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Abstract

We develop new tests for predictability at a given quantile, based on the Lagrange Multiplier
[LM] principle, in the context of quantile regression [QR] models which allow for persistent and
endogenous predictors driven by heteroskedastic errors. Of the extant predictive QR tests in the
literature, only the moving blocks bootstrap implementation, due to Fan and Lee (2019), of the
Wald-type test of Lee (2016) can allow for conditionally heteroskedastic errors in the context of a
QR model with persistent predictors. In common with all other tests in the literature these tests
cannot, however, allow for unconditionally heteroskedastic behaviour in the errors. The LM-
based approach we adopt in this paper is obtained from a simple auxiliary linear test regression
which facilitates inference based on established instrumental variable methods. We demonstrate
that, as a result, the tests we develop, based on either conventional or heteroskedasticity-
consistent standard errors in the auxiliary regression, are robust under the null hypothesis of
no predictability to conditional heteroskedasticity and to unconditional heteroskedasticity in the
errors driving the predictors, with no need for bootstrap implementation. We also propose tests
for joint predictability across a set of multiple distinct quantiles. Simulation results for both
conditionally and unconditionally heteroskedastic errors highlight the superior finite sample
properties of our proposed LM tests over the tests of Lee (2016) and Fan and Lee (2019) and
the recent variable addition tests of Cai et al. (2023). An empirical application to the equity
premium for the S&P 500 highlights the practical usefulness of our proposed tests, uncovering
significant evidence of predictability in the left and right tails of the returns distribution for a
number of predictors containing information on market or firm risk.
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1 Introduction

Predictive regression is a widely used tool in applied finance and economics. A leading example
concerns whether future stock returns can be predicted by current information. In this context,
predictive regression methods have been extensively used in studies of mutual fund performance,
tests of the conditional CAPM and studies of optimal asset allocation; see, for example, Paye and
Timmermann (2006, pp. 274-275) and references therein.

Empirical evidence presented in, among others, Campbell and Yogo (2006) and Goyal and
Welch (2003), suggests that many — though not all — of the predictors commonly considered are
highly persistent with autoregressive roots close to unity, and that a strong negative correlation
often exists between returns and the errors driving the predictors. Nelson and Kim (1993) and
Stambaugh (1999) show that this causes a bias in standard ordinary least squares (OLS) coefficient
estimates from the predictive regressions. As a result, a number of predictability tests have been
developed in the literature which are designed to be asymptotically valid when the predictor is
strongly persistent and endogenous; see, among others, Cavanagh et al. (1995), Campbell and
Yogo (2006), Jansson and Moreira (2006), Maynard and Shimotsu (2009), Kostakis et al. (2015),
Breitung and Demetrescu (2015), and Elliott et al. (2015).

The vast majority of the literature, typified by the references above, has focused on the question
of whether the conditional mean depends on putative predictors or not. A recent strand of the
predictability literature uses the quantile regression (QR) method of Koenker and Bassett (1978);
see, among others, Lee (2016), Fan and Lee (2019), Ohno and Ando (2018), Meligkotsidou et al.
(2014, 2021), Cai et al. (2023), Maynard et al. (2024) and Liu et al. (2024). This is an appealing
concept in the context of return predictability as it allows us to examine whether the distribution
of returns is predictable at non-central quantiles of the distribution, such as the shoulders and
tails (see e.g. Meligkotsidou et al., 2014, Gungor and Luger, 2021 and Cederburg et al., 2022).
Moreover, financial time series data often display heavy-tailed behaviour, and so one might expect
potentially greater predictability at quantiles away from the median. Moreover, different predictor
variables could potentially be simultaneously predictive at different quantiles of the distribution;
for example, Gungor and Luger (2021) find that for excess returns on the S&P value-weighted stock
market index, the default yield spread predicts the right tail of the distribution of returns while
short-term interest rates are predictive for the centre of the return distribution.

It is well-documented in empirical finance that information from the tails of a return distribution

plays a crucial role in measuring risk (see e.g. Nicolau et al., 2023). Bollerslev and Todorov (2014)



find that the magnitude of the left jump tail associated with extreme market declines far exceeds
that of the right jump tail corresponding to large market appreciations. They also find non-trivial
predictable temporal dependencies in the tail index parameters characterising the decay in both
tails. Kelly and Jiang (2014) reinforce the importance of time varying tail risks, and further argue
that temporal variation in the tail parameters may help understand aggregate market returns as
well as cross-sectional differences in average returns. Chevapatrakul et al. (2019) extend the work of
Kelly and Jiang (2014), analysing asymmetries in the response of stock markets to tail risk. Using
a QR approach they examine the effect of tail risk on the excess market returns at the different
points of the return distribution. They argue that return predictability varies depending on where
the return is located in the return distribution and that modeling risk and returns using QR yields
significant improvement over conditional mean methods.

When predictors are persistent, predictive QR estimators are prone to similar bias and non-
normality problems as occur with the OLS estimates from standard predictive regressions, discussed
above; see, for example, Maynard et al. (2024). Consequently, analogous solutions are needed. Ac-
cordingly, for the case of testing for predictability at a single quantile, Maynard et al. (2024) follow
the approach of Campbell and Yogo (2006) and use Bonferroni-based methods, under the assump-
tion of stationary errors. More relevant to the present paper, Lee (2016) adapts the so-called
extended instrumental variables (IVX) methodology developed for conditional mean predictabil-
ity testing by Kostakis et al. (2015) to the QR setting. Using this approach, Lee (2016) develops
Wald-type tests for predictability at a given single quantile which have standard limiting null distri-
butions even with strongly persistent and endogenous predictors. Lee (2016) assumes that both the
errors driving the predictors and the predictive regression errors are conditionally homoskedastic
martingale difference [MD] sequences satisfying certain moment restrictions typical in the predic-
tive regression literature, and with the predictive regression errors allowed to exhibit mild forms
of heterogeneity in their conditional densities. Relatedly, and assuming essentially the same con-
ditions on the errors as Lee (2016), Cai et al. (2023) develop tests for predictability at a given
quantile based on a weighted variable addition approach, expanding that discussed by Breitung
and Demetrescu (2015) in the context of conditional mean predictability testing.

Fan and Lee (2019) investigate the behaviour of the Wald tests developed in Lee (2016) when
the predictive regression errors are conditionally heteroskedastic. They show that the limiting null
distribution of the IVX-based Wald-type tests in this case depends, in a rather intricate manner,
on nuisance parameters arising from the conditional variances. As a result, they advocate using

a moving blocks bootstrap (MBB) implementation of the Wald test and show that this delivers



asymptotically pivotal inference under the null in the presence of conditional heteroskedasticity.
The tests of Lee (2016), Fan and Lee (2019) and Cai et al. (2023) all require the errors driving
the predictors to be unconditionally homoskedastic. While it might in theory be possible to correct
the asymptotic tests of Lee (2016) and Cai et al. (2023) to allow for unconditionally heteroskedastic
errors, this is certainly not possible with the MBB approach of Fan and Lee (2019) as this resamples
the data in such a way that the temporal ordering of the original data is not preserved in the
bootstrap data and so will not, in general, be asymptotically valid in the presence of unconditionally
heteroskedastic errors.! As we will show in our empirical application to S&P (excess) returns, while
unconditional heteroskedasticity does not seem to be a great concern for many of the predictors
traditionally used to test for conditional mean predictability in returns (of which no significant
evidence is found for any predictor considered), it seems, perhaps unsurprisingly, to be an important
data feature of many key measures of market risk for which, consistent with the earlier studies
discussed above, our new tests yield significant predictability in the tails of the returns distribution.
In order to develop tests for predictability at a given quantile that are robust to strongly persis-
tent endogenous predictors and to the presence of conditional and/or unconditional heteroskedas-
ticity in the errors driving the predictors we will take a different route from Lee (2016), Fan and
Lee (2019) and Cai et al. (2023) whilst still maintaining an approach based around the use of
instrumental variable estimation. In particular, we will consider an approach based on applying
the LM testing principle to the predictive QR. The LM test we propose is computationally simpler
than the Wald test of Lee (2016), and can be obtained from a linear least-squares regression of
the so-called generalised sign transform of the suitably centered dependent variable onto the set of
putative lagged predictors and an intercept. As a result, conditional heteroskedasticity in the errors
is considerably easier to deal with than it is in the testing framework of Lee (2016), requiring no
bootstrap implementation. Our LM statistic will, however, suffer from the usual problem that its
limiting null distribution would not be free of nuisance parameters if any of the regressors is strongly
persistent and endogenous. To deal with this we estimate the linear regression by instrumental vari-
able methods using the (over-identified) two stage least squares [2SLS| framework of Breitung and
Demetrescu (2015) and Demetrescu et al. (2022). We demonstrate that this delivers statistics with
pivotal x? limiting null distributions regardless of the persistence and endogeneity strengths of the

predictors. Indeed, this result holds even if the endogeneity correlation is time-varying.

LA further test for predictability in quantile regressions, that also assumes unconditionally homoskedastic errors,
has recently been proposed by Liu et al. (2024). However, this approach can only allow for at most one strongly
persistent predictor in the predictive QR (see Remark 2 of Liu et al., 2024) and so is not directly comparable with
the tests proposed in this paper or with the tests of Lee (2016), Fan and Lee (2019) and Cai et al. (2023). For this
reason we will not discuss this test further.



As we will show in the finite sample simulations reported in section 4, both the original Wald
test of Lee (2016) and its MBB implementation display poor finite sample size control for some
well-known models of conditional heteroskedasticity when the predictors are highly persistent. The
size control of the variable addition tests of Cai et al. (2023) is overall better than the Wald-type
tests but can still be rather oversized in the far tails of the distribution. In contrast, our LM-type
tests display excellent size control even in the far tails. Moreover, we also find that the finite sample
power of the Wald-type test of Lee (2016), its MBB implementation, and the variable addition test
of Cai et al. (2023) are in general considerably lower than for the LM-based tests we propose.

The remainder of the paper is organised as follows. Section 2 details the heteroskedastic predic-
tive QR model we consider, together with the assumptions needed for our analysis. In section 3 we
derive our LM-based heteroskedasticity-robust test for quantile predictability at a given quantile
and establish its asymptotic null distribution. Here we also propose a joint test for predictabil-
ity across a set of distinct quantiles. This would appear to be the first such multiple quantile
test developed in the literature. A Monte Carlo comparison of the finite sample size and power
properties of our proposed LM test with those of the test of Lee (2016), its MBB implementation
and the variable addition test of Cai et al. (2023) is reported in section 4. An empirical applica-
tion to stock returns is reported in section 5. Here we investigate quantile predictability for the
equity premium using the (updated) database of predictors from Welch and Goyal (2008), which
has been analysed widely in the conditional mean predictability literature, together with various
measures of market risk in the spirit of Kelly and Jiang (2014). Section 6 concludes. An on-line
supplementary appendix contains: a brief review of the QR predictability test of Lee (2016) and its
MBB implementation developed in Fan and Lee (2019), providing corrections to implementation
errors present in the MBB algorithm outlined in Fan and Lee (2019), and Cai et al. (2023); a proof
of our main technical results; additional material relating to the empirical application in section
5; additional Monte Carlo results referred to in section 4; and some theoretical and Monte Carlo

results pertaining to the cases of mixed persistence and cointegrated predictors.

2 The Heteroskedastic Predictive Quantile Regression Model

Given a series y; of stock returns, we follow Lee (2016), Fan and Lee (2019), and Cai et al. (2023),

inter alia, and consider, for 7 € (0,1), the linear predictive QR model

Qy (T|Fio1) = ar + By 1, t=1,...,T,



where @, (7|F:—1) denotes the conditional 7-quantile of y;, Frm1 = {ye—1,%}_1, Yt—2,T)_o,.-.}
denotes the natural filtration, and x; := (214, ...,xK7t)’ is a K-vector of putative predictors with
associated parameter vector B, := (f1r,..., Sk,r)’. More generally, we denote the conditional 7-
quantile of a series w; by Qu,(7|Fi—1), the marginal quantile of w; by Q,(7), and the sample
quantile of w; (i.e. of the sample {wy,...,wr}) by th(7'>. Below, we will make assumptions
which ensure the uniqueness of the conditional quantile @, (7|F;—1) at any level 7, such that
Py < Qy, (7| Fi=1)|Fi—1] = 7. For the present we will focus on conducting tests for predictability
at a single quantile, 7. In section 3.3 we will discuss joint tests for quantile predictability at a given
set of distinct quantiles.

For the purposes of this paper, it will be convenient to express the model in terms of deviations

from the conditional quantile, to obtain the equivalent multiple QR model with K regressors,

Yt = Qr +/8;a:t—1+ut,7'7 t:17"‘7T7 (1)

where w; r := y — Qy,(7|Fi—1) has zero conditional quantile of level 7 € (0,1) given F;_;; that
is, Qu, . (7|Ft—1) = 0 and therefore the quantile regression error u;, is not predictable at quantile
7. Our interest in this paper is in developing a test of the null hypothesis of no quantile-specific
predictability, Hy : 8, = 0, against the two-sided alternative, H; : 3, # 0 in the context of the
predictive QR in (1).

We will make the following set of assumptions regarding the QR disturbances, u; ;.

Assumption 1 The sequence of forecast errors, u; r, has zero conditional quantile and is strictly
stationary and « (strongly) mizing, such that for some r > 2, C > 0 and k > 0, the a-mizing
coefficients satisfy a(m) < Cm~ /=2~ Pyrthermore, the pdf of U+ 15 bounded and absolutely

continuous.

Remark 1 Assumption 1 is closely related to those parts of Assumption 3.1 of Fan and Lee
(2019) which pertain to the QR disturbances, ur. Fan and Lee (2019) additionally assume that
the disturbances have a multiplicative structure: in their notation, u; = oey with €; a zero-mean
IID sequence of random variables and where a? is the conditional variance of u; given F;_1. Our
setup also allows for such multiplicative structures, while not requiring the finiteness of conditional
means and variances, for instance, that are imposed by Fan and Lee (2019). Indeed, we do not

require finiteness to hold for any moments of the errors u -. &

Remark 2 An implication of the strict stationarity assumption on u;r made in Assumption 1 for



a given 7, is that strict stationarity of u;, must in fact hold for all 7 € (0,1). This is because, for
any 7" # T, ug o+ is given, by construction, as usr — Qu, . (7*|F¢—1), where the conditional quantile
of us 7, Qu, . (7*|Fi—1), must be strictly stationary itself, by virtue of the strict stationarity of u; ..

o

The QR disturbances u; ; are measurable w.r.t. F;_; and satisfy P [u¢, < 0|F;—1] = 7. Then,

denoting by v, the so-called generalised sign function,

7T—1 <0
Ur (u) == , (2)

T u>0

it can easily be verified that the MD property, E(¢r (us,r) |Fi—1) = 0, holds on s;r := 97 (ug,r).

Remark 3 The MD property of s; » characterises lack of quantile predictability of the errors w -.
To see this, notice that 1), (u-) represents the so-called generalised forecast errors for forecasting
problems where the conditional quantile is the optimal forecast, and it is the MD property of

generalised forecast errors that implies lack of predictability; see, for example, Granger (1999). <

The putative predictors are assumed to follow the additive components model,

Lt = My + €t7 (3)

where p, € RE is a vector of constants. The (zero-mean) stochastic component &, := (£ ¢, ..., Ex.t)’
is taken to have an autoregressive structure which allows one to control the degree of regressor per-

sistence. We allow x; to be either weakly or strongly persistent through the following assumption.

Assumption 2 Let

& =T& 1 +u, vy = (v, -~->UK,t)/a (4)
where & is bounded in probability and exactly one of the following two conditions holds true:

1. Weakly persistent predictors: The predictors exhibit stable dynamics, i.e. |Ix — AT'| =0

implies |\ > C' for some C > 1, where I denotes the K x K identity matriz.

2. Strongly persistent predictors: The predictors exhibit near-integrated dynamics, i.e. I’ :=

I — %C, where C is a real K x K matrixz whose elements are fized and finite.



Furthermore, let vy = B(L)v; where v, is zero-mean white noise, uncorrelated with s, for any
¢ <t, and the lag polynomial B(L) :=3_ - B, L7 has 1-summable coefficients with B(1) = Q of
full rank.

Remark 4 Assumption 2 allows the errors, v;, driving the predictors to exhibit (weak) serial
dependence. Weak dependence in v, is allowed for in a variety of ways in the literature. For
instance, Fan and Lee (2019) adopt mixing conditions, while Lee (2016) and Cai et al. (2023) follow
Kostakis et al. (2015) and work with linear processes driven by MD innovations (Lee, 2016 and Cai
et al., 2023 both impose conditional homoskedasticity). More recently, Demetrescu et al. (2022,
2023) maintain the linear process assumption with MD innovations but, importantly, additionally
allow for unconditional heteroskedasticity. We follow Demetrescu et al. (2022, 2023) in respect of
the errors driving the predictors, cf. Assumptions 3 and 4 below, allowing us to draw on some of

their theoretical results. &

Remark 5 Assumption 2 follows the bulk of the predictive regression literature in considering
regressors that follow either stable (weakly dependent) processes (Assumption 2.1), or are near-
integrated (Assumption 2.2). The latter allows for pure I(1) predictors, locally stable predictors,
and locally explosive predictors, without assuming knowledge of which of these holds. For clarity
of exposition, and in common with Lee (2016) and Fan and Lee (2019), Assumption 2 imposes the
condition that the predictors all belong to the same persistence class, such that they are either
all weakly or all strongly persistent. In the strongly persistent case this does still allow for a mix
of pure unit root, locally stationary, and locally explosive predictors. However, in section E of
the supplementary appendix we show that, in common with the tests of Cai et al. (2023), our
tests can also be validly used in cases where subsets of the predictors belong to different persistence
classes (so that the set of predictors can contain a mix of (marginally) weakly and strongly persistent
predictors). However, we also show that in the case where there are two or more strongly persistent
predictors, these can be co-integrated such that linear combinations of the predictors exist that are
weakly dependent, a scenario explicitly ruled out by Cai et al. (2023). Finite sample simulation
results relating to the cases of mixed persistence and co-integrated predictors are also reported in
section E of the supplementary appendix; these show that size of the LM-type tests developed in

this paper remain well controlled in both of these scenarios. &

Remark 6 In the case of strongly persistent regressors, the near-unit root dynamics of the putative
predictors, x;_1, is captured by the matrix of localisation coefficients, I" := I — %C. In contrast to

Fan and Lee (2019), we do not restrict C to be a diagonal matrix. The assumption of a non-diagonal



C implies that the normalised vector of predictors weakly converges to an unrestricted multivariate
heteroskedastic Ornstein-Uhlenbeck [OU]| processes (this would be a standard OU process in the
case where v; is unconditionally homoskedastic); see (7) below. To gauge the difference between the
dynamics implied by diagonal and non-diagonal C, suppose that the errors v; driving the predictors
have a diagonal long-run covariance matrix. In this case, a diagonal C implies that each predictor
(when suitably normalised) weakly converges to a (marginal) heteroskedastic OU process (this
reduces to a standard OU process in the case where v; is unconditionally homoskedastic), where
the marginal processes are necessarily independent. For non-diagonal C, and regardless of whether
the long-run covariance matrix of vy is diagonal or not, the marginal processes are not in general
independent and do not possess a scalar heteroskedastic OU representation; they can, however, be
represented by a combination of scalar (though not necessarily independent) heteroskedastic OU
processes. As such, in the non-diagonal C case, the vector of predictors can potentially exhibit weak
forms of equilibrium correction, whereby linear combinations of the predictors weakly converge (on
normalisation) to a scalar heteroskedastic OU process whose non-centrality parameter is further

from zero than at least one of predictors present in the linear combination. &

Assumption 2 allows for non-zero contemporaneous correlation between v; and s; . Recall that
QR predictive regression endogeneity, while related to, is not identical to the concept of endogeneity
in the case of conditional mean predictive regressions; see Lee (2016) and Maynard et al. (2024).
In particular it is the contemporaneous correlation of s; » and v; that is relevant, and, just like
in the case of conditional mean predictive regressions one may express this by means of a linear
projection, viz., s;; = vy ,0¢ +error at each time t, where v, . := (Cov (91)) " Cov (4, 5¢.,). This
implies that endogeneity is not only quantile-specific, but may also be time-varying. It will be

convenient in the following to reformulate this as a quantile-specific decomposition for v,
vy = Hyrayr + hy s 8.7, (5)

where hy == (7(1—7))"* Cov (94, 8t,r) and Hy ;- satisfies Ht,THLT = Cov (0t — h¢ 8¢ 7), such that
air = Ht_T1 (V¢ — bt +5¢+) is uncorrelated with s; -, and has identity covariance matrix, whenever
the inverse exists. Notice that a; ; is a white noise sequence under Assumptions 1 and 2. To match

the setup of Demetrescu et al. (2022), we now state the set of conditions we require to hold on (5).

Assumption 3 For the decomposition vy = Hyrai, + hyrsi,, where a;, is white noise with
identity covariance matriz, and where sy r and a;, are contemporaneously uncorrelated and satisfy

Assumption 4 below, let Hy; = H,(t/T) and hy, = h.(t/T), where H-(-) and h.(-) are, respec-



twely, a matriz and vector of piecewise Lipschitz-continuous bounded functions on (—oo, 1|, and

where the matriz [H;(-); h-(-)] is of full rank at all but a finite number of points.

Assumption 4 For some 0 > 0, let a;; be a uniformly Liis bounded MD sequence with re-
spect to the filtration Fy_1. Furthermore, defining ¢, = ((r(1 —T))_I/QSLT,CL;’T)/, we assume
that suptEHE (thg—IK+1|Ct_m,Ct_m_1,...)H — 0, as m — oo. Finally, we assume that

_1/2_19/2

SUPyez, HE ((z}t@; —E(v0))) ® i)t_jfzgfk) H < C(jk) , for some ¥ > 0.

Remark 7 Because s, ; is, by construction, bounded, Assumption 4 implies that (wT (ut,r) ,ang)’
possesses the MD property and is uniformly Ly4-bounded. The moment condition prevents, among
other things, the innovations to the regressors from belonging to the infinite-variance class of
processes. The QR errors u;,, on the other hand, need not even have finite expectation; cf.
Remark 1. The decomposition of 9; in (5) allows one to combine these different moment properties

in a convenient manner without imposing conditions directly on the joint pdf of u;, and v;. &

Remark 8 In common with Assumption 3.1 of Fan and Lee (2019), Assumption 4 allows for the
presence of conditional heteroskedasticity in the errors. In contrast, the assumptions adopted in Lee
(2016) and Cai et al. (2023) impose conditional (and, hence, also unconditional) homoskedasticity
on all of the error terms in the model. However, unlike Assumption 3.1 of Fan and Lee (2019),
Assumption 3, additionally allows for unconditional heteroskedasticity in the errors driving the
putative predictors. While, like Fan and Lee (2019), we impose finite moments of some order larger
than four for the regressor innovations, the conditions we place on the short-run serial dependence
in v; (ug in the notation of Fan and Lee, 2019) are not directly comparable with the mixing
conditions-based assumption from Fan and Lee (2019), as the mixing coefficients depend on the
moments of u, whereas we require in Assumption 4 a summability condition on 4th order cross-
product moments of the shocks to v; paired with a 1-summability condition in Assumption 3 on

the coefficients of the linear filter inducing serial correlation in wv;. &

Remark 9 A nontrivial limitation imposed by our set of assumptions is that we do not allow for
unconditional heteroskedasticity in the QR errors, u; r, as is clear from the fact that Assumption 1
requires them to be strictly stationary. Relaxing this assumption may be possible but would require
the development of a rigorous analysis of adjusting using sample quantiles of non-stationary data,
which is beyond the scope of this paper; cf. Remark 12. Certain forms of time-varying endogeneity
(as captured by time-variation in h,(-)) are nevertheless allowed for as they do not impact on the

marginal strict stationarity of u; . In order to explore the likely empirical performance of our tests



in the case where the QR errors are unconditionally heteroskedastic, we include simulation results

relating to this case in Tables D.11-D.14 of the supplementary appendix. &

Under Assumptions 1, 3 and 4, it follows from Boswijk et al. (2016, Lemma 1) that the following

multivariate invariance principle applies,

LR () V=W (s) [ VT
VT =\ v, Q (s He(r)dW () + /7 (1= 7) [ he(r)aWs (1)) M(s)

(6)
where “=" denotes weak convergence of the associated probability measures, and (W (s), W'(s))’
is a (K + 1)-vector of independent standard Wiener processes.”? Where time-invariant endogeneity
is present, such that the vector of correlations between ¢; (u; ;) and v¢, and thus between ¢ (u¢ r)
and vy, is constant and non-zero, then so M (s) and W-(s) will not be independent of one another.
More generally, however, Assumption 3 allows these endogeneity correlations to be time-varying,
since the marginal correlation of v (u ) and vy is not assumed to be constant.

Under Assumption 2.2, where the predictors are strongly persistent, it follows from (6) that

1

=€) > /0 e~CU-AM(r) 1= Jo(r). (7

Notice, in the case where v; is unconditionally homoskedastic, M (-) is a (vector) Brownian mo-
tion process, such that Jc(-) is a (vector) OU process. More generally, we refer to M(-) as a
heteroskedastic Brownian motion and J¢(+) as a heteroskedastic OU process.

An implication of (7) is that, under Assumption 2.2, conventional statistics obtained from
the QR in (1) will in general have limiting distributions that depend on H, and h,. However,
this dependence is not present in the weakly persistent case, where Assumption 2.1 holds, and so
standard QR inference is recovered. In practice, the critical issue for inference purposes lies with
the fact that the practitioner will not know whether the predictors are weakly or strongly persistent.
In the next section we develop LM-type tests for quantile predictability that are robust to whether
the predictors are weakly or strongly persistent and which allow for conditional and unconditional

heteroskedasticity in the errors of the form specified in Assumptions 3 and 4.

*Observe from the quantile-specific decomposition in (5) that Cov (9;) may be expressed as H, ,H; . + 7(1 —
T)htyq—h:g’T. Given the definition of h; -, H; -, this covariance matrix can be seen not to depend on 7, from which it
follows that the (marginal) weak limit of the normalised partial sum of ¥¢ (and, hence of v;, denoted by M(s) in
(6)) also does not depend on 7.

10



3 LM Tests for Quantile Predictability

We now introduce our proposed heteroskedasticity, and regressor persistence and endogeneity robust
QR testing approach based on the LM principle. A considerable advantage of the LM approach over
the tests developed in Lee (2016), Fan and Lee (2019) and Cai et al. (2023) (a brief review of these
tests, including corrections to implementation errors present in the MBB algorithm outlined in Fan
and Lee (2019), is provided in Part A of the supplementary appendix) is that it provides us with an
auxiliary regression that is easy to robustify against the presence of conditional heteroskedasticity
in the innovations (both the predictive regression errors and the errors driving the predictors)
and to unconditional heteroskedasticity in the innovations driving the predictors. In contrast, the
Wald-based tests require a numerically-intensive MBB implementation to accommodate conditional
heteroskedasticity. Moreover, none of the Lee (2016), Fan and Lee (2019) or Cai et al. (2023) tests
are valid, in general, if there is either unconditional heteroskedasticity in the innovations driving

the predictors or if time-varying endogeneity is present.’

3.1 A Quasi-Likelihood Argument

In order to develop a test of the null hypothesis of no quantile-specific predictability at a given
quantile, 7, Hy : B, = 0, against the two-sided alternative, H; : 3. # 0 in the context of (1),
first recall that QR can be motivated in a likelihood framework under the assumption that the
QR disturbances u; r follow an asymmetric Laplace distribution.? Assuming the scale parameter
of the asymmetric Laplace distribution characterising u;r to be known, maximising the resulting

log-likelihood reduces to the minimisation problem,

(@T,BT), = argamin {—t(a,8)},

’

where the log-likelihood, ¢ (o, 3), is given by ¢ (o, B) = C1—C Zzzl Pr (yt —a— ,6’3:,5_1), in which
Cy,i = 1,2 are suitable constants, and p, is the usual quantile check function, p,(u) := ut)r(u),

where ¢, (u) is as defined in (2).

3Indeed, Lee (2016, Section 3.3) advocates a specific implementation of the IVX Wald procedure when testing the
specific null hypothesis of no predictability, based on running a standard QR of the (quantile-adjusted) dependent
variable on the IVX instruments directly rather than a computationally more cumbersome IV QR. This is similar
in spirit to the approach we outline in this section in that it conveniently exploits the null restriction. However,
the resulting test statistic of no predictability is not motivated by the LM principle, and, as will be seen in the
numerical results we subsequently present, inherits many of the disadvantages of the unrestricted Wald IVX QR
approach, including lack of robustness to unconditional heteroskedasticity and poor finite sample size control at
extreme quantiles.

“This property is shared by all members of the family of so-called tick-exponential distributions generalising the
asymmetric Laplace distribution in this respect; see Komunjer (2005). We derive our statistics using the asymmetric
Laplace distribution for ease of exposition.
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Formally, the gradient of the log-likelihood is given by

T
Vi(,B) i=—C2 Y ! Ur (ye —a— B'zi_1) . (8)
t=1 \ Ti_1
Standard properties of the likelihood require this gradient to have zero expectation when evaluated
at the true parameter values, oy and 3.. Clearly, ¢(-,-) is not differentiable due to the kink in
the quantile check function p, at the origin. However, taking the zero expectation property of
Vi(ar, B,) at face-value will allow us to obtain a test statistic for our inferential problem.

The LM principle exploits the zero expectation of the gradient of the log-likelihood under correct
specification. As the gradient should have zero expectation under the null when plugging in the
null restriction B, = 0, the sample gradient in (8) should not be significantly different from zero
when the null restriction (i.e. no predictability) holds true, and we construct such a test based on
this observation. To this end, we will require an estimate of ., obtained under the null hypothesis,
Hy : B, = 0. This restricted estimator of a,, say &, is obtained from

T

Grp = argmin {—{ (o, B)} = arg min ZpT (ye — ).
a|B=0 C =1

As observed in Koenker and Bassett (1978), the solution &, to this minimisation problem is the
sample T-quantile of g, Qyt (7). Next define the generalised sign transform of the sample-quantile

adjusted series to be predicted, viz.,

gt,T = (yt - dT,O) = r (gt,ﬂ') .

Evaluated at the null of no predictability, the gradient of the negative log-likelihood then delivers

T

v (Qyt (), 0) =0y o

t=1 wt—lgt,T

which should not differ significantly from zero under the null hypothesis of no quantile predictability.
It is known that §; , averages to (almost) zero by construction, such that only the sample moments
Ethl x;—15;+ are relevant for the testing problem and an LM test simply checks whether they are
significantly different from zero.

To interpret the moment conditions derived from the LM principle, recall that the sample
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quantile is shift-equivariant. Consequently, under the null hypothesis y; = o + us -, we have that
<§t,T = wT (yt - Qyt (T)) = ¢T (ut,T - Qut,-r (T)) .

Furthermore, since the sample quantile is consistent for the 7-quantile of wsr, Qy,,(7), under
Assumption 1 (see the proof of Proposition 1), we have that Qutﬂ_(T) 20, by virtue of the fact
that the 7-quantile of us -, Qu, . (7), is zero by construction. Therefore, 5;; ~ st = ¢ (ut,r) under
the null hypothesis, where, at the same time, the conditional expectation of 9, (u¢ ) is zero. In
other words, under the null, the generalised sign transform of the de-quantiled y; is not predictable,
implying that v, is not predictable at quantile 7, and an LM test by design checks this using suitable
(restricted) sample moment conditions.” Moreover, it is shown in the proof of Proposition 1 that
Str=s817—1/T Z?:l Str +Op(T_1/2) ~ s¢r —5r. Consequently, noting that the sample moments,
Ethl ;15 -, are in fact cross-product moments, we may equivalently test the null hypothesis
of no predictability B, = 0 in the QR in (1) by testing the null hypothesis that §, = 0 in the

least-squares [LS] auxiliary regression,
510 =0, (k41 — &) + error (9)

with & denoting the sample average of x;_1. Of course, LS estimation of (9) will suffer from the
same problems arising from endogeneity and uncertain predictor persistence, discussed in section
1, as in the conditional mean predictive regression setting. We now address this issue, developing

feasible LM-type tests.

3.2 A Feasible LM-type Test

A considerable advantage of working with a LS auxiliary regression is that we may draw on existing
robust methods developed in the conditional mean predictive regression setting. In particular,
we propose using the over-identified 2SLS inference based approach introduced by Breitung and
Demetrescu (2015) and further developed by Demetrescu et al. (2022) to conduct inference for
the auxiliary regression (9). It would also be feasible to base our feasible LM tests on the just-
identified TVX estimation approach of Kostakis et al. (2015), as is done by Lee (2016) and Fan

and Lee (2019) in their Wald-based quantile predictability tests. We choose to focus on 2SLS-

5Notice that the Wald-type tests outlined in part A of the supplementary appendix are also based on moment
conditions. These, however, are based on the unrestricted moment conditions Y/, zr 1% (y: — ar — BL@i—1) = 0,
with z7 -1 denoting the IVX instruments defined in section 3.2, to obtain estimators of the parameters o and 3_,
and thence to test the null hypothesis, 3, = 0.
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based inference, incorporating both type-I and type-II instruments (defined below), because it is
known from the results reported in Breitung and Demetrescu (2015) and Demetrescu et al. (2022),
relating to conditional mean predictability testing, that 2SLS-based tests display superior power
properties to methods that use only IVX (type-I) instruments when the candidate predictors are
strongly persistent. This is because the type-II instruments considered in Demetrescu et al. (2022)
are strong instruments in the case of strongly persistent regressors and dominate the corresponding
IVX instrument asymptotically; the situation reverses for weakly persistent regressors, as here the
IVX instrument is strong and asymptotically dominates the type-II instrument. The finite sample
power simulations, reported in section 4.1.2, uncover the same pattern in the QR predictability
setting, with our proposed 2SLS-based tests considerably out-performing the just-identified IVX-
based tests of Lee (2016) and Fan and Lee (2019) for strongly persistent regressors, but with no
discernable power loss relative to these tests for weakly persistent regressors.

Following Breitung and Demetrescu (2015), we will therefore use 2SLS to estimate the regression
of §; - on x;_1, instrumenting x;_; by the combination of so-called type-I and type-II instruments.
The former are constructed to be of lower persistence than x; where x; is strongly persistent, while
the latter are constructed to be exogenous with respect to the predictive regression error.

For the type-I instruments we will employ the mildly integrated IVX instrument of Kostakis

et al. (2015) whereby a vector of instrumental variables, z; for a;, is constructed as

t—1
a

Zrt = ZO dAxy_j, with g:=1-— T’ (10)
]:

for some a > 0 and n € (0,1), and initialised at 27y = 0. The [IVX scale and exponent parameters, a
and 7 respectively, are tuning parameters set by the practitioner. Kostakis et al. (2015) recommend
setting a = 1 and n = 0.95. Where x; is near-integrated, satisfying Assumption 2.2, z;; in
(10) is approximately a mildly integrated process and is therefore of lower persistence than ;.
Moreover, where x; is weakly dependent, satisfying Assumption 2.1, we have that z;; ~ ;.
As a result in the standard conditional mean predictive regression setting, Kostakis et al. (2015)
demonstrate that the IVX full-sample estimator of the slope parameter in the predictive regression
is asymptotically (mixed) Gaussian under the null hypothesis, regardless of whether the predictors
are weakly or strongly persistent, and that consequently, the full-sample instrumental variable
tests for the null of no mean predictablity have standard limiting null distributions regardless of

the degree of persistence or endogeneity of x;.

14



For the type-1I instruments, we follow Breitung and Demetrescu (2015) and use,

t
211,k = sin <w1]i> ,fork=1,..., K, (11)

where the wy, k =1, ..., K, are distinct spectral frequencies.

These choices for the type-1 and type-1I instruments satisfy the general conditions for instrument
validity stated in Assumptions 3 and 4, respectively, of Breitung and Demetrescu (2015), and also
satisfy the somewhat weaker validity conditions given in Assumptions 4 and 5, respectively, of
Demetrescu et al. (2022).5 The validity of basing our tests on this choice of instruments is formally
established in the proof of Proposition 1 given in the supplementary appendix.

For this choice of instruments, defining z;; as in (10) and zr7¢ == (211,41, ..., 211,4,5¢), the 2SLS

auxiliary estimator is then given by
8. = (A4B;'Ar) ' ALB;Cr, (12)

where Ap := Ethl zZ1 1%y, Br:= Zthl Zy 1%z, 4, Cr:= E;f=1 Zt-18tr, Zt-1:= (Z/[,t,p z’H,tfl)/,
and ; = ©; — %Zle x, as well as 2, = z; — % ZZ=1 zs. Following Kostakis et al. (2015), we
do not need to demean the IVX instrument vector zy;—; given that it is invariant to p, by con-
struction; for convenience we thus set 27,1 = z5;—1. Furthermore, as we will show below, 5; ;
is implicitly demeaned when removing the sample quantile prior to applying the generalised sign
transform, and so demeaning them again in the auxiliary regression is also redundant.

Based on (12), an LM-type test for the null of no predictability at quantile 7, implemented with

an Eicker-White heteroskedasticity-consistent (HC) covariance matrix estimation then obtains as

— -1

T = 3ITCOVHC (37) o, (13)

where the HC covariance matrix estimator is given by

Covie (8,) == (A7B7'Ar) ™ A7B;'DrBr'Ar (AFB'Ar) (14)

with Dy := Y7 2, 1%, ,32,. Observe that 7, = C;B7'Ar (ALB;'DrB7' A7) ALB;!Cr.

5For simplicity we focus attention on these specific choices for the instruments because they are the choice of
instruments recommended by Demetrescu et al. (2022). Like Demetrescu et al. (2022), we found in preliminary
simulation experiments that these choices gave a good size-power trade-off and were somewhat superior on size
control to the other examples of possible type-I and type-II instruments discussed in Breitung and Demetrescu
(2015) and Demetrescu et al. (2022).
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Remark 10 Although we have used Eicker-White HC standard errors in constructing our pro-
posed test, 7 in (13), the use of these is in fact not strictly necessary because sy, = ¥, (uz ;) is
conditionally homoskedastic, given F;_;. The key to this result is that s;r follows a conditional
two-point distribution characterised only by 7, and so it is both conditionally and unconditionally
homoskedastic. Given the conditional homoskedasticity of s;r, the standard covariance matrix
estimator,
— T
Cov (8;) =62 (AFB7'Ar) ™", with 62, = %Z 2., (15)
t=1
is asymptotically equivalent to the HC estimator. For this reason we will not distinguish between
versions of 7, constructed with the HC, as in (13), or with the standard covariance matrix estimator
in place of the HC estimator when discussing the large sample properties of 7 in Proposition 1

below. This asymptotic equivalence does not, however, hold in finite samples or for the case of

joint testing across multiple quantiles discussed in section 3.3. &

In Proposition 1, whose proof is provided in Part B of the supplementary appendix, we now

establish the limiting null distribution of our proposed LM-type statistic, 7;, in (13).

Proposition 1 Let the data (y;, x}) be generated according to (1) and let Assumptions 1—/ hold.

Then under the null hypothesis, Hy : 8. = 0, it follows that, as T — oo, T; LA x%{.

Remark 11 The result in Proposition 1 can be seen to hold regardless of whether the predictors
are weakly or strongly persistent and as such implies that conventional critical values can be used

without knowledge of the degree of persistence of the predictors. &

Remark 12 Recalling that 5; ; is a generated regressand, it is necessary in establishing the limiting
distribution of 7, to assess the impact of removing the sample quantile under the null hypothesis.
It turns out that, under the conditions of Proposition 1, §;r = ¥ (usr) — %Zthl Yr(ugr) + Rer,
where the term R; v can be controlled for in the relevant sums; see the proof of Proposition 1. This
derivation relies on strict stationarity of u; , which is therefore critical in establishing the result in
Proposition 1. In particular, unconditional heteroskedasticity in the QR errors, u; -, would imply a
different behaviour of the sample quantile (see Portnoy, 1991) compared to the strictly stationary

case, which would in turn affect the behaviour of 5; ;. &

Remark 13 The 7; statistic in (13) is used to test the joint significance of all of the predictors
Z14-1,--»Ti+—1. Analogous tests for the significance of (proper) subsets of the predictors can also

be developed. To that end, define the ¢ x K full row rank matrix R of constants defining ¢ linearly
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independent restrictions on 3. The LM-type statistic for testing the null hypothesis R3 = 0 is

then given by TR := (Rd,)[RCovyc ((AL) R/|"}(R4,). A (squared) t-type ratio for testing the
significance of any given predictor, z;¢—1, @ € {1, ..., K}, obtains by setting R equal to the 1 x k
selection (row) vector whose ith element is equal to unity and all other elements are equal to zero.

Under the conditions of Proposition 1, 7.® will have a xﬁ limiting null distribution. &

3.3 Testing for Predictability at Multiple Quantiles

Thus far, in common with the tests developed in Lee (2016), Fan and Lee (2019) and Cai et al.
(2023), we have focussed on tests of quantile predictability at a single user-specified quantile. In
practice, however, researchers often run quantile predictive regressions across a range of distinct
quantiles and it is possible that this could lead to multiple testing issues. Within the LS regression
framework developed in section 3.1 it is straightforward to develop size-controlled LM-type tests of
joint predictability across multiple distinct quantiles. This reduces to testing zero restrictions in a
system of seemingly unrelated equations. We now outline how this can be done and demonstrate
that standard critical values again apply to the resulting statistic.

Consider a vector 7 := (71,...,7m) of m (where m is finite) distinct quantile levels each
corresponding to a distinct multiple QR of the form in (1) with intercept and slope parameters,

ar; and ﬁTj, j=1,...,m. Then construct,

(I (yt - Qyt (7'1)> St,m
St.r = - 9

Gron (90 = Qui (7)) St

and consider the multivariate auxiliary regression,
~ / —
St =Y, (x4—1 — ) +error,

where the K x m matrix of coefficients Y, contains the m quantile-specific coefficients 6,,,...,d.,,
(from the m corresponding auxiliary regressions of the form given in (9)) columnwise, and is zero
under the (joint) null hypothesis of no predictability at any of the quantiles 7,. .., 7p,.

Each equation of this system of seemingly unrelated regressions has the same set of regressors,
so system GLS would be equivalent to equation-by-equation OLS estimation. As with the single

quantile case considered in section 3.2, our feasible tests will be based on equation-by-equation

2SLS estimation. Stacking the resulting vector of m individual equation estimates yields the system
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estimate Y, := (A’TB;lAT)_l A B.'Cr, where Cr = Zthl Zi 18} ..

While it would be tempting to base a multiple quantile LM-type test on the standard covariance
matrix estimate, f)gf & (A’TB;lAT)_l, where Sg_,_ is the sample covariance matrix of s; -, this
would not be valid under our assumptions. In particular, our assumptions allow for the case
where the conditional covariance between s;r, and st is not constant for some i # j. We
will therefore require a HC covariance matrix estimate, which we denote by Covpyc (Vec T.,->,
whose (i, 7)th K x K block is given as, (A;B7'Ar) " A4B;' Dy B Ay (ALB7 Ar) ™, with
Drji=> 1, Zi1Zy 1515507,

Based on these quantities, our multiple-quantile LM-type predictability test statistic can be
defined as

Tr = (Vec 'i',-)l <COVHC (Vec 'f,-))l vee Y. (16)

We conclude this section by detailing the limiting null distribution of 7. The proof of this

result is a straightforward extension of the result given in Proposition 1.

Proposition 2 Let the conditions of Proposition 1 hold with Assumptions 1, 2 and 4 taken to hold
jointly on the quantile-specific decompositions for vy of the generic form in (5) across Ti,...,Tm.

Then under the null hypothesis, Hy : B, = ---= B, =0, it follows that, as T — oo, Tr A X?’YLK'

Remark 14 Under Hy : 8, = --- = B, = 0, the additional condition imposed by Proposition

T1
2, requiring Assumption 1 to hold jointly across the m quantiles of interest, 7i,...,Tm, implies
that Q,(7|F¢-1) = an; for all 7; € {m1,...,7n}. In other words, all of the relevant conditional
quantiles of the dependent variable y; are not predictable under the null. While this is the natural
multiple-quantile null hypothesis to consider here, it imposes m null restrictions (rather than just
one as in the single-quantile testing case) on the conditional distribution of y;. One straightforward
case where these restrictions are met, irrespective of the actual levels 7,..., 7, of interest, is
when 1 is an IID sequence. Beyond the IID case, there may exist DGPs for which gy has different
predictability behaviour at different quantiles, such that the conditions of Proposition 2 are violated.
To see how, consider the series y; = wy— Qu, (71| Fi—1) where wy is strictly stationary and has unique
conditional quantiles at any level. Then, the conditional 71-quantile of y; is zero, and so we may set
ar, =0 and wt -, = y; to match Assumption 1 for the specific quantile level 71. Notwithstanding
this, the conditional m-quantile of y; (for 71 # 72) is given, by virtue of the shift equivariance of
quantiles, by Qy, (72| Fi—1) = Qu, (72|Fi—1) — Qu,(71|Fi—1). This difference is only constant (and

as such u¢ -, = Yt — @, is only compliant with our joint null hypothesis) when the two conditional
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quantiles of w; are such that any time variation present in them is parallel, meaning that it cancels
out on taking their difference. It is not, however, uncommon in quantile regression settings to have
DGPs with non-parallel conditional quantile functions; see e.g. Koenker and Bassett (1978). The
fact that the regularity conditions needed for the asymptotic validity of joint tests across multiple
quantiles are more restrictive than for the single quantile case is intrinsic to the quantile regression

framework and not a product of our specific choice of testing procedure. &

Remark 15 Where predictability holds at some quantile level(s) but not at others, individual (or
joint) tests solely at the latter will be asymptotically size controlled. This is because each distinct
quantile LM statistic is based on whether the generalised sign transform of the quantile-specific
forecast errors are predictable or not, and this property is not affected by whether or not pre-
dictability holds at any other distinct quantile(s). This implies that should the joint predictability
test T+ reject, then one could identify at which of these quantiles predictability is most likely to

hold by investigating the corresponding set of single quantile statistics, 7, ..., Tr,,- &

Simulation experiments investigating the finite sample performance of the multiple quantile
T+ test across the m = 11 distinct quantile levels 7 = (0.05,0.1,0.2,...,0.9,0.95)" are reported
in Tables D.17 and D.18 in the supplementary appendix. These report the empirical rejection
frequencies of T for data generated under DGP1 and DGP3, respectively, outlined in section 4.1
for T' = 250 and T = 750, allowing the persistence parameter characterising the predictor to
vary among ¢ € {5,0,—2.5,—10,—0.5T"}, and with slope parameters 5., = 8 = b/T (except for
c = —0.5T where 3;, = 8 = b/\/T), i =1,..,11, for b = 0,5,10,20,50. Overall, 7 is seen to

display good size control and strong empirical power properties for both of these DGPs.

4 Finite Sample Simulations

In this section we report results from a large set of Monte Carlo experiments investigating the
finite sample properties of our proposed LM-type tests and, where relevant, comparing these with
the IV Xqgr test of Lee (2016) and the associated MBB test of Fan and Lee (2019), modified to
correct for implementation errors present in the MBB algorithm outlined in Fan and Lee (2019)
and detailed in Algorithm A.1 in the supplementary appendix, denoted I VXé\fRBB in what follows.
Comparison is also made with the recently developed weighted variable addition tests of Cai et al.
(2023), which we denote by t¥ in the single predictor case and by Q¥ in the multiple predictor case.

The bulk of our results are reported in section 4.1 (the complete set of simulation results for all

parameter constellations considered is provided in Part D of the supplementary appendix), where
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we consider finite sample size and local power for the case of a single predictor. Finite sample size
simulations for the case of mutliple predictors are discussed in section 4.2.

All simulations are preformed in MATLAB, versions R2023a and R2024a, using the Mersenne
Twister random number generator function and are based on 5000 Monte Carlo replications. In
connection with the IV X gRBB test, we use 499 bootstrap replications. All results pertain to two-
sided tests for predictability at a given single quantile run at the nominal asymptotic 5% significance

level (qualitatively similar results obtained for other conventional significance levels).

4.1 Single Predictor (K =1)

In this section we report finite sample size and power for the case of a single predictor, K =
1. Similarly to the simulation DGP used in Fan and Lee (2019, p.267), our simulated data are

generated according to the predictive QR,

Yy = ar+ G t+w,, t=1,...,T (17)
v = pz+&, & =p§—1+ v, (18)
with &y = 0, where w; := u — Qu, (7|Fi—1) has zero conditional quantile by construction with

Qu, (7| Fi—1) computed as the inverse of the conditional CDF of u; evaluated at 7, where u; may be
interpreted as the error term in the conditional mean predictive regression of y; on x;_1; specific
examples for the disturbances u; will be formulated in DGP1-DGP4 below. The parameters o, B-,
ty and p =14 ¢/T are scalars, the latter characterising the degree of persistence of the predictor.
All of the reported results pertain to tests of Hy : 5, = 0 against H; : f; # 0 in (17). Without loss
of generality we set a; = p, = 0, as all of the tests are based on de-quantiled data.

Results are reported for both 77, as defined in (13), implemented with Eicker-White standard
errors, and the corresponding test discussed in Remark 10, denoted 7.° in what follows, constructed
using the conventional covariance estimator defined in (15). Both 7, and T are based on the
instrument vector z; := (214, zH,t)/. Following the recommendations of Demetrescu et al. (2022)
the type-1I instrument used is z;7; = sin (”Tt), and the type-I instrument, z;,, is given by the
IVX choice of Kostakis et al. (2015) defined as in (10), with a = 1 and n = 0.95. Excepting the
IVX instrument, z7;, all variables and instruments entering the estimated predictive regressions

are demeaned, as described in section 3. Results are reported for tests at each of the quantiles

T € {0.05,0.10, 0.20, 0.30, 0.40, 0.50, 0.60, 0.70, 0.80.0.90, 0.95 }.
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4.1.1 Empirical Size

This section reports empirical rejection frequencies for the 7, 7.0, I VXor, I VXé?V[]%BB and t¥ tests
under the no predictability null hypothesis, Hy : 8, = 0in (17), for a range of DGPs featuring serial
correlation in the errors driving the predictors and conditional and unconditional heterskedasticity

in the errors. Specifically, we report results for the following cases for the errors (ug, v;)’:

DGP1: Homoskedastic iid and Serially Correlated Innovations: In this DGP we set v; =

TUi—1 + ¢ + 041, with (uy, &)’ drawn from an i.i.d. bivariate Gaussian distribution with

mean zero and unconditional covariance matrix X = , where ¢ corresponds to
o 1

the correlation between u; and e, which is set as ¢ = —0.95.7 Results are reported for:
(i) m=0=0 (v ~id) ; (ii) 7 = £0.5, 0 = 0 (vy ~ AR(1)) , and (iii) 7 = 0, # = £0.5
(v ~ MA(1)).

DGP2: Conditional Heteroskedasticity: Here the innovations (u, v;)’ are generated to exhibit

time-varying conditional second-order moments according to the design,

01t 0 1 ¢
(utvvt)/ = Ny E (nt) =0, E (nmé) = Q= )
0 09t ¢ 1
where m, := (n1¢,m2¢)" is drawn from an i.i.d. bivariate Gaussian distribution. Again we
set ¢ = —0.95. Three specific models of conditional heteroskedasticity are considered:

DGP2a - GARCH(1,1): The conditional variances {o%} are driven by (normalised)
stationary GARCH(1,1) processes 02 = (1 — 6 — 6s) + 916?7,5_1 + 6201‘2,t—17 i =12,
where €11 = w1 and ex;—1 = v—1, with 61,00 > 0 and 6; 4+ 02 < 1, such that

E (uf) = E (v}) = 1. Results are reported for (6y,62) = {(0.1,0.5), (0.1,0.8), (0.05,0.9)}.
DGP2b - ARCH(1): Here, the conditional variances {U?t} are driven by a stationary
ARCH(1) process J?t =1+ 0-96?,75_1’ i=1,2with e ;1 =u—1 and ez ;1 = v41.

DGP2c¢ - Stochastic Volatility: In this case, the innovations (u¢,v¢)" are generated
according to the first-order autoregressive stochastic volatility (ARSV) process, u; =

et exp(hir), v = egr exp(hag), with hiy = Ahi;—1+0.5;, where (&, e)" ~ i.i.d. N(0, diag(a?, 1)),

independent across i = 1,2. Results are reported for (A, o¢)" = (0.951,0.314)".

"In predictive regression models for the equity premium employing valuation ratios as predictors (e.g. the dividend-
price ratio, earnings-price ratio), the relevant innovation terms are strongly negatively correlated. Fan and Lee (2019,
p.268) also use ¢ = —0.95 in their simulation experiments pertaining to iid errors.
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DGP3: Unconditional Heteroskedasticity: Denoting the time-varying unconditional covari-
2
o POt
ance matrix of (ug,vy) as 3y = ut e , we allow for a one-time break in
POutO ot Ugt

the variance of v;. Specifically, 02, = 1 and o2, = 1I(t < [AT]) + bl(t > [\T]), where
I(-) denotes the indicator function, and allow for an upward change (b = 4) and for a
downward change (b = 1/4) in variance at break fractions A = {1/3;1/2;2/3}. Again we
set ¢ = —0.95. We also consider a DGP4 which allows for a change in variance in both

ug and vy, viz., 02, = 02, = 11(t < |A\T']) + bl(t > |A\T|), again with b =4 and b = 1/4.

Remark 16 Noting that (un)conditional homoskedasticity in u; implies (un)conditional homoskedas-
ticity in u; - and that (un)conditional heteroskedasticity in u; implies (un)conditional heteroskedas-
ticity in us -, it can be observed that for each of DGP1, DGP2 and DGP3, s, = 9 (u,,) satisfies
Assumption 3 and so our LM-type tests may be validly applied with the 7, and T statistics both
having x? limiting null distributions; cf. Proposition 1. In contrast, DGP4 violates Assumption 3;
of. Remark 9. Similarly, IVXJ#? can be validly applied for DGP1, DGP2 and DGP3, but not
DGP4, while IV Xggr and t¥¥ can only be validly applied for DGP1. &

Tables 1, 2, 3, and 4 report results for DGP1, DGP2a, DGP2b and DGP2c¢, and DGP3, respec-
tively, in each case for a sample of size T' = 250. We vary the persistence parameter characterising
the predictor among ¢ € {0, —10, —0.5T'}, covering a spectrum of exact unit root (¢ = 0), local-to-
unity (¢ = —10), and weakly stationary (¢ = —0.5T") predictors. Additional results for T = 250
for the cases of locally explosive (¢ = 5) and local-to-unity (¢ = —2.5) predictors, together with
some of the ARMA, GARCH and unconditionally heteroskedastic models, together with results for
T = 750 for all cases, can be found in Tables D.1-D.10 in Part D of the supplementary appendix.
The results for ¢ = 5 are qualitatively similar to the results discussed in the main text below, except
that 7 is somewhat oversized at extreme quantiles for the smaller sample size, T' = 250, although
it is still not as oversized as the IV Xpg and t¥ tests in this case. This pattern is not observed
in either 7.0 or I VXg[RBB, however, whose empirical sizes remain close to the nominal level when
c=>5.

Consider first the results for DGP1 in Table 1. It can be seen that 7, and 7.0 show very
good size control for the case of conditionally homoskedastic innovations, regardless of the strength
of persistence of the predictor and regardless of whether the predictor’s innovations are serially
uncorrelated or not. In contrast, the IV Xgpr and t¥ tests both display significant over-sizing when
testing for predictability at the upper and lower tails of the distribution in the case where z; is

strongly persistent. These size distortions are most clearly seen for the pure unit root case (¢ = 0),
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but are also present, albeit to a lesser extent, for ¢ = —2.5 (for the latter see results in Table D.1
in the supplementary appendix). These size distortions are worse, other things equal, the further
out one goes into the tails (see results for 7 = 0.05 and 0.95) and also tend to worsen where
the predictor’s innovations are serially correlated. Although the MBB implementation of the test,
IVXglfB, does a good job at controlling the over-size seen in IV Xgg for ¢ = 0 at the extreme
quantiles, 7 = 0.05,0.1,0.9 and 0.95, it actually displays larger size distortions than I'V Xggr away
from the tails, 7 = 0.3,0.4.,...,0.7. From Table D.2, it is seen that these patterns of over-sizing in
IV XgRr and I VXé\g/[RBB for very strongly persistent predictors are also present for T' = 750, while
the size properties of ¥ are significantly improved.

Consider next the results in Table 2 for DGP2a relating to the case of GARCH innovations. It
can be seen from the results that our proposed 7, and TV tests both display very good size control
across the all GARCH parameter constellations considered. The empirical size properties of the t¥
test are again decent, except in the extreme tails where some significant oversizing is again seen. In
contrast, and as expected, this is not the case for the IV X gp test which can be significantly over-
sized, again most notably where the degree of persistence of z; is strongest (¢ = 0 and ¢ = —2.5, for
the latter see results in Table D.3 of the supplementary appendix), when testing for predictability
at the upper and lower tails of the distribution. Also as expected, this over-sizing is seen from the
results in Table D.4 to remain for 7' = 750. It is also noteworthy that the MBB test, IVX%IIEB is
not entirely successful in eliminating the over-size caused by GARCH innovations, but in contrast
to IVXgRr, and consistent with the results in Table 1, tends to be over-sized when testing for
predictability away from the tails of the distribution. The qualitative conclusions drawn from the
results for the case of ARCH and SV innovations in Tables 3, D.5 and D.6 are very similar to those
for the GARCH cases, albeit IV X gr displays significant over-size in the ARCH case regardless of
the persistence degree of z;. Again the IV X ggB test does not control size well away from the
tails of the distribution for either ARCH or SV innovations in the pure unit root case, ¢ = 0. The
t¥ test is over-sized in the tails regardless of whether ARCH or SV innovations are considered.
Moreover, in the case of weakly persistent predictors (¢ = —0.57") and ARCH innovations t¥ is
very significantly over-sized at all of the quantiles considered. These patterns of size distortion in
¥ are also observed in the larger sample (7" = 750).

We next turn to the results for the unconditional heteroskedastic case. Tables 4, D.7 and
D.8 present the results for DGP3 with b = 1/4 where we observe a downward change in the
unconditional variance of vy, with u; kept unconditionally homoskedastic. The corresponding results

for an upward change, b = 4, can be found in Tables D.9 and D.10 of the supplementary appendix. It
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can be seen from these results that 7; and 7.0 again both display very good size control throughout.
The t¥ test displays over-sizing in the more extreme quantiles when 7' = 250, but size seems to
improve for T = 750. In contrast, and as expected, neither IV X gg nor IV.X gRB B is size controlled
with the largest deviations from the nominal level again seen in the pure unit root case, with the
distortions somewhat worse for b = 1/4 than for b = 4, other things equal, with the distortions
often increased for T' = 750 wvis-a-vis T = 250. Finally, Tables D.11-D.14 in the supplementary
appendix report corresponding results for DGP4 where we observe a contemporaneous one-time
break of equal magnitude in the unconditional variances of u; and v;. Recall that none of the tests
have been shown to be valid in this case. The findings for DGP4 with b = 1/4 are similar to those
for DGP3 with 7, and T displaying decent size control throughout, but with IV XQR, IVXgéBB
and t¥ badly over-sized in many cases, again most notably for ¢ = 0. For DGP4 with b = 4 the
size distortions are somewhat worse than those seen for b = 1/4 for all of the tests, with some
MBB

over-sizing (though lower than is seen with the IV X g, IVX5r "™ and t7 tests) also seen for the

T, and T tests when ¢ = 0, and which persists for 7' = 750.

4.1.2 Finite Sample Local Power

We next evaluate the relative finite sample local power properties of the T, 7.0, T VXgr, IVX gRB B

and t¥ tests. To that end, we simulate data from DGP (17)-(18) under a variety of local alternatives.
To keep the set of results to a manageable level we only report results for the serially uncorrelated
and homoskedastic case for (ug,v¢)" given by DGP1 from section 4.1.1 with 7 = 6 = 0 and T' = 250,
in the main text (Figure 1). Additional power results relating to DGP1 with autocorrelated errors,
DGP2a and DGP3 are given in Figures D.3-D.4 in the supplementary appendix. In terms of
the relative power rankings of the tests, these results are in general qualitatively similar to those
discussed below for the serially uncorrelated and homoskedastic case. One clear exception, however,
is the case of GARCH errors [DGP2a] where the power of the t¥ test, relative to the other tests, is
very significantly diminished.

We again set ¢ = —0.95 and consider five values of the persistence parameter, ¢, associated
with xy; specifically, ¢ = {0,—-2.5,—10,—20, —0.57"}. The slope parameter £1, in (17) is set to
be local-to-zero; that is, for ¢ = {0,—-2.5,—10,—20}, where z;_; is strongly persistent, we set
Br = b/T, while for the weakly dependent predictor case, ¢ = —0.5T, we set 3, = b/\/T In both
cases results are reported for the range of Pitman drift values, b = {0,1,...,26} . Again to keep the
amount of results manageable, we consider tests at quantiles 7 = {0.2,0.5,0.8}. All other aspects

of the simulation design are as described previously.
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Figure 1 graphs the simulated finite sample local power curves for the four tests for 7" = 250.
The corresponding curves for T' = 750, reported in Figure D.2 in the supplementary appendix, are
almost identical to those in Figure 1. Additional results for the extreme quantiles 7 = 0.05,0.95,
and for the case of a locally explosive predictor (¢ = 5) are also reported in Figures D.1 and D.2
of the supplementary appendix; in this locally explosive case all of the tests have very steep power
curves, though the tests proposed in this paper do still enjoy a power advantage over the other
tests considered, most notably for 7 = 0.05,0.95.

Consider first the strongly persistent predictor case. Here a comparison between the Wald-type
1V Xgr, IVXéV%’B and t¥ tests shows IV Xgpr to be significantly more powerful than the latter
two for ¢ = 0, and to a lesser extent for ¢ = —2.5. For ¢ < —10 there is relatively little to choose
between IV Xgg and I VXg[RBB on power with both of these tests significantly more powerful than
2. It is of course important to recall, from the discussion surrounding Table 1 that IV Xgr and
g (IVX%%BB) are not well size controlled for ¢ = 0 and ¢ = —2.5 when 7 = 0.05,0.1,0.9,0.95
(1 =0.3,0.4.,...,0.7), leading to artificially inflated power in these cases. The local power functions
of 7, and T are almost identical to each other throughout the cases considered and are seen to
both enjoy considerable power advantages over the t, IV Xgg and I VXé\Q/[RBB tests (despite the
aforementioned lack of size control in some settings for these three tests) across all of the settings
considered. The power advantage of 7, and T.” over I VX@’QV%BB is greatest in the pure unit root
case, ¢ = 0, while their advantage over IV Xgp is greatest for ¢ = —2.5. The power advantage of 7T,
and T2 over t¥ is of a fairly similar magnitude regardless of c. For example, for b = 10 and ¢ = 0:
T, and T.? both have power of about 79% for 7 = 0.2 and 7 = 0.8, and about 92% for 7 = 0.5;
IV Xgr has power of just over 65% for 7 = 0.2 and 7 = 0.8, and 61% for 7 = 0.5; IVXg%BB has
power of about 47% for 7 = 0.2 and 7 = 0.8, and 42% for 7 = 0.5, and ¢% has power of about 48%
for 7 = 0.2 and 7 = 0.8, and 52% for 7 = 0.5. For b = 10 and ¢ = —2.5, 7, and 7.? both have
power of about 58% for 7 = 0.2 and 7 = 0.8, and 78% for 7 = 0.5; IV X¢r has power of 41% for
7 =0.2 and 7 = 0.8, and 36% for 7 = 0.5; IVXgRBB has power of 36% for all three values of 7;
and t¥ has power of about 30% for 7 = 0.2 and 7 = 0.8, and 34% for 7 = 0.5. For the case of
a weakly stationary predictor, ¢ = —0.5T, the local power functions of the 7,, T and IVX%%BB
tests are very similar to each other, and dominate the power functions of the IV Xggr and Y tests.
This is most clearly seen for 7 = 0.5.

For all of the tests, power varies to some degree with 7. For example, in the case of a strongly
persistent predictor power is slightly higher for 7 = 0.5 wis-d-vis 7 = 0.2 and 7 = 0.8, for given

values of ¢ and b for 7, and T, with the converse tending to hold for I VXgr, I VXg[RBB and t¥.
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4.2 Multiple Predictors (K > 1)

We conclude this section by briefly investigating the finite sample size performance of our proposed
T, and T? tests in multiple predictor (K > 1) settings. We also compare their performance with

those of the IV Xgr and QY tests.® We generate our simulation data according to the DGP

y = ar+ 0BT+ us (19)

T = M, t&, §&=T& |+, (20)

with €, = 0 and, like in the K = 1 DGP in (17), w;r = us — Qu,(7|Fi—1). The innovations are

generated as,
ur = vfr+ ay (21)

vy = —7filg + ey, (22)

where { f;} is a common factor to both innovations, which we generate as a sequence of independent
standard normals, 1 denotes the K x 1 vector of ones, v = —4.5, and (ay, €})’ ~ i.i.d. N(0,Ix1).”
We set oy = 0 and p, = 0, without loss of generality. The predictors are generated setting
' = pIg, with p = 1+ ¢/T for ¢ = {0,—2.5,—10,—0.5T"}. All of the reported results pertain to
tests of Hyp : B, = 0 against H; : B, # 0 in (19). Results are again reported for tests at each of
the quantiles 7 = {0.05,0.10, 0.20, 0.30, 0.40, 0.50, 0.60, 0.70, 0.80.0.90, 0.95}.

In computing 7, and T2, we used the instrument vector z; := (274 277,)" with the K elements
of the type-II instrument vector, zrr, defined as in (11) setting wy, = (2k — )7, for k =1, ..., K,
and the K elements of the type-I instrument vector, 2y, given by the IVX defined as in (10), with
a =1 and n = 0.95. A finite-sample correction factor of the form considered in Kostakis et al.
(2015, p.1515) was employed which improved the finite sample properties of the tests.'’

Table 5 reports empirical null rejection frequencies for T = 250 and for ¢ = {0, —10, —0.57"} and
K ={2,3,5}, for the T;, T?, IV Xgpr and Q¥ tests when 3, = 0 in (19). Tables D.15 and D.16 of

8Fan and Lee (2019) outline their MBB procedure for the case of a single predictor (K = 1). It is unclear how one
should implement a multiple predictor version of their MBB algorithm, as this would require setting up confidence
regions in R¥; see also Montiel Olea and Plaghorg-Mgller (2019) for a recent overview of multiple simultaneous
confidence intervals. For this reason we do not report a MBB implementation of IV Xqr.

9For (21)-(22), Corr(ut,vit) = —v*/(1 +~?), for each of i = 1,..., K. We accordingly set v = —4.5 so that the
correlation between u; and each element of v, is approximately —0.95. We thank a referee for this observation.

""In the present context, this entails replacing D7 in (14) by (Dr — E), where E = T(2_:12",)(62, —
QWTQWQLUT), with 21 = TS0 241, Zeo1 = (2].4_1,Z14-1)', and Z};,_; is a vector of demeaned type
IT instruments. Note that the mean of Z;7:—1 will be a zero vector, so that (2_12_,) = diag{(if,,l,%}’_l),O}.
Furthermore, Qm, and QWT are the estimates of the long-run variance of v, and of the long-run covariance between
ut,r and vy, respectively, which where computed using a Bartlett kernel with bandwidth T'/3; a discussion on the
practical choice of these estimators is provided in Kostakis et al. (2015, p.1513 and 1524). The use of this correction
factor does not alter any of the large sample results previously stated for 75 and T°.
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Part D of the supplementary appendix present the full set of results for sample sizes T' = 250 and
T = 750, when ¢ = {0,—2.5,—10,—0.5T'} and K = {2,3,4,5}. The results in Table 5 show that
the 7, and T tests display reasonable size control throughout, albeit both tests display a degree
of over-sizing for K > 3 for quantiles near the centre of the distribution, most notably where ¢ = 0.
This over-sizing is not, however, present for ¢ = —0.57". In contrast, the empirical size properties of
the IV Xgr and QY tests tend to be better behaved in the centre of the distribution, but deteriorate
very significantly as K increases for quantiles away from the centre of the distribution, 7 < 0.3 and
7 > 0.7, with over-sizing present in such cases for all values of ¢. For example, for T' = 250, ¢ = 0
and K = 3, the IV X test for 7 = 0.05 has size 19.5% and Q¥ has size 17.6%, while 7, and 7.°

have sizes 2.1% and 4.4%, respectively..

5 Empirical Application to S&P 500 Returns

In light of the discussion in section 1, we will apply the LM-based quantile predictability tests devel-
oped in section 3.2, along with the extant Wald-type tests of Lee (2016) and Fan and Lee (2019), and
the variable addition tests of Cai et al. (2023) to analyse the predictive content of a number of predic-
tors believed to convey information on the dynamics of firm or market risk for (excess) stock returns.
For comparison purposes with the conditional mean predictability testing literature, we will also ap-
ply the tests to the variables in the Goyal-Welch dataset (Welch and Goyal, 2008). Specifically, we
analyse data from five different sources: (1) the (updated) monthly dataset used in Welch and Goyal
(2008); (2) a time varying tail index which we compute from 7951 firms’ asset prices for all active
stocks listed in NASDAQ and NYSE, using the approach developed in Kelly and Jiang (2014); (3)
the log of the VIX and of the SKEW indices, obtained from the Chicago Board Options Exchange
(https://www.cboe.com); (4) the 10 year treasury term premium and yield, obtained from the
Federal Reserve Bank of New York (https://www.newyorkfed.org/research/data_indicators/term-
premia-tabs# /overview); and (5) the variance risk premium of Bollerslev et al. (2009), obtained
from Hao Zhou’s website (https://sites.google.com /site/haozhouspersonalhomepage). All data are
monthly and cover the period 1990:01-2021:12 (7" = 384). Detailed data descriptions are given in

Part C of the supplementary appendix.

5.1 Preliminary Analysis

In Table 6 we provide some preliminary analysis for the variables used in this section. We start by

reporting the 95% confidence interval (CI) for the largest autoregressive root (defined here as p) for
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the twenty-two potential predictor time series considered. These Cls are computed following the
approach of Campbell and Yogo (2006, Section 3.2, pp.35-37). The autoregressive order for each
predictor variable is selected using the Bayesian Information Criteria (BIC) with the maximum
lag length determined using the rule of Schwert (1989). Consistent with the earlier findings of
Goyal and Welch (2003), most of the Goyal-Welch predictors appear to be very strongly persistent;
indeed for seven of these predictors the CI includes p = 1, such that an exact unit root cannot
be rejected. Of all of the series considered, 14 have a lower bound on the CI for p that is greater
than 0.8, suggesting most of the predictors are strongly persistent. Only ltr:, dfry and vrps appear
to be of weaker persistence, each with an upper CI bound smaller than 0.5. Recall from the
simulation results reported in section 4.1.1, that the Wald-type tests can be significantly over-sized
for predictors with a dominant autoregressive root very close to unity.

An important feature of the LM type tests we propose, not shared by the Wald-type tests, is
their robustness to unconditional heteroskedasticity in the predictor (see Remark 16). In connec-
tion with this, Table 6 reports the results of applying the four stationary volatility tests (Hxg,
Hr, Hovm and Hap, using a Bartlett long run variance estimator with lag truncation parame-
ter 4) proposed by Cavaliere and Taylor (2008, pp. 311-312) to our data. These tests are valid
regardless of whether the variable is weakly or strongly persistent, and test the null hypothesis
of unconditional homoksedasticity against the alternative of unconditional heteroskedasticity. The
tests were applied to the fitted residuals from the BIC-selected autoregressive model estimated for
each variable. With the exception of dfr;, for the Goyal-Welch predictors none of the tests are able
to reject the null hypothesis at any conventional significance level. However, among the additional
predictors measuring market risk and firm dynamics, statistically significant evidence of uncondi-
tional heteroskedasticity at the 5% level is found for viz;, skewy, and TailIndex; variables. Again,
we would therefore expect the Wald-type tests to be potentially unreliable for these variables.
Finally, in the case of the equity premium, ep;, none of the tests find evidence of unconditional
heteroskedasticity at any conventional significance level, suggesting that our assumption that the
QR errors are unconditionally homoskedastic (see Remark 9) is supported by the data.

The last column of Table 6 reports, for each possible predictor, the outcome of the conventional
IV-combination test, denoted t%, for conditional mean predictability proposed by Demetrescu et al.
(2022). The results provided are for the full sample statistics using Eicker-White standard errors.
The t% statistic, like the LM quantile predictability tests developed in this paper, is based on a
combination of the IVX instrument, 27 ;1 and the sine instrument, 277 ;1. Statistical significance

is determined based on fixed regressor wild bootstrap p-values computed according to Demetrescu
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et al. (2022, Algorithm 1, p.99) with 999 bootstrap replications. For the period under analysis, the
results in Table 6 show that t% does not yield evidence of predictability for the conditional mean

of the equity premium at any conventional significance level for any of the predictors considered.

5.2 Quantile Predictability Results

The finding of no predictability for any of the predictors from t% in Table 6 only relates to the
nature of possible predictive relations present during “normal” times; it says nothing about whether
predictive relations hold when the return is far from the mean. To that end, we next test for
predictability at different parts of the return distribution, applying the 7., T2, IV Xgg, IV X, gRBB
and t¥ quantile predictability tests to each of the 22 predictors at each of the 11 different quantiles,
7 =1{0.05,0.1,0.2, ...,0.8,0.9,0.95}, together with the joint test 7, from section 3.3 across these 11
quantiles. The choice of these quantiles allows us to track the complete return distribution (left-tail,
centre and right-tail) to better characterise the predictive potential of the predictors considered.
The results in Table 7, consistent with the results for conditional mean predictability in Table 6,
uncover relatively little evidence of predictability at the median. In particular, the size-controlled
T, and TP tests signal the existence of median predictability at the 5% level (or stricter) only for
rvol; and vixy. While IV X, IVX(JQV%BB and t¥ give a small number of additional rejections in
favour of median predictability, these are for predictors where significant evidence of unconditional
heteroskedasticity is found, and so may be attributable to size control issues with these tests.
The most interesting feature of the results in Table 7 is the amount of statistically significant
evidence the tests uncover of predictability at the shoulders or tails of the equity premium dis-
tribution. Moreover, it is precisely those predictors which contain information on market or firm
risk, or market uncertainty where the quantile predictablity tests find evidence of predictability
at outer quantiles. Specifically: e/p;, which is a function of the perceived risk of a firm with the
effect showing up in the cost of equity (i.e., a firm with a higher cost of equity will trade at a lower
multiple of earnings than a similar firm with a lower cost of equity); rvol; is used to analyse broad
or specific market risk environments, and provides a perspective on how the market has reacted
to historical events; the default measures dfy; and dfr; correspond to the difference between BAA
and AAA-rated corporate bond yields, and the difference between long-term corporate bond and
long-term government bond returns, respectively; viz; represents the market’s expectation for the
relative strength of near-term price change of the S&P 500; skew; is a proxy for investor sentiment
and volatility, and measures potential risk in financial markets; TailIndex; is a measure of time-

varying tail risk; ACMT P10; measures short-term Treasury yields term risk; and the variance risk
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premium vrp, which corresponds to the difference between implied volatility (iv;) and realized
volatility (rv), is a measure that captures aggregate market risk aversion.

Looking at these in turn for our size-controlled 7, and T tests, for e/p; the tests find evidence
of predictability in the tails and shoulders of the return distribution, but not for the inner quantiles,
ie., 7=1(0.4,0.5,0.6,0.7). The equity risk premium volatility (rvol;), the tail index (T'ailIndex;)
and the log CBOE volatility index (viz;), all display significance in the left tail (the first two
predictors for 7 < 0.1 and the third for 7 < 0.2). Moreover, rvol; and viz, also display significance
for 7 > 0.5 and Taillndex; for 7 > 0.5. Similar results to those obtained for the for viz; are
observed for iv;. The default yield spread, dfy:, (and to a certain extend the default return spread,
dfry), displays predictive content in the tails (7 < 0.2 and 7 > 0.8), but not in the centre of the
return distribution.

These empirical results in Table 7 highlight that for a number of the predictors considered,
particularly those including information pertaining to market or firm risk and market uncertainty,
while exhibiting limited predictive power for the central moments of the returns distribution, they
do yield significant predictability in the left and right tails of the returns distribution, in line with
the findings of Meligkotsidou et al. (2014). The relevance of these risk proxy measures varies
depending on whether the market sentiment is bullish (i.e., when excess return is highly positive -

right-tail) or bearish (i.e., when the excess return is highly negative - left-tail).

6 Conclusions

We have developed simple yet powerful tests, based on the LM principle, of the null hypothesis of no
predictability at a user-chosen quantile for financial returns data. Our proposed tests can be applied
to models with either a single or multiple putative predictors. The tests are based on statistics
computed using simple linear 2SLS estimation, without the need to find external instruments.
We have shown that our proposed statistics possess pivotal standard limiting null distributions
regardless of whether the predictors are weakly or strongly persistent and regardless of the degree of
endogeneity of the predictors. They are also valid, without the need for bootstrap implementation,
in the presence of conditional heteroskedasticity in the quantile predictive regression errors and/or
the errors driving the predictor. Moreover, and in contrast to the extant Wald-type tests of Lee
(2016), their moving blocks bootstrap implementation developed in Fan and Lee (2019), and the
variable addition tests of Cai et al. (2023) our LM-type tests are also asymptotically valid in

the presence of unconditional heteroskedasticity in the errors driving the predictors. We have
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also developed analogous joint tests over a specified set of multiple distinct quantiles. Monte
Carlo simulations suggest that, for strongly persistent predictors, our proposed tests display more
robust finite sample size properties coupled with markedly superior power profiles to the extant
tests. An empirical application looking at the predictive performance of twenty-two predictors
for the equity premium for the S&P 500 found no evidence of conditional mean predictability, but
uncovered significant evidence of predictability in the left and right tails of the returns distribution,
particularly for predictors containing information on market or firm risk, or market uncertainty.
Our focus in this paper has been on short-horizon predictability testing. However, we close
by noting that the methods we propose in this paper should straightforwardly extend to the long-
horizon setting analysed by, inter alia, Kostakis et al. (2015), Xu (2020), Kostakis et al. (2023)
and Demetrescu et al. (2023), and the references therein. However, it is important to note that
both Kostakis et al. (2023) and Demetrescu et al. (2023) caution against the use of long-horizon
tests. In particular, Kostakis et al. (2023, p.24) conclude by arguing that “ ... our study questions
the incremental value of using long-horizon predictive regressions, for the additional reason that
correctly sized test statistics are less, not more powerful as the horizon increases. Hence, we argue
that it is preferable to conduct inference relying on the actual data generating process, rather than

resorting to long-horizon predictive regressions.”
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Table 1: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests
7. (Eicker-White standard errors), 7.° (conventional standard errors), IV Xgg, I Vng B and t¥. Sample
size T = 250. DGP1 (homoskedastic innovations): y; = Brxi—1 + Ugr, T = pri—1 + vy, and vy = TV +

e + 01, where B, =0, p=1+¢/T, and (uy,&;)" ~ii.d. N(0,%), with X =[1 —0.95 —0.95 1].
c T T TO  Ivxor IVXMEE 1Y s TY  Ivxor IVXMEE 1Y T TP IVXqr IVXYES 1Y
(7,6) = (0,0) (7,6) = (0.5,0) (7,6) = (0,~0.5)
0 0.05 0.049 0.047 0.109 0.040 0.094 0.049 0.047 0.106 0.042 0.096 0.040 0.044 0.088 0.034 0.098
0.1 0.051 0.055 0.085 0.055 0.080 0.051 0.058 0.094 0.057 0.069 0.043 0.050 0.084 0.051 0.081
0.2 0.052 0.056 0.067 0.069 0.053 0.053 0.058 0.078 0.074 0.054 0.050 0.056 0.064 0.066 0.064
0.3 0.059 0.060 0.077 0.093 0.047 0.057 0.059 0.072 0.082 0.048 0.053 0.057 0.057 0.069 0.057
0.4 0.057 0.062 0.060 0.075 0.050 0.059 0.065 0.068 0.084 0.045 0.057 0.061 0.068 0.082 0.050
0.5 0.059 0.064 0.054 0.073 0.048 0.061 0.065 0.066 0.080 0.043 0.057 0.060 0.064 0.086 0.054
0.6 0.058 0.061 0.062 0.078 0.047 0.062 0.065 0.073 0.084 0.044 0.057 0.061 0.063 0.074 0.059
0.7 0.056 0.057 0.075 0.092 0.053 0.053 0.057 0.062 0.078 0.046 0.051 0.056 0.055 0.065 0.061
0.8 0.056 0.058 0.065 0.070 0.056 0.057 0.058 0.071 0.080 0.055 0.057 0.060 0.070 0.068 0.068
09 0.052 0.053 0.085 0.054 0.073 0.053 0.053 0.091 0.051 0.071 0.049 0.047 0.079 0.054 0.080
0.95 0.044 0.046 0.106 0.042 0.098 0.044 0.047 0.106 0.041 0.091 0.042 0.042 0.093 0.041 0.099
.10 0.05 0.044 0.042 0.080 0.032 0.094 0.044 0.045 0.083 0.032 0.092 0.039 0.038 0.079 0.027 0.094
0.1 0.043 0.046 0.064 0.042 0.064 0.043 0.047 0.061 0.043 0.063 0.043 0.047 0.066 0.039 0.068
0.2 0.047 0.053 0.049 0.048 0.050 0.048 0.053 0.047 0.047 0.046 0.047 0.049 0.042 0.046 0.050
0.3 0.051 0.054 0.048 0.058 0.052 0.051 0.053 0.043 0.053 0.043 0.050 0.053 0.043 0.051 0.049
0.4 0.055 0.058 0.039 0.055 0.044 0.053 0.056 0.042 0.0564 0.039 0.054 0.055 0.045 0.056 0.048
0.5 0.050 0.051 0.038 0.056 0.040 0.050 0.053 0.041 0.058 0.040 0.048 0.050 0.044 0.055 0.043
0.6 0.058 0.061 0.041 0.054 0.047 0.058 0.060 0.043 0.058 0.043 0.048 0.049 0.041 0.053 0.049
0.7 0.053 0.057 0.044 0.058 0.049 0.050 0.054 0.044 0.053 0.046 0.046 0.049 0.044 0.050 0.051
0.8 0.054 0.056 0.050 0.046 0.054 0.053 0.057 0.054 0.049 0.052 0.051 0.054 0.046 0.042 0.059
09 0.048 0.055 0.064 0.038 0.071 0.048 0.056 0.069 0.043 0.078 0.045 0.050 0.062 0.039 0.068
0.95 0.041 0.046 0.088 0.037 0.090 0.045 0.048 0.092 0.034 0.097 0.045 0.053 0.084 0.035 0.100
-0.57 0.05 0.036 0.049 0.085 0.032 0.097 0.038 0.049 0.085 0.031 0.103 0.041 0.051 0.082 0.035 0.103
0.1 0.048 0.053 0.068 0.037 0.071 0.047 0.050 0.066 0.039 0.075 0.044 0.046 0.058 0.033 0.072
0.2 0.048 0.050 0.047 0.043 0.053 0.049 0.055 0.047 0.040 0.055 0.050 0.049 0.048 0.041 0.052
0.3 0.051 0.055 0.036 0.041 0.044 0.052 0.056 0.041 0.046 0.046 0.049 0.054 0.046 0.041 0.044
0.4 0.051 0.053 0.038 0.045 0.044 0.051 0.0563 0.036 0.052 0.044 0.053 0.056 0.042 0.048 0.043
0.5 0.047 0.049 0.036 0.041 0.038 0.049 0.050 0.036 0.043 0.045 0.054 0.056 0.040 0.045 0.044
0.6 0.047 0.049 0.038 0.044 0.044 0.048 0.049 0.039 0.041 0.048 0.051 0.051 0.045 0.044 0.048
0.7 0.052 0.054 0.041 0.047 0.045 0.046 0.049 0.038 0.046 0.049 0.054 0.057 0.047 0.043 0.054
0.8 0.050 0.052 0.047 0.044 0.053 0.042 0.048 0.046 0.038 0.056 0.052 0.053 0.053 0.044 0.054
0.9 0.046 0.052 0.064 0.037 0.069 0.045 0.053 0.061 0.036 0.071 0.047 0.054 0.065 0.038 0.072
095 0.039 0.048 0.089 0.032 0.105 0.042 0.052 0.090 0.033 0.092 0.043 0.050 0.084 0.031 0.103
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Table 2: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests
T- (Eicker-White standard errors), T (conventional standard errors), IV Xqr, IVX)#P, and t¥. Sample
size T = 250. DGP2a (GARCH(1,1)): y; = Brxt—1 + Utr, Tt = prs—1 + vy, Where 5 =0, p=1—¢/T,
—0.95; —0.95 1] and

and (u¢, ve) = [o71¢

0;0 o) my; My 2= (e, mor)’ ~ ivi.d. N(0,92) with = |1

O—zzt = 00 + 9162271571 + 920,?,1571, 1= 1,2, with 90 =1- 01 — 92.

c T T TP 1vXer IVXMNEE (Y T TP 1vXer IVXMEE Y
0, =0.1, 0o = 0.5 0, = 0.05, 6, = 0.9
0 0.05 0.049 0.049 0.105 0.040 0.092 0.047  0.048 0.105 0.037  0.092
0.1  0.049 0.052 0.085 0.056  0.066  0.049 0.053 0.090 0.056 0.059
0.2 0.056 0.061 0.070 0.071  0.055 0.053 0.060 0.070 0.072 0.051
0.3 0.060 0.064  0.078 0.095  0.049  0.060 0.063 0.078 0.092 0.041
0.4  0.059 0.063 0.055 0.077  0.049 0.056 0.062 0.055 0.079 0.048
0.5 0.058 0.060 0.052 0.071  0.045 0.055 0.058 0.055 0.070 0.044
0.6  0.060 0.064  0.055 0.073  0.049 0.056 0.061 0.060 0.071 0.045
0.7 0.057 0.059 0.074 0.086  0.056  0.059 0.062 0.077 0.086 0.052
0.8  0.056 0.060 0.071 0.064  0.051  0.054 0.059 0.072 0.067 0.049
0.9 0.048 0.055 0.087  0.052 0.067 0.050 0.055 0.091 0.056 0.067
0.95 0.046 0.045 0.110 0.038  0.095 0.047 0.046 0.110 0.038 0.087
-10 0.05 0.044 0.044 0.089 0.033  0.092 0.044 0.044 0.089 0.033 0.085
0.1  0.049 0.051 0.067 0.041  0.066  0.046 0.048 0.068 0.039 0.064
0.2 0.053 0.054  0.047 0.045 0.052 0.053 0.056 0.050 0.047  0.048
0.3 0.053 0.055 0.043 0.058 0.045 0.052 0.056 0.044 0.055 0.048
0.4 0.048 0.050 0.038 0.047  0.050 0.048 0.051 0.041 0.046 0.046
0.5 0.048 0.050 0.036 0.050 0.042  0.050 0.053 0.041 0.052 0.043
0.6 0.051 0.052 0.038 0.051  0.047  0.051 0.054 0.039 0.050 0.043
0.7 0.052 0.054  0.048 0.054 0.048  0.052 0.054  0.050 0.054  0.043
0.8  0.050 0.054 0.045 0.043  0.049 0.050 0.053 0.048 0.043 0.050
0.9 0.043 0.049 0.059 0.037  0.070  0.045 0.048 0.062 0.041 0.069
0.95 0.044  0.051 0.093 0.037 0.091 0.044  0.050 0.094  0.036 0.085
-0.57  0.05 0.040 0.050 0.112 0.035 0.098  0.040 0.049 0.099 0.033 0.099
0.1  0.046 0.055 0.062 0.038 0.076  0.047 0.054 0.064 0.039 0.070
0.2 0.051 0.052 0.046 0.044  0.055 0.051 0.053 0.050 0.042 0.052
0.3 0.050 0.051 0.042 0.041  0.052  0.049 0.053 0.044  0.043 0.053
0.4  0.050 0.052 0.042 0.045 0.049 0.052 0.053 0.045 0.044 0.049
0.5 0.047 0.048 0.037 0.044  0.047  0.048 0.050 0.039 0.044 0.052
0.6 0.050 0.052 0.041 0.046 0.054 0.051 0.053 0.042 0.047  0.051
0.7 0.047 0.050 0.040 0.042  0.051  0.046 0.049 0.042 0.043 0.053
0.8  0.045 0.051 0.043 0.043  0.063  0.046 0.052 0.048 0.041 0.066
0.9 0.043 0.050 0.064 0.037  0.081  0.045 0.049 0.069 0.036 0.077
0.95 0.040 0.050 0.106 0.036  0.101  0.041 0.048 0.100 0.033 0.098
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Table 3: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7,
(Eicker-White standard errors), 7.0 (conventional standard errors), IV Xqr, IV X}, and t¥. Sample size
T = 250. Left panel, DGP2b (ARCH(1)): v+ = Br&t—1 + Utr, X+ = pxs—1 + v, where 5, =0, p=1—1¢/T,
and (ug,vr) = [o1e 0,0 o2)my; My := (e, mt)’ ~ d.i.d. N(0,2) with @ = [1  —0.95;-0.95 1] and
o =1+ 0.96?’1571, i = 1,2. Right panel, DGP2c (Stochastic Volatility [SV]): v: = Brxe—1 + wr, T =
pxi—1 + vy, where 8, =0, p=1—¢/T, and (uy, v)" follow from a first-order AR stochastic volatility process
as (up = eyexp(hag), v = earexp(hae))’, and hy = My —1 + 0.5&; with (§i, ei)’ ~ d.d.d. N(O,diag(og, 1)),

independent across ¢ = 1,2, with results reported for (A, o¢)’ = (0.951,0.314)".

c T T TY  IVXer IVXYPE Y T TP 1vxer IVXYPP Y
ARCH(1) SV
0 0.05 0.045 0.048 0.116 0.033 0.102 0.046 0.048 0.141 0.038 0.133
0.1 0.046 0.045 0.104 0.053 0.067 0.048 0.054 0.096 0.058 0.096
0.2 0.050 0.053 0.088 0.069 0.057 0.060 0.065 0.078 0.065 0.074
0.3 0.053 0.055 0.089 0.074 0.054 0.060 0.062 0.067 0.078 0.064
0.4 0.052 0.055 0.094 0.084 0.051 0.060 0.063 0.069 0.087 0.064
0.5 0.049 0.051 0.100 0.079 0.048 0.055 0.058 0.070 0.089 0.057
0.6 0.051 0.053 0.103 0.077 0.052 0.056 0.058 0.073 0.090 0.057
0.7 0.048 0.051 0.098 0.072 0.054 0.060 0.065 0.069 0.082 0.066
0.8 0.049 0.051 0.095 0.064 0.055 0.059 0.063 0.077 0.069 0.075
0.9 0.043 0.046 0.100 0.051 0.072 0.054 0.054 0.103 0.058 0.097
0.95 0.052 0.050 0.124 0.038 0.105 0.049 0.047 0.131 0.041 0.146
-10 0.05 0.048 0.043 0.133 0.027 0.103 0.051 0.050 0.115 0.038 0.128
0.1 0.056 0.058 0.109 0.045 0.071 0.047 0.055 0.073 0.043 0.088
0.2 0.053 0.051 0.092 0.050 0.055 0.046 0.051 0.053 0.046 0.065
0.3 0.051 0.053 0.088 0.055 0.053 0.045 0.048 0.041 0.052 0.054
0.4 0.053 0.055 0.086 0.053 0.046 0.053 0.055 0.043 0.053 0.049
0.5 0.044 0.045 0.088 0.051 0.049 0.054 0.057 0.042 0.059 0.052
0.6 0.048 0.049 0.088 0.051 0.051 0.056 0.059 0.043 0.062 0.052
0.7 0.049 0.051 0.086 0.049 0.049 0.055 0.058 0.042 0.051 0.056
0.8 0.046 0.049 0.090 0.046 0.051 0.051 0.054 0.051 0.047 0.064
0.9 0.047 0.045 0.113 0.044 0.078 0.048 0.050 0.076 0.040 0.087
0.95 0.057 0.047 0.141 0.037 0.109 0.055 0.051 0.116 0.034 0.135
-0.5T 0.05 0.041 0.039 0.333 0.046 0.232 0.038 0.049 0.114 0.037 0.125
0.1 0.044 0.049 0.292 0.043 0.185 0.047 0.050 0.066 0.041 0.073
0.2 0.049 0.052 0.275 0.048 0.150 0.043 0.052 0.045 0.036 0.047
0.3 0.049 0.052 0.269 0.051 0.145 0.052 0.053 0.040 0.046 0.043
0.4 0.051 0.052 0.257 0.056 0.137 0.049 0.054 0.033 0.048 0.038
0.5 0.048 0.049 0.262 0.053 0.136 0.050 0.052 0.035 0.042 0.037
0.6 0.049 0.051 0.259 0.056 0.144 0.053 0.056 0.034 0.048 0.035
0.7 0.047 0.052 0.265 0.049 0.147 0.053 0.055 0.036 0.048 0.039
0.8 0.049 0.053 0.278 0.050 0.156 0.043 0.047 0.046 0.041 0.050
0.9 0.038 0.049 0.303 0.043 0.187 0.043 0.049 0.075 0.038 0.072
0.95 0.038 0.039 0.334 0.043 0.226 0.042 0.054 0.113 0.036 0.120
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Table 4: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests
T (Eicker-White standard errors), 7,0 (conventional standard errors), IV Xqg, and IVX5PP. Sample
size T = 250. DGP 3 (Unconditional Heteroskedasticity): y; = Brx¢—1 + Usr, T = pry—1 + vy where
Br=0,p=1+c¢/T and (uy,v;)" ~ ii.d. N(0,%¢), with 8 = [02, —0.950,0,; —0.950,0,¢ 03]
and 02, =1, 02, = 11(t < |\T']) + 1/41(t > |\T)).

c T T, TO  IVXqr IVXYPE ¥ T TY  IvXqr IVXYPP Y
A=1/3 A=2/3

0 0.05 0.064 0.060 0.109 0.042 0.095 0.065 0.063 0.108 0.042 0.092
0.1 0.046 0.050 0.093 0.055 0.078 0.049 0.052 0.091 0.058 0.076
0.2 0.051 0.0564 0.074 0.065 0.061 0.054 0.059 0.074 0.066 0.064
0.3 0.049 0.053 0.088 0.084 0.059 0.053 0.056 0.085 0.091 0.055
0.4 0.052 0.0567 0.092 0.098 0.053 0.054 0.059 0.072 0.090 0.049
0.5 0.051 0.054 0.084 0.103 0.057 0.060 0.064 0.065 0.088 0.052
0.6 0.059 0.062 0.085 0.104 0.061 0.063 0.066 0.075 0.091 0.054
0.7 0.054 0.059 0.080 0.092 0.052 0.059 0.064 0.086 0.095 0.053
0.8 0.057 0.061 0.083 0.070 0.062 0.060 0.066 0.067 0.065 0.060
0.9 0.048 0.047 0.100 0.058 0.079 0.050 0.056 0.094 0.052 0.082
0.95 0.066 0.065 0.118 0.038 0.104 0.067 0.062 0.110 0.038 0.107

-10 0.05 0.052 0.050 0.092 0.036 0.097 0.056 0.056 0.089 0.038 0.101
0.1 0.051 0.0564 0.065 0.037 0.070 0.052 0.055 0.064 0.042 0.071
0.2 0.047 0.049 0.052 0.045 0.050 0.048 0.053 0.046 0.046 0.051
0.3 0.045 0.049 0.045 0.053 0.048 0.045 0.047 0.044 0.052 0.048
04 0.051 0.053 0.045 0.062 0.045 0.052 0.055 0.039 0.058 0.045
0.5 0.053 0.056 0.046 0.060 0.041 0.049 0.050 0.037 0.059 0.039
0.6 0.057 0.059 0.046 0.065 0.045 0.050 0.051 0.039 0.056 0.041
0.7 0.053 0.058 0.045 0.057 0.048 0.049 0.049 0.041 0.053 0.045
0.8 0.049 0.052 0.047 0.051 0.053 0.044 0.049 0.045 0.046 0.051
0.9 0.048 0.050 0.064 0.044 0.070 0.045 0.050 0.063 0.046 0.069
0.95 0.053 0.049 0.080 0.029 0.094 0.052 0.052 0.087 0.032 0.091

-0.57 0.05 0.035 0.045 0.080 0.033 0.090 0.042 0.049 0.088 0.029 0.104
0.1 0.039 0.0561 0.065 0.033 0.068 0.046 0.053 0.061 0.036 0.066
0.2 0.048 0.051 0.046 0.039 0.049 0.048 0.046 0.046 0.038 0.050
0.3 0.049 0.051 0.043 0.041 0.048 0.045 0.050 0.040 0.041 0.044
04 0.049 0.050 0.036 0.046 0.042 0.045 0.048 0.034 0.043 0.038
0.5 0.051 0.0563 0.035 0.051 0.046 0.045 0.046 0.035 0.043 0.042
0.6 0.054 0.057 0.041 0.048 0.043 0.049 0.049 0.036 0.040 0.043
0.7 0.054 0.056 0.040 0.045 0.047 0.049 0.0562 0.038 0.044 0.040
0.8 0.052 0.054 0.046 0.046 0.051 0.049 0.052 0.047 0.043 0.051
0.9 0.045 0.050 0.071 0.041 0.074 0.043 0.050 0.071 0.039 0.075
0.95 0.035 0.063 0.089 0.034 0.101 0.038 0.062 0.089 0.034 0.107
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Table 5:

Empirical null rejection frequencies at 5% significance level of the QR based predictability

tests 7, (Eicker-White standard errors), 7.0 (conventional standard errors), IV Xgg, and QY. Sample
size T = 250. Multiple Predictors DGP: y; = B.x;_1 + utr, T = L'xy_1 + vy, with 3, = 0, and where
u; = v fi+a; and vy = —vfi1x + €4, where the common factor f; is generated as a sequence of independent,
standard normals, 1 is a K x 1 vector of ones, v = —4.5 and (ay, e})’ ~ i.i.d. N(0,Ix4+1). The predictors
are generated for T' = pIx with p =14 ¢/T for ¢ = {0,-10,—-0.5T}.

c T T T?  1vxen QY T T 1vxen QY Tr T 1vxor QY
K=2 K=3 K=5

0 0.05 0.025 0.040 0.143 0.128 0.021 0.044 0.195 0.176 0.012 0.063 0.339 0.290
0.1 0.034 0.040 0.107 0.079 0.033 0.052 0.136 0.107 0.049 0.077 0.215 0.155

0.2 0.040 0.047 0.071 0.055 0.055 0.066 0.080 0.058 0.078 0.107 0.123  0.091

0.3 0.050 0.054 0.068 0.051 0.076 0.087 0.076 0.050 0.101 0.124 0.098  0.073

0.4 0.061 0.067 0.060 0.042 0.076 0.086 0.073 0.052 0.115 0.134 0.085 0.060

0.5 0.063 0.065 0.065 0.045 0.080 0.088 0.063 0.052 0.121  0.143 0.084 0.058

0.6 0.059 0.062 0.056 0.046 0.078 0.084 0.067 0.051 0.120 0.140 0.085 0.064

0.7 0.0567 0.062 0.065 0.044 0.074 0.085 0.074 0.050 0.104 0.128 0.103 0.074

0.8 0.047 0.051 0.078 0.059 0.059 0.071  0.077 0.067 0.084 0.109 0.126 0.083

0.9 0.036 0.042 0.105 0.084 0.044 0.063 0.147 0.107 0.049 0.077 0.218 0.159

0.95 0.025 0.034 0.152 0.121 0.023 0.049 0.222 0.178 0.006 0.062 0.357 0.298

-10 0.05 0.049 0.058 0.128 0.131 0.046  0.055 0.183 0.183 0.026 0.057 0.304 0.300
0.1 0.063 0.062 0.082 0.076 0.051 0.059 0.112 0.103 0.039 0.062 0.163  0.147

0.2 0.064 0.068 0.060 0.050 0.057 0.063 0.070 0.062 0.055 0.068 0.096 0.083

0.3 0.069 0.065 0.046 0.047 0.058 0.063 0.049 0.048 0.060 0.072 0.072 0.072

04 0.066 0.069 0.037 0.046 0.059 0.067 0.042 0.046 0.062 0.074 0.063 0.060

0.5 0.067 0.073 0.043 0.046 0.060 0.064 0.038 0.046 0.068 0.080 0.061 0.059

0.6 0.058 0.063 0.037 0.039 0.063 0.067 0.047 0.041 0.064 0.074 0.062 0.056

0.7 0.061 0.063 0.044 0.045 0.061 0.067 0.061 0.053 0.062 0.070 0.068 0.073

0.8 0.060 0.065 0.053 0.051 0.060 0.065 0.066 0.057 0.055 0.072 0.096 0.091

0.9 0.049 0.057 0.080 0.076 0.047 0.063 0.111 0.101 0.041 0.060 0.163 0.157

0.95 0.045 0.054 0.133 0.130 0.037 0.046 0.191 0.174 0.020 0.051 0.326  0.305
-0.57 0.05 0.041 0.050 0.143 0.136 0.034 0.049 0.191 0.182 0.026 0.042 0.306 0.304
0.1 0.049 0.048 0.084 0.084 0.040 0.049 0.102 0.108 0.032 0.048 0.159 0.144

0.2 0.0562 0.0564 0.049 0.052 0.044 0.054 0.063 0.062 0.036 0.048 0.079  0.080

0.3 0.046 0.050 0.043 0.051 0.043 0.048 0.051 0.051 0.033 0.043 0.062 0.061

0.4 0.049 0.054 0.040 0.044 0.049 0.051 0.039 0.043 0.034 0.042 0.049 0.054

0.5 0.057 0.060 0.038 0.044 0.043 0.050 0.045 0.038 0.036 0.043 0.050 0.050

0.6 0.050 0.054 0.038 0.043 0.046 0.047 0.041 0.041 0.041 0.048 0.053 0.051

0.7 0.050 0.053 0.046 0.049 0.050 0.056 0.052 0.049 0.038 0.050 0.067 0.064

0.8 0.052 0.055 0.051 0.055 0.045 0.050 0.057 0.067 0.034 0.048 0.074  0.069

0.9 0.045 0.048 0.086 0.088 0.040 0.045 0.105 0.107 0.029 0.043 0.166 0.149

0.95 0.041 0.050 0.129 0.139 0.031 0.043 0.186 0.190 0.023 0.041 0.316 0.314
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(d) 7=0.2,¢c=-25

(m) 7=0.2, c=—0.5T
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(b)y 7=0.5,¢=0

() 7=0.5,c=—-25

(k) 7=0.5, c=—20

(n) 7=0.5, c=—-0.5T

IVXqr

IVXNEs

(¢) 7=0.8,¢=0

(f) 7=0.8,c=-25

(i) =108, c=—10

(1) 7 =08, c=-20

(o) 7=0.8, c=—-0.5T

— Y e 5%

Figure 1: Finite sample local power of predictability tests for T' = 250. DGP1 (homoskedastic and serially
uncorrelated innovations): y; = Brxi—1+uir, ¢ = pri—1+v, p = 14+¢/T, B = b, /T (except for c = —0.5T
where 8, = b, /V/T), b, = {0,1,...,26}, and (us,v;) ~i.i.d. N(0,X), with X =[1 —0.95 —0.95 1].
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Table 6: Predictor persistence, tests for stationary volatility in the log of the equity premium, ep,
and in the twenty-two predictors considered, and conditional mean predictability test results.

95% CI for p Hgs  Hr Hevm Hap 5

1.163 1.338 0.614"" 3.311"" 1.551
1.553™ 1.654" 0.742""  3.414™ 0.400

skewy [0.943,0.997
Taillndex, [0.684,0.830

epy - 0.192 0305  0.002 0.027  —
dpy [0.994,1.012]  0.537  0.891  0.069 0.421  0.219
dy; [0.993,1.012]  0.549  0.919  0.071 0.428  0.366
e/pe [0.915,0.983]  0.856  1.406  0.179 0.813  0.287
dey [0.826,0.929]  1.047  1.684"  0.280 1.268  0.000
rvoly [0.937,0.994]  0.710  0.951  0.088 0.582  1.811
by [0.984,1.010]  0.664 1234  0.121 0.631  0.151
ntis, [0.962,1.005]  0.757  1.307  0.158 0.713  1.083
tbl, [0.992,1.012]  0.800  1.262  0.080 0.458  0.342
Ity [0.997,1.013]  0.606  0.840  0.073 0.429  0.395
ltr, [0.144,0.392]  0.908  0.965  0.183 0.870  0.134
tms, [0.949,1.000]  1.044  1.159  0.272 1409  0.507
dfye [0.847,0.942]  0.972  1.267  0.237 1.103  0.462
dfry [0.227,0.463] 1.635™" 1.737" 0.646™" 3.007"" 0.283
infly [0.547,0.726]  1.003 ~ 1.436  0.297 1425 0.020
vizy [0.772,0.892] 1.3617" 1.389  0.625"" 3.146™" 1.493

]

I

]

]

]

]

]

ACMY10, [0.996,1.012 0.698 0.888 0.092 0.495 0.403
ACMTP10, [0.984,1.011 0.738 1.187 0.117 0.540 1.500
vy [0.141,0.389 0.980 1.008 0.315 2.056°  0.058
1y [0.787,0.903 1.042 1.042 0.269 1.583 0.181
TVt [0.282,0.510 0.882 0.946 0.303 1.883 0.006
Notes: (i) Bold entries denote statistical significance at the 5% level (or stricter), while *, ** and

EE indicate significant outcomes at the 10%, 5% and 1% significance levels, respectively. (ii) The
column labeled "95% CI for p" refers to the 95% confidence interval for the largest autoregressive
root (p) of the predictor variable. (iii) The critical values for the stationary volatility tests, Hxg,
Hr, Hova and Hap, are respectively 1.64, 2.01, 0.743, 3.85 for a 1% significance level; 1.36, 1.75,
0.461, 2.492 for a 5% significance level and 1.22, 1.62, 0.347, 1.933 for a 10% significance level,
see Cavaliere and Taylor (2008, Section 6, pp.311-315). (iv) The final column, headed t%*, reports
the full sample fixed regressor wild bootstrap based test results for conventional conditional mean
predictability proposed by Demetrescu et al. (2022).
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Table 7: Equity Premium Predictability: Univariate Predictor Performance. This table reports results from short-run (1-month ahead) predictive
regressions of CRSP month-end values index returns. The first 14 rows report the test results for the predictors in Welch and Goyal (2008), followed
by results for the log of the VIX (vizy), the log of SKEW (skew), the tail index, the 10 year treasury term premium and yield, and the variance risk
premium.

Tr 0.05 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 0.95

dpe 3.242 T 0.53 0.686 0.275 0.244 0.393 0.054 0.007 0.002 0.287 0.048 0.420
7O 0.051 0.806 0.304 0.266 0.409 0.054 0.007 0.002 0.291 0.049 0.360

IVXgor 0.740 0.504 0.492 0.022 0.362 0.071 1.492 1.282 0.069 0.002 2.816

TVXMEE  -0.0257 -0.019" 0.012" 0.002 0.008™  -0.003 -0.014™"  -0.013""  -0.003""  0.001 0.025""

I 1.383 1.519 0.561 0.608 1.008 0.652 0.166 -0.416 -0.160 -0.226 1.863"

dy: 3.754 T 0.286 1.248 0.612 0.495 0.650 0.152 0.000 0.010 0.458 0.013 0.132
70 0.312 1.556 0.701 0.553 0.686 0.153 0.000 0.010 0.477 0.015 0.126

IVXgr 0.224 0.552 1.855" 3.701™"  2.990™"  0.896 0.299 0.003 0.054 0.005 1.243

IVXMBE 0,012 0.017™"  0.019""  0.022""  0.0177"  0.009"  0.004”"  0.001"  -0.002"" -0.001" 0.016

v 1.583 1.379 0.496 1.419 1.146 0.898 0.157 -0.415 -0.154 -0.121 1.675"

e/t 12.477 T 2.733"™"  2.516"" 1.920" 2.072"" 1.579 0.474 0.051 0.734 1.386 1.796" 2.198™
7O 5.497"""  3.594™" 2,029  2.176"" 1.621 0.475 0.054 0.946 2.060™  3.647"  7.644™

IVXgor 3.656""" 11.372""" 7.853"" 5.270" 5.120™"  0.988 0.070 2.366"" 2.540"" 6.851"""  1.249

IVXAEE 003477 0.048™"  0.028""  0.0197  0.016™"  0.007""  0.002 -0.010"""  -0.012"" -0.021""" -0.012""

tw 2.747"""  3.509™"  2.490™" 1.336 1.392 0.435 0.273 -0.404 -0.167 -2.218™  .0.388

dey 11.757 7. 3.319""  1.153 0.342 0.314 0.088 0.008 0.007 0.956 0.812 2.282"  3.571"
7O 6.374™"  1.379 0.300 0.287 0.086 0.008 0.008 1.287 1.275 5.135"""  15.010""

IVXgr 4.154™"  7.939™ 1599 0.820 0.525 0.548 0.014 0.772 2,074 3.815""  0.943

IVXNEE 0,030 -0.037 -0.011 -0.007 -0.005 -0.004 -0.001 0.005 0.009 0.015 0.009

v -1.120 -1.865" -0.625 -0.844 -0.019 0.023 0.738 1.538 1.648" 1.986"" 0.736

rooly 37.202""" T, 4.913""  5.008™"  0.620 0.723 0.042 2.313"  4.474™ 1113177 18.980"" 13.8177" 8777
7O 3.082"""  2.912™" 0535 0.668 0.040 2.325"  4.787""  13.253"" 24.534™" 18.052""" 16.0177"

IVXgor 11.4577"" 10.781""  0.870 1.290 0.017 0.473 54717 11.1117"7 17.085"" 39.005""" 25.404""

TVXNEE 03677 -0.272 -0.059 -0.059 -0.006 0.028 0.091™" 0.131"" 0.167"" 0.252"" 0.265""

3 -2.167""  -3.366""  -0.953 -1.281 0.081 1.233 2.038™  3.126""  4.210™"  6.55177"  4.020™

by 3.477 T 0.039 0.262 0.912 0.131 0.080 0.029 0.014 0.302 0.380 0.005 0.253
7O 0.042 0.331 1.093 0.145 0.083 0.029 0.014 0.321 0.456 0.006 0.295

IVXgr 0.530 0.225 1.750" 0.000 0.548 0.576 0.351 1171 0.425 0.002 2.577"

TVXMBE — 0.064 -0.039 0.055"""  0.000 -0.024 -0.023 -0.017 -0.033 -0.020™  0.002 0.087

tw 0.690 1.361 1.296 1.883" 0.763 -0.001 0.136 -1.048 -1.133 -0.744 1.105

ntis; 12314 T, 3.786™"  3.997™"  0.000 0.367 0.040 0.005 0.029 0.241 0.010 0.174 0.394
7O 5.464 7 4.33177  0.000 0.383 0.041 0.005 0.027 0.219 0.008 0.141 0.319

IVXqr 3.366"""  5.3477"  0.586 0.000 0.433 0.011 1.313 0.572 0.796 0.788 0.066

IVXMBE 0593 0.643 0.145 0.000 0.092 0.013 0.144 0.099 0.127 0.172 -0.059

tw 2.088"" 2.341" -0.259 -0.205 0.357 -0.028 0.278 0.501 0.037 0.151 -0.527

g
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Table 7: continued ...

T

Tr 0.05 0.1 0.2 03 0.4 0.5 0.6 0.7 08 0.9 0.95
thl, 7.064 T 0.949 0.435 0.814 1.114 0.578 0.888 1.049 0.176 0.489 0.011 0.296
7o 0.766 0.394 0.749 1.079 0.567 0.890 1.084 0.178 0.503 0.011 0.311
IVXgr 0.563 0.010 1.238 0.325 0.790 0.463 0.013 1.235 1.292 0.329 0.725
IVXMBE  0.002 0.000 -0.002 -0.001 -0.001 -0.001 0.000 -0.002 -0.002 -0.001 -0.002
[ 1.435 1.026 -0.500 0.218 0.014 -0.513 -0.173 -0.843 -0.220 -0.578 -0.518
Ity 7.718 T 1.078 0.549 0.787 1.359 0.684 1.054 1.468 0.183 0.557 0.009 0.262
70 0.707 0.450 0.740 1.336 0.676 1.060 1.507 0.182 0.539 0.008 0.250
IVXgr 1.380 0.000 1.820" 4.330"" 0919 0.659 0.907 1.979" 0.590 0.002 0.465
IVXYEE 0004 0.000 -0.002""  -0.003""  -0.001 -0.001 -0.001 -0.002"""  -0.001 0.000 -0.002
£ 1.413 1.652 0.301 0,204 0.794 0.017 -0.026 -0.729 0.072 -0.512 -0.251
ltr 5.445 T 1.025 0.841 0.044 0.000 0.025 0.343 0.488 1.080 1.188 2.518""  2.784™"
7o 2.440"" 1.435 0.050 0.000 0.025 0.344 0.483 1.109 1.377 3.522"""  5.264
IVXgr 0.498 2.155™ 0.236 0.000 0.160 0.032 0.840 3.457™"  3.036™"  3.135""  11.364™
TVXMEE 0,002 -0.003 -0.001 0.000 0.000 0.000 0.001 0.001 0.001 0.002 0.004
tw -1.095 -0.481 0.090 0.629 0.260 0.098 0.847 1.119 1.039 0.888 1.679"
tms, 8.618 T 0.254 0.046 0.110 1.270 0.727 0.628 2.890""  0.292 0.784 0.314 0.004
7O 0.362 0.053 0.115 1.340 0.740 0.629 2.750"""  0.275 0.665 0.286 0.004
IVXgr 0.217 0.045 1.032 2.877""" 0479 0.515 0.673 0.253 0.136 0.135 0.000
IVXHPE 0003 -0.001 -0.003 -0.004 -0.001 -0.001 -0.001 -0.001 -0.001 -0.001 0.000
I 1.078 1.114 0.134 -1.316 -0.692 -0.092 -0.274 0.123 0.587 0.091 0.231
dfy, 20.052""  7; 5.004"""  5.537""  1.752" 0.496 0.554 0.000 0.001 1.202 3.429""  3.530"""  3.828"""
TO 28.504""" 15.924™""  2.625™"  0.559 0.576 0.000 0.001 1.330 4.984""  6.406™""  12.498""
IVXgr 9.993""  15.222"7 12.192™" 14.220" 4.193""  1.072 0.224 4.165"""  8.939™"  4.838""  2.370"
IVXMEE 00517 -0.052"  -0.033 -0.032 -0.014 -0.006 -0.003 0.013""  0.018™" 0.018"" 0.013"
3 -2.420""  -2.620""  -1.333 -1.541 -0.471 -0.004 0.207 1.571 2.073™ 1.680" 0.426
dfr, 6.138 T 1.377 1.090 1.390 1.352 0.625 0.352 0.316 0.000 0.149 1.723" 1.827"
7O 5.379"""  2.573™"  1.959" 1.479 0.661 0.353 0.311 0.000 0.195 3.201"""  5.903"""
IVXop 2.152""  1.578 6.739™"  3.021™  0.853 0.264 0.585 0.000 0.384 3.030""  6.155™"
TVXAEE  0.006 0.004 0.005 0.003 0.001 0.001 0.001 0.000 -0.001 -0.004 -0.005
v 1.168 0.745 2.375"" 1.910" 0.891 0.887 0.443 -0.378 -0.940 -0.744 -2.022""
infly 4.927 T 0.880 1.014 0.324 0.170 0.175 0.498 0.041 0.002 0.153 0.020 0.019
TP 1.651" 1.479 0.367 0.170 0.175 0.500 0.040 0.002 0.155 0.019 0.019
IVXor 0.583 4.024™  0.782 0.516 0.269 0.077 0.000 0.000 0.041 0.004 0.343
IvXMBE  0.015 0.028 0.009 -0.006 -0.004 -0.002 0.000 0.000 -0.002 -0.001 -0.007
tw 0.933 2.226 ©° 0.734 -0.536 -0.198 -0.563 -0.239 -0.540 -0.824 -0.603 -0.343
iz 48.456"" T. 6.1617""  6.487""  2.180" 0.143 0.093 2.812""  5.1417  14.074™ 29.7877 21.306"7° 12.9217
7O 12.640"""  7.667™"  2.205"" 0.134 0.089 2.830""  5.478""  16.626™"" 45.736"" 42.082""" 34.296™"
IVXqr 15.106™" 11.857"  2.739™""  0.000 0.652 1.693 7.2797"  17.463""" 28.0517"" 64.535™"" 127.824""
IVXAEE  -0.063""  -0.046"" -0.017"""  0.000 0.006™  0.009""  0.0177"  0.026"" 0.033""  0.047"""  0.061""
v -3.714™" -3.40777" -2.443" -1574 -0.714 0.582 2.825™"  2.634™"  3.663"" 5833 5.017""

g
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Table 7: continued ...

T

T- 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
skew 9.137 T 1.992" 0.791 2.310"" 1.433 1.606 1.529 3.4537"  0.243 0.116 0.014 0.104
7o 2.272"" 1.105 2.692""" 1453 1.586 1.536 3.663™"  0.263 0.127 0.015 0.107
IVXgr 4.413"" 0528 5.405 3.909 1.006 2.118 0.745 0.172 0.035 0.000 0.008
IvxMBE 0.288™"  0.0617"  0.1077"  0.096™  0.085™"  0.046""  0.032""  0.016™"  0.008""  0.000 -0.007
tw -1.680" 0.905 5.961"""  5.317"""  4.273™"  3.346™" 2.756""  2.127" 0.797 0.459 0.263
Taillndex; 20.146™" T, 3.2177"" 2.356" 0.881 0.203 0.036 1.023 1.755" 3.224™"  8.500"" 7.269"" 12.903"
7O 2.600"""  2.009"" 0.889 0.203 0.037 1.028 1.703" 3.002""  6.871"" 5.813""  9.265""
IVXgor 5.614"""  8.394™" 3.695"" 5.530"7"  0.001 1.683" 2.802"""  10.213""" 20.609""" 40.635""" 39.708"""
IVXAEE  -0.060™"  -0.044™"  -0.020""  -0.022"""  0.000 0.010""  0.012™"  0.024™" 0.036""  0.053"""  0.056""
Y -2.470""  -2.536""  -0.699 -0.620 -0.539 0.839 1.094 2.022 7 1.497 2.416™"  3.12177
ACMY10, 7731 T: 1.067 0.539 0.803 1.370 0.693 1.065 1.471 0.189 0.567 0.008 0.266
70 0.704 0.443 0.756 1.347 0.685 1.072 1.511 0.188 0.550 0.008 0.255
T
IVXgr 1.331 0.000 2.120""  4.316""  1.618 0.654 0.892 1.950" 0.497 0.002 0.902
TVXMBE  0.004 0.000 0.002"  -0.003""  -0.002°  -0.001 -0.001 -0.002™""  -0.001 0.000 -0.003
v 1.395 1.206 0.343 0.192 0.672 0.065 -0.031 -0.739 0.030 -0.511 -0.195
ACMTP10; 7.948 T 0.078 0.073 1.887" 2.979™"  1.671" 1.689" 3.078™"  0.398 0.889 0.002 0.101
79 0.057 0.060 1.655" 2.767""  1.632 1.699" 3.193™"  0.394 0.873 0.002 0.113
T
IVXor 1.140 4.897™" 1067 5.586""  0.515 0.886 1.906" 0.724 0.247 0.001 0.000
TVXMBE 0,008 -0.014 -0.004 -0.007 -0.002 -0.002 -0.003" -0.002 -0.001 0.000 0.000
I 1.095 0.244 -0.113 -2.036 -0.529 -0.340 -0.631 -0.632 -0.264 -0.042 -0.678
vrp; 14710 T, 0.449 0.148 0.214 0.144 0.399 0.657 1.285 1.633 1.903” 0.531 0.006
7O 1.672" 0.289 0.249 0.137 0.366 0.657 1.534 2.568"""  4.616""  2.629""  0.059
IVXgr 0.008 0.487 4.1747""  8.019""  16.928"" 26.725"7" 34.546™" 41.630""" 42.801"" 10.163""  0.166
TVXAEE  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.000 0.000
tw 1.485 1.918 0.271 1.290 0.520 0.282 0.157 0.090 0.423 -0.764 -0.581
vy 48.603""" T, 6.875""  7.049™"  4.473™"  0.560 0.034 1.658" 3.504™"  11.592""" 24.268™" 18.466""° 11.879""
7O 31.749"" 16.647""  5.944™"  0.599 0.034 1.664" 3.603""  13.446™"" 38.181"" 52.686""" 58.524™""
IVXgor 51.800""" 43.884""" 9.6197" 9.690""  0.273 2.722""  28.601"7"" 51.513""" 60.586""" 92.774"" 82.369""
TvxyEE  -0.001 -0.001" 0.000""  0.000 0.000 0.000 0.000”"  0.000"""  0.001™"  0.001""  0.001""
W -1.451 -1.351 -0.466 0.335 -0.545 0.162 1.153 1.405 0.826 1.432 1.090
ro 32.108"" 7T, 3.579™"  3.370™"  2.810""  0.626 0.084 0.156 0.277 1.814" 3.926"" 3.491""  2.828""
7O 25.619""" 11.463""  4.744™"  0.727 0.083 0.156 0.305 2.593""  8.830"" 16.526""" 28.331""
IVXgor 80.414"" 65.813"" 18.896""" 4.722""" 8729  0.002 6.916""" 10.255""" 43.030""" 66.221""" 80.569"""
IvXAEE  -0.001 -0.001 0.000" 0.000 0.000 0.000 0.000 0.000 0.000”  0.000"""  0.001"""
tw -1.791 -1.454 -0.166 -0.138 -0.628 -0.007 0.483 0.600 0.688 1.399 0.869

Notes: (i) Bold entries denote statistical significance at the 5% level (or stricter), while *  ** and *** indicate significant outcomes at the 10%, 5% and
1% significance levels, respectively. (ii) The entries in the column headed 7 are the results of the multiple-quantile LM-type test in (16) applied over
the eleven quantiles (7 = 0.05,0.1,...,0.9,0.95) considered in the empirical analysis. (iii) The entries for IVXé\Q/[RBB correspond to the estimates of the
slope parameter, -, in (1), computed as outlined in Fan and Lee (2019, p.264, Eq. (11)), with significance determined via the MBB based confidence
intervals outlined in Algorithm A.1 in Part A of the supplementary appendix, using 1999 bootstrap replications. Associated MBB confidence intervals

for B, are reported in Table C.1 in Part C of the supplementary appendix.
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“Predictive Quantile Regressions with Persistent and Heteroskedastic
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by
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Summary of Contents

Part A of this supplement briefly reviews the Wald-type QR predictability test of Lee (2016) and its
MBB implementation developed in Fan and Lee (2019). Here we also correct implementation errors
present in the MBB algorithm outlined in Fan and Lee (2019) and use Monte Carlo simulations
to highlight the size distortions that can arise when these implementation errors are not corrected.
Part B of this supplement contains a proof of Proposition 1. Part C contains data descriptions
for the time series variables used in the empirical application in section 5, together with the MBB
confidence intervals for (5, referred to in the notes to Table 7. Part D contains the additional
Monte Carlo simulations results referred to in section 4. Finally, Part E shows that the 2SLS
LM-type quantile predictability tests proposed in this paper retain the limiting null distribution
given in Proposition 1 in the cases where we have either mixed persistence predictors or predictors
exhibiting near-integrated common trends. Monte Carlo simulation results are provided to illustrate

these two cases.
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Part A - A Review of Wald Tests for Quantile Predictability

In this section we briefly review the Wald-type tests for quantile predictability proposed in Cai
et al. (2023) and Lee (2016), together with the MBB implementation of the tests of Lee (2016)
developed in Fan and Lee (2019), designed to allow for conditional heteroskedasticity in the errors.
In the context of the latter we correct two implementation errors present in the MBB algorithm
outlined in Fan and Lee (2019, p.268).

The test proposed by Cai et al. (2023) is based on the variable addition approach for predictive
mean regressions proposed by Elliott (2011) and Breitung and Demetrescu (2015). Specifically,

considering the multivariate predictive quantile regression model,

Qu, (TlXe—1) = pr+ B,thfl

= pr+BrEi_y + Y wia, (A1)

where &} | = x;—1 — w1 and w;_; is vector of additional (auxiliary) variables. The unknown

parameters u., B, and ~y, are estimated by,

T

(/-LATaIBATvﬁ);T) = argﬂmin ZPT (yt - M — B;—wt—l - ’Y'/rwt—l) ) (AQ)
HrsPrsYT —1

where w; := (w1y, ..., wkt). The terms wy, i =1, ..., K are generated as:
a) For each i generate by simulation ¢; = >.¢_, a; where a; ~ 7id(0, 1).

b) For each ¢ run the regression z; ¢+ = mo + m1(ir—1 + €it.

c) For each i generate w;; 1 = m1(ig 1 + =t
’ ’ 1+x12,t—1

Next, based on the QR estimates from (A.2) compute the weighted estimator 8 which is given
as follows,

B) = (Wi +Wo) H(Wi3, + Wad,),

where Wy := T2 Zthz wi x| —T7° ZtTZQ Wi—1 ZtTZQ xy’ | and Wy := T2 Ethz Wi Wi —
_3 T T
T3 3y w1 X W)y
Finally, to test the null hypothesis Hy : R3. = r,, where R is a r x K matrix with rank r, and

the Wald statistics proposed by Cai et al. (2023) is,

£ 2
Q¢ = Ll mpy — ) (ROW )+ W) WalRW+ W) ) (ROY ). (A3)
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where fut’T(O) is a consistent estimator of f,, (0). Cai et al. (2023, p.235) show that the statistic
in (A.3) is x? distributed with r degrees of freedom under Hj.
In the case of a single predictor Cai et al. (2023, p.233) suggest the following t-statistic,

£ = fu, (0)[War(1 —7)] 72 (W1 + Wo)T By (A4)

T

where W1 and Ws are the scalar forms of W1 and W, respectively, above.

In order to develop a test of the null hypothesis of no quantile-specific predictability, Hy : 3, =
0, against the two-sided alternative, H; : B, # 0 in the context of the quantile predictive rgeression
in (1), Lee (2016) first adjusts the data by subtracting from y; the fitted intercept from the QR of
y: on a constant and the putative predictors; see Equation (3.1) of Lee (2016). In our notation, he

computes the zero-intercept QR dependent variable y; , := y — &, where

T
(dT, B;)' = arg min ZpT (yt —a— blfL'tq) (A-5)

2L R —

with p; the usual quantile check function, p,(u) := uip-(u), and where 1. (u) is as defined in (2).
In preliminary simulations we found that imposing the null hypothesis on this data adjustment
step significantly improves finite sample size at extreme tail quantiles without any noticeable de-
terioration in the size at central quantiles or in power under the alternatives studied for either the
IVX-QR and the MBB-IVX-QR procedures. For both of these procedures, we therefore de-quantile
the data, under the restriction of the null hypothesis 3. = 0 , to obtain ¢, 1= y; — Qyt (1), where

A~

(QQy, (T) denotes the sample (marginal) 7-quantile of y; defined as

T
Q. (7) == argmin > pr (41 —q), (A.6)

q t=1

i.e. by imposing b = 0 in the QR (A.5). His proposed Wald-type test, given in Proposition 3.2 of
Lee (2016, p.110), and denoted IV Xgg in what follows, is then based on regressing % on ;1
using instrumental variable [IV] estimation. Specifically, in order to develop tests which are robust
to both the persistence and degree of endogeneity of the predictors, Lee (2016) employs the IVX
estimation method of Kostakis et al. (2015) using the vector of instrumental variables, zy; defined
exactly as in (10), with tuning parameters chosen in a specific manner; see Step 1 of Algorithm
A.1 below.

Following Lee (2016) and Fan and Lee (2019), their tests are then based around the IV Xgp

estimator of 3, in an auxiliary QR of the de-quantiled data g - on z;;—1 without intercept; that
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is,
) T
2 1UVT . ~
B, = arg min > " pr (Gt — B'z14-1) (A7)

t=1

where p; is as defined in the context of (A.5). Although the limiting distribution of BZTW is asymp-
totically (mixed) Gaussian, Fan and Lee (2019) show that the associated IV Xgpr tests proposed
in Lee (2016) have limiting null distributions that depend, in a complicated way, on nuisance pa-
rameters arising from the conditional variances which they argue renders the conventional solution
of correcting the statistics using estimates of the nuisance parameters involved impractical. As a
result, Fan and Lee (2019, p. 268) propose a MBB implementation of the IV Xgp tests, which they
demonstrate to be first-order asymptotically valid under conditional heteroskedasticity.

As discussed in Remarks A.1 and A.2 below, it would appear that there are implementation
errors in the MBB algorithm detailed in Fan and Lee (2019, p.268). We correct these in Algorithm
A.1 below, which we state in full for completeness. The simulations results presented in section 4
for the MBB implementation of the IV Xqgp tests are based on Algorithm A.1. In line with Fan and
Lee (2019, p.268), the MBB algorithms we detail below are implemented for the case of a scalar

predictor; cf. Footnote 8.
Algorithm A.1 (MBB IV XggR) :

Step 1: Given data (yi, x) for t = 1,...,T, select the IVX tuning parameters a and n ac-
cording to the rule outlined in Lee (2016, pp.110-111) and construct the instrument
21t

Step 2: Set the block length to b = [TY*] where [a] denotes the least integer that is
greater or equal to a. Let m = [T/b]. Randomly sample m data blocks from
(B(1),...,B(q)), g =T — b+ 1, where B(t) = (w¢, Wit1,..., Weip—1) with wy =
(Yt 21,4—1). Denote the resulting resampled data as (w7,...,w}), where { = mb
and wi = (y;, 2] 4_1)-

Step 3. Compute §;, = y; — Qy; (1) where Qy; (1) is obtained analogously as in (A.6),
and estimate

l
fiver _ arggnin S or (Fr — B2541)- (A.8)
t=1

Step 4: Repeat steps 2 and 8 N times to oblain Bﬁvm’*(l), e 73?}%*(1\7)'
Step 5: The (1 — a)100% percentile interval is [C;’*l(a/2), G 11— 04/2)}, where G is the

empirical CDF of Bivx’* from step 4.
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Remark A.1 Unfortunately, the MBB IV X tests, as prescribed in Fan and Lee (2019, p.268),
are not invariant to the intercept term, a., in the QR in (1). The reason for this is as follows.
In the MBB implementation outlined in Fan and Lee (2019) (note that this coincides with the
1 VX]QWRB B1 procedure outlined in Algorithm A.2 below) the bootstrap data are obtained by resam-
pling blockwise from the pairs (y¢, Z;) (where Z; is the IVX instrument in the notation of Fan and
Lee, 2019, Section 4), and so the resulting bootstrap dependent variable, y;, will depend on a..
However, the bootstrap statistics in Fan and Lee (2019, p.266) are computed without adjusting
y; for a non-zero intercept, even though the data used in their original statistic is adjusted; see
their equations (11) and (12), where y, in their equation (11) is seen from equation (3.1) of Lee
(2016) to be the original y; adjusted by subtracting an estimate of the intercept (here, the estimator
imposing the null, i.e. the sample T-quantile of g, Qyt(T». The resulting bootstrap statistics will
therefore not be size controlled, except in the case where a, = 0. Numerical illustrations of this
lack of invariance to a; can be found in Table A.1 below. A pivotal MBB can easily be obtained,
however, by de-quantiling y; before computing the bootstrap statistics in equation (12) of Fan and

Lee (2019), as is done in Step 3 of Algorithm A.1 above. &

Remark A.2 Additionally, it is important to observe that in Step 2 of Algorithm A.1 the data
blocks are built from w; = (y¢, 27¢—1) and not from w; = (y, 2r+) as is suggested in Fan and Lee
(2019, p.266). The latter will generate a mismatch between the observations of y; and 27, when
the latter is lagged to compute the predictive regression. Given that the block length b is likely to
be small in practical applications (e.g. b =4 and b = 6 for T' = 250 and T' = 750, respectively),

this mismatch has the potential to generate significant finite sample size distortions. &

Remark A.3 The MBB scheme described in Fan and Lee (2019, p.268) resamples the original
data in such a way that the temporal ordering of the original data is not preserved in the bootstrap
data. Consequently, this implementation would be expected to fail to control size in the presence
of unconditionally heteroskedastic errors and/or time-varying endogeneity correlations (simulation
results for the former, reported in Tables D.11-D.14 of the supplementary appendix, confirm this).
In the conditional mean predictive regression setting, Demetrescu et al. (2022, 2023) adopt a wild
bootstrap re-sampling device to address this issue, but it is unclear how a wild bootstrap could be

implemented in the setup of Fan and Lee (2019). O

We conclude this part of the appendix by evaluating the alternative MBB schemes discussed in

Remarks A.1 and A.2, including the original MBB algorithm proposed by Fan and Lee (2019):
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Algorithm A.2 (MBB IV XggR) :

Step 1: Given data (yt,x¢) for t = 1,...,T choose (a,n) using the rule in Lee (2016) (in
the notation of Lee (2016) the tuning parameters are (C,,0)) and construct the

instrument 2y ;.

Step 2: Set the block length to b = [TY*] where [a] denotes the least integer that is
greater or equal to a. Let m = [T/b]. Randomly sample m data blocks from
(B(1),...,B(q), ¢ =T —b+1, where B(t) = (w¢, Wet1, ..., Wirp—1). We consider
two possibilities for wy: (1) wy = (yt, 214); or (i) wy = (Y, 214-1). Denote the
resulting resampled data under case (i) by (w7, ..., wy) where wy = (y/,27,), and

under case (i) by (wi*, ..., w;*) where w;*

= (yf*,zﬁ_l), where, in each case,

£ =mb.
Step 3: Either: based on wy, estimate,

4

g arg min S pr (T —B2in) k=12 (A.9)
t=2

where, for the case of k = 1, g/, = yi, and for the case of k = 2, g/, =
v — Qy; (1), with Qy;« (1) obtained analogously as in (A.6);

Or: based on wi*, estimate,

4
Bor® =argmin Y p, (5 — Bzi5,) k=34 (A.10)
t=1

*
F =

where, for the case of k = 3, g yr*, and for the case of k = 4, g7 =
yrr — Qyt**(T), with Qy;*(T) obtained analogously as in (A.6).

Observe that the main difference between 27, | and 2}y, is that the former cor-
responds to the lag of the bootstrapped =7, from Step 2, whereas z77_, is directly
bootstrapped from zr ;1 in Step 2. For this reason, the summation index in (A.9)

needs to start at t = 2, rather than t =1 as in (A.10).
Step 4: Repeat steps 2 and 3 N times to obtain B,ivf’*(l), e ,B,ivf’*(N).

Step 5: The respective (1—a)100% percentile intervals are computed as [@*1(a/2), G*1(1 —a/2)|,

where G is the empirical CDF of B—irm’* from step 4.

For convenience in what follows, we will refer to the statistics resulting from the four MBB

schemes described in Algorithm A.2 above as [ VXg RBB’“, k = 1,...,4, respectively. Notice that
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1 VXg%B By corresponds to the MBB tests computed as described in the algorithm of Fan and
Lee (2019, p.268), while TVX[PP* corresponds to the MBB test outlined in Algorithm A.1. To
evaluate the invariance to nonzero intercepts at the different quantiles of the four MBB algorithms,
we consider the DGP in (17)-(18) with homoskedastic and serially uncorrelated innovations, but
we now set a; = 1 in (17). The results are presented in Table A.1 below. Comparing the results
for I VXg RBBl in Table A.1 with the corresponding results in Table 1 and Table D.2, where a.; = 0,
the lack of invariance of [ VXg%B Bi to a is very clearly seen (the same sets of random numbers
were used across the two sets of simulation experiments, such that the only difference between the
two sets of simulated data is whether a; = 0, as with the results in Table 1 and Table D.2, or

a, = 1, as with the results in Table A.1).

S.7



Table A.1: Empirical null rejection frequencies at 5% significance level of MBB QR based predictability
tests IVX%%BB’“, k =1,...,4, for sample sizes T = 250 and T = 750. DGP: y; = ar + Brx¢—1 + Ugr,
Xt = pri_1+ve, witha, =1, 8, =0, p = 14+¢/T for ¢ = {0, —2.5,—10, —0.5T}, and (ug, v¢) ~ i.5.d. N(0,X),
with ¥ =[1 —-0.95 -095 1].

MBB, MBBy MBBg MBBy MBB, MBB, MBB3 MBBy

c T IVXgga VX, VX, VX, IVXop IVXop IVXop IVXog
T =250 T =750

0 0.1  0.665 0.007 0.665 0.055 0.759 0.027 0.759 0.066

0.2 0.604 0.013 0.609 0.069 0.688 0.031 0.688 0.071

0.3 0597 0.021 0.602 0.093 0.675 0.037 0.677 0.080

04 0523 0.018 0.527 0.075 0.639 0.031 0.641 0.070

0.5 0.515 0.018 0.523 0.073 0.629 0.032 0.630 0.071

0.6 0517 0.019 0.525 0.078 0.634 0.033 0.635 0.071

0.7  0.586 0.020 0.587 0.092 0.665 0.038 0.666 0.081

0.8 0.591 0.014 0.599 0.070 0.674 0.028 0.677 0.073

0.9  0.627 0.009 0.638 0.054 0.743 0.028 0.742 0.066

-25 0.1 0.356 0.005 0.366 0.045 0.518 0.020 0.518 0.055

0.2 0.281 0.012 0.292 0.053 0.396 0.022 0.401 0.055

03 0284 0.017 0.292 0.071 0.380 0.028 0.387 0.062

04 0.174 0.014 0.183 0.062 0.315 0.028 0.320 0.060

0.5 0.164 0.013 0.180 0.066 0.311 0.027 0.318 0.062

0.6  0.169 0.014 0.186 0.067 0.313 0.024 0.315 0.060

0.7 0272 0.015 0.295 0.070 0.365 0.027 0.372 0.063

0.8 0.268 0.010 0.283 0.057 0.382 0.021 0.389 0.057

09 0314 0.006 0.340 0.049 0.484 0.019 0.490 0.054

-10 0.1 0.100 0.006 0.113 0.042 0.213 0.017 0.220 0.045

0.2  0.073 0.009 0.086 0.048 0.110 0.016 0.116 0.049

0.3  0.095 0.010 0.107 0.058 0.112 0.021 0.117 0.057

0.4 0.019 0.011 0.028 0.055 0.056 0.024 0.061 0.055

0.5 0.014 0.012 0.026 0.056 0.057 0.021 0.067 0.058

0.6  0.017 0.010 0.033 0.054 0.056 0.022 0.062 0.056

0.7 0.087 0.011 0.100 0.058 0.110 0.023 0.114 0.054

0.8  0.073 0.008 0.092 0.046 0.106 0.019 0.116 0.053

0.9  0.082 0.006 0.108 0.038 0.194 0.018 0.207 0.046

-0.57 0.1  0.003 0.006 0.006 0.037 0.003 0.016 0.008 0.047

0.2  0.004 0.007 0.008 0.043 0.002 0.015 0.004 0.041

0.3 0.004 0.009 0.008 0.041 0.001 0.016 0.003 0.042

04  0.001 0.007 0.004 0.045 0.000 0.018 0.001 0.045

0.5  0.001 0.007 0.006 0.041 0.000 0.015 0.003 0.042

0.6  0.001 0.007 0.005 0.044 0.000 0.016 0.002 0.040

0.7 0.006 0.007 0.016 0.047 0.002 0.015 0.007 0.042

0.8  0.004 0.008 0.015 0.044 0.003 0.016 0.008 0.048

0.9  0.005 0.005 0.024 0.037 0.004 0.015 0.016 0.044

S.8



Part B - Proof of Proposition 1

In this section we provide a proof of Proposition 1. We first state and prove a preparatory lemma

which will be needed for the purposes of proving Proposition 1.

Lemma B.1 Let the conditions of Proposition 1 hold. Then, for allt =1,...,T, it holds that
§t77' = St,r — S+ Rt,T,
in which 5, .= X575 d Ryp = O,(T~ /2 formly i
T = 7T 2_4=1St,r, AN t,T = p( ), uniformly in t.

Proof of Lemma B.1

Observe first that

1 w,<0and Qum (1) < ugr
Sty — Str = § —1 Ug 7 > 0 and Qut,r (T) > Ugr s

0 otherwise
\

that is,

§t,7’ — St = I (ut,T < 0) I (Qut,T (T) < utﬂ') —1I (Ut,T > O) I (Qu“ (7) > ut,T)
= ¢ur.

Noting that Qy, , (1) = 0, and using the fact that Quw (1) is VT consistent for Qu, . (1) (which
can be established by a straightforward adaptation of the proof of Lemma 4 of De Jong et al., 2007
covering the case of the median), it therefore holds that P (¢r7 # 0) = O (T*1/2), uniformly in ¢.
~1/2

Moreover, because |¢; | can only take the values 0 or 1, E (¢ 7) exists and is itself of order T’

Next write

S0 = st + E(e,r) + (01,7 — E(de1)) 5 (B.1)

where we note that E (¢¢r) is time-invariant under Assumption 1, which it will be recalled imposes

the condition that w; ; is strictly stationary, implying that

i
gnz

T T
r—TE( gth Zst,7+z ot —E ¢tT))
t=1

t=1

and

T T T
E (¢t,1) ZZ Zst Z (Pe,r — E(¢r,7)) -
t=1 t=1

=1

~+
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It is not difficult to show that Zle 5t = Op(1) since Qum (7) is the sample quantile of u; -, and

we therefore obtain that

T
1 ]
E (1) = —5r = 7 ) (d1r = E(brr)) + 5r
t=1
where 3, :=1/T S| 5, is of order O(T1).
Plugging this into (B.1) yields,
1 o _
Sty = Sty — S+ o — T Z (Pr,r — E(Pr1)) + 5-
t=1

=i Stgr — Sr+ Rt,T7

where, observing that P (¢;7 # 0) = O (T*I/z), uniformly in ¢, and that |¢; 7| < 1, Ry is easily

shown to be uniformly bounded and O, (T ~1/2) uniformly in ¢, as required.

Proof of Proposition 1

The proof builds on the structure and arguments used in the proof of Proposition 1 of Demetrescu

et al. (2022). In order to examine the asymptotic behaviour of our LM-type statistic,
T, = CvB;'Ar (ALB;'DyB Ar) T ALB;Cr,

where Ap, By, Cpr and Dy are defined in the main text, denote by ’7}T the analogous statistic

obtained by replacing s; » by s; r; viz,
—1
7!:= CIB'Ar (AYB7'DIBT'Ar)  ArB7Cl,

with CTT = Zthl Zi_151, and DTT = Zthl Et_légfls%ﬁ, analogously to Cr = Zthl Zi-15;, and
Dy = Zle 2,5,12;_15?77 in the definition of 7.

Observing that s;r, z;—1 and x;—1 are easily verified to obey multivariate versions of the
assumptions of Lemma 1 of Demetrescu et al. (2022) (cf. section S.2.2 of their on-line supplementary
appendix), their Corollary 2 then applies and the limiting null chi-square distribution follows for
’7’;; see Remark 17 in Demetrescu et al. (2022). To complete the proof it therefore suffices to show
that 7, and T4 are asymptotically equivalent under the null hypothesis.

In doing so, we can reduce the proof of Proposition 1 in Demetrescu et al. (2022) to the full-

sample case (see their Lemma S.6), and let the scaling matrix W be defined as,
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1. Wp = under strong persistence and
0 T11/2 IK
| 0
K
2. Wrpr .= T2 under weak persistence.
0 T11/2 IK

To establish asymptotic equivalence of T, and T4 we need only compare the behaviour of the
suitably normalised CTT and Cr, and of the suitably normalised D} and Dr.

Examine first W Cr := W Zle Z¢—15¢,r, where we distinguish between the type-I and type-
IT instruments under the two different types of persistence in the following.

Consider the strongly persistent case. Here we have that,

T 1 T = ~
775 ZIt—1S
~ ~ T1/24n/2 thl I,t—15t,1
WT E Zt—18t,r = ) T . (B.Q)
t=1 Ti/2 Zt:l ZII,t—1S5t,r

Examine the first element of (B.2). Recall from Demetrescu et al. (2022) that it suffices to show
that the first element of this vector is bounded in probability, because, under strong persistence,
it is multiplied by a zero-limit weight appearing in the probability limit of the suitably normalized
matrix Ap (which thus plays the role of a selector). This can indeed be seen to be the case, on

noting, appealing to Lemma B.1, that

T T _

T T
1 - N 1 - S - 1 - R
W E 21 t—1St,r = W ZIt—-1St,r — W E Zri—1+ W g Z1t—14uT,
t=1 t=1 t=1 t=1

where the three terms on the right hand side are all bounded in probability or vanishing. The
boundedness of the first term follows from the proof of part 2 of Lemma 1 of Demetrescu et al.

(2022), while for the second it follows because

T

S z1=0, (T1/2+’7) (B.3)

t=1

(also from the proof of part 2 of Lemma 1 of Demetrescu et al. (2022)) as well as 5, = O, (Tﬁl/Q),

and for the third term it follows because

T

E Zri-1

t=1

IN

T
g zZri1 Ry
=1

T
=2
T E ZTt-1
t=1

Slip |R: 7| < Slip |R: 7|

- 0, (T‘1/2\/TT1/2+”/2) :
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see Lemma B.1. Turning to a consideration of the second element of the vector in (B.2), define

S’t e Z;Zl 57, and use the partial summation formula to conclude that

)

T T
g Zi1t-15tr = ZI11,7-15T7r — g St AZpr4
=1 =2

T

= 211,T-15T,T—E S+ AZrr 4
=2

+Z117-1 (5‘717 - ST,T) - ZT: (ST,T - ST,T) Az,

t=2

where Sy » 1= 22:1 (sjr — 57). De Jong et al. (2007, Lemma 3) implies that S’T’T—ST’T =0, (Tl/z).
Therefore, since Az = O (Tﬁl) due to the Lipschitz-type property of the type-II instruments,

and since zy7; is demeaned such that Zthl Z11t—1 = 0, we have that,

T T T
Z Zi14-15tr = Z117-159T7 — Z St AZrrt +0p (T1/2> = Z Zrr—1 (st — 8) + 0p (T1/2>
=1 =2 =1
T
= Z Z[1t-15tr + 0p (T1/2> ,

t=1

as required. Noting that type-Il instruments do not depend on the predictors, this result can be
seen to hold irrespective of the persistence of ;.

Consider next the weakly persistent case. Here we have that,

T
Wr E Zi18tr = : .
t=1 T1/2 D=1 Z11-15tr

1 T = -
T1/2 Zt:l ZIt—1St,T

where the result that,

1 & 1 &
T2 Z Z1i-15t7 = T2 Z Z1t-15t,r + Op(l)a
t=1 t=1

can be established using the arguments given in Section 1.4 of the online supplement to Lee (2016).
The result for ﬁ Zthl Z11,t-15t,7 has already been derived above, where it was noted that this
result holds regardless of whether x; is strongly or weakly persistent.

To complete the proof, it follows from Lemma B.1 that replacing §; - by s; r in

T
} : = > 22
WTDTWT = WT Zt—1”¢_q Stﬂ-WT;
t=1
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to obtain WTD;WT, makes no difference asymptotically, regardless of whether x; is strongly or

weakly persistent. Concretely, we have that

T 1 T = =/ =2 1 T = =/ 52
Z - 2 9 Titn D i—1 RIt-121t-15tr  Titn/2 D -1 RIt—1%211 157

1 T 2/ ) 1T 3 3/ )
t=1 Titn/2 D1 ZIIt—121 115t T D=1 ZIIt—1211 1157

under strong persistence, and

T 1 T = =/ ~2 1 T = ~/ ~92
- - 9 T D1 RIt—-1%1¢-15Str T D i1 RIt—1%11+-15tr
W1 E :thlzt—lst,TWT = 1 T ) I ) )
z 3/ ~ = =/ ~
t=1 T > -1 RIIt-1214-15tr T D -1 RIIt-12711t—15tr

under weak persistence. Appealing to the Cauchy-Schwarz inequality, it then only suffices to
establish that the diagonal elements of WrDrWp — WTDTTWT vanish in the limit, which is
because 5, = O, (T*1/2) and Ry = O, (T*1/2), where the latter holds uniformly in ¢ regardless
of the actual regressor persistence (cf. Lemma B.1), implying that 5377 - 3?,7 must vanish uniformly

in t. We then have for the diagonal entry corresponding to kth type-II instrument that,

T

1
Tzzkllt 1StT— Z 2k, 01,t-15 tT

t=1

2
< Slzp|st,7— Sm E kHtl

Op (Sup ‘51%,7' - 81%,7") = 0p (1) )
t

and, for the diagonal entry corresponding to kth type-1I instrument, that under strong persistence,

1 1 1
=2 ~2 ~2 2 ~2 2 ~2
Ti+n E R It—15tr — Ti+n E Zi14-15tr| = Slzp ’%,T - St,T} Ti+n E 2l I t—1
t=1 t=1 t=1

Op <Slzp }52,7' - 3?,7") =0p (1) ’

while, under weak persistence,

T

%Z koI t— 1StT_TZ ke, t— 15”

=2
< SUP’%T St’T E kIt 1
t—1 t

OP <Slip ‘53,7' - 8?,7") =0p (1) ’

where the magnitude orders of the sums of squared instruments may be obtained from Lemmas S.2
and S.3 of Demetrescu et al. (2022).
Collecting these results together we obtain that 7, and 7. are asymptotically equivalent to one

another under the null hypothesis, with this result holding regardless of whether x; is strongly or
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weakly persistent. The stated result then follows immediately from the asymptotic equivalence of

T, and 77 under the null hypothesis, demonstrated above.
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Part C - Detailed Data Descriptions and [ VXgRBB CIs

¢ Goyal and Welch’s data set
This dataset consists of observations on the equity premium for the S&P Composite index,
calculated using CRSP’s month-end values, together with 14 putative predictors, taken from
the updated monthly dataset used in Welch and Goyal (2008) available on Amit Goyal’s
website (https://sites.google.com/view /agoyall45). The equity premium is the variable to
be predicted and is defined as the log return on the value-weighted CRSP stock market index
minus the log return on the risk-free Treasury bill: ep; := log(1l + Ry, ) — log(1 + Ry,),
where R, is the CRSP return and Ry, is the Treasury bill return (Goyal and Welch, 2003).
The variables are in log form (as in Goyal and Welch, 2003) and each of the predictors is
lagged one period. Specifically, the predictors used are the log dividend price ratio (dp;), the
log dividend yield (dy;), the log earnings price ratio (e/p;), log dividend payout ratio (de;),
the equity risk premium volatility, (rvol:), the book to market ratio (bmy), the net equity
expansion (ntis;), treasury bill rate (tbl;), the long-term government bond yield (Ity;), the
long-term government bond rate of return (ltry), the term spread (tms;), the default yield

spread (dfy:), the default return spread (dfr;), and inflation (infl;).

e A market tail-risk measure
Following Kelly and Jiang (2014), we will consider a market tail risk measure. Computing a
market tail risk index is a challenging task (see e.g. Andersen et al., 2015a,b, and Christof-
fersen et al., 2020).'' Kelly and Jiang (2014) propose a panel estimation approach that
captures common variation in the tail risk of individual firms. Their argument for the use
of this approach is that if firm-level tail distributions possess common dynamics, then cross-
sections of crash events can be used to estimate the common component of their stocks’ tail
risk at each point in time. The advantage of their approach is that it can be straightforwardly
applied to low frequency data and is not subject to the data limitation of single time series
where a long span of data is necessary. To briefly describe their method, suppose that the
time t left-tail distribution of stock #’'s returns is defined as the set of returns that fall below

some extreme negative threshold wy, and it is assumed that the lower tail of stock i's returns

" According to Kelly and Jiang (2014) there are two current approaches to measuring tail risk dynamics for stock
returns: one is based on option price data, and the other on high frequency returns data. Regarding the first see,
inter alia, Bakshi et al. (2003), who study risk-neutral skewness and kurtosis, Bollerslev et al. (2009), who examine
how the variance risk premium relates to the equity premium, and Backus et al. (2011) and Gao et al. (2019),
who infer disaster risk premia from options (see also additional work on the tail index computed from option prices
by Torben G. Andersen and Viktor Todorov at https://tailindex.com/volatilityindex.html). Regarding the second
approach see, for example, Bollerslev and Todorov (2011), Almeida et al. (2017) and Weller (2018).
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behaves as,

—a; /¢
P(rity1 < rlrigy1 < wy and Fp) = (;) , (C.1)
t

where 7 < wy < 0 and JF; is the information set available up to time ¢. Since r < w; < 0,
—a; /A

r/wy > 1 and a;/A¢ > 0, this ensures that 0 < (ﬁ) ' < 1. Kelly and Jiang (2014) refer

to A; as the “tail risk" at time ¢. Notice that high values of A; correspond to heavy tailed

distributions, implying high probabilities of extreme returns.

The identifying assumption for the estimation of 1/)\; is that the tail risk of individual assets
includes a common component which, according to Kelly and Jiang (2014), can be computed
at each point in time from a cross-section of extreme returns for individual assets. A; is
estimated based on the tail index estimator of Hill (1975) applied to the time ¢ cross-section
of firms’ returns. For estimation of the tail index A; in our application, we use the conditional

maximum likelihood estimator proposed by Hill, i.e.,

Ky
A = L5 e C.2
t —EZ” (C.2)
k=1

w,
where Ry, is the kth daily return that falls below wy, the fifth percentile of the cross-section,
during month t and K; is the total number of returns that exceed w; within month ¢ (for
further details on the approach see Kelly, 2014, Kelly and Jiang, 2014 and Nicolau et al.,
2023). Notably, the tail exponent \; is highly persistent - Kelly and Jiang report a monthly
AR(1) coefficient for the resulting tail index series of 0.927. In what follows, we refer to the

tail index estimated in this way as T'atlIndex;.

VIX and SKEW Indexes

We also consider the log of the CBOE Volatility Index (viz) and the log of the CBOE SKEW
index (skew). The viz is a real-time market index that represents the market’s expectations
for volatility over the coming 30 days which is used as a way to gauge market sentiment; that
is, it is an “investor fear gauge”; cf. Bollerslev et al. (2015, p.113). The skew measures the po-
tential risk in financial markets and, like the vix, is also used as a proxy for investor sentiment
and volatility. Tt is calculated using S&P 500 options that measure tail risk (returns two or
more standard deviations from the mean) in S&P 500 returns over the next 30 days; for details

see https://cdn.cboe.com /resources/indices/documents/SKEWwhitepaperjan2011.pdf.
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e Treasury Term Premia and Yields
We also consider the 10 year treasury term premia and yields (ACMT P10; and ACMTY 10;),
obtained from the Federal Reserve Bank of New York ( https://www.newyorkfed.org/research).
The term premium corresponds to the compensation that investors require for bearing the
risk that interest rates may change over the life of the bond. Since the term premium is
not directly observable, it must be estimated, most often from financial and macroeconomic
variables. The data we use are based on the approach of Adrian et al. (2013), who developed
a statistical model to describe the joint evolution of the treasury yields and term premia

across time and maturities. We use end-of-month observations.

¢ Variance Risk Premium
Finally, we also consider the variance risk premium (V RF;), which is a short-term predictor
extracted from the option market (Bollerslev et al., 2009). According to Zhou (2018) the
variance risk premium, provides significant predictability for equity returns, bond returns,
forward premiums, and credit spreads. The documented return predictability peaks around
one month, and then dies out as the forecasting horizon increases. In fact, the conventional
variance risk premium, defined as the difference between the squared Volatility Index (iv:)
and the realised return variance (rv;), is a quasi-variance risk premium because it includes

the pure variance risk premium and higher moment premium components.
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Table C.1: IVXCAQ/[RBB confidence intervals (results for 7 = 0.05 to 7 = 0.5)

0.05

0.1

0.2

0.3

0.4

0.5

dpt
dy
e/pt
det
rvol;
bmy
ntisy
tbly
Ity
ltry

tmsy

df yi
dfrt

infly

VITy

skew
Taillndexy
ACMY 10,
ACMT P10,
VTP

10t

TU¢

[-0.0214; 0.0043]
[-0.0173; 0.0058]
[-0.0111; 0.0135]
[-0.0604; -0.0026]
[-0.3581; 0.0490]
[-0.0865; 0.1054]
[0.0000; 1.3129]
[-0.0039; 0.0056]
[-0.0022; 0.0037]"
[-0.0051; 0.0007]
[-0.0118; 0.0081]

[-0.0475; -0.0033]"
[-0.0017; 0.0117]

[-0.0162; 0.0416]
[-0.0155; 0.0096]
[-0.0056; 0.0142]
[-0.0164; 0.0172]
[-0.0027; 0.0038]
[-0.0189; 0.0073]
[-0.4808; 0.2133]
[-0.0013; 0.0000]
[-0.0014; 0.0000]

[-0.0184; 0.0054]
[-0.0118; 0.0039]
[-0.0093; 0.0103]

kK

[-0.0508; 0.0127]
[-0.3068; 0.0586]
[-0.0586; 0.0887]
[-0.0916; 0.8816]
[-0.0025; 0.0036]
[-0.0014; 0.0018]
[-0.0046; 0.0024]
[-0.0050; 0.0042]

[-0.0493; -0.0077]

[-0.0043; 0.0126]
[-0.0056; 0.0417]

[-0.0058; 0.0113]"
[-0.0021; 0.0046]
[-0.0014; 0.0082]

[-0.0373; 0.0117]
[-0.1218; 0.0192]

[-0.0038; 0.0213]

[-0.2440; 0.6741]
[-0.0030; 0.0008]

[-0.0048; 0.0093]
[-0.0018; 0.0056]
[-0.0014; 0.0070]
0.0267; 0.0080]
0.1163; 0.0482]
0.0374; 0.0562]
0.3213; 0.4250]
[-0.0028; 0.0013]

FHE

R

[_
[_
KA P
[_

[-0.0015; 0.0001] " [-0.0019; 0.0001]

[-0.0029; 0.0024]
[-0.0090; 0.0009]

[-0.0354; -0.0002]
[-0.0009; 0.0086]

[-0.0083; 0.0203]

FA K

*HK

[-0.0179; 0.0067] """ [-0.0099; 0.0019]
“*1-0.0007; 0.0017]"*" [-0.0008; 0.0001]
“*[-0.0079; 0.0107] " [-0.0136; 0.0002]

[-0.0016; 0.0019] [-0.0018; 0.0000]
[-0.0196; 0.0038] [-0.0105; 0.0000]
[-0.4135; 0.1929] [-0.3476; 0.2697]
[-0.0012; -0.0001]"  [-0.0007; 0.0000]
[-0.0014; 0.0000] [-0.0006; 0.0000]

[-0.0022; 0.0017]
[-0.0037; 0.0005]
[-0.0330; 0.0047]
[-0.0001; 0.0081]
[-0.0141; 0.0070]
[-0.0061; 0.0054]
[-0.0033; 0.0029]
[-0.0033; -0.0001]
[-0.0021; 0.0001]
[-0.0089; -0.0001]
[-0.3128; 0.5877]
[-0.0005; 0.0002]
[-0.0004; 0.0002]

FH

FHF

FHE

* ¥k

kK

kK

A

K

kK

kK ok

[-0.0043; 0.0064]

[-0.0017; 0.0050]

[-0.0015; 0.0063]
[-0.0188; 0.0115]
[-0.0503; 0.0217]
[-0.0384; 0.0292]
[-0.0759; 0.2311]
[-0.0020; 0.0011]
[-0.0017; 0.0003]
[-0.0014; 0.0015]
[-0.0036; 0.0006]

[-0.0310; 0.0028)]
[-0.0006; 0.0052]

[-0.0159; 0.0053]
[-0.0047; 0.0045]
[-0.0007; 0.0001]

[0.007; 0.0038]

[-0.0019; 0.0002]

[-0.0063; 0.0003]

[-0.2799; 0.5428]

[-0.0003; 0.0003]

[-0.0002; 0.0002]

' -0.0037; 0.0078]
“*1-0.0020; 0.0041]
0.0022; 0.0046]
[-0.0143; 0.0133]
[-0.0116; 0.0390]
[-0.0457; 0.0226]
[-0.0538; 0.3002]
[-0.0020; 0.0009]
[-0.0012; 0.0001]
[-0.0006; 0.0010]
[-0.0027; 0.0003]

[-0.0226; 0.0068]
[-0.0012; 0.0037]

[-0.0144; 0.0066]

* [-0.0027; 0.0039]

“1-0.0005; 0.0001]

[-0.0028; 0.0048]
[-0.0013; 0.0001]
[-0.0047; 0.0005]
[-0.2612; 0.5616]
[-0.0001; 0.0003]
[-0.0002; 0.0002]

***[

*EE

* ok

*HK

*EK
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Table C.1 (Cont.): IVXgRBB confidence intervals (results for 7 = 0.6 to 7 = 0.95)

0.6 0.7 OTS 0.9 0.95

dpy [-0.0034; 0.0076] **[-0.0045; 0.0081] **[-0.0015; 0.0061] " [-0.0023; 0.0079]  [-0.0035; 0.0115] "
dy; [-0.0001; 0.0008] " [-0.0004; 0.0009]°  [-0.0004; 0.0005]** [-0.0004; 0.0009]°  [-0.0004; 0.0019]
e/t [-0.0022; 0.0044]  [-0.0043; 0.0037]**[-0.0078; 0.0018] **[-0.0014; 0.0002] **[-0.0105; 0.0041] "
dey [-0.0096; 0.0133] [-0.0118; 0.0146] [-0.0033; 0.0184] [-0.0025; 0.0179) [-0.0001; 0.0142)
rvoly [-0.0002; 0.0587] " [0.0053; 0.0871] " [0.0102; 0.1146] " [0.0051; 0.1199] " [0.0001; 0.1036] "
by [-0.0527; 0.0078] [-0.0621; 0.0210]  [-0.0128; 0.0037]"" ]-0.0662; 0.0571] [-0.0203; 0.1069)
ntis; [-0.0329; 0.2492] [0.1207; 0.3361] [-0.1592; 0.4818] [-0.4221; 0.6848] [-0.5415; 0.9938]
thl; [-0.0026; 0.0014] [-0.0026; 0.0018] [-0.0041; 0.0005] [-0.0050; 0.0008] [-0.0058; 0.0012]
Ity [-0.0012; 0.0001]  [-0.0011; 0.0005] " [-0.0011; 0.0003] [-0.0017; 0.0003] [-0.0067; 0.0017]
ltr [0.0002; 0.0020] [-0.0003; 0.0025] [0.0000; 0.0029] [0.0003; 0.0047] [0.0003; 0.0053]
tmsy [-0.0019; 0.0000] [-0.0027; 0.0006] [-0.0018; 0.0012] [-0.0037; 0.0011] [-0.0037; 0.0030]
dfys [-0.0137; 0.0108]  [-0.0074; 0.0145]" [0.0000; 0.0087] " [0.0000; 0.0128] “** [0.0000; 0.0134] "
dfr [-0.0019; 0.0027] [-0.0036; 0.0032] [-0.0044; 0.0025] [-0.0064; 0.0002] [-0.0067; -0.0009]
infl [-0.0163; 0.0063] [-0.0159; 0.0073] [-0.0147; 0.0093] [-0.0254; 0.0117] [-0.0231; 0.0222]
vizy [-0.0005; 0.0008] ** [0.0000; 0.0023] """ [0.0000; 0.0052] " [0.0000; 0.0053] """ [0.0000; 0.0054]
skew; [-0.0029; 0.0009] **[-0.0029; 0.0021]*"[-0.0027; 0.0008] " [-0.0056; 0.0018] [-0.0081; 0.0039]

FHHE

Taillndex; [-0.0041; 0.0056]
ACMY10;  [-0.0013; 0.0001]
ACMTP10; [-0.0030; 0.0000]

FHFE

[-0.0019; 0.0078]
[-0.0013; 0.0005]
[-0.0036; 0.0011]

[0.0000; 0.0151]
[-0.0011; 0.0003]
[-0.0031; 0.0013]

*HE

kK oK

[0.0002; 0.0248]
[-0.0018; 0.0004]
[-0.0045; 0.0021]

[0.0003; 0.0254]
[-0.0067; 0.0018]
[-0.0057; 0.0042]

A

vrpy [-0.2429; 0.7690] [-0.2210; 0.6602] [-0.1987; 0.6334] [-0.1596; 0.5925] [-0.1331; 0.5571]
ivy [0.0000; 0.0005] " [0.0000; 0.0006]“* [0.0002; 0.0006] " [0.0003; 0.0008] ** [0.0002; 0.0011] """
v [-0.0002; 0.0006] [-0.0002; 0.0006]  [0.0000; 0.0006] " [0.0001; 0.0009] " [0.0001; 0.0010] "

Note: Bold entries denote confidence intervals (Cls) at the 95% confidence level (or stricter) that do not include
the null hypothesis Hy : 3, = 0, while entries with *, ** and *** indicate CIs that do not include the null hypothesis
Hy : B = 0 at the 90%, 95% and 99% confidence levels, respectively. All other entries correspond to cases where
the 90% CI includes Hy : 3, = 0.



Part D - Monte Carlo Simulations: Additional Results
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Table D.1: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7, (Eicker-White standard errors), 7.° (conventional standard
errors), IV Xgr, IVXé?”RBB and t¥. Sample size T = 250. DGP1 (homoskedastic innovations): y; = B;xi_1 + utr, Tt = pri_1 + v4, and v; = TV_1 + &4 + 041, where

B =0,p=1+¢/T,and (us,&;) ~iid N(0,¥), with T =1 —0.95 —095 1].
¢ T T TV 1vXor IVXYEE Y T TV IvXor IVXYEE Y T T IVXgr IVXMPP ¥ T TV 1vXor IVXYEB Y T TV Ivxor IVXYEE Y
(7.0) = (0,0) (,0) = (0.5,0) (,0) = (~0.5,0) (r,0) = (0,0.5) (.0) = (0,-0.5)

5 0.06 0.074 0.049 0.088 0.043 0.092 0.077 0.050 0.092 0.042 0.095 0.076 0.049 0.091 0.042 0.087 0.073 0.050 0.087 0.040 0.091 0.070 0.049 0.086 0.039 0.086
0.10 0.062 0.052 0.066 0.044 0.072 0.063 0.055 0.067 0.047 0.060 0.063 0.053 0.066 0.045 0.070 0.056 0.050 0.068 0.040 0.069 0.055 0.048 0.062 0.043 0.067
0.20 0.050 0.046 0.047 0.055 0.047 0.056 0.050 0.049 0.057 0.055 0.055 0.051 0.048 0.058 0.050 0.051 0.048 0.048 0.055 0.048 0.047 0.043 0.044 0.054 0.055
0.30 0.052 0.049 0.046 0.063 0.047 0.0564 0.051 0.045 0.061 0.042 0.053 0.050 0.046 0.063 0.046 0.053 0.051 0.042 0.058 0.043 0.053 0.0561 0.042 0.058 0.048
0.40 0.052 0.050 0.037 0.066 0.045 0.0564 0.053 0.042 0.066 0.043 0.0564 0.051 0.037 0.065 0.046 0.053 0.051 0.046 0.063 0.039 0.052 0.050 0.043 0.058 0.044
0.50 0.049 0.049 0.035 0.061 0.041 0.051 0.051 0.038 0.062 0.037 0.051 0.051 0.037 0.063 0.047 0.056 0.056 0.041 0.067 0.042 0.051 0.051 0.040 0.062 0.041
0.60 0.055 0.055 0.040 0.062 0.046 0.058 0.058 0.045 0.064 0.049 0.057 0.057 0.043 0.062 0.043 0.057 0.056 0.049 0.064 0.045 0.054 0.0563 0.040 0.058 0.047
0.70 0.057 0.058 0.050 0.065 0.049 0.060 0.059 0.048 0.065 0.045 0.059 0.059 0.046 0.065 0.050 0.058 0.057 0.052 0.063 0.052 0.052 0.0563 0.044 0.058 0.044
0.80 0.058 0.057 0.048 0.063 0.063 0.060 0.060 0.052 0.062 0.051 0.060 0.060 0.049 0.063 0.055 0.062 0.063 0.048 0.062 0.052 0.059 0.057 0.044 0.057 0.051
0.90 0.061 0.047 0.061 0.044 0.065 0.063 0.051 0.066 0.042 0.070 0.063 0.051 0.066 0.044 0.069 0.063 0.052 0.070 0.046 0.067 0.062 0.048 0.064 0.045 0.070
0.95 0.066 0.046 0.086 0.039 0.099 0.069 0.045 0.085 0.038 0.096 0.069 0.045 0.085 0.038 0.085 0.074 0.045 0.088 0.040 0.091 0.075 0.047 0.087 0.038 0.088

0 0.056 0.049 0.047 0.109 0.040 0.094 0.049 0.047 0.106 0.042 0.096 0.047 0.046 0.105 0.037 0.091 0.043 0.044 0.094 0.035 0.099 0.040 0.044 0.088 0.034 0.098
0.1 0.051 0.055 0.085 0.055 0.080 0.051 0.058 0.094 0.057 0.069 0.049 0.055 0.094 0.055 0.078 0.047 0.049 0.080 0.053 0.096 0.043 0.050 0.084 0.051 0.081
0.2 0.052 0.056 0.067 0.069 0.053 0.053 0.058 0.078 0.074 0.054 0.052 0.058 0.072 0.073 0.058 0.052 0.058 0.073 0.070 0.068 0.050 0.056 0.064 0.066 0.064
0.3 0.059 0.060 0.077 0.093 0.047 0.057 0.059 0.072 0.082 0.048 0.055 0.060 0.066 0.077 0.058 0.052 0.055 0.065 0.078 0.049 0.053 0.057 0.057 0.069 0.057
0.4 0.057 0.062 0.060 0.075 0.050 0.059 0.065 0.068 0.084 0.045 0.059 0.064 0.064 0.077 0.055 0.055 0.061 0.072 0.086 0.0564 0.057 0.061 0.068 0.082 0.050
0.5 0.059 0.064 0.054 0.073 0.048 0.061 0.065 0.066 0.080 0.043 0.058 0.062 0.061 0.080 0.0563 0.058 0.061 0.073 0.088 0.044 0.057 0.060 0.064 0.086 0.054
0.6 0.058 0.061 0.062 0.078 0.047 0.062 0.065 0.073 0.084 0.044 0.056 0.059 0.065 0.078 0.052 0.060 0.062 0.071 0.084 0.044 0.057 0.061 0.063 0.074 0.059
0.7 0.056 0.057 0.075 0.092 0.0563 0.053 0.057 0.062 0.078 0.046 0.053 0.055 0.064 0.075 0.055 0.054 0.057 0.063 0.074 0.044 0.051 0.056 0.055 0.065 0.061
0.8 0.056 0.058 0.065 0.070 0.056 0.057 0.058 0.071 0.080 0.055 0.056 0.058 0.072 0.074 0.065 0.059 0.065 0.072 0.074 0.0563 0.057 0.060 0.070 0.068 0.068
0.9 0.052 0.0563 0.085 0.054 0.073 0.053 0.053 0.091 0.051 0.071 0.051 0.052 0.092 0.057 0.079 0.052 0.050 0.086 0.056 0.052 0.049 0.047 0.079 0.054 0.080
0.95 0.044 0.046 0.106 0.042 0.098 0.044 0.047 0.106 0.041 0.091 0.043 0.043 0.103 0.039 0.103 0.048 0.042 0.101 0.041 0.093 0.042 0.042 0.093 0.041 0.099

-2.5 0.06 0.044 0.042 0.088 0.032 0.093 0.044 0.040 0.092 0.033 0.095 0.043 0.042 0.090 0.034 0.104 0.040 0.038 0.085 0.032 0.086 0.039 0.036 0.084 0.032 0.097
0.1 0.043 0.046 0.070 0.045 0.074 0.045 0.048 0.076 0.048 0.065 0.040 0.043 0.074 0.048 0.073 0.042 0.045 0.068 0.045 0.095 0.037 0.041 0.066 0.040 0.074
0.2 0.046 0.050 0.052 0.053 0.055 0.047 0.049 0.060 0.061 0.053 0.048 0.050 0.058 0.059 0.057 0.043 0.046 0.055 0.057 0.071 0.041 0.044 0.051 0.053 0.058
0.3 0.048 0.052 0.065 0.071 0.0563 0.047 0.053 0.052 0.064 0.043 0.048 0.050 0.056 0.065 0.054 0.042 0.045 0.051 0.064 0.051 0.044 0.047 0.047 0.062 0.052
0.4 0.054 0.0567 0.048 0.062 0.048 0.051 0.054 0.0563 0.067 0.039 0.054 0.057 0.052 0.064 0.049 0.047 0.049 0.0563 0.068 0.048 0.044 0.047 0.054 0.066 0.055
0.5 0.050 0.051 0.045 0.066 0.045 0.049 0.051 0.051 0.067 0.040 0.047 0.050 0.044 0.065 0.048 0.045 0.047 0.055 0.069 0.038 0.047 0.050 0.052 0.069 0.046
0.6 0.050 0.052 0.051 0.067 0.049 0.049 0.053 0.049 0.068 0.046 0.045 0.048 0.050 0.066 0.053 0.047 0.049 0.050 0.064 0.044 0.048 0.051 0.047 0.060 0.054
0.7 0.046 0.049 0.054 0.070 0.046 0.044 0.048 0.063 0.065 0.049 0.046 0.050 0.050 0.065 0.046 0.046 0.050 0.050 0.062 0.043 0.044 0.047 0.044 0.055 0.052
0.8 0.044 0.050 0.066 0.057 0.057 0.048 0.052 0.063 0.061 0.054 0.044 0.049 0.060 0.061 0.055 0.043 0.050 0.052 0.055 0.048 0.045 0.049 0.050 0.054 0.061
0.9 0.042 0.045 0.073 0.049 0.070 0.040 0.044 0.073 0.050 0.069 0.041 0.045 0.070 0.052 0.076 0.044 0.045 0.072 0.047 0.056 0.043 0.042 0.071 0.046 0.074
0.95 0.040 0.040 0.094 0.038 0.089 0.039 0.042 0.090 0.038 0.091 0.041 0.039 0.093 0.039 0.098 0.042 0.044 0.092 0.037 0.093 0.043 0.042 0.090 0.037 0.093




¢C'S

Table D.1 (Cont.): Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7, (Eicker-White standard errors), 7,° (conventional
standard errors), IV Xqgr, IVXgIRBB and . Sample size T' = 250. DGP1 (homoskedastic innovations): y; = 8;&t—1 + Utr, Tt = pTe—1 + ¢, and vy = TV_1 + ¢ + 041,

where 3, =0, p =14 ¢/T, and (us,&;) ~i.i.d. N(0,%), with T =[1 —0.95; —0.95 1].
c T Tr TO  Ivxor IVXMEE 1Y T, TY  Ivxor IVXMEE 1Y T Tr  IVXqr IVXMPE ¥ T TO  Ivxqr IVXMEE 1Y T TY  Ivxor IVXMEE 1Y
(7,6) = (0,0) (7,6) = (0.5,0) (7,6) = (~0.5,0) (7,6) = (0,0.5) (7,6) = (0,~0.5)
-10 0.05 0.044 0.042 0.080 0.032 0.094 0.044 0.045 0.083 0.032 0.092 0.043 0.044 0.084 0.029 0.095 0.042 0.044 0.081 0.028 0.089 0.039 0.038 0.079 0.027 0.094
0.1 0.043 0.046 0.064 0.042 0.064 0.043 0.047 0.061 0.043 0.063 0.044 0.045 0.062 0.040 0.072 0.044 0.048 0.060 0.039 0.089 0.043 0.047 0.066 0.039 0.068
0.2 0.047 0.053 0.049 0.048 0.050 0.048 0.053 0.047 0.047 0.046 0.046 0.053 0.052 0.045 0.050 0.049 0.052 0.051 0.051 0.068 0.047 0.049 0.042 0.046 0.050
0.3 0.051 0.054 0.048 0.058 0.052 0.051 0.053 0.043 0.053 0.043 0.049 0.053 0.046 0.051 0.054 0.056 0.056 0.044 0.053 0.055 0.050 0.053 0.043 0.051 0.049
0.4 0.055 0.058 0.039 0.055 0.044 0.053 0.056 0.042 0.054 0.039 0.056 0.057 0.039 0.054 0.049 0.051 0.054 0.043 0.058 0.049 0.054 0.055 0.045 0.056 0.048
0.5 0.050 0.051 0.038 0.056 0.040 0.050 0.053 0.041 0.058 0.040 0.049 0.050 0.035 0.055 0.035 0.053 0.054 0.046 0.061 0.047 0.048 0.050 0.044 0.055 0.043
0.6 0.058 0.061 0.041 0.054 0.047 0.058 0.060 0.043 0.058 0.043 0.056 0.058 0.040 0.054 0.047 0.055 0.058 0.043 0.055 0.048 0.048 0.049 0.041 0.053 0.049
0.7 0.053 0.057 0.044 0.058 0.049 0.050 0.054 0.044 0.053 0.046 0.057 0.058 0.039 0.051 0.050 0.050 0.053 0.044 0.046 0.041 0.046 0.049 0.044 0.050 0.051
0.8 0.054 0.056 0.050 0.046 0.054 0.053 0.057 0.0564 0.049 0.052 0.051 0.054 0.051 0.050 0.056 0.053 0.057 0.044 0.048 0.048 0.051 0.054 0.046 0.042 0.059
09 0.048 0.055 0.064 0.038 0.071 0.048 0.056 0.069 0.043 0.078 0.048 0.053 0.064 0.043 0.074 0.048 0.053 0.068 0.041 0.053 0.045 0.050 0.062 0.039 0.068
0.95 0.041 0.046 0.088 0.037 0.090 0.045 0.048 0.092 0.034 0.097 0.041 0.044 0.093 0.033 0.096 0.048 0.054 0.084 0.036 0.083 0.045 0.053 0.084 0.035 0.100
-0.57 0.05 0.036 0.049 0.085 0.032 0.097 0.038 0.049 0.085 0.031 0.103 0.047 0.051 0.086 0.033 0.105 0.042 0.052 0.082 0.029 0.091 0.041 0.051 0.082 0.035 0.103
0.1 0.048 0.053 0.068 0.037 0.071 0.047 0.050 0.066 0.039 0.075 0.050 0.051 0.067 0.039 0.069 0.040 0.047 0.063 0.035 0.099 0.044 0.046 0.058 0.033 0.072
0.2 0.048 0.050 0.047 0.043 0.053 0.049 0.055 0.047 0.040 0.055 0.055 0.055 0.045 0.043 0.050 0.047 0.053 0.043 0.038 0.073 0.050 0.049 0.048 0.041 0.052
0.3 0.051 0.055 0.036 0.041 0.044 0.052 0.056 0.041 0.046 0.046 0.048 0.049 0.042 0.039 0.044 0.049 0.051 0.041 0.044 0.054 0.049 0.054 0.046 0.041 0.044
0.4 0.051 0.053 0.038 0.045 0.044 0.051 0.053 0.036 0.052 0.044 0.049 0.051 0.039 0.041 0.039 0.053 0.054 0.038 0.051 0.046 0.053 0.056 0.042 0.048 0.043
0.5 0.047 0.049 0.036 0.041 0.038 0.049 0.050 0.036 0.043 0.045 0.049 0.051 0.034 0.042 0.038 0.056 0.058 0.041 0.051 0.043 0.054 0.056 0.040 0.045 0.044
0.6 0.047 0.049 0.038 0.044 0.044 0.048 0.049 0.039 0.041 0.048 0.046 0.048 0.043 0.041 0.045 0.053 0.0563 0.047 0.046 0.044 0.051 0.051 0.045 0.044 0.048
0.7 0.052 0.054 0.041 0.047 0.045 0.046 0.049 0.038 0.046 0.049 0.054 0.055 0.043 0.042 0.048 0.049 0.053 0.043 0.047 0.046 0.054 0.057 0.047 0.043 0.054
0.8 0.050 0.052 0.047 0.044 0.053 0.042 0.048 0.046 0.038 0.056 0.051 0.052 0.045 0.041 0.051 0.049 0.057 0.053 0.044 0.044 0.052 0.053 0.053 0.044 0.054
0.9 0.046 0.052 0.064 0.037 0.069 0.045 0.053 0.061 0.036 0.071 0.046 0.054 0.069 0.037 0.069 0.048 0.055 0.062 0.037 0.053 0.047 0.054 0.065 0.038 0.072
0.95 0.039 0.048 0.089 0.032 0.105 0.042 0.052 0.090 0.033 0.092 0.044 0.049 0.088 0.035 0.103 0.044 0.055 0.085 0.033 0.096 0.043 0.050 0.084 0.031 0.103
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Table D.2: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7, (Eicker-White standard errors), 7° (conventional standard
errors), IV Xqr, IVXYPP and 2. Sample size T = 750. DGP1 (homoskedastic innovations): y; = i1 + Uiz, €1 = pri—1 +0r, and v; = 70,1+ + 0,1, where 3, =0,

p=1+c¢/T,and (us,&;) ~iid. N(,2), with T =1 —0.95 —0.95 1].

¢ T T TV 1vXor IVXYEE Y T TV IvXor IVXYEE Y T T IVXgr IVXMPP ¥ T TV 1vXor IVXYEB Y T TV Ivxor IVXYEE Y
(7,0) = (0,0) (7,0) = (05,0) (7,0) = (~0.5,0) (7,0) = (0,05) (r,0) = (0,0.5)

0.05 0.056 0.049 0.064 0.042 0.071 0.057 0.050 0.064 0.043 0.067 0.058 0.049 0.066 0.043 0.067 0.058 0.053 0.069 0.043 0.066 0.058 0.054 0.065 0.044 0.069
0.1 0.048 0.046 0.049 0.050 0.053 0.052 0.048 0.053 0.051 0.052 0.051 0.049 0.052 0.051 0.060 0.058 0.053 0.057 0.058 0.060 0.057 0.053 0.055 0.054 0.059
0.2 0.049 0.049 0.046 0.055 0.050 0.051 0.051 0.047 0.055 0.045 0.051 0.051 0.049 0.054 0.052 0.047 0.048 0.044 0.055 0.049 0.047 0.048 0.044 0.054 0.053
03 0.052 0.053 0.046 0.065 0.050 0.055 0.055 0.045 0.062 0.045 0.055 0.055 0.043 0.063 0.048 0.058 0.055 0.042 0.069 0.049 0.055 0.054 0.043 0.064 0.053
0.4 0.051 0.050 0.038 0.066 0.050 0.055 0.053 0.041 0.066 0.045 0.054 0.053 0.039 0.067 0.041 0.056 0.055 0.047 0.068 0.043 0.056 0.056 0.047 0.067 0.041
0.5 0.052 0.052 0.040 0.065 0.044 0.055 0.055 0.042 0.067 0.043 0.056 0.056 0.043 0.066 0.045 0.059 0.059 0.048 0.065 0.046 0.058 0.058 0.046 0.065 0.050
0.6 0.050 0.050 0.038 0.059 0.042 0.052 0.053 0.037 0.062 0.042 0.053 0.053 0.037 0.059 0.043 0.048 0.049 0.043 0.058 0.043 0.047 0.048 0.041 0.060 0.048
0.7 0.051 0.051 0.043 0.060 0.042 0.054 0.053 0.041 0.055 0.048 0.054 0.054 0.041 0.059 0.049 0.055 0.056 0.043 0.063 0.047 0.053 0.054 0.041 0.059 0.054
0.8 0.049 0.051 0.043 0.058 0.050 0.050 0.052 0.044 0.059 0.048 0.050 0.052 0.047 0.060 0.046 0.053 0.055 0.049 0.062 0.053 0.052 0.055 0.047 0.060 0.052
0.9 0.050 0.050 0.053 0.051 0.059 0.052 0.051 0.053 0.052 0.065 0.051 0.050 0.052 0.052 0.059 0.052 0.049 0.060 0.054 0.058 0.053 0.051 0.059 0.055 0.053
0.95 0.066 0.053 0.069 0.041 0.071 0.066 0.056 0.069 0.043 0.078 0.066 0.056 0.070 0.044 0.078 0.059 0.055 0.067 0.041 0.074 0.059 0.055 0.066 0.043 0.079

0 0.05 0.043 0.043 0.084 0.054 0.075 0.044 0.041 0.083 0.052 0.073 0.043 0.042 0.084 0.053 0.075 0.045 0.044 0.088 0.052 0.070 0.043 0.044 0.084 0.052 0.075
0.1 0.048 0.050 0.078 0.066 0.063 0.047 0.049 0.082 0.072 0.062 0.048 0.049 0.079 0.070 0.062 0.048 0.047 0.074 0.066 0.064 0.049 0.046 0.077 0.069 0.064
0.2 0.055 0.056 0.066 0.071 0.049 0.056 0.057 0.086 0.081 0.051 0.054 0.056 0.079 0.083 0.052 0.049 0.049 0.069 0.074 0.051 0.047 0.047 0.070 0.079 0.051
0.3 0.060 0.063 0.069 0.080 0.051 0.060 0.062 0.063 0.071 0.052 0.061 0.062 0.066 0.072 0.056 0.052 0.053 0.060 0.067 0.046 0.051 0.051 0.060 0.070 0.054
0.4 0.058 0.058 0.060 0.070 0.047 0.059 0.059 0.065 0.077 0.047 0.058 0.059 0.064 0.075 0.058 0.050 0.053 0.069 0.081 0.048 0.053 0.055 0.066 0.076 0.055
0.5 0.063 0.065 0.061 0.071 0.049 0.062 0.064 0.066 0.075 0.047 0.065 0.066 0.066 0.079 0.053 0.058 0.059 0.076 0.089 0.040 0.059 0.060 0.079 0.093 0.055
0.6 0.066 0.068 0.063 0.071 0.048 0.065 0.066 0.066 0.075 0.045 0.065 0.066 0.065 0.074 0.054 0.053 0.055 0.067 0.081 0.049 0.055 0.056 0.071 0.084 0.051
0.7 0.066 0.068 0.072 0.081 0.056 0.065 0.067 0.072 0.076 0.049 0.064 0.066 0.070 0.077 0.058 0.061 0.062 0.066 0.070 0.045 0.057 0.059 0.062 0.072 0.055
0.8 0.060 0.061 0.069 0.073 0.059 0.059 0.059 0.083 0.087 0.056 0.060 0.060 0.087 0.083 0.063 0.054 0.057 0.079 0.075 0.052 0.056 0.057 0.078 0.076 0.057
09 0.049 0.051 0.082 0.066 0.058 0.050 0.051 0.083 0.068 0.060 0.050 0.050 0.087 0.072 0.060 0.050 0.049 0.081 0.060 0.064 0.047 0.049 0.082 0.061 0.066
095 0.048 0.046 0.086 0.055 0.074 0.050 0.047 0.083 0.055 0.075 0.048 0.045 0.086 0.054 0.068 0.047 0.046 0.088 0.054 0.080 0.046 0.046 0.084 0.049 0.080

-2.5 0.05 0.040 0.042 0.076 0.047 0.069 0.042 0.042 0.079 0.048 0.073 0.041 0.040 0.078 0.048 0.073 0.040 0.040 0.081 0.044 0.072 0.040 0.040 0.078 0.045 0.072
0.1 0.042 0.044 0.068 0.055 0.062 0.041 0.045 0.068 0.055 0.060 0.043 0.044 0.069 0.053 0.062 0.040 0.039 0.059 0.052 0.059 0.041 0.041 0.058 0.052 0.056
0.2 0.048 0.049 0.056 0.055 0.050 0.049 0.049 0.061 0.060 0.051 0.048 0.049 0.056 0.062 0.050 0.043 0.043 0.054 0.062 0.051 0.042 0.042 0.054 0.059 0.053
0.3 0.050 0.049 0.051 0.062 0.049 0.050 0.049 0.049 0.059 0.047 0.048 0.048 0.049 0.061 0.045 0.045 0.044 0.053 0.057 0.045 0.043 0.044 0.049 0.059 0.053
0.4 0.049 0.049 0.049 0.060 0.045 0.049 0.050 0.052 0.062 0.044 0.046 0.047 0.050 0.061 0.049 0.046 0.046 0.054 0.061 0.046 0.044 0.045 0.053 0.064 0.046
0.5 0.051 0.051 0.051 0.062 0.044 0.050 0.051 0.051 0.060 0.043 0.051 0.052 0.051 0.062 0.048 0.047 0.048 0.057 0.069 0.041 0.046 0.046 0.059 0.067 0.048
0.6 0.050 0.051 0.050 0.060 0.046 0.049 0.050 0.050 0.062 0.046 0.048 0.050 0.050 0.064 0.041 0.046 0.046 0.050 0.060 0.045 0.044 0.046 0.054 0.066 0.046
0.7 0.052 0.054 0.057 0.063 0.048 0.052 0.052 0.058 0.058 0.041 0.054 0.054 0.056 0.060 0.051 0.047 0.050 0.051 0.056 0.045 0.052 0.053 0.052 0.058 0.053
0.8 0.050 0.051 0.056 0.057 0.054 0.053 0.054 0.063 0.065 0.054 0.051 0.052 0.060 0.066 0.047 0.047 0.049 0.058 0.062 0.051 0.046 0.049 0.055 0.059 0.055
09 0.044 0.044 0.067 0.054 0.063 0.044 0.043 0.070 0.054 0.057 0.045 0.044 0.072 0.055 0.061 0.041 0.041 0.064 0.053 0.064 0.042 0.043 0.063 0.048 0.065
095 0.044 0.044 0.075 0.045 0.070 0.045 0.044 0.077 0.043 0.077 0.044 0.042 0.076 0.045 0.079 0.044 0.042 0.077 0.042 0.071 0.043 0.040 0.073 0.044 0.077

ot
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Table D.2 (Cont.): Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7, (Eicker-White standard errors), 7,° (conventional
standard errors), IV Xqgr, IVXgIRBB and . Sample size T' = 750. DGP1 (homoskedastic innovations): y; = 8;&t—1 + Utr, Tt = pTe—1 + V¢, and vy = TV_1 + ¢ + 041,

where 3, =0, p =14 ¢/T, and (us,&;) ~i.i.d. N(0,%), with T =[1 —0.95; —0.95 1].
c T Tr TO  Ivxor IVXMEE 1Y T, TY  Ivxor IVXMEE 1Y T Tr  IVXqr IVXMPE ¥ T TO  Ivxqr IVXMEE 1Y T TY  Ivxor IVXMEE 1Y
(7,6) = (0,0) (7,6) = (0.5,0) (7,6) = (~0.5,0) (7,6) = (0,0.5) (7,6) = (0,~0.5)
-10  0.05 0.049 0.050 0.070 0.044 0.071 0.047 0.048 0.070 0.040 0.068 0.047 0.050 0.071 0.043 0.073 0.048 0.047 0.068 0.040 0.078 0.044 0.047 0.070 0.041 0.072
0.1 0.046 0.047 0.056 0.045 0.064 0.048 0.050 0.060 0.048 0.057 0.046 0.048 0.063 0.044 0.059 0.048 0.049 0.061 0.048 0.055 0.046 0.048 0.058 0.046 0.061
0.2 0.048 0.050 0.045 0.049 0.051 0.047 0.050 0.051 0.050 0.047 0.049 0.052 0.053 0.050 0.050 0.047 0.048 0.051 0.053 0.050 0.047 0.051 0.049 0.052 0.054
0.3 0.051 0.052 0.042 0.057 0.049 0.049 0.051 0.041 0.052 0.046 0.052 0.054 0.043 0.053 0.047 0.047 0.048 0.046 0.051 0.049 0.048 0.050 0.046 0.051 0.051
0.4 0.050 0.0562 0.046 0.055 0.042 0.051 0.052 0.047 0.055 0.045 0.049 0.049 0.046 0.055 0.048 0.049 0.050 0.051 0.055 0.048 0.048 0.049 0.048 0.054 0.047
0.5 0.053 0.054 0.047 0.058 0.047 0.054 0.055 0.048 0.056 0.043 0.051 0.052 0.045 0.058 0.045 0.051 0.051 0.047 0.056 0.045 0.049 0.050 0.047 0.058 0.045
0.6 0.049 0.051 0.046 0.056 0.051 0.049 0.050 0.042 0.055 0.047 0.050 0.050 0.045 0.057 0.050 0.048 0.047 0.045 0.053 0.049 0.049 0.050 0.044 0.057 0.048
0.7 0.054 0.055 0.048 0.054 0.043 0.053 0.053 0.048 0.052 0.050 0.052 0.053 0.044 0.053 0.047 0.050 0.051 0.043 0.048 0.048 0.051 0.052 0.042 0.047 0.049
0.8 0.051 0.051 0.052 0.053 0.053 0.052 0.050 0.054 0.057 0.050 0.052 0.052 0.056 0.057 0.052 0.051 0.053 0.048 0.050 0.053 0.051 0.051 0.052 0.051 0.054
09 0.049 0.050 0.059 0.046 0.059 0.048 0.047 0.055 0.050 0.056 0.049 0.050 0.060 0.046 0.059 0.044 0.045 0.057 0.044 0.056 0.045 0.047 0.057 0.046 0.060
0.95 0.046 0.047 0.073 0.042 0.071 0.045 0.048 0.071 0.042 0.074 0.048 0.048 0.069 0.045 0.070 0.048 0.048 0.076 0.047 0.075 0.046 0.046 0.074 0.045 0.076
-0.57 0.05 0.046 0.051 0.071 0.039 0.080 0.046 0.051 0.072 0.036 0.078 0.048 0.052 0.067 0.038 0.077 0.045 0.048 0.074 0.037 0.078 0.045 0.047 0.066 0.038 0.068
0.1 0.051 0.050 0.055 0.047 0.061 0.053 0.055 0.054 0.048 0.063 0.048 0.048 0.057 0.040 0.063 0.050 0.052 0.059 0.046 0.064 0.048 0.046 0.052 0.040 0.056
0.2 0.044 0.043 0.047 0.041 0.050 0.046 0.048 0.047 0.045 0.054 0.043 0.043 0.045 0.039 0.051 0.052 0.054 0.049 0.046 0.052 0.052 0.053 0.045 0.043 0.047
0.3 0.046 0.045 0.040 0.042 0.044 0.049 0.049 0.046 0.048 0.051 0.048 0.048 0.038 0.041 0.046 0.051 0.051 0.041 0.049 0.047 0.054 0.055 0.043 0.043 0.042
04 0.045 0.045 0.039 0.045 0.043 0.053 0.052 0.043 0.048 0.042 0.048 0.050 0.038 0.044 0.046 0.054 0.054 0.043 0.052 0.049 0.048 0.050 0.038 0.046 0.040
0.5 0.045 0.045 0.040 0.042 0.043 0.051 0.052 0.041 0.047 0.046 0.045 0.045 0.041 0.041 0.044 0.051 0.052 0.043 0.049 0.045 0.045 0.045 0.039 0.040 0.040
0.6 0.047 0.048 0.037 0.040 0.042 0.048 0.048 0.042 0.046 0.042 0.043 0.044 0.035 0.039 0.037 0.047 0.047 0.037 0.042 0.046 0.044 0.045 0.039 0.041 0.041
0.7 0.045 0.047 0.042 0.042 0.045 0.049 0.050 0.044 0.044 0.048 0.047 0.047 0.045 0.040 0.044 0.046 0.046 0.039 0.042 0.044 0.044 0.047 0.045 0.039 0.042
0.8 0.052 0.053 0.044 0.048 0.047 0.049 0.053 0.048 0.046 0.055 0.051 0.052 0.045 0.047 0.052 0.047 0.047 0.045 0.044 0.054 0.049 0.049 0.048 0.043 0.049
0.9 0.051 0.050 0.064 0.044 0.065 0.055 0.055 0.063 0.045 0.065 0.045 0.047 0.055 0.041 0.063 0.054 0.056 0.060 0.043 0.065 0.050 0.053 0.059 0.042 0.062
0.95 0.050 0.057 0.075 0.043 0.078 0.055 0.056 0.072 0.044 0.076 0.048 0.052 0.070 0.040 0.075 0.051 0.055 0.068 0.044 0.078 0.050 0.053 0.075 0.042 0.080




Table D.3: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7,

(Eicker-White standard errors), 7° (conventional standard errors), IV Xqr, I VXé%B B and t¥. Sample size T

250. DGP2a (GARCH(1,1)):

Y = Brri_1 + Uy, Ty = pry_1 + vy, where B = 0, p = 1 — ¢/T, and (ug,v,)

[o1: 0;0 ooy my = (e, 7m20) ~ iind. N(0,9) with @ = [1 —095; —0.95 1] and o7, = 6o + 61, | +
920’1'2775_1, 1= 1,2, with 90 =1- 91 - 92.
c T T TP IvXor IVXMEE ¥ T TP IvXor IVXMEE ¥ T TY  1vXor IVXMEE ¥
0, = 0.1, 0, = 0.5 0, =0.1, 0, = 0.8 0y = 0.05, 65 = 0.9

5 0.05 0.079 0.052 0.083 0.044 0.089 0.082 0.053 0.084 0.041  0.091  0.081 0.053 0.083 0.042 0.092

0.1 0.064  0.055 0.062 0.047  0.058  0.065 0.057  0.065 0.048  0.068  0.065 0.057  0.067  0.047  0.068

0.2 0.055 0.052 0.054 0.058  0.052  0.057 0.054 0.053 0.056  0.048  0.060 0.057 0.051 0.057 0.052

0.3 0.053 0.050 0.047 0.061  0.051 0.055 0.051 0.053 0.065 0.045 0.058 0.054 0.051 0.066 0.048

0.4 0.049 0.049 0.039 0.063 0.042 0.055 0.055 0.046  0.069 0.041 0.056  0.055 0.043  0.068  0.043

0.5 0.050 0.050 0.033 0.063  0.044  0.052 0.052 0.039 0.064 0.042  0.055 0.055 0.038 0.066 0.041

0.6 0.053 0.053 0.042 0.057  0.043  0.057 0.057 0.046 0.060  0.044  0.056 0.057 0.045 0.060 0.041

0.7 0.052 0.050  0.049 0.059 0.045 0.052 0.052 0.054 0.061 0.042 0.053 0.054  0.052 0.060  0.049

0.8  0.052 0.053 0.051 0.057  0.054  0.052 0.053 0.056 0.060 0.063  0.054 0.054 0.051 0.059 0.047

0.9  0.062 0.053 0.068 0.043  0.068  0.065 0.054 0.068 0.042  0.064 0.062 0.056 0.070 0.043 0.064

0.95 0.073  0.049  0.081 0.037 0.092 0.074 0.049 0.085 0.038 0.087 0.073 0.050 0.087  0.041 0.096

0 0.05 0.049 0.049  0.105 0.040 0.092 0.046 0.047 0.110 0.041 0.085 0.047 0.048  0.105 0.037  0.092

0.1  0.049 0.052 0.085 0.056  0.066  0.049 0.052 0.091 0.055 0.072  0.049 0.053 0.090 0.056 0.059

0.2 0.056  0.061 0.070  0.071  0.055 0.055 0.062 0.071 0.072  0.055 0.053 0.060 0.070  0.072 0.051

0.3 0.060 0.064 0.078 0.095 0.049  0.060 0.063 0.082 0.093  0.048  0.060 0.063 0.078 0.092 0.041

0.4 0.059 0.063 0.055 0.077  0.049  0.058 0.064 0.061 0.080  0.050  0.056 0.062 0.055 0.079 0.048

0.5 0.058 0.060  0.052 0.071  0.045 0.056 0.058 0.058 0.071 0.049 0.055 0.058  0.055 0.070  0.044

0.6  0.060 0.064 0.055 0.073  0.049 0.061 0.064 0.062 0.073  0.049 0.056 0.061 0.060 0.071 0.045

0.7 0.057 0.059 0.074 0.086  0.056  0.059 0.061 0.077 0.089  0.047  0.059 0.062 0.077 0.086 0.052

0.8 0.056 0.060 0.071 0.064 0.051  0.055 0.061 0.071 0.068 0.055 0.054 0.059 0.072 0.067  0.049

0.9 0.048 0.055 0.087 0.052  0.067  0.052 0.053 0.091 0.058  0.063  0.050 0.055 0.091 0.056 0.067

0.95 0.046 0.045 0.110 0.038  0.095 0.046 0.046 0.111 0.039 0.079  0.047 0.046 0.110 0.038 0.087

-2.5 0.05 0.041 0.039 0.094 0.038  0.087  0.043 0.041 0.098 0.036  0.079  0.044 0.041 0.094 0.039 0.089

0.1 0.039 0.044 0.073 0.046 0.064 0.040 0.044 0.081 0.046 0.063 0.039  0.042 0.076  0.048  0.067

0.2 0.044 0.048 0.057 0.055 0.048 0.043 0.048 0.059 0.059 0.049 0.042 0.047 0.058 0.057 0.047

0.3 0.046 0.047 0.057 0.071  0.046  0.045 0.047 0.060 0.068  0.048  0.045 0.047 0.061 0.075 0.042

04 0.049 0.050 0.044 0.061 0.046 0.047  0.051 0.047 0.063 0.043 0.047 0.049  0.045 0.060  0.039

0.5 0.046 0.049 0.042 0.056  0.049  0.047 0.049 0.046 0.059 0.044 0.045 0.048 0.045 0.060 0.039

0.6 0.047 0.050 0.041 0.057 0.048 0.047 0.050 0.050 0.059 0.038 0.046  0.050  0.045 0.059  0.044

0.7 0.047 0.051 0.059 0.071  0.049  0.048 0.053 0.059 0.068  0.047 0.045 0.051 0.059 0.066 0.041

0.8 0.044 0.051 0.051 0.050  0.052  0.045 0.050 0.055 0.050  0.046  0.044 0.049 0.054 0.051 0.046

0.9 0.044 0.046 0.068 0.046 0.067 0.042 0.048  0.074  0.047 0.063 0.043 0.046 0.070  0.048  0.062

0.95 0.042 0.039 0.093 0.037  0.095 0.045 0.041 0.101 0.035 0.086 0.044 0.040 0.098 0.039 0.080

-10 0.05 0.044 0.044 0.089 0.033  0.092 0.043 0.045 0.098 0.032  0.089 0.044 0.044 0.089 0.033 0.085

0.1  0.049 0.051 0.067 0.041  0.066  0.047 0.051 0.068 0.039 0.064 0.046 0.048 0.068 0.039 0.064

0.2 0.053 0.054 0.047 0.045 0.052 0.054 0.057 0.050 0.046 0.048 0.053 0.056  0.050  0.047  0.048

0.3 0.053 0.055 0.043 0.058 0.045 0.054 0.056 0.048 0.056  0.041  0.052 0.056 0.044 0.055 0.048

0.4 0.048 0.050 0.038 0.047  0.050  0.052 0.054 0.040 0.048  0.047  0.048 0.051 0.041 0.046 0.046

0.5 0.048 0.050 0.036  0.050 0.042 0.052 0.053  0.039 0.051 0.045 0.050 0.053  0.041 0.052 0.043

0.6 0.051 0.052 0.038 0.051  0.047  0.048 0.050 0.042 0.050 0.048 0.051 0.054 0.039 0.050 0.043

0.7  0.052 0.054 0.048 0.054 0.048 0.051 0.054 0.051 0.056  0.052  0.052 0.054 0.050 0.054 0.043

0.8 0.050 0.054 0.045 0.043 0.049 0.048  0.052 0.049 0.044 0.054 0.050 0.053 0.048 0.043  0.050

0.9 0.043 0.049 0.059 0.037  0.070  0.045 0.046 0.065 0.040 0.070  0.045 0.048 0.062 0.041 0.069

0.95 0.044  0.051 0.093  0.037 0.091 0.045 0.050  0.100  0.034 0.091 0.044 0.050 0.094 0.036  0.085

-0.57  0.05 0.040 0.050 0.112 0.035 0.098 0.038 0.049 0.116 0.036 0.110 0.040 0.049  0.099  0.033  0.099

0.1  0.046 0.055 0.062 0.038 0.076  0.046 0.052 0.069 0.039  0.073  0.047 0.054 0.064 0.039 0.070

0.2 0.051 0.052 0.046 0.044 0.055 0.051 0.055 0.051 0.043 0.054 0.051 0.053 0.050 0.042 0.052

0.3 0.050 0.051 0.042 0.041 0.052 0.050  0.052 0.046  0.042 0.050 0.049 0.053 0.044 0.043  0.053

0.4  0.050 0.052 0.042 0.045 0.049 0.050 0.052 0.047 0.047 0.045 0.052 0.053 0.045 0.044 0.049

0.5 0.047 0.048 0.037 0.044  0.047  0.048 0.049 0.044 0.046  0.049  0.048 0.050 0.039 0.044 0.052

0.6 0.050  0.052 0.041 0.046 0.054 0.051 0.053  0.046 0.047 0.050 0.051 0.053  0.042 0.047  0.051

0.7 0.047 0.050 0.040 0.042  0.051  0.048 0.050 0.049 0.044 0.054 0.046 0.049 0.042 0.043 0.053

0.8  0.045 0.051 0.043 0.043  0.063  0.046 0.050 0.052 0.043  0.062  0.046 0.052 0.048 0.041 0.066

0.9 0.043 0.050 0.064 0.037 0.081 0.045 0.049  0.071 0.035 0.079 0.045 0.049 0.069 0.036 0.077

0.95 0.040 0.050 0.106 0.036  0.101  0.038 0.048 0.112 0.035 0.098 0.041 0.048 0.100 0.033 0.098
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Table D.4: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests
T, (Eicker-White standard errors), 7,° (conventional standard errors), IV Xqor, I VXg[RBB , and t¥. Sample size

T = 750. DGP2a (GARCH(1,1)):

Y = Prxi—1 + U, Ty = pTi—1 + vy, where f, = 0, p = 1 — ¢/T, and

(ug,v¢)" = [o1r 0;0 o2 my; My (meym2t) ~ dd.d. N(0,Q) with @ = [I  —0.95 —0.95 1] and o7 =
0o + 916%_1 + 920‘2-2715_1, 1=1,2, with g =1 — 61 — 0.
c T T TP IvXer IVXMEP ¥ T TP IvXer IVXYEE Y T TY  1vXer IVXMEE Y
0, =0.1, 0, =0.5 61 =0.1, 6, =0.8 61 =0.05, 6, =0.9

5 0.05 0.063 0.050 0.061 0.046 0.071  0.062 0.054 0.067 0.046  0.069 0.062 0.051 0.065 0.044 0.072

0.1  0.055 0.049 0.053 0.050  0.062  0.055 0.049 0.053 0.049  0.051 0.056 0.050 0.054 0.051 0.054

0.2 0.048 0.046  0.042 0.053  0.047 0.051 0.048 0.044 0.056 0.048 0.050 0.047 0.043 0.054  0.046

0.3 0.050 0.049 0.042 0.058  0.046  0.050 0.049 0.047 0.059 0.046  0.050 0.048 0.043 0.059 0.044

0.4 0.049 0.047 0.037 0.058 0.048  0.049 0.048 0.034 0.058  0.047  0.047 0.045 0.034 0.056 0.048

0.5 0.052 0.052 0.035 0.060 0.043 0.050 0.050 0.036 0.061 0.042 0.049 0.049 0.037 0.060 0.043

0.6 0.051 0.049 0.036 0.062 0.040 0.051 0.049 0.036 0.062 0.046 0.051 0.050 0.035 0.062 0.046

0.7 0.053 0.050 0.045 0.063  0.043 0.054 0.054 0.049 0.065 0.055 0.053 0.054 0.047 0.065 0.047

0.8 0.047 0.048 0.042 0.061 0.046 0.050  0.051 0.044 0.062 0.049 0.049 0.048 0.044  0.065 0.049

0.9 0.052 0.047 0.052 0.054 0.061  0.054 0.051 0.056 0.052  0.055 0.052 0.050 0.054 0.054 0.060

0.95 0.060  0.051 0.066 0.044 0.071 0.061 0.052 0.069  0.042 0.076 0.060 0.053 0.070  0.041 0.077

0 0.05 0.047  0.047  0.085 0.051  0.063 0.048 0.049 0.088 0.051 0.063 0.048 0.046 0.086  0.053  0.063

0.1  0.051 0.051 0.079 0.063  0.060  0.052 0.051 0.078 0.063  0.063  0.052 0.049 0.080 0.064 0.060

0.2 0.056 0.056 0.062 0.068  0.051  0.056 0.056 0.063 0.069 0.050 0.054 0.054 0.064 0.068 0.053

0.3 0.063 0.063 0.074 0.088 0.043 0.063 0.066 0.082 0.097 0.043 0.063  0.065 0.077  0.090  0.043

0.4 0.064 0.065 0.057 0.072  0.048  0.062 0.064 0.061 0.071  0.048  0.064 0.064 0.059 0.071 0.042

0.5 0.064 0.065 0.054 0.063  0.045 0.062 0.064 0.058 0.064 0.046 0.063 0.064 0.056 0.065 0.045

0.6 0.062 0.063  0.060 0.074 0.041 0.065 0.067  0.061 0.073 0.043 0.063 0.064 0.060 0.074  0.042

0.7  0.062 0.064 0.071 0.089  0.050 0.063 0.066 0.081 0.097 0.054 0.062 0.064 0.073 0.090 0.043

0.8  0.056 0.057 0.061 0.063  0.050  0.056 0.057 0.064 0.067  0.051  0.057 0.058 0.063 0.064 0.052

0.9 0.051 0.051 0.078  0.064 0.061 0.050 0.050 0.079 0.064 0.062 0.050 0.049 0.080 0.063  0.054

0.95 0.047 0.045 0.087 0.049 0.073  0.046 0.045 0.089 0.048  0.077 0.045 0.045 0.087 0.050 0.072

-2.5 0.05 0.041 0.041 0.076 0.048 0.070  0.040 0.041 0.078 0.046 0.074 0.039 0.041 0.080 0.049 0.069

0.1 0.043 0.045 0.069 0.051  0.061  0.046 0.044 0.068 0.055 0.056  0.044 0.043 0.069 0.054 0.058

0.2 0.048 0.048 0.052 0.053 0.046 0.047 0.047 0.057 0.056 0.051 0.045 0.047  0.056  0.055 0.048

0.3 0.049 0.049 0.054 0.067 0.043  0.048 0.049 0.064 0.070  0.045  0.050 0.051 0.058 0.069 0.043

0.4 0.048 0.050 0.046 0.056 0.043 0.049 0.050 0.049 0.058 0.040 0.048 0.049  0.047  0.059  0.044

0.5 0.049 0.049 0.042 0.051  0.040  0.050 0.050 0.050 0.053  0.040 0.051 0.052 0.048 0.054 0.042

0.6  0.048 0.049 0.049 0.062  0.046  0.049 0.050 0.051 0.060 0.044  0.050 0.051 0.048 0.063 0.042

0.7 0.050  0.051 0.054  0.065 0.046 0.048 0.050 0.066  0.069 0.041 0.049  0.051 0.060  0.065 0.048

0.8 0.048 0.046 0.053 0.059  0.052  0.046 0.046 0.054 0.057 0.048 0.044 0.048 0.053 0.057 0.051

0.9  0.042 0.044 0.070 0.054 0.062  0.042 0.042 0.070 0.054 0.061  0.043 0.044 0.071 0.056 0.056

0.95 0.040 0.039 0.078 0.043 0.069 0.039 0.040 0.080 0.042 0.074 0.040 0.040  0.081 0.042 0.073

-10 0.05 0.048 0.049 0.071 0.043 0.071 0.049 0.050 0.077 0.041 0.065 0.049 0.049 0.074 0.043 0.070

0.1 0.050 0.050 0.059 0.051  0.058  0.051 0.051 0.059 0.051  0.056  0.051 0.052 0.059 0.047 0.056

0.2 0.048 0.050 0.050 0.049  0.048  0.050 0.051 0.053 0.049  0.053  0.050 0.049 0.052 0.049 0.046

0.3 0.055 0.057  0.041 0.055 0.049  0.055 0.058  0.050 0.059 0.038 0.055 0.056  0.044  0.055 0.047

0.4 0.050 0.052 0.039 0.050 0.045 0.051 0.052 0.045 0.051  0.045 0.049 0.049 0.040 0.051 0.041

0.5 0.047 0.047 0.043 0.048  0.045 0.047 0.048 0.046 0.051  0.040  0.046 0.047 0.044 0.053 0.044

0.6 0.056 0.057 0.047  0.057 0.041 0.055 0.056 0.046 0.058 0.041 0.054 0.056 0.049 0.059  0.039

0.7 0.052 0.053 0.048 0.056  0.044  0.052 0.053 0.050 0.063  0.040 0.048 0.050 0.049 0.057 0.043

0.8  0.052 0.053  0.047 0.053 0.049 0.051 0.050  0.053  0.052 0.049 0.052 0.051 0.052 0.048  0.052

0.9 0.044 0.046 0.060 0.044 0.061  0.048 0.048 0.060 0.045 0.056  0.045 0.047 0.059 0.046 0.063

0.95 0.048 0.046 0.071 0.039  0.067  0.046 0.046 0.080 0.042  0.080 0.045 0.045 0.077 0.039 0.077

-0.57  0.05 0.046 0.048 0.095 0.042  0.089  0.049 0.051 0.104 0.040  0.090 0.051 0.053 0.091 0.040 0.084

0.1 0.043  0.045 0.051 0.037  0.070 0.043  0.045 0.057  0.037 0.074 0.044  0.045 0.056  0.037  0.066

0.2 0.046 0.045 0.046 0.042  0.063 0.046 0.048 0.050 0.040  0.060  0.047 0.049 0.046 0.039 0.059

0.3 0.052 0.052 0.043 0.047  0.058  0.052 0.053 0.049 0.049  0.057  0.052 0.053 0.045 0.047 0.050

0.4 0.054 0.055 0.041 0.050 0.058  0.051 0.051 0.048  0.050 0.057 0.054 0.053 0.044 0.048 0.053

0.5 0.053 0.054 0.044 0.050  0.053  0.051 0.052 0.049 0.049  0.052  0.052 0.053 0.047 0.048 0.054

0.6 0.051 0.051 0.046 0.047  0.052  0.052 0.052 0.052 0.050  0.054  0.052 0.052 0.048 0.049 0.054

0.7 0.052 0.053  0.044 0.050 0.055 0.050 0.050 0.050 0.048 0.058 0.051 0.051 0.045 0.045 0.056

0.8  0.050 0.052 0.048 0.041  0.060 0.051 0.052 0.054 0.042  0.061  0.050 0.050 0.049 0.043 0.063

0.9  0.050 0.053 0.059 0.045 0.065 0.051 0.053 0.065 0.046  0.067  0.050 0.050 0.061 0.043 0.064

0.95 0.049  0.052 0.089  0.041 0.083 0.047 0.051 0.102 0.041  0.085 0.047 0.051 0.084  0.039 0.075
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Table D.5: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests
7> (Eicker-White standard errors), 7,° (conventional standard errors), IV X, I VXgRB B and t¥. Sample
size T = 250. Left panel, DGP2b (ARCH(1)): y: = Brx¢—1+Utr, T = pxi_1+v, where 8, =0, p=1—¢/T,
and (ug,vr) = [o1e 0,0 o2 my; My := (e, i)’ ~ d.i.d. N(0,2) with @ = [1  —0.95;-0.95 1] and
07, =1409¢7, ;, i = 1,2. Right panel, DGP2c (Stochastic Volatility [SV]): y; = Brzi—1 + tsr, 2 =
pri—1+vg, where 8. =0, p=1—¢/T, and (ug, v;)’ follow from a first-order AR stochastic volatility process
as (uy = eexp(hir), v = exexp(ha))’, and hy = M1 + 0.5&;; with (&, €)' ~ i.4.d. N(O,diag(a?, 1)),
independent across i = 1,2, with results reported for (A, o¢)’ = (0.951,0.314)’.

c T T- 70 IVXor IVXYPE ¥ T- T IVXqr IVXMEPE ¥
ARCH(1) SV
5 0.05 0.078 0.051 0.089 0.039 0.111 0.077 0.050 0.118 0.039 0.140

0.1 0.064 0.059 0.066 0.044 0.073  0.061 0.051 0.087  0.045  0.098
0.2 0.055  0.055 0.057  0.054 0.050  0.062 0.059  0.065 0.056  0.069
0.3 0.057  0.056  0.051 0.061 0.044 0.054 0.053 0.069  0.058  0.055
0.4 0.055 0.054 0.049 0.064 0.047 0.057 0.058  0.055 0.063  0.054
0.5 0.056  0.056  0.041 0.062 0.042 0.058 0.058  0.053  0.067  0.053
0.6 0.056  0.059  0.043  0.055 0.039  0.054 0.056  0.052  0.065  0.058
0.7 0.056  0.056  0.042 0.058 0.042 0.057 0.053  0.051 0.060  0.056
0.8 0.063  0.051 0.051 0.051 0.052  0.061 0.056  0.060  0.051 0.069
0.9 0.063  0.055 0.065 0.041 0.066  0.069  0.055 0.082  0.044  0.094
0.95 0.077  0.051 0.091 0.035 0.100  0.080 0.053 0.124  0.044 0.146

0 0.05 0.045 0.048 0.116 0.033 0.102 0.046 0.048  0.141 0.038  0.133
0.1 0.046  0.045 0.104  0.053 0.067 0.048 0.054 0.096  0.058  0.096
0.2 0.050  0.053  0.088  0.069 0.057  0.060  0.065 0.078  0.065  0.074
0.3 0.053  0.055 0.089 0.074 0.054  0.060  0.062 0.067  0.078  0.064
0.4 0.052  0.055 0.094 0.084 0.051 0.060  0.063  0.069 0.087  0.064
0.5 0.049  0.051 0.100  0.079 0.048  0.055 0.058  0.070  0.089  0.057
0.6 0.051 0.053 0.103  0.077  0.052  0.056  0.058 0.073  0.090  0.057
0.7 0.048  0.051 0.098  0.072 0.054  0.060  0.065 0.069  0.082  0.066
0.8 0.049  0.051 0.095 0.064 0.055 0.059 0.063 0.077 0.069  0.075
0.9 0.043 0.046 0.100  0.051 0.072  0.054 0.054 0.103  0.058  0.097
0.95 0.052 0.050 0.124  0.038 0.105 0.049 0.047 0.131 0.041 0.146

-2.5 0.05 0.045 0.040 0.113 0.032 0.109 0.043 0.043 0.121  0.037  0.132
0.1 0.046 0.041 0.095 0.050 0.071  0.041  0.044 0.083 0.047  0.089
0.2 0.043 0.045 0.080 0.060 0.0561  0.045 0.052 0.063 0.054 0.069
0.3 0.043 0.043 0.076  0.063  0.057 0.047 0.053  0.051  0.061  0.057
0.4 0.044 0.046 0.084 0.065 0.063 0.049 0.050 0.053  0.067  0.058
0.5 0.039 0.042  0.081 0.063  0.052 0.052 0.054 0.051 0.073  0.054
0.6 0.043 0.045 0.082 0.060 0.0563 0.056  0.059  0.056 0.071  0.056
0.7 0.043 0.045 0.078 0.063 0.0564 0.056  0.059 0.050 0.067  0.052
0.8 0.042  0.041 0.082  0.057 0.061 0.053 0.056  0.058 0.061  0.069
0.9 0.045 0.043 0.098 0.046 0.070 0.051  0.050  0.090 0.051  0.098
0.95 0.048 0.043 0.119 0.039 0.102 0.047 0.044 0.127 0.040  0.160

-10 0.05 0.048 0.043 0.133 0.027 0.103 0.051  0.050 0.115  0.038  0.128
0.1 0.056  0.058  0.109 0.045 0.071  0.047 0.055 0.073 0.043  0.088
0.2 0.053  0.051  0.092 0.050 0.055 0.046  0.051 0.053  0.046  0.065
0.3 0.051  0.053 0.088 0.055 0.0563 0.045 0.048 0.041 0.052 0.054
0.4 0.053  0.055 0.086  0.053 0.046 0.053 0.055 0.043 0.053  0.049
0.5 0.044 0.045 0.088  0.051 0.049 0.054 0.057 0.042 0.059  0.052
0.6 0.048 0.049 0.088  0.051 0.051  0.056  0.059  0.043 0.062 0.052
0.7 0.049 0.051 0.086 0.049 0.049 0.055 0.058 0.042 0.051  0.056
0.8 0.046 0.049 0.090 0.046 0.051 0.051  0.054 0.051  0.047  0.064
0.9 0.047 0.045 0.113 0.044 0.078 0.048 0.050 0.076  0.040  0.087
0.95 0.057  0.047  0.141 0.037  0.109  0.055  0.051 0.116  0.034 0.135

-0.5T 0.05 0.041 0.039  0.333  0.046 0.232 0.038 0.049 0.114 0.037  0.125
0.1 0.044 0.049  0.292 0.043 0.185  0.047  0.050 0.066  0.041 0.073
0.2 0.049  0.052 0.275 0.048 0.150  0.043  0.052 0.045 0.036  0.047
0.3 0.049  0.052 0.269  0.051 0.145  0.052 0.053  0.040 0.046  0.043
0.4 0.051 0.052 0.257  0.056 0.137  0.049 0.054 0.033  0.048 0.038
0.5 0.048 0.049 0.262 0.053 0.136  0.050  0.052 0.035 0.042  0.037
0.6 0.049  0.051 0.259  0.056 0.144 0.053 0.056 0.034  0.048 0.035
0.7 0.047  0.052 0.265 0.049 0.147  0.053  0.055 0.036  0.048  0.039
0.8 0.049  0.053  0.278  0.050 0.156  0.043  0.047  0.046  0.041 0.050
0.9 0.038 0.049 0.303  0.043 0.187 0.043 0.049 0.075  0.038  0.072
0.95 0.038 0.039 0.334  0.043 0.226  0.042 0.054 0.113  0.036  0.120
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Table D.6: Empirical null rejection frequencies at 5% significance level of the QR based predictabil-
ity tests 7, (Eicker-White standard errors), 7.0 (conventional standard errors), IV Xgg, IV X, gRB B
and . Sample size T' = 750. Left panel, DGP2b (ARCH(1)): y: = B,2¢—1 + Utr, Tt = pTi—1 + Vg,
where 8, =0, p =1 —¢/T, and (ut,v) = [o1t 0;0 02| My My = (Mg, N2e) ~ d.i.d. N(0,€)
with @ =[1  —0.95;-0.95 1] and 0}, =1+0.9¢;, ;, i = 1,2. Right panel, DGP2c (Stochastic
Volatility [SV]): y¢ = Brxi—1 + wr, T = pry—1 + v4, where 8, = 0, p = 1 — ¢/T, and (uyg, vy)
follow from a first-order AR stochastic volatility process as (u; = ejexp(hiy), vy = egrexp(hat))’,
and hyy = Ah; -1+ 0.5&;; with (&, e;) ~ i.3.d. N(O,diag(ag7 1)), independent across i = 1,2, with
results reported for (A, o¢)" = (0.951,0.314)".

c T T- TY  1vxer IVXYPR ¥ T, TY  1vXer IVXMEPE Y
ARCH(1) SV
5 0.05 0.060 0.054 0.075 0.044 0.092 0.058 0.052 0.095 0.038 0.111

0.1 0.0564 0.048 0.056  0.047 0.063  0.051 0.047  0.068  0.047  0.073
0.2 0.049 0.049 0.045 0.055 0.047  0.054  0.051 0.055  0.056  0.055
0.3 0.051 0.048  0.036  0.056 0.043  0.052 0.051 0.048 0.062  0.051
0.4 0.051 0.051 0.036  0.056 0.042  0.052 0.051 0.049  0.063  0.053
0.5 0.049 0.049 0.036  0.056 0.037  0.051 0.051 0.050  0.065  0.040
0.6 0.049  0.050  0.032 0.058 0.041 0.058  0.056  0.051 0.061 0.052
0.7 0.052  0.051 0.042 0.055 0.045 0.053 0.054 0.045 0.063  0.055
0.8 0.049 0.050  0.045 0.058 0.054  0.055 0.053  0.053  0.063  0.055
0.9 0.057  0.052 0.055 0.052 0.063 0.059 0.053  0.068 0.055  0.073
0.95 0.060 0.054 0.079  0.041 0.087  0.062 0.053  0.101 0.043  0.107

0 0.05 0.045 0.045 0.095 0.046 0.081 0.048 0.045 0.112  0.047 0.112
0.1 0.046 0.046 0.087  0.058 0.063 0.045 0.045 0.084 0.055 0.073
0.2 0.048 0.047 0.080 0.071 0.052 0.054 0.054 0.069 0.070  0.060
0.3 0.052 0.051 0.076  0.078  0.050 0.061  0.062 0.062 0.074  0.056
0.4 0.046 0.046 0.072  0.071 0.046 0.061  0.063 0.071  0.086  0.050
0.5 0.049 0.051 0.072 0.074 0.043 0.056  0.057 0.075  0.090 0.044
0.6 0.047 0.049 0.074 0.074 0.046  0.055 0.057 0.063  0.079  0.049
0.7 0.051  0.052  0.081 0.074  0.049 0.057 0.058 0.061  0.065  0.050
0.8 0.046 0.046 0.085 0.070 0.056  0.056  0.055  0.068  0.071  0.061
0.9 0.041  0.041  0.089 0.056 0.068 0.048 0.050 0.089  0.064  0.077
0.95 0.042 0.042 0.102 0.050 0.089 0.049 0.050 0.114 0.053  0.112

-2.5 0.05 0.040  0.041 0.094  0.045 0.074 0.036 0.038 0.104 0.043 0.112
0.1 0.042 0.043 0.075 0.052 0.061 0.034  0.035 0.071 0.050 0.076
0.2 0.041 0.042 0.068  0.058 0.049 0.043 0.047 0.059 0.059  0.057
0.3 0.047 0.049 0.063  0.061 0.046  0.048 0.047  0.050  0.056  0.049
0.4 0.044 0.045 0.064  0.061 0.045  0.052 0.052 0.052  0.066  0.044
0.5 0.043 0.044 0.061 0.058 0.040 0.046 0.047  0.055 0.068  0.048
0.6 0.047  0.047  0.061 0.063 0.044 0.043 0.044 0.047  0.060  0.050
0.7 0.043  0.045 0.062 0.065 0.047 0.044 0.043 0.044 0.055  0.058
0.8 0.040 0.040 0.070  0.056 0.056  0.045 0.047  0.059  0.061 0.056
0.9 0.042  0.042 0.082 0.051 0.055  0.042 0.043  0.075  0.051 0.080
0.95 0.043  0.041 0.094  0.045 0.083 0.046 0.043 0.105  0.040  0.109

-10 0.05 0.047  0.045 0.096  0.039 0.082  0.045 0.047  0.100  0.044  0.106
0.1 0.048 0.049 0.079  0.048 0.062  0.042 0.044 0.063 0.044 0.071
0.2 0.047 0.046  0.068  0.048 0.050  0.046  0.047  0.052  0.054  0.055
0.3 0.051 0.054  0.061 0.055 0.043  0.052 0.053  0.047  0.055  0.049
0.4 0.050  0.050  0.064  0.057  0.041 0.052 0.053  0.042  0.057  0.044
0.5 0.050  0.050  0.059  0.052 0.040  0.051 0.052 0.043  0.055  0.043
0.6 0.063  0.053  0.061 0.056 0.044 0.047 0.049 0.039 0.049 0.038
0.7 0.052  0.0563 0.067 0.057 0.045 0.047 0.048 0.042  0.050  0.048
0.8 0.047  0.050  0.067  0.052 0.050  0.050  0.050  0.050  0.051 0.057
0.9 0.051 0.052 0.080  0.045 0.058 0.048 0.048 0.065 0.044 0.070
0.95 0.056  0.047  0.096  0.042 0.076  0.047 0.048 0.100  0.038  0.116

-0.5T 0.05 0.044 0.043  0.356  0.053 0.213  0.047  0.051 0.094 0.040  0.099
0.1 0.043 0.048 0.343  0.045 0.185  0.050 0.054  0.065 0.047  0.065
0.2 0.042  0.045 0.336  0.046 0.169  0.052 0.052 0.050  0.048  0.045
0.3 0.047  0.049 0.330  0.052 0.164 0.053 0.054 0.046  0.047  0.047
0.4 0.050  0.051 0.315 0.0564  0.162 0.054 0.054 0.038 0.049 0.043
0.5 0.055  0.055 0.321 0.054  0.161 0.050  0.050  0.039  0.048  0.039
0.6 0.056  0.055 0.322 0.058 0.154  0.053  0.054 0.039 0.049 0.041
0.7 0.050  0.051 0.308  0.051 0.156  0.050  0.052 0.040  0.051 0.042
0.8 0.050  0.051 0.329  0.050 0.162  0.052 0.056  0.044 0.047  0.049
0.9 0.043  0.051 0.341 0.045 0.185 0.046 0.047 0.064 0.040  0.066
0.95 0.046 0.039 0.354  0.052 0.212  0.047 0.050 0.096  0.040 0.107
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Table D.7: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7,
(Eicker-White standard errors), 7.0 (conventional standard errors), IV Xgg, and I VXgRB B Sample size T = 250.
DGP 3 (Unconditional Heteroskedasticity): y; = Br2+—1 + Utr, ¥t = pxi—1 + vy where 5, = 0, p = 1+ ¢/T and
(ut,v)" ~ ii.d. N(0,8y), with By = [02, —0.950,00; —0.950,00 03] and 02, =1, 02, = 11(t < |AT]) +
1/41(t > |AT)).

c T T: TY  IVXqr IVXYPE ¥ Tr TV IvXqr IVXYPD ¥ T TY  IvXqr IVXYED ¥
A=1/3 A=1/2 A=2/3

5 0.05 0.073 0.044 0.087 0.038 0.087 0.073 0.047 0.091 0.036 0.086 0.069 0.043 0.087 0.036 0.093
0.1 0.061 0.048 0.060 0.040 0.066 0.062 0.048 0.061 0.039 0.063 0.058 0.051 0.060 0.042 0.064
0.2 0.052 0.054 0.041 0.050 0.050 0.052 0.052 0.043 0.053 0.049 0.056 0.054 0.045 0.050 0.049
0.3 0.052 0.049 0.040 0.053 0.046 0.052 0.049 0.044 0.058 0.045 0.051 0.052 0.044 0.059 0.047
04 0.047 0.046 0.041 0.058 0.042 0.044 0.046 0.039 0.056 0.038 0.047 0.047 0.042 0.056 0.039
0.5 0.046 0.046 0.041 0.056 0.042 0.051 0.050 0.037 0.055 0.043 0.049 0.050 0.035 0.059 0.043
0.6 0.050 0.050 0.039 0.057 0.045 0.048 0.047 0.039 0.051 0.045 0.053 0.053 0.036 0.053 0.044
0.7 0.045 0.045 0.039 0.054 0.040 0.047 0.047 0.039 0.052 0.050 0.044 0.044 0.042 0.053 0.042
0.8 0.054 0.049 0.039 0.045 0.047 0.053 0.052 0.044 0.046 0.049 0.052 0.052 0.044 0.047 0.052
0.9 0.056 0.045 0.060 0.039 0.063 0.061 0.0561 0.059 0.043 0.068 0.062 0.049 0.058 0.043 0.066
0.95 0.081 0.049 0.085 0.040 0.100 0.078 0.051 0.088 0.040 0.093 0.085 0.050 0.091 0.040 0.090

0 0.05 0.064 0.060 0.109 0.042 0.095 0.061 0.059 0.108 0.041 0.097 0.065 0.063 0.108 0.042 0.092
0.1 0.046 0.050 0.093 0.055 0.078 0.047 0.050 0.090 0.051 0.073 0.049 0.052 0.091 0.058 0.076
0.2 0.051 0.054 0.0714 0.065 0.061 0.056 0.0568 0.073 0.061 0.060 0.054 0.059 0.074 0.066 0.064
0.3 0.049 0.053 0.088 0.084 0.059 0.059 0.062 0.083 0.091 0.063 0.053 0.056 0.085 0.091 0.055
0.4 0.052 0.057 0.092 0.098 0.053 0.057 0.063 0.081 0.097 0.060 0.054 0.059 0.072 0.090 0.049
0.5 0.051 0.054 0.084 0.103 0.057 0.061 0.064 0.079 0.091 0.057 0.060 0.064 0.065 0.088 0.052
0.6 0.059 0.062 0.085 0.104 0.061 0.064 0.068 0.089 0.098 0.050 0.063 0.066 0.075 0.091 0.054
0.7 0.054 0.059 0.080 0.092 0.052 0.060 0.065 0.083 0.087 0.062 0.059 0.064 0.086 0.095 0.053
0.8 0.057 0.061 0.083 0.070 0.062 0.061 0.064 0.068 0.069 0.061 0.060 0.066 0.067 0.065 0.060
0.9 0.048 0.047 0.100 0.058 0.079 0.047 0.051 0.099 0.057 0.081 0.050 0.056 0.094 0.052 0.082
0.95 0.066 0.065 0.118 0.038 0.104 0.059 0.057 0.108 0.035 0.101 0.067 0.062 0.110 0.038 0.107

-25 0.05 0.063 0.053 0.092 0.039 0.095 0.065 0.055 0.087 0.039 0.092 0.061 0.059 0.093 0.038 0.103
0.1 0.043 0.047 0.068 0.039 0.071 0.037 0.038 0.068 0.042 0.069 0.041 0.048 0.072 0.049 0.072
0.2 0.040 0.041 0.059 0.050 0.061 0.040 0.042 0.059 0.049 0.056 0.043 0.044 0.057 0.052 0.054
0.3 0.039 0.041 0.054 0.058 0.051 0.042 0.044 0.055 0.060 0.047 0.042 0.044 0.060 0.066 0.051
04 0043 0.046 0.059 0.075 0.051 0.041 0.043 0.057 0.070 0.048 0.044 0.047 0.050 0.070 0.052
0.5 0.043 0.045 0.054 0.069 0.045 0.042 0.044 0.051 0.063 0.046 0.043 0.045 0.049 0.067 0.054
0.6 0.044 0.046 0.056 0.074 0.052 0.044 0.046 0.058 0.071 0.049 0.041 0.043 0.049 0.067 0.047
0.7 0.046 0.050 0.056 0.069 0.049 0.046 0.048 0.053 0.066 0.049 0.045 0.048 0.056 0.067 0.048
0.8 0.043 0.043 0.059 0.059 0.055 0.046 0.046 0.054 0.053 0.063 0.039 0.043 0.056 0.052 0.052
0.9 0.040 0.042 0.073 0.049 0.075 0.040 0.042 0.072 0.044 0.072 0.040 0.043 0.071 0.047 0.076
0.95 0.068 0.054 0.094 0.033 0.095 0.065 0.0561 0.095 0.033 0.096 0.062 0.057 0.096 0.036 0.096

-10 0.05 0.052 0.050 0.092 0.036 0.097 0.056 0.052 0.087 0.036 0.100 0.056 0.056 0.089 0.038 0.101
0.1 0.051 0.054 0.065 0.037 0.070 0.045 0.050 0.067 0.039 0.072 0.052 0.055 0.064 0.042 0.071
0.2 0.047 0.049 0.052 0.045 0.050 0.047 0.051 0.045 0.045 0.049 0.048 0.053 0.046 0.046 0.051
0.3 0.045 0.049 0.045 0.053 0.048 0.047 0.051 0.043 0.050 0.049 0.045 0.047 0.044 0.052 0.048
04 0.051 0.053 0.045 0.062 0.045 0.048 0.050 0.037 0.056 0.044 0.052 0.065 0.039 0.058 0.045
0.5 0.053 0.056 0.046 0.060 0.041 0.049 0.051 0.037 0.058 0.046 0.049 0.050 0.037 0.059 0.039
0.6 0.057 0.059 0.046 0.065 0.045 0.052 0.052 0.041 0.054 0.043 0.050 0.051 0.039 0.056 0.041
0.7 0.053 0.068 0.045 0.057 0.048 0.049 0.061 0.045 0.048 0.050 0.049 0.049 0.041 0.053 0.045
0.8 0.049 0.052 0.047 0.051 0.053 0.051 0.055 0.043 0.046 0.051 0.044 0.049 0.045 0.046 0.051
0.9 0.048 0.050 0.064 0.044 0.070 0.043 0.049 0.056 0.043 0.071 0.045 0.050 0.063 0.046 0.069
0.95 0.053 0.049 0.080 0.029 0.094 0.055 0.061 0.085 0.031 0.098 0.052 0.062 0.087 0.032 0.091

-0.57 0.05 0.035 0.045 0.080 0.033 0.090 0.039 0.050 0.083 0.027 0.095 0.042 0.049 0.088 0.029 0.104
0.1 0.039 0.051 0.065 0.033 0.068 0.041 0.048 0.061 0.036 0.066 0.046 0.053 0.061 0.036 0.066
0.2 0.048 0.051 0.046 0.039 0.049 0.045 0.049 0.048 0.039 0.051 0.048 0.046 0.046 0.038 0.050
0.3 0.049 0.0561 0.043 0.041 0.048 0.046 0.047 0.042 0.043 0.042 0.045 0.0560 0.040 0.041 0.044
04 0.049 0.050 0.036 0.046 0.042 0.050 0.053 0.035 0.042 0.039 0.045 0.048 0.034 0.043 0.038
0.5 0.051 0.053 0.035 0.051 0.046 0.046 0.047 0.035 0.042 0.040 0.045 0.046 0.035 0.043 0.042
0.6 0.054 0.0567 0.041 0.048 0.043 0.051 0.062 0.033 0.044 0.040 0.049 0.049 0.036 0.040 0.043
0.7 0.054 0.056 0.040 0.045 0.047 0.044 0.049 0.034 0.041 0.042 0.049 0.052 0.038 0.044 0.040
0.8 0.052 0.054 0.046 0.046 0.051 0.045 0.051 0.046 0.043 0.049 0.049 0.052 0.047 0.043 0.051
0.9 0.045 0.050 0.071 0.041 0.074 0.039 0.0560 0.068 0.034 0.070 0.043 0.0560 0.071 0.039  0.075
0.95 0.035 0.0563 0.089 0.034 0.101 0.038 0.0563 0.090 0.032 0.094 0.038 0.052 0.089 0.034 0.107
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Table D.8: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7, (Eicker-
White standard errors), 7.0 (conventional standard errors), IV Xor, IVXg[RBB, and t¥. Sample size T = 750. DGP
3 (Unconditional Heteroskedasticity): y; = Bra4_1 + Usr, Ty = pTy—1 + v where B =0, p =1+ ¢/T and (ug,v;) ~
i.i.d. N(0,3¢), with 2y = [02, = 0.95000; —0.950,00 02] and 02, = 1,02, = 11(t < [AT|)+1/41(t > |AT]).

c T T TO  IvXqr IVXYPE Y Tr TO  IvXer IVXYPE Y T TY  Ivxor IVXYEP Y
A=1/3 A=1/2 A=2/3

5 0.05 0.057 0.046 0.063 0.040 0.067 0.060 0.061 0.066 0.045 0.075 0.060 0.049 0.061 0.043 0.077
0.1 0.050 0.046 0.046 0.046 0.056 0.055 0.047 0.050 0.048 0.054 0.051 0.047 0.055 0.048 0.058
0.2 0.050 0.048 0.040 0.051 0.050 0.052 0.049 0.041 0.054 0.045 0.052 0.053 0.040 0.054 0.050
0.3 0.050 0.047 0.043 0.058 0.051 0.048 0.049 0.047 0.064 0.046 0.054 0.053 0.050 0.064 0.047
0.4 0.057 0.057 0.048 0.063 0.047 0.055 0.056 0.047 0.063 0.044 0.053 0.054 0.047 0.061 0.050
0.5 0.052 0.052 0.040 0.064 0.046 0.052 0.052 0.038 0.064 0.046 0.052 0.052 0.038 0.070 0.053
0.6 0.054 0.055 0.043 0.061 0.045 0.053 0.055 0.041 0.065 0.043 0.050 0.052 0.041 0.065 0.040
0.7 0.049 0.051 0.044 0.056 0.048 0.051 0.050 0.040 0.056 0.047 0.050 0.051 0.045 0.059 0.044
0.8 0.048 0.046 0.039 0.051 0.052 0.047 0.046 0.038 0.051 0.050 0.047 0.046 0.039 0.052 0.044
0.9 0.053 0.049 0.049 0.047 0.055 0.053 0.048 0.047 0.049 0.064 0.054 0.054 0.048 0.048 0.053
0.95 0.055 0.048 0.067 0.041 0.070 0.057 0.048 0.063 0.041 0.065 0.054 0.047 0.065 0.041 0.068

0 0.1 0.047 0.048 0.088 0.060 0.066 0.057 0.057 0.083 0.057 0.066 0.049 0.050 0.084 0.061 0.062
0.2 0.052 0.053 0.071 0.064 0.054 0.059 0.060 0.070 0.069 0.050 0.053 0.054 0.068 0.065 0.049
0.3 0.057 0.060 0.088 0.091 0.050 0.060 0.060 0.088 0.097 0.059 0.055 0.059 0.098 0.107 0.054
04 0.062 0.063 0.108 0.115 0.051 0.066 0.068 0.085 0.099 0.054 0.057 0.058 0.070 0.078 0.047
0.5 0.065 0.067 0.088 0.089 0.058 0.065 0.067 0.071 0.085 0.051 0.061 0.062 0.062 0.073 0.049
0.6 0.063 0.064 0.105 0.113 0.050 0.062 0.062 0.091 0.100 0.053 0.059 0.060 0.076 0.083  0.050
0.7 0.065 0.065 0.093 0.099 0.054 0.059 0.059 0.099 0.101 0.057 0.061 0.060 0.102 0.108 0.055
0.8 0.055 0.057 0.077 0.075 0.057 0.055 0.057 0.074 0.066 0.054 0.055 0.057 0.071 0.068 0.058
0.9 0.048 0.051 0.093 0.066 0.061 0.050 0.050 0.087 0.066 0.064 0.049 0.048 0.078 0.062 0.061

-25 01 0.041 0.039 0.066 0.049 0.059 0.038 0.038 0.058 0.045 0.065 0.037 0.039 0.067 0.051 0.058
0.2 0.042 0.043 0.050 0.049 0.048 0.043 0.044 0.052 0.057 0.055 0.039 0.038 0.050 0.055 0.048
0.3 0.043 0.043 0.057 0.062 0.048 0.042 0.043 0.059 0.066 0.046 0.038 0.040 0.064 0.071 0.048
0.4 0.042 0.043 0.072 0.075 0.054 0.040 0.041 0.055 0.069 0.050 0.039 0.038 0.047 0.064 0.046
0.5 0.044 0.045 0.059 0.067 0.050 0.043 0.044 0.053 0.065 0.047 0.041 0.041 0.047 0.057 0.050
0.6 0.045 0.047 0.063 0.079 0.049 0.042 0.042 0.060 0.075 0.049 0.044 0.043 0.051 0.060 0.049
0.7 0.043 0.044 0.060 0.071 0.048 0.043 0.043 0.064 0.069 0.049 0.045 0.046 0.068 0.076  0.050
0.8 0.044 0.044 0.055 0.060 0.055 0.040 0.042 0.060 0.057 0.053 0.043 0.044 0.058 0.053 0.054
0.9 0.044 0.042 0.073 0.055 0.066 0.043 0.041 0.070 0.052 0.059 0.040 0.042 0.065 0.050 0.060

-10 0.1 0.045 0.047 0.059 0.045 0.058 0.044 0.048 0.055 0.043 0.061 0.049 0.052 0.058 0.047 0.062
0.2 0.047 0.049 0.047 0.049 0.051 0.049 0.051 0.047 0.052 0.054 0.049 0.049 0.048 0.053 0.050
0.3 0.049 0.052 0.046 0.054 0.049 0.049 0.051 0.047 0.055 0.050 0.049 0.050 0.051 0.063 0.048
04 0.052 0.052 0.049 0.060 0.047 0.050 0.050 0.040 0.054 0.045 0.050 0.050 0.041 0.055 0.045
0.5 0.047 0.047 0.050 0.063 0.047 0.051 0.052 0.041 0.053 0.049 0.051 0.051 0.041 0.050 0.046
0.6 0.051 0.051 0.047 0.062 0.048 0.053 0.052 0.046 0.057 0.049 0.047 0.047 0.041 0.052 0.049
0.7 0.052 0.051 0.050 0.057 0.050 0.050 0.051 0.050 0.061 0.050 0.056 0.054 0.049 0.057 0.052
0.8 0.051 0.052 0.055 0.053 0.053 0.052 0.051 0.050 0.048 0.050 0.050 0.052 0.052 0.048 0.053
0.9 0.055 0.059 0.063 0.053 0.063 0.052 0.056 0.058 0.049 0.063 0.050 0.053 0.062 0.045 0.059

-0.57 0.1 0.050 0.053 0.058 0.043 0.061 0.049 0.051 0.054 0.044 0.056 0.048 0.051 0.060 0.040 0.063
0.2 0.053 0.0563 0.053 0.048 0.054 0.048 0.049 0.047 0.044 0.049 0.054 0.054 0.046 0.049 0.054
0.3 0.046 0.046 0.044 0.045 0.053 0.052 0.052 0.043 0.045 0.047 0.054 0.056 0.045 0.047 0.048
04 0.047 0.048 0.041 0.045 0.040 0.049 0.049 0.037 0.043 0.040 0.051 0.051 0.042 0.049 0.047
0.5 0.048 0.049 0.042 0.046 0.041 0.048 0.048 0.040 0.044 0.044 0.047 0.048 0.040 0.044 0.045
0.6 0.050 0.0561 0.043 0.046 0.042 0.054 0.053 0.045 0.051 0.047 0.051 0.051 0.041 0.047 0.048
0.7 0.050 0.050 0.045 0.044 0.045 0.050 0.050 0.047 0.050 0.047 0.052 0.052 0.046 0.046 0.048
0.8 0.046 0.047 0.045 0.040 0.048 0.052 0.055 0.050 0.046 0.054 0.049 0.052 0.049 0.043 0.054
0.9 0.047 0.049 0.055 0.041 0.060 0.045 0.049 0.055 0.039 0.057 0.045 0.047 0.054 0.036 0.059
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Table D.9: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7,
(Eicker-White standard errors), 7. (conventional standard errors), IV Xgr, IV X, éVIRB B and t¥. Sample size T = 250.
DGP 3 (Unconditional Heteroskedasticity): y; = Br2+—1 + Utr, ¥t = pxi—1 + vy where 5, = 0, p = 1+ ¢/T and
(ut,v)" ~ i.id. N(0,8y), with 3y = [02, —0.950,00; —0.950,0, 03] and 02, =1, 02, = 11(t < |AT]) +
4I(t > | AT)).

c T T: TY  IVXqr IVXYPE ¥ Tr TV IvXqr IVXYPD ¥ T TY  IvXqr IVXYED ¥
A=1/3 A=1/2 A=2/3

5 0.05 0.075 0.050 0.096 0.042 0.089 0.078 0.046 0.099 0.038 0.090 0.072 0.043 0.092 0.039 0.092
0.1 0.064 0.053 0.070 0.046 0.066 0.066 0.052 0.069 0.047 0.067 0.062 0.052 0.061 0.048 0.060
0.2 0.057 0.057 0.048 0.060 0.049 0.058 0.059 0.047 0.063 0.049 0.058 0.058 0.051 0.061 0.054
0.3 0.058 0.055 0.052 0.070 0.042 0.058 0.0563 0.052 0.067 0.043 0.055 0.056 0.047 0.067 0.047
04 0.055 0.057 0.048 0.076 0.048 0.052 0.052 0.049 0.073 0.045 0.052 0.051 0.049 0.071 0.042
0.5 0.053 0.053 0.046 0.074 0.043 0.060 0.060 0.049 0.072 0.043 0.054 0.054 0.043 0.069 0.041
0.6 0.057 0.058 0.049 0.073 0.044 0.055 0.054 0.048 0.065 0.040 0.056 0.054 0.043 0.063 0.044
0.7 0.051 0.051 0.049 0.064 0.047 0.052 0.053 0.049 0.062 0.047 0.050 0.049 0.046 0.062 0.048
0.8 0.059 0.055 0.044 0.057 0.052 0.058 0.057 0.047 0.058 0.050 0.056 0.054 0.051 0.057 0.053
0.9 0.061 0.048 0.070 0.048 0.063 0.066 0.054 0.065 0.048 0.064 0.064 0.050 0.063 0.047 0.066
0.95 0.087 0.051 0.090 0.043 0.094 0.082 0.053 0.093 0.044 0.095 0.088 0.0563 0.091 0.044 0.090

0 0.05 0.059 0.054 0.100 0.039 0.085 0.060 0.055 0.100 0.044 0.090 0.073 0.062 0.104 0.048 0.095
0.1 0.052 0.053 0.078 0.056 0.068 0.051 0.049 0.080 0.051 0.063 0.053 0.050 0.085 0.062 0.074
0.2 0.053 0.05 0.055 0.062 0.054 0.051 0.052 0.058 0.064 0.047 0.052 0.057 0.064 0.068 0.049
0.3 0.053 0.057 0.061 0.076 0.049 0.048 0.050 0.065 0.077 0.043 0.052 0.0563 0.065 0.073 0.049
0.4 0.056 0.059 0.056 0.084 0.044 0.054 0.059 0.061 0.093 0.047 0.056 0.058 0.067 0.095 0.043
0.5 0.055 0.058 0.049 0.079 0.043 0.059 0.062 0.057 0.087 0.044 0.057 0.058 0.062 0.092 0.040
0.6 0.062 0.066 0.057 0.086 0.041 0.055 0.059 0.066 0.088 0.040 0.051 0.055 0.067 0.088 0.047
0.7 0.059 0.063 0.070 0.089 0.047 0.057 0.060 0.062 0.082 0.043 0.057 0.061 0.057 0.079  0.049
0.8 0.056 0.062 0.059 0.066 0.050 0.056 0.060 0.061 0.067 0.051 0.056 0.057 0.065 0.062 0.055
0.9 0.044 0.051 0.076 0.056 0.072 0.051 0.050 0.083 0.056 0.071 0.049 0.050 0.083 0.055 0.066
0.95 0.065 0.063 0.099 0.037 0.088 0.061 0.051 0.099 0.039 0.093 0.068 0.059 0.102 0.040 0.092

-25 0.05 0.062 0.053 0.098 0.038 0.097 0.066 0.054 0.094 0.040 0.092 0.071 0.060 0.097 0.044 0.093
0.1 0.051 0.051 0.071 0.046 0.068 0.047 0.045 0.070 0.044 0.063 0.048 0.048 0.074 0.049 0.064
0.2 0.046 0.051 0.053 0.054 0.046 0.045 0.046 0.049 0.052 0.046 0.047 0.050 0.055 0.056 0.051
0.3 0.043 0.049 0.051 0.063 0.040 0.044 0.046 0.050 0.064 0.042 0.041 0.044 0.050 0.059 0.044
04 0045 0.047 0.049 0.069 0.044 0.045 0.047 0.051 0.068 0.040 0.046 0.049 0.053 0.073 0.042
0.5 0.049 0.052 0.043 0.068 0.039 0.048 0.051 0.047 0.075 0.040 0.045 0.048 0.047 0.070 0.038
0.6 0.048 0.052 0.045 0.069 0.045 0.044 0.048 0.051 0.069 0.036 0.044 0.047 0.048 0.064 0.036
0.7 0.051 0.053 0.051 0.071 0.043 0.046 0.050 0.047 0.068 0.048 0.043 0.046 0.046 0.063 0.043
0.8 0.043 0.048 0.046 0.057 0.050 0.050 0.063 0.051 0.054 0.049 0.042 0.045 0.051 0.053 0.052
0.9 0.040 0.045 0.066 0.045 0.068 0.051 0.048 0.072 0.047 0.068 0.045 0.045 0.073 0.048 0.069
0.95 0.059 0.053 0.088 0.034 0.097 0.064 0.052 0.093 0.039 0.093 0.069 0.056 0.093 0.036 0.092

-10 0.05 0.061 0.050 0.091 0.035 0.096 0.062 0.054 0.085 0.038 0.089 0.064 0.056 0.089 0.038 0.093
0.1 0.048 0.051 0.063 0.040 0.062 0.047 0.047 0.065 0.037 0.066 0.053 0.0567 0.071 0.047 0.069
0.2 0.045 0.048 0.047 0.049 0.045 0.045 0.048 0.047 0.051 0.048 0.048 0.049 0.049 0.048 0.054
0.3 0.042 0.047 0.044 0.054 0.041 0.050 0.0561 0.047 0.056 0.045 0.043 0.045 0.046 0.054 0.047
04 0.048 0.049 0.041 0.064 0.043 0.047 0.049 0.044 0.059 0.042 0.050 0.054 0.042 0.060 0.041
0.5 0.049 0.051 0.040 0.055 0.041 0.050 0.051 0.044 0.063 0.045 0.047 0.049 0.038 0.059 0.041
0.6 0.050 0.053 0.043 0.057 0.040 0.046 0.047 0.045 0.057 0.041 0.042 0.045 0.043 0.054 0.038
0.7 0.049 0.052 0.045 0.058 0.047 0.047 0.050 0.044 0.055 0.046 0.045 0.048 0.041 0.052 0.045
0.8 0.050 0.051 0.045 0.051 0.051 0.049 0.054 0.048 0.050 0.051 0.044 0.045 0.049 0.048 0.055
0.9 0.046 0.049 0.060 0.044 0.067 0.048 0.050 0.062 0.048 0.073 0.047 0.049 0.063 0.043 0.067
0.95 0.056 0.046 0.085 0.032 0.089 0.061 0.061 0.082 0.038 0.099 0.061 0.060 0.092 0.036 0.095

-0.57  0.06 0.037 0.052 0.081 0.029 0.089 0.039 0.0560 0.083 0.029 0.091 0.040 0.052 0.088 0.033 0.091
0.1 0.040 0.049 0.059 0.032 0.067 0.041 0.048 0.066 0.038 0.071 0.046 0.054 0.059 0.035 0.066
0.2 0.050 0.052 0.047 0.043 0.050 0.050 0.049 0.047 0.044 0.051 0.047 0.051 0.047 0.041 0.052
0.3 0.051 0.0562 0.041 0.043 0.054 0.048 0.063 0.042 0.043 0.046 0.045 0.047 0.036 0.040 0.044
0.4 0.050 0.051 0.036 0.044 0.045 0.047 0.049 0.034 0.043 0.044 0.045 0.048 0.034 0.043 0.041
0.5 0.046 0.047 0.038 0.045 0.046 0.043 0.046 0.039 0.040 0.044 0.045 0.047 0.035 0.042 0.039
0.6 0.054 0.055 0.038 0.045 0.045 0.051 0.063 0.037 0.045 0.041 0.051 0.063 0.033 0.045 0.045
0.7 0.054 0.057 0.043 0.046 0.050 0.051 0.052 0.037 0.043 0.045 0.048 0.050 0.040 0.046 0.047
0.8 0.050 0.052 0.046 0.049 0.059 0.052 0.055 0.045 0.043 0.049 0.054 0.058 0.048 0.045 0.050
0.9 0.051 0.0567 0.073 0.043 0.078 0.045 0.0560 0.064 0.037 0.069 0.046 0.066 0.072 0.037 0.073
0.95 0.043 0.051 0.094 0.038 0.099 0.041 0.053 0.094 0.034 0.092 0.037 0.050 0.091 0.033 0.096
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Table D.10: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests T,
(Eicker-White standard errors), 7.° (conventional standard errors), IV Xgr, IV X, éVIRB B and t¥. Sample size T = 750.
DGP 3 (Unconditional Heteroskedasticity): y; = Br2¢—1 + Utr, ¥t = pxi—1 + vy where 5, = 0, p = 1+ ¢/T and
(ut,v)" ~ i.i.d. N(0,8y), with By = [02, —0.950,00; —0.950,0, 03] and 02, =1, 02, = 11(t < |AT]) +
4I(t > | AT)).

c T T: TY  IVXqr IVXYPE ¥ Tr TV IvXqr IVXYPD ¥ T TY  IvXqr IVXYED ¥
A=1/3 A=1/2 A=2/3

5 0.05 0.060 0.050 0.068 0.044 0.067 0.063 0.0564 0.073 0.048 0.072 0.060 0.051 0.066 0.045 0.071
0.1 0.057 0.0563 0.053 0.052 0.062 0.057 0.0563 0.057 0.054 0.056 0.054 0.051 0.057 0.054 0.053
0.2 0.058 0.0568 0.047 0.062 0.050 0.058 0.058 0.049 0.064 0.051 0.057 0.056 0.044 0.061 0.048
0.3 0.059 0.058 0.058 0.071 0.048 0.054 0.055 0.057 0.075 0.050 0.055 0.055 0.052 0.070 0.051
04 0.065 0.065 0.0563 0.077 0.046 0.064 0.065 0.056 0.078 0.048 0.059 0.058 0.061 0.073 0.045
0.5 0.061 0.061 0.048 0.078 0.046 0.062 0.062 0.051 0.077 0.047 0.060 0.060 0.049 0.080 0.044
0.6 0.064 0.064 0.045 0.077 0.044 0.062 0.062 0.054 0.078 0.046 0.058 0.058 0.055 0.077 0.048
0.7 0.058 0.058 0.056 0.074 0.043 0.057 0.057 0.053 0.074 0.048 0.056 0.056 0.049 0.072 0.046
0.8 0.055 0.055 0.047 0.060 0.051 0.055 0.055 0.048 0.059 0.047 0.051 0.051 0.047 0.061 0.053
0.9 0.059 0.053 0.0564 0.057 0.064 0.059 0.056 0.054 0.056 0.058 0.058 0.056 0.054 0.056 0.055
0.95 0.058 0.050 0.068 0.041 0.065 0.062 0.050 0.067 0.046 0.071 0.057 0.049 0.067 0.043 0.068

0 0.05 0.062 0.061 0.081 0.045 0.071 0.057 0.056 0.084 0.051 0.074 0.063 0.061 0.078 0.049 0.073
0.1 0.051 0.054 0.074 0.058 0.058 0.052 0.054 0.073 0.059 0.063 0.046 0.049 0.074 0.061  0.059
0.2 0.058 0.058 0.056 0.064 0.045 0.054 0.057 0.058 0.069 0.050 0.048 0.050 0.066 0.069 0.048
0.3 0.062 0.064 0.087 0.101 0.050 0.057 0.057 0.070 0.090 0.051 0.052 0.0563 0.071 0.080 0.049
0.4 0.062 0.062 0.061 0.075 0.055 0.061 0.061 0.076 0.090 0.046 0.053 0.054 0.084 0.095 0.047
0.5 0.065 0.065 0.0567 0.072 0.045 0.064 0.065 0.066 0.078 0.045 0.052 0.053 0.068 0.083 0.043
0.6 0.057 0.058 0.060 0.077 0.048 0.061 0.063 0.071 0.085 0.048 0.052 0.052 0.078 0.093 0.048
0.7 0.058 0.068 0.075 0.093 0.049 0.060 0.059 0.074 0.089 0.047 0.053 0.054 0.062 0.079  0.046
0.8 0.057 0.059 0.062 0.067 0.047 0.051 0.052 0.061 0.064 0.044 0.048 0.047 0.064 0.067 0.049
0.9 0.052 0.052 0.065 0.061 0.056 0.050 0.049 0.071 0.060 0.060 0.044 0.045 0.069 0.061 0.055
0.95 0.057 0.057 0.076 0.049 0.071 0.060 0.059 0.084 0.052 0.066 0.065 0.059 0.078 0.045 0.066

-25 0.05 0.060 0.059 0.071 0.041 0.065 0.058 0.054 0.073 0.044 0.070 0.058 0.055 0.069 0.048 0.069
0.1 0.046 0.047 0.064 0.049 0.057 0.046 0.046 0.060 0.048 0.062 0.043 0.045 0.066 0.049 0.056
0.2 0.051 0.053 0.052 0.054 0.043 0.050 0.051 0.049 0.055 0.052 0.044 0.045 0.054 0.060 0.052
0.3 0.052 0.052 0.063 0.073 0.051 0.050 0.053 0.058 0.068 0.048 0.047 0.047 0.057 0.066 0.044
04 0.055 0.05 0.052 0.060 0.049 0.048 0.048 0.057 0.070 0.049 0.046 0.046 0.059 0.070 0.047
0.5 0.051 0.051 0.049 0.063 0.051 0.053 0.0563 0.049 0.062 0.045 0.041 0.042 0.053 0.069 0.050
0.6 0.049 0.050 0.050 0.064 0.046 0.051 0.052 0.055 0.068 0.043 0.044 0.043 0.055 0.072 0.043
0.7 0.049 0.051 0.058 0.072 0.044 0.047 0.048 0.056 0.067 0.050 0.043 0.043 0.053 0.065 0.044
0.8 0.050 0.0562 0.054 0.057 0.053 0.051 0.061 0.055 0.057 0.045 0.043 0.044 0.050 0.054 0.048
0.9 0.046 0.045 0.057 0.054 0.056 0.047 0.046 0.056 0.052 0.065 0.043 0.045 0.061 0.056 0.055
0.95 0.056 0.052 0.074 0.047 0.074 0.060 0.056 0.073 0.046 0.067 0.054 0.049 0.070 0.041 0.067

-10 0.05 0.053 0.051 0.068 0.037 0.070 0.051 0.052 0.069 0.038 0.077 0.055 0.056 0.071 0.046 0.072
0.1 0.047 0.046 0.054 0.045 0.062 0.045 0.045 0.055 0.046 0.060 0.047 0.048 0.059 0.048 0.063
0.2 0.046 0.047 0.048 0.049 0.046 0.050 0.051 0.046 0.053 0.049 0.049 0.050 0.046 0.055 0.052
0.3 0.049 0.051 0.049 0.058 0.042 0.051 0.052 0.044 0.057 0.050 0.051 0.051 0.046 0.054 0.053
04 0.050 0.050 0.045 0.056 0.044 0.045 0.047 0.043 0.054 0.045 0.050 0.050 0.047 0.063 0.050
0.5 0.051 0.0561 0.044 0.053 0.043 0.049 0.051 0.041 0.053 0.051 0.049 0.050 0.047 0.059  0.050
0.6 0.049 0.049 0.043 0.058 0.048 0.051 0.053 0.046 0.057 0.044 0.047 0.048 0.048 0.062 0.048
0.7 0.049 0.049 0.051 0.062 0.043 0.047 0.047 0.046 0.057 0.047 0.046 0.047 0.044 0.055 0.042
0.8 0.050 0.051 0.051 0.054 0.047 0.047 0.046 0.050 0.052 0.048 0.046 0.045 0.050 0.052 0.046
0.9 0.049 0.049 0.059 0.047 0.062 0.051 0.0561 0.058 0.052 0.061 0.051 0.052 0.056 0.051 0.049
0.95 0.055 0.065 0.077 0.039 0.068 0.057 0.065 0.071 0.044 0.073 0.055 0.062 0.071 0.043 0.068

-0.57 0.056 0.048 0.049 0.066 0.041 0.072 0.050 0.049 0.070 0.040 0.077 0.045 0.048 0.071 0.034 0.070
0.1 0.049 0.048 0.057 0.042 0.063 0.050 0.053 0.057 0.046 0.060 0.048 0.053 0.058 0.043 0.065
0.2 0.050 0.052 0.050 0.047 0.055 0.053 0.054 0.049 0.050 0.054 0.052 0.053 0.053 0.047 0.053
0.3 0.051 0.0562 0.043 0.051 0.050 0.049 0.0560 0.043 0.047 0.047 0.056 0.0567 0.049 0.053 0.047
0.4 0.048 0.047 0.037 0.046 0.044 0.047 0.048 0.038 0.044 0.043 0.051 0.051 0.044 0.052 0.043
0.5 0.046 0.047 0.041 0.044 0.045 0.048 0.048 0.042 0.044 0.047 0.050 0.050 0.046 0.047 0.044
0.6 0.050 0.061 0.037 0.048 0.043 0.047 0.048 0.038 0.044 0.049 0.051 0.061 0.040 0.052 0.043
0.7 0.046 0.048 0.036 0.047 0.044 0.050 0.050 0.043 0.047 0.045 0.052 0.052 0.042 0.046 0.046
0.8 0.042 0.045 0.046 0.038 0.049 0.049 0.051 0.047 0.043 0.049 0.051 0.050 0.047 0.046 0.054
0.9 0.047 0.050 0.051 0.039 0.058 0.047 0.049 0.055 0.039 0.054 0.042 0.045 0.055 0.034 0.059
0.95 0.044 0.048 0.068 0.040 0.070 0.044 0.044 0.063 0.034 0.072 0.043 0.049 0.065 0.033 0.072
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Table D.11: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7T,
(Eicker-White standard errors), 7.0 (conventional standard errors), IV Xqr, IV X}$P, and t%. Sample size T = 250.
DGP 4 (Unconditional Heteroskedasticity): y: = Brx¢—1+usr, v¢ = pxi—1+v; where 8, =0, p = 14¢/T and (uy, vt)/ ~
ii.d. N(0,3y), with 2y = [02, —0.950,0u; —0.950,0y 0%] and 02, = 02, = 11(t < [AT]) + 1/41(t > [AT)).

vt

c T T: TO  IvXqr IVXYPE ¥ Tr TY  IvXqr IVXYED ¥ T TO  Ivxqr IVXYED Y
A=1/3 A=1/2 A=2/3

5 0.05 0.075 0.045 0.075 0.033 0.148 0.076 0.051 0.057 0.029 0.148 0.071 0.050 0.046 0.026 0.153
0.1 0.064 0.050 0.051 0.042 0.110 0.069 0.0566 0.035 0.040 0.112 0.067 0.069 0.022 0.039 0.110
0.2 0.058 0.056 0.032 0.050 0.088 0.063 0.060 0.022 0.048 0.087 0.066 0.061 0.014 0.047 0.087
0.3 0.055 0.054 0.032 0.052 0.077 0.061 0.061 0.023 0.056 0.074 0.061 0.060 0.015 0.053 0.078
04 0.053 0.055 0.030 0.057 0.077 0.056 0.067 0.019 0.059 0.078 0.058 0.068 0.012 0.052 0.075
0.5 0.051 0.051 0.028 0.057 0.075 0.058 0.058 0.020 0.054 0.076 0.060 0.060 0.010 0.058 0.077
0.6 0.053 0.055 0.027 0.055 0.074 0.059 0.058 0.020 0.048 0.073 0.061 0.062 0.010 0.049 0.074
0.7 0.052 0.0561 0.031 0.053 0.077 0.057 0.054 0.020 0.049 0.082 0.060 0.056 0.011 0.050 0.083
0.8 0.059 0.053 0.033 0.045 0.090 0.064 0.061 0.018 0.049 0.086 0.067 0.064 0.012 0.043 0.088
0.9 0.059 0.051 0.046 0.041 0.120 0.070 0.058 0.030 0.040 0.105 0.071 0.057 0.026 0.040 0.112
0.95 0.086 0.055 0.073 0.034 0.138 0.088 0.063 0.060 0.034 0.158 0.088 0.060 0.043 0.031 0.142

0 0.05 0.050 0.047 0.18 0.047 0.184 0.049 0.061 0.177 0.045 0.162 0.050 0.062 0.172 0.047 0.151
0.1 0.054 0.055 0.170 0.063 0.148 0.055 0.057 0.160 0.056 0.132 0.060 0.065 0.144 0.064 0.106
0.2 0.062 0.067 0.150 0.068 0.133 0.071 0.074 0.143 0.063 0.114 0.064 0.068 0.121 0.065 0.092
0.3 0.062 0.067 0.162 0.087 0.127 0.073 0.080 0.152 0.094 0.109 0.063 0.066 0.140 0.095 0.080
04 0.065 0070 0.174 0.106 0.124 0.074 0.079 0.150 0.103 0.100 0.069 0.074 0.116 0.092 0.084
0.5 0.064 0.067 0.162 0.109 0.129 0.070 0.075 0.142 0.093 0.105 0.067 0.072 0.112 0.086 0.081
0.6 0.073 0.075 0.175 0.110 0.122 0.079 0.083 0.156 0.103 0.111 0.075 0.078 0.119 0.095 0.074
0.7 0.067 0071 0.165 0.093 0.117 0.076 0.082 0.155 0.091 0.104 0.071 0.077 0.129 0.098 0.082
0.8 0.067 0070 0.149 0.072 0.144 0.075 0.077 0.139 0.071 0.116 0.072 0.077 0.122 0.068 0.091
0.9 0.055 0.058 0.178 0.064 0.157 0.058 0.059 0.159 0.058 0.137 0.057 0.064 0.142 0.062 0.114
095 0.049 0.051 0.198 0.040 0.179 0.054 0.054 0.18 0.046 0.173 0.056 0.056 0.167 0.044 0.156

-25  0.05 0.045 0.039 0.148 0.037 0.164 0.044 0.043 0.150 0.042 0.165 0.046 0.043 0.138 0.042 0.153
0.1 0.043 0.045 0.119 0.044 0.120 0.039 0.040 0.115 0.045 0.114 0.042 0.050 0.111 0.051 0.104
0.2 0.041 0.044 0.097 0.055 0.100 0.045 0.047 0.098 0.050 0.092 0.041 0.045 0.088 0.054 0.081
0.3 0044 0.046 0.092 0.065 0.095 0.045 0.049 0.094 0.067 0.089 0.043 0.047 0.097 0.068 0.082
04 0043 0.046 0.096 0.075 0.093 0.044 0.046 0.095 0.069 0.082 0.048 0.051 0.083 0.068 0.067
0.5 0.046 0.048 0.095 0.070 0.088 0.045 0.048 0.093 0.064 0.079 0.047 0.049 0.075 0.063 0.067
0.6 0.047 0.049 0.098 0.077 0.086 0.046 0.049 0.092 0.072 0.093 0.045 0.046 0.077 0.067 0.067
0.7 0.047 0.050 0.093 0.069 0.095 0.047 0.050 0.096 0.067 0.086 0.044 0.049 0.080 0.069 0.071
0.8 0.044 0.048 0.098 0.060 0.109 0.046 0.046 0.095 0.056 0.094 0.046 0.047 0.083 0.054 0.078
0.9 0.038 0043 0.119 0.051 0.127 0.041 0.044 0.120 0.048 0.121 0.042 0.044 0.111 0.051 0.109
0.95 0.043 0.040 0.141 0.038 0.162 0.045 0.042 0.149 0.041 0.163 0.045 0.044 0.143 0.039 0.148

-10 0.05 0.044 0.044 0.139 0.039 0.143 0.049 0.050 0.145 0.038 0.150 0.048 0.050 0.140 0.040 0.140
0.1 0.052 0.0561 0.107 0.042 0.106 0.045 0.049 0.107 0.043 0.105 0.052 0.056 0.103 0.045 0.093
0.2 0.047 0.052 0.085 0.046 0.078 0.047 0.052 0.085 0.044 0.074 0.048 0.053 0.075 0.048 0.073
0.3 0.049 0.051 0.075 0.055 0.070 0.049 0.051 0.082 0.050 0.067 0.047 0.048 0.073 0.054 0.066
0.4 0.053 0.054 0.075 0.062 0.064 0.046 0.048 0.074 0.057 0.062 0.051 0.054 0.071 0.058 0.055
0.5 0.051 0.053 0.072 0.062 0.068 0.047 0.050 0.076 0.055 0.061 0.048 0.050 0.061 0.056 0.056
0.6 0.053 0.056 0.081 0.063 0.075 0.053 0.0564 0.076 0.055 0.070 0.051 0.053 0.066 0.055 0.057
0.7 0.055 0.060 0.081 0.058 0.071 0.050 0.053 0.078 0.051 0.070 0.048 0.050 0.068 0.055 0.061
0.8 0.051 0.052 0.085 0.055 0.080 0.053 0.054 0.087 0.048 0.078 0.046 0.051 0.076 0.044 0.069
0.9 0.048 0.049 0.105 0.047 0.100 0.044 0.049 0.111 0.045 0.106 0.046 0.052 0.105 0.047 0.094
0.95 0.048 0.046 0.131 0.033 0.139 0.046 0.049 0.143 0.038 0.146 0.046 0.051 0.143 0.038 0.140

-0.57° 0.05 0.034 0.045 0.155 0.035 0.152 0.037 0.049 0.161 0.033 0.168 0.040 0.049 0.156 0.035 0.158
0.1 0.041 0.051 0.130 0.041 0.121 0.044 0.051 0.124 0.040 0.124 0.045 0.053 0.110 0.040 0.107
0.2 0.050 0.0563 0.095 0.040 0.085 0.043 0.046 0.098 0.041 0.089 0.049 0.048 0.081 0.042 0.077
0.3 0.051 0.054 0.094 0.046 0.085 0.046 0.048 0.089 0.046 0.083 0.046 0.049 0.077 0.044 0.071
04 0.048 0.052 0.090 0.048 0.077 0.048 0.051 0.080 0.044 0.065 0.047 0.049 0.068 0.043 0.060
0.5 0.051 0.052 0.088 0.051 0.083 0.042 0.044 0.082 0.043 0.071 0.043 0.045 0.069 0.045 0.064
0.6 0.057 0.0568 0.088 0.051 0.080 0.049 0.050 0.081 0.045 0.070 0.050 0.051 0.071 0.043  0.066
0.7 0.053 0.056 0.094 0.049 0.084 0.044 0.049 0.085 0.046 0.072 0.046 0.050 0.075 0.047 0.068
0.8 0.052 0.0563 0.102 0.049 0.087 0.050 0.0563 0.093 0.045 0.087 0.051 0.0563 0.086 0.045 0.077
0.9 0.046 0.053 0.133 0.044 0.127 0.040 0.049 0.134 0.039 0.124 0.043 0.048 0.114 0.041 0.116
0.95 0.033 0.051 0.159 0.038 0.171 0.040 0.052 0.172 0.041 0.176 0.040 0.056 0.159 0.041 0.166
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Table D.12: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests T,
(Eicker-White standard errors), 7.° (conventional standard errors), IV Xgr, IV X, é‘?/[RB B and t¥. Sample size T = 750.
DGP 4 (Unconditional Heteroskedasticity): y; = Br2¢—1 + Utr, ¥t = pxi—1 + vy where 5, = 0, p = 1+ ¢/T and
(ut,vt)/ ~ i4.d. N(0,%), with ¥, = [aat —0.950,:00t; —0.950,:0¢ Ugt] and 02, = o2, = 11(t < |\T]) +
1/41(t > |AT)).

c T T: TY  IVXqr IVXYPE ¥ Tr TV IvXqr IVXYPD ¥ T TY  IvXqr IVXYED ¥
A=1/3 A=1/2 A=2/3

5 0.05 0.064 0.053 0.050 0.038 0.124 0.064 0.056 0.043 0.045 0.119 0.067 0.059 0.030 0.041 0.130
0.1 0.057 0.054 0.039 0.047 0.101 0.060 0.055 0.030 0.049 0.101 0.060 0.058 0.018 0.044 0.098
0.2 0.054 0.053 0.028 0.049 0.080 0.060 0.058 0.020 0.056 0.081 0.062 0.062 0.014 0.054 0.084
0.3 0.054 0.054 0.031 0.060 0.084 0.057 0.056 0.024 0.063 0.081 0.061 0.063 0.016 0.064 0.080
04 0.063 0.062 0.035 0.062 0.081 0.065 0.066 0.024 0.063 0.084 0.065 0.065 0.013 0.064 0.082
0.5 0.057 0.0567 0.028 0.063 0.077 0.061 0.061 0.019 0.065 0.078 0.064 0.064 0.010 0.065 0.085
0.6 0.057 0.057 0.032 0.060 0.083 0.059 0.060 0.021 0.059 0.080 0.060 0.060 0.011 0.063 0.079
0.7 0.057 0.057 0.027 0.054 0.086 0.059 0.058 0.019 0.053 0.086 0.060 0.059 0.013 0.059 0.079
0.8 0.054 0.050 0.029 0.052 0.082 0.055 0.054 0.018 0.053 0.087 0.062 0.055 0.012 0.052 0.085
0.9 0.057 0.053 0.037 0.048 0.098 0.058 0.055 0.027 0.045 0.098 0.062 0.061 0.017 0.046 0.101
0.95 0.062 0.056 0.056 0.044 0.123 0.065 0.056 0.044 0.041 0.113 0.062 0.056 0.030 0.039 0.117

0 0.05 0.053 0.052 0.165 0.057 0.143 0.055 0.055 0.170 0.051 0.134 0.053 0.0564 0.152 0.056 0.120
0.1 0.055 0.055 0.155 0.062 0.118 0.066 0.067 0.150 0.062 0.115 0.059 0.058 0.135 0.062 0.087
0.2 0.057 0.061 0.140 0.064 0.107 0.074 0.074 0.134 0.068 0.101 0.064 0.062 0.118 0.067 0.074
0.3 0.068 0.069 0.172 0.096 0.118 0.074 0.075 0.158 0.097 0.102 0.066 0.069 0.150 0.117 0.071
0.4 0.075 0076 0192 0.121 0.117 0.080 0.082 0.154 0.104 0.090 0.067 0.069 0.114 0.081 0.074
0.5 0.077 0079 0.171 0.094 0.119 0.080 0.082 0.139 0.080 0.096 0.073 0.073 0.104 0.070 0.074
0.6 0.076 0077 0.195 0.124 0.117 0.075 0.075 0.162 0.106 0.096 0.068 0.069 0.116 0.079 0.072
0.7 0.079 0.078 0.178 0.103 0.108 0.075 0.075 0.169 0.113 0.093 0.072 0.072 0.156 0.117  0.076
0.8 0.069 0070 0.157 0.074 0.117 0.069 0.070 0.140 0.070  0.100 0.069 0.069 0.118 0.067 0.072
0.9 0.058 0.058 0.171 0.071 0.129 0.060 0.060 0.160 0.069 0.115 0.057 0.0568 0.136  0.060 0.100
0.95 0.056 0.057 0.170 0.059 0.137 0.055 0.057 0.170 0.053 0.134 0.051 0.050 0.149 0.052 0.111

-25  0.05 0.044 0.040 0.13¢ 0.047 0.128 0.039 0.039 0.135 0.048 0.132 0.042 0.040 0.129 0.048 0.112
0.1 0.044 0.043 0.103 0.049 0.105 0.041 0.043 0.107 0.048 0.105 0.038 0.040 0.107 0.055 0.089
0.2 0.044 0.044 0.088 0.049 0.091 0.045 0.044 0.092 0.055 0.083 0.043 0.044 0.085 0.057 0.067
0.3 0.043 0.045 0.093 0.064 0.086 0.045 0.046 0.099 0.065 0.082 0.039 0.040 0.100 0.073  0.065
04 0044 0044 0.116 0.078 0.088 0.044 0.045 0.098 0.069 0.081 0.041 0.042 0.080 0.064 0.056
0.5 0.044 0.044 0.102 0.067 0.083 0.044 0.045 0.097 0.067 0.077 0.043 0.043 0.079 0.057 0.067
0.6 0.047 0.049 0.111 0.077 0.090 0.043 0.044 0.103 0.068 0.086 0.045 0.044 0.080 0.060 0.068
0.7 0044 0.045 0.102 0.071 0.083 0.045 0.045 0.107 0.070 0.084 0.047 0.047 0.099 0.073 0.070
0.8 0.045 0.047 0.100 0.059 0.097 0.042 0.043 0.104 0.057 0.087 0.044 0.046 0.091 0.055 0.070
0.9 0.048 0.047 0.123 0.060 0.111 0.047 0.045 0.117 0.055 0.099 0.042 0.044 0.112 0.052 0.085
0.95 0.041 0.044 0.137 0.055 0.131 0.045 0.046 0.131 0.044 0.129 0.041 0.038 0.122 0.043 0.114

.10 0.05 0.052 0.051 0.122 0.044 0.114 0.046 0.047 0.136 0.043 0.119 0.048 0.046 0.132 0.042 0.111
0.1 0.047 0.048 0.099 0.048 0.086 0.044 0.047 0.104 0.046 0.088 0.050 0.052 0.098 0.048 0.088
0.2 0.048 0.048 0.089 0.049 0.074 0.049 0.050 0.088 0.053 0.072 0.049 0.049 0.076 0.054 0.072
0.3 0.050 0.052 0.083 0.054 0.072 0.049 0.051 0.088 0.055 0.069 0.052 0.052 0.087 0.064 0.062
04 0.051 0.0563 0.088 0.062 0.068 0.052 0.063 0.079 0.054 0.068 0.049 0.060 0.067 0.054 0.056
0.5 0.048 0.049 0.086 0.061 0.070 0.053 0.054 0.081 0.055 0.074 0.052 0.053 0.073 0.052 0.061
0.6 0.053 0.054 0.085 0.061 0.065 0.052 0.0562 0.084 0.055 0.072 0.048 0.048 0.073 0.054 0.061
0.7 0.053 0.063 0.087 0.060 0.077 0.050 0.0560 0.094 0.057 0.072 0.055 0.065 0.081 0.059 0.060
0.8 0.053 0.0564 0.098 0.055 0.077 0.053 0.052 0.097 0.053 0.079 0.053 0.054 0.088 0.049 0.069
0.9 0.05 0.059 0.111 0.054 0.094 0.054 0.056 0.110 0.052 0.093 0.050 0.051 0.103 0.048 0.084
0.95 0.054 0.0567 0.129 0.049 0.122 0.047 0.050 0.132 0.049 0.118 0.048 0.048 0.120 0.045 0.111

-0.57 0.06 0.047 0.051 0.136 0.046 0.138 0.052 0.052 0.155 0.046 0.141 0.043 0.047 0.142 0.038 0.133
0.1 0.053 0.055 0.128 0.047 0.112 0.050 0.052 0.119 0.046 0.109 0.048 0.049 0.113 0.046 0.104
0.2 0.054 0055 0.110 0.053 0.095 0.048 0.049 0.097 0.046 0.084 0.054 0.054 0.092 0.053 0.086
0.3 0.045 0.045 0.102 0.047 0.086 0.050 0.050 0.100 0.047 0.083 0.053 0.0564 0.086 0.050 0.075
04 0.049 0.049 0.094 0.044 0.077 0.047 0.047 0.094 0.047 0.076 0.053 0.053 0.085 0.049 0.075
0.5 0.050 0.051 0.099 0.048 0.082 0.046 0.047 0.091 0.045 0.082 0.048 0.049 0.082 0.045 0.070
0.6 0.052 0.052 0.098 0.045 0.082 0.054 0.063 0.094 0.052 0.082 0.051 0.061 0.078 0.047 0.071
0.7 0.050 0.050 0.098 0.046 0.084 0.049 0.051 0.102 0.051 0.085 0.052 0.053 0.092 0.049 0.082
0.8 0.044 0.046 0.109 0.041 0.093 0.052 0.054 0.113 0.048 0.097 0.049 0.049 0.098 0.048 0.088
0.9 0.047 0.052 0.123 0.043 0.113 0.043 0.046 0.130 0.042 0.115 0.046 0.049 0.111 0.039 0.103
0.95 0.041 0.049 0.156 0.041 0.141 0.046 0.049 0.149 0.040 0.135 0.042 0.047 0.140 0.041 0.137
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Table D.13: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests T
(Eicker-White standard errors), 7.0 (conventional standard errors), IV Xgg, and 1 VXgRBB . Sample size T = 250.
DGP 4 (Unconditional Heteroskedasticity): vy = Braxi—1 + uir,x = pri—1 + v4 where 5, =0, p = 1+ ¢/T and
(ug,v1)" ~ id.d. N(0,3¢), with By = [02, —0.950,0m; —0.950,0, o02] and 02, = 02, = 1I(t < [\T]) +
41t > | AT)).

c T T: TO  IVXqr IVXYPE ¥ Tr TY  IVXqr IVXYPD ¥ T TY  IvXqr IVXYED Y
A=1/3 A=1/2 A=2/3

5 0.05 0.085 0.055 0.153 0.055 0.149 0.087 0.053 0.203 0.058 0.155 0.080 0.0561 0.218 0.058 0.158
0.1 0.067 0.060 0.119 0.052 0.112 0.071 0.056 0.157 0.054 0.104 0.066 0.067 0.184 0.056 0.108
0.2 0.057 0.059 0.083 0.062 0.087 0.062 0.061 0.126 0.067 0.095 0.062 0.062 0.149 0.072 0.089
0.3 0.063 0.062 0.086 0.067 0.079 0.060 0.059 0.115 0.072 0.077 0.058 0.058 0.148 0.070  0.077
04 0.060 0.061 0.079 0.071 0.075 0.061 0.061 0.111 0.073 0.073 0.056 0.0566 0.138 0.073  0.070
0.5 0.058 0.058 0.072 0.073 0.077 0.063 0.063 0.108 0.070 0.076 0.059 0.059 0.135 0.074 0.077
0.6 0.062 0.060 0.074 0.074 0.072 0.060 0.060 0.107 0.069 0.077 0.061 0.060 0.145 0.073 0.077
0.7 0.056 0.056 0.078 0.068 0.074 0.058 0.068 0.115 0.068 0.071 0.056 0.063 0.144 0.069 0.081
0.8 0.064 0.061 0.080 0.060 0.094 0.066 0.066 0.123 0.065 0.088 0.061 0.060 0.151 0.067 0.087
0.9 0.068 0.055 0.113 0.054 0.118 0.069 0.057 0.154 0.056 0.112 0.068 0.055 0.190 0.061 0.117
0.95 0.094 0.059 0.155 0.055 0.146 0.087 0.069 0.195 0.060 0.144 0.091 0.067 0.224 0.067 0.148

0 0.05 0.049 0.044 0.139 0.045 0.127 0.053 0.046 0.167 0.049 0.141 0.054 0.0560 0.168 0.056  0.143
0.1 0.052 0.054 0.101 0.058 0.092 0.053 0.053 0.125 0.055 0.090 0.054 0.051 0.143 0.062 0.111
0.2 0.052 0.055 0.078 0.064 0.060 0.050 0.0563 0.102 0.067 0.073 0.051 0.0565 0.104 0.068 0.075
0.3 0.055 0.067 0.080 0.077 0.049 0.046 0.0560 0.102 0.076 0.068 0.051 0.062 0.106 0.077  0.069
04 0.056 0059 0.071 0.082 0.052 0.055 0.059 0.096 0.085 0.058 0.051 0.0564 0.104 0.090 0.065
0.5 0.056 0.058 0.069 0.079 0.052 0.059 0.062 0.088 0.087 0.060 0.052 0.055 0.100 0.088 0.058
0.6 0.059 0.063 0.073 0.08 0.051 0.053 0.057 0.101 0.086 0.063 0.049 0.053 0.109 0.089  0.059
0.7 0.062 0.066 0.086 0.091 0.053 0.052 0.055 0.107 0.080 0.064 0.054 0.058 0.105 0.078 0.068
0.8 0.058 0.062 0.079 0.066 0.063 0.057 0.0568 0.097 0.069 0.077 0.054 0.057 0.107 0.065 0.083
0.9 0.048 0.051 0.106 0.060 0.090 0.051 0.050 0.135 0.064 0.104 0.048 0.050 0.139 0.061 0.102
0.95 0.051 0.052 0.141 0.044 0.130 0.052 0.042 0.165 0.046 0.146 0.054 0.049 0.168 0.047 0.146

-25  0.05 0.051 0.044 0.148 0.044 0.133 0.055 0.047 0.165 0.049 0.140 0.058 0.048 0.175 0.049 0.143
0.1 0.055 0.053 0.111 0.051 0.089 0.051 0.049 0.130 0.051 0.103 0.051 0.0560 0.133 0.055 0.113
0.2 0.048 0.053 0.085 0.056 0.060 0.049 0.051 0.105 0.057 0.073 0.047 0.052 0.108 0.055 0.078
0.3 0.048 0.051 0.080 0.064 0.052 0.047 0.048 0.097 0.066 0.066 0.044 0.046 0.100 0.064 0.069
04 0.049 0.050 0.072 0.068 0.047 0.049 0.052 0.094 0.073 0.060 0.048 0.050 0.099 0.071 0.071
0.5 0.054 0.05 0.072 0.071 0.046 0.051 0.054 0.093 0.077 0.057 0.047 0.049 0.096 0.073  0.065
0.6 0.052 0.055 0.075 0.069 0.047 0.047 0.050 0.103 0.069 0.060 0.045 0.048 0.096 0.070 0.066
0.7 0.053 0.056 0.085 0.077 0.050 0.048 0.051 0.094 0.072 0.060 0.046 0.048 0.097 0.066 0.072
0.8 0.048 0.0561 0.086 0.062 0.066 0.053 0.056 0.101 0.061 0.077 0.045 0.048 0.101 0.055 0.086
0.95 0.050 0.044 0.156 0.040 0.126 0.050 0.041 0.170 0.049 0.152 0.052 0.046 0.166 0.045 0.156

-10 0.05 0.054 0.048 0.163 0.038 0.134 0.055 0.052 0.172 0.045 0.137 0.060 0.057 0.168 0.044 0.139
0.1 0.047 0.052 0.120 0.046 0.094 0.048 0.048 0.134 0.044 0.098 0.052 0.057 0.130 0.050 0.108
0.2 0.047 0.051 0.090 0.053 0.066 0.047 0.050 0.105 0.054 0.072 0.049 0.053 0.107 0.055 0.078
0.3 0.046 0.050 0.081 0.060 0.056 0.053 0.052 0.097 0.060 0.065 0.044 0.048 0.097 0.059 0.068
04 0.049 0.050 0.078 0.065 0.051 0.046 0.047 0.093 0.064 0.067 0.050 0.0563 0.088 0.065 0.063
0.5 0.051 0.053 0.077 0.061 0.049 0.053 0.055 0.094 0.064 0.059 0.050 0.052 0.090 0.063 0.072
0.6 0.052 0.053 0.079 0.061 0.052 0.047 0.048 0.092 0.058 0.059 0.046 0.048 0.089 0.059 0.061
0.7 0.052 0.055 0.087 0.060 0.054 0.049 0.052 0.098 0.059 0.063 0.044 0.050 0.091 0.057 0.072
0.8 0.052 0.052 0.088 0.056 0.065 0.052 0.055 0.101 0.051 0.075 0.047 0.048 0.096 0.052 0.077
0.9 0.050 0.050 0.115 0.049 0.088 0.051 0.048 0.129 0.052 0.100 0.047 0.051 0.130 0.046 0.110
0.95 0.051 0.044 0.155 0.038 0.140 0.050 0.046 0.169 0.045 0.149 0.052 0.047 0.158 0.041 0.143

-0.57 0.05 0.038 0.053 0.151 0.036 0.138 0.040 0.050 0.164 0.035 0.148 0.039 0.054 0.168 0.037 0.147
0.1 0.039 0.047 0.119 0.036 0.097 0.043 0.049 0.134 0.039 0.115 0.045 0.056 0.126 0.042 0.102
0.2 0.050 0.055 0.086 0.045 0.068 0.050 0.0561 0.101 0.047 0.078 0.047 0.050 0.110 0.046 0.076
0.3 0.048 0.050 0.084 0.046 0.067 0.048 0.052 0.086 0.044 0.067 0.046 0.047 0.095 0.044 0.070
0.4 0.048 0.049 0.076 0.050 0.059 0.047 0.049 0.084 0.046 0.062 0.045 0.048 0.084 0.045 0.063
0.5 0.047 0.048 0.073 0.047 0.063 0.044 0.047 0.085 0.045 0.063 0.047 0.048 0.085 0.045 0.069
0.6 0.053 0.055 0.078 0.049 0.069 0.049 0.051 0.081 0.047 0.064 0.048 0.050 0.090 0.048 0.065
0.7 0.053 0.055 0.082 0.049 0.063 0.050 0.053 0.090 0.050 0.069 0.045 0.047 0.095 0.047 0.069
0.8 0.051 0.054 0.093 0.051 0.079 0.049 0.053 0.102 0.047 0.082 0.051 0.056 0.107 0.047 0.080
0.9 0.054 0058 0.129 0.046 0.113 0.044 0.050 0.137 0.040 0.106 0.046 0.057 0.141 0.040 0.109
0.95 0.043 0.054 0.172 0.041 0.148 0.041 0.054 0.178 0.039 0.154 0.039 0.050 0.165 0.038 0.146
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Table D.14: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests T,
(Eicker-White standard errors), 70 (conventional standard errors), IV Xqgg, and I VXgRB B Sample size T = 750.
DGP 4 (Unconditional Heteroskedasticity): y; = Br2¢—1 + Utr, ¥t = pxi—1 + vy where 5, = 0, p = 1+ ¢/T and
(ut,vt)/ ~ i.4.d. N(0,%), with ¥, = [aat —0.950,:0ut; —0.950,:0¢ Ugt] and 02, = o2, = 11(t < |\T]) +
4I(t > | AT)).

c T T: TY  IVXqr IVXYPE ¥ Tr TV IvXqr IVXYPD ¥ T TY  IvXqr IVXYED ¥
A=1/3 A=1/2 A=2/3

5 0.05 0.067 0.055 0.133 0.049 0.122 0.071 0.058 0.177 0.055 0.128 0.069 0.056 0.205 0.058 0.125
0.1 0.063 0.060 0.101 0.057 0.099 0.065 0.059 0.140 0.055 0.095 0.062 0.057 0.180 0.059 0.098
0.2 0.061 0.059 0.081 0.060 0.084 0.061 0.058 0.116 0.068 0.080 0.061 0.059 0.144 0.067 0.078
0.3 0.064 0064 0.092 0.070 0.082 0.062 0.062 0.127 0.078 0.082 0.058 0.061 0.156 0.069 0.076
04 0.067 0.067 0.082 0.076 0.086 0.067 0.065 0.127 0.076 0.082 0.062 0.063 0.165 0.077 0.083
0.5 0.070 0.070 0.084 0.076 0.078 0.070 0.070 0.121 0.079 0.083 0.064 0.064 0.155 0.079 0.086
0.6 0.070 0.071 0.079 0.077 0.080 0.068 0.067 0.124 0.077 0.085 0.063 0.064 0.157 0.077 0.084
0.7 0.068 0.065 0.089 0.072 0.080 0.066 0.066 0.126 0.076 0.085 0.062 0.061 0.149 0.074 0.080
0.8 0.059 0.060 0.091 0.063 0.083 0.059 0.060 0.123 0.058 0.084 0.057 0.053 0.153 0.061 0.085
0.9 0.062 0.055 0.101 0.060 0.098 0.063 0.058 0.147 0.058 0.100 0.062 0.056 0.173 0.059 0.102
0.95 0.062 0.053 0.129 0.045 0.115 0.065 0.0563 0.170 0.053 0.119 0.062 0.049 0.196 0.051 0.118

0 0.05 0.062 0.061 0.081 0.045 0.071 0.057 0.056 0.084 0.051 0.074 0.063 0.061 0.078 0.049 0.073
0.1 0.055 0.056 0.103 0.062 0.073 0.052 0.052 0.122 0.060 0.086 0.049 0.048 0.130 0.060 0.097
0.2 0.058 0.058 0.079 0.065 0.062 0.055 0.057 0.101 0.069 0.067 0.050 0.051 0.108 0.069 0.076
0.3 0.061 0.063 0.105 0.090 0.051 0.058 0.060 0.113 0.085 0.064 0.052 0.052 0.118 0.084 0.067
0.4 0.059 0.060 0.081 0.072 0.054 0.060 0.062 0.110 0.088 0.066 0.053 0.055 0.128 0.098  0.068
0.5 0.060 0.061 0.075 0.072 0.056 0.064 0.064 0.105 0.075 0.067 0.051 0.052 0.109 0.085 0.069
0.6 0.059 0.061 0.080 0.075 0.052 0.059 0.060 0.107 0.083 0.067 0.053 0.0564 0.126 0.095 0.067
0.7 0.057 0.057 0.096 0.084 0.055 0.059 0.060 0.117 0.084 0.067 0.052 0.052 0.116 0.079 0.067
0.8 0.060 0.059 0.085 0.068 0.058 0.052 0.0563 0.102 0.071 0.072 0.048 0.047 0.112 0.068 0.078
0.9 0.054 0.051 0.101 0.062 0.070 0.050 0.050 0.128 0.059 0.088 0.046 0.047 0.124 0.067 0.088
0.95 0.057 0.057 0.076 0.049 0.071 0.060 0.059 0.084 0.052 0.066 0.065 0.059 0.078 0.045 0.066

-25 0.05 0.060 0.059 0.071 0.041 0.065 0.058 0.054 0.073 0.044 0.070 0.058 0.055 0.069 0.048 0.069
0.1 0.049 0.051 0.113 0.050 0.079 0.049 0.048 0.124 0.053 0.090 0.046 0.047 0.130 0.054 0.095
0.2 0.054 0.054 0.084 0.054 0.061 0.053 0.0565 0.099 0.061 0.068 0.047 0.049 0.106 0.061 0.070
0.3 0.053 0.0563 0.094 0.071 0.051 0.054 0.055 0.106 0.070 0.068 0.052 0.051 0.109 0.066 0.073
04 0.058 0.059 0.085 0.059 0.058 0.054 0.056 0.109 0.071 0.064 0.047 0.048 0.114 0.076 0.073
0.5 0.052 0.053 0.080 0.064 0.057 0.058 0.059 0.102 0.065 0.060 0.044 0.044 0.106 0.067 0.072
0.6 0.052 0.0563 0.087 0.062 0.053 0.053 0.053 0.105 0.067 0.060 0.047 0.047 0.108 0.072  0.068
0.7 0.049 0.051 0.092 0.067 0.051 0.052 0.0563 0.103 0.067 0.066 0.048 0.048 0.111 0.064 0.068
0.8 0.053 0.063 0.096 0.060 0.063 0.054 0.065 0.106 0.060 0.072 0.048 0.048 0.105 0.059 0.070
0.9 0.047 0.046 0.109 0.056 0.074 0.047 0.047 0.134 0.055 0.076 0.043 0.046 0.123 0.061  0.090
0.95 0.056 0.052 0.074 0.047 0.074 0.060 0.056 0.073 0.046 0.067 0.054 0.049 0.070 0.041 0.067

-10 0.05 0.053 0.051 0.068 0.037 0.070 0.051 0.052 0.069 0.038 0.077 0.055 0.056 0.071 0.046 0.072
0.1 0.048 0.050 0.114 0.045 0.082 0.047 0.047 0.123 0.051 0.082 0.051 0.051 0.125 0.052 0.094
0.2 0.047 0.048 0.093 0.053 0.059 0.053 0.054 0.100 0.057 0.070 0.053 0.055 0.105 0.057 0.079
0.3 0.053 0.054 0.092 0.061 0.053 0.053 0.0564 0.102 0.062 0.067 0.054 0.054 0.102 0.058 0.072
04 0.052 0.053 0.089 0.060 0.056 0.049 0.050 0.104 0.058 0.066 0.050 0.060 0.101 0.064 0.072
0.5 0.052 0.052 0.085 0.057 0.055 0.053 0.054 0.098 0.052 0.068 0.061 0.051 0.098 0.057 0.071
0.6 0.049 0.049 0.087 0.059 0.052 0.053 0.0564 0.101 0.057 0.066 0.050 0.051 0.105 0.060 0.073
0.7 0.051 0.061 0.092 0.064 0.052 0.048 0.049 0.102 0.060 0.070 0.047 0.048 0.104 0.060 0.073
0.8 0.052 0.052 0.092 0.054 0.056 0.050 0.050 0.109 0.057 0.079 0.047 0.049 0.104 0.051 0.078
0.9 0.051 0.051 0.119 0.051 0.072 0.051 0.0561 0.130 0.053 0.087 0.051 0.0563 0.122 0.050 0.089
0.95 0.055 0.065 0.077 0.039 0.068 0.057 0.065 0.071 0.044 0.073 0.055 0.062 0.071 0.043 0.068

-0.57 0.056 0.048 0.049 0.066 0.041 0.072 0.050 0.049 0.070 0.040 0.077 0.045 0.048 0.071 0.034 0.070
0.1 0.049 0.048 0.113 0.045 0.094 0.048 0.050 0.127 0.044 0.102 0.049 0.053 0.123 0.045 0.093
0.2 0.051 0.052 0.101 0.050 0.078 0.050 0.0563 0.112 0.050 0.080 0.052 0.052 0.107 0.051 0.086
0.3 0.051 0.0561 0.088 0.051 0.069 0.049 0.049 0.095 0.053 0.069 0.055 0.066 0.104 0.054 0.076
0.4 0.049 0.047 0.078 0.048 0.060 0.048 0.049 0.094 0.047 0.066 0.050 0.051 0.099 0.053 0.071
0.5 0.044 0.045 0.083 0.044 0.065 0.045 0.045 0.095 0.046 0.067 0.049 0.050 0.102 0.052 0.069
0.6 0.050 0.050 0.085 0.049 0.064 0.050 0.0560 0.098 0.048 0.067 0.048 0.049 0.096 0.051 0.066
0.7 0.049 0.049 0.076 0.047 0.065 0.050 0.050 0.089 0.047 0.067 0.050 0.050 0.099 0.050 0.071
0.8 0.044 0.046 0.089 0.040 0.073 0.049 0.051 0.108 0.047 0.082 0.053 0.052 0.111 0.047 0.079
0.9 0.047 0.052 0.115 0.043 0.088 0.046 0.0560 0.126 0.043 0.096 0.042 0.044 0.121 0.036  0.089
0.95 0.044 0.048 0.068 0.040 0.070 0.044 0.044 0.063 0.034 0.072 0.043 0.049 0.065 0.033 0.072
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Table D.15: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7, (Eicker-
White standard errors), 7.° (conventional standard errors), IV Xgg, and Q¥. Sample size T = 250. Multiple Predictors
DGP: Yt = ,6;_2315_1 + Utr, Ty = I‘act_l + vy, with ﬁr = 0, and where U = ’th + a¢ and V¢
common factor f; is generated as a sequence of independent standard normals, 1k is a K x 1 vector of ones, v = —4.5 and

(at,e}) ~i.d.d. N(0,Ixy1). The predictors are generated for I' = pIx with p =1+ ¢/T for ¢ = {0,—2.5, -10,—0.5T}.

—vfilg + e;, where the

¢ T T TP Xer QY T TP vXor QY T TP Xor QY T T?  vXor QY
K=2 K=3 K=4 K=5

0 0.05 0.025 0.040 0.143 0.128 0.021 0.044 0.195 0.176 0.021 0.054 0.266 0.226 0.012 0.063  0.339  0.290
0.1 0.034 0040 0.107 0.079 0.033 0.052 0.136 0.107 0.045 0.069 0.169 0.131 0.049 0.077 0.215 0.155

0.2 0.040 0.047 0.071 0.055 0.055 0.066 0.080 0.058 0.075 0.092 0.104 0.076 0.078 0.107 0.123  0.091

0.3 0.050 0.054 0.068 0.051 0.076 0.087 0.076  0.050 0.089 0.108 0.091 0.065 0.101 0.124 0.098 0.073

0.4 0.061 0.067 0.060 0.042 0.076 0.086 0.073 0.052 0.093 0.107 0.080 0.055 0.115 0.13¢ 0.085 0.060

0.5 0.063 0.065 0.065 0.045 0.080 0.088 0.063 0.052 0.096 0.106 0.074 0.050 0.121  0.143  0.084  0.058

0.6 0.059 0.062 0.056 0.046 0.078 0.084 0.067 0.0561 0.095 0.109 0.080 0.054 0.120 0.140  0.085  0.064

0.7 0.057 0.062 0.065 0.044 0.074 0.085 0.074 0.050 0.088 0.106 0.087 0.062 0.104 0.128 0.103 0.074

0.8 0.047 0.051 0.078 0.059 0.059 0.071 0.077 0.067 0.073 0.094 0.103 0.076 0.084 0.109 0.126  0.083

0.9 0.036 0042 0.105 0.084 0.044 0.063 0.147 0.107 0.039 0.064 0.168 0.125 0.049 0.077 0.218  0.159

0.95 0.025 0.034 0.152 0.121 0.023 0.049 0.222 0.178 0.012 0.053 0.286 0.236 0.006 0.062 0.357  0.298

-25  0.05 0.033 0.041 0.142 0.129 0.028 0.046 0.196 0.175 0.017 0.049 0.269 0.229 0.008 0.058 0.325  0.289
0.1 0.035 0.044 0.092 0.077 0.039 0.058 0.127 0.102 0.040 0.062 0.153 0.125 0.039 0.067 0.191  0.155

0.2 0.051 0.058 0.063 0.053 0.050 0.063 0.072 0.0567 0.058 0.071 0.082 0.075 0.062 0.083  0.109  0.088

0.3 0.052 0.057 0.058 0.046 0.060 0.068 0.062 0.055 0.069 0.082 0.071  0.057 0.078 0.095 0.091 0.077

0.4 0.058 0.059 0.043 0.044 0.068 0.076 0.054 0.050 0.072 0.082 0.066 0.057 0.083 0.098 0.073  0.057

0.5 0.054 0.057 0.046 0.042 0.066 0.074 0.051 0.045 0.075 0.087 0.068 0.053 0.095 0.108 0.077  0.056

0.6 0.059 0062 0.046 0.049 0.063 0.069 0.057 0.042 0.075 0.085 0.075 0.056 0.086 0.104 0.071  0.064

0.7 0.056 0.059 0.056 0.047 0.062 0.070 0.066 0.052 0.064 0.078 0.076 0.059 0.076  0.093  0.090 0.070

0.8 0.052 0.057 0.063 0.059 0.053 0.063 0.073 0.064 0.054 0.069 0.090 0.075 0.065 0.085 0.115 0.091

09 0035 0045 0.094 0.076 0.045 0.056 0.117 0.103 0.042 0.055 0.156 0.132 0.035 0.062 0.197 0.156

0.95 0.033 0.038 0.135 0.135 0.023 0.044 0.197 0.189 0.017 0.050 0.247 0.221  0.009  0.060 0.339  0.306

-10  0.05 0.049 0.058 0.128 0.131  0.046 0.055 0.183 0.183 0.032 0.050 0.239 0.230 0.026 0.057 0.304  0.300
0.1 0.053 0.062 0.082 0.076 0.051 0.059 0.112 0.103 0.049 0.062 0.138 0.131  0.039 0.062 0.163  0.147

0.2 0.064 0.068 0.060 0.050 0.057 0.063 0.070 0.062 0.047 0.057 0.074 0.072 0.055 0.068 0.096  0.083

03 0.059 0.065 0.046 0.047 0.058 0.063 0.049 0.048 0.057 0.069 0.062 0.061 0.060 0.072 0.072 0.072

0.4 0.066 0.069 0.037 0.046 0.059 0.067 0.042 0.046 0.060 0.070 0.054 0.053 0.062 0.074 0.063  0.060

0.5 0.067 0073 0.043 0.046 0.060 0.064 0.038 0.046 0.065 0.073 0.047 0.048 0.068 0.080 0.061  0.059

0.6 0.058 0.063 0.037 0.039 0.063 0.067 0.047 0.041 0.072 0.080 0.0560 0.049 0.064 0.074 0.062 0.056

0.7 0.061 0.063 0.044 0.045 0.061 0.067 0.051 0.063 0.059 0.072 0.063 0.060 0.062 0.070 0.068 0.073

0.8 0.060 0.065 0.053 0.051 0.060 0.065 0.066 0.057 0.058 0.065 0.078 0.077 0.055 0.072  0.096  0.091

0.9 0.049 0.0567 0.080 0.076  0.047 0.063 0.111 0.101  0.050  0.059 0.147 0.137 0.041  0.060 0.163  0.157

0.95 0.045 0.054 0.133 0.130 0.037 0.046 0.191 0.174 0.033 0.054 0.267 0.244 0.020 0.051  0.326  0.305
-0.57  0.05 0.041 0.050 0.143 0.136 0.034 0.049 0.191 0.182 0.029 0.043 0.250 0.236 0.026  0.042 0.306 0.304
0.1 0.049 0.048 0.084 0.084 0.040 0.049 0.102 0.108 0.032 0.043 0.128 0.119 0.032 0.048 0.159 0.144

0.2 0.052 0.0564 0.049 0.052 0.044 0.054 0.063 0.062 0.036 0.044 0.067 0.068 0.036 0.048 0.079  0.080

0.3 0.046 0.050 0.043 0.051 0.043 0.048 0.051 0.061 0.041 0.049 0.055 0.054 0.033 0.043 0.062 0.061

0.4 0.049 0.054 0.040 0.044 0.049 0.051 0.039 0.043 0.046 0.051 0.051 0.055 0.034 0.042 0.049 0.054

0.5 0.067 0.060 0.038 0.044 0.043 0.050 0.045 0.038 0.040 0.049 0.048 0.048 0.036 0.043 0.050  0.050

0.6 0.050 0.054 0.038 0.043 0.046 0.047 0.041 0.041 0.042 0.050 0.045 0.054 0.041 0.048 0.053  0.051

0.7 0.050 0.053 0.046 0.049 0.050 0.056 0.052 0.049 0.038 0.045 0.055 0.058 0.038 0.050 0.067 0.064

0.8 0.052 0.065 0.061 0.055 0.045 0.050 0.057 0.067 0.042 0.050 0.069 0.066 0.034 0.048 0.074  0.069

09 0.045 0.048 0.086 0.088 0.040 0.045 0.105 0.107 0.030 0.042 0.124 0.129 0.029 0.043 0.166  0.149

0.95 0.041 0.050 0.129 0.139 0.031 0.043 0.186 0.190 0.028 0.046 0.247 0.239 0.023 0.041 0.316 0.314
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Table D.16: Empirical null rejection frequencies at 5% significance level of the QR based predictability tests 7, (Eicker-
White standard errors), 7.° (conventional standard errors), IV Xgg, and Q¥. Sample size T = 750. Multiple Predictors
DGP: Yt = ,6;_2315_1 + Utr, Ty = I‘act_l + vy, with ﬁr = 0, and where U = ’th + a¢ and V¢
common factor f; is generated as a sequence of independent standard normals, 1k is a K x 1 vector of ones, v = —4.5 and

(at,e}) ~i.d.d. N(0,Ixy1). The predictors are generated for I' = pIx with p =1+ ¢/T for ¢ = {0,—2.5, -10,—0.5T}.

—vfilg + e;, where the

c T T TS vxer Q¥ T TY  wxer Q¥ T TS vxer Q¥ Tz TS wxer Q¥
K=2 K=3 K=4 K=5
0 0.05 0.031 0.034 0.108 0.091 0.039 0.042 0.135 0.110 0.040 0.047 0.159 0.123 0.044 0.062 0.207 0.156
0.1 0.035 0.039 0.090  0.065 0.045 0.049 0.099 0.076  0.051 0.059 0.123  0.091 0.063 0.076  0.145 0.088
0.2 0.043 0.046 0.069 0.055 0.055 0.060  0.072 0.056  0.067 0.075 0.084  0.060 0.085 0.090  0.101 0.065
0.3 0.042 0.045 0.072 0.049 0.062 0.064 0.063 0.044 0.081 0.087 0.075 0.055 0.106 0.113 0.085 0.056
0.4 0.052 0.054 0.064 0.045 0.066 0.069 0.068 0.048 0.089 0.095 0.075 0.044 0.109 0.116  0.078 0.050
0.5 0.054 0.054 0.059 0.040 0.068 0.071 0.061 0.048  0.090 0.095 0.074 0.047 0.124 0.132  0.080 0.052
0.6 0.051 0.052 0.056 0.042 0.073 0.076 0.063 0.046 0.093 0.097 0.074 0.051 0.114 0.123 0.087 0.050
0.7 0.053 0.053 0.067 0.044 0.067 0.068 0.071 0.051 0.089 0.098 0.078 0.054 0.113 0.119  0.099 0.056
0.8 0.041 0.042 0.070  0.052 0.061 0.067 0.081 0.057 0.072 0.076 0.083  0.055 0.081 0.093  0.100 0.067
0.9 0.037 0.041 0.085 0.064 0.045 0.051 0.109 0.077 0.064 0.070 0.122 0.082 0.064 0.074 0.142 0.093
0.95 0.025 0.028 0.108 0.086 0.037 0.048 0.130 0.092 0.032 0.039 0.167  0.117  0.041 0.059  0.209 0.156
-2.5 0.05 0.030 0.033 0.096 0.094 0.036 0.040 0.128 0.102  0.038 0.045 0.152 0.131 0.041 0.049 0.189 0.154
0.1 0.045 0.047 0.074 0.066 0.042 0.050  0.092 0.073  0.051 0.050 0.106  0.092 0.053 0.057  0.127  0.095
0.2 0.044 0.044 0.055 0.043 0.051 0.055 0.069 0.063 0.056 0.062 0.076 0.061 0.062 0.072 0.085 0.062
0.3 0.049 0.051 0.060  0.046 0.059 0.060  0.059 0.051 0.068 0.071 0.068  0.060 0.083 0.090  0.079 0.056
0.4 0.051 0.053 0.050  0.050 0.057  0.058  0.059 0.044  0.069 0.073 0.055  0.052 0.082 0.087 0.077  0.051
0.5 0.051 0.052 0.046 0.038 0.062 0.064 0.056 0.043 0.068 0.071 0.057 0.046 0.090 0.096 0.073 0.056
0.6 0.047 0.048 0.046  0.047 0.057 0.058 0.054 0.042 0.070 0.072 0.062  0.046 0.082 0.087  0.068 0.055
0.7 0.050 0.052 0.061 0.044  0.066 0.067 0.064 0.049 0.064 0.068 0.066  0.050 0.079 0.085  0.078 0.056
0.8 0.046 0.046 0.063 0.045 0.050 0.049 0.066 0.055 0.055 0.059 0.075 0.058 0.070 0.079 0.083 0.060
0.9 0.037 0.041 0.081 0.065 0.037 0.042 0.085 0.067  0.051 0.057 0.103 0.079 0.053 0.060  0.125 0.092
0.95 0.042 0.043 0.096 0.091 0.041 0.047 0.119 0.101 0.039 0.043 0.151 0.130 0.044 0.051 0.180 0.147
-10 0.05 0.049 0.054 0.089 0.082 0.049 0.054 0.117 0.105 0.047 0.052 0.137 0.124  0.041 0.050 0.161 0.149
0.1 0.054 0.056 0.063 0.061 0.052 0.052 0.077 0.079 0.048 0.051 0.100 0.083 0.049 0.050 0.101 0.098
0.2 0.059 0.060 0.053  0.050 0.060 0.060  0.049 0.051 0.058 0.063 0.064  0.056 0.054  0.059 0.071 0.068
0.3 0.065 0.066 0.052  0.052 0.059 0.062  0.052 0.046  0.063 0.065 0.060  0.048 0.063 0.068  0.058 0.054
0.4 0.061 0.062 0.043 0.043 0.065 0.065 0.045 0.048 0.065 0.067 0.051 0.048 0.069 0.072 0.058 0.061
0.5 0.065 0.065 0.050 0.041 0.063 0.065 0.048 0.044  0.060 0.062 0.046  0.045 0.064 0.067 0.058 0.054
0.6 0.071 0.073 0.049 0.040 0.067 0.069 0.052 0.047 0.063 0.067 0.055 0.046 0.065 0.069 0.059 0.052
0.7 0.055 0.056 0.048 0.041 0.064 0.065 0.052 0.047 0.063 0.068 0.061 0.052 0.062 0.067 0.062 0.052
0.8 0.057 0.058 0.053  0.050 0.061 0.060  0.052 0.057  0.059 0.061 0.066  0.062 0.058 0.066  0.074  0.065
0.9 0.058 0.063 0.064 0.063 0.054 0.060 0.083 0.077 0.057 0.059 0.093 0.082 0.047 0.057 0.109 0.097
0.95 0.056 0.059 0.092 0.084 0.046 0.057 0.121 0.108  0.041 0.050 0.140  0.130 0.039 0.046 0.172 0.158
-0.57T  0.05 0.045 0.051 0.092 0.094 0.042 0.046 0.114 0.115 0.033 0.043 0.131 0.124 0.030 0.041 0.155 0.147
0.1 0.046 0.046 0.063 0.072 0.040 0.043  0.068 0.075  0.038 0.037  0.079  0.090 0.034 0.037 0.097 0.093
0.2 0.051 0.053 0.053 0.060 0.040 0.041 0.048 0.056 0.036 0.039 0.052 0.058 0.038 0.043 0.060 0.066
0.3 0.051 0.052 0.046 0.057 0.050 0.050 0.044 0.055 0.042 0.042 0.047 0.053 0.036 0.040 0.046 0.053
0.4 0.049 0.050 0.039 0.046 0.042 0.043 0.041 0.050 0.041 0.042 0.043  0.052 0.041 0.041 0.044  0.050
0.5 0.055 0.056 0.037 0.048 0.049 0.050 0.045 0.050 0.042 0.044 0.041 0.051 0.040 0.043 0.044 0.047
0.6 0.053 0.054  0.044  0.050 0.045 0.046  0.045 0.052  0.040 0.043 0.046  0.051 0.035 0.039 0.043 0.051
0.7 0.053 0.054 0.044 0.049 0.041 0.041 0.044 0.053 0.037 0.041 0.046 0.054 0.031 0.036 0.044 0.054
0.8 0.053 0.056 0.046 0.054 0.042 0.044 0.050 0.059 0.039 0.040 0.053 0.056 0.036 0.039 0.057 0.064
0.9 0.048 0.051 0.063  0.070 0.042 0.046  0.072 0.080  0.037  0.042 0.076  0.082 0.035 0.036  0.091 0.088
0.95 0.050 0.049 0.086  0.093 0.035 0.041 0.102 0.111 0.033 0.041 0.131 0.135 0.030 0.036  0.152 0.158
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Table D.17: Empirical rejection frequencies at 5% significance level of the multiple-quantile predictability
test 77 in (16), for 7 = (0.05,0.1,...,0.9,0.95). DGP1 (homoskedastic innovations): vy = B,Ti—1 + Utr,
Ty = pri_1+vy, and vy = v,y +e.+0e;_1, where 3,, = = b/T (except for ¢ = —0.5T where 3,, = 3 = b//T),
i=1,..,11, for b=0,5,10,20,50, p = 1+¢/T, and (u, ;) ~i.i.d. N(0,%), with & = [I —0.95, —0.95 1].

T = 250 T =750
c b b
0 5 10 20 50 0 5 10 20 50
(m,0) = (0,0) 5 0.046 0.941 0.976 0.995 1.000 0.028 0.949 0.978 0.996 1.000

0 0.032 0.130 0431 0.848 0.999 0.026 0.134 0.455 0.865 0.999
—-2.5 0.031 0.074 0.271 0.756 0.998 0.025 0.068 0.287 0.796 0.998
—10 0.039 0.052 0.133 0.568 0.998 0.037 0.055 0.159 0.612 0.999

—0.57 0.037 0.955 1.000 1.000 1.000 0.047 0.981 1.000 1.000 1.000

(m,0) = (0.5,0) 5 0.046 0976 0.995 1.000 1.000 0.028 0.977 0.997 1.000 1.000
0 0.033 0420 0.842 0.991 1.000 0.026 0.453 0.862 0.995 1.000

—-2.5 0.031 0.260 0.740 0.987 1.000 0.026 0.280 0.790 0.990 1.000

—-10 0.036 0.127 0.534 0.973 1.000 0.035 0.154 0.596 0.982 1.000

—0.57 0.039 1.000 1.000 1.000 1.000 0.046 1.000 1.000 1.000 1.000

(m,0) = (—0.5,0) 5 0.045 0910 0.958 0.984 0.999 0.028 0.916 0.960 0.987 1.000
0 0.031 0.068 0.223 0.625 0.986 0.025 0.068 0.236 0.645 0.986

—2.5 0.028 0.046 0.118 0473 0.977 0.025 0.040 0.122 0.494 0.977

—10 0.039 0.040 0.075 0.269 0.963 0.037 0.046 0.081 0.294 0.959

—-0.57 0.037 0.889 1.000 1.000 1.000 0.046 0.940 1.000 1.000 1.000

(7, 0) = (0,0.5) 5 0.045 0963 0.988 1.000 1.000 0.028 0.966 0.987 0.998 1.000
0 0.032 0.276 0.688 0.965 1.000 0.025 0.290 0.712 0.971 1.000

—2.5 0.032 0.146 0.541 0.943 1.000 0.025 0.156 0.574 0.954 1.000

—10 0.037 0.082 0.319 0.884 1.000 0.036 0.092 0.361 0.916 1.000

—0.57 0.038 0.998 1.000 1.000 1.000 0.044 1.000 1.000 1.000 1.000

(7, 0) = (0,-0.5) 5 0.047 0.888 0.943 0.976 0.998 0.027 0.893 0.951 0.977 0.997
0 0.030 0.052 0.132 0.443 0.949 0.025 0.049 0.134 0.457 0.942

—2.5 0.027 0.041 0.075 0.295 0.927 0.027 0.037 0.069 0.297 0.920

—10 0.036 0.038 0.055 0.158 0.865 0.038 0.044 0.061 0.175 0.840

—0.57 0.038 0.869 1.000 1.000 1.000 0.048 0.925 1.000 1.000 1.000
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Table D.18: Empirical rejection frequencies at 5% significance level of the multiple-quantile pre-
dictability test 75 in (16), for = = (0.05,0.1,...,0.9,0.95)". DGP 3 (Unconditional Heteroskedastic-
ity): y¢+ = Broi—1 + Uer,xe = pri_1 + v where 5., = f = b/T (except for ¢ = —0.57 where
By, = B =0b/VT),i=1,...11, for b = 0,5,10,20,50, p = 1 4+ ¢/T, and (us,v;) ~ i.i.d. N(0,3y),

with X; = [aﬁt —0.9504104; —0.950,:045: ogt .

T =250 T =750
c b b
0 ) 10 20 50 0 ) 10 20 50
Case A: 02, =1 and o2, = 1I(t < |\T|) + 1/41(t > |\T))
A=1/3 5 0.044 0949 0984 0.999 1.000 0.027 0.955 0.988 0.999 1.000

0 0.028 0.093 0.292 0.786 0.996 0.032 0.108 0.337 0.848 0.998
—2.5 0.034 0.048 0.114 0.627 0.995 0.030 0.048 0.128 0.703 0.996
—10 0.046 0.053 0.079 0.280 1.000 0.037 0.050 0.090 0.360 1.000

—0.57 0.040 0.636 1.000 1.000 1.000 0.043 0.753 1.000 1.000 1.000

A=1/2 5 0.045 0.957 0.987 0.999 1.000 0.026 0.960 0.991 1.000 1.000
0 0.029 0.131 0410 0.881 0.999 0.034 0.146 0.457 0.912 1.000

—2.5 0.027 0.050 0.155 0.776 0.998 0.030 0.057 0.171 0.837 0.999

—10 0.040 0.053 0.091 0.386 1.000 0.039 0.056 0.099 0.486 1.000

—0.57 0.041 0.788 1.000 1.000 1.000 0.044 0.868 1.000 1.000 1.000

A=2/3 5 0.048 0.958 0.991 0.999 1.000 0.026 0.961 0.991 1.000 1.000
0 0.033 0.143 0.511 0.935 0.999 0.029 0.165 0.562 0.953 1.000

—-2.5 0.027 0.055 0.213 0.870 1.000 0.025 0.057 0.239 0.903 0.999

—10 0.041 0.058 0.101 0.513 1.000 0.038 0.056 0.115 0.617 1.000

—0.57 0.041 0.892 1.000 1.000 1.000 0.041 0.938 1.000 1.000 1.000

Case B: 02, =1 and 02, = 1(t < |AT]) +4I(¢t > |\T))
A=1/3 5 0.045 0.983 1.000 1.000 1.000 0.029 0.989 1.000 1.000 1.000
0 0.036 0.512 0.977 1.000 1.000 0.035 0.560 0.987 1.000 1.000
—2.5 0.038 0.233 0.926 1.000 1.000 0.034 0.251 0.958 1.000 1.000
—10 0.042 0.100 0.490 1.000 1.000 0.036 0.116 0.582 1.000 1.000
—0.57 0.036 1.000 1.000 1.000 1.000 0.044 1.000 1.000 1.000 1.000

A=1/2 5 0.047 0977 0999 1.000 1.000 0.027 0.983 1.000 1.000 1.000
0 0.042 0.410 0.934 1.000 1.000 0.031 0.456 0.967 1.000 1.000

—2.5 0.043 0.177 0.838 1.000 1.000 0.034 0.186 0.901 1.000 1.000

—10 0.041 0.089 0.354 0.998 1.000 0.040 0.095 0.433 1.000 1.000

—0.57 0.037 1.000 1.000 1.000 1.000 0.044 1.000 1.000 1.000 1.000

A=2/3 5 0.049 0974 0998 1.000 1.000 0.031 0.979 0.998 1.000 1.000
0 0.040 0.293 0.865 0.999 1.000 0.027 0.323 0.911 0.999 1.000

—2.5 0.038 0.139 0.667 0.996 1.000 0.030 0.131 0.764 0.999 1.000

—10 0.045 0.079 0.268 0.984 1.000 0.042 0.084 0.315 0.997 1.000

—0.57 0.041 1.000 1.000 1.000 1.000 0.041 1.000 1.000 1.000 1.000
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Figure D.1: Finite sample local power of predictability tests for 7' = 250. DGP1 (homoskedastic and serially uncorrelated innovations):

Yt = Br¥i—1 + Wr, 3 = pri1 + v, p = 1+ ¢/T, B; = b /T (except for c

(ug,vp)" ~i.i.d. N(0,X), with X = [1

—0.95;

—0.95 1].

—0.5T where 3, = b;/VT), b, = {0,1,...,26}, and
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(a) 7=0.05,¢c=—10 (b) 7=0.2,¢=-10 (¢) 7=0.5,¢c=-10 (d) 7=0.8,¢c=-10 (e) 7=0.95¢=—10

(f) 7=0.05, ¢ = —-20 (g) 7T=10.2,¢c=-20 (h) 7=0.5,c=-20 (i) 7=0.8,c=-20 (j) 7=10.95,¢c=—-20
(k) 7 =0.05, c = —0.5T ) 7=0.2,c=-0.5T (m) 7 =0.5, c=—0.5T (n) 7=0.8, c=—0.5T (o) =10.95, ¢ = —0.5T
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Figure D.1 (Cont.): Finite sample local power of predictability tests for T' = 250. DGP1 (homoskedastic and serially uncorrelated innovations):
Yt = BrTi—1 + U, T = pre—1 + v, p = 1+ ¢/T, By = b /T (except for ¢ = —0.5T where 5, = bT/\/T), b = {0,1,...,26}, and
(ug,v) ~id.d. N(0,%), with X =[1 —0.95; —0.95 1].
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Figure D.2: Finite sample local power of predictability tests for T'= 750. DGP1 (homoskedastic and serially uncorrelated innovations): y; = Broi—1+usr,
xy = pry1 + v, p = 14 ¢/T, Br = by /T (except for ¢ = —0.5T where 3, = b,/VT), by = {0,1,...,26}, and (us,&;) ~ ii.d. N(0,%), with
X=[1 -095 -095 1].
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Figure D.2 (Cont.): Finite sample local power of predictability tests for T = 750. DGP1 (homoskedastic and serially uncorrelated innovations):
Yo = Bri_1 + Uiy, Ty = pri_1 + vy, p=14¢/T, Br = b, /T (except for ¢ = —0.5T where 8, = b, /V/T), by = {0,1,...,26}, and (uy,v;)" ~i.i.d. N(0, %),
with ¥ =[1 —-0.95 —-0.95 1].



Plots illustrating power performance under DGPs other than iid errors

To illustrate the power performance of the tests in frameworks other than iid, we consider examples
from DGP1, DGP2 and DGP3. Specifically, we provide power plots for the following cases for the

errors (ug, vg)":

DGP1: Autocorrelated errors. In this DGP we set vy = —0.5v4_1 + &, with (u, &)’ drawn

from an i.i.d. bivariate Gaussian distribution with mean zero and unconditional covariance

matrix 3 = qlb , where ¢ corresponds to the correlation between wu; and &¢, which
is set as ¢ = —0.95.

DGP2a: Conditional Heteroskedasticity - GARCH(1,1). Here the innovations (ug,v¢)" are
generated to exhibit time-varying conditional second-order moments according to the de-

sign,
o 0 1
o =| 7 Y s Bmy =0, E@mp=a=| = ¢ |,
0 092t ¢ 1
where 1, := (n1¢,72¢)" is drawn from an i.i.d. bivariate Gaussian distribution. Again we
set ¢ = —0.95. The conditional variances {a?t} are driven by (normalised) stationary

GARCH(1,1) processes o7, = (1 — 0.05 — 0.90) 4 0.05¢7, ; + 0.9507, ;, 7 = 1,2, where

e1,t—1 = ug—1 and eas_1 = v4_1, such that E (u?) =E (UtQ) =1.

DGP3: Unconditional Heteroskedasticity: Denoting the time-varying unconditional covari-
UZt PO utO ot

¢0utavt Ot
the variance of v;. Specifically, 02, = 1 and o2, = 11(t < [0.5T]) + 1/41(t > [0.5T']),

where I(-) denotes the indicator function. Again we set ¢ = —0.95.

ance matrix of (u,v) as Xy = , we allow for a one-time break in
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b N )

(a) 7 =0.2, DGP1 - AR errors (b) 7 = 0.5, DGP1 - AR errors (¢) 7=0.8, DGP1 - AR errors

b N )

(d) 7 = 0.2, DGP2a - GARCH(1,1) (e) 7 = 0.5, DGP2a - GARCH(1,1) (f) 7 = 0.8, DGP2a - GARCH(1,1)

(g) 7 = 0.2, DGP3 - Uncond. Hetero. (h) 7 = 0.5, DGP3 - Uncond. Hetero. (i) 7 = 0.8, DGP3 - Uncond. Hetero.

_7;— —7;0 IVXQR IVXC%BB —tgf’ ........ 5%

Figure D.3: Finite sample local power of predictability tests for T' = 250. DGP: y, = Brz1—1 + w7,
Ty = pri_14vy, p=1-25/T, B; = b, /T, and b, = {0,1, ...,26}. Innovations (us, v;) are generated
as detailed in DGP1, DGP2a and DGP3 above.
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b N )

(a) 7 =0.2, DGP1 - AR errors (b) 7 = 0.5, DGP1 - AR errors (¢) 7=0.8, DGP1 - AR errors

b N )

(d) 7 = 0.2, DGP2a - GARCH(1,1) (e) 7 = 0.5, DGP2a - GARCH(1,1) (f) 7 = 0.8, DGP2a - GARCH(1,1)

(g) 7 = 0.2, DGP3 - Uncond. Hetero. (h) 7 = 0.5, DGP3 - Uncond. Hetero. (i) 7 = 0.8, DGP3 - Uncond. Hetero.

_7;— —7;0 IVXQR IVXC%BB —tgf’ ........ 5%

Figure D.4: Finite sample local power of predictability tests for T'= 750. DGP: y, = B:21—1 + w7,
Ty = pri_14vy, p=1-25/T, B; = b, /T, and b, = {0,1, ...,26}. Innovations (us, v;) are generated
as detailed in DGP1, DGP2a and DGP3 above.
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Part E - Mixed Persistence and Co-integrated Predictors

We now provide additional arguments to show that the 2SLS LM-type quantile predictability tests
proposed in this paper retain the limiting null distribution given in Proposition 1 in the cases where
we have either mixed persistence predictors or predictors exhibiting near-integrated common trends.
This builds on some of the material given in section S.2.2 of the on-line supplementary appendix
of Demetrescu et al. (2022).

E.1 Mixed Persistence Predictors

We first deal with the mixed persistence case and take the auxiliary regression (9) with K = K1+ K>

regressors,

Str = Oy, (w11 — 1) + 05, (a1 — &2) + error

/ ~
= 6.x11 +error.

In this context, the stochastic components, §; ; and &, ;, of the putative predictors @, are generated

& = ( S ) =T¢, |+,

according to Assumption 2,

a1

but we take I' to be block-diagonal, with the K7 x K; diagonal block corresponding to &, obeying
Assumption 2.1 (weak persistence) and the Ky x K3 diagonal block corresponding to &, obeying
Assumption 2.2 (strong persistence). The ordering is without loss of generality, and it is not
necessary to specify which predictors are strongly persistent.

To test the null of no quantile predictability at level 7, which implies §1, = 2 = 0, then, as

in the main text, we use the type-I IVX instruments given as

1—oL) ' Axy
Zlat:(l_QL)_T_lA:l}t: ( ( o )+ T1t—1 > _ < 21,1t )

(1- QL)jrl Aib’zt—l Z2 It

with Az; = 0. Following the discussion in Demetrescu et al. (2022, on-line appendix, section
S.2.2), we take the number of strongly persistent regressors to be known and only have to use K»

type-II instruments, e.g.
wkt

Z[1tk = Sin T

for Ky distinct spectral frequencies wy, ..., wk,.

The LM-type statistic for the null of no quantile predictability is then given by
T; := CyB;'Ar (A}B;'DyB Ar)  ALB; Cr (E.1)

with Ap, By, Cp and Dy from (12)-(14), where, as outlined in the main text, the type-I instru-

ments are not demeaned but the type-1I instruments are.
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Next, define

w7zl 0 0
V= 0 WIKQ 0
0 0 731K,
and
T-K2
and examine first
% 23:1 El,l,t—ljll,tq ﬁ 23:1 21,1,15—1&’/2,7&71
VrArWr = ﬁ S 2914121 4 1 W Sy Zo1t-1%5 1
% Zthl 211,7%1&"/1,1571 ﬁ Zthl éll,tfli'/th

Examining the proof of Lemma 1 of Demetrescu et al. (2022), it can be seen that the mul-
tivariate extension under our assumptions is straightforward (see also on-line appendix S.2.2 of
Demetrescu et al., 2022) such that the elements of 21 7;—1 obey Assumptions 4, 5 and 6 of Deme-
trescu et al. (2022) as type-I instruments for the weakly persistent predictors, and those of 2o 11
obey Assumptions 4, 5 and 6 of Demetrescu et al. (2022) as type-1I instruments for the strongly

persistent predictors. Therefore,

T

T T
Z Zor4-1Thy g = Zzzl,t—lﬁé,tq — (Z zQ,I,t_1> &) = o, <T3/2+77/2) +0, (T1/2+nT1/2) ’
t=1 t=1

t=1

(cf. Assumption 4.3 from Demetrescu et al., 2022 and Eq. (B.3)). To refine the first order of
magnitude term on the right hand side, write, with 2z 70 = 0 and §; 5 = Op(1),

T T—1 T—1 t—1
S zori1&h =D zars | &= >, | D 2hsy | Ay, (E.2)
t=1 j=1 t=2 \ j=1

where the arguments used in the proof of part 2 of Lemma 1 of Demetrescu et al. (2022) can
immediately be extended to the multivariate case to conclude that both terms on the right hand
side are of O (T'17).

Then, it is not difficult to verify, given the effect of the IVX filter on weakly persistent variables,
that

T T

~ ~ ~/
Zzl,l,tflwlzt—l = Zgl,tflgzt—l + op(T),
t—1 t—1

which, because & ;_; is weakly persistent and &, ; is strongly persistent, can immediately be
shown to be of Op(T) under our conditions. Then, because z;r;—1 are bounded deterministic

weights, it follows immediately that

T
S Eradh, =0, (\/T) .
t=1
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Finally,

T T T
~ ~ =/
Zz2,1,t—1m'1,t_1 = Z z2,14-1€1 -1 — (Z Zz,Ltl) £1
t=1 t=1 t=1
where (37 22.04-1) & = Oy (TY27T71/2) and (with 25,10 = 0 and &, = Oy(1))

T T-1 T-1 t—1

Y zori i =zarra > €= Az Y €

t=1 j=1 t=2 j=1

with zo 171 = O, (T”/2) (cf. Lemma S.1 of Demetrescu et al., 2022) and noting that Z}:ll £, =
Op (T1/2)). Furthermore, noting that Azo 7 = A€2,t — I zo 141,

’ﬂ

-1

AZQ]tZ£1] ZAEQtZSLJ Tnz 2.1t 1Z€1J (1),

t

[|
o

where we have used the fact that Zf:_; 22141 (2;11 5’17j> =0, (T1+’7) paralleling (E.2) above,
because 25;11 &, ; is strongly persistent like &, ;. This then implies the following asymptotic be-

haviour of the “selector” matrix A,

%Zthl 2171715—159/1,#1 0
VrArWrp = 0 0 + 0p(1),
T - ~
0 =575 D i1 ZI1—18Y
where
1 ) 1 T </
T Z Zir1%y = T Zﬁl,t—lﬁl,tfl + 0p(1)
t=1 t=1
and
sin 25
~/
T3/222Ht 1332t 1 :>/ JC(S)dS’
(2K —1)r
72 s

where J¢(s) is as defined in (7). These are invertible with probability approaching unity as T’ — co.

Similarly,
LT g 3/ 1 T 3! 17T o
T 2ot=1 ZLI-121 141 TTra7s D=1 ZLLt-129 141 T 2otm1 ELI-12T1 41
_ 1 T = ! 1 T 2 =/ 1 T = =/
VrBrVr = Tres Dotm1 2200121 101 TR Qa1 2200129101 T 2=l 22012111
LT g 3! 1 T 3! 1T 3 St
T Zt:l ZIIt-121 11 T1+n/2 Zt:l ZIIt-1%2 111 T Zt:l ZIIt-1271 -1
1 T 3 =/
T 2ote1 211121 141 0 0
= 1 T = !
- 0 T Dte1 22,04-1%9 141 0 + 0,(1).
1 T =/
0 0 T D=1 RI1t—1%]1t—1

Using Lemma B.1 and the conditional homoskedasticity of the MD sequence s; -, one obtains after

straightforward derivations that

VDV =1 (1 — T) VrBrVr + Op(l).
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Summing up, we have that

W7 AB ' 'Cr =

—1
1 T ~ =/ 1 T = =/ 1 = ~
T 2 =1 L1t-1%1,1,t—1 <T > i1 zlvat—lzl,f,t—1> T1/2 21, 1t-15t,7
+ 0p(1)
1
1

-1
1 T A 2/ 1 T 3 =/ 5 =
373 doi-1 L2,t—121T 11 (T pIr] zH,t—lzn,tq) Ti/2 2 11t—15t,7

and WTA%B;lDTB;lATWT equals, up to an o,(1) term, a diagonal matrix with diagonal blocks
given by
T

z

-1
z >/ 1 ~/
zlvlvtflzl,],t—l T 17[’t71m1,t—1
t=1

M=

1 & 1
(1 - T)f Z T4 121 741 (T
=1

o~
Il
—

and

—_

—_

| I T T
1 ~ =/ = = =1 ~ ~/
T =g 2 T2e—1Zga | 7 Q212 | g 2 2180,
t=1 t=1

t=

such that

1 1 1 & A
T = T <T1/221717t—1§t77> (Tzil,l,t—léﬁ,ml) (Tl/zzél,l,t—lgt,7>

t=1 t=1
-1
1 1 V(1 & y 1 B
+T(1_T) <T1/2Z]I,t—15t,f) (T;ZII,t—lzll,t—l) <T1/2;ZH¢—1815,7 +0p(1)-

The result that Proposition 1 continues to hold in the mixed persistence case considered here, then
follows noting that, given the MD property of s;r and the limiting behaviour of VD7V, it is
not difficult to verify that

1 T = ~ 1 T = ~
< T1/2 Zt:l Z1,I,t—15t,r ) i> N (0_ . (1 _ 7_) plim ( T Zt:l Zl,[,tflz/L],tfl 0 >>
)

1 T = ~ 1 T = =/
173 Dim1 ZI1,t—15t,r 0 T Dte1 ZIL-12T714 1

as required.

Remark E.1 Following the arguments outlined in section 5.2.2 of the on-line supplementary ap-
pendix of Demetrescu et al. (2022), in the presence of strongly persistent predictors one may choose
the number of type-1II instruments to be equal to or smaller than the number of strongly persistent
predictors among the set of predictors, but not to a number larger than the number of strongly
persistent predictors. At the same time, one may include any number of type-IT instruments when
there are no strongly persistent predictors. In both cases, the number of type-I instruments should
be set equal to the total number of predictors, while keeping a minimum of one type-1I instrument
to stay in the over-identified 2SLS framework. In practice, one might therefore consider estimating
K in such situations. If estimation is not desirable, or not possible, Demetrescu et al. suggest sim-
ply choosing the smallest possible number of type-II instruments; that is, set the number of type-I1
instruments equal to one. This is a safe choice, still allowing for the use of a type-II instrument in
addition to the K TVX type-I instruments in any pure or mixed persistence scenario. Essentially
the same logic holds where the predictors exhibit common strongly persistent components, the case

outlined in section E.2 below, the only difference being that K is now taken to denote the number
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of common strongly persistent components present among the set of predictors, rather than the
number of strongly persistent predictors as in the mixed persistence (but not co-integrated) case

considered in this section. &

E.2 Co-integrated Predictors

The case of predictors with common stochastic trends (which may be near-integrated) is essentially
the same as the case of mixed-persistence predictors. To see why, take K = K7 + K> predictors as
before,

Str =01, (T14-1 — T1) + 0y, (T2-1 — T2) + error,

but this time let the predictors a; ; = (m’l’t_l,w’27t_1) have common stochastic trends rather
than being of mixed persistence. Precisely, let the stochastic components &; 4, &, , of the putative

predictors x; follow a triangular representation,

£10=TE&, + wy,

with the Kj variables w; being weakly persistent and the K components &, being strongly
persistent in the sense of Assumption 2. As such, the predictors x;_1 have K9 common stochastic
trends, and the test statistic of interest is the same as before; that is, 7; in (E.1).

To analyse the behaviour of 7, in the common trends case, let

R = Iy —W
0 Ig,

I -¥ 0
_ (R o0 a
R = = 0 IK2 0

0 I
ez 0 0 I

and

which are both invertible, such that
T, = C;B;'AsR' (RA}B;'DrB;'ArR’) " RA;B;!Cr.,

Consider first

.y __ 1__
RA,B;!C; = RA,R/ (RBTR’) RCr,

where, letting RZ; 1 := égr)

1, we obtain

T T
=" S Rz 5, =Y 208
RCT = th—lst,’r = 21 18t,7)
t=1 t=1

T T
RB/R =Y Rz .z R =) 272"
t=1 t=1
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~(r)

and, with Rz, := x, /),

/ T !
RA,R (Zth V& 1R> - <22§T1i§?{) .

t=1

Analogously,

RA;B;'D7B;'ArR = RA;R/ (RB/R') RD/R'(RB/R) RArR

where
RD/R = Zth 1%, R&, = Z 2" 2
t=1
Therefore, T is equivalently computed as the Wald test statistic from the regression of 5; » on the
demeaned predictors igr)l using the instruments égr)l

Let siny, denote the sample average of sin 4! for any of the spectral frequencies wy, such that

(1 — QL)_T_I Aml,t,l (1 — QL)_T_l Ath,l - (1 — QL)_T_l Awgﬂg,l
(1—oL) ' Amoy s (1—oL);' Axay s
22(57;)1 = R sin w%t Siinl = sin w%t Sjinl

si si
(1-— gL)jrl Aw;_q
(1 — QL)_T_I Aw2t71

- wnt —
= Sin T — Sing

. wKZt -
sin —# — sing,

while it is easily seen that
wy_ r, — Pz
2" = R =Raxy;,—Raz=| ' |- 7).
T2t—1 T2

_ Wi_1 w
T2t—1 zy )
(r)

In other words z;; is the set of type-I and type-1I instruments resulting from a model with
predictors w;—1 and @21, so that the results given in section E.1 also apply in the co-integrated
predictors case considered here. In summary, 7; has a limiting X%{ null distribution irrespective of
the nature of @, i.e. with homogeneous (yet unknown) persistence, mixed persistence, or common

strongly persistent stochastic components.

E.3 Monte Carlo Results

We now report results from a small Monte Carlo exercise for a two (K = 2) predictor case in-

vestigating the impact of mixed persistence and co-integrated predictors. We report the empirical
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null rejection frequencies of the QR based predictability tests introduced in this paper (7, (Eicker-
White standard errors) and 7, (conventional standard errors)), the IV Xgp test of Lee (2016), and
the QY test of Cai et al. (2023).

The results provided in Tables D.19 and D.20 relate, respectively, to the following two cases: (i)
mixed persistent predictors (one of the predictors is set to be a pure unit root process and the other
weakly persistent), and (ii) predictors that are co-integrated. Specifically, the DGP is as described

in Section 4.2 in (19)—(22), but where &; = (214, 22,)" is now generated as:

e Mixed persistence case (Table D.19)

Tit = Tig—1+ Vg (E.3)

—
=
IS

a—

Top = 0.5x0t 1 +v9y

¢ Co-integrated case (Table D.20)

—
=
(@1

SN

Tip = X111 Vi

—
=
(@)

~

Tt T1t+ Vo

All results are based on 5000 Monte Carlo replications for samples of size T' = 250 and T = 750.
All of the reported tests are for the joint significance of both z1,-1 and x9;—1 (hence why, as
explained in footnote 8, a MBB implementation of the IV Xgpg test is not included). For the 7~

and TY tests, two versions of the tests are reported. The results in Panel A of each table relate

to the case where one type-II instrument (zr7.1 = sin (%t)) is used, while the results in Panel
B of each table report results for the 7, and T, tests in the case where two type-II instruments

(211,41 = sin (”Tt) and z77,42 = sin (%)) are used. Notice that for both DGPs the correct number

of type-1I instruments to include is one; cf. Remark E.1.

For all the tests, it is seen from the results in Tables D.19 and D.20 that the rejection rates
under the mixed persistence and the co-integrated DGPs considered here are both very similar
to those reported in Tables 1 and D.2 for the case where there is a single strongly persistent
predictor with local-to-unity parameter ¢ = 0. In particular, 7, and T display good size control
throughout (some under-sizing is observed in these tests when the number of type-II instruments
is over-specified - see Panel B of Tables D.19 and D.20), while IV Xgr and Q¥ display good size
control when testing quantiles in the centre of the distribution, but again are rather over-sized in
the tails. These simulation results suggest that the IV Xgr and QY tests can be validly used for
mixed persistence and co-integrated predictors, even though validity has only been established for

the Q¥ test in the mixed persistence case.
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Table D.19: Empirical null rejection frequencies at 5% significance level of the QR based pre-
dictability tests 7, (Eicker-White standard errors), T° (conventional standard errors), IV Xgg
and QY. Mixed Persistence Predictors DGP: v, = B.xi 1 + utr, ® = (v14,72,)" such
that 1 = z14-1 +v1t and 22 = prot—1 + V2, p = 0.5, B, = 0, and where u; = vf; + a¢,

vy = (V1,4,v2¢) = —7fi12 + e, the common factor f; is generated as a sequence of independent
standard normals, 15 is a 2 x 1 vector of ones, v = —4.5 and (a, e})’ ~ i.i.d. N(0,I541).
T Tr TP 1vxer QY Tr TP 1vxer QY
T = 250 T =750

Panel A - One Type II Instrument for 7, and 7.
0.05  0.048 0.047 0.137 0.129 0.044 0.043 0.096 0.091
0.1 0.046  0.052 0.090 0.078 0.046 0.049 0.074 0.066
0.2 0.053  0.058  0.067  0.056  0.050 0.052 0.059 0.050
0.3 0.057  0.061  0.060 0.052 0.053 0.054 0.054 0.049
04 0.054 0.063 0.052 0.045 0.060 0.061 0.047 0.046
0.5 0.055 0.062 0.049 0.047 0.060 0.062 0.052 0.047
0.6 0.052  0.056  0.048 0.045 0.057 0.058 0.056 0.050
0.7 0.049 0.056  0.055 0.051 0.049 0.053 0.055 0.043
0.8 0.050  0.057  0.067  0.056  0.057 0.061 0.057 0.056
0.9 0.048 0.048 0.095 0.083 0.043 0.043 0.080 0.073
0.95  0.049 0.047 0.148 0.132 0.048 0.044 0.098 0.087

Panel B - Two Type II Instruments for 7, and 7.

0.05 0.024  0.037 - - 0.024  0.027 -
0.1 0.034 0.038 - - 0.033 0.036 - -
0.2 0.037  0.040 - - 0.042  0.046 - -
0.3 0.049  0.050 - - 0.041  0.041 - -
0.4 0.046  0.051 - - 0.045 0.048 - -
0.5 0.047  0.051 - - 0.046  0.047 - -
0.6 0.050  0.053 - - 0.048  0.050 - -
0.7 0.046  0.052 - - 0.043  0.043 - -
0.8 0.043  0.047 - - 0.042  0.040 - -
0.9 0.034  0.042 - - 0.036  0.037 - -
0.95 0.029  0.043 - - 0.034 0.035 - -
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Table D.20: Empirical null rejection frequencies at 5% significance level of the QR based
predictability tests 7, (Eicker-White standard errors), T.° (conventional standard errors),
IVXgr, and QY. Cointegrated Predictors DGP: y; = B, @1 + usr, T = (T1.4,72¢)
such that x1; = 11 +v1+ and 2oy = 21+ + V24, B, = 0, and where uy = vf; + as, v¢ =
(v1,4,v24) = —vfi1la + e, the common factor f; is generated as a sequence of independent
standard normals, 15 is a 2 x 1 vector of ones, v = —4.5 and (a4, e})’ ~ i.i.d. N(0,I541).

T Tr TP 1vxer QY Tr Y 1vxer QY
T =250 T =750

Panel A - One Type II Instrument for 7, and 7.0
0.05 0.059 0.048 0.148 0.121 0.044 0.044 0.090 0.083
0.1 0.052 0.054 0.090 0.080 0.056 0.0564 0.073 0.062
0.2 0.054 0.062 0.063 0.056 0.048 0.050 0.058 0.052
0.3 0.059 0.064 0.056 0.0560 0.049 0.050 0.053 0.050
04 0.054 0.060 0.045 0.042 0.057 0.060 0.049 0.046
0.5 0.055 0.059 0.048 0.044 0.059 0.059 0.052 0.049
0.6 0.056 0.062 0.046 0.039 0.057 0.059 0.053 0.039
0.7 0.053 0.059 0.0564 0.046 0.054 0.055 0.057 0.051
0.8 0.052 0.056 0.065 0.0563 0.051 0.0563 0.052 0.049
0.9 0.054 0.055 0.099 0.091 0.050 0.050 0.078 0.065
0.95 0.055 0.045 0.153 0.124 0.046 0.044 0.102 0.081

Panel B - Two Type II Instruments for 7, and 7.

0.05 0.025 0.036 - 0.034  0.032 -
0.1 0.032 0.037 - - 0.032  0.032 - -
0.2 0.031 0.037 - - 0.037  0.038 - -
0.3 0.036 0.043 - - 0.034  0.037 - -
04 0.041 0.045 - - 0.041  0.041 - -
0.5 0.044 0.047 - - 0.042  0.043 - -
0.6 0.040 0.042 - - 0.044  0.045 - -
0.7 0.039 0.043 - - 0.038  0.036 - -
0.8 0.038 0.041 - - 0.039  0.040 - -
0.9 0.031 0.040 - - 0.033  0.033 - -
0.95 0.029 0.038 - - 0.029  0.032 - -
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