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Many Next-Generation consumer electronic devices would be distributed hybrid electronic systems, such as
UAVs (Unmanned Aerial Vehicles) and smart electronic cars. The safety and risk control are the key issues for
the sustainability of such consumer electronic systems. The modeling of hybrid electronic systems is difficult
to be abstracted by traditional Petri Nets. This also makes the reachable marking graph unable to be applied
to Petri nets of the hybrid electronic systems. This paper proposes a novel Petri Net to model and analyze the
hybrid electronic systems. We name it a Semi-continuous Colored Petri Net (SCPN) that inherits the excellent
modeling capabilities and analysis methods of Petri Nets, and can formally depict hybrid quantities. In addition,
we propose the construction algorithm for an SCPN reachable marking graph and prove its finiteness. Finally,
we model and analyze an Adaptive Cruise Control (ACC) system of smart electronic cars as an example to
prove the validity of SCPN. We use the proposed SCPN to model and analyze the running process of an
ACC system under the continuous deceleration scenario of the front vehicle. The application study shows
that the ACC system has logic flaws under the constant headway strategy when the front vehicle continues
to decelerate. Based on this analysis, improvements to the SCPN of the ACC system are made, effectively
enhancing its safety and logical correctness.
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1 INTRODUCTION
In our daily life, precise control of hybrid information systems plays a key role in many industries
due to their safety and robustness. To ensure the safety and logical correctness of such systems,
it is necessary to introduce standardized formal methods into the system development process.
Formal methods can improve the accuracy and robustness of software and hardware design using
appropriate mathematical analysis techniques, ensuring a high degree of integration and validation
in system development.

Some researchers use architecture analysis and design language to carry out half-formal modeling
of embedded systems to improve their safety and operational accuracy[20, 27, 29, 30, 35]. Hybrid
automata is a classical formal method of model checking, which is widely used in hybrid systems
for modeling and verification [10, 15, 17]. However, there are problems such as state explosion
in hybrid automata [11, 19, 34], which makes the analysis of hybrid automata models intractable.
The differential dynamic logic proposed by Platzer combines synthetic verification techniques and
modularization of verification problems, which provides a strong theoretical basis for the modeling
and verification of hybrid systems [25].

A Petri net is a graphical formal model, which can describe both a structure of the system and its
inherent concurrent and conflicting processes within[36]. For hybrid systems, Petri net can describe
them hierarchically, which is combined with object-oriented ideas in software development. The
above features make it easier to understand by developers and testers. Meanwhile, a Petri net is
also used in various fields such as medical treatment, e-commerce, transportation, military and so
on [12, 21, 26, 31]. T. Chakraborty applied Petri nets to model and analyze cloud platform fleet ACC.
Experimental results showed that priority Petri nets could effectively reduce the accumulation
of cloud platform data [2]. Chandramohan used an original Petri net to model and analyze the
ACC system, and established a fault-tolerant mechanism for accelerator and braking [3]. Carlos
Gmez-Huelamo used hierarchical interpreted binary Petri nets to describe the decision-making
framework of autonomous driving in the ACC scenario [13].
Despite the aforementioned successes in its application, there have been a number of well

reported limitations which restrict its extension onto more complex dynamical systems. First of
all, the original Petri net has two characteristics of high abstraction and discrete nature of the net
model, which makes it extremely difficult to use the original Petri net to model for hybrid systems
[1, 31]. Several extensions devised to address this limitation have been proposed by researchers in
the past decade [1, 7, 28, 32, 33]. These high-level Petri nets can more accurately depict the basic
principles and control procedures, realize the formal construction, and conduct the risk analysis to
improve the validity and safety of hybrid systems.

A Colored Petri Net (CPN) is a common high-level Petri net[6, 8, 16, 22, 23], which has powerful
modeling ability due to the combination with ML language. Meanwhile, CPN is a discrete event
modeling language, which is used to describe the discrete events in dynamical systems, and plays
an important role in concurrency, synchronization, and communication systems. In addition, the
CPN description of a system also closely resembles its implementation. This makes CPN suitable for
modeling of concurrent engineering systems. However, CPN’s inability to adequately representing
continuous changes has remained a challenge when modeling hybrid systems. Due to this, it is
difficult for us to extract process description and data for further analysis and verification. This

https://doi.org/XXXXXXX.XXXXXXX
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requires us to modify the CPN, while retaining its strong modeling capabilities, to make it more
complete the depiction of continuous changes.
A stochastic Petri net (SPN) is a special high-level net that gives each transition a firing rate

that can be thought of as random variable 𝑋 drawn from a distribution function [4, 7, 14, 18, 28].
The distribution function can be obtained empirically from actual measurement results, or by
generating a prediction model according to predefined rules. The latter approach enhances the
SPN’s simulation capabilities to better fit and reflect the running mechanism of the actual system.
Either discrete or continuous transition firing rate can be used in SPN. Although this extension
allows a more robust description of transition control, there is still no means of describing the
change of token inside a place. Hence, SPN is essentially a Petri net for modeling discrete systems.
Hybrid Petri Net (HPN) is a high-level Petri net emphasising on depicting continuous changes

[5, 9, 24, 28]. Basile combines HPN with CPN and proposed Colored Modified Hybrid Petri Nets to
model complex material handling systems [1]. The advantage of this is that the accumulation of
continuous quantities can be calculated by definite integral. However, in the HPN, discrete and
continuous places separately participate in the firing process of transitions. In other words, the
sets for discrete and continuous places are disjoint. First, in a HPN, discrete places and transitions
are independent of continuous ones. As a result of this, the token in the continuous place cannot
participate in the firing process of discrete transitions. The token in the discrete place conversely
cannot participate in the firing process of continuous transitions. This is inconsistent with the
operation of real-world systems. In addition, HPN cannot be analyzed by the reachable marking
graph of Petri nets. Since the change of the continuous quantity is infinite, the reachable marking
graph of the HPN and the continuous Petri net is also an infinite set, which cannot be analyzed
directly. This means that analysis methods such as reachable marker graph cannot be applied on
the HPN.
To further model and analyze the running process of a system, this paper proposes Semi-

continuous Colored Petri Net (SCPN). SCPN is based on CPN’s modeling capabilities, making it
easy to implement the system. SCPN also introduced the concept of hybrid Petri nets to depcit
continuous quantities with additional improvements to make SCPN more suitable for the modeling
and analyzing a hybrid system. The main idea of SCPN is to replace the weight of the arc with the
average rate of continuous quantity change. The advantage of this is that the continuous quantity
can be evaluated so that the reachable marking graph can be used for the SCPN of a hybrid systems.
In summary, the proposed model can combine data analysis and process depiction to improve the
interpretability and traceability of a formal models.

In this paper, the design of the distance algorithm of an ACC system is taken as an example, and
it is verified in its conceptual model stage using the proposed SCPN. The main contributions of
this paper are summarized as follows:

(1) A novel extension to Petri net, SCPN, is proposed to model the hybrid systems.
(2) A reliable analysis method of the SCPN model is outlined.
(3) We provide a novel modeling scheme for hybrid systems.

The rest of this paper is organised as follows: The section II introduces the basic concepts of
SCPN. The section III presents the analysis method of SCPN and proves its correctness. The section
IV uses the modeling and analysis of the ACC system as a use case to verify the validity of SCPN.
Section V provides a related discussion. Section VI concludes this paper.

2 BASIC CONCEPTS
SCPN can combine the intuitiveness of graph representations with the logic of mathematics, and
carry out modeling and analysis of the hybrid systems that possesses discreteness and continuity
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Fig. 1. The running example of the continuous transition in SCPN.

at the same time. The definition of SCPN is given as follows:
Definition 1 : An SCPN is a ten-tuple, SCPN = (𝑃,𝑇 ,𝐴, 𝛴,𝑉 ,𝐶,𝐺, 𝐸, 𝐼 , 𝐾) where:
(1) 𝑃 is a finite set of places, 𝑃𝐶 ∪ 𝑃𝐷 = 𝑃 , 𝑃𝐶 ∩ 𝑃𝐷 = 𝑃𝐻 , where 𝑃𝐶 represents continuous place,

𝑃𝐷 represents discrete place, 𝑃𝐻 represents hybrid place.
(2) 𝑇 is a finite set of transitions, 𝑇𝐶 ∩𝑇𝐷 = 𝑇𝐻 , 𝑇𝐶 ∪𝑇𝐷 = 𝑇 , where 𝑇𝐶 represents continuous

transition,𝑇𝐷 represents discrete transition,𝑇𝐻 represents hybrid transition, which is divided
into𝑇 𝑖

𝐻
and𝑇𝑜

𝐻
,𝑇 𝑖

𝐻
represents hybrid transition where the input is continuous and the output

is discrete, 𝑇𝑜
𝐻
represents hybrid transition where the input is discrete and the output is

continuous.
(3) 𝐴 ⊆ {𝑃 × 𝑇 } ∪ {𝑇 × 𝑃} is a set of directed arcs, 𝐴𝐶 ∩ 𝐴𝐷 = ∅, 𝐴𝐶 ∪ 𝐴𝐷 = 𝐴, where 𝐴𝐶

represents continuous arc, 𝐴𝐷 represents discrete arc.
(4) 𝛴 is a finite set of non-empty continuous colour sets.
(5) 𝑉 is a finite set of typed variables such that Type[𝑣] ∈ 𝛴 for ∀𝑣 ∈ 𝑉 .
(6) 𝐶 : 𝑃 → 𝛴 is a continuous colour set function that assigns a continuous colour set to each

place.
(7) 𝐺 : 𝑇 → 𝐸𝑋𝑃𝑅𝑉 is a guard function that assigns a guard to each transition 𝑡 such that

Type[𝐺 (𝑡)] = 𝐵𝑜𝑜𝑙 .
(8) 𝐸 : 𝐴 → 𝐸𝑋𝑃𝑅𝑉 is an arc expression function that assigns an arc expression to each arc 𝑎,

where | |𝐸 (𝑝, 𝑡) | | represents the weight on the arc.
(9) 𝐼 : 𝑃 → 𝑄+ is an marking function that record the token of each place. 𝐼0 assigns an

initialisation marking to each place 𝑝 such that Type[𝐼 (𝑝)] = 𝐶 (𝑝)𝑀𝑆 , where 𝑄+ represents
positive Rational number.

(10) 𝐾 : 𝑃 → 𝑄+ is a capacity function, which defines the upper and lower bounds of each
continuous places such that Type[𝐾 (𝑃𝐶 )] = 𝐶 (𝑝)𝑀𝑆 , where 𝐾𝑙𝑜𝑤 represents lower bounds of
continuous places, 𝐾ℎ𝑖𝑔ℎ represents upper bounds of continuous places.

Definition 2 : The rules of firing continuous transitions:
(1) For ∀𝑡 ∈ 𝑇𝐶 , the condition of 𝐿[𝑡 > is:

1. ∀𝑝 ∈ •𝑡 : 𝐿(𝑝) ≥ 𝐾 (𝑝)𝑙𝑜𝑤 ∧ 𝐿(𝑝) ≥ ||𝐸 (𝑝, 𝑡) | |

2. ∀𝑝 ∈ 𝑡• − •𝑡 : 𝐾 (𝑝)𝑙𝑜𝑤 ≤ 𝐿(𝑃) + | |𝐸 (𝑡, 𝑝) | | ≤ 𝐾 (𝑝)ℎ𝑖𝑔ℎ

3. ∀𝑝 ∈ 𝑡•∩•𝑡 : 𝐾 (𝑝)𝑙𝑜𝑤 ≤ 𝐿(𝑃) + | |𝐸 (𝑡, 𝑝) | | − | |𝐸 (𝑝, 𝑡) | | ≤ 𝐾 (𝑝)ℎ𝑖𝑔ℎ
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Fig. 2. The running example of the discrete transition in SCPN.
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Fig. 3. The running example of the discrete&continuous transition in SCPN.

(2) If 𝐿[𝑡 > 𝐿′, then to ∀𝑝 ∈ 𝑃 :

L′ (𝑝) =



𝐿(𝑝) − ||𝐸 (𝑝, 𝑡) | |, 𝑝 ∈ •𝑡 − 𝑡•

𝐾 (𝑝)𝑙𝑜𝑤, if 𝐿(𝑝) − ||𝐸 (𝑝, 𝑡) | | ≤ 𝐾 (𝑝)𝑙𝑜𝑤
𝐿(𝑝) + | |𝐸 (𝑡, 𝑝) | |, 𝑝 ∈ 𝑡• − •𝑡

𝐾 (𝑝)ℎ𝑖𝑔ℎ, if 𝐿(𝑝) + | |𝐸 (𝑡, 𝑝) | | ≥ 𝐾 (𝑝)ℎ𝑖𝑔ℎ
𝐿(𝑝) + | |𝐸 (𝑡, 𝑝) | | − | |𝐸 (𝑝, 𝑡) | |, 𝑝 ∈ •𝑡 ∩ 𝑡•

𝐿(𝑝), 𝑜𝑡ℎ𝑒𝑟𝑠

Definition 3 : The rules of firing hybrid transitions:
(1) For ∀𝑡 ∈ 𝑇 𝑖

𝐻
, the condition of 𝐿[𝑡 > is:

∀𝑝 ∈ •𝑡 : 𝐿(𝑝) ≥ 𝐾 (𝑝)𝑙𝑜𝑤 ∧ 𝐿(𝑝) ≥ ||𝐸 (𝑝, 𝑡) | |

If 𝐿[𝑡 > 𝐿′, then to ∀𝑝 ∈ •𝑡 :

𝐿′ (𝑝) =
{
𝐿(𝑝) − ||𝐸 (𝑝, 𝑡) | |, 𝑝 ∈ •𝑡 − 𝑡•

𝐾 (𝑝)𝑙𝑜𝑤, if 𝐿(𝑝) − ||𝐸 (𝑝, 𝑡) | | ≤ 𝐾 (𝑝)𝑙𝑜𝑤

If 𝐿[𝑡 > 𝐿′, then to ∀𝑝 ∈ 𝑡•:
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Fig. 5. The running example of the hybrid (discrete input and continuous output) transition in SCPN.

𝐿′ (𝑝) = 𝐿(𝑝) + +||𝐸 (𝑝, 𝑡) | |, 𝑝 ∈ 𝑡• − •𝑡

where "+ +" represents the operative symbol of multiset in the colored Petri nets [16], also
indicating here the flow of tokens.

(2) For ∀𝑡 ∈ 𝑇𝑜
𝐻
, the condition of 𝐿[𝑡 > is:

∀𝑝 ∈ •𝑡 : 𝐿(𝑝) ≥ ||𝐸 (𝑝, 𝑡) | |

If 𝐿[𝑡 > 𝐿′, then to ∀𝑝 ∈ •𝑡 :

𝐿′ (𝑝) = 𝐿(𝑝) − −||𝐸 (𝑝, 𝑡) | |, 𝑝 ∈ •𝑡 − 𝑡•

If 𝐿[𝑡 > 𝐿′, then to ∀𝑝 ∈ 𝑡•:
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𝐿′ (𝑝) =
{
𝐿(𝑝) + | |𝐸 (𝑡, 𝑝) | |, 𝑝 ∈ 𝑡• − •𝑡

𝐾 (𝑝)ℎ𝑖𝑔ℎ, if 𝐿(𝑝) + | |𝐸 (𝑡, 𝑝) | | ≥ 𝐾 (𝑝)ℎ𝑖𝑔ℎ

where "− −" represents the flow of token.
Definition 4 : Let 𝐻 be an SCPN, the reachable marking graph of SCPN (SRMG) is a three-tuple,
𝑆𝑅𝑀𝐺 = {𝑅(𝐼0),
𝐿,𝑄} where:

(1) 𝑅(𝐼0) is the set of all reachable marking of SCPN.
(2) 𝐿 = {(𝐼𝑖 , 𝐼 𝑗 ) |𝐼𝑖 , 𝐼 𝑗 ∈ 𝑅(𝐼0), ∃𝑡𝑘 ∈ 𝑇 make 𝐼𝑖 [𝑡𝑘 > 𝐼 𝑗 }.
(3) 𝑄 = {𝑡𝑘 |𝑡𝑘 ∈ 𝑇, 𝐿 → 𝑇 }.
𝑅(𝐼0) is the reachable marking set, 𝐿 is the arc set, and 𝑄 is the corresponding transition set on

the 𝐿.
SCPN divides a continuous change into multiple fragmented changes. SCPN’s simulation of

continuous changes is established when the granularity of the division of this fragment is small
enough. Fig. 1 is a simple schematic diagram of SCPN running example. Hybrid places can not
only participate in the firing of continuous transitions, but also participate in the firing of discrete
ones. Fig. 1a shows the initial marking of the example. 𝑝1 and 𝑝2 are hybrid places which means
they are both continuous and discrete places. At this time, both 𝑡1 and 𝑡2 are enabled, where 𝑡1
is a continuous transition and 𝑡2 is a discrete one. The different firing order of 𝑡1 and 𝑡2 will lead
to different results. In addition, due to the limitation of the capacity function 𝐾 (𝑃), the firing of
𝑡1 and 𝑡2 will be subject to certain constraints. In Fig. 1b, the value of the token in 𝑝1 is greater
than 𝐾 (𝑝1)𝑙𝑜𝑤 after 𝑡1 firing four times. According to the Definition 2, 𝑡1 is still in the enabled state
that means 𝑡1 can continue to fire. As some of the tokens in 𝑝1 are consumed, the value of the
remaining tokens is determined by the lower bound of the capacity function. The result is shown in
Fig. 1c. In order to better illustrate the characteristics of SCPN, the example adopts a segmentation
granularity.
Fig. 2 is a schematic diagram of the firing of the discrete transition 𝑡2 following the firing rule

of CPN transitions. It is worth noting that the firing of discrete transitions is not restricted by
the capacity function. This is due to the setting of the capacity function that prevents continuous
quantity overflow. In the modeling of an ACC system, the firing of discrete transitions has no
influence on the value of the continuous quantity. Thus, the firing of continuous transitions is
governed by the capacity function.

The simultaneous firing of continuous transition 𝑡1 and discrete transition 𝑡2 are shown in Fig. 3.
Fig. 3b shows the results after 𝑡1 firing twice when 𝑡2 is in the enabled state. After 𝑡2 firing, two
tokens are generated at 𝑝2. One is a brand new token generated at 𝑝2 by the continuous transition 𝑡1.
It is a brand new token generated by the continuous transition 𝑡1. The other is a token transformed
from its initial marking by the the firing of the discrete transitions 𝑡2. We used different arc shapes
to differentiate the two types of hybrid transition. An arc with double arrows indicates that the
token continuously participates in the firing of the transition, and the arc of the single arrow arc
indicates that the token discretely participates in the firing of the transition, see Fig. 4 and Fig. 5. In
Fig. 4a, input arc of transition 𝑡2 is continuous, while the output arc is discrete. Under this marking,
the input arc of 𝑡1 follows the rule of the continuous transition, and the output arc follows the rule
of discrete one. The running result is shown in Fig. 4b. The actual meaning represented by the
discrete place 𝑝2 is to count the number of changes in the continuous quantity. Similarly, Fig. 5
shows an example where the input arc of the transition is discrete and the output arc is continuous.
In Fig. 5a, there are two tokens in 𝑝1, and the firing of 𝑡1 will consume one of them. 𝑡1 becomes
disable status after consuming all the tokens and cannot continue to fire. Since 𝑡1 fires twice and
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consumes the two tokens in 𝑝1, a new token is generated in 𝑝2, and it is incremented twice. Such
an example takes one or more color sets as input, and the continuous change of token is the output.

3 VERIFICATION AND ANALYSIS
The classic analysis method of Petri nets is the reachable marking graph. The reachable marking
graph can express all the running states of Petri nets and judge various dynamic properties of Petri
nets. These dynamic properties also reflect the characteristics of the actual system. However, for
hybrid Petri nets and continuous Petri nets, there is no way to analyze them with typical Petri
net analysis methods such as the reachable marking graph. This is because the reachable marking
graph of continuous Petri nets and hybrid Petri nets are infinite, and cannot be exhaustively listed,
which makes the analysis of such Petri nets more difficult. The SCPN proposed in this paper can
use the reachable marking graph to analyze the changes of the continuous quantity and apply it to
the actual system.
When the place 𝑃 𝑗 is unbounded, its number of mark may increase indefinitely during the

running of the Petri net. At this time, the 𝑗 vector in the mark vector is changed to 𝜔 to cover all
such marks. Therefore, we can use a finite tree to represent the infinite running of a Petri net. The
construction algorithm of the SRMG is given in Algorithm 1.

The time complexity of this Algorithm 1 can be determined by analyzing the number of operations
in each step. The time complexity of this algorithm can be determined by analyzing the number of
operations in each step. Initially, the operation of selecting the root node 𝐼0 and marking it as “new”
has a constant time complexity of 𝑂 (1). Next, the while loop iterates over all “new” nodes in the
SRMG. In the worst case, this loop will execute 𝑛 iterations, where 𝑛 is the number of nodes in the
SRMG. During each iteration, selecting a “new” node and setting it as 𝐼 also has a time complexity
of 𝑂 (1). Subsequently, the algorithm checks whether there is a path from 𝐼0 to 𝐼 and marks the
node as “old.” In the worst case, this operation requires traversing the paths of all previously visited
nodes, leading to a time complexity of 𝑂 (𝑛 − 1), which can be simplified to 𝑂 (𝑛). If none of the
transitions 𝑡 can be fired at node 𝐼 , the algorithm marks the node as a “terminal node,” with a time
complexity of 𝑂 (1). For each node 𝐼 , the algorithm computes the number of new nodes 𝐼 ′ and
creates edges. The time complexity of this step is related to the number of nodes |𝐼 ′ | in 𝐼 ′, and in the
worst case, it is𝑂 ( |𝐼 ′ |). Afterward, the algorithm checks for satisfying paths and updates the nodes.
The time complexity for path checking depends on the number of paths already traversed. In the
worst case, all previous paths need to be traversed, resulting in a time complexity of 𝑂 (𝑛). Finally,
the operations of removing the old “new” label and marking new nodes have a time complexity
of 𝑂 (1). Therefore, the overall worst-case time complexity of the algorithm is 𝑂 (𝑛2), as the while
loop executes 𝑛 times, with the worst-case complexity of operations in each iteration being 𝑂 (𝑛).
For ∀𝑝 ∈ 𝑃, If 𝐾 (𝑝) = ∅, Then 𝑅(𝐼 ) may be an infinite set. Therefore, the SRMG will also be

infinite. In order to use a finite form to represent the hybrid systems in an infinite running state, it
is necessary to introduce an unbounded quantity 𝜔 .
𝜔 has such properties:

(1) For arbitrary positive rational numbers 𝑠 : 𝜔 > 𝑠 , 𝜔 ± 𝑠 = 𝜔 .
(2) 𝜔 ≥ 𝜔 .
An algorithm should have finiteness, accuracy, input, output and feasibility. Except for finiteness,

the other four properties are obvious. This section gives a proof of finiteness. Before that, first
introduce related concepts.
Definition 5: An infinite directed tree is a two-tuple, Ω = (𝐻, 𝐿) where H is an infinite set of nodes,
L is an infinite set of arcs, 𝐻 ∩ 𝐿 = ∅.
Regulation:
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Algorithm 1: Construction Algorithm of SRMG.
Input: 𝑆𝐶𝑃𝑁 = (𝑃,𝑇 ,𝐴, 𝛴,𝑉 ,𝐶,𝐺, 𝐸, 𝐼 , 𝐾), initial marking 𝐼0
Output: SRMG
1.Take 𝐼0 as the root node of SRMG and label it as "new";
2.while ∃ "new" nodes do

Choose an arbitrary "new" node and set it to I;
if ∃ node = 𝐼 from 𝐼0 to 𝐼 then

Label it as "old";
Return to step2;

if ∀𝑡 ∈ 𝑇 : ¬𝐼 [𝑡 > then
Label 𝐼 as "terminated node";
return to step2;

for 𝐼 [𝑡 > do
Calculate 𝐼 ′ in 𝐼 ]𝑡 > 𝐼 ′;
Create a directed edge from 𝐼 to 𝐼 ′;
Mark the edge labeled with 𝑡 ;
if ∃𝐼 ′′ make 𝐼 ′′ < 𝐼 ′ from 𝐼0 to 𝐼 ′ then

Find j make 𝐼 ′′ (𝑝 𝑗 ) < 𝐼 ′ (𝑝 𝑗 );
if 𝐾 (𝑝 𝑗 ) = ∅ then

Change the j component of 𝐼 ′ to 𝜔 ;

Label 𝐼 ′ as "new"
Remove label "new" of 𝐼 ;
Return step2;

(1) 𝑝 ⊆ Ω is an infinite directed path.
(2) Ω′ ⊆ Ω is an infinite directed subtree.
(3) 𝑆𝑢𝑐 (𝑣) ∈ 𝑉 is the direct successor nodes of 𝑣 .
(4) 𝑃𝑟𝑒 (𝑣) ∈ 𝑉 is the direct precursor nodes of 𝑣 .
(5) 𝑅𝑜𝑜𝑡 (Ω) is the root node of Ω.
(6) 𝑀 is an arbitrary non-negative finite rational number.
(7) 𝑠 is an infinite sequence.
(8) 𝑠+ is an infinite increasing sequence, which meet for ∀𝑖, 𝑗 ∈ 𝑁 + (𝑖 > 𝑗), 𝑠+𝑖 > 𝑠+𝑗 .
(9) 𝑠− is an infinite decreasing sequence, which meet for ∀𝑖, 𝑗 ∈ 𝑁 + (𝑖 > 𝑗), 𝑠−𝑖 < 𝑠−𝑗 .
For this, we first prove the following three propositions.

Proposition 1: In Ω, for ∀𝑣 ∈ 𝑉 , if 𝑆𝑢𝑐 (𝑣) is finite, Then ∃ an infinite directed path 𝑝 starting
from the 𝑅𝑜𝑜𝑡 (Ω).
Proof: In Ω, because 𝑆𝑢𝑐 (𝑅𝑜𝑜𝑡 (Ω)) is finite, so at least one of the 𝑆𝑢𝑐 (𝑅𝑜𝑜𝑡 (Ω)) is 𝑅𝑜𝑜𝑡 (Ω′) of
infinite Ω′. If ∀Ω′ rooted at 𝑆𝑢𝑐 (𝑅𝑜𝑜𝑡 (Ω)) are finite, then Ω is finite, which contradicts the premise.
In the same way, 𝑆𝑢𝑐 (𝑅𝑜𝑜𝑡 (Ω′)) is finite, at least one of 𝑆𝑢𝑐 (𝑅𝑜𝑜𝑡 (Ω′)) is 𝑅𝑜𝑜𝑡 (Ω′′) of infinite Ω′′.
According to this logic, we can get an infinite directed path 𝑝 starting from 𝑅𝑜𝑜𝑡 (Ω).

Proposition 1 is proved. □
Proposition 2: For ∀𝑠 composed of𝑀 , ∃𝑠′ ⊆ ∁𝑠𝑠− , where ∁𝑠𝑠− represents the complement set of
𝑠− in 𝑠 .
Proof: Proposition 2 is proved in two cases:
(1) When ∃𝑚(𝑚 ∈ 𝑀) that appears infinitely in 𝑠′: 𝑠′ is the subsequence {𝑚,𝑚,𝑚...}.
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(2) When ∀𝑚(𝑚 ∈ 𝑀) that appears finitely in 𝑠′: let 𝑠′ ⊆ 𝑠− , because 𝑠′ is infinite and decreasing,
∃ infinite 𝑠′𝑖 ∈ 𝑠′, making 𝑠′𝑖 < 𝑚. 𝑠′𝑖 is decreasing and 𝑠′𝑖 ≥ 0, 𝑠′𝑖 must be a finite rational
numbers, which contradicts the premise of Proposition 2, so ∃𝑠′ ⊆ ∁𝑠𝑠− .

Proposition 2 is proved. □
Proposition 3: 𝑥 is an𝑛-dimensional vector composed of𝑀 or𝜔 . For∀𝑠 composed of 𝑥 ,∃𝑠′ ⊆ ∁𝑠𝑠− .
Proof: We can use mathematical induction to prove it.
(1) When 𝑛=1 : if 𝑥 composed of infinite 𝜔 , then 𝑠′ ⊆ ∁𝑠𝑠− (𝜔 ≥ 𝜔). if 𝑥 composed of𝑚 and

finite 𝜔 , we remove the finite 𝑥 composed of 𝜔 . At this time, The vector 𝑥 is equivalent to𝑀 .
According to Proposition 2, ∃𝑠′ ⊆ ∁𝑠𝑠− .

(2) Assuming that Proposition 3 is true for 𝑛-dimensional vectors 𝑥 , it is now proved that
Proposition 3 is also true for (𝑛 + 1)-dimensional vectors 𝑥 ′. For the first component of a
(𝑛 + 1)-dimensional vector 𝑥 ′: If ∃ infinite 𝑥 ′ that meet 𝑥 ′1 = 𝜔 , then 𝑠

′ ⊆ ∁𝑠𝑠− (𝑠′ composed
of 𝑥 ′1). If 𝑥

′
1 ≠ 𝜔 , then according to Proposition 2, ∃ subsequence 𝑠′ ⊆ ∁𝑠𝑠− (𝑠′ composed of

𝑥 ′1). Now, we ignore the first component 𝑥 ′1, and consider the remaining 𝑛 component in 𝑥 ′1 as
𝑥 . According to the above induction hypothesis, 𝑠 composed of 𝑥 ∃ subsequence 𝑠′ ⊆ ∁𝑠𝑠− .
When the 𝑠′ is determined, and the first component 𝑥 ′1 is added, we get a non-decreasing
(𝑛 + 1)-dimensional vector sequence 𝑠′′ ⊆ ∁𝑠𝑠− .

Proposition 3 is proved. □
Now we can prove the finiteness of the SRMG construction algorithm. Assume that SRMG is

an infinite reachable marking graph Ω1. According to Proposition 1, ∃ an infinite directed path 𝑝
starting from 𝐼0 (Each node 𝐼 has at most 𝑡 direct successors, and 𝑡 is the number of transitions in
the SCPN). In SCPN, the infinite sequence 𝑝 are all composed of𝑚 and 𝜔 . According to Proposition
3, ∃ a non-decreasing infinite subsequence 𝑝′ ⊆ ∁𝑠𝑠− . In Ω1, markings with the same tokens will
be merged. Therefore, 𝑝′ is increasing in the SCPN. According to the SRMG construction algorithm,
when 𝐾 ( 𝑗) = 𝑒𝑚𝑝𝑡𝑦 and 𝑝𝑖 < 𝑝 𝑗 , the value of the 𝑖 component is changed to 𝜔 . Similarly, at
least 𝑛 components of 𝑝′𝑛 are 𝜔 , and no vector is greater than 𝑝′𝑛 at this time, 𝑝 is non-increasing
subsequence. This contradicts the assumption. So the assumption is wrong and the finiteness of
the SRMG is proved. □

According to the construction algorithm of the SRMG, we give the SRMG of Fig. 1a in Fig. 6. We
can see that under the initial marking 𝐼0, there are two transitions 𝑡1 and 𝑡2 that can be fired. The
transition 𝑡1 is a type of continuous transition, so the marking under the 𝑡1 branch is continuous
until the token in the corresponding place is consumed or consumed to the lower bound of the
capacity function. And 𝑡2 is a discrete type of transition, which transfers the token of 𝑝1 to 𝑝2.
Therefore, the marking under the 𝑡2 branch are all endpoints. It is worth noting that 𝐼6 has two 𝑡2
branch arcs pointing to it. The two arcs come from 𝐼3 and 𝐼5 respectively. The meaning of these
two arcs is that the token in 𝑝1 is transferred to 𝑝2 through a discrete transition 𝑡2. But, the source
of the token in 𝑝2 is different. Under the 𝐼3 marking, the token value ”6” in 𝑝1 is the remaining
token that is consumed after fire of continuous transition 𝑡1, while the token value ”4” in 𝑝2 is
the newly generated token after fire of continuous transition 𝑡1. Under the 𝐼5 marking, it’s the
opposite of the 𝐼3 marking. The token value ”4” in 𝑝1 is the remaining token that is consumed after
the fire of continuous transition 𝑡1, while the token value ”6” in 𝑝2 is the newly generated token
after fire of continuous transition 𝑡1. Therefore, the two marking 𝐼3 and 𝐼5 are transformed into
the same marking 𝐼6 by the fire of discrete transition 𝑡2. Under the marking 𝐼6, the place 𝑝2 has
two different tokens, one is the newly generated token with the fire of continuous transition 𝑡1
and the other is the initial token from 𝑝1 with the fire of discrete transition 𝑡2. Just because the
fire sequence of continuous transition 𝑡1 and discrete transition 𝑡2 is different, the corresponding
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Fig. 6. SRMG of Fig. 1a.

markings are different, but they will all reach the same marking in the end. This shows that under
certain conditions the order of firing of transitions will not affect the final result.

4 APPLICATION STUDY

Throttle pedal

Brake pedal

module
implementation 

Data collection Data processing

Sensor

Radar

platform
ACC computing 

Driver

layerPerception layer Computing layer Application 

Fig. 7. The overall framk of ACC.

This section takes the modeling of ACC system as an example to introduce the modeling
advantages and correctness of the SCPN. The overall control flow of the ACC system is shown
in Fig. 7. The overall process is divided into three layers: perception layer, computing layer, and
application layer. The perception layer obtains the input information required by the ACC system
through radars and sensors that are mainly the speed of the front vehicle, the actual distance
between the two vehicles, and so on. The computing layer calculates and outputs the expected
following distance according to the prescribed distance algorithm. Finally, the application layer
compares the actual distance with the expected distance from the vehicle and controls the throttle
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pedal and brake pedal to change the speed so that the difference between them is reduced. The
ACC system continuously adjusts the following distance through the above three-layer control
process to complete the following driving. Therefore, we can consider the ACC system to be a
closed-loop feedback control system.

de

da
e a

|= 0ad-ed|= 0 && |fv-cv|

Front vehicle fv
cv

|d-d|

Current vehicle

driving direction

Fig. 8. Schematic diagram of following vehicle cruise.

Fig. 8 shows the process of cruising with the following front vehicle. The current vehicle needs
to maintain a certain safe distance from the front vehicle in above process. If the current vehicle
and the front vehicle maintain a certain safety distance, then the speed of the two vehicles must be
equal. In addition, the expected distance given by the ACC system and actual distance must also be
equal. The control purpose of the ACC system is to make |𝑑𝑒 − 𝑑𝑎 | = 0 and |𝑣 𝑓 − 𝑣𝑐 | = 0 in Fig. 8 at
the same time. At this time, the current vehicle has completed the synchronization with the front
vehicle.

In ACC systems, the calculation of the expected distance is particularly important. The expected
distance cannot be too large or too small. Expected distance is too large to cause low road utilization,
while the expected distance is too small to cause traffic accidents such as rear-end collisions.
Expected distance can be divided into constant expected distance and variable expected distance.
Among them, due to the constancy of the constant expected distance, there are great safety hazards
in the driving section where the speed of the vehicle changes greatly, and it is unable to cope with
the complex and changeable driving environment. The variable expected distance introduces the
time headway (the time interval required for two vehicles to pass through the same cross section),
and adjusts the expected distance according to the current speed of the vehicle. When the speed
of the vehicle is faster, the expected safety distance will increase accordingly to ensure the safety
of the following process. when the speed of the vehicle is slow, the expected safety distance will
decrease accordingly to improve the utilization rate of the traffic road, and prevent other vehicles
from getting into the middle of the two vehicles. The variable expected distance is divided into
the constant time headway distance and the variable time headway distance. The difference lies in
whether the time headway changes with the speed of the vehicle. At present, the ACC system of
most vehicles on the market adopts the constant-time-distance strategy whose algorithm is simple



Formal Modeling of Hybrid System Based on Semi-continuous Colored Petri Net: A Case Study of Adaptive Cruise Control
System 13

N Slow down

If Exp=Act &

Vtarget=Vfollow

N

Y

Completed

Cruise 

Y

Speed Up

Distance

Expected 

Calculate 

Distance

Speed & Actual 

Get Target 

Speed

Maintain Set 

Input Headway

If Exp>Act

N

ACC Start

Y

detected

If Target

Fig. 9. Control algorithm of ACC.

and relatively mature. While the variable headway strategy is relatively imperfect. Therefore, this
paper adopts the strategy of constant time headway to model the ACC.
This section mainly depicts the process from the vehicle sensor acquiring the information of

the preceding vehicle to the feedback control of the ACC system. By modeling and analysing the
system, the risk problems that may exist in the running of the ACC system are found and resolved to
ensure maximum safety during the driving process. This paper researches the procedural modeling
of these three layers. According to the relevant characteristics of SCPN and the ACC system, we
can construct the SCPN model as the following modeling rules:
(1) We use the hybrid place of the SCPN to represent the speed in the ACC system. Because

SCPN’s hybrid place can not only participate in the firing of discrete transitions but also
participate in the continuous transitions.

(2) The hybrid transition of the SCPN is used to represent the continuous quantity change and
the reception processing of information in the ACC system.

(3) The discrete place of the SCPN is used for the numbering and sequential processing of
information streams. Discrete places can also be used to represent the current state of the
ACC system.

(4) The discrete transition of the SCPN is used to represent the changes of the ACC state.
(5) The discrete arcs of the SCPN are used to represent the input and output of the information

flow in the ACC system.
(6) The continuous arc of the SCPN is used to represent the continuous change of speed and

distance in the ACC system.
First of all, the speed information of the vehicle can be stored in a hybrid place. The hybrid place

can be used as the front set of discrete transitions or the front set of continuous transitions. When
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the hybrid place is used as the front set of discrete transitions, it means the transfer of information.
When the hybrid place is used as the front set of continuous transitions, it represents the continuous
change of the token in the place. The hybrid transitions are divided into two categories, one of
which takes continuous quantity changes as input and discrete quantities as output. Such transitions
can count the changes of continuous quantities and deal with each fire of transitions. The other
type of hybrid transition is the opposite. It takes discrete quantities as input and the changes of
continuous quantities as output. Such transitions are usually used to indicate updates to continuous
quantities. In addition, we use discrete places to number each piece of information in the front
vehicle. The purpose of doing this is to ensure that the multiple information streams transmitted
by the front vehicle are processed in the order. Discrete places can also represent the current state
of the ACC system. When the front discrete transition of the discrete place representing the state
of the ACC system is in the enabled state, the transition is fired, and the state of the ACC system
changes accordingly. Correspondingly, the discrete transitions represent the process of changing
the state of the ACC system and the process of numbering the information flow of the front vehicle.
Discrete arcs and continuous arcs are used according to the actual situation of the network model.
Generally, a continuous arc is connected to at least one continuous transition or one continuous
place. The discrete arc is connected to at least one discrete place or a discrete transition.
The control algorithm for the ACC system is given in Fig. 9. The formal model of the ACC

system in this paper is based on this algorithm. Fig. 10 describes the entire running process of
the ACC system, which is a simplified system model. This model mainly depicts an ACC driving
scenario where the vehicle in front is continuously decelerating, which is the most prone to rear-end
collision. Tab. 1 contains the representation of each symbol used in Fig. 10. The arc with a circle
represents an inhibitor arc in the Petri net. If a place connected by an inhibitor arc contains a token,
the associated transition cannot be triggered. A transition can only be triggered when there are no
tokens in the place. For example, when the place DC receives a token and it has not yet flowed
out, the transition t2 cannot be triggered. Here, we consider the actual distance between the two
vehicles during the running of the ACC system. We use the capacity function to limit the actual
distance between two vehicles and the speed of the two vehicles. For example, 𝐾 (𝐴𝐷)ℎ𝑖𝑔ℎ = 150.0
means the maximum effective distance of the ACC system is 150 m, and the transition 𝑡1 cannot
be fired. This means that the preceding vehicle has exceeded the following distance of the ACC
system, and the ACC system follow-up function is no longer applicable. 𝐾 (𝐴𝐷)𝑙𝑜𝑤 = 5.0 means
that the minimum safety distance between the two vehicles is 5 m. This shows that the distance
between the two vehicles has reached the minimum safety distance, and if the following vehicle
continues to accelerate, there is a risk of rear-end collision. The transition 𝑡1 will not be fired to
avoid that the distance between the two vehicles continues to shorten.
In Fig. 10, The perception layer is represented by blue transitions and places, the computing

layer is composed of red transitions and places, and the application layer is composed of green
places and transitions. According to the place FCS and FCA, the speed of the front vehicle is 20
𝑚/𝑠 , and the front vehicle is decelerating uniformly at an acceleration of 2𝑚/𝑠2. After the fire of
transition 𝑡1, each detected information stream of the front vehicle is numbered and sent to the
computing layer for processing. The computing layer is mainly the fire of discrete transition 𝑡3.
The discrete place SID is to process the information flow transmitted by the perception layer in
order. The discrete transition 𝑡3 outputs the calculation result and passes it to the application layer.
The application layer is based on the hybrid transition 𝑡4 and 𝑡5. The former controls the brake
pedal to decelerate, and the latter controls the throttle pedal to accelerate. We analyze and verify
the model in next section.
We now present the SRMG of the above ACC model, which is a type of reachable marking

graph in Petri nets. The nodes are represented as 𝐼0 (20,−2, 0, 13, 1, 0, 50, 0), indicating a marking
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Fig. 10. SCPN of the ACC system.

Table 1. THE MEANINGS OF ELEMENTS

Element Type Meaning
CS syncretic Followed vehicle’s speed
FCS syncretic Front vehicle’s speed
FCA discrete Front vehicle’s accelerated velocity
AS discrete ACC strategy
ED discrete Expect distance
AD syncretic Actually distance
DC discrete Data collection
SN discrete Number the information flow
SID discrete Verify and process information flow
CC discrete Complete the cruise
𝑡1 syncretic Get the speed and distance
𝑡2 syncretic Get the speed of the front vehicle
𝑡3 discrete Calculation of expected distance
𝑡4 syncretic Slow down
𝑡5 syncretic Speed up
𝑡6 discrete Completion of cruise

in the Petri net, which reflects the current state of the system. The arrows denote the transition
paths from one marking to another through specific transitions, with each arrow labeled by the
transition number, such as 𝑡1, 𝑡2, etc. These transitions signify the conditions under which the
system moves from one marking to another. In general, the ACC system needs to be synchronized
with the vehicle in front during driving, while avoiding rear-end collision with the front vehicle.
From this perspective, this section will study the running of the ACC system in the SRMG facing
the continuous deceleration of the front vehicle. In Fig. 11 the SRMG of the ACC model is composed
of multiple rings, each of which represents the radar collecting the information of the front vehicle,
and the flow of feedback processing by the ACC system of the following vehicle. Under the initial
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Fig. 11. SRMG of ACC.
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Fig. 12. SRMG of improved ACC.

marking 𝐼0, it can be seen that the front vehicle is moving forward at a speed of 20𝑚/𝑠 and while
is decelerating at an acceleration of 2𝑚/𝑠2 per second. The initial speed of the following vehicle is
13𝑚/𝑠 and the distance between the two vehicles is 50𝑚. According to ACC’s constant headway
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strategy, when the actual distance is greater than the expected distance, the following vehicle
accelerates. Therefore, starting from the marking 𝐼0, the transition 𝑡5 is fired 6 times. This means
that the following vehicle has accelerated 6 times with an acceleration of 1𝑚/𝑠2. Then the speed of
the following vehicle is increased from 13𝑚/𝑠 to 19𝑚/𝑠 . At this time, the actual distance between
the two vehicles is already lower than the expected following distance of the ACC system. The fire
condition of transition 𝑡4 is satisfied, and transition 𝑡4 starts to fire. Transition 𝑡4 was fired 3 times,
and the speed of the following vehicle dropped from 19𝑚/𝑠 to 10𝑚/𝑠 . At this time, the token value
in the place 𝐴𝐷 has fallen to the lower bound of the capacity function, which makes the transition
𝑡1 unable to fire. This indicates that the distance between the two vehicles has reached the minimum
safety distance, and there will be a rear-end collision risk if the ACC system continues to be used.
At this time, the driver should drive the vehicle, change lanes or brake to avoid rear-end collision.

One of the typical characteristics of the SCPN is that given different initial markings, the
corresponding SRMGs will be quite different. As a result of this, we conducted multiple SRMG
analyses on the continuous deceleration scenarios of the preceding vehicle in different speed
ranges, and the reachable marking graph obtained were all similar to those in Fig. 11. Therefore, in
a scenario where the front vehicle continues to decelerate, the ACC spacing strategy will likely
cause a rear-end collision risk. Through the analysis of the SRMG of the ACC model, we can find
that when the front vehicle continues to decelerate, because the actual distance between the two
vehicles is greater than the expected distance of the ACC system, the following vehicle will still
accelerate forward. Such acceleration is unreasonable in actual driving scenes. Therefore, we make
certain improvements to the ACC model. We consider adding the difference between the speeds of
the two vehicles to the expected distance according to a certain proportional coefficient. When
the speed of the front vehicle is much greater than the speed of the following vehicle, the risk of
rear-end collision is extremely small. The relative speed of the two vehicles is negative, and the
expected distance of the ACC system is the minimum safe distance, which is also in line with the
ideal following distance in the actual scene. When the speed of the front vehicle is lower than the
speed of the following vehicle, the risk of rear-end collision is higher. The relative speed of the two
vehicles is also higher, and the expected distance of the ACC system is increased accordingly. When
the front vehicle continues to decelerate, as the expected distance of the ACC system increases,
the following vehicle will decelerate in advance to avoid the situation where the speed difference
between the two vehicles is too large, which increases the risk of rear-end collision.
The SRMG corresponding to the improved ACC model is shown in Fig. 12. The structure of

the previous part is consistent with the SRMG of the original model. After the following vehicle
accelerates to 18𝑚/𝑠 , it can be seen from the markings 𝐼35 and 𝐼34 that the expected distance of
the ACC system is greater than the actual distance between the two vehicles, so the following
vehicle starts to decelerate in advance. In the SRMG of the unimproved ACC model, the transition
𝑡4 only fired three times to reduce the speed of the following vehicle to 10𝑚/𝑠 until the distance
between the two vehicles reached the minimum safety distance. In the SRMG of the improved ACC
model, we can see that the transition 𝑡4 fired five times to reduce the speed of the following vehicle
to 3𝑚/𝑠 until the distance between the two vehicles reached the minimum safety distance. By
comparing the termination markings of these two SRMGs, we can find that the termination state 𝐼55
of the unimproved SRMG indicates that the speed of the following vehicle is 10𝑚/𝑠 when the front
vehicle stops, and the actual distance between the two vehicles has reached the minimum safety
distance of 5𝑚. But the SRMG termination marking 𝐼61 of the improved ACC model indicates that
the actual distance between the two vehicles has also reached the minimum safety distance of 5𝑚,
and the improved strategy when the front vehicle stops, the speed of the following vehicle is 3𝑚/𝑠 .
The latter is 7𝑚/𝑠 lower than the former, effectively reducing the risk of rear-end collision.
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In addition, we also give an algorithm to output the set of dangerous markings. A marking is
assumed dangerous when the velocity difference between the two vehicles is much greater than
the distance, and this is guaranteed by the collision logic. Algorithm 2 is the process of searching
the SRMG and finding potentially dangerous markings. The marking set Ψ that could be a potential
dangerous marking set is the output of Algorithm 2.

The time complexity analysis of Algorithm 2 is crucial to understanding its efficiency, especially
in large-scale systems. The algorithm begins by initializing the set Ψ and generating the SRMG
under the initial marking 𝐼0. This SRMG generation step is based on a previously defined algorithm,
which has a worst-case time complexity of𝑂 (𝑛2). Following this, an empty queue𝑄 is defined, and
if the initial marking 𝐼0 is valid, it is added to the queue. The core of the algorithm lies in the while
loop, where the complexity depends on the number of markings 𝑛 processed. Each iteration of
the loop involves extracting a marking from the queue, checking a condition, and computing new
markings, which involves operations with a time complexity of 𝑂 ( |𝑇 |), where |𝑇 | is the number of
transitions. Since the loop iterates up to 𝑛 times, the total time complexity of this step is 𝑂 (𝑛 · |𝑇 |).
Therefore, the overall time complexity of **Algorithm 2** is 𝑂 (𝑛2 + 𝑛 · |𝑇 |).

Algorithm 2: Risk Determination Algorithm.
Input: 𝑆𝐶𝑃𝑁 = (𝑃,𝑇 ,𝐴, 𝛴,𝑉 ,𝐶,𝐺, 𝐸, 𝐼 , 𝐾), initial marking 𝐼0
Output: A risky marking set Ψ
1. Ψ= ∅;
2. Get the SRMG under initial marking 𝐼0;
3. Define an empty queue 𝑄 ;
4. if 𝐼0 = 𝑛𝑜𝑛𝑒 then

Return none;
5. 𝑄.𝑎𝑑𝑑 (𝐼0);
6. while 𝑄 ≠ 𝑛𝑜𝑛𝑒 do

𝐼 = 𝑄.𝑜𝑢𝑡𝑝𝑢𝑡 ();
if (𝐼 .𝐶𝑆 − 𝐼 .𝐹𝐶𝑆) > 𝐼 .𝐴𝐷 then

Ψ= Ψ∪{𝐼 };
Calculate 𝐼 ′ in 𝐼 ]𝑡 > 𝐼 ′;
𝑄.𝑎𝑑𝑑 (𝐼 ′);
𝑄 = 𝑄.𝑛𝑒𝑥𝑡 ();

Table 2. COMPARISON OF SCPN WITH OTHER PETRI NETS

Characteristic Semi-continuous Colored
Petri Net (SCPN)

Hybrid Petri
Net (HPN)

Stochastic Petri
Net (SPN)

Colored Petri
Net (CPN)

Description of discrete quantities ✓ ✓ ✓ ✓
Description of continuous quantities ✓ ✓ × ×

Construction of the reachable marking graph ✓ × ✓ ✓
Interconversion of discrete and continuous quantities ✓ × × ×

5 DISCUSSION
In this paper, our studies established a novel formal model and combined with a correspond-
ing analysis method. Our study used the control of an ACC system in the scene of continuous
deceleration of the front vehicle as an example to demonstrate the application of the proposed
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method. The successful application of the SCPN on the ACC system showed the advantages and
completeness of the SCPN for process of modeling hybrid systems. Many existing methods model
discrete and continuous variations as independent components, failing to accurately capture the
complexity of their interactions in real systems. Such models are often unsuitable for complex
embedded control systems that need to simultaneously handle both behaviors. Traditional Petri net
analysis methods, such as reachable marking graphs, face significant limitations when addressing
hybrid systems, particularly in effectively analyzing continuous components. As a result, traditional
methods struggle to meet the modeling requirements of complex discrete and continuous events in
real industrial scenarios. Tab 2 gives a comparison of SCPN with other kinds of Petri nets. Both
SCPN and HPN combine continuous and discrete quantities to model the hybrid systems. However,
the HPN separately treats continuous and discrete quantities. In fact, for an actual hybrid systems,
the continuous changes and overall transference of continuous quantities tend to appear in the
same part. This can be depicted in Petri nets as: for the same token in a place, the continuous
change and the overall transference can simultaneously occur. This is clearly not possible in the
HPN. In the proposed SCPN, we weaken the continuous and discrete bounds, which is reflected in
𝑇𝐷 ∩𝑇𝐶 ≠ ∅, 𝑃𝐷 ∩ 𝑃𝐶 ≠ ∅. Therefore, the SCPN is more close to actual hybrid systems for modeling
and analysing, which further improves the interpretability of the SCPN. It is worth noting that
when the value of the arc function on any output continuous arc is equal to the value of the token
in a place, the continuous arc seems to be equivalent to the discrete one, but the SCPN is not
equivalent to the CPN. The continuous arc represents the continuous change of the token value
in the place, while the discrete arc represents the transference of the token value in the place.
Therefore, when the value of the arc function on any output continuous arc is equal to the value of
the token in the place, the continuous arc is not equivalent to the discrete one. The proposed place
that outputs continuous arcs still has a token with a value of 0 after the firing of the transition,
which is essentially different from the empty place. This place can still participate in the firing of
discrete transitions, and the empty place cannot participate in the firing of transitions.
The contribution of the SCPN is to replace continuous changes over a while with an average

change. The advantage of this is to discretize the change of the continuous quantity to use the
reachable marking graph to formally analyze the SCPN. In addition, the SCPN can also be applied
to other fields which have both discrete and continuous quantities and they can be transformed into
each other. The SCPN is proposed to analyze the flaws in the system process from the perspective
of formal methods. Compared with traditional data analysis methods, the SCPN model is able to
detect logical loopholes in the system control without relying on a large amount of data, which
complements traditional data analysis methods to enhance the safety of the control system. However,
the SCPN also suffers from the state explosion problem common to this type of formal method.
The number of system states corresponding to the SRMG increases exponentially with the size of
the system. Therefore, the combination of traditional data analysis methods and formal methods
can not only enhance the safety and efficiency of the system, but also further reduce the total cost
of system risk analysis.

6 CONCLUSION
This paper proposes the Semi-continuous Colored Petri Net (SCPN) as a novel formal model for
hybrid system modeling and analysis. Unlike traditional methods, SCPN seamlessly integrates both
discrete and continuous dynamics within the same framework. By formalizing continuous changes
as average rates, it provides a more accurate representation of real-world systems. This feature
enables SCPN to perform system analysis using the Reachable Marking Graph of SCPN, which is not
achievable with conventional Petri net methods. The unique capability of SCPN allows it to detect
logical flaws without relying on large datasets, making it a valuable complement to data-driven
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approaches. Application to the Adaptive Cruise Control (ACC) system has demonstrated that the
model can identify potential rear-end collision risks in complex scenarios. Future research will
focus on risk analysis based on the lead vehicle’s speed, acceleration, and distance, with the aim of
developing new following control strategies to enhance the safety and robustness of the Adaptive
Cruise Control system. Additionally, an experimental platform will be developed to further validate
the feasibility of the SCPN model.
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