple demonstrations.

Fig. 12: The expected trajectory of writing and the results of
autonomous robot writing.

IV. CONCLUSION

This paper proposes a method for learning skills from multi-
ple demonstrations based on generalized GMMs. Generalized
GMMs contain Active curve axis Gaussian, which enhances
their fitting effect on nonlinear data. We compared the fitting
effect of conventional GMMs and generalized GMMSs on non-
linear data, demonstrating their superiority. Chinese character
writing experiments were conducted on Baxter robots, and
the optimized trajectory was smoother than the demonstration
trajectory. However, there are still areas for improvement in
the method presented in this article. As we model the position
and time in each direction of the demonstration trajectory, it is
necessary to match each trajectory in time. However, during
multiple demonstrations, this is difficult to ensure. And the
training time of generalized GMMs is long and the efficiency
is very low. In future work, we will study how to solve these
two problems.
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