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Abstract—Quasi-complementary sequence sets (QCSSs) have
attracted sustained research interests for simultaneously sup-
porting more active users in multi-carrier code-division multiple-
access (MC-CDMA) systems compared to complete complemen-
tary codes (CCCs). In this paper, we investigate a novel class of
QCSSs composed of multiple CCCs. We derive a new aperiodic
correlation lower bound for this type of QCSSs, which is tighter
than the existing bounds for QCSSs. We then present a systematic
construction of such QCSSs with a small alphabet size and
low maximum correlation magnitude, and also show that the
constructed aperiodic QCSSs can meet the newly derived bound
asymptotically.

Index Terms—Multi-carrier code-division multiple-access

(MC-CDMA), aperiodic correlation, complete complementary
code (CCC), quasi-complementary sequence set (QCSS), mul-
tivariate function.

I. INTRODUCTION

As a generalization of the Golay complementary pair [1],
the complementary sequence set introduced by Tseng and Liu
[2] consists of M > 2 constituent sequences of length L
having zero aperiodic auto-correlation sum for all nonzero
time shifts. A complementary sequence set is usually arranged
as an M x L matrix (known as a complementary matrix
or complementary code). A set of K complementary codes
with the same order (M, L) is called a mutually orthogonal
complementary sequence set (MOCSS) if any two distinct
complementary codes have zero aperiodic cross-correlation
sums for all time shifts [3]. A MOCSS has its size K < M
and it is known as a complete complementary code (CCC)
when the equality is reached. Due to the ideal auto- and cross-
correlation properties, CCCs have a salient feature for sup-
porting interference-free multi-carrier code-division multiple-
access (MC-CDMA) communication where users are assigned
with different complementary codes from a CCC [4]-[6].
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To support more users in MC-CDMA systems, the notion
of low-correlation zone complementary sequence set (CSS),
which refers to a set of complementary codes or codes having
low maximum correlation magnitudes within a time-shift zone
around the origin, was proposed [7]; in particular, when the
maximum correlation magnitude within the zone is zero, it
reduces to a zero-correlation zone CSS [8]-[10]. By extending
the low correlation zone to all the non-trivial time-shifts,
quasi-complementary sequence sets (QCSSs) with uniformly
low maximum correlation magnitude have been investigated
in [11]. A QCSS-based MC-CDMA system is expected to
accommodate larger amount of asynchronous time-offsets,

whilst supporting more users [12], [13].

A. Existing Works on the Constructions and the Correlation
Bounds of QCSSs

In this subsection, we recall some basics and known results
on QCSSs. Let g be a positive integer and A, = {fé [0 <
i < q}, where £, = exp(2my/—1/q) is a g-th primitive root of
unity. We denote by A} *L the set of all M x L matrices over
Ag. A subset of .AéWXL is termed a (K, M, L,0)-QCSS over
Ay, if it consists of K matrices in Aé\“L and its maximum
magnitude of aperiodic correlation sums equals a positive
value 6. The multipath interference and multiuser interference
in QCSS-based MC-CDMA system are closely related to the
maximum correlation sum magnitude 6, which is desired to
be small. In the literature, several researchers have studied the
lower bound on 6. Welch in [14] first gave the following lower
bound:

K _q
0>MLy| —M — (D)
= K(2L—-1)-1

In 2014, Liu, Guan and Mow [15] extended the idea of
Levenshtein bound [16] for M > 2 and provided a tighter
correlation lower bound for the case of X > 3M and L > 2:

M
0> ML<121/3K>. )

With respect to a lower bound, the optimality of a QCSS

can be evaluated in terms of the optimality factor p, which



is defined as the ratio of its maximum correlation magnitude
0 and the lower bound [11]. A (K, M, L,0)-QCSS is said
to be optimal if p = 1, near-optimal if 1 < p < 2, and
asymptotically optimal if p tends to 1 for sufficiently large L,
with respect to a lower bound, which is usually taken as the
best known one.

For periodic QCSSs, the first known optimal and near-
optimal QCSSs were proposed in [11] with the aid of Singer
difference sets. Several other constructions on periodic QCSSs
using various algebraic tools, such as difference sets and
characters over finite fields, can be found in [17]-[20]. Aperi-
odic QCSSs with asymptotically optimal correlation properties
have been developed with the help of various tools, such
as permutation functions and Florentine rectangles [21]-[23].
The QCSSs in [22] and [23] appear as a collection of CCCs
with low inter-set cross-correlation properties. In practice, this
type of QCSSs can be useful in a multi-cell (or multi-cluster)
mobile network where each cell is assigned with a distinctive
CCC for interference-free MC-CDMA communication; at the
same time, each cell also receives multiuser interference from
other neighbouring cells [24], [25]. In this setting, the low
inter-set cross-correlation property may permit minimum inter-
cell interference, whilst achieving zero intra-cell interference
due to the ideal correlation properties of CCCs. Besides low
correlation, it is also desirable to design QCSSs over an
alphabet of small size for the ease of practical implementations
[20].

B. Motivations and Contributions

Motivated by the promising applications of QCSSs in MC-
CDMA systems, in this paper we are interested in investigating
aperiodic QCSSs that are composed of multiple CCCs. Fun-
damentally, we aim to understand the theoretical trade-offs
between different parameters of this type of QCSSs. Further-
more, we target at developing systematic constructions with
both desirable correlation properties and flexible parameters.

Our first contribution in this paper is the derivation of a
new lower bound on the maximum correlation magnitude of
the new type of QCSSs. The new bound is obtained by a
revisit to the generalized Levenshtein bound for QCSSs in [15]
with extra consideration on a special feature of such QCSSs.
Several forms of this new lower bound are derived by setting
proper weighting vectors in the bounding function. As listed
in Table I, they are shown to be tighter than the lower bound
in [15]. Here it is worth noting that the bound in [15] was
proposed for generic QCSSs and that new bounds in Table
[ should be used to evaluate aperiodic QCSSs composed of
multiple CCCs. It is to be noted that the QCSSs reported in

Table I: Aperiodic correlation lower bounds for (K, M, L, 6)-
QCSSs composed of (M, L)-CCCs

N = K/M | Derived correlation lower bound Derivation | Constraints
N=2 |¢*>M Corollary 1 | L, M >2
02 > ML Corollary 1 | 3< L <25 M >2
N=3 [¢g> ML (1 e ) | Corollary 2 | L > 25, M > 2
02 > ML [15] L,M>2
L2(27°+4N—16)—N~>
Py (1- W) Corollary 2 | L > 5, M > 2
N=4 | >ML(01-L12) Corollary 2 | L=4,M >2
2 1 LY,
02> ML (1 ﬁ) [15] LM >2
02> ML (1 \/“4(2’2 N)— ”) Corollary 2 | L>5, M > 2
N >4
2 2 A
02> ML (1 W) [15] LM >?2

[22] and [23] satisfy our proposed aperiodic correlation lower
bound.

In the construction of QCSSs, multivariate functions have
turned to be an effective tool to generate sequences with
flexible parameters. Multivariate functions were studied in
[26] to design CCCs with flexible parameters and then soon
followed by [27] to construct Z-complementary sequences
and by [28] to construct Golay complementary array set. Our
second contribution in this paper is a systematic construction
framework of aperiodic QCSSs using multivariate functions
from a graphical perspective. We consider the multivariate
functions from Z;" to Z,, where p is an arbitrary prime divisor
of ¢. This type of multivariate functions are referred to as g-
ary functions in this paper for ease of presentation. With a
graphical approach, we utilize g-ary functions in m variables
p™)-QCSS over A,
where 1 < n < m. The key requirement on the employed

to construct a (p"Ti(p — 1),p" L, p™

g-ary function f is that the graph of each restriction of f
on certain n variables yields a Hamiltonian path with edges
having identical weights of ¢/p. We show that such g-ary
™)-CCCs, and
a QCSS composed of these CCCs has maximum correlation

functions give rise to p — 1 distinct (p"*!,p
magnitude p™. Notice that the alphabet size ¢ of proposed
QCSSs can be as small as p, which is different from the
known QCSSs as listed in Table II, for which the alphabet
size is required to be at least the sequence length. To the best
of our knowledge, it is the first time in the literature that a
construction of aperiodic QCSSs can maintain a small alphabet
size irrespective of the sequence length and set size. Finally,
it is shown that the proposed QCSSs can asymptotically meet

the newly derived aperiodic correlation lower bound.

The structure of this paper is outlined as follows: In Section
II, we introduce the essential mathematical tools utilized
in this work. Section IIl derives the proposed new tighter
correlation lower bounds for QCSSs comprised of multiple

CCCs. In Section IV, we present our contributions related to



the construction of QCSSs that can meet the correlation lower
bound introduced in Section III. Lastly, Section V concludes

this work.

II. PRELIMINARIES

We first define some notations which will be used through-
out the paper:

o Zy = ZJtZ is the set of all integers modulo ¢

e ¢ is a positive integer and p is an arbitrary prime divisor
of q

o &, =exp(2my/—1/q) is a primitive g-th root of unity

o Ag=1{& : 0<i<q}and A}*L is the set of matrices
over A,

o 0r denotes the zero vector of length L

« lower-case letters in bold, e.g., a, b, denote sequences of
certain length

« upper-case letters in bold, e.g, C, X,Y, denote matrices
or codes over A,

e T%@) = (ap—u, " ,aL—-1,00,-
quence a = (ag, a1, - ,aL—-1)

e |a|, a* denote the magnitude and conjugate of a complex

..yap_y—1) for a se-

number a, respectively
e (a,b) = aobj + a1b} + ... + ar_1bj_; denotes the
inner product between two complex-valued sequences
yap—1) and b = (bg, by,...,br_1)
e a - b denotes the inner product for two real-valued

a = (ag,ai,..

sequences a and b

o [a] denotes the integer closest to a real number a

o [a,b] denotes a closed interval consisting of real numbers
x satisfying a < 2 < b

e [a:b]=]a,...,b] for integers a < b

o () denotes the empty set

e |S| denotes the size of a set S

A. Aperiodic Auto- and Cross-Correlation

For any two complex-valued sequences a =
(ao,al,...,aL,l) and b = (bo,bl,...,bLfl)
L, we define the aperiodic cross-correlation function (ACCF)

at time-shift 7, where 0 < |7| < L as

of length

Yo aabhy,
Ziig)—71 Aa-7b7,
For a = b, the ACCF defined in (3) reduces to the aperiodic

auto-correlation function (AACF) of a, which will be denotd
as ©(a)(r) for short.

O(a,b)(r) = 0=r<b

—L<T71<O.

Let C = {Cl,CQ, ..
each containing M sequences of length L. By arranging each

.,Ck} be a collection of K codes,

code as a two-dimensional matrix, we write Cj, as

1
Ci

ci
Cr=1 . ,

M
Sk d prxr
where k =1, ..., K. The ACCF (sum) between Cy, and Cy,
for 1 < kq, ko < K is defined as

M
G(Ck’ucl@)(T) = ZG(CilvciQ)h—)' 4

For k1 = ko = k, the ACCF in (4) reduces to the AACF of
C); and we denote it by ©(Cy,)(7). Define

04 =max{|©O(Cy)(7)|: k=1,...,K, 0<|7| <L},
HC :max{|®(Ck1,Ck2)(T)| 01 S k‘1 7é kg S K,
0<|r| <L}

The maximum correlation magnitude of C is given by 6 =
max{64,0c}. This collection of codes is called an aperiodic
QCSS, denoted by (K, M, L,6)-QCSS. In particular, when
0 =0 and K = M, C is said to be a CCC, denoted by an
(M, L)-CCC.

In order to investigate the lower bound on 6 for QCSSs, we
recall an interesting function from [15, Eq. (17)] below. For
two (K, M, L,0)-QCSSs X,) C Aé‘/[XL, define the following
function:

1
FED = B

2L—-22L-2

Z Z Z Z’<TH(X70L—1)7TU(Y’OL—1)>‘2wuwv7

XeXYeY u=0 v=0

(&)
with
(T"(X,0,-1), T°(Y,0,1))
M : . (6)
= {T(X7,000), T (Y, 0,0) ),
j=1
where T represents the right cyclic shift operator,
(X7,0r_1),(Y?,0r,_1) denote the concatenation of

the jth row of X, Y and 0p_q,
.,war_2) is a weight vector, satisfying

respectively, and

w = (wp, w1, . -
2L—2
> wj=1andw; >0 for0<j<2L -2
j=0

In the case of XY = ) = C, a lower bound on F(C,C)

was derived in [15]. We represent the lower bound in the



Table II: The parameters of the exisiting and proposed aperiodic QCSSs

| Ref. | K | M | L | 0 | Alphabet Constraints
Th. 1 [21] u(u+ 1) u u U Zu u is power of prime
Th. 2 [21] u? U u—1 U v/ v is power of prime, u > 5
N (S5 — h
[22] N(to — 1) N N N T (=5 .1s odd pos1t1v§ integer wit
to as its smallest prime factor
N (= 2) is any integer,
[23] N x F(N) N N N Zn F(N) is the maximum number of rows for which
F(N) x N Florentine rectangle exists
p is a prime number,
i itive integer,
Topose P )| P b P a n (< m — 1) is any non-negetive integer,
q is a positive multiple of p

following lemma which will be used in Section III to obtain

new correlation lower bound for 6:

Lemma 1 ( [15]). Let C be a (K, M, L,0)-QCSS. Then

2L-2

F(C,C) > Z M(L - Tu,v,L)wuwm (7)

u,v=0

where
0<7ypr=min{lv—u,2L—-1—-|jv—u|} <L-1.

In the following, we present some basics on g-ary functions
and it’s relation with graphs and sequences. We also discuss

some basic and necessary properties of sequences.

B. Sequences associated with q-ary Functions

Let ¢ be a positive integer and p is a prime divisor of

q. For example, let ¢ = 12 = 223, in this case p can
be either 2 or 3. For a g-ary function f : Z7' — Zg, it
defines a Z,-valued sequence f = (fo, f1,..., fpm_1), where
the coordinate f; = f(ig,41,...,4m—1) for 0 < i < p™

with i = Z}n:_ol i;p™ 771 and the arithmetic operations on
variables in the function f are taken modulo ¢. In the sequel
we shall identify an integer ¢ with 0 < ¢ < p™ as its p-
ary vector representation (4o, %1, . ..,4,—1) When there is no
ambiguity. We define the complex-valued sequence associated
with f, denoted by 1,(f), as

bolf) = (&P, el ).

When there is no ambiguity in the context, we will write ¢4 ( f)
as 1 (f) for simplicity. For x = (z0,%1,...,Zm—1) € Z
and a subset J = {jo, 51, -sdn-1} C Zm, we define x; =
(2o, ®jy,---,2j,_,) as the restriction of the vector x on J.

For ¢ = (co,¢1,-.-,¢Cn-1) € Z, and x; = ¢, we define the

complex-valued sequence corresponding to the restricted g-ary
function f|x,—c as follows:
¢(f|XJ=C) = (Clo, ag, ..., apm—l) with
& ir=c, (8)

0, otherwise.

a; =

For any two functions f,g : Z;' — Z,, below we define a
set of ordered pairs (v, ) to calculate the ACCF between two
g-ary restricted functions, ¥(f|x,=c,) and ¥(g|x,=c,), where
c; € Zg for ¢ = 1,2, at a time-shift 0 < 7 < p™ as follows:

BT(C17C2):{(776):6:7+T70S’Y§pm_7-_17 (9)
V7 =c€1,05 = ca}

where v, d; correspond to the restrictions of the vector rep-

resentations of ~y, J, respectively. Following (8), the complex-

valued sequences 9(f|x,=c,) and t(g|x,=c,) can be ex-

pressed as follows:

V(flxy=c;) = (ag,a1,...,apm_1) with
s =ci
ay =
0, otherwise,
) (10)
Y(glx,=cs) = (bo,b1,...,bpm_1) With
.%7 dr=c ,
T J 2

0, otherwise.

From (3), (9) and (10), the ACCF can be expressed as

p"—7—1

6(¢(f|xJ:C1)7¢(g|xJ:CQ))(T) = Z a’Yb;;

v=0

— Z ({7796.

(v,0)€B-(c1,c2)
(11)



When ¢; = ¢z = ¢, we denote the notation B (cq,c2) in (9)
by A, (c) which can be expressed as follows:

A(c)={(7,0):0<y<p"—T7—-16=v+T, 1)
vy =05 =c}.

From (3), (10) and (12), the ACCF between (f|x,=c) and

1 (glx,=c) can be expressed as

OW(flxs=e), ¥(glx,=e))(T) =

D

(v,6)€A;(c)
When f = g, the ACCF in (13) reduces to the AACF of
P(flxs=e)-

The following example illustrates the sequences associated

&P (13)

with a g-ary function and the calculation of ACCF between
sequences associated with restricted g-ary functions.

Example 1. Assume p = 3, m = 3, and q = 3. Let us consider
f:Z3 — Zs as follows:

f(zo, 21, x2) = 2022 + 2w2m71 + 2:6% 4+ 29+ 1.

According to the above definitions, the associated sequences f,
Y(f) and restricted sequences ¥(flx,—=c) w.rt J = {0,2} and
¢ €{(0,2),(1,2),(2,2)} can be given in the Table III, where
the blanks for the last three rows V(f|x,=c) indicate that the
corresponding coordinates take values of 0. For ¢; = (0,2),
c2 = (1,2), and c = (0,2), from (9) and (12),

B.(ci,c0) =0, ¥ 7 #3,6,9,12, 15,

and

A (c)=0,VT+#£0,3,6.
Therefore,

G(w(fli:C1)>w(f|XJ:C2)>(T) = O’VT 7é 376797 127 157

and

@(/l/}(f‘XJ:C))(T) =0,V 7é 0,3,6.

When T € {3,6,9,12,15}, for example T = 3, from
the row Y(f|x,—,2)) in Table Il we see v; = c; =
(0,2) can hold only for v € {2,5,8}; furthermore, since
3 we see that 6 = v + 7 with §;5 = co =
(1,2) can only hold for 6 = 11, as indicated by the row
U(flx,=1,2))- To summarize, we list A,(c) for T = 0,3,6,
and B.(cq1,co) for 7 = 3,6,9,12,15 in Table IV, where
A B, are used for simplicity. From the Table IV, we can ex-

press O (flx,=ei ), ¥(flxs=e,)) (1) and O(P(flx,=e))(T)

T =

fOr T = 3 as follows; @(qp(f|xJ:C1)vw(ﬂxJ:C’z))(S) =
Z(v,&)eB;,(cl,cQ)f:;v—fé = §§8*f11 §*2 _ 53—1, and
OW(fhes=0))(3) - = Z(%é)eAa(c)g:aw_fs = &fh 4

§§57f8 =0+ 07 = 1+ &Y For other values of T,

we can calculate the ACCFs similarly by following (11), (13)
and the Table V.

m—n

We can observe that there are p nonzero components
in Y(f|x,=c) for a choice of c¢ in Z;. From (8) (and as
illustrated in the Table III), it is clear that the nonzero positions
in Y(f|x,=c,) and ¥(f|x,=c,) for two distinct ¢; and c3 in
Z,, are always distinct. Therefore, ¥(f) can be expressed as

() =D ¥(flxs=c)-

cEZLy

(14)

With this relaltion, one can express the ACCF between two
sequences ¥(f) and ¥(g) in terms of their correspoinding

restricted sequences.

Lemma 2. Let f and g be two g-ary functions in m variables.
The ACCF between (f) and ¥ (g) can be expressed as

O (), L(@)(T) = D" OW(flxs=er)s ¥(9hxs=e2)) (7).

c1,c2€ZY

Proof: Following the relation in (14), we have

O (/) ¥(9)(7)

S Z U(flxs=c1 ) Z V(9lx,=cz) | (1)

cy EZ;} Cca EZ;}

Z S} w(f‘xJ201)7 Z w(g|XJ:C2) (T)

cleZ;; CQEZ;’
= Z o (w(ﬂxJ:Cl)v 1/1(9|x,1:C2)) (T)
01702622’

C. Quadratic Functions and Graphs

A quadratic g-ary function from Z;" to Z, can be expressed

as
flzo,x1,. .., Tm—1) = Z i, jTi 5 + Z c;jT +c,
0<i,j<m 0<j<m

where ¢; j,cj,¢ € Zq. For a quadratic g-ary function f, we
define its graph G(f) as a graph, in which there are m vertices
labeled as x;, where there is an edge between vertices x; and
x; if ¢; ; 7 0. A Hamiltonian path in a graph is the path that
visits each vertex exactly once. A graph contains only one
vertex with no edges is also known as a Hamiltonain path [29].
For instance, Figure 1 represents the graph of f(xzg,z1,z2) =
ToT2 + 22911 + 222 + w2 + 1 in Example 1.

III. TIGHTER LOWER BOUNDS ON THE MAXIMUM
CORRELATION MAGNITUDE OF QCSSs
In this section, we will further investigate the lower bound

on the maximum correlation magnitude for (K, M, L,0)-
QCSSs that are composed of multiple CCCs.



Table III: Sequences corresponding to the ternary function zgzs + 2221 + 2:6% +xzo+1

i 0]1({2[3[4|5[6|7[8|9|10(11|12|13|14|15|16|17|18|19|20(21|22|23(24|25|26
1091102 000[001|002(010|011{012{020[021{022|100{101{102|110|111|112120|121{122|200{201|{202(210[211{212(220[221[222
f 1{2(0(0(0|0]|0|2]|1|1|0|2|0|1|2|0(0f0Of1|1|1|0|2]|1|0]|1]|2
U(f) 165163168168 168 16516863 165165 €8 63168 €5 €3 |68 16868 €3 |65 165 €863 165168165163
U(flx,=(0,2)) § § 5
(flx,s ) & & £
(flx, ) & & &
Zo 1 T2 2

1
0>

Figure 1: Graph of the function xgxo + 22221 + 233% +a9+1

For the weight vector w in (5), we define a quadratic form

2L—2 2L—2
(w,a) =a E w + E To,0, LWy Wy s (15)
u,v=0

where a is a real number. Below we present the first main

theorem of this paper.

Theorem 1. Let N > 2 and C be a collection of N different
(M, L)-CCCs. Then the maximum correlation magnitude 0 of
C satisfies

where K = NM.

Proof: Assume C = U, C;, where C; is an (M, L)-CCC.

Table IV: A, (c) for c = (0,2), and B, (cy, ca) for ca = (1, 2)

Bs | {(811)} -
Bs | {(5,11),(8,14)} Ao | {(2,2),(5.5),(8,8)}
By | {(2,11),(5,14),(8,17)}

By | {(2,14),(5,17)} Az | {(2,5),(5.8)}
Bis | {(2,17)} Ao | {(2.9)]

Substituting D = C in (5), we have

CI*F(C.C)
2L—-22L—-2
=SUS ST S (X, 000), TO(Y, 00-0) Pwaw,
XeCYeC u=0 v=0
N 2L-2

:Z Z Z |<Tu(X7OL—l)rTU(YaOL—1)>|2wuwv
i=1X,YeC;u,v=0
2L—2

+Z 33N HTHX,000), T (Y, 0 1)) [waw,

1,j=1XeC; Y €eC u,v=0

i#£j
=51 + 5,
(16)
where
2L—-2
Z Do D HTUX 0p)
1=1X,YeC;u,v=0
TU(YvoL—1)>|2wqu7
and

2L—-2

ZZZZ! “(X,01-1),

i,j=1XeC; YEC; u,v=0
i#]
T”(Y,OL_1)>|2wuwv.
As C; is an (M, L)-CCC, for X,Y € C; and v < u,
(T"(X,0.-1),T"(Y,0.-1))
=0(X,Y)(Tu.L)
ML, X=Y,7ysr=0, 17)
=10, X=Y,1<7,,1 <L,
0, X#Y,0< 101 <L,
and for v > u ,
(T"(X,07-1),T"(Y,0._1))
=0(X,Y)(~Tuw.L)
(18)
0, X=Y,1<7,,1.<L,
0, X#Y,0< 7y <L.



Using (17) and (]8) in S7, we have
2L—2

> Y Y

i=1 X, YeC; u,v=0

TTJ(Y,OL_1)>’21UU’U)U
N 2L—2
=2 > Xl
=1 X),(\:EC u,v= O

“(X,01-1),

“(X,05-1),

T (Y7 OL,1)>’2wqu

Tu(Xv OLfl)v

19)

where K = M N. Now,
2L—2

Sy YT Y o),

1,j=1XeC; YeC; u,v=0
i#£]

TD(Y OL 1 >‘2wuwv
2L—2

Y Y

i,j=1X€C; YEC; u,v=0
i#£]
= 0’K(K — M).
Combining (16), (19), and (20) gives

Si+S8 M2, M
< - — .
ST g 2 w, +6°(1 I
(21)

(20)

F(C,C) =
From Lemma 1 and (21) it follows that

A2 22 . M
= ;wuw (1_K>

2L-2

> M(L

u,v=0

- Tu,v,L)wuwv

2L—2
=ML-M E Tuw, LWy Wy
u,v=0
Therefore, we have
M2L2 —~2L—2 2L—2
62 > ML — K Zu 0 U} - MZu v=0 Tu,v, L Wy Wy
1-%

(22)

The desired conclusion directly follows from the definition of
Q(w,a) in (15). m

Theorem | shows that the maximum correlation magnitude
of C = UY
order to obtain tighter correlation lower bound for 6, our task

¥ ,C; heavily depends on the weight vector w. In

now is to choose suitable weight vectors in (22). We start with

the weight vector w from step functions.

Corollary 1. Suppose the weight vector Ww =

(wo, w1, ..., war_2) is given by

j=0,1,....t—1,

1
‘ (23)
0, j=tt+1,...,2L—2

w; =
where 0 < t < 2L — 1. Assume that L > N. Then the lower
bounds for 6 are given as follows:

o when N = 2,3,
L

62> ML 24
> ML 7, 4)
e when N > 4,
2v/3L2N — N2 — 3L
2> ML|1- . 2
= ( 3L(N —1) ) 25

Proof: As the full proof is lengthy, it is placed in Appendix
A. Here we only provide the sketch of the proof. With weight
vector w given by (23), in the calculation of (22) we need to
consider two cases: 0 <t<Land L+1<t<2L —1.
Case 1: 0 <t < L. In this case,
tf raot = i uwtl) Z (tmu=imu) _

u,v=0 u=0 u=0

_ t(?-1)
T

Substituting the above equality into (22), we obtain

02 > ML 1_i H3ML2—K
1_7 3L Kt '

We then need to find the value of t that gives the maximum
lower bound. For different choices of K/M = N, we obtain

the following results:

(26)

e For N = 2,3, the maximum value of the lower bounds

in (26) is attained at t = L, implying

2> ML (2 M1
“1-M/K\3 K ' 31%)°

e For N > 3, the maximum value of the lower bounds is

achieved at t = L/?’ﬁ - 1J € [1, L], and we have the

following simplified lower bound.:
3L
) . (28)

N(3L?2—-N) —
Case 2: L <t < 2L — 1. In this case, we obtain

27)

2> .
0 ML(l SN = 1)

i Tuw,r = (L+1)(t = L)(L —1)

u,v=0

(29)

+ (3Lt* — 3 — 3Lt +t +2L% — 2L)/3.



From (22) and (29), we have

gzz?ﬂw(tﬁz_;—?@—n), (30)
where
a=(6L% - 6L +2) —3ML?*/K, and 31)
b=L(L—1)(2L —1).

To find the maximum lower bound, we analyze the function

f(z) =t+ % — % over the interval [L +1,2L —

we consider both the Ist-order and 2nd-order derivatives. For

1], where

the different choices of N, we have the following results:
o wWhen N = 2,3, the maximum lower bound is achieved
att = 2L — 1, implying
2
6 > ML ’
2L —1

o when N > 3, the maximum lower bound is achieved at
t =L+ 1, implying

62 > ML (1—

(N +6)L3 + 3(N — 1)L? + (2N —
3L(L+1)2(N —1)

3)L—6N>.

(32)

Comparing the bounds as derived in Case 1 and Case 2, we

reach the desired results. |

In Remark |, we compare the correlation lower bounds

derived in Corollary | with that of bound reported in [15].

Remark 1. From [15], the lower-bound on 0 is given by

62 > ML <1 _ (33)

2
\/3N) ’
where N = K/M > 3. For N = 3, it can easily be verified
that the derived lower bound in Corollary | is tighter than the
bound in (33). For N > 3, we have

2V/3LZN_NZ_3L
( 3L(N-1) ) - VN -3

2 - 1
V3N VN - 75

<1 (34)

From (25), (33), and (34), it is clear that our derived lower

bound on 0 in Corollary 1 is tighter than the lower bound in

[15].

Although we already have a tighter lower bound on 6 with
respect to the weight vector in (23), another weight vector,
termed positive-cycle-of-a-sine-wave weight vector in [30],
may yield a tighter lower bound. Below, we present another
corollary to derive the proposed bound of Theorem 1 with
respect to the positive-cycle-of-a-sine-wave weight vector.

Table V: Value of p(z) at x = 2,3, and 4

T 2 3 4
L L 1 429L 2071
p(r) | 1- N 1 - 2N — 2L 1 - 1250N ___ 2500L

Corollary 2. The positive-cycle-of-a-sine-wave weight vector

is given by

tan—sm’”, je{o,1,...,

11,

w; =
Yo, je{tt+1,20 -2},

where 1 < t < L. Assume L > N. Then the lower bounds for

0 are given as follows:

e when 2 < L <4,

ML (N Ty L? 7
2 ML T\ LT o T
b —N1(4 (3“&” 2L) p tan ZL)

o When L > 5 and N = 2,3,4,
N7r2>
o when L > 5 and N > 5,

L2(272 + 4N — 16) —
0 > ML (1_7r,/N (212 — 4L>

922ML(1—

16L2(N — 1)
4(N — 1)L

Proof: We have the following results from [30]:

20—2 -
2 _ 2
Z w;, = gtan % (35)
u=0
For2<t<I,
= t ™
Z Tu,v, LWy Wy = Z (]. — tan2 th) . (36)
u,v=0
From (22), (35), and (36), we have
ML (1= 4 (14 2572 tan? 2.))
6% > 1))

-5

1+ 2LN N tan? 5= | - We shall find

[2: L). Note that for x > 5,
2

Assume () =1 —
the maximum value of Lp( ) in
the function tan? 5= can be approximated as (5 )° since their
difference is roughly 0.0987 at x = 5 and becomes smaller for
as x increases. In order to find the maximum value of p(z) in
[2 : L], we divide the derivation in the following two cases:

L<4and L > 5.

Case 1 (L < 4). In this case, we need to determine the
maximum value of p(x) within the interval [2 : L). This can
be easily determined since L < 4 and x can only take on
L — 1 values 2, 3, and L. Table V lists the values ¢(x) for
xr = 2,3,4, where N < L. It can be easily verified that

©(2) < ¢(3) < @(4), indicating that the function p(x) at



[2 : L] achieves it’s maximum value at x = L. Therefore, we
can express the maximum as follows:

2

p(x) = (L) = i (3 + tan? l) — L—tan2 T

N o) " aN "™ o

z€[2,L]

Case 2 (L > 5). In this case, we consider the integer interval

[2: L] =[2:4]UI[5: L], indicating
_ : . 38
mren[gﬁ]so(w) maX{mIg[gﬁ] o(x) Jnax w(w)} (38)

For the integer interval [2 : 4], since ¢(4) > ¢(3) > ¢(2), we
have

4291 2071
~ 1250N  2500L°

max
x€[2:4]

p(z) = p(4) =1
Next we find maximum of p(x) over the integer interval [5 : L.
To this end, we will consider it over the interval [5, L] instead.
As discussed in the beginning, we have tan? 5 A % for

x € [5, L], thereby we approximate o(x) as

1 72(2L% — N)
-1 LAV
#le) AL (x N
The derivative function ©'(x) has two zeros xo = 5 2L2N7N,

and —x. Note that xq liesin [5, L) if L > N > 5 and xg > L
otherwise. When L > N > 5, ¢'(x) > 0 for x € [5,0)
and ¢'(x) < 0 for x € [xg,L), this implies that p(z)
is monotonically increasing over [5,x¢| and monotonically
decreasing over [xg,L). Hence f attains maximum value at
xg, when N > 5. When N < 4, the function f is

is monotonically increasing over [5, L] and therefore attains

xr =

maximum value at x = L. Furthermore, we can easily verify
that p(L) > @(4) when N < 4 and p(x9) > p(4) when
N > 5. That is to say, in Case 2 the function p(x) achieves
its maximum value at x = L when N < 4 and at x = x
when N > 5.

Combining the two cases, we have the following simplified
lower bounds for 2 <t < L:

o when 2 < L < 4, the lower bound in (37) is given by

ML (N N L2,

2 5 NV 2 T\ LT o T
2N (4 (3 tan® 57 ) = 5 tan 2L)’
(39

e when L > 5 and N < 4, the maximum lower bound in
(37) is approximately given by
L2(27%2 + 4N — 16) — Nx2
(27 + 6) T 40
16L2(N —1)

GQZML<1

e when L > N > 5, by properly choosing t around x,
we obtain the maximum lower bound in (37) and it is

approximately given by

) m/NQ2L2 — N) — 4L
02ML<1 iy ) (1)

Remark 2. This remark compares the lower bounds derived in
Corollary | and Corollary 2. We start with the case of L < 4.
In this case we have
o for N = 2,3 and N < L, the lower bound in (24) is
tighter than the lower bound in (39),
o for N = L =4, the bound in (39) is tighter than that of
the lower bound in (25).
Now we compare the bounds for L > 5. According to the
bounds in (24) and (40), it suffices to consider the sign of
L—-1 L?@27%+ 4N —16) — N2
oL—1 16L2(N — 1)

A routine calculation indicates that

o for N = 2, the lower bound in (24) is tighter than that
in (40),

o for N = 3, the lower bound in (24) is tighter than that in
(40) for 5 < L < 25, and for L > 25, the lower bound
in (40) is tighter.

o for N = 4, the the lower bound in (40) is tighter than
that in (25) for L > 5,

o for L > N > 5, the tighter bound is given by (41), which
is, according to (25) and (41), determined by

2V3LZN — N? — 3L
3L(N —1) ™

~ V192L2N — 64N? — 12L
~ V1872L2N — 972NZ — 12

AN —1)L
N(2L2 — N) — 4L

In Appendix D, we discuss correlation lower bound for the
positive-cycle-of-a-sine-wave when L + 1 <t < 2L — 1, for
which the analysis is lengthy. We also compare the result with
Remark 2 based on the asymptotic behaviour of the lower
bounds.

Finally we summarize the newly derived tighter lower
bounds below.

Remark 3. For a (K, M, L,0)-QCSS as a collection of N >
2 different (M, L) CCCs, where the sequence length L >
N, the lower bounds on the maximum aperiodic correlation

magnitude 6 are improved as follows:

ML(1— £, N=2o0r N =3,
N < L <25,

L?(2724+4N—16)—N72 -

ML (1 - BCrErIONe ) - N =31 > 25

0 >
- orN=4,L>5,

ML(1 - 5722), N=L=A4,

my/N(2L2—N)—4L



where the bound for N = L = 4 is transformed for a more
direct comparison. Furthermore, for sufficiently large L, the

lower bounds may be roughly given as follows:

ML/2, N =2,
2
ML(1— NS N > 5,

IV. CONSTRUCTION OF ASYMPTOTICALLY OPTIMAL
QCSSs COMPRISED OF CCCs

In this section, we shall first present a construction of CCCs
using g-ary functions, and then we will show that the collection
of those CCCs forms asymptotically optimal QCSSs with
respect to the correlation lower bounds derived in the previous
section.

We first introduce the g-ary functions which will be used
n=1} C L,
with n < m — 1, consider an m-variable g-ary function f :
Zy' — Z4 such that for each ¢ € Zy, the graph G(f|x,=c)
is a Hamiltonian path with edges having identical weight ¢/p.

in our construction. For a subset J = {jo, ...

For the case of m = n + 1, f|x,=c is a linear function of
one variable, which forms a simplest Hamiltonian path. For
m > n+1, the function f|x,—. can be algebraically expressed
as

m—n—1

—2
Z xlw(u)xlw((x+1)+ z €, Ty, + ¢ (42)

=0 a=0

f‘xJ:C =

m—n
4
i

alm—n—l} - Zm \ {j07~ ..
permutation on Z,,_y, and ¢, ¢, - -

7jn—1}y m™is a
and ¢ € Z,.

where {lo, ...
o Cly 1

Let k£ be an integer such that 1 < k < p. For an integer
t with 0 < t < p™*!, denote its vector representation w.r.t
base-p as (t,t,) € ZiT'. Let us define the following set of

g-ary functions:

k
oF = {fd,t — 4 (@ xy 4 dowr, )+
P (43)

g(t'XJ-i-tnscz :O§d<p”+1},
p

—)

where (d,d,) = (do,dy,...,d,) € ZI*! is the vector
representation of the integer d. Then we can define a code
as Y(CF) = {(far)| far € CF} and thereby a set of codes
as follows:

Ch ={y(CH)lo<t<pt'}. (44)

The following theorem characterizes the correlation proerties
of the code sets Cy.

Theorem 2. Let f be a g-ary function as characterized in
(42). Then, the code set Ci defined in (44) is a (p”+1,pm)-
CCC over A, for any integer k with 1 < k < p.

Proof: As the full proof is lengthy, here we only provide a
sketch of the proof and the full proof can be found in Appendix
B.

According to the defintion of Cy, we reprsent each set
of q-ary functions CF given in (43) as follows: CF =
{fd,t :0<d<pntt } where

far =T+ %(kdnxlﬂo) F ) %(kd +t)-xs

= fa,t, + %(kd +1t) x5
(45)
Let T be an integer satisfying 0 < |r| < p™. The ACCF
between two codes (CF) and 1(CF) in Cy. at the time shift

T can be expressed as

O (v(CF), ¥(CH)) (7)

ntl_q

Yo > 0W(far

d=0 cp,co GZ;IL

=81 + 8o,

p

XJ:(31)7 ¢(fd,t’ |XJ:C2)) (T)

(46)

where

prtl1
Si= >
d=0

and

> O W(far

C1=C2

XJ:c1)7 ¢(fd,t’ |XJ:C2)) (T)7

pn+1_1

Se= Y Y OW(fu

d=0 C1 #CQ

xXj=cC, )a w(fd,t/ |XJ=C2)) (T)

A routine calculation shows that So = 0. The calculation of

Sy is more complicated. Assume ¢c; = co =cC € Z;L. Then we

have
prtl_q
Si= 3 3 O fales—c) bl farlxs—c)) (7)
d=0 c€zZr
= Z 29(w(fd,t|XJ:C)7Q/J(fd,t'|x‘]:c)) (T)
(d,d,)ezntt ©
=p" Z gigt—t/)‘cs&
° 47
where

S5 = 0 (¢ (fantnlxs=e) ¥ (fan.ylxs=e)) (7).
dn

In Appendix B, we consider the calculation of Ss in three

cases and obtain

pmin+17 T:07 tn :t{n)
S3 =140, =0, t, #t,
0, T # 0.
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Figure 2: Correlation plot for Cy,

The above result, combined with (46), (47) and S = 0, implies
that

pmtrtl =0, t=t,

0, otherwise.

O (v(CF), ¥(CH)) (1) =

Therefore, Cy, forms a (p"+1,
{1,2,...

p™)-CCC for any choice of k in
,p—1}. [ ]

The following example illustrates the CCCs constructed in
Theorem 2.

Example 2. For m = 3, p = 3, and q = 6, let us consider
the following function:

f($0,$17.’172) = xox9 + 2T011 + x120 + o + 221 + 29 + 1.
Taking J = {0, 1}, from (43), we construct the following set
of 6-ary functions:

CF = {f + 2k(dozo + di1 + do2)

45
):d € Z3}, )

+2(t0$() + tlxl + tgl’g
where 1 < k < 3, (to,t1,t2) € Zg corresponds to integers
t=0,1,...
0,1,...,

,26, and (dy,dy,ds) corresponds to integers d =
26. Following (44), we obtain Cy, k = 1,2, as below:

Cr={v(CF):0<t <27}
— (W), B(CE), .. B(Chy)} -

From (46), it is clear that both Cy and Cy contain 27 codes of
length 27 over Ag. In Table VI, we present the function sets

(46)

for generating codes in C1 and Cs. Besides, in Appendix ??,
we list the codes (C}), 1(C1), and (C3) from Cy in Table
VIl, and (C3), ¥ (C?), and 1)(C3) from Cy in Table V I11.
In addition, as shown in Figure 2, the AACF and ACCF of
the codes in Cy, are ideal. Hence Cy, forms a (27,27)-CCC for

k = 1,2, which is consistent with Theorem 2.

the sets C1,Co,...
In the sequel, we will show that

According to Theorem 2,
(p" 1, p™)-CCCs over A,.
the maximum aperiodic cross-correlation magnitude between
) Cp— 1
is upper bounded by p™. To this end, we need the following

,Cp—1 are

two codes from any two distinct CCCs among C;,Ca, . . .

proposition.

Proposition 1. Let g and h be two g-ary functions from Z;'
to Zq. For any two different integers 1 < ki, ko < p, define a

set S as

S = {(el,eg) ey, e € Zy, kie; — kaeg = 0, (mod p)}

Then for Jq
we have

> OWghes—er) Ul ) ()] < P77

(e1,e2)eS

=Zy withw < mandxj, = (X0, Z1,...,Tw—1),

Proof: The full proof is lengthy, so here we only provide
important steps of the proof. The details of the full proof can
be found in Appendix C.

Let us define a mapping A: S — Z as follows:

w—1

—1—t

g 62tp —E el,tpw .
t=0

It can be shown that the above mapping is injective. Define

61,62

two sets
S' = {(e1,e2) € S: Aler,ez) > 0} and
"= {(e17e2) S S : A(61782) S 0}.

Clearly they satisfy the following properties:

S=8US8", and S'NS" = {(0,,0,)},

w

implying |S'| = |S"| = £S5 = E since |S| = p

Assume that (e},e%) is an element of S’ and A(ei,es) =

Di, where € = (¢} g,¢51,...,€¢5, 1), i=1,2,...,F, and
j=1,2. Since, (04,0,) € S’ and A is an injective mapping,
without loss of generality, we can assume that 0 = D; <

D2<...

B (e}, e5) ={(v
Vo = ei)a,(Sa = eé’a,O <a<w},

< Dg. For 0 < 7 < p™ —1, following (9), we have

0):0=74+71,0<y<p" —7—1,
) gl v<p 48)

where (70,71, - - -y Ym—1) and (80,01, . .., 0m—1) are the base-
p vector representations of the non-negative integers vy and 0,
(D= 1)+ 1 p (D, +
1)—1]. Then the set B, (e}, e%) is non-empty if T is taken from
Ip,. In addition, it can be shown that for 1 < i; < i < F,
Ip, NIp,, #0iff D;, = D;, + 1.

respectively. Denote Ip,

For a fixed value of T in [0 : p™ —
the following three cases:

1], we need to consider



Table VI: Sets C* for the (27,27)-CCCs C; and Co

C1

Ca

C(% ={f + 2(dozo + d1z1 + dax2
Ct = {f +2(dowo + d1z1 + daw2
Cl ={f+ 2(doxo + d1z1 + daw2

10<d< 27}
+220:0<d< 27}
+4w0:0<d< 27}

)
)
)
Cl = {f 4+ 2(dowo + d1z1 + dow2) + 231 : 0 < d < 27}
Ci = {f +2(dowo + d1z1 + dow2) + 2(x1 + 22) : 0 < d < 27}
CL = {f +2(dowo + d1x1 + dawa) + 2(z1 + 222) : 0 < d < 27}
Ct ={f +2(dowo + d1w1 + daz2) + 4wy : 0 < d < 27}
CY = {f +2(dowo + d1 71 + daw2) + 2(2x1 + @2) : 0 < d < 27}
C3 = {f +2(dozo + diz1 + dawa) + 2(2z1 + 222) : 0 < d < 27}
)

G4 ={f +2(dowo + diw1 + daw) + 2x0 : 0 < d < 27}
0110 = {f + 2(d0z0 +dix1 +d2$2) —+ 2 ZO —+ ZQ) 0<d< 27}
0111 :{f+2 dozo+d1$1+d2$2) (Zo+2x2) .0Sd<27}
0112:{f+2 d0z0+d111+d2$2) (zo+z1):0§d<27}
0113:{f+2 d0Z0+d1x1+d21‘2) (x0+zl+x2):0§d<27}
0114 = {f + 2(doxo + d1x1 + dz:L‘Q) ($0 +x1 + 21‘2) :0<d< 27}
Cls = {f + 2(dozo + d171 + d2z2) (zo+2x1): 0 < d <27}
0116 = {f + 2(dozo + d1z1 + d2zx2) (o +2x1 +22): 0 < d <27}

)+ 2(

)

)

)

)

)

Ciy = {f + 2(dowo + d1a1 + d2a2 To + 21 + 232) : 0 < d < 27}
Clg = {f + 2(dowo + diz1 + daw2 z0:0<d< 27}
2z +w2) : 0 < d <27}
C’210 = {f + 2(dozo + d1z1 + dox2 2x0 +2z2) : 0 < d < 27}
C31 ={f +2(dowo + d1x1 + daza 2x0 +x1): 0 < d < 27}

Cly = {f + 2(dozo + d171 + daz2
Cly = {f + 2(dowo + d1x1 + dox2)
Cl, = {f +2(dozo + diw1 + daz2)
Cls = {f + 2(dozo + d1w1 + daz2) +
Cids = {f + 2(dozo + diw1 + daz2) +

2z0 + 1 +22) : 0 < d < 27}
2z0 + 1 +222) : 0 < d < 27}
2z +221) : 0 < d < 27}

2z + 2x1 +22) : 0 < d < 27}
2x0 + 2x1 + 222) : 0 < d < 27}

+2
+2
+2
+2
+2
+2
+2
+4
+2
+2
+2
+2
+2
+2

(
(
(
(
(
(

(
(
(
(
(
(
(
(
Clg = {f + 2(dowo + d1z1 + daw2
(
(
(
(
(
(
(

2(
2(

CZ = {f + 4(dozo + d1z1 + dox2
C? = {f + 4(dowo + d1w1 + daxa) 4 22 :
C2 ={f + 4(doxo + d1z1 + dow2) +4x2 : 0 < d < 27}
C2 = {f + 4(dozo + dra1 + dawa) + 221 : 0 < d < 27}

):0<d<27}

)

)

)
C% = {f + 4(dowo + d1x1 + daxa) + 2(z1 + 22) : 0 < d < 27}

)

)

)

)

)

0<d< 27}

C2 = {f + 4(dozo + d1z1 + daz2) + 2(z1 + 222) : 0 < d < 27}

C2 = {f + 4(dozo + drx1 + daws) + 421 : 0 < d < 27}

C2 = {f + 4(dowo + d1z1 + dawa) + 2(2x1 + 22) : 0 < d < 27}

C2 = {f + 4(dowo + d1z1 + dawa) + 2(2x1 + 232) : 0 < d < 27}

C3 =A{f +4(dowo + diw1 + daw2) + 230 : 0 < d < 27}

C%) = {f + 4dozo + d1z1 + daza) + 2(zo + x2) : 0 < d < 27}

C3 = {f + A(dozo + diz1 + dawa) + 2(zo + 222) : 0 < d < 27}

C%, = {f + 4dozo + d1x1 + daza) + 2(zo + 1) : 0 < d < 27}

C%, = {f + 4(dowo + diw1 + daw2) + 2(z0 + 21 + 22) : 0 < d < 27}

0%4 = {f + 4(dozo + d1z1 + daz2) + 2(z0 + 1 + 222) : 0 < d < 27}
C% = {f + 4(dowo + d1iz1 + daw2) + 2(x0 + 221) : 0 < d < 27}

C% = {f + 4(dowo + diz1 + daw2) + 2(z0 + 221 + x2) : 0 < d < 27}

C2, = {f + 4(dowo + drz1 + dawa) + 2(z0 + 221 + 222) : 0 < d < 27}

C2 = { + A(domo + dia1 + dams) + 4z : 0 < d < 27}

C%y = {f + 4(doxo + diw1 + dawa) + 2(2x0 + 22) : 0 < d < 27}

03y = {f + A(doxo + diz1 + dow2) + 2(2x0 + 222) : 0 < d < 27}

C2, = {f + 4(dozo + d1z1 + daz2) + 2(220 + 1) : 0 < d < 27}

C3y = {f + 4(dozo + diz1 + dawa) + 2(2x0 + 1 + x2) : 0 < d < 27}

O35 = {f + 4(dowo + diw1 + d2w2) + 2(2x0 + 1 + 222) : 0 < d < 27}

C3, = {f + A(dozo + diz1 + dawa) + 2(2x0 + 2x1) : 0 < d < 27}

C3 = {f + A(dozo + dix1 + dawa) + 2(2z0 + 221 +22) : 0 < d < 27}

C36 = {f + 4(doxo + diw1 + dow2) + 2(2x0 + 221 + 222) : 0 < d < 27}

Case 1: 7 ¢ UE | Ip.. In this case, since 7 > 0 and
B, (el,e) =0 for all i € [1: E], we have

> e

(e1,e2)ES

g‘le_el) (h|XJ1=e2))(T) =0.

Case 2: 7 € Ip, and 7 ¢ Ip, for all i # j in [1 : E].

In this case, since T does not belong to any Ip,, we have

B,(el,el) = 0 for all j € [1 : E]\ {i}. Partition the set
Ip, into two as I() = {v € Ip, v < p™ YD} and
1(2) ={v€lp, : v>p" "D;}. Now T can be expressed
as follows.
pY(D; = 1)+ 7, ifTe I( )
T =
prTYD; 4 1o, if 7 GI( )
where 7y = 1,2,...,p"  "and 5 =1,2,...,p" " —1. Then
we have
: 1)
P T, it rely’,
|B-(e],e5)| = B _ @) (49)
P — 1y, lfTEIDi.
We can show that
D OW(gles, =er)s Ylhlxy, =ex))(7)
(e1,e2)€S (50)

— g'y*hé
: : q

(7,6)€B- (e} ,e})

From (49) and (50), we have

Z CI¢ 9|XJ1—e1) (h’lle —e2))(T)
(e1,e2)€S
1, if 7€ I(l)
= 2
P — 1o, if T € fgg,
implying
YOGl e )s ¥y, =ea))(T)] < PV
(61192)65
Case 3: 7 € Ip, N Ip, , for some i € {1,2,...,E}, where
D;+1 = D; + 1. In this case we have
IDi N IDi+1 = me_wDi +1 :pm_w(Di + 1) - 1]
It can be observed that
D OW(glxs, =er)s Y (hlxs, =es))(7)
(e1,e2)€S
IR D DI e
(7:8)€B- (e] eh) (1:8)€B (e ey )
Note that T can be expressed as T = p"~"YD; + 13 =

P Y(Dijy1— 1)+ 73, where 73 = 1,2,...,p™ ¥ — 1. There-



Table VII: ¥ (C}), ¥(C1) and ¢(C3) from (27,27)-CCC C; over the alphabet Ag, where &} is given as i for simplicity

¥(Co)

¥(C1)

¥(Cs)

123303543240531222303105501
141321501204555240321123525
105345525222513204345141543
123525321240153000303321345
141543345204111024321345303
105501303222135042345303321
123141105240315444303543123
141105123204333402321501141
105123141222351420345525105
123303543402153444141543345
141321501420111402105501303
105345525444135420123525321
123525321402315222141105123
141543345420333240105123141
105501303444351204123141105
123141105402531000141321501
141105123420555024105345525
105123141444513042123303543
123303543024315000525321123
141321501042333024543345141
105345525000351042501303105
123525321024531444525543501
141543345042555402543501525
105501303000513420501525543
123141105024153222525105345
141105123042111240543123303
105123141000135204501141321

141321501204555240321123525
105345525222513204345141543
123303543240531222303105501
141543345204111024321345303
105501303222135042345303321
123525321240153000303321345
141105123204333402321501141
105123141222351420345525105
123141105240315444303543123
141321501420111402105501303
105345525444135420123525321
123303543402153444141543345
141543345420333240105123141
105501303444351204123141105
123525321402315222141105123
141105123420555024105345525
105123141444513042123303543
123141105402531000141321501
141321501042333024543345141
105345525000351042501303105
123303543024315000525321123
141543345042555402543501525
105501303000513420501525543
123525321024531444525543501
141105123042111240543123303
105123141000135204501141321
123141105024153222525105345

105345525222513204345141543
123303543240531222303105501
141321501204555240321123525
105501303222135042345303321
123525321240153000303321345
141543345204111024321345303
105123141222351420345525105
123141105240315444303543123
141105123204333402321501141
105345525444135420123525321
123303543402153444141543345
141321501420111402105501303
105501303444351204123141105
123525321402315222141105123
141543345420333240105123141
105123141444513042123303543
123141105402531000141321501
141105123420555024105345525
105345525000351042501303105
123303543024315000525321123
141321501042333024543345141
105501303000513420501525543
123525321024531444525543501
141543345042555402543501525
105123141000135204501141321
123141105024153222525105345
141105123042111240543123303

fore,

Similarly to Case 2, we have

Y OW(glxs, =er)s Yllilxs, =e))(T)

(e1,e2)ES

<"V —m)+T=p"

Combining Cases 1, 2, 3 gives

Y OW(glxs, =er)s Yllilxs, =e))(T)

(e1,e2)ES
<pmTU VT Ee[0:p™ —1].

The statement for T € [—(p™ ™" — 1) :
shown.

Theorem 3. Consider Cy, ...

B, (e}, eb)| = p™ " — 75 and |B (el
1,€2 1

,Cp—1 given in Theorem 2. Then

7eé+1)‘ = T3.

have d - x; + dpx, = d; - xj,. Setting

g = f + % (t CXJ + tnxlw(wzfnfl)) ?

One can express the ACCF sum between two codes
Y(CF*) € C, and H(CF?) € Cy,, where ky # ko, as

(51

0] can be similarly

h:

f+%(t/'XJ+t;11'l

o (v(ch),w(ct) (7)
=Y. e (w <g+ % (dy -xJ1)> ,
dy
v <h—|— 0, .XJ1>)> (")
D O DI U

di e,exczptt

w(m—n—1)/) °

for J = {0,...,n — 1} and l o) = n, the union ug;ick
forms a (p"*(p —1),p" T, p™, p™)-QCSS over A,.

Proof: Let f be the function as in (42). Take w = n + 1,
Ji={0,1,...,n} = JU{n} and d; = (d,d,). Then we

(P, —es))(T)
gl (brer=hae2) gy (gl e,),

=2 2

di e;,exczpt!

w(h|xh:ez))(7)



Table VIIL: +(C3), 1(C?) and (C3) from (27,27)-CCC Co over the alphabet Ag, where & is given as i for simplicity

»(C3)

¥(C)

¥(C3)

123303543240531222303105501
105345525222513204345141543
141321501204555240321123525
123141105240315444303543123
105123141222351420345525105
141105123204333402321501141
123525321240153000303321345
105501303222135042345303321
141543345204111024321345303
123303543024315000525321123
105345525000351042501303105
141321501042333024543345141
123141105024153222525105345
105123141000135204501141321
141105123042111240543123303
123525321024531444525543501
105501303000513420501525543
141543345042555402543501525
123303543402153444141543345
105345525444135420123525321
141321501420111402105501303
123141105402531000141321501
105123141444513042123303543
141105123420555024105345525
123525321402315222141105123
105501303444351204123141105
141543345420333240105123141

141321501204555240321123525
123303543240531222303105501
105345525222513204345141543
141105123204333402321501141
123141105240315444303543123
105123141222351420345525105
141543345204111024321345303
123525321240153000303321345
105501303222135042345303321
141321501042333024543345141
123303543024315000525321123
105345525000351042501303105
141105123042111240543123303
123141105024153222525105345
105123141000135204501141321
141543345042555402543501525
123525321024531444525543501
105501303000513420501525543
141321501420111402105501303
123303543402153444141543345
105345525444135420123525321
141105123420555024105345525
123141105402531000141321501
105123141444513042123303543
141543345420333240105123141
123525321402315222141105123
105501303444351204123141105

105345525222513204345141543
141321501204555240321123525
123303543240531222303105501
105123141222351420345525105
141105123204333402321501141
123141105240315444303543123
105501303222135042345303321
141543345204111024321345303
123525321240153000303321345
105345525000351042501303105
141321501042333024543345141
123303543024315000525321123
105123141000135204501141321
141105123042111240543123303
123141105024153222525105345
105501303000513420501525543
141543345042555402543501525
123525321024531444525543501
105345525444135420123525321
141321501420111402105501303
123303543402153444141543345
105123141444513042123303543
141105123420555024105345525
123141105402531000141321501
105501303444351204123141105
141543345420333240105123141
123525321402315222141105123

Y O (Gl =er)s Yhlxs =ex)) (7) %

Applying Proposition 1 in (55), we obtain

1
ej,e2€Zn

Z ggl'(’ﬁel—kzez).

d;
According to (53), we consider the following cases:
Case 1: kie; — koeg # 0,41 (mod p). In this case, we

Z é‘gl'(klel_k?eQ) — 0,

d;
which implies © (zp(cfl), z/;(cf,?)) (r) = 0.

Case 2: k1e; —ksea = 0,11 (mod p). In this case we have

Zé‘gl'(klel_kZeQ) _ pn-‘rl.

have

d;
Denote
S = {(eheg) e, ey € ZnJrl, (54)
kiei — koes = 0,41 ( mod p)}.
Then the result in (53) reduces to the following:
6 (v(cf),v(ck) ()
(55)

=™ Y O (g —er) ¥ (Bl —ea)) ().

(e1,e2)€S

o (v, v(e) ()]
:pn—i-l‘ Z S) ("/J (g|xA]1:el) P (hIXJl 292)) (7—)’

(e1,e2)ES
<pm™.

Combining the above cases, it is clear that

0 (w(CF),u(CE)) (7)] < p™ for 7] < p™ ke # k.
(56)
As per Theorem 2, each Cj, is a (p"™!,p™)-CCC set for
ke{1,2,...
magnitude of the ACCFs between the codes from two distinct

,p— 1}. From (56), it is clear that the maximum

sets of CCCs Cy, and Cy, is upper bounded by p™. Therefore,
the set of codes ui;}ck forms a (p"t1(p—1),p"tL p™, p™)-
QCSS over A,. [ |

Remark 4. As a comparison, Table II lists the existing con-
structions of aperiodic QCSSs and our proposed construction
in this paper. It is clear that in all existing constructions, the
alphabets have sizes no less than the length of constituent

sequences. Therefore, for any integer q smaller than p™ with



m > 1, the known constructions cannot genetrate the QCSSs
as reported in Theorem 3.

The following corollary discusses the optimality of the
proposed QCSSs w.r.t the newly derived lower bounds in this
paper.

Corollary 3 (Asymptotic Optimality of the Proposed Con-
struction). The proposed construction produces (p"*1(p —
1), p" Tt p™, p™)-QCSS over A,. We check optimality for
N > 4, with respect to our newly derived tighter lower bound

given in Remark 3. The optimality factor p can be expressed

\/ML
771 n 1

(p 1) 1 4
™/ m P
1-— 1_

as follows:

\/N(2L2—N)—4L
—aN-DL

(57)

In particular, for m = n+1, it can be observed from (57) that
the optimality factor p achieve the value 1 for a sufficiently
large value of p.

Corollary 3 shows that the proposed QCSSs are asympotot-
ically optimal w.r.t to the lowers bound in Corollaries | and
2. As a matter of fact, when the prime p and m take small
values, the resulting QCSSs are near optimal. With respect to
the lowers bound in [15] and those in Remark 3, we denote
optimal factors

0
p1 = and
M
\/ML (1-2y/4%)
(2 _
ML2 N =2,
2L—1
- N =4
AT 16 N2
p2 = ML(1-E2CrEN10 N 16242%1% N2 ) ’
, N >4
~V/N@ZLZ-N)
e ( 177% )

Table X lists

spectively, for certain parameters p and m. For p = 3, the

the values of optimality factors pi, ps, re-

entries are denoted as “~” as the bound in [15] is valid for
K > 3M. Table IX clearly shows that the proposed QCSS
tends to optimality faster with respect to the proposed bound.
Furthermore, we also have compared p; and py for N > 4,
with respect to the proposd (p(p — 1), p,p, p)-QCSS, where
13 < p < 15000 in Figure 3.

axis represents sequence lengths in the form of prime numbers

In this figure, the horizontal

ranging from 13 to 14983, while the vertical axis represents
the values of p; and py, which range from 1 to 1.5382 (the

Table IX: Optimality factors for the proposed QCSS with
respect to the proposed lower bound and the lower bound in
[15]

p |m| K M | N | L 0 1 02
3 1 |6 3 2 |3 3 — 1.29
2 |18 9 2 19 9 — 1.37
1 120 5 4 |5 5 1.54 | 1.27
’ 2 100 |25 |4 |25 |25 1.54 | 1.3
1 | 42 7 6 |7 7 1.38 | 1.22
’ 2 1294 |49 |6 |49 |49 1.38 | 1.23
11 1 | 110 11 10 | 11 11 1.25 | 1.17
2 | 1210 | 121 | 10 | 121 | 121 | 1.25 | 1.18
1.5382 -
P1
P2
1.1566 |
1.01 ! ;
13 6829 14983

13 < L < 14983

Figure 3: Comparison between the optimality factors p; and
p2 with respect to ((p—1)p, p, p, p)-QCSS for 13 < p < 15000

value of p; at p = 13, where py = 1.1566). It is evident that
p2 tends to converge to 1 faster than pj.

In the end we provide two examples for the proposed
QCSS:s.

Example 3. Recall from Example 2 that m = 3, p =3, ¢ = 6,
J =1{0,1}, n =2, and the function appears as follows:

f(33071'1,1'2) = T2 —+ 21’21’1 =+ 1o —+ o —+ 2(E1 —+ T2 —+ ].

In (46), we have derived (27,27)-CCCs Ci and Cs from
Theorem 2. We present three codes from each of C1 and Cs in
Table VII and Table VIII, respectively, in Zg-valued form.

In this example, we shall consider the maximum ACCF
magnitude for codes drawn from C; and Co. As each of Cq
and Co contains 27 codes, there are 729 possible ACCFs. For
clarity, we choose two codes )(C}) € C1 and (C%) € Ca and
plot their ACCF magnitudes in Figure 4. It can be verified that



27

Magnitude

-26 -20 -10 0 10 20 26

Figure 4: Correlation plot between the codes (C¢) and
¥(CY)

the maximum magnitude among the remaining 728 ACCFs is

also given by 27, thus verifying the correlation properties as

stated in Theorem 3. Therefore C1UCs forms a (54,27,27,27)-

QCSS over the alphabet Ag. As N =p—1=2, from Remark
ML2 = 1.40. Therefore, the
2L—1

code set (54,27,27,27)-QCSS forms near-optimal QCSS over
Asg.

3, the optimality factor is p =

Below we present another example to derive a near-optimal
QCSS from Theorem 3

Example 4. Let f : Z3 — Z3 be a ternary function given by
f(xo, 1) = mowy + 2 + 21.

Taking J = {0}, from (43), we construct the following sets of
ternary functions for k = 1,2:

CZC - {f + k(dol’o + dlxl) + (toxo +t11’1) : do,dl S Zg},

where (to,t1) € Z2 corresponds to integers t = 0,1,...,8.
Table X lists the sequences associated with the functions in
.

Numerical results show that the sets C; =
{v(CH):0<t <9}, Co = {¥(C}):0<t <9} are (9,9)-

CCCs. It is also confirmed that the maximum magnitude of
ACCF between any two codes from C1 and Co, respectively,
is upper bounded by 9, indicating that C; U Cy forms an
(18,9,9,9)-OCSS over the alphabet As. As an illustration,
Figure 5 (a) and Figure 5 (b) represent the absolute value of
AACF and ACCE, respectively, for the CCCs C1 and Cs. In
Figure 5 (c), we present the absolute value of ACCF between
»(CY) and (C3). These numerical results are consistent
with Theorem 2 and Theorem 3.

In addition, since N =
as: p = 0 = 1.37.

ML?
2L—1

(18,9,9,9)-0CSS Cy U Cy is near-optimal.

2, the optimality factor appears
This indicates that the derived

V. CONCLUSION

In this paper, we have first studied the lower bound on the

maximum magnitude of aperiodic auto- and cross-correlation

81
=]
E
‘€ 40
j=2)
[
S p o o © 0 o o o ' o o o o o o o
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T
b
» (b)
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c
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[
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Figure 5: Correlation plot

functions for those QCSSs that appear as the collection of
multiple CCCs. By selecting appropriate weight vectors into
the bounding function, we have shown that the derived bound
is tighter than the bound reported in [15]. Then, we have
studied g-ary functions through a graphical point-of-view to
produce aperiodic QCSSs over a small alphabet. The proposed
construction generates aperiodic QCSSs over the alphabet A4,
where q is divisible by p. Unlike the existing aperiodic QCSSs,
the proposed construction can maintain a small alphabet size
with increasing set size and sequence lengths. It is also to be
noted that the obtained QCSSs appears in the form of the col-
lection of multiple sets of CCCs which may gurantee multipath
interference free communication in MC-CDMA system as the
multipath interference is closely related to the AACFs of the
codes assigned to the users. As the sequence length increases,
the proposed QCSSs tend to be asymptotically optimal with

respect to the derived lower bound.

APPENDIX A
PROOF OF COROLLARY 1

Case 1 (0 <t <L) For 0 <u<t—1, we obtain

t—1 u t—1
ZTU’U,L:Z(u—v)—&- Z (v —u)
v=0 v=0 v=u-+1
uwu+1) (E—u—1)(t—u)
2 2 '
Therefore,
t—1 t—1
(u —|— 1) (t—u-— 1 (t—u
ORI pECeL S i !
w,v=0 u=0 u=0
GRS,

3



Table X: (18,9, 9,9)-QCSS over the alphabet A3, where &% is given as i for simplicity

¥(Co) ¥(Ch) ¥(C2) ¥(C3) ¢(Ci) ¥(C3) ¥(Co) P(C7) ¥(Cs)
012102111 | 021111120 | 000120102 | 012210000 | 021222012 | 000201021 | 012021222 | 021000201 | 000012210
021111120 | 000120102 | 012102111 | 021222012 | 000201021 | 012210000 | 021000201 | 000012210 | 012021222
000120102 | 012102111 | 021111120 | 000201021 | 012210000 | 021222012 | 000012210 | 012021222 | 021000201
012210000 | 021222012 | 000201021 | 012021222 | 021000201 | 000012210 | 012102111 | 021111120 | 000120102
021222012 | 000201021 | 012210000 | 021000201 | 000012210 | 012021222 | 021111120 | 000120102 | 012102111
000201021 | 012210000 | 021222012 | 000012210 | 012021222 | 021000201 | 000120102 | 012102111 | 021111120
012021222 | 021000201 | 000012210 | 012102111 | 021111120 | 000120102 | 012210000 | 021222012 | 000201021
021000201 | 000012210 | 012021222 | 021111120 | 000120102 | 012102111 | 021222012 | 000201021 | 012210000
000012210 | 012021222 | 021000201 | 000120102 | 012102111 | 021111120 | 000201021 | 012210000 | 021222012
P(CE) P(CE) P(C3) $(CF) ¥(C3) ¥(C3) P(CE) P(C?) P(CF)

012102111 | 021111120 | 000120102 | 012210000 | 021222012 | 000201021 | 012021222 | 021000201 | 000012210
000120102 | 012102111 | 021111120 | 000201021 | 012210000 | 021222012 | 000012210 | 012021222 | 021000201
021111120 | 000120102 | 012102111 | 021222012 | 000201021 | 012210000 | 021000201 | 000012210 | 012021222
012021222 | 021000201 | 000012210 | 012102111 | 021111120 | 000120102 | 012210000 | 021222012 | 000201021
000012210 | 012021222 | 021000201 | 000120102 | 012102111 | 021111120 | 000201021 | 012210000 | 021222012
021000201 | 000012210 | 012021222 | 021111120 | 000120102 | 012102111 | 021222012 | 000201021 | 012210000
012210000 | 021222012 | 000201021 | 012021222 | 021000201 | 000012210 | 012102111 | 021111120 | 000120102
000201021 | 012210000 | 021222012 | 000012210 | 012021222 | 021000201 | 000120102 | 012102111 | 021111120
021222012 | 000201021 | 012210000 | 021000201 | 000012210 | 012021222 | 021111120 | 000120102 | 012102111

Substituting Zijvlzo Tuw, [ = t(t%l) in (22), we have f'(z) < 0 over the interval [1, L], and hence mono-

) tonically decreasing. Therefore, f(z) achieve minimum

ML( —M—“ﬁ”) _ . .

02 > Kt 3Lt value at x = L, and we have the following lower bound:

1-% (58)

ML 1 SML? - K
1- M 3L Kt

. 27 .

Define a function f(z) =z + 3ML =K We are interested
in the minimum value of f(x) over the interval [1, L]. Observe
that f(z) is continuous on [1,L]. Consider its derivative

2 [
fl(x) =1 — MK It has two zeros zp = 3]\}1(” -1

and —x, and is monotonically increasing over the interval

[1, L]. We now consider the minimum value of f(z) over the
interval [1, L].

1) When N = K/M = 2, one has zy > L, which

means that f'(z) < 0 over [1,L]. In this case f(z)

is monotonically decreasing over [1, L] and achieves the

minimum value at x = L. Then we have
1
f(z) > f(L)=2L - I for z € [1, L],

which implies

o ML (2 M1
“1-M/K\3 K ' 3I2

12
—ML<3+3L2).

2) When N = K/M = 3, one has zo = /342 — 1 =

VL2 —1 < L, which is very close to L. In this case,

1 1
0>> ML=+ ).
= (2 + 2L2)
3) When N = K/M > 3, one has zg = /342 — 1 < L.
That is to say, f'(x) < 0 over [1, 0] and f'(x) > 0 over

[0, L]. This implies that the function f(z) achieves the

minimum value at x = zy. Hence we have

f(x) = f(zo) = 2\/@ for x € [1, L].

In this case, by properly choosing = around \/% -1,
we have the following simplified lower bound:

02 > ML (1 _2/NBL*-N) —3L> |

3L(N -1)
Case 2 (L<t<2L—1): For0<u<t—L—1, we obtain

t—1 u—1 u+L—1
ZTW,’L = Z(u —v) + Z (v—u)
v=0 v=0 v=u
t—1
+ > (@L-1-v+u)
v=u+L
24+t
=u(t+1—2L) — L* + 2Lt — ;r .
Hence,
t—L—1t—1

S S - SR DE=D)

2
u=0 v=0



Fort — L <u <L — 1, we obtain

u

t—1 t—1
ZT“!"’L:Z(“_U)—’— Z (v—u)
v=0

v=0 v=u+1
2 —t
=u? — (t—1Du+ .
2
Hence,
[t 3L12 — 13 — 3L2% +t + 213 — 2L
> S 3 .
u=t—L v=0

Similarly, we obtain

t—1 t—1

S, = D DE D),

2
u=Lv=0

Therefore,

t—1

> ruwr =+ 1)t —L)(L-1)
u,v=0 59
N 3Lt%2 —t3 — 3Lt +t+2L°% — 2L

3

From (22) and (59), we have

) M a b
; 23(1_M/K)<t+t_t2_3(L_1))’ (60)

where

3ML?
a=(6L%—6L+2)— =

b=L(L—-1)(2L-1).
Similarly we define a function
b

f@)=a+= -,

and will discuss the property of f(x) on the interval [L +
1,2L —1].
We shall consider both the 1st-order and 2nd-order deriva-

3b>
z——.
a

The properties of f'(x) and f”(x) on the interval [L+1,2L —
1] will be used to determine the maximum value of f(x) in
[L+1,20 —1].

tives of f(z), which are given by

a 2b ,, 2a 6b 2a
TRt ) == <

flz)=1

x4

We start with the property of f”/(x) on [L+1,2L+1]. Note
that f”(z) has zero

3b
o — —

“30(L - 1)2L - 1)
(6L2 — 6L +2) — 3ML2
6L% —9L% + 3L
(6—%)L23—62L+2
312 -3L+1
L<1+ (N3 1) )
(6— 2)L2— 6L +2

We need to consider whether o lies in between L + 1 and
2L — 1. Hence we divide the discussion into three subcases:
N=2,3<N<L/3and N > L/3.

1) In the case of N = 2, we have
2L*-3L+1
lS (N3 3 + ) <
L (Gfﬁ)L2—6L+2

In this case, the root xg = %b lies in the interval [L +
1,2L — 1]. This implies f”(z) < 0 for z € [L + 1, x0)
and f”(x) > 0 for « € (xg,2L — 1]. Consequently, the
first order derivative f’(z) is monotonically decreasing
over [L + 1,z9] and monotonically increasing over

[0, 2L — 1]. Furthermore, we have

f'2L —1) :@L%l)g (2L — 1)*—a(2L—1)+2b)
_ 2121
(2L —1)2
_ -1 >0
(2L —1)2
(61)
and
f(L+1)
(L+1)2%—a(L+1)+2b
- (L+1)3
(L+1)3—((6L2 —6L+2) — 2L?)(L+1)
- (L+1)3
2L(L —1)(2L — 1) (62)
(L+1)3
~(1-2)L*-123-2)+9L -1
B (L+1)
L3 —3L%+18L —2
)

Since for x € [L + 1,2L — 1], the derivative function
f'(z) satisfies f'(z) > f (%b) =1- ‘gg‘; + % =
1 - % > 0 for L > 2. Hence the function f(z)

is monotonically increasing on [L + 1,2L — 1] and it

achieves the maximum value at © = 2L — 1. Since

a b
fRL-1)=(2L-1)+ _(2L—1)2

2L —1
(9L? — 9L +3) — %LQ
2L —1 '
It follows that (22) becomes
02 > M .(1—%)L2: ML2'
“(1-M/K) (2L-1) 2L —1

2) When 3 < N < L/3, similarly one has

(63)

1 3I12-3L+1
- < (N3 ) <1,
L = (6—2)L2—6L+2



implying that f’(z) is monotonically decreasing over f(L+1)> f(2L — 1) when N > L/3 > 3. Then the

[L+ 1, x0] and monotonically increasing over [z, 2L — lower bound is as given in (64).
1]. From the calculations in (61) and (62), one has In summary, for L + 1 < ¢t < 2L — 1, when N = 2,3, the
L2 -1 bound is given by
"(2L — =
and ~2L-1’
(- BVB[23- %)+ 9L -1 and when N > 3, the bound is given by
(L+1)= - -
I ) (L+1)3 6> > ML (1—
<0. (N +6)L3+3(N —1)L* + (2N3)L6N> (65)
This implies the minimum value f’(xg) < 0. Then SL(L+1)2(N —1)

the function f’(x) has a zero z; in the interval Comparing the lower bounds in Case I and Case 2, we have
[z0,2L — 1]. That is to say, f'(z) < O forxz € [L + the following result:

1,z1] and f'(x) > 0 for € [x1,2L — 1]. Hence the o when N = 2,3, the maximum value of the lower bounds
function f(z) is monotonically decreasing on [L+1, 2] is achieved from (60) at ¢ = 2L — 1, namely,

and is monotonically increasing on [z1, 2L — 1]. Conse- M2

quently, the maximum value of f(x) is attained either 6% > oL — 1’

atz=L+1orz=2L-1.

e when N > 3, the maximum value of the lower bounds
Note that

is achieved from (58) at L / % — J The lower bound

F(L+1)— f(2L — 1) is approximately given by

a b 2v/3L2N — N?2 — 3L
=(L+1)+ - 6>> ML |1— .
A s N T STE = ( 3L(N —1) )
a b
(er-1+ = )
( 2L-1 (2L—-1)? APPENDIX B
-7 +(1I;2_(22L)— 5 <N]\73L3 _ 30 —4L+3>. PROOF OF THEOREM 2

This implies that for L > 3N, f(L + 1) < f(2L — 1) According to the defintion of Cp, we reprsent each set

_ . k . . } . k —
for N = 3, and f(L+1) > f(2L — 1) for N > 3. of g-ary functions C} given in (43) as follows: Cj

. n+1 —
Therefore, for N = 3 one has {fd’t 0<d<prt } where far = fa,, + %(kd +
o (1 B i)L2 VL2 t) . XJ,fdn,tn = f+ (kdnsclw(o) + tnxlﬂ'(?n—n—l))’ and
02 > . N = (do,ds,...,dy) is the vector representation of d with respect

- (-M/K) (@L-1)  2L-1 to base-p. Let 7 be an integer satisfying 0 < |7| < p™. The

and for V> 3, we have ACCF between two codes 1(CF) and 1(C%) in Cy, at the time
2 M shift 7 can be expressed as
TN o
(2N — 3)L3 + 3(N — 1)L? + NL + 6N O (¥(CF), v (Cp)) (7)
3(L+1)2N Pttt
— ML(1- Z O ((fa), ¥(far) ()
(N +6)L3 +3(N —1)L% + (2N — 3)L — 6N> n+1_1
SLL+ DN = 1) , "2 2 eu ) 0fap =) (7)
(64) =0 c1,c2€Zn
3) When N > L/3 > 3, one has zyp = 3b/a < Pt
L41forL >9 Inthiscase f/(L+1) > 0and = 2 2 ©WUarbi=e)¥(farle,=e.)) (1)+
f"(2L — 1) > 0, implying that f’(z) is monotonically pnﬂ_lCl “
increasing over [L + 1,2L — 1]. Similarly, one has Z Z O (V(fatlxs—es)s ¥ (farrlx,—er)) (T)
ff(C+1) < Oand f/(2L — 1) > 0. Hence f(x) d=0 cico
achieve the maximum value either at L 41 or 2L — 1. =51 + Ss,

Similar to the previous discussion for the case, we know (66)



where
n+1 1
Z Z @ fd,t|xJ=C1)71r/)(fd7t’|XJ=CQ)) (7)7
and
n+l 1
Z Z @ fd,t|x.]:‘31)7w(fd,t’|X,I:<32)) (T)
ci1#c2 ©7)
Now,
W( —er) = VL (fu, tnlxs=er)  (68)
and
D(faplxs—es) = EEDDET Y (4 1 |x,mcy),  (69)

where t' = (¢(,t},...,t,,_4

), and (t(,t},...,t,,_1,t),) is the
vector representation of ¢ with respect to base-p. Let us first

start with Sy in (67),

pn+1_l
Z z S} (w(fd,t|xJ:C1)a 7/}(fd,t’ |xJ:C2)) (T)
d=0 C17$C2

— Z Z fé}(d'(cl702))§ét-clft/~C2)

(d,d)ezntt ci#cs
x© (w (fau tnlxs=e1) ¥ (

=3 O (¢ (fu, i

d, c17#c2
O (fanty Irymes)) (1) 3 b (ermea))
d
(d-(c1—c2)) _ 0.

=cC2 ) ) (1)

XJ:C1) )

’
noly

Since, 1 < k < p—1and ¢; # ca, de;f
Therefore, So = 0. Now let us move to S;. Let us assume
Ci=Cy=cEc ZZ. Then

prti1

-2 2 oW

Ci1=cC2

- Y yew

(d,dn)EZni1 €

fd tlxs=c1 ) ¢(fd,t’ |xy=c2)) (T)

fdt|XJ ) (fd7t/|xJ:(32)) (7).

(70)
From (70), (68), and (69), we have
S = Z Zfﬁ(d'(c_c))gz()t_t/)'c
(d,dp)ezptt ¢
X O (Y (fan tnlxs=e) ¥ (fan b, Ixs=c)) (7)
:pnzzgz()t_t/)c@ (¢ (fdn,tn\x‘,:c), (71)
d, ¢
G (fdn-,ti,,|XJZC)) (7)
=p" Z E‘Z(tht')-cs
where

(fdmtn |xA]:c) 71/} (fdn,t;l |x,]:c)) (T)

S3=>» Oy
dn

20

Let us recall v and § and their base-p vector representations

(0,71, --+»¥m—1) and (dg,01,...,0m—1), respectively, and
Ar(c) ={(7,0):0<y=<p"—7-16=7+T77. =
Cay0j, = Ca,o = 0,1,...,n — 1} as defined in Section

II-B. Based on the definition of complex-valued sequence
corresponding to restricted g-ary function given in Section II-
A, the yth component of ¢ (fa, +,|x,=c) is given by géfdm“
if 5, = ¢co for aa = 0,1,...,n
where (fa,.t.)y = fdntn (Y0, 71, Ym—1). Similarly, the
~vth component of ¥ (fa, ¢ |x,=c) is given by qud"’%)W if
Yja = Ca for a = 0,1,...,n — 1, else the value is zero,
where (fa, + )i = fa,.t (Y0,71,- -
expressed as

=> 0
dn
_ Z Z é_éfdn it )y —

dn (7,6)€A~(c)

— 1, else the value is zero,

,Ym—1). Then S can be

(fdo tn

x‘]:C) 7’(/} (fdn,t'n |XJ:C)) (T)

(Fan)s (72)

Case 1 (1 # 0, v
kdn (v =0y

Zd €p w(0)

(Fy—F)+ 222 (v o0y =01 00)
S; = Z Z & © "% (0)

dn (7,6)€A7(c)

w7 Ol.p): Since, 0 < k < p,

"7 = (. From (72), we have

—t: 4,

(tn’Yl 0 ﬂ.(,n_n_l))

fq (m—mn—1)
= Z Z {f f(sgkd n (Vi o) ~Obr (o))

dn (7,0)EA,(c)

(tn’Yl,\,(m,n,l) _tix.élﬂ—(m,fn—l)
x &p
— Z ffw fSE( MV (m-n-1) "t (1)
(v,0)€A(c)
X Zf T o)
where  f, = fo,7, - Ym-1)  and - fs -

f((SOa 517 e >6m71)-
Case 2 (1 # 0, 7
smallest positive integer for which v, # &

): We assume u is the

7 (0) n(o)

() Let us also
assume " to be an integer whose base-p vector representation
is given by (70,71, KD + Vpuor)y = Vs - -
v € {L,2,...,p — 1}, and K = 0 when v,

and Kk =

,Ym—1), Where
—v >0
1 when v, —v < 0. Similarly, we assume
0V to be an integer whose base-p vector representation is
,Kp + 0y
and ¢V differs from ~ and J, respectively, only

given by (dp, 01, ...
that, ~"
at lr(,—1)th position. It is also to be noted that, it can

ruety — UseeeyOm1). It is clear

easily be drawn an invertible between any two pairs in



{(7,6),(7%,8%),...,(v*~1,87~1)}. Therefore, each of the p
pairs contributes to Ss. Now

([ tn)ye = (fdptr)s0 — ((fdp b))y —
:f’y’” - fé’” - (f'y - f&)

(fan.tr)s) 3

Since 7 and ~ differs only at the position I (,—_1), and v;, =

Co fora=0,1,...,n—1,

fw“ - f'y = qK(’ylw(u—2) + ’Ww(u)) + kPGl ()

q q (74)
- EWW(ufz) + 57174“) +gl1r(u71) .

Similarly,

f(S'” - f5 :qﬁ(élﬂ.(u_z) + 5l,r(u)) + F‘-/pgl.,r(u_l)

q q (75)
=V =00yt 00yt Gl > ,
<p (u—2) D (u) (u—1)

Since v, = 5lﬂ(a> fora =0,1,...,u— 1, from (73), (74),

and (75), we have

(fdn7tn)7v - (fd'/nt;,,)fs“ - ((fd'rutn)'y
:f'y” - fé” - (f“/ - f&)
vq
=qR (V) = Oy) + ;(&w(u)

— (fdn.tr)s)
(76)
- ’Ylw(u) )

’Ylw(u) lﬂ(u))

Since fq =1, from (76), we have

fd,, th Jou—((fdp,tn)v— (fdn th, )s)

(fdp . tn)
qu
) v(d

45V 0y ~ Ol
:qu (u) (u) g

v(6l

w(w) V()

m(u)  Mr(u) )

Therefore,

(fan tn)

¢ ~(faptt,)5v

—(fap,er) (fan.tn)vy
dt5+zqut

21

Case 3 (1 = 0): Since 7 =
Z e (v
_ Z Z €‘§fdn,tn)77(fdn‘t;1)5

dn (7,7)EA-(C)

0, v =9, from (72), we have

Y (fan b lxs=e) ¥ ( =) (7)

’
noblp

’
= E é’fw fagt""”ﬂm—n—l)_tn‘slw(m—n—l)
(v,7)EA ()
kdn (v -4 )
(0) m(0)
X E &p
dn
th —t5, 6
_ a(m-n—1) % (m_n_1)
=D E &p
(v, V)EA-(c)
_ (tnit:l)’ylw(rnfnfl)
=D P
(v,7)€A~(c)
p—1
:ppm n—1 E fétnit/")’nwon—nfl)
’Ylﬂ(m,fnfl):()
— 1 4/
_ pm nt ’ tTL - tn7
/
0, t £t

Combining all the above cases in (71), we have

_ t—t')-
s ) Mt G T =0t =1,
| =
0, otherwise,
(77
prtttl =0t =t/ t, =1,
0, otherwise.

From (66) and (77), we have

O (¥(CF),»(CH)) (7)

)t =0t =t = 1,
0, otherwise,
prtntl r=0t="t,

=40, O<|r]<p™t=t,
0, 0<|r|<p™ t £t

Therefore, C, forms (p"*1, p
{172a"'7p_ 1}

")-CCC for any choice of k in

APPENDIX C
PROOF OF PROPOSITION 1

For any element (e, e3) in S, we have

kie; —

= ey = (kl) e1(mod p),
ko

kaey = 04 (mod p)



where 1712 represents the multiplicative inverse of ko, with

respect to modulo p operation. Therefore, |S| = p*. Let us
define a mapping A : S — Z as follows:

ex—er) (P Y30

w—1

w—1
w—1—t w—1—t
= €2.tP - E €1,tp .
t=0 t=0

(78)

For any two (e, e2) and (€], €)) in S, we have kie; —koey =
0, (mod p) and ki€ — ko€, = 0,fmod p), where e; =

(61,0, €1,1y--- ,Bl,w—l), € = (62,0, €215+ ,62,w—1), 6/1 =
/ / ! / _ / / /
(61,07 1,15 - 7el,w—1)’ and e; = (62,07 €215 762,w—1)'
Therefore,
ki — ko
€ —e; = ( e;(mod p),
)
and (79)

From (79), it can be observed that A is an injective mapping.
Since, 0 < k1 # ko < p, and kie; — kaey = 0, (mod p),

A(el,eg) =0 iff €] = ey = Ow-

Now let us define two vectors €; and e, whose components
are defined as follows:

if €i,a 7é 07

0, otherwise,

_ p— e’i,av
Cia =

(80)

where 1 = 1,2, and a = 0,1,...,w — 1. From (78) and (80),
it is clear that A(e1,e2) = —A(e1,€2). From the mapping,
define two sets S’ = {(e1,e2) € S : Aer,e2) > 0} and
S§" = {(e1,e2) € S : A(ey,e3) < 0}. Then the set S can
be expressed as S = S'US”, where S'NS” = {0, }. From
(80), we have |S'| = |S"| = L;l = E. We assume that
(e}, e}) is an element of S’ and A(e}, eb) = D;, where e} =
(€ho,€51s- -
(04,0,) € 8" and A is an injective mapping, without loss of

€ 1), i =1,2,...,F, and j = 1,2. Since,

generality, let us assume that 0 = D1 < Dy < --- < Dpg.
For 0 < 7 < p™ — 1, following (9), we have B (e}, e}) =
{(’%6) : 6 = 7+T7O S Y S pm - T — 1a’70¢ = ezi}ou(soz -
0,1,.. ,Ym—1) and
,0m—1) are the base-p vector representations of the

€5 0y 0 = ,w — 1}, where (v0,71, - - -

(80,01, ..
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non-negative integers v and d, respectively. Now,

T=40—7
m—1
= (5(¥ - ’Yoz)pm_a_l
a=0
w—1 m—1
=) (€0 —€la)P™ T D (ba = Ya)p™
a=0 a=w
=p" V(ey —ef) - (PP )
m—1
+ Z (60 — ’Yoc)pmﬁail
a=w
m—1

=p" D+ Y (0o =)™

The set B, (e}, e}) is non-empty if p™~*D; + 3" ((p —
D=0 > 7> D+ S0 (p 1),
orT e P Y(D;—1)+1:p™ ¥ (D; +1)—1] = Ip,, say.
Hence,

B, (e}, eb) £ D iff T € Ip,. 81)

Let us assume that (e!',e') and (e?2,e}?) are two distinct
elements in &’ with D;, < D;,. Now
Ip, NIp,,
p" D, +1,p™"(D;, +1) — 1], if D;,=D;, +1,
0, if D;, >D;, +1.
(82)

From (82), it is clear that
Ip, NlIp,, # (0 iff D;, = D;, + 1.

Therefore, for a fixed value of 7 in [0,p™ — 1], we need to

consider the following three cases: Case I: In this case, we

consider 7 ¢ UZ Ip,. From (81), we have B, (e}, el) =

PVie[l:El]Since, 7> 0and B, (el,e}) =0Vie[l:E],
Y O (glxs—en)s ¥(hlxs,—ex))(7)

(e1,e2)€S

= Y OWlghes,=e): Uy, =) ()

(e1,e2)€S’

E
= Z G(w(glxh :ei)? w(h‘xh :eg))(T)
i=1

E
=2 2
i=1 (~,6)€EB- (e} ,e})

=0.

A

Therefore, [ (q, o, e ©(U(ghs, ze1): (A, ze))(7)] = 0
when 7 ¢ UE | Ip..
Case 2: In this case, we consider 7 € Ip, and 7 ¢
Ip, Vi # j € [l : EL Since 7 ¢ UL Ip,,
J#i
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B,(e],e}) =0 forall j € {1,2,...,E}\ {i}. Now Ip, can Also, B-(e},eb) =0V ie [1:E]\ {i,i+ 1}. Therefore,
be expressed as Ip, = ([p"""(D; —1)+1:pm " Dy]) U

(P~ D;:p™~*(D; +1) —1]). Now 7 can be expressed ( z:) 5@ (9lses, =e1)s ¥ (hlxs, =ex))(7)
ej,ez)€E
as follows: ’
. = > OW(ghs,zer)s Y(hlxs, —es))(7)
(e1,e2)€S’
p" (D = 1) 4 1 =0(1(glx ), —e ) ¥(Blx ), —e))(T)
) if 7€ [pm(D; — 1)+ 1:pmvDy], +OW(gly, ot )Y (Bl _oir1))(7)
pm—wDi + 7o, E (87)
if 7 € (pmwai :pmfw(Di + 1) _ 1], Z xh:eg)7¢(h|xh:e;))(7)
j=
where 71 € [1:p™ "] and 72 € [1: p™ ™ — 1]. Also, 7
|Bq—(e§,eé)| ( ( |XJ1_e ) (h|XJ1:eé))(T)
] if 7€ [p"™(D; — 1)+ 1:pm "Dy OW (9l eir) Vbl —eyr))(T)
= ’ , = Z g9vhs 4 Z £9v—hs,
P — 1y, ifTE (P™TYD; i pm (D + 1) —1]. e q
(83) (7,6)€B~ (e} ,e4) (7,0)€B, (eit!,eith)
Now, From (86), 7 € [p™"D; + 1,p™"“(D; + 1) — 1] =
ST O(U(ghe—or)s Bl o)) 7 (Dia = 1) + L™ (Disa) = 1, then 7 can be
(er.0mES . e expressed as 7 = p" Y D;+713 = p" % (D;41—1)+73, where
= Y Wb, —e) il =) (7) 78 € [Lip Y — 1] Therefore, |Br(ef, e)| =p™ ™ = 7
(o1 .0m)ES" and ‘BT(ezﬁl orly )| = 73. From (87), we have
=O(y (gli —ei )s ¥(hlx; =e3))(T)
D> OW(gles,=er)s Y (Blxs, =ex))(T)
- Z Ol —ep)s ¥ (Bl —e1))(T) (84) (eromes
”‘é’ —h —h
: DD VR
D IR A DR DIt (1.0)€B- (e} e}) (1.0)€B- (e} 5"
(7,6)€B (e} eb) 125 (10)€B- (] )
— SEED DN > g
= Z q (7,5)EBT(B§,GE) ('Y 5)€B (e’t+1 1+1)

,6)€B (e} el
(v , JEB~(e],€}) Spm—w — T3 Ty = pm—w.
From (83) and (84), we have

Therefore,
Z Oy ngJ1 —e1 )s Y (h‘xh:ez))(T)
(el,e )ES m—w
’ Z CI¢% g|XJ1—el) (h|XJ1:e2))(T) <p
= Z fgw—ha (e1,2)€S
(7,0)€B (i ,eb) '
7 e Combining all the above cases, it is clear that
< T1, if 7€ [pmiw(Di - ].) +1 meiwDi],
Y — oy, if T e (pvD;  p™ (D + 1) —1).
Pt T, T el pr(Dit 1)~ 1] > O (gles, =) (Bl e))(T)
(85) (e1,e2)eS
Since 7, € [1: p™ ] and 7o € [1 : p™~* — 1], from (85), <prTY VY rTel0:p™—1].
h
we have Similarly, it can be shown that
Z @ glil 791) (h‘le :ez))(T)l < pm—w.
(e1,e2)ES
Case 3: In this case, we consider 7 € Ip, NIp,,, for some Z OV (9lxs, =er)s P (Plxsy =e2))(T) (88)

(e1,e2)ES

i€ |1: FEl|, where D;,1 = D; + 1. From (82), we have
1+ 2] i “ <P e [(p Y — 1)1 0],

(Ip,NIp,,,)=[p" “D; +1:p" " (D; +1) —1]. (86)



APPENDIX D
CORRELATION LOWER BOUND WITH RESPECT TO THE
POSITIVE-CYCLE-OF-A-SINE-WAVE WEIGHT VECTOR

WHENt € [L+1:2L—1]

For L+1 <t < 2L -1, we have the following results from
[30]:

t—1
§ Tu,v, LWy Wy

u,v=0

3t—4L+2 t, ,m t—L-1 L (89)
—77771] R - -

4 T N
21572L+1t 7T+ . Lm
—  tan— + —— | sin —

4 2t 4tan g

To simplify the derivation, in (35) and (89), we consider the

following approximations:

2L—2
Z 2 t t 9 i 772
w, = —tan® — ~ —
L) 2t 8t
u=0
where t is sufficiently large,
. Lx ., 1.3Lw _ 0.4L°%x?

SIMTE N T T T

L T Lm T Lr\2
With the above approximations, it follows from (22), (35), and
(89) that

g2 > _MN

2 N —T) (90)

(ant+ 2+ 5+ 3 +as),
where ag = 472 — 267 + 60, a; = 572 — % —10L7? —
4L%m + 32L%n? — 52Lm, as = 10L?w? 4 8L%*73 — 16L37% —
13072, a3 = AL*7® — 8L3%3, and a4 = 40 — 156 L + 267w —
472 — 20Lw? + 78Lm. It is challenging to get the maximum
value of this lower bound. As an alternation, we provide a
numerical comparisons between the above lower bound with
the other lower bounds finalized in Remark 2. In Figure 6
(a), (b), (c), and (d), the lower bound in (90) is denoted as 6,
which is compared with the lower bounds 65 in (24) for N = 2
and 3 < L < 1000, 63 in (40) for N = 3, 1000 > L > 26,
and for N = 4, 5 < L < 1000, and the lower bound 6, in
(41) for N =5 and 5 < L < 1000.
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