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ABSTRACT

Dynamic path planning has gained increasing popularity in mobile robot navigation. Some of the current
path planning methods require a priori information about the motion space and are easily affected by the
distribution of obstacles. To address the above limitation, this paper presents a novel dynamic method that
transforms path planning into an optimal control problem and solves it dynamically through adaptive dynamic
programming and artificial potential field. The proposed method can obtain optimal paths for a differentially-
driven mobile robot model in an unknown environment with many irregular obstacles. First, by combining
path optimization and kinematical constraints of the mobile robot, the original problem is transformed into a
new problem. Second, the total distance traveled, the effect of heading angle, the distance from the target to
the robot, and the resultant force of the artificial potential field are included in the new performance index
function. Third, the method based on adaptive dynamic programming is developed to avoid obstacles and
guarantee the safety of autonomous navigation. The convergence analysis provides theoretical guarantees for
our method, and the iterative control sequence will converge to the optimal control. Furthermore, simulation
results and analyses under different complexity levels demonstrate that our method has promising performance

in exploring and exploiting dynamic path planning problems.
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1. Introduction

With rapid advances in artificial intelligence and control engineer-
ing, mobile robots are beginning to have a major impact in both the
military and civilian sectors. For example, self-driving cars do not
need drivers but only passengers, unmanned aerial vehicles (UAVs)
can replace humans in delivering goods, unmanned surface vehicles
can perform precise autonomous docking, and smart wheelchairs can
improve the quality of life for disabled people. (Liu et al., 2023; Li
et al., 2023; Wang et al., 2023; Low et al., 2022). Autonomous naviga-
tion is a crucial technical issue that needs further research for mobile
robots. Autonomous navigation can be broadly classified into four cat-
egories: environment sensing, path planning, motion control, and de-
cision making (Ntakolia et al., 2023; Wang et al., 2020; Pietrzykowski
et al., 2022). Path planning is an essential bridge between environment

sensing and motion control, and it is a key part of the mobile robot
(Dian et al., 2022; Gonzélez et al., 2016). The path planning of the
mobile robot is to find a feasible route in the motion space from the
initial location to the given target location, and avoid some irregular
obstacles such as rocks, trees, and cars. Advanced path planning meth-
ods can significantly improve motion performance and reduce wear and
tear of mobile robots.

Generally, traditional path planning methods for mobile robots
are divided into two types, depending on the environmental space
available to the mobile robot: static and dynamic path planning (Jones
et al., 2023). The static methods generate feasible paths in an off-line
manner, which can obtain complete environmental information and the
mobile robot can arrive at the target location by following the “first
planning then tracking” framework, such as curve fitting, grid method,
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intelligent optimization algorithm, etc. (Sathiya et al., 2022; Wahab
et al.,, 2020; Sedighi et al., 2019; Ammar et al., 2016). Static path
planning methods have served the scientific and industrial communities
for quite some time. Chen et al. (2022b) proposed an interval path
planning method for patrol robots in risk areas, which improved the
multi-objective particle swarm optimization to search for safe paths
with objective functions of both optimal distance and riskiness. Li
et al. (2023) developed an off-line trajectory planner with high-quality
warm-started strategy for the fixed-wing UAV formation. Kyaw et al.
(2022) designed a novel batch-informed trees* method with the energy-
based objectives for reconfigurable robots in complex environments.
However, the planning process of the static method relies on complete
environmental information, the data collection is space consuming and
expensive, and the mobile robot needs to construct a global map model
before planning. Once unknown obstacles or moving obstacles appear
in the motion space, it may be questionable whether the mobile robot
can safely track the planned path to the target. These static path
planning methods are limited in their application because they are
unable to obtain a viable motion path for the mobile robot in real-time.

Compared with the static methods, the dynamic path planning
methods generate paths in an on-line manner, which obtain the partial
environment information by sensors in real-time, such as the artificial
potential field (APF), dynamic window approach (DWA) and reinforce-
ment learning (Fan et al., 2023; Fox et al., 1997; Kiran et al., 2022).
Dynamic path planning has gained popularity in recent years. Wang
et al. (2022) proposed a simultaneous planning and control framework
to solve the real-time planning problem for unmanned surface vehicles
in unknown motion spaces. Sangiovanni et al. (2021) presented a
hybrid control method to obtain a collision-free path in anthropomor-
phic robots, which could be deployed in real-time, requiring only the
sensor data of the robot and the surroundings. Chen et al. (2022a)
developed a reinforcement learning-based path planning method with
dynamic obstacle avoidance, which can avoid moving obstacles in the
environment and achieve real-time planning. These methods signifi-
cantly reduce the cost of resources and improve the dynamic obstacle
avoidance capability. The dynamic methods guide the mobile robots to
dynamically obtain the solutions in the sampling range and adjust the
path on-line to achieve obstacle avoidance (Wu et al., 2021). As the
study progresses, the above dynamic path planning methods encounter
many challenges. Real-time capability is a major problem for such
methods. Dynamic methods can only be effective if the computing time
is less than the sampling interval, so the computational burden cannot
be too high. In addition, many dynamic methods tend to get stuck in a
situation where they fail to converge. The APF uses force fields to guide
the mobile robot to complete the path, but this method often falls into a
local optimum in obstacle-dense spaces and ultimately fails to reach its
target (Rosas et al., 2019). The DWA realizes a path planning scheme
by rolling computation of the window containing local information, but
it suffers from the infinite loop problem (Kowsar et al., 2022). The
reinforcement learning methods have excellent performance, but de-
signing an appropriate reward function can be difficult and the training
process requires significant computational power (Ladosz et al., 2022).
More importantly, most of the above static and dynamic path plan-
ning methods consider the mobile robot as a mass and the mobile
robot can move unconstrained. However, mobile robots are essentially
nonlinear systems with complicated motion constraints. For example,
differentially-driven models must adjust the direction by the difference
in velocity between two wheels. And fixed-wing UAVs cannot remain
stationary in the sky. Planning the path of a mass may be impractical
for the autonomous navigation of mobile robots in some scenes.

In recent years, some researchers have been working on optimal
control based dynamic path planning methods. In order to obtain
a better solution, the researchers consider the motion equation of
the mobile robot when designing the path planner. Optimal control
methods are the intersection of mathematical optimization and con-
trol theory, which calculates the optimal performance index function

under dynamic constraints (Teng et al.,, 2022; Wang et al., 2017).
The original problems are formulated as optimal control problems
(OCPs), which can be solved by pseudospectral or other optimal control
methods. Hansen and Wang (2020) solved the path accuracy problem
for autonomous parking systems by applying Pontryagin’s maximum
principle. Zhang et al. (2018) modeled the path problem of a mobile
robot as an OCP and designed an approximation strategy to deal
with the non-convex part. Ji et al. (2017) proposed a planning and
tracking algorithm through the virtual potential field and the model
predictive control for intelligent vehicles, which can minimize collision
occurrence. When there are many mobile robots or obstacles in the
motion space, the traditional optimal control method will encounter the
“curse of dimensionality". This is due to the nonlinear motion equation
constraint and other state constraints of mobile robots, which causes
great inconvenience to the solution. Based on the above analysis, it
would be likely to facilitate the dynamic path planning for mobile
robots if an optimal control method with a low computational burden
could be developed.

To investigate how planners generate collision-free solutions in real-
time, this paper builds a new dynamic path planning method for mobile
robots in complex unknown environments. The method has advantages
in on-line planning, high solving efficiency, and can obtain the optimal
path. With the proposed method, we attempt to solve the “curse of
dimensionality", and improve the computational efficiency in OCPs.
The main contributions of our study are

This paper developed an ADP-based method to solve the dynamic
path planning problem, the original problem is transformed into
an OCP.

Our method designs a new performance index function, which can
optimize the path length of the mobile robot, and avoid obstacles
appearing in the unknown environment.

The convergence analysis proves that the proposed method can
theoretically find the optimal solution of the OCP under appro-
priate constraints.

The simulation results based on dynamic and static obstacles
demonstrate that the proposed method is effective for the path
planning of the mobile robot, and that robustness and real-time
capability can be guaranteed.

The rest of this paper is organized as follows. Section 2 formulates
the path planning problem and gives the mathematical description.
In Section 3, we present the specific implementation of the proposed
method based on the optimal control. In Section 4, we prove the
convergence of our method. Simulation results and related analysis are
presented in Section 5. At last, Section 6 concludes this paper and gives
future prospects.

2. Problem formulation

The original path planning problem will be converted into an OCP.
We will give a mathematical description of the problem in this section.

2.1. Motion equation

There are many different types of mobile robots in the world, such
as differentially-driven mobile robots, legged robots, car-like models,
UAVs and so on. And they have different driving principles and kine-
matical equations to make mobile robots move. Differentially-driven
mobile robots are a typical class of mobile robot models whose motion
comes from their driven wheels placed on both sides. The configuration
of a differentially-driven model is shown in Fig. 1. This mobile robot
model has three wheels, of which wheels A and B are driven wheels,
and wheel C is the passive wheel.

Differentially-driven mobile robots, such as smart wheelchairs and
sweeping robots, often operate in complex unknown environments,
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Fig. 1. The configuration of a differentially-driven mobile robot.

dynamic path planning methods with real-time obstacle avoidance
performance are very important for such mobile robots. Therefore, this
paper considers a differentially-driven model as the controlled plant
and is devoted to developing the dynamic methods to successfully
drive the model to the target while satisfying maneuverability. The
kinematical equation of a differentially-driven mobile robot (Almomani
et al., 2021; Wang et al., 2015) is written as

xq(1) v(t) cos(x3(1))
Xo (1) | = | v(?) sin(x53(1)) (@D)]
X3(1) (t)

where the state vector x(t) = [x,(t), x,(t), x3(t)] € R?, (x,(t), x,(t)) are
the position coordinates in the 2D environment, and x5(7) = 6(¢) is the
heading angle. The control vector u(t) = [u;(t), u,()] € R, u,(t) = v,(t)
and u,(t) = v,(r) presents the linear velocity of the right and left driven
wheel, respectively. For the model, d indicates the distance between
the two driven wheels, the linear velocity is v(r) = (u; () + u,(¢))/2, and
the angular velocity is w(t) = (u;(?) — u,(1))/d.

To solve the path planning problem using the numerical method,
the kinematical equation in continuous-time can be transformed into a
discrete-time equation as follows

x (k+ DY [x;(6) 0.5 5 (u; (k) + up (k) cos(x3 (k)
xyk + 1) | = | %000 | + 4] 0.5 # (uy (k) + up (k) sin(x; (k) @
x3(k+1) x3(k) (uy (k) — uy(k))/d

where the variables x(k) = [x(k), x,(k), x3(k)] and u(k) = [u;(k), uy(k)]
are introduced to present x(¢) and u(t), respectively. The constant 4t is
the uniform sampling interval in our study.

For the mobile robot, the kinematical Eq. (2) can be simplified to a
compact form as follows

x(k+1) = F (x(k),u(k)),k=0,1,2,...,00 3

where k = {0,1,2,...,00} is defined as the sampling point in this work,
F() : R}*xR? - R? is the mapping of the system function. The moving
of the mobile robot must strictly obey this kinematical equation, and
we assume in this paper that the robot system is controlled.

2.2. Physical constraints

For path planning problems, the mobile robot will obtain the cor-
responding sampling state values x(k) at each time step k, and the
initial state x, and the terminal state x , of the mobile robot should be
satisfied. Both the state x(k) and the control u(k) are constrained due to
practical physical properties of mobile robots, leading to the following
inequality constraints

Xmin < x(k) < X max (4)

Unin < u(k) < Upax (5)

where x;, and u,,;, are the minimum values of the state and control,
and x,,, and u,,, are the maximum values of the state and control,
respectively.

In addition, the distance between the mobile robot and these obsta-
cles should be kept at a safe distance in case of collisions. In a dynamic
path planning problem, the mobile robot moves in an unknown envi-
ronment without a priori knowledge and only calculates the distance
to obstacles within its perception range. Thus, the obstacle constraint
is expressed as

dy(k) = p (6)

where m = 1,2, ..., M, presents that there are M, obstacles {O,,0,, ...,
Oy, } within the perception range. f is a predefined safety distance
between the mobile robot and O,,; d,(k) is the Euclidean distance
between the mobile robot and the outer surface of O,,.

2.3. Performance index function

For OCPs, the performance index function J(-) (Liu et al., 2021; Mu
et al., 2017) under the control law {u(k)} can be described as follows

J(x(0)) = Z Ux(k), u(k)) = U(x(0), u(0)) + J (x(1)) @)
k=0
where the utility function U(x(k),u(k)) > O represents the stage value
based on u(k), and transfers the system equation from x(k) to x(k + 1).
It is necessary to design an appropriate performance index function
for our problem, which can represent the expectation of minimizing
energy consumption, terminal time, distance traveled by mobile robots,
or other factors to minimize the mission risk. In general, the shortest
path is advantageous to improve the performance of a mobile robot.
From the path-optimal perspective, we expect to solve the problem in
this study as follows

) o 2
minJ; =min ) AS?(k) =min 3° " (x;(k + 1) = x;(k))? ®
k=0 k=0 i=1
where the notation Y 452(k) is the square of the total distance traveled,
AS(k) = ||s(k + 1) — s(k)||, is the movement distance from the time step
k to k + 1, and s(k) = [x,(k), x,(k)] is the position coordinate of the
differentially-driven model.

2.4. Formulation

By combining (1) to (8), the dynamic path planning problem of
the differentially-driven mobile robot is established as an OCP with a
number of constraints

min J; = min ) 487(k)
k=0
s.t. x(k+ 1) = F (x(k), u(k)) ©)
G(x(k),u(k), k) <0
k=0,1,2,...

where, for simplicity, the inequality G(x(k),u(k),k) < 0 denotes the
set of all physical constraints. The OCP is subject to the kinematical
equation and these constraints on state variables, control variables and
time.

3. Proposed path planning method

Adaptive dynamic programming (ADP) and APF methods are used
to obtain the solution of dynamic path planning problems. The advan-
tages of our method are to obtain dynamic paths that avoid all obstacles
in unknown environments.
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Fig. 2. The structure of ADP.

3.1. Iterative optimal control method

This paper formulates an OCP to solve the dynamic path planning
problem. The final solution is to achieve an admissible control strategy
that stabilizes the system and minimizes the function J(x(k)) under con-
straint conditions. Namely, we want the planning scheme to obtain a
collision-avoidance path in complex unknown environments with many
irregular obstacles. A new performance index function is designed to
obtain the optimal or quasi-optimal path and avoid obstacles. The
optimal value J*(x(k)) derived from (7) (Wei et al., 2022) is defined
as

J*(x(k)) = Hg{r)l{f(x(k), u(k)) : u(k) € U'}

(10$)
= U(x(k),u*(k)) + J*(x(k + 1))
where U is the admissible control set.
The optimal control u*(k) is
u*(x(k)) = arg IY}}CI)I{U(x(k), u(k))} + J*(x(k + 1)) an

Commonly, it is difficult to know J*(x(k)) before the sequence
{u*(k)} is determined. If optimal control methods have to calculate
J*(x(k)) at every time step k, this will impose a huge computational
burden on the processing units. This phenomenon makes it difficult to
solve the Hamilton-Jacobi-Bellman (HJB) equation directly.

To overcome these challenges, ADP (Wang et al., 2009; Werbos,
1977) is developed to use a function to approximate the actual structure
of the system function. The ADP method is derived from Bellman’s
principle of optimality and is a kind of novel iterative optimal con-
trol method to approximate functions. It combines the ideas of dy-
namic programming, neural networks, and reinforcement learning (Liu
et al., 2021). Neural networks and some basis functions can be used
as approximation functions to replace some parts of the ADP. Since its
proposal, the theoretical research of ADP has received much attention,
and ADP will have a bright future in solving dynamic path planning
problems.

The structure of ADP is shown in Fig. 2. In general, the ADP consists
of three parts: model net, action net, and critic net. In this paper,
we use neural networks to approximate these modules. The model net
approximates the system equation and predicts the next state. The input
is x(k) and u(k) at the time step k, and %(k + 1) is an approximation of
the actual state x(k + 1). The training process is realized by minimizing
the following error function

IE,(k+ DIl = 3 Y lx(k+ 1) - 5,k + DI a2
i=1

where | E,,(k + 1)|| is the sum of the squared error vector, n is the
dimension of the state vector x(k + 1).

The critic net takes the state x(k) as the input value, and the
corresponding output value J(-) is the approximation of J(-) given in
(7), realized as follows

IE (o)) = %{ﬂx(k» = [U (x(k), u(k)) + F (x(k + 1)]}? 3

where || E,(k)|| is the sum of the squared errors. If ||E.(k)|| = O for all
time steps, then we have J(x(k)) = J(x(k)). Therefore, a trained critic
net could be obtained by optimizing the function defined in (13).

The action net is trained by minimizing the output J(k) of the critic
net to generate the optimal or suboptimal control variable. The output
depends on the utility function associated with the controlled system.
The common form of the U(x(k),u(k)) is a quadratic form.

U (x(k), u(k)) = x(k)AxT (k) + u(k) Bu® (k) 14)

where matrix A is an n-dimensional positive semidefinite matrix, and
matrix B is an m-dimensional positive-definite matrix.

3.2. Artificial potential field method

The APF method is derived from potential field methods (Khatib,
1990) and has been widely used to solve path planning problems
because of its low complexity, good real-time performance, and easy
controlling operation. The core idea of the classical APF is to consider
the mobile robot as a free mass, and the mass is affected by the resultant
force of potential fields. It is assumed that the robot can be guided to
reach the newly generated position and keep it away from obstacles
at the next time step. However, the motion of a differentially-driven
model is subject to its kinematical equation rather than a free mass. In
practice, free motion could pose a risk to the internal mechanics of the
differentially-driven mobile robot. Therefore, we construct the novel
potential field for the dynamic path planning problem.

The attractive potential field U, (k) in this study is

1
Ua (k) = 5 Ky * p7(K) (1s)

where the parameter K, is the attractive potential coefficient, p,(k) =
ls(k)—s /|| is the distance from s(k) to the desired target position s, and
we have no requirements for the terminal heading angle. The mobile
robot is always affected by the field U, (k) until it reaches the target
Sf.

The attractive force F,, (k) is the negative gradient of U, (k), when
the mobile robot reaches the desired point, then F, (k) = 0.

Fm‘t(k) = _VUan(k) =R * pl(k) (16)

The challenge for mobile robots is to move in unknown environ-
ments without a priori knowledge. When calculating the repulsive
potential field, only obstacles within the mobile robot’s perception
range can be counted. And classical APF tends to treat the obstacle



as a particle, using a point to represent the whole obstacle. However,
the obstacles encountered in practice are irregular, and sometimes the
mobile robot can only perceive part of the obstacle.

In our method, we calculate the repulsive potential field with the
outer surface of the obstacle. Once an obstacle is detected, its outer
surface is discretized into many points. Then, the repulsive potential
field U7, (k) of the mobile robot and the outer surface of the obstacle

. . rep
1s written as

1 1 1 2 1 J
sKiepl—— — =17p1(), py(k)<p

ul, (=12 EAC I I 2 a7
0, Pk > p

where the parameter K,,, is the repulsive potential coefficien_t, pé(k) =
ls(k) — s/, || is the length from the s(k) to the position s/, of the
Jjth point on the outer surface of obstacle-m, j = {1,2,...,J,} denotes
the outer surface of obstacle-m is discretized into J,, points, p is the
perception range of the mobile robot, : is the repulsive decay factor of
the target. If pé(k) < p, the mobile robot will be affected by the repulsive
potential field U,jep(k). Otherwise the field U,je[,(k) =0.

The repulsive force F;,,(k) is the negative gradient of the potential
field U},,(k). F},,(k) tends to infinity as the mobile robot approaches
the jth point on the outer surface of the obstacle-m.

Fl,,(k)==VU}, (k)
! ACPNAC)
=1 Tk PR
0, k) > p

The total repulsive force F,,, (k) is the vectorial sum of repulsive
forces acting on the mobile robot, as follows

py(k) < p 18

a

Fropk)= Y Fi (k) 19)

rep
Jj=1

where a = Z:Lkl J,, is the number of points on the outer surface of
obstacles within the perception range p at the time step .

The APF assumes that the mobile robot moves in an abstract virtual
potential field. It can reflect the structure of the motion space. Before
planning, the sensors provide the mobile robot with environmental
information about the distribution of obstacles and the target point.
The area of the attractive potential field is the whole motion space. The
area of the repulsive potential field acts in an area close to obstacles.
The resultant force of the APF is expressed as

Fop (k) = Fopy(k) + Fppp(K) 20

To make the path generated by our method match the actual motion
situation, we integrate the resultant force as part of the OCP (9). The
motion is then restained by the kinematic Eq. (2).

3.3. Construction of the performance index function

This paper develops a novel iterative optimal control method to
solve dynamic path planning problems, which incorporates many ad-
vantages of ADP and APF. In order to obtain the optimal path and
avoid obstacles, we have designed a new performance index function
J,(x(k)) to replace J; in the OCP (9). The proposed function J,(x(k))
includes the total distance traveled J,,,(k), the change in heading angle
Jangle(k), the distance J,,, (k) between the target and the robot, and the
resultant force of the APF method J,, (k).

To ensure optimality, we take into account distance traveled J,,,, (k)
= X2 oD, Where j,(i) = AS(D) = ||s(i + 1) = s(0)]l, is the distance
traveled in adjacent time steps, s(i) is the position of the mobile robot
at time step i, and the terminal variable s(c0) is the final position of the
mobile robot. And we want the change in heading angle x;(k) between
adjacent time steps to be as small as possible, i.e. min [|x3(k+1)—x3(k)||5,
so that we can make the directional changes of a differentially-driven

mobile robot more realistic. We therefore define the function J,,,, =

Z;’ik [Ix3(k + 1) — x3(k)||§ as part of the designed function J,(x(k)).

To reach the desired target position, one of the fundamental indices
to consider is the distance between the desired position and our mobile
robot. The index is written as Jy,, (k) = X2, (s() — s )T R(s(i) — s),
where s, is the desired position, and R is a positive-definite matrix.
And if |[s(k) — s /|| < x, it means that the mobile robot has reached the
desired target position.

To realize the function of dynamic obstacle avoidance in the un-
known environment, this paper makes the resultant force Japy (k) of the
APF method part of the function J,(x(k)).

Correspondingly, the total function J,(x(k)) of the OCP is defined in
this form

Jr(x(k)) = Jpa,h(k) + Ja,,g,e(k) + Jgoa,(k) + Jap/-(k)
or(IsGi + 1) = s()ll3

Hx3G + 1) = x30)]13)

+(s() — s )T R(s(i) — 57)
+03(Foyy (D) + Fr ()

-2

o
=k

3
o1 (Y ;G + 1) = x; ()13 (21)
j=1
+(s() — s )T R(s(@) = s7)

+03(F oy (1) + Frp(0))

o (lxG + 1) = x()13)

+(s() — s )T R(s(@) — s7)

+03(F oy (i) + Frop (i)

o

I
=~

™

Il
=

i

where ¢, and o, are the weighted factors, R is the weight matrix.
3.4. Dynamic path planning method

We expect the mobile robot to move from the initial point to the
desired terminal point, avoiding all obstacles in the dynamic environ-
ment without a priori information. The mobile robot is constrained by
the kinematical equation and many complex constraints. According to
our designed performance index function, the OCP (9) is rewritten as
follows.

w [1lxG + 1) = x@113)
min +(s() — s )T R(s()) — 57)
i=k . .
T Ho2(Fa () + Frepi))
st x(k+ 1) = F(x(k), u(k))
G(x(k),u(k), k) <0
k=0,1,2,...

(22)

The exact penalty function (Bertsekas, 1975) eliminates constraints
of the optimization problem, and the transformed problem becomes

min{J,(x(k)) +y ; max|[0, G(x(i), u(i), )]} 23)

s.t.  x(k+ 1) = F(x(k),u(k))
where y is the penalty term of the exact penalty function.
To maximize the non-smooth operator (Nesterov, 2004), the

smoothing approximation function (Lian, 2012) is used to replace the
maximum function

0, G<-=
ym
H=4"G+6+——, -£<G<0 24)
Peyck) = £ 2ym’ ym ~
= 0<G
2ym

where the operator p,, ¢ is the first-order differentiable of the con-
straint set G(x(k),u(k), k), the notation G = G(x(k),u(k), k) represents



the constraint set, the parameter ¢ is the smoothing coefficient, and
the limitation is given by lim,_ g+ p, , g = max{0, G(x(k), u(k), k)}.

In other words, a smooth optimization problem (Beck and Teboulle,
2012) is obtained, which can replace the penalty function based prob-
lem (14), it is shown as

minJ (x(k)) = J,(x(k)) + 7 Y pe (D)
) ; .G (25)

s.t. x(k + 1) = F(x(k),u(k))

where J(x(k)) is a new function. If the factor ¢ is small enough, then the
solution can approximate the original problem. And if the parameter y
is large enough, then the solution is also approximately equal to the
original problem.

The ADP searches for the solution to the dynamic path planning
problem. The iterative approximation strategy is performed to get the
optimal value and the optimal control. We assume that the V},(-) is equal
to 0. Then the corresponding initial control policy v,(-) is obtained as
follows

o1 ([lx(k + 1) = x(k)[[3)

+(s(k) = s )T R(s(k) — s )

+05(Fopy (k) + Fpep(K) (26)
+YPey (k)

+Vy(x(k + 1))

Uo(x(k)) = argmin

Further iteration, performance index functions of the iteration V()
can be obtained as follows

o1 (llx(k + 1) = x(k)|[3)

+(s(k) = s )T R(s(k) = s/)
+0)(F oy (k) + F,p(K))

+YPey (k)

+Vo(x(k + 1))

o1 (1 F(x(k), vp(x(k))) — x(k)13)
+(s(k) = s )T R(s(k) = s /)

=1 +02(Fay (k) + Fpp(K))

+YPey (k)

+Vo(F(x(k), vy(x(k))))

Vi (x(k)) = min

(27)

For the index {i = 1,2,..., 00}, we can get iterative equations
o1(lx(k + 1) = x(K)II3)

+(s(k) = s )" R(s(k) — s )

09 (Fyy (k) + Fep (k) (28)
Y Pey,6(K)

+V;(x(k+ 1))

v;(x(k)) = arg min

o1 (lx(k + 1) = x(K)13)

+(s(k) = s )" R(s(k) — 5 1)
+0,(F (k) + F,ep(k))
+7Pey.6(k)

+V(x(k + 1)

o (I F (x(k), v,(x(K))) = x(K)13)
+05(Foyy (k) + Fp p(K))

=2 +(stk)—s,)" R(s(k) = s[)
+7Pey.6(k)

+V;(F (x(k), v;(x(k)))

Viy1(x(k)) = min

(29)

In the process of finding the approximate optimal solution at time
k, cycles between strategy improvement and value determination are
used until the value approaches optimal results.

The Vi(x(k)) — J*(x(k)), and v,(x(k)) — u*(x(k)) as i — oo. The
control policy at time k can be obtained in time forward, and the
optimal path for the mobile robot can be generated. To clarify the
problem solving procedure of our proposed method, the pseudocode is
given in Algorithm 1, and the framework of the developed path planner
is shown in Fig. 3.

Algorithm 1 Pseudocode of the proposed method

Input: Parameters of neural network: learning-speed factor, weights,
discount factor, maximum iterative step
Output: Optimal path; Optimal control
1: Initialize the parameters of ADP
2: k=0
3: while true do

4: Receive environment information from sensors
5: Calculate the repulsive force and the attractive force
6: Calculate the resultant force of the mobile robot
7: Train the model net according to the kinematical equation (2)
8: if Reach the terminal condition of ADP then
9: Input x(k) to the action net to calculate u(k)
10: Input x(k) and u(k) to the model net to calculate x(k + 1)
11: Construct the utility function U(x(k), u(k))
12: Input x(k + 1) to the critic net to calculate J(k + 1)
13: Input x(k) to the critic net to calculate J(k)
14: Update the weight of the critic net and action net
15: end if
16: Obtain the control signal u*(k)
17: Drive the mobile robot to the next state
18: if the mobile robot reach the target location then
19: break
20: end if
21: k=k+1

22: end while
23: return J*, x*, u

4. Convergence of the iterative method

This section will prove that the control sequence u(k) and function
J(x(k)) got by the proposed method can approximate the u*(k) and
optimum J*(x(k)), respectively. Thus, the proposed method will not
fall into the local optimum, can generate the optimal path, and avoid
obstacles in solving the OCPs.

First, a theorem is given to show that the new performance index
function achieved by our proposed iterative method is bounded. This
theorem plays a key role in proving the following theorems.

Theorem 1. Let the {v;(x(k))} be a control sequence obtained by the
proposed iterative algorithm at time k, and the sequence {V;(-)} be the
corresponding performance index functions gained by the iteration. Let
{u;(x(k))} be the control for the controlled dynamic system. Similar to the
iterative formula, the following formula is holding
A (x(k)) = o (| F(x(k), p;(x(k))) = x(k)llg)
+ (s(k) = s )T R(s(k) — s )
+ 0y (Fyyy(x(k)) + Fpp(x(K))) (30)
+ 7Pey,(x(K)
+ A (F(x(k), p;(x(k))))
Let Ay(-) = Vy(-) = 0, there holds V;(x(k)) < A;(x(k)) for any index i.
The demonstration of Theorem 1 is obvious. Theorem 2 will show
the sequence of V;(x(k)) is upper bounded.

Theorem 2. Let the sequence {V;(-)} be the corresponding performance
index functions got by the proposed algorithm. Let the dynamic system be
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controllable. There is an upper bound Y, and the following formula holds
for each i

0<Vi(x(k) <Y (31)

Proof. Let the sequence {#;(x(k))} be an admissible control sequence.
As time k towards infinity, the corresponding state value x(k) ap-
proaches zero, and the performance index function is a bounded value.
Let Zy(-) = V() = 0. Let the {v;(x(k))} be a control achieved by the
iteration. The Z;(-) is calculated as follows
Z; 1 (x(k)) = oy (|| F (x(k), m;(x(k))) — x(k)ll%)

+ (s(k) — Sf)TR(S(k) —5y)

+ 62(Fatt(k) + Frep(k)) (32)

+ ¥Pey (k)

+ Z(x(k+1))

The function U (x(k)) is written as follows

Ux(k) = o (| F(x(k), m,(e(k)) = x(o)]12)
+ (s(k) = s )T R(s(k) = s)

(33
+ 09 (Fyy (k) + Fopp(K))
+ 7Pey6(K)
Then we have the following equation
Z1(x(k)) = Ux(k)) + UGk + 1) + -+ 34)

+ Ux(k+i)+ Zy(x(k+i+1))

The function U(-) is positive definite. There exists a finite value Y
for which the following formula holds

i
Zi 1 (x(k) < lim T Ux(k +) <Y 35)
j=0
Thus, according to the Theorem 1, the following conclusion can be
drawn
0<Vi(x() < Zi (x(k) <Y [0 (36)
Theorems 1 and 2 illustrate that the function V;(x(k)) of our pro-

posed method is upper bounded.

Theorem 3. Let {v;(x(k))} be the control which is obtained by iterations
at time k, and {V;(-)} be the corresponding performance index functions. Let
Vo(-) = 0, there holds V;(x(k)) < Vi, (x(k)) for each i and lim,_, , V;(x(k)) =
J*(x(k)).

Proof. The sequence {®,(x(k))} is defined by

D, 1 (x(K)) = o1 (| F(x(k), vy (x(K))) — x(k)lli)
+ (s(k) = s )" R(s(k) — s )
+ 02 (Fure(K) + Frpp (k) 37)
+ ¥Peyc(k)
+ D (F(x(k), 041 (x(K))))
Next, let @y(-) = 0, and the mathematical induction (Bussey, 1917)
demonstrates the following inequality equation

D;(x(k)) < Vip1(x(k) (38)

We have
Vi(x(k)) — Do(x(K)) = o (|| F(x(k), vy (x(k))) — x(Kk)I|3)
+ (s(k) = s )T R(s(k) — )
+ 0y (Fye(K) + Frpp (k) (39)
+ vPey (k)
>0
Thus, @y(x(k)) < V;(x(k)).
Next, assuming that @,_; (x(k)) < V;(x(k)), then
@,(x(k)) = o (| F(x(k), v;(x(k))) = x(Kk)|3)
+ (s(k) = s )T R(s(k) = s4)
+ 03 (Fyy (k) + Fppp(K)) (40)
+ 7Py (k)
+ @, (F(x(k), v;(x(k))))
and
Vi (x(K)) = oy (| F(x(k), v;(x(k))) = x(K)|[3)
+ (stk) = s )" R(s(k) — s 7)
+ 03 (Fy (k) + Fpp (k) (41)
+ ¥YDey (k)
+ Vi(F(x(k), v;(x(k))))

This gives us the following equation
Vi1 (x(k)) — @;(x(k)) = V(x(k)) = D;_ (x(k)) = 0 (42)

Then, we have @,(x(k)) <V, (x(k)).
Combined with the Theorem 2, there holds V;(x(k)) < @;(x(k)) <
Vii1(x(k)), {V;i(x(k))} has an upper bound. []



Theorem 4. Let V_ (x(k)) = lim,_, , V;(x(k)) and x(k) be the state value of
dynamic systems that can be fetched. The V_ (x,) satisfies the HJB equation

o1 (1 F (x(k), u(k)) — x()l12)
+(s(k) = s )T R(s(k) = s5)
Vo (x(k)) = 1,2}(1)1 05 (Fyy (k) + Fpp (k) (43)
+7Pe y.6(K)
+V oo (F(x(k), u(k)))

Proof. Combined with Theorem 3, there holds the following inequality
equation for arbitrarily chosen control v and i
Vi(x(k)) <o\ (| F(x(k), v(k)) — x(k)lli)
+(stk) — s )T R(s(k) = s/)
+05(Far (k) + Fpp (k) (449
+7Pey6(K)
+V o (x(k + 1))

Therefore, the following equation holds

o1 (IF (x(k), v(k)) — x(R)|I3)

+(s(k) — s )" R(s(k) — s /)

+05(F (k) + Fyp(K)) (45)
+YPey (k)

+V o (x(k + 1))

Vi(x(k) < min

When the iterative times i — oo, we get the following inequality
equation

o (|| F(x(k), v(k)) — x(k)lli)

+(stk) — s )T R(s(k) — 5 )

05 (Fu (k) + Fep(K)) (46)
+1Pey.c(K)

+V, (e + 1))

Vo (x(k)) < min

In addition, since

o1 (| F(x(k), v(k)) — x(Kk)|[3)

+(s(k) = s )" R(s(k) — 5 4)

+05(Fyyy (k) + Frep(K)) 47
+7Pey (k)

+Vio1(x(k + 1))

Vi(x(k) = min

for each i,

o1 (| F(x(k), v(k)) — x(K)|[3)

+(s(k) = s )T R(s(k) — 5 7)

+05(Fyyy (k) + Fop(K)) (48)
+7Pey (k)

+Vi_y (e + 1))

Voo (x(k)) 2 min

Let i be the iteration times. When i — oo, we can get the following
inequality equation

o1 (| F(x(k), v(k)) — x(K)|[3)

+(stk) — s )T R(s(k) — s )

+05(Fyyy (k) + Fyop () (49)
+7Pey6(K)

+V o (x(k + 1))

V. (x(k)) > min

Table 1

Parameters of the APF in our method.
Parameters Values
Attractive coefficient K, 3
Repulsive coefficient K, 10
Perception range p/m 1
Repulsive decay factor n 2

Finally, the following equation is proved
o1 (| F(x(k), v(k)) — x(K)|[3)
+(s(k) = s )T R(s(k) — s 7)
Vo (x(k)) = mUin +05(Fyp (k) + Frpp (k) O (50)

+7Dey (k)
+V (x(k + 1))

Theorem 3 states that the function V;(x(k)) obtained by the pro-
posed method converges to a bounded value. Theorem 4 shows that
the sequence {u(k)} can converge to the u*(k). Based on the above
theorems, our method can generate a feasible and safe path from the
initial position to the target position theoretically.

5. Simulation results

To evaluate of our proposed method, several simulations under
different complexities are tested on the Matlab R2021b platform for
dynamic path planning problems of differentially-driven mobile robots.
The software environment for all simulations is based on the Windows
10 system, and the hardware environment is based on a 2.90 GHz,
Intel(R) Core i5-10700M CPU with 16 GB RAM.

For all simulations in this paper, the initial position of the robot
is set as the origin of the global coordinate system, the state x;(k) is
from —1 m to 21 m, x,(k) is from —1 m to 21 m, x3(k) is from —x
to z. For the differentially-driven model (Almomani et al., 2021), the
distance between two driven wheels d = 0.37 m, the control u,(k) €
[0 m/s, 1 m/s] and u,(k) € [0 m/s, 1 m/s], the safety distance g = 0.3 m,
the sampling interval 4r = 0.1 s. The weighted factors o, = 0, = 0.5,
and the weight matrix R is an identity matrix. The parameters of the
APF in our method are displayed in Table 1.

In this section, our proposed method is compared with some state-
of-the-art path planning methods, such as APF (Wang et al., 2022),
DWA (Lee et al.,, 2021), and dynamic A-star algorithm (Yan et al.,
2022). In each simulation experiment, the parameters for all methods
are the same.

5.1. Case 1: Unknown environment with static obstacles

In this case, the differentially-driven mobile robot is tested in an
unknown environment with many static obstacles. We set the mission
environment as a 2D plane with a ground environment, whose region
is 22 m x 22 m, as illustrated in Fig. 4. There are three scenes to
test the efficiency and robustness of our method, with the number of
static obstacles increasing from 9 to 15. The initial position is randomly
generated in the range x,(0) € [-0.5 m, 0.5 m], x,(0) € [-0.25 m,0.25 m],
and the initial heading angle x5(0) = 0 rad. There are three targets
in Scenes I-III and their positions are displayed in Table 2. When the
distance between the mobile robot and the target position is less than
0.045 m, the robot is considered to have reached the target. In this part,
the number of repetitions for each simulated group is 50.

In Scene [, the paths generated by APF, DWA, dynamic A-star, and
our method are plotted in Fig. 5. We can see that all four methods
can arrive at the target and generate the feasible path in an unknown
environment. We also compare the average distance traveled, the av-
erage computing time, and the success rates for the proposed method
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Table 2

The target information in Scenes I-III.
Target Scene I Scene II Scene III Color
Target 1/m (20,20) (20,20) (20,20) Red
Target 2/m (20,02) (20,04) (20,02) Orange
Target 3/m (05,20) (04,20) (03,20) Green

and these comparative methods in this case, as shown in Table 3.
From this table, it can be found that all methods can achieve similar
traveled lengths in this relatively simple environment. At the time level,
the DWA will consume the most computational resources. The other
three methods consume approximately the same amount of time in
Scene I. The success rates for all four methods are close to 100% when
the target position changes. The two simulations where APF fails are
due to the fact that this method is sensitive to obstacles and may
fall into a local optimum. In simple environments, our method can
achieve excellent performance comparable to that of state-of-the-art

path planning methods. Next, we will discuss the performance of these
three path planning methods in scenes with more complex obstacles.
In Scene II, we add obstacle-10, obstacle-11, and obstacle-12 to the
environment to validate these path planning methods, as plotted in
Fig. 4(b). Obstacle-12 is located close to target 1 and can impede the
motion of the mobile robot. The paths generated by these methods are
plotted in Fig. 6. The dynamic A-star, and our method are able to reach
the target and obtain a successful path in this environment. In all fifty
repetitions, obstacle-12 successfully prevented the APF-driven mobile
robot from reaching target 1, and the main reason for the failure of
the DWA to reach target 3 is obstacle-9, and suffers the infinite loop
problem. To reach target 2 and target 3, the APF and the dynamic A-
star method produce paths with severe oscillations, which may cause
damage to the structure of the mobile robot. From Table 3, we can
see that the average distance traveled has increased due to a more
complex environment, and the DWA also consumes the most computing
time. The success rate of all four methods decreases in this scene, but
our proposed method is the least affected, with only one simulation



Fig. 6. Planning results of Scene II with (a) APF, (b) DWA, (c) dynamic A-star, and (d) our method.

to target 1 failing. In this simulation, the ADP was not well trained
and the control signals generated by the ADP did not help the robot to
achieve the correct state when the mobile robot approached obstacle-
12. When the APF is applied to the autonomous navigation of target 1,
the success rate is only 0%, the same failure occurred in the situation
where the DWA drives the mobile robot to target 3. In this scene,
the proposed method outperforms the APF and the DWA methods in
mission completion and shows a better performance than the dynamic
A-star method on the path oscillation phenomenon.

In order to test the proposed method in the unknown narrow
environment, we change the position of the original obstacles and add
obstacle-13, obstacle-14, and obstacle-15 in Scene III. The distribution
of these obstacles is shown in Fig. 4(c). Obstacle-13 is located on the
line between the initial position area and target 1, which can further
increase the difficulty, obstacle-14 and obstacle-15 will provide a great
challenge for the mobile robot to reach the target 2, and the new
position of obstacle-6 blocks the movement of the mobile robot to
reach target 3. The space in which the mobile robot can move in
this scene becomes narrow and crowded, and the performance of the
path planning methods is greatly tested. The experimental results for
avoiding these obstacles are shown in Fig. 7 and Table 3. In Fig. 7, only
our method can successfully guide the mobile robot to target 1, target 2,
and target 3, respectively. When the destinations are target 1 and target
3, the APF falls into a local optimum, and the path to successfully reach
target 2 is highly oscillating. All simulations of DWA have failed. The
method stops iterating on the way to reach target 1 and target 2, and
the mobile robot drives out of bounds when searching for target 3. The
dynamic A-star suffers a similar situation to the APF. From Table 3, we
can see that only our method has shown outstanding performance in
the unknown narrow environment.

From the above simulations, it can be seen that our proposed
method has the advantage of good real-time planning and can avoid

static obstacles in an unknown environment. And the kinematical equa-
tion and constraints of the differentially-driven mobile robot can be
satisfied. Figs. 5 to 7 show the path generated by our method and three
comparative methods. Table 3 gives the average distance traveled, the
average computing time and the success rate for all methods in Scenes
[-III. All methods can generate a feasible path in a simple environment.
However, as the number of obstacles increases, the performance of
these comparative methods decreases. Compared to the APF method,
our method can avoid the local minimum, and always keep an appro-
priate distance from obstacles, which overcomes the main problems of
the APF method. Although the APF method generates shorter paths and
consumes less time, it can only successfully generate paths in a certain
simple environment, and the oscillation phenomenon is dangerous. The
DWA method is time consuming even in simple spaces, and the narrow
environment will limit its application in autonomous navigation. In
Scenes I-III, the dynamic A-star method outperforms the APF and
the DWA, but is still heavily influenced by obstacles. Our method
has demonstrated similar performance to state-of-the-art path planning
methods in simple spaces. When the environment becomes narrow and
crowded, the performance of our method does not drop significantly.
Hence, the proposed method is suitable for the autonomous navigation
of differentially-driven mobile robots in unknown environments with
static obstacles.

5.2. Case 2: Unknown environment with dynamic obstacles

In this case, our method guides the differentially-driven mobile
robot in an unknown environment with some dynamic obstacles. The
distribution of static obstacles in this case is consistent with Scene
II in Case 1, as illustrated in Fig. 4(b). The initial state is set as
x(0) = (0 m,0 m,0 rad), and the target position is target 1 in Scene
II, i.e. (20 m,20 m). In Case 1, we have verified the effectiveness of



Fig. 7. Planning results of Scene III with (a) APF, (b) DWA, (c) dynamic A-star, and (d) our method.

Table 3
Simulation result from different methods of Scenes I-III.
ST APF DWA Dynamic A-star Our method
Length Time Success Length Time Success Length Time Success Length Time Success
/m /s rate /m /s rate /m /s rate /m /s rate
I-1 28.59 18.03 100% 29.57 47.26 100% 29.56 20.77 100% 28.89 19.21 100%
-2 21.25 11.93 98% 20.97 31.76 100% 21.65 13.70 100% 21.44 15.17 100%
-3 20.13 10.55 98% 20.56 30.93 100% 20.71 12.16 100% 20.51 12.10 100%
1I-1 - - 0% 35.74 62.67 92% 33.85 38.56 90% 31.11 30.91 98%
1I-2 22.90 15.63 84% 21.36 44.64 94% 22.35 18.77 94% 22.40 24.87 100%
1I-3 21.24 15.47 88% - - 0% 23.15 19.98 94% 23.39 17.17 100%
III-1 - - 0% - - 0% - - 0% 37.76 38.17 94%
-2 24.87 23.41 76% - - 0% 25.90 26.55 88% 24.95 25.71 100%
1II-3 - 0% - - 0% - - 0% 20.71 12.87 98%
Table 4

Detail information of two dynamic obstacles in Case 2.

Number Initial position Moving direction
Pedestrian-1 (10 m,13 m) Rightwards
Pedestrian-2 (15 m,13 m) Upwards

our method in this environment without dynamic obstacles. Now, two
pedestrians are introduced into the environment as dynamic obstacles,
and their detailed information is displayed in Table 4. To better il-
lustrate the problem solving process, only the path results after two
pedestrian appearances are discussed, as plotted in Fig. 8. The red line
represents the path of the mobile robot, the blue dashed line is the path
of pedestrian-1, and the green dotted line is the path of pedestrian-2.
Fig. 8 shows the position of the differentially-driven mobile robot
at different time steps (k=160, 170, 190,210, 225, 260, 270, 285, and
325). Before k = 160, the real-time path is almost the same as that of
Scene II in Case 1. When k = 160, two pedestrians suddenly appear in
the environment and start moving, and the mobile robot’s information

about these pedestrians is unknown, as in Fig. 8(a). When k = 170,
pedestrian-1 moves to the right and pedestrian-2 moves upwards, as
in Fig. 8(b). When k& = 190, the mobile robot perceives pedestrian-1
and starts to avoid the dynamic obstacle by turning downwards, as in
Fig. 8(c). When k = 210, the mobile robot is detouring pedestrian-1,
as in Fig. 8(d). When k = 225, the mobile robot has already avoided
pedestrian-1 and perceives pedestrian-2, as in Fig. 8(e). Under the
influence of pedestrian-2 and static obstacle-3, our method guides the
mobile robot upwards, as plotted in Fig. 8(f). Then the mobile robot
decides to avoid the obstacles by moving to the right when k = 270,
as in Fig. 8(g). The mobile robot essentially achieves the avoidance of
pedestrian-2 when k = 285, as in Fig. 8(h). After that, the navigation
path is influenced only by static obstacles and the target and reaches
the target position at k = 325, as in Fig. 8(i).

From Case 1 and Case 2, we have demonstrated that the proposed
method can guide the differentially-driven mobile robot to the target
by avoiding dynamic and static obstacles in the unknown environ-
ment. Compared with three state-of-the-art path planning methods, our
method has advantages in obstacle-dense environments. Case 2 shows
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that our method can control the mobile robot to continuously avoid
dynamic obstacles. The above simulations highlight that our method is
robust and efficient in dynamic path planning for differentially-driven
mobile robots.

6. Conclusions

In this paper, we develop a novel dynamic path planning method for
the differentially-driven mobile robot, which combines the idea of ADP
and APF. The main technical contributions include the transformation
of the original dynamic problem into an OCP, the design of a new
performance index function, and the proof of convergence. The pro-
posed method can combine the advantages of path optimization and the
kinematical constraints of the differentially-driven mobile robot. The
newly designed performance index function includes the total distance
traveled, the effect of the heading angle, the distance from the target to
the robot, and the resultant force of the APF. The proposed method can
generate a feasible path and avoid obstacles in an unknown environ-
ment. The theoretical analysis proves the convergence of our method.
The sequence {u(k)} and function J(x(k)) can converge to the {u*(k)}
and J*(x(k)). These features demonstrate that our proposed method is
accurate, reliable, and suitable for autonomous navigation applications.
Compared with some state-of-the-art path planning methods, simula-
tions exhibit the effectiveness and robustness of the proposed method.
Our method can successfully drive the differentially-driven model to
the target position in unknown environments with static and dynamic
obstacles. We will focus on exploring dynamic path planning techniques
on some other mobile robot models, such as car-like robot models
and UAVs, and the physical experiments on mobile robots through
embedded development will also be conducted.

10 xjm
(h)

Fig. 8. Path history at different time steps with (a) k=160, (b)k=170, (c) k=190, (d) k=210, (e)k=225, (f) k=260,(g) k=270, (h) k=285, and (i) k=325.
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