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Abstract

In this paper, we study the risk sharing problem among multiple agents using Lambda value
at risk (AVaR) as their preferences via the tool of inf-convolution, where AVaR is an extension
of Value-at-Risk (VaR). We obtain explicit formulas of the inf-convolution of multiple AVaR
with monotone A, and explicit forms of the corresponding optimal allocations, extending the
results of the inf-convolution of VaR. It turns out that the inf-convolution of several AVaR
is still a AVaR under some mild condition. Moreover, we investigate the inf-convolution of
one AVaR and a general monotone risk measure without cash-additivity, including AVaR,
expected utility and rank-dependent expected utility as special cases. The expression of the
inf-convolution and the explicit forms of the optimal allocation are derived, leading to some
partial solution of the risk sharing problem with multiple AVaR for general A functions.
Finally, we discuss the risk sharing problem with AVaR™, another definition of Lambda value
at risk. We focus on the inf-convolution of AVaR™ and a risk measure that is consistent with
the second-order stochastic dominance, deriving very different expression of the inf-convolution
and the forms of the optimal allocations.

Key-words: Lambda value at Risk; Value-at-Risk; Risk sharing; Inf-convolution; Ex-

pected utility; Rank-dependent expected utility; Distortion risk measure; Expected shortfall

1 Introduction

A risk sharing problem in risk management and game theory concerns the redistribution of
the aggregate risk among multiple agents. The preference of the agents can be characterized by
e.g., expected utility or risk measures. In the past two decades, the Pareto-optimal risk sharing
problem has been extensively studied with the preferences of agents represented by some risk
measures. These risk measures are chosen to be either coherent or convex introduced by Artzner

et al. (1999), Follmer and Schied (2002) and Frittelli and Rosazza Gianin (2005) or non-convex
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such as quantile-based risk measures in Embrechts et al. (2018) or VaR-type risk measures in Weber
(2018).

A mathematical tool to study the risk sharing problem in the cooperative environment is inf-
convolution. The inf-convolution of convex-type risk measures has been studied in e.g., Barrieu and
El Karoui (2005) and Jouini et al. (2008) and Filipovi¢ and Svindland (2008), showing the existence
of the optimal allocation and it can be chosen to be comonotonic'. In recent years, some works
investigate the inf-convolution of non-convex risk measures such as Value-at-Risk (VaR), Range-
Value-at-Risk (RVaR) and tail risk measures. The analytical expressions of the inf-convolution and
the explicit forms of the optimal allocation for VaR and RVaR are given in Embrechts et al. (2018).
These results are extended to the mixture of left and right VaR, and tail-risk measures in Liu et al.
(2022) and VaR-type risk measures in Weber (2018). Moreover, Embrechts et al. (2019) study the
risk sharing problem with VaR and expected shortfall (ES) as risk measures under heterogeneous
beliefs. We refer to Cai and Chi (2020) for a review of the risk sharing problem in the context of
the design of insurance and reinsurance contracts using risk measures.

In this paper, we focus on the risk sharing problem with multiple agents, where the preferences
of agents are characterized by Lambda value at risk (AVaR), which is introduced by Frittelli et al.
(2014) as an extension of VaR by changing the fixed probability level to a function of loss 1 — A.
The idea is to incorporate the dependence of the probability level and the amount of loss in the
definition of VaR. The choice of A function is very flexible and may be problem-driven; see Hitaj et
al. (2018) for the choice of A function. As discussed in Frittelli et al. (2014), the A function is usually
assumed to be monotone, representing risk manager’s individual risk appetite. For decreasing A,
Lambda value at risk is able to capture the tail risk by controlling the probability of exceeding
the loss, which is in a different way from Expected Shortfall (ES). For increasing A, AVaR may
incorporate some additional requirement such as risk manager’s judgement in the process of risk
management; see Bellini and Peri (2022). Moreover, AVaR satisfies quasi-convexity with respect
to distributions, the same as VaR; see Frittelli et al. (2014). Compared with VaR and ES, one
potential application of AVaR is to measure the catastrophic risk such as the losses caused by
tsunamis, hurricanes and earthquakes because these losses are typically modelled by infinite-mean
distributions; see Bignozzi et al. (2020). The study of other properties of AVaR such as robustness,
elicitability and consistency can be bound in Burzoni et al. (2017). The backtesting, estimation and
risk contribution of AVaR are studied in Corbetta and Peri (2018), Hitaj et al. (2018) and Ince et
al. (2022), respectively. Most recently, Bellini and Peri (2022) offer an axiomatization of AVaR for

increasing A functions and study some further properties of AVaR, and Han et al. (2021) provide a

IWe say X1,...,Xn are comonotonic if there exist non-decreasing functions fi, ..., fn satisfying f1(z) +--- +
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representation of AVaR in terms of VaR for increasing A functions. Some economic interpretation
of AVaR is available in Frittelli et al. (2014) and Bellini and Peri (2022). An extension of Lambda
value at risk, called lambda-fixed point risk measure, is introduced and studied in Balbés et al.
(2023), where its applications to reinsurance contracts and premium calculation are also discussed.

In Section 3, we study the inf-convolution of multiple AVaR with monotone A. This is the most
applicable case and the monotonicity of A in AVaR reflects the risk appetites of agents as discussed
in Frittelli et al. (2014). For increasing A, we allow a higher exceeding probability for a higher level
of loss; For decreasing A, we only accept a higher level of loss with a lower exceeding probability.
We give a thorough discussion for the cases that all A functions are increasing or decreasing by
deriving the expression of the inf-convolution and finding explicit forms of the optimal allocations.
Surprisingly, the inf-convolution of AVaR is still a AVaR with a slight requirement on the A
functions. Our findings extend the results of the inf-convolution of multiple VaR in Embrechts et
al. (2018).

Section 4 is devoted to the study of the inf-convolution of one AVaR and a general monotone
risk measure without cash-additivity. This is motivated by the fact that some important risk
functionals do not satisfy cash-additivity such as expected utility (EU) with convex utility function,
rank-dependent expected utility (RDEU) and AVaR for general A functions; see Han et al. (2021)
for more examples on the risk measures without cash-additivity. Here we only require the right
continuity of A. The risk measure considered is either law-invariant monotone risk measure or
a monotone e-tail risk measure depending on the domain of the risk measures. We obtain an
expression of the inf-convolution and explicit forms of the optimal allocation. Based on this result,
we further obtain the result for the inf-convolution of multiple AVaR with general A functions.
However, it is not solved thoroughly due to the heterogeneity and complexity of A functions. The
case with the mixture of increasing and decreasing A functions is a special case of our result,
indicating different risk appetites of agents. Finally, we compute some examples with the risk
measures being EU and RDEU. Our results in this section generate the corresponding results in
Liu et al. (2022), where the inf-convolution of VaR and a monetary e-tail risk measure is considered.

In Section 5, we consider another definition of Lambda value at risk, AVaR™ (see the definition
in (5) in Section 2), which can capture the tail risk by controlling the probability of exceeding the
loss. The inf-convolution of two AVaR™ is a very difficult problem and is beyond the scope of this
paper as it involves the robust risk aggregation of two AVaR™ with fixed marginal distributions and
unknown dependence structure. Instead, we consider the inf-convolution of AVaR™ with general
A and a risk measure that is consistent with the second-order stochastic dominance such as convex
or coherent risk measures. The expression of the inf-convolution and the explicit forms of the

optimal allocations are derived, which are very different from the ones in previous sections because



the function A is showing up in these expressions. To illustrate our main result, we consider the
inf-convolution of AVaR™ and one expected utility /distortion risk measure as examples.
The notation and definitions are displayed in Section 2 and all the proofs are postponed to

Appendices A-E.

2 Notation and Definitions

For a given atomless probability space (2, F,P), let L?,p € (0, 0] denote the collection of all
random variables with finite L” norm and L° be the set of all finite random variables. Moreover,
let X be a set of random variables containing L>°. We say & is unbounded if X 2 L*°. If we do not
specify X', we tacitly suppose X O L is a set of random variables with good enough properties
to conduct our study, such as X = L? for some p € [1,00]. For any X € X, the positive value of
X represents the financial loss and its distribution function is denoted as Fx. A risk measure is a

mapping from X to (—oo,00). A risk measure p is law-invariant if for all XY € X,
d
X4y = p(x)=p(Y), M)

where < stands for equality in distribution; p is monotone if X <Y implies p(X) < p(Y); and p
is cash-additive if p(X +c¢) = p(X)+cfor X € X and ¢ € R. We say p is a monetary risk measure
if p is monotone and cash-additive. We refer to Follmer and Schied (2016) for more details on risk
measures.

For X ¢ X, F ! yepresents its left-quantile, which is defined by
Fy'(p) = inf{z : Fx(z) > p}, p € (0,1]

with the convention that inf () = co. For any X € X, we denote by Ux a uniform random variable
n [0,1] such that X = Fx'(Ux) a.s.. The existence of such Ux for any random variable X is
guaranteed by e.g., Lemma A.32 of Follmer and Schied (2016). We next define tail risk measure,

which is important in our results later. For a random variable X € X and p € (0, 1], we call
Xp=Fx'(1-p+pUx)

the tail risk of X beyond its (1 — p)-quantile. The distribution of X, is given by

(Fx () = (1=p))y
p

P(X, <z)= , TR,

where zy = max(z,0).



We say p is a p-tail risk measure for some p € (0,1) if X, 4 Y, implies p(X) = p(Y) for all
X,Y € X. One can refer to Liu and Wang (2021) and Liu et al. (2022) for more details on the
definition, properties and applications of tail risk measures.

Next, we define inf-convolution. For a random variable X € X, define the set of allocations

of X as .
An(X)_{(Xl,...,Xn)eX":ZXi_X}. (2)

i=1

The inf-convolution of risk measures py, ..., p, is the mapping O p; : X — [—00,00), defined as

8px) = inf{z’”(){” F(X o Xa) € An(X>}~ 3)
B i=1

An n-tuple (X3,...,X,) € A,(X) is called an optimal allocation of X for (p1,...,pn) if
S pi(Xi) = 0O pi(X). If the risk measures are interpreted as the capital charge for a financial
institution to take risky positions, then OO 4 p;(X) represents the smallest possible aggregate
capital for the total risk X in financial system. We refer to Delbaen (2012), Riischendorf (2013)
and Embrechts et al. (2018) for more economic interpretations on the inf-convolution.

Finally, we define Lambda value at risk. For A : R — [0,1], the Lambda value at risk are

given by
AVaR(X) =inf{z e R: Fx(z) > 1 — A(z)}, (4)
and
AVaRT(X) =sup{z € R: Fx(z) <1— A(z)}, (5)
where inf () = co and sup ) = —oo. Note that our definition is a bit different from the one in Bellini

and Peri (2022). This modification is to be consistent with the definition of VaR as in Embrechts
et al. (2018) and Liu et al. (2022) to focus more on the tail probability. Here, A function is used to
control the tail probability. Note that AVaR(X) = AVaR™(X) if A is increasing; Otherwise, it may
not be true; see Proposition 6 of Bellini and Peri (2022). In fact, there are two other definitions
of AVaR given by Bellini and Peri (2022). They are not discussed in this paper as they perform
similarly as AVaR and AVaR™ in the risk sharing problem. In this paper, we are particularly
interested in AVaR with A being monotone functions. If A is a constant, then AVaR boils down

to VaR, i.e., VaR at level p € [0,1) is

VaR,(X) = AVaR(X) = Fx'(1 —p), X €&,



for A = p. Although VaR has been widely applied in practice for risk measurement due to its
simplicity and possession of some nice properties, VaR is always criticised that it cannot capture
the tail risk. See McNeil et al. (2015) and the references therein for more detailed discussion on
VaR. Compared to VaR, AVaR™ is able to capture the tail risk; see e.g., Frittelli et al. (2014) and
Hitaj et al. (2018).

The following result shows the essential difference between VaR and AVaR.

Proposition 1. Let p = AVaR or AVaR™ with A : R — (0,1) being a monotone function. Then

p is a VaR if and only if it satisfies cash-additivity.

As shown in Bellini and Peri (2022), AVaR and VaR share many properties. The above result
shows that the only difference between VaR and AVaR is whether it satisfies cash-additivity. This
somehow explains the fact that the inf-convolution of AVaR and that of VaR share the similar
forms of the optimal allocations in Section 3.

Let H; be the collection of all increasing and right-continuous function A : R — [0, 1], where
A is not a constant 1, and Hp be the collection of all decreasing and left-continuous function
A : R — [0,1]. Here increasing (decreasing) means non-decreasing (non-increasing). We denote H
as the collection of all A : R — [0, 1], where A is right-continuous and not a constant 1. Hereafter,
for any A, we denote A\~ = inf,er A(z) and AT = sup,cp A(z). We say that a constant \ is

attainable for A if there exists € R such that A(z) = A

3 Inf-convolution of multiple AVaR with monotone A

In this section, we consider the most attractive scenarios: all A functions are monotone in
the same direction. The cases with A being other type of functions will be studied in Section
4. The set X is general and the aggregate risk is shared among n agents using AVaR as their
preferences. Hence we consider risk sharing problem with A;VaR, ¢ = 1,...,n. Recall that
A = limy oo min(A;(2), Ai(—2)) and A} = lim, oo max(A;(z), Aj(—2)).

We denote A*n-1(z) = (An(x —Zp_1)+ Z;:ll Ai(z; — xi,l)) A1 for n > 2, where x,,_1 =
(#1,...,%p-1), x Ay = min(x,y) and z9 = 0. For convenience, we let A = Ay, \/'_ z; =

n .
max}_, x; and A;_; x; = minj"_; x;. Moreover, we denote

A (z)= sup A (z)= (

Xp—1ER?—1

sup Z&(%)) /\1, x €R. (6)

i=1 Ti=T j—1

Note that 0 < A* < 1 and A* is increasing (decreasing) if all A; are increasing (decreasing).



3.1 Inf-convolution of multiple AVaR with decreasing A

In this subsection, we consider the inf-convolution of several AVaR with decreasing and left-
continuous A. As discussed in Frittelli et al. (2014), in this setup, higher losses should be tolerated
with lower probability for all agents. We give a thorough discussion for this case by obtaining an

expression of the inf-convolution and explicit forms of optimal allocations.
Theorem 1. For A; € Hp with 0 < X\ < )\Zr < 1, we have the following conclusion.

(i) If Yy Af < 1, then

?

9 AVaR(X) = inf  A*-'VaR(X); (7)
=1

Xp—1ER?1

If in addition, all )\;t are attainable, then

1) AVaR(X) = A" VaR(X); 8)

1=

(i) If S  AF > 1, then O, A;VaR = —oo;

(iii) Moreover, for Y i | )\j' < 1, the existence of the optimal allocation of the inf-convolution is
equivalent to the existence of the minimizer of (7). Ifx,_1 € argmin, _ cpn—1 A"~ VaR(X),

then one optimal allocation is recursively given by

X, = (X - xnfl)]l{nglfo"—z(a:n,l)} - mnfl]l{UX>17Ax"—2(:cn,l)}a

n—1
Xi = @k = Zo-1) LUy c1-ae-1 (o)} + <X + D mi - xk_l) L1 A1 (k) <Ux <1 A2 (221}
ik
—mp—1lys1am2(a_y)), K=n—1,...,2,
n—1
X1 =mliuy<i-ay (@) + (X + Z mi) vy >1-A1(21)}
i=1

where my, k=n—1,...,1 satisfy my >z, — Fxy' (1 =31 \}) and D1 mi = 0.

Remark 1. If all A; are decreasing and right-continuous, our findings in Theorem 1 still hold except
(8). To guarantee the validity of (8) in this setup, we only need to impose an additional assumption

on A;: all A; are continuous.

Remark 2. Note that the optimal allocation given in Theorem 1 is not unique. At least, the choice
of mi, k=1,...,n— 1 is not unique. The result given in Theorem 1 indicates that the optimal

risk allocation can be obtained by allocating the total risk onto a partition of the whole probability



space, sharing the similar structure as the one for the inf-convolution of multiple VaR or Range-
Value-at-Risk in Embrechts et al. (2018). Moreover, if A;, i = 1,...,n are all constants, Theorem

1 boils down to Corollary 2 of Embrechts et al. (2018).

Note that we do not discuss the boundary scenario >, A =1 in Theorem 1 because it is
tricky and it involves the assumptions on whether the maximum of A; can be attained. We next

discuss the boundary case.
Proposition 2. Suppose all A; € Hp with 0 < A\; < Af <1and Y| A\ =1.
(i) If all \j are attainable, then O, A;VaR(X) = —oo;

(i) If one of A\j, i=1,...,n — 1 is not attainable,

iél AVAR(X) = inf A% tVaR(X).

We notice that in Proposition 2, we do not discuss the scenario that only Al is not attainable.
This can actually be transformed to case (ii) of Proposition 2 by changing the order of the inf-
convolution with the aid of Lemma 2 in Liu et al. (2020).

To illustrate our result in Theorem 1, we next consider a special case where A; are step

functions with two values.

Example 1. Let A;(z) = )\j]l{xgbi} + Ay Lpsp,y, where 0 < A7 < Af < 1 and S A< L

Then we have

T A;VaR(X) = (\* V A°)VaR(X),
1

1=

where A* = /77 (A7 + 3, Af) and A°(z) = Y00 AT 4+ An(a — Y05 b).

3.2 Inf-convolution of multiple AVaR with increasing A

In this subsection, we will focus on the inf-convolution of several AVaR with increasing and
right-continuous A. This indicates that all agents are accepting higher losses with higher probability
of exceeding the loss. As discussed in Example 7 of Bellini and Peri (2022), this type of AVaR can
be used to describe the contrasting objectives of the risk manager in setting the capital reserve: to
be conservative but not too much. We obtain an expression for the inf-convolution and find the

forms of optimal allocations.

Theorem 2. For A; € Hy with 0 < A\; < )\j' < 1, we have the following conclusion.

(1) IF Ny N + 20,4 A)) <1, then

O AVaR(X) = inf  A®-1VaR(X); 9)

=1 Xp_1ER?T



If in addition, all )\Zi are attainable, then

DAVaR( ) = A*VaR(X); (10)

=1

(i) I\ (O + 22, A7) > 1, then O, AiVaR = —oo

111) Moreover, for A+ < 1, the existence of the optimal allocation is equivalent
i=1 VE) ]
to the existence of the minimizer of (9). If x,—1 € argmin, _ cgpn—1 A*"~*VaR(X), then the

optimal allocation is recursively given by

Xn = (X —2n 1)Ly <ci-an—2(z,_1)} — Mn—11{u>1-A%0-2(2,_1)}>

n—1
X = (a2 — xkfl)]].{ngl_Axk—l(a:k)} + (X + Zmz — xk1> ]l{l_Axk:—l(mk)<UX<1_Axk72(a;kil)}
i=k
— mkfl]].{UX>1_Axk—2(wk71)}, k=n-— ]., ceey 2,
n—1
X1 =miluy<i-Ai(@)) + (X + Zmz> Livy>1-21(21)}
i=1

where my, k=n—1,...,1 satisfy my, > xk—FX S X ( — A%t (2)) and A1 (—mg)+
Fx_sn, ., x, (=mp + ) <1 — Ag(xy) with Zi:nﬂ m; = 0.

For increasing and decreasing A, AVaR possesses very different properties (see Bellini and
Peri (2022)). However, their applications in the risk sharing problem result in similar expressions
of the inf-convolution and similar forms of the optimal risk allocations as shown in Theorems 1-2.
Surprisingly, the inf-convolution of AVaR is still a AVaR for monotone A functions if the supremum
and the infimum are attainable. This conclusion will be extended to the case with general A
functions in Theorem 4 in next section under some more strict conditions on A functions.

Note that by Proposition 6 of Bellini and Peri (2022), we have A;VaR(X) = A;VaR(X),
where A} : R — [0, 1] is increasing and A; represents its right-continuous version. This allows us to
extend Theorem 2 to the cases with increasing A functions. More specifically, O, A;VaR(X) =
O, A;VaR(X) = A*VaR(X).

In light of Theorem 3.1 in Han et al. (2021), we obtain some new expressions on the inf-

convolution in Theorem 2.

Proposition 3. For A; € Hy with 0 < A7 < AP <1, if Vi, (A, + it Y <1, then

D A;VaR(X) = igfneR (VaRzﬂ At () V( Zyl ) :

i=1 Y1yeens



If in addition, all )\f are attainable, then

D A;VaR(X) = iréﬂfQ (VaRp-(2)(X) V).

=1

Remark 3. We can show that if a := \/[_;(\] + 3, /\j) < 1, then O ; A;VaR(X) > —o0.
Observe that

Y1+ tYn——00

lim VaRyn 4,50 (X) VO 1) = VaRaie(X) > —o0,

where 0 < € < 1 — a. Hence

i=1 Y1,.-,Yn €ER

DAVaR( )= inf (VaR leAt(yi)(X)\/(Zyi)> > —
=1

Note that we do not discuss the boundary scenario \/;_, (A\; + Doz ) =1 in Theorem 2
because it is tricky and it involves the assumptions on whether the maximum of A; can be attained.

We next discuss the boundary case.
Proposition 4. Suppose all A; € Hy, 0 < A7 <1 and \/_;(A; + . i N =

(i) If N7+ > ] =1 for some i = 1,...,n and /\;' are attainable for all j # i, then
O, A;VaR(X) = —oo;
(i) Otherwise,
0 A;VaR(X) =  inf  A%—VaR(X).

=1 Xp_1ER?—1

To illustrate our Theorem 2, we next consider a special case where A; are step functions with

two steps.
Example 2. Let Aj(z) = A\ Lpcp,y + )\f]l{g@bi}, where 0 < A7 < AF < 1 and Vi (A7 +
D i )\j) < 1. Then we have

[ A;VaR(X) = (A* vV A°)VaR(X),
=1

where \* = V?;11(>‘; + Zﬁﬁl J

X and A°(e) = (S5 AT + Al = 75 b)) AL

Remark 4. Note that in Bellini and Peri (2022), Lambda value at risk is defined differently from
(4). As in Bellini and Peri (2022), for A : R — [0, 1], the Lambda value at risk is given by

AVaR(X) = inf{z € R: Fx(z) > A(z)}, (11)

10



where inf ) = co. The corresponding A*»~*(z) and A*(x) become a bit more complicated, i.e.,
n—1
Kxnfl(x) =1- (1 — Xn(l' — xn,l) + Z (1 —Kl(xl — le))) Al
i=1

= (An(l‘ — xn_1) + Tixz(l‘l — JUZ‘_1) —-n -+ 1)
+

i=1

and

K@= wf K@= i (YK -nt1
= A @)=l (Z @) =+ ) ,
+
where 2 = max(z,0). We will give the corresponding results of Theorems 1 and 2 in terms of
definition (11). Let X, = lim, o0 min(&; (2), A;(—2)) and X, = lim,_, 0 max(A;(2), A;(—2)). By

replacing A; by 1 — A; in Theorems 1 and 2, we arrive at the following results.

e For A; : R — [0, 1] being increasing and left-continuous with 0 < X; < X:_ < 1, we have the

following conclusion.

(i) >, A, >n—1, then

A VaR(X) = inf AT"'VaR(X);

n
=1 Xp_—1ER?—1

7
If in addition, all Xii are attainable, then

0 A;VaR(X) = A" VaR(X);

n
1=

(i) IF>"" X, <n—1, then O, A;VaR = —o0;

(iii) I 3" A, >n—1and x,_1 € argmin, _ cpn1 A" "'VaR(X), the optimal allocation

is given in (iii) of Theorem 1 by replacing 1 — A*~1(z) by A" (2.
o For A; : R — [0,1] being decreasing and right-continuous with 0 < X, < A, < 1, we have
the following conclusion.

(i) If Vi, (n _X;r - Zjﬂx ) < 1, then

0 AVaR(X) = inf A7'VaR(X);

1 Xn_1ERM—1

11



If in addition, all Xf are attainable, then

5 K VaR(X) = X' VaR(X);
=1

(2

(i) IV (n =X =3, %;) > 1, then OF; A;VaR = —oo;

(iii) If \/;L:l(n—Xj—Z#i A;j) <landx, ; € argmin,  cgn A" 'VaR(X), the optimal

allocation is given in (iii) of Theorem 2 by replacing 1 — A%1(z) by A" (a,).

4 Inf-convolution of AVaR and a risk measure without cash-
additivity

In this section, we consider the inf-convolution of one AVaR and a general monotone risk
measure without cash-additivity. Here we do not impose any monotonicity or measurability as-
sumptions on A. We only assume that A is right-continuous. Note that many well-known risk
functionals do not satisfy cash-additivity such as expected utility (EU) with convex utility func-
tion and rank-dependent expected utility (RDEU). As our main concern, AVaR is another example

of risk measure without cash-additivity.

Theorem 3. Suppose A € H with 0 < A\~ < AT < 1, and p is monotone. If either (i) X = L™
and p is law-invariant, or (i) X is unbounded and p is an e-tail risk measure for some € € (0,1),

we have
AVaRDp(X) = inf inf {w+p(Xzy)}, (12)

where Xw)y = (X — w)]l{nglfA(m)} =+ y]l{Ux>17A(x)}'
Moreover, the optimal allocation exists if and only if the minimizer of (12) ewists. If (z*,y*)

is the minimizer of (12), then one optimal allocation is given by
X=X = KXo ey X3 = X e (13)

Remark 5. The conclusion in Theorem 3 also holds for all A € Hp with 0 < A~ < AT < 1. The
right-continuity of A is only used to derive Fx, (z1) = 1 — A(zy) if AVaR(X;) = 1. Clearly, this
inequality still holds for A € Hp.

Note that our result in Theorem 3 converts the risk sharing problem to an optimization
problem with two real parameters. Our findings generalize Theorem 2 of Liu et al. (2022), where

the inf-convolution of VaR and a monetary e-tail risk measure is considered.

12



Applying Theorem 3 recursively, we can arrive at the following conclusion on the inf-convolution

of multiple AVaR with general A functions.
Theorem 4. For A; € H with 0 < A; < )\i+ < 1, we have the following conclusion.

(i) If 320y )\j <1, then

1=

0 A;VaR(X) = inf  A*~'VaR(X); (14)
1

Xp—1ER?1

If in addition, all A; are continuous and )\;t are attainable, then

2

:1 A;VaR(X) = A*VaR(X); (15)

(i) TNy (N + 30, A7) > 1, then O A;VaR = —oo;

(i) If 37, /\j' < 1, then the existence of the optimal allocation is equivalent to the existence of the
minimizer of (14). If X,_1 € argmin, _ cga—1 A*"~1VaR(X), then one optimal allocation

is given by (iii) of Theorem 1.

We notice that there is a gap between cases (i) and (ii) in Theorem 4. However, due to the
heterogeneity of the A functions and the pathological issue caused by the general A functions,
we currently cannot fill in this gap. It is worth pointing out that the case with the mixture of
increasing and decreasing A functions is covered by Theorem 4, which represents different type of
risk appetites of the agents in the risk sharing problem.

We next consider a special case of Theorem 3: p = EU, which is defined as
p(X) = E(u(X)), (16)

where v : R — R is an increasing function. Note that EU can also be used to quantify the risk if
u is a convex function. Note that EU is monotone and law-invariant but it does not satisfy cash-

additivity generally. To avoid the integrability issue, we set X = L°° in the following proposition.

Proposition 5. Suppose A € H with 0 < A~ < At < 1 and p is an EU defined in (16). If

a :=lim,_,_ u(x) > —oo0, then
1-A(x)
AVaROp(X) = inf {m +alA(z) + / u(Fxt(t) — x)dt} ; (17)
0

z€R

Otherwise, AVaR O p(X) = —ooc.

13



Moreover, if a is attainable (u(zg) = a for some xg € R) and x* is the minimizer of (17),

then one optimal risk allocation is given by
Xl =X - X:c*,ya X2 = Xx*,y

with y < xg.

Note that the above proposition is also valid on unbounded X if a is attainable.
Another example is the rank-dependent expected utility (RDEU) (see, e.g., Quiggin (1982)

and Quiggin (1993)). We set X = L* and for X € X, define
oS 0
p(X) = /0 g(P(u(X) > z))dz +/ (9(P(u(X) > z)) — 1)dz, (18)

— 00

where v is an increasing and left-continuous function and g : [0,1] — [0,1] is an increasing and
left-continuous function satisfying ¢(0) = 0 and g(1) = 1. Under the above assumption, RDEU can
be rewritten in a Lebesgue—Stieltjes integral form: p(X) = fol u(VaR;(X))dg(t). Note that REDU
is monotone and law-invariant but it is not cash-additive. If u is the identity function, then (18)
is reduced to a distortion risk measure denoted by pg4, where pg(X) = fol VaR:(X)dg(t); see e.g.,

Yaari (1987) and Follmer and Schied (2016) for more discussions on the distortion risk measures.

Proposition 6. Let A € H with 0 < A\~ < AT < 1 and p be a RDEU defined in (18). Moreover,
suppose X\ is attainable. If g(1 — A7) =1, then

z€R

1-A(x)
AVaROp(X) = inf {x + /0 u(Fx'(1—t — A(z)) — :c)dg(t))} ; (19)

If g1 = A1) <1 and a :=lim,—, o u(x) > —00, then

1-A(z)
AVaROp(X) = ;2% {x +a(l—g(1—A(x)) +/0 u(Ft(1—t — A(z)) — m)dg(t))} ; (20)

Otherwise, AVaR O p(X) = —o0.

For g(1—\7) =1, if * is the minimizer of (19), then the optimal risk allocation is given by
X1 =X = Xpey, Xo=Xpe oy, y €R; (21)

For g(1—\*1) < 1, if a is attainable (u(xo) = a for some xo € R) and x* is the minimizer of (20),

then the optimal allocation has the form of (21) with y < xg A (ess-inf X — x*).

It is worth pointing out that Proposition 6 can also be extended to unbounded X. The
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conclusion in Theorem 3 holds on unbounded X requiring that p is an e-tail risk measure for some

€ € (0,1). This is equivalent to the condition that g(1 —¢) = 1 with some 0 < ¢ < 1 for RDEU.

5 Inf-convolution of AVaR" and a SSD-consistent risk mea-
sure

In this section, we set L C X C L'. As discussed in Frittelli et al. (2014) and Hitaj et
al. (2018), AVaR™ is able to capture the tail risk for decreasing A. Note that if A is increasing,
then AVaR* = AVaR in light of Proposition 6 of Bellini and Peri (2022). However, this is not
valid for general A. The study the inf-convolution of two AVaR™" with decreasing A is beyond the
scope of this paper. We will give a comment on it later. Instead, in this section, we investigate the
inf-convolution of AVaR™" and another risk measure that is consistent with second-order stochastic
dominance(SSD). For two random variables X,Y € X, we denote X <ix Y if E(f(X)) < E(f(Y))
for all increasing and convex function f. A mapping p : X — R is said to be SSD-consistent if
X <iex Y implies p(X) < p(Y). For any A € H, we denote A, (z) = infr<i<, A(t), z > . Then
A, (z) is decreasing and right-continuous for z > z. If A is decreasing and right-continuous, then
Ay(z) = A(2), z>uz;and if A € Hy, then A,(2) = A(z), z > . The following result is valid for
general A € H.

Theorem 5. Suppose A € H with 0 < A\~ < AT < 1, and p is SSD-consistent. If either (i)

X =L, or (ii) X is unbounded and p is additionally an e-tail risk measure with 0 < & < 1, then

AVaRT Op(X) = inf inf {z+p(X - F;;(UX))} , (22)

zeERy>axVag

where xg = 2Fx' (1 — A7) and

0, z<x
F, () = 1-Ax(2), x<z2z<y
FX(Z_y/2)7 Z>y

Moreover, the optimal allocation of the inf-convolution exists if and only if the minimizer of (22)
exists. If (x*,y*) is the minimizer, then one optimal allocation is given by
X =F,.(Ux), X5 =X -F.".(Ux). (23)

T*,y*

Remark 6. We notice that F, , is decreasing with respect to y for y > xVxg. Hence p (X — F;yl(UX))
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is also decreasing with respect to y. This means

inf {z+4p(X—-F,,(Ux))} =x+ lim p(X - F, ,(Ux)). (24)

y=>xVzo y—>00

This fact is very helpful to find more explicit expressions of the inf-convolution for some specific p.

Remark 7. It is worth mentioning that the inf-convolution in Theorem 5 involves the robust risk
aggregation of p for two random variables: infx.py~gp(X +Y) with two distributions F' and
G. This is a very difficult problem and we only know some limited results except that p is SSD-
consistent. For for p = VaR, we refer to Wang and Wang (2016), Jakobsons et al. (2016) and
Blanchet et al. (2023). Note that the case p = VaR is covered by Theorem 3.

Remark 8. The optimal allocation given in Theorem 5 is very different from the ones in previous
sections and in the literature for the inf-convolution of convex risk measures or quantile-based risk
measures; see, e.g. Jouini et al. (2008), Filipovi¢ and Svindland (2008), Embrechts et al. (2018)
and Liu et al. (2022). Using Theorem 5, we have

Xt =2 Te<i-a@y + (1= Ao ) T (Ux) L (1A ) <Ux <1-A,- ()}
+ YL {-a,. ) <Ux<Fxw/2)} T (X =¥/ 2) Lo sFPew/2))
X5 = (X =2 )y <i-a@a)y + (X = (1= M) T (Ux) L1 A(er) <Ux <1=Au- ()}

y
+ X = 9la-a,. w<ux<rx /2 T 51 uxs P/}

where y > y* and (1 — A,)71(t) = inf{z > 2 : 1 - A(2) >t} for 1 — A(z*) <t < 1— Ay(00)
with Ag«(00) = limy 00 Ag+(y). Over {1 —A(z*) < Ux < 1—A,-(y)} with y > y*, the relation of
(1—=A.) ' (Ux) and X — (1—A,+)"(Ux) depends on the relation of Fx and A, which is somehow
arbitrary. Hence in general X and X5 are neither comonotonic nor possessing the similar structure

as in Theorems 2-5 (splitting the probability space).

Remark 9. For the case of X = L* in Theorem 5, the conclusion still holds if

0, z<x
Foy(2) 1—Ay(2), <2<y
L zzy

We next illustrate our main result using two specific example of p: EU and distortion risk
measures. Here for simplicity, we suppose A € H is decreasing. Hence A,(z) = A(z), z > z. By

the application of Theorem 5 and Remark 9, we arrive at the following results.

Proposition 7. Suppose X = L>®, A € H is decreasing with 0 < A\~ < AT < 1 and p(X) =
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E(u(X)), where u is an increasing and convez function with a = lim,_, o u(x). If a > —oo, then
1—-A(x)
AVaR*Op(X) = innf& x+ / u(Fy'(t) — z)dt
fAS 0

1-2~
+/ u(Fxt(t) — (1 - A)_l(t))dt} + inf u(Fy ' (t) — y)dt;
1-A(z)
If a = —o0, then AVaR* O p(X) = —oc.
Moreover, if (x*,y*) is the minimizer of above infimum, then the optimal allocation has the

form of (23).

Proposition 8. Suppose X = L™=, A € H is decreasing with 0 < A\~ < AT < 1 and p(X) = py(X),
where g is a concave distortion function. Moreover, we assume X\~ is attainable (A(x1) = A7). If

g(l—A") =1, then
1-A"
AVaR" Op(X) = inf {x+/ K;l(l—t)dg},
z€R 0

where K, (2) = A\~ +Fx (z+2)A(1=A(2))+P(X —(1-A) "1 (Ux) < 2,1-A(x) < Ux < 1-\7), z €
R; Otherwise, AVaR* O p(X) = —oo. Ifz* is the minimizer of the above infimum, then the optimal
allocation has the form of (23) with (x*,y*) for y* > (ess-supX — ess-infX + z* V 1) V x¢.

6 Conclusion

In this paper, we consider the inf-convolution of multiple AVaR for three different scenarios: all
A; are increasing, decreasing, or right-continuous. Moreover, we also consider the inf-convolution of
two risk measures: i) AVaR and one law-invariant monotone risk measure without cash-additivity;
ii) AVaR™ and one SSD-consistent risk measure. For all these cases, we obtain the expressions of
the inf-convolution and the forms of the optimal allocations.

There are still some unsolved problems such as the inf-convolution of multiple AVaR ™, and the

inf-convolution of multiple AVaR under heterogenous beliefs. They deserve future investigation.

Acknowledgements

The author thanks the editor, an associate editor, two anonymous referees and Ruodu Wang

for their helpful comments.

17



References

Albrecher, H., Beirlant, J. and Teugels, J.L. (2017). Reinsurance: Actuarial and Statistical Aspects.
John & Wiley Sons.

Artzner, P., Delbaen, F., Eber, J.-M. and Heath, D. (1999). Coherent measures of risk. Mathemat-
ical Finance, 9(3), 203-228.

Balbds, A., Balbds, B. and Balbds, R. (2023). Lambda-quantiles as fixed points. SSRN:
hitps://ssrn.com/abstract=4583950.

Barrieu, P. and El Karoui, N. (2005). Inf-convolution of risk measures and optimal risk transfer.
Finance and Stochastics, 9, 269—298.

Bellini, F. and Peri, I. (2022). An axiomatization of A-quantiles. SIAM Journal on Financial
Mathematics, 13(1), 26-38.

Bignozzi, V., Burzoni, M. and Munari, C. (2020). Risk measures based on benchmark loss distri-
butions. The Journal of Risk and Insurance, 87(2), 437-475.

Blanchet, J., Lam, H., Liu, Y. and Wang, R. (2023). Convolution bounds on quantile aggregation.
arXiv: 2007.09320.

Burzoni, M., Peri, I. and Ruffo, C.M. (2017). On the properties of the Lambda value at risk:
robustness, elicitability and consistency. Quantitative Finance, 17, 1735-1743.

Cai, J. and Chi, Y. (2020). Optimal reinsurance designs based on risk measures: areview. Statistical
Theory and Related Fields, 4(1), 1-13.

Corbetta, J. and Peri, I. (2018). Backtesting Lambda value at risk. The European Journal of
Finance, 24, 1075-1087.

Delbaen, F. (2012). Monetary Utility Functions. Osaka University Press, Osaka.

Embrechts, P. (2017). A Darwinian view on internal models. Journal of Risk, 20(1), 1-21.

Embrechts, P., Liu, H. and Wang, R. (2018). Quantile-based risk sharing. Operations Research,
66(4), 936-949.

Embrechts, P., Liu, H., Mao, T. and Wang, R. (2020). Quantile-based risk sharing with heteroge-
neous beliefs. Mathematical Programming Series B, 181(2), 319-347.

Filipovié, D. and Svindland, G. (2008). Optimal capital and risk allocations for law- and cash-
invariant convex functions. Finance and Stochastics, 12, 423-439.

Follmer, H. and Schied, A. (2002). Convex measures of risk and trading constraints. Finance and
Stochastics, 6(4) 429—447.

Follmer, H. and Schied, A. (2016). Stochastic Finance. An Introduction in Discrete Time. Walter
de Gruyter, Berlin, Fourth Edition.

Frittelli, M. and Rosazza Gianin, E. (2005). Law-invariant convex risk measures. Advances in

18



Mathematical Economics, 7, 33—46.

Frittelli, M., Maggis, M., and Peri, I. (2014). Risk Measures on P(R) and Value at Risk with
Probability/Loss function. Mathematical Finance, 24(3), 442-463.

Han, X., Wang, Q., Wang, R. and Xia, J. (2021). Cash-subadditive risk measures without quasi-
convexity. arXiv: 2110.12198.

Hitaj, A., Mateus, C. and Peri, I. (2018). Lambda value at risk and regulatory capital: a dynamic
approach to tail risk. Risks, 6, 17.

Jakobsons, E., Han, X. and Wang, R. (2016). General convex order on risk aggregation. Scandina-
vian Actuarial Journal, 2016(8), 713-740.

Jouini, E., Schachermayer, W. and Touzi, N. (2008). Optimal risk sharing for law invariant mone-
tary utility functions. Mathematical Finance, 18(2), 269-292.

Kusuoka, S. (2001). On law invariant coherent risk measures. Advances in Mathematical Economics,
3, 83-95.

Liu, F. and Wang, R. (2021). A theory for measures of tail risk. Mathematics of Operations Re-
search, 46(3), 1109-1128.

Liu, F., Mao, T., Wang, R. and Wei, L. (2022). Inf-convolution, optimal allocations, and model
uncertainty for tail risk measures. Mathematics of Operations Research, 47(3), 2494-2519.

Liu, P., Wang, R. and Wei, L. (2020). Is the inf-convolution of law-invariant preferences law-
invariant? Insurance: Mathematics and Economics, 91, 144-154.

McNeil, A. J., Frey, R. and Embrechts, P. (2015). Quantitative Risk Management: Concepts,
Techniques and Tools. Revised Edition. Princeton, NJ: Princeton University Press.

Ince, A., Peri, I. and Pesenti, S. (2022). Risk contributions of lambda quantiles. Quantitative
Finance, 22(10), 1871-1891.

Quiggin, J. (1982). A theory of anticipated utility. Journal of Economic Behavior & Organization,
3(4), 323-343.

Quiggin, J. (1993). Generalized Expected Utility Theory: The Rank-Dependent Model. Kluwer, the
Netherlands.

Rischendorf, L. (2013). Mathematical Risk Analysis. Dependence, Risk Bounds, Optimal Alloca-
tions and Portfolios. Springer, Heidelberg.

Wang, B. and Wang, R. (2016). Joint mixability. Mathematics of Operations Research, 41(3),
808-826.

Wang, R. and Wei, Y. (2020). Characterizing optimal allocations in quantile-based risk sharing.
Insurance: Mathmatics and Economics, 93, 288-300.

Weber, S. (2018). Solvency II, or how to sweep the downside risk under the carpet. Insurance:

19



Mathematics and Economics, 82, 191-200.
Yaari, M. E. (1987). The dual theory of choice under risk. Econometrica, 55(1), 95-115.

A Proof of Proposition 1

Proof of Proposition 1. The “only if” part follows directly from the property of VaR. We
next show the “if” part. We first focus on the case p = AVaR for some function A : R — (0, 1).
We will consider two scenarios separately. First, suppose A is an increasing function. We assume
by contradiction that there exist x; < @2 such that A(zq) < A(zz). Let X € X with the following
distribution

Fx(l‘)

2 — A(z1) — A(z9)
= 2 ]l{m<1<:cz+a} + ]l{x>1:2+a}7 r€R

for some a > 0. It follows that p(X) = z5. Note that

2 — A(l‘l) — A(.’L'Q)
2

FX—(mQ—zH-a) (x) = ]l{r1—a<x<z1} + ]l{x>z1}7 z €R.

Hence, by (4), we have p(X — (2 — x1 + a)) = x1. However, cash-additivity implies p(X — (2o —
x1+a)) = p(X) — (x2 — 21+ a) = 21 — a, leading to a contradiction. Hence, A is a constant on R.
If A is a decreasing function, suppose by contradiction that there exist x; < xo such that

A(z1) > A(xz). Let X € X with the following distribution
Fx(x) = (1 — A(‘rl))]l{xl—1<$<ac1} + ]l{$>x1}, z € R.

Direct calculation gives p(X) = x1 —1. Moreover, by definition, we have p(X +x3—x1+1) = 2o+1.
Using cash-additivity, it follows that p(X 4+ 22 — 21 + 1) = p(X) + 22 — 21 + 1 = o, which yields
a contradiction. Hence A is a constant.

For p = AVaR™, we could similarly show that cash-additivity implies that A is a constant.

This completes the proof. O

B Proof of Section 3.1

In this section, we display all the proofs of the results from Section 3.1.
Proof of Theorem 1. The proof of (8) is a direct application of Proposition 9, which will

be given later. Now, we consider all the other conclusions. We first consider cases (i) and (ii). Let
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us start with the case n = 2. For any X; € X, we denote 1 = A;VaR(X7). For some m € R, let

Xo =z1lpy, <1-ay (@)} T (@1 VXLV (X +m)) Livg s1-0,(21))-

By the definition of AVaR, we have Fx, (1) > 1 — A1(x1), which implies z; > F);ll(l — Ay (x1)).
Hence we have A;VaR(X3) = 21 and X; < Xo2. By monotonicity of AxVaR, we have

AlVaR(Xl) + A2V&R(X — Xl) > AlVaR(Xg) + AQV&R(X — XQ)
Observe that
X =Xo =X —21)lye <i-ay @y + (X —2) AX = X)) A (=m)) Liuy, > 1284 @0}

Direct computation shows P(X — Xy < —m) > Aj(x1). If A\J + AJ > 1, there exists 21 € R such
that Aj(w1) > 1 — AJ. This implies that P(X — Xo < —m) > 1 — Ay(—m) if m > myg for some
mo € R. Hence Ay VaR(X — X5) < —m. Consequently, lim,, (A1 VaR(X3) +AsVaR(X — X)) <
lim,,—y00(x1 —m) = —oco. This implies A; VaR O A VaR(X) = —c0.

We next consider the case Af + A < 1. Let

Xz =21lwy<i-n @y T (X +m)Lues1-a0)) (25)

where m > 21 — Fx.'(1 — Ay (21)). Using the fact that P(X < 4+ x1,Ux, <1 —Ay(21)) <P(X <

x+x1,Ux <1—=A1(x1)), we have for z > —m,

P(X—ngx):Al(xl)—i—P( <J)+J¢1,UX1 Sl—Al(xl))

X
< A1<.7,‘1) —|—]P)(X < (E—l—.’L’hUX < 1 _Al(xl)) = IP(X —X3 < Jf)
We set

m >z — Fe' (1= = A). (26)

For x < —m, it follows that

P(X - Xy <) < Fx(z+x) A1 —Ar(x1)) + Ar(z1) < 1 — Ag(x),

P(X —X3<2)=Fx(@+z1)A(1—A1(z1)) <1—As(x).

This indicates that Ao VaR(X —X3) > —m and A;VaR(X — X3) > —m. Hence we have Ay VaR(X —
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X3) € A2VaR(X — X3). Direct computation yields P(X — X3 < z) = (A(z1) + Fx(z +x1)) Al
for x > —m. Note also that Aj(z1) + Fx(x + z1) < 1 — Ag(x) for x < —m, and Ay VaR(X3) =

Ay VaR(Xs) = 21. Consequently, we have

A1 VaR(X3) + AoVaR(X — X3) = 21 +inf{x : P(X — X3 <z) > 1 — As(2)}
=a+inf{z : Ay(z1) + Fx(z +21) > 1 — As(2)}
=21 +inf{y — 21 : Fx(y) 21— Aa(y — 21) — Aa(21)}
=inf{y : Fx(y) 2 1 — Ao(y — 21) — Ay(21)} = A" VaR(X),

where the last three equalities are actually the so-called A cash-additivity in Frittelli et al. (2014).
Therefore, for any X; € X with 7 = A;VaR(X;) , we have

Ay VaR(X1) + AyVaR(X — X1) > A" VaR(X) > inf A" VaR(X).

x1 ER

This implies A;VaROAzVaR(X) > inf,, er A" VaR(X). Moreover, for any z; € R, we could
construct X3 as in (25) such that A;VaR(X3) + AoVaR(X — X3) = A**VaR(X). Hence

A VaR[OAsVaR(X) < inf A™ VaR(X).

x1ER

We establish the claim for n = 2.

We next prove the result for n > 3 by induction. Suppose the conclusion holds true for n < k,
where k > 2. We next show that the conclusion is also correct for n = k+ 1. Forn =k + 1, we
first consider the case Zkﬂ A < 1. Using Lemma 2 in Liu et al. (2020) and the conclusion for

n < k, we have

k+1 k
0 A;VaR(X) = (D AiVaR) 0 Aj1 VaR(X)
=1 =1

- ( inf AxleaR> O Ajg1 VaR(X)

Xp_1ERF—1

inf {Y eX: inf A 'VaR(Y) + Apyi VaR(X — Y)}

X1 ERF—1

= inf inf{Y eX:A*VaR(Y)+ Ar11VaR(X = Y)}

Xp_1 ERF~-1
= inf A®VaR(X).
xr ERF
Next, we consider the case ZkH )\+ > 1. If Zle )\;r > 1, then by the assumption, we have
OF_, A;VaR(X ) = —oco. It follows from Lemma 2 in Liu et al. (2020) that O A;VaR(X) =

~ min(AF+1 k+1 y+
—co. TEYF AP <1, fori = 1, k, let A; = A, — & with e < 2= 2 A D

. Using
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monotonicity of AVaR with respect to A, we have

k41 ko~
D1 A;VaR(X) < < O A,-VaR) OAg4+1VaR(X).
i= i=1
It follows from the fact that Zle A —ke < 1 and the conclusion for n = k that (0%_; A;VaR(X) =
infy, | epr—1 A*=1VaR(X), where A¥+1(z) = ([\k(x — 1)+ Zi:f Az — xi,1)>. Hence, for
any xx_1 € RF-T
k+1 -
0O A VaR(X) < A**-'VaR O Ag41 VaR(X).
i=1

1=

We could choose xj,_; € R¥~! such that sup, g A% (z) > Zle A — (k + 1)e, which indicates
A+ Sup,ep A¥=1(z) > Efill A — (k+ 1)e > 1. The conclusion for n = 2 above implies
A*-1VaR [ Ajy 1 VaR(X) = —oo, which further indicates 0¥ A;VaR(X) = —oo. We establish
the claim for n > 3.

Finally, we focus on (iii). Suppose the optimal allocation of the inf-convolution is (X7, ..., X,),
e, Y X; = X and 0%, A;VaR(X) = 7, A;VaR(X;). Then we have (0F_; A;VaR(¥F_, X;) =
Zle A VaR(X;) for all k = 2,...,n. Using the above argument for n = 2, we could find
z1 € R such that A;VaR(X;7) + A2VaR(Xs2) > A**VaR(X; + X5). Using the conclusion in
(1), AiVaROA2VaR(X; + X3) = infy, cr AY'VaR(X; + X3) < A¥*VaR(X; 4+ X3). Consequently,
A1 VaR O AsVaR(X; +Xs) = A¥*VaR(X; + X5). Using the above argument for n = 2, we could find
x2 € Rsuch that A¥'VaR(X;+X5)+A3VaR(X3) > A*2VaR(X;+ X2+ X3). Using the conclusion in
(i), we have [%_, A;VaR(X;+Xo+X3) = infy, cpe AY2VaR(X; +Xo+X5) < A% VaR(X;+Xp+X3).
Hence we have [(013_; A;VaR(X; + X2 + X3) = A*2VaR(X; + X5 + X3). We continue this process
and finally we could find x,,_1 € R"™! such that O7_; A;VaR(X) = A**-1VaR(X). This implies
that x,_; is the minimizer of (7).

Suppose X, 1 is the minimizer of (7), i.e., A*»-'VaR(X) = O, A;VaR(X). Let Y, = X
and fork=n—1,...,1,

Vi = 2kliuecimai-1(zr T Vi1 + ) Lipes1oa%e-1(z03

with my satisfying my > xp — F;l(l - ZZ’:l )\f) Note that Uy and Y} are comonotonic for

k =mn,...,1. Hence, direct calculation yields, for k = 2,...,n,

Ax"_kVaR(Yn_k+1) + An_k+2VaR(Yn_k+2 — Yn—k+1) = Ax"_k+1VaR(Yn_k+2).

23



Adding up both sides of the above equalities, we have

AL(Y1) + 3 AjVaR(Y — Yioy) = A% VaR(X) = ﬁl A;VaR(X).

=2

This implies the optimal allocation is

Xn = Yn - Ynflaanl = Ynfl - Yn72; .. -7X1 = Yl-

We can obtain the expression of the optimal allocation by noting that for k=n—1,...,1,
n—1
Yi = wxliuy<i—amr—1(z)) T (X + ZTTLz) Ly s1-a%k-1(ap)}-
i=k
This completes the proof. O

The next proposition shows the validity of (8) in Theorem 1.

Proposition 9. For A; € Hp with 0 < A, < )\i+ < 1, we have

inf  A*'VaR(X) > A*VaR(X).

Xp_1€ER?1T
Moreover, the above inequality holds as an equality if all )\fE are attainable.

Proof. First, note that A* is a decreasing function. Using the monotonicity of AVaR with respect

to A, we have A*»-1VaR(X) > A*VaR(X), which implies

xn,}g@—l A*=1VaR(X) > A*VaR(X).

Next, we show the equality holds under the assumption that all )\li are attainable. By
this assumption, there exist z; and z; such that A;(x;) = A and A;(z]) = Af. Note that
A*(x) = sup,, , cpn—1 N1 (z) =sup, ., (371, Ai(yi)) A1. We next prove the existence of
the maximizer x,,_1 or equivalently (y1,...,¥,). By contradiction, we suppose the maximizer does
not exist. Then there exists a sequence (ygk), e ,y,(Lk)), k > 1 such that y%k) + -t yy(Lk) =z and

S Ai(ygk)) 1 A*(z). By choosing a subsequence, we could force ygk) to be monotone with respect
(k) _

to k. Let Ay ={ie{l,...,n}: limp 00 ygk) =oo}, Ay ={i e {l,...,n} : limy 00 y; —o0}
and Az = {i € {1,...,n} : im0 ygk) € (—o0,00)}. Note that A; = @ is equivalent to As = ().
Now, we suppose A; # (. Then Ay # () and we have >, , yl(k) + S sen, yl(k) =2—Yca, yl(k).

Let gjgk) = :Ez+ + My, 1 for i € Ay, g]gk) =x; — My fori € Ay, and g}gk) = yi(k) for i € As. We can
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choose M}, 1 > 0 and M}, o > 0 such that

S =N+ > ar v mMey —naMya = -y y,

1€A1UAS €A, 1€EAo 1€EA3

where n; = Card(A;) and ng = Card(Asz). Note that M}, 1 and My, 2 can be chosen to be bounded,

indicating that (~(k)7 - ,g],(f)) is a bounded sequence. Moreover, Y ", A-(~(k)) T A*(x), and we

7" to be monotone by picking a subsequence. We denote y; = limy_, 9; k) 1 y(k) <yl

force ¥;
for all k > 1, by the left-continuity of A;, we have lim_, o Al(yz( )) = A (y)); If y(k) > yf for all
k > 1, using the left-continuity and monotonicity of A;, we have limy_, o A; (yl(k)) < Ai(y)).

Then we have A*(z) < (X1, Ai(yf)) A1, implying A*(z) = (3°1, Ai(y})) A 1. Denoting
x; = Z§'=1 y;, we have A*"=1(x) = A*(z). This shows the existence of the maximizer.

For simplicity, we denote z* = A*VaR(X). If 2* = —oo, then there exists a sequence y — —00
as k — oo such that Fx(yr) = 1 — A*(yx). Using the previous conclusion, there exists a sequence
xglk_)l such that Axitkf)l(yk) = A*(yg). This implies that Fx(yx) > 1 — Axikf)l(yk). Hence we have
infy _ egn-1 A**1VaR(X) < AxR? lVaR( ) < yp — 00 as k — oo.

Next, we consider the case z* > —oco. By definition, Fx(2*) > 1 — A*(z*) or there exist
Yk 4 o* such that Fx(yg) > 1 — A*(yr). If Fx(2*) > 1 — A*(z*), using the previous conclusion,
there exists x,,_1 € R"~! such that A*»—1(z*) = A*(z*). Hence, we have Fx (z*) > 1 — A*n—1(z*).
This implies A*»~1VaR(X) < 2*. Hence, inf, _ cgn—1 A*-1VaR(X) < z*.

If there exist yy | * such that Fx (yx) = 1—A*(yx), using the previous conclusion, there exists
a sequence of x(k)1 € R such that AXn1 (yr) = A*(yx). Hence, we have Fx (y) > 1-Axn (yx)-
This implies AXR? 1VaR( ) < yg. Hence inf, _ cgn—1 A*—'VaR(X) < yp — 2* as k = oo. We
establish the claim. O

Proof of Proposition 2. Using Y. | "A\7 < 1, Lemma 2 in Liu et al. (2020) and the

expression in Theorem 1, we have

n—1
( 0 ANaR) OA,VaR(X) = inf  (A*2VaR[JA,VaR(X)).
i=1

Xp_o€R™—2

We first show case (i). Note that A*—2(z) = Ay (z1) + As(xe —x1)+ -+ Ap—1(x —2p—2). We can
choose X,,_5 € R"~2 such that AX»—2(x) = Z?;f )\;' +Ap_1(z — xp—2). We fix x,,_o. Then there
exists x,,—1 € R such that A*—2(z,,_1) = Z?;ll A. Moreover, let z,, € R such that A, (x,) = A} .
We define X as

X1 = xn—l]l{ngl—A"’L*?(acn,l)} + (X + m)]l{UX>1_Axn—2(z"71)}.
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It follows that

PX -Xi1<—m)=A""2(2, 1)+ P(X < —m+2,_1,Ux <1 -A""2(x,_1))

implying A, VaR(X — X;) < —m. Hence we have

A*=2VaR [0 A, VaR(X) < A*~2VaR(X;) + A, VaR(X — X)

<Tpo1+AVaR(X —Xh) <zp1 —m — —0

as m — oo, implying (I:Iz;l1 AiVaR) OA,VaR(X) = —o0.
We next consider case (ii). We denote X' = sup,cp A*"=2(z). Our assumption implies A" +

AP < 1. For any X, X; € X, we denote y; = A*—2VaR(X;) and let

Xo = y1lquy, <i—amn—2(y)y T 41 VXLV (X + m) Ly s1oaxn-2(y0)}-

Then we have A*»-2VaR(X3) = y; and X; < X5. This implies A*»-2VaR(X;)+ A, VaR(X —X;) >
A*"—2VaR(X3) + A, VaR(X — X3). Let

Xs =ylqueci—nn-—z2(y)y + (X +m)Lyesipon-2y,))

where m > y; — Fy'(1 — A*»=2(y;)). Then we have A*»~2VaR(X3) = y;. For x > —m, we have
P(X — Xy < 2) < P(X — X3 < 7). Note that our assumption implies A\ + A**-2(y;) < 1. By
setting m > y; — F ' (1 — AP — AXn=2(y;)), it follows that for x < —m,

P(X — Xo <o) SN2 (1) + P(X <2431, Ux, <1-A"2(y1)) <1—Ay(2),

P(X — X3 <) =P(X <z 4y1) A (L= A2(y1)) <1 - An().

This implies A, VaR(X —X5) > —m and A, VaR(X —X3) > —m. Hence, we have A,, VaR(X —X3) <
A, VaR(X — X3). Following the same argument as in the proof of Theorem 1 for n = 2, we can
show A*»—2VaROA, VaR(X) = inf,, ,er A¥~1VaR(X). This completes the proof. O
Proof of Example 1. Applying Theorem 1, we have
7 A;VaR(X) = A*VaR(X).
i=1

1=

In order to compute A*, we split R"~! into 27! disjoint subsets. Let N; C {1,...,n —1},i =
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1,...,2" ! be distinct sets. We denote B; = {x,—1 € R""! : z; —x;_1 < b; only for j € N;}.
Then we have B; are disjoint and Uf:;lBi = R"!'. Without loss of generality, we suppose N; = ()
and Ny = {1,...,n —1}. Over B;, we have

A= (z) = A — zp—q) Z)ﬁ—i—Z)\
jGN ]ej\/P
where NP ={1,...,n— 1} \ ;. Note that for ¢ > 3, under the constraint x,_1 € B;, T,—1 can
take any value in R. Moreover, over By, the range of z,,_1 is (Z;:ll b;,00), and over By, the range

of ¢,_1 is (—o0, Z?;ll b;]. Direct computation shows for i =1,

sup  AXn-1( —A++ZA

Xn—-1€B;

for i = 2,

n—1 n—1
sup A*1(z) = Z A+ Ay (2 — Z b)) =
i=1 i=1

Xn—1€B;

and for 7 > 3,
sup A (@) = A4 Y0 AT+ D AT

Xn—1€B; JEN; jENic

These equations imply A*(z) = A* V A®(z). Hence, by Theorem 1, we have

) A;VaR(X) = (A\* V A°)VaR(X).

i=1

C Proof of Section 3.2

This section is devoted to the proofs of all the results in Section 3.2.

Proof of Theorem 2. The proof of (10) is given by Proposition 10. Now we only focus on
the proof of other conclusions. The proof is similar to that of Theorem 1. We first consider cases
(i) and (ii). Let us start with the case n = 2. For any X; € X, we denote 1 = A;VaR(X;). For

some m € R, let

Xo = m1l{uy, <1-ay@)y (@ VXL V(X +m)) Ly >1-40(21)}-
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Note that A;VaR(X3) = 21 and X; < X». Hence, by monotonicity of A;VaR, we have
A1 VaR(X7) + Ao VaR(X — X7) > AjVaR(X2) + Ay VaR(X — X5).
Observe that
X —Xo =X —21)liyy, <1-py (@)} T (X —21) A(X = X1) A (=m)) Livg, >1-A1(21)}

Direct computation shows P(X — Xo < —m) > Aq(zq). If )\T + Ay > 1, there exists z; € R such
that Aj(z1) > 1 — A5 . This implies that P(X — Xo < —m) > 1 — A, > 1 — Ay(—m). Hence
Ao VaR(X — X3) < —m. Consequently, lim,, o (A1 VaR(X2) + Ao VaR(X — X3)) < limy, 00 (21 —
m) = —oo. This implies A;jVaR[OA;VaR(X) = —oo. We could analogously obtain the same
conclusion if \| + A\ > 1.

We next consider the case (A\] +A3) V (Af + ;) < 1. Let
Xz =m1lue<i-a @)y + (X +m) Ly s1-a, (20} (27)
where
m >z — Fg'(1— Ag(21)). (28)
It follows that for z > —m,

P(X —Xo<2)=MA(21)+P(X <z +2,Ux, <1—A1(21))
X <

<A1($1)+]P)( x—i—thX<1—A1(x1)):IP’(X—X3<x).
Note that we could find m € R such that
A1($1)+Fx(—m+$1) < 1—A2(—m). (29)

For x < —m, it follows that

PX —Xo <o) SP(X <z+4+21,Ux; <1—=A1(21)) +A1(z1) <1—As(2),

]P)(X — X3 < ZL’) = Fx(.% + 1'1) AN (1 — Al(l'l)) <1l-— AQ(ZL’)

This indicates that Ao VaR(X —X3) > —m and A3 VaR(X — X3) > —m. Hence we have Ao VaR(X —
X3) < AgVaR(X — X5). Direct computation yields P(X — X3 < @) = (A1(z1) + Fx(z +21)) A1
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for x > —m. Note also that A;VaR(X3) = A;VaR(X3) = x;. Consequently, we have

Alv&R(Xg) + AQV&R(X — Xg) =1 + 1nf{x . P(X — X3 g 1‘) 2 1— AQ(ZE)}
=z +inf{z: Ay(x1) + Fx(x +21) > 1 — As(2z)}
=inf{y: Fx(y) 21— Aa(y —x1) — A1 (1)} = A VaR(X).

Therefore, for any X; € X with z; = A;VaR(X7) , we have

A VaR(X1) + A;VaR(X — X) > A VaR(X) > inf A¥ VaR(X).

z1ER

This implies A;VaROA3VaR(X) > inf,, g A¥*VaR(X). Moreover, for any x; € R, we could
construct X3 as in (27) such that A;VaR(X3) + AsVaR(X — X3) = A**VaR(X). Hence

A1 VaRO A VaR(X) < inef]R A VaR(X).
1

We establish the claim for n = 2. We could prove the result for n > 3 by induction analogously as
in the proof of Theorem 1. Following the same argument as in the proof of (iii) of Theorem 1, we
can show (iii) by noting (27), (28) and (29). The detailed proof is omitted. O

The conclusion in next proposition is sufficient to show (10) in Theorem 2.

Proposition 10. For A; € H; with 0 < A\ < )\i+ < 1, we have

inf A 'VaR(X) > A*VaR(X).

Xp—1ER?—1

Moreover, the above inequality holds as an equality if all )\?E are attainable.

Proof. First, note that > ;" A7 < A*(z) < 1. Moreover, one can easily check that A* is an
increasing function. Using the monotonicity of AVaR with respect to A, we have A*»-1VaR(X) >
A*VaR(X), which implies inf, _ cgn—1 A= VaR(X) > A*VaR(X).

Next, we show the equality holds under the assumption. By the assumption, there exist z;” and

x} such that A;(z;) = A; and A;(z]) = A\]". Note that A*(x) = SUD,, 4. gy = (i M) AL

In the proof of Proposition 9, we have shown that there exists a bounded sequence (yik), . ,yﬁlk))
such that ygk) +o 4y = 2 and Dy Ai(yfk)) 1T A*(z) as k — oo. Moreover, we can force

ygk) to be monotone by picking a subsequence. We denote y = limy_, y(k). If ygk) > y7, by the

(k)

A;, we have limy_, Ai(y(k)) < Ai(yF). Consequently, A*(z) < (37, Ai(y})) A1, which implies

i

A*(x) = (31, Ai(y;)) A 1. Denoting z; = Z;Zl y;, we have A*»~1(x) = A*(x). This shows the

right continuity of A;, we have limy_, Ai(ygk)) = Ni(y}). If y;”’ < yf, by the monotonicity of

existence of the maximizer. Following exactly the same argument as in the proof of Proposition 9,
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we obtain inf, _ cgn-1 A¥*~1 < A*VaR(X). This completes the proof. O

Proof of Proposition 3. Note that A*"-* and A* are increasing functions. Hence, in light

of Theorem 3.1 in Han et al. (2021) and Theorem 2, we have if \/_, (A\; + D i )\;r) <1,

1=

0 A;VaR(X) = inf A*—'VaR(X)
1

Xp_—1ER?—1

= inf inf VaRpx.— X))V,
anirelR"—lzclnl,le]R alia 1(a:n)( ) x

inf (VaRZ:Ll Ai(yi)(X) \/(Z %)) .

Y150, Yn ER

If in addition, all \¥ are attainable, then (07, A;VaR(X) = A*VaR(X) = inf,er (VaRp«(z)(X) V) .
This completes the proof. O

Proof of Proposition 4. The proof is the same as that of Proposition 2. Hence it is
omitted. O

Proof of Example 2. Applying Proposition 10, we only need to compute sup, _, cgn—1 A¥"=1(z).
To compute this value, we split R"~1 into 2"~! disjoint subsets. Let N; C {1,...,n — 1},i =
1,...,2"" ! be distinct sets. We denote B; = {x,—1 € R"™! : z; —x;_1 < bj only for j € N;}.
Then we have B; are disjoint and U?;IlBi = R"!. Without loss of generality, we suppose B; = 0
and By = {1,...,n— 1} . Over B;, we have

A=1(z) = | Ap(x —zp1) + Z Ay + Z AT AT,
JEN; jeNE
where NP ={1,...,n— 1} \ ;. Note that for ¢ > 3, under the constraint x,_1 € B;, T,—1 can

take any value in R. Moreover, over Bj, the range of x,,_1 is [Z;le b;,00), and over By, the range

of x,_1 is (—o0, Z;le b;). It follows that, for i =1,

sup A1 (z) = A°(z);

Xn—1€B;

for i = 2,

n—1
sup AX-1i(x) = AP+ Z A
i=1

Xn—1€B;
and for 7 > 3,
sup AX (@) = AT+ DDA+ DAL

Xn—1€B; ]ENL jENiG

Combing the above equalities, we have sup, _ cga—1 A*"=1(x) = A* V A°(z). In light of Theorem
2, we establish the claim. O
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D Proof of Section 4

In this section, we give all the proofs of the results in Section 4.
Proof of Theorem 3. For any z,y € R, define X1 = 21y, <1-a@)} + (X —9) L >1-A()}-
Note that P(X; < z) > 1 — A(z), implying AVaR(X;) < x. Hence we have

AVaR(X1) + p(X — X1) <z + p(Xuy) -
This implies AVaROp(X) < = + p(Xz,y). As x,y are chosen arbitrarily, we have

A X) < inf inf Xo)t.
VaROp(X) < inf inf {2 +p(Xay)}

We next show the inverse inequality. For any X; € X, note that AVaR(X;) € (—o0,00). Let
z1 = AVaR(X1). Define Xo = 211(yy <1-A(ay)) + (21 V X1 V(X —m)) Lipy s1-A(zy)y- Clearly,
Fx,(x1) > 1 — A(x1). This implies that AVaR(X2) = 21 and X; < X3 a.s.. By monotonicity of
p, we have AVaR(X1) + p(X — X1) > 21 + p(X — X3). Define X3 = 211y, <1-a(zy)y + (X —
M)y >1-A@zy)} With m < Fi'(1— A(z1)) — 21 and recall X, = (X — 1) luc<1-A@)} +

MLy >1-A(z,)}- For = m, it follows that

P(X —Xo <2)=Az1) +P(X — 21 < 2,Ux, <1—A(z1))

<A(x) +P(X —21 <2, Ux <1—A(x1))
P

(X — X3 <2) =P(Xy, m < 2).
If X = L*°, by choosing m < (ess-inf(X — X1)) A ess-inf(X — x1), it follows that for x < m,

P(X —Xo<2)=P(X —21 <2,Ux, <1—A(z1))

N

I
= =

(X—.Tl

N
5

Z, < 1 —A(.CL‘l))

(X —X3<2)=P(X;, m <2)=0.

By monotonicity and law-invariance of p, we have p(X — X3) > p(X — X3) = p(Xyy.m). I pis an
e-tail risk measure, we choose m small enough such that P(X — Xy < m)VP(X — X3 <m) < 1—e.

Then we have, for x € R,

PX-Xe<2)—14e) s S(P(X - Xg<a)—1+e)y = (P(X = Xoym <) —146)4.

It follows from the monotonicity of p and the fact that p is an e-tail risk measure that p(X — X5) >
p(X —X3) = p(Xg,,m)- Note that AVaR(X2) = AVaR(X3) = x;. Therefore, with m small enough,

31



we have

AVaR(Xl) + ,O(X — Xl) = x1+ p(X — XQ) = x1+ p(X — Xg)

= o1+ p(Xarm) > inf inf {2+ (Xoy)}-

This implies the inverse inequality.

We next show that the existence of the optimal allocation implies the existence of the min-
imizer of (12). We assume that there exists X; € X such that AVaR(X;) + p(X — X3) =
AVaROp(X). Following the same argument as above to show the inverse inequality, there ex-
ists y1 € R such that AVaR(X1) + p(X — X1) > 21 + p(Xy, 4,) with 1 = AVaR(X;). Hence
AVaROp(X) 2 21 + p(Xz, 4, ) = infoerinfyer {z + p (X5,y)} = AVaROp(X). This implies that
(21,y1) is the minimizer of (12), leading to a contradiction.

If (z*,y*) is the minimizer of (12), then (X7, X3) is well defined. We have P(X} < z*)
1 — A(z*). By the definition, we have AVaR(X7) < z*. Hence we have

WV

AVaR(XT) + p(X = X7) < 2" + p(Xoe 5+) = inf inf {2+ p(X;,)} = AVaR O p(X).
z )

Therefore, the optimal allocation exists and one of them is (X7, X — X7). O

Proof of Theorem 4. We first focus on the case n = 2. In light of Theorem 3, we have
A1 VaROA;VaR(X) = inf ianQ {z +A2VaR (X, )},

zeR ye
where X, = (X — )1y <1-a,(2)} + ¥l{ux>1-a,(2)}- Direct computation gives Fx,  (z) =
(Fx(z+z)+Ai(x)) A1, z>yand Fx, (2) = Fx(z+x)A(1—Ai(x)), 2 <y. We first fix x and
let y < Fx'(1—Af —AJ) — 2. Then for z < y,
Fx,,(2) S Fx(z+2) <1=X =\ <1-As().

This implies that A;VaR(X, ,) > y. Moreover, for z > y,
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Hence for y < Fx'(1 -\ —\)) —z,

2+ AoVaR(X,,) =z +inf{z € R: Fx, (2) > 1 — As(2)}
—z+inf{z>y: (Fx(z+2)+ A (@) A1>1—Ay(2)}
=z+inf{zeR: Fx(z+z)+Ai1(x) 21— As(2)}
—inf{z € R: Fy(z) >1— As(z —z) — Ai(2)}
= A"VaR(X),

where A”(z) = (A1(z) + A2(z — 2)) A 1. Using the monotonicity of AsVaR(X; ,) with respect to
y, we have inf,eg {2 + A2VaR (X,,,)} = A*VaR(X). Therefore, we conclude that if AT + A\J < 1,

A1 VaR A, VaR(X) = inf A¥ VaR(X).

x1 ER

Now we consider the case (ii). Without loss of generality, we suppose )\f + Ay > 1. For any

0<e<A +\; —1, we could find 29 € R such that A;(zo) > ] —e. Note that

Fx,y () = (Fx(y +20) + Ai(z0)) A1

>Ai(z0) 2N —e>1-X; >1-Ay(y).
This implies AaVaR(X,, ) < y. Letting y — oo, we have

inf inf {z + Ao VaR (X, )} < zo + A2VaR(Xy, ) < 20 +y — —00.
zeR yeR : :

We have shown (i) and (ii) for case n = 2. Using the same argument as in the proof of Theorem
1, we can extend (i) to the case n > 3 by induction. For (ii), without loss of generality, suppose
An + Z?;ll A; > 1. By the monotonicity of AVaR, we have A;VaR(X) < VaR,, - (X). In light of
Lemma 2 in Liu et al. (2020), we have |

n n—1 n—1
0 A;VaR(X) = (O A;VaR) A, VaR(X) < (O VaR,-) A, VaR(X).
i=1 i=1 i=1 i

1=

It follows from Theorem 1 and Proposition 2 that D?;ll VaR,- = —o0 if Z?:_ll A; =1, which in-
dicates that O ; A;VaR(X) = —oo. Moreover, if Z?:_ll A; <1, by Lemma 2 in Liu et al. (2020) or
Theorem 1, we have (/"' VaRA; = VaRZ:;l AT Hence, O, A;VaR(X) < VaRZ;;l A O A, VaR(X).
It follows from the fact that A, + Z?;ll A; > 1 and the conclusion from the case n = 2 that
O, A;VaR(X) < VaRyn1 - OA,VaR(X) = —oco. We establish the claim for n > 3.

We can establish (15) using exactly the same argument as in the proof of Proposition 9.

33



Moreover, we can also prove (iii) using the same argument as in the proof of (iii) of Theorem 1.
Hence the details are omitted. O

Proof of Proposition 5. Applying Theorem 3, we have

AVaROp(X) = inf inf {z +E (u (X ~ o)Ly <i-a@) +¥lwxs1-a@))) )

= inf inf {o +E (u (X - 2)Liveci-awn) +u@)A@)}

- al:IeleQ {4+ aA(x) +E (u (X — 2)L{uy<i-a@)})) |-

Note that AVaROp(X) = —oo if @ = —oo. This completes the proof. O
Proof of Proposition 6. First, applying Theorem 3, we have

z€R yeR

1
AVaROp(X) = inf inf {x —|—/ u(VaRt(Xw,y))dg},
0

where X, , = (X — o)y <i-a@)} + ¥l{ux>1-A@)}- We now let y < ess-infX — x. Direct

calculation gives

Fit(l—t—Az) — =z, t<1-—Az)

VaRt(Xr7y) =
Y, t>21- A(x)

Hence

1 1-A(z)
/0 u(VaRy(Xz,y))dg = /0 w(Fx (1=t — A(x)) — 2)dg + u(y) (1 — g(1 — A(x))).

Note that if g(1—A") < 1, there exists 29 € R such that g(1—A(zg)) < 1. If in addition, a = —oo,

we have

1

inf [ w(VaRy(Xz,,y))dg(t) = —o0.
y€ER Jo

For the cases of g(1 —A*) =1, or g(1 — A*) <1 and a > —o0, the conclusion can be obtained by

a direct computation. O

E Proof of Section 5

This section is dedicated to the proof of all the results appeared in Section 5.
Proof of Theorem 5. First, note that SSD-consistency implies that p is monotone and law-

invariant. For any X; € X, let = AVaR*(X). Using the fact that X — F);ll(UX) Siex X — X4
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and p is SSD-consistent, we obtain p(X — X;) > p(X — F)}}(UX)). Hence we have
AVaR™ (X1) + p(X — X1) > 2+ p(X — Fy (Ux)).

For simplicity, we denote Xo = F)?}(UX). Next, we will show p(X — X5) > inf,>,va, p(X —
Fyy(Ux)).

If X = L™, let y > 2(ess-sup|X| V ess-sup|X1| V |z|). Then we have F, ,(z) = Fx,(2) = 1
if z > y. By the definition of AVaR™" and the right-continuous of A, we have Fx,(z) > 1 — A(z)
for z > x, which together with the monotonicity of Fx, implies Fix, (z) > 1 — A,(2) for z > x.
By noting that F, ,(z) = Fx,(2) =1 for z > y, we have F, ,(2) < Fx,(z) for all z € R, which
implies X5 < F;’;(UX) Consequently, p(X — X5) > infy>ave, p(X — F;);(UX)) by noting F , is
decreasing in y.

Next, we consider the unbounded X. We set y > x V 2. Then we can write

X = F, ,(Ux) = (X = F, y(Ux))L{uy <Fx, () AFx (4/2)}

+ (X = Fyy (Ux)) U ry, ars (w/2)<Ux <Fx (572} + (X = Fr g (Us)) LUy > py (u/2)}

and X — Xp = (X — XQ)]I{ngpxl(y)/\Fx(y/g)} + (X — X2)1{UX>FX1(y)AFX(y/2)}- It follows from
the definition of AVaR that Fx,(z) > 1 — A(z) for all z > x. This implies Fx, (2) > Fg4(2)
for all z < y. Consequently, on {Ux < Fx,(y) A Fx(y/2)}, we have X; < F, !(Ux), implying
X—X, > X—F;}(Ux). Let y > 2|Fy! ¢ (1—¢)|. Then on {Fx, (y)AFx(y/2) < Ux < Fx(y/2)},
we have X — F, [(Ux) =X —y<y/2—y=—y/2< F);iXQ(l —¢). Finally, over Ux > Fx(y/2),
X~ FoJ(Ux) = —9/2 < Fyly,(1-9).

Combing the above information, we have for z > F ;i X2(1 —e),

P(X — F, ,(Ux) < 2)
=1—Fx,(y) AFx(y/2) + P(X — F, ,(Ux) < 2,Ux < Fx, (y) A Fx(y/2))

> 11— Fx,(y) A Fx(/2) + P(X — X2 < 2,Ux < Fx, () A Fx(y/2)) > P(X = X5 < 2).

This implies for z > F§£X2(1 —e),( P(X =Xy <2)—1+4¢)y <(P(X - F,,(Ux) <z)—1+¢);.
The above inequality also holds for z < F)}ixz(l —¢)as (Fx_x,(z) —14+¢)4+ = 0. Using the fact
that p is a monotone and e-tail risk measure, we have p(X — X3) > p(X — F, (Ux)) for some

y =z V xo. Hence, p(X — Xo) > infy>,va, p(X — F,; }(Ux)) also holds.
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This further implies

AVaR(X1) +p(X = X1) 22+ p(X — Xo) > a+ inf p(X — F; 1 (Ux))

y=zVao

> inf inf {z+4+p(X-F,,;(Ux))}.

xeRy=>xVao

As X is chosen arbitrarily, we can conclude that

AVaROp(X) > inf inf {z+p(X - F,,(Ux))}.

zER y=axVag
We next show the inverse inequality. For x € R and y > x V xg, we have AVaR(F;’;(UX)) =z
Hence we have

z+p(X - F, )(Ux)) = AVaR(F, ;(Ux)) + p (X — F, ,(Ux)) > AVaRp(X),

implying the desired inverse inequality.

The same argument as in the proof of Theorem 3 can show the existence of the optimal
allocation of the inf-convolution is equivalent to the existence of the minimizer of (22). Hence we
omit the details. Finally, one can easily check that the allocation (X7, X3) is optimal. O

Proof of Proposition 7. In light of Theorem 5 and Remark 9, we have

AVaR* Op(X) = inf inf {z+E (u(X — F, }(Ux)))},

zeRy>xVao
where zo = 2F5"(1 — A7). Using (24), we only need to compute lim, o E (u(X — F; 1 (Ux))).

This can be done by noting

X - F ) (Ux) = (X —2) Ly <i-a@)y + (X = (1= A) 7 (Ux))L{1-a@)<Ux <1-A()}

+ (X =)Ly >1-a@)}-

The optimal allocation is easy to check using the result in Theorem 5.

Proof of Proposition 8. By Theorem 5 and Remark 9, we have
AVaR" Op(X) = inf inf {z+p, (X — F;;(UX))} ,

zeRy>xVag

where 7o = 2F'(1 — A™). Using (24), we only need to compute lim,_, pg (X — F;;(UX))
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Recall that A(z1) = A~. For y > x1, it follows that

X —F,,(Ux)=(X—2)luyci-a@)} + (X = (1= A (Ux)L{1-a@)<ux<i-r-}

+ (X =y Llys1-2-}-

If y > ess-supX —ess-inf X +x V1, we have IP’(X—F;,;(UX) <2)=P(X-y<2z,Ux>1-2A") <A™
for z < ess-supX —y; P(X — F, ,(Ux) < z) = A~ for z = ess-supX — y; and P(X — F, ,(Ux) <
z) = K,(2) for z > ess-supX — y. Hence, we have VaR,(X — F, }(Ux)) = F'l—=A"+1—t)—y
for t € [I — A7,1] and VaRy(X — F, (Ux)) = K;'(1 —t) for t € (0,1 — A7). Hence, for
y > ess-supX — ess-infX + x V x1, we have

1-A~ 1
pg (X = F 2 (Ux)) = / K;'(1—t)dg+ / (Fx'(1—=A"+1—1t) —y)dg.
0 1-A-
Clearly, g(1—A7) = 1 implies pg (X — F;;(UX)) = 01_)\7 K;1(1-t)dg and g(1—A") < 1 implies

limy o pg (X — F, }(Ux)) = —oc. This completes the proof. O
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