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Abstract

In this paper, we study the optimal reinsurance design from the perspective of an insurer with multiple
lines of business, where the reinsurance is purchased by the insurer for each line of business, respectively.
For the risk vector generated by the multiple lines of business, we suppose that the marginal distributions
are fixed, but the dependence structure between these risks is unknown. Due to the unknown dependence
structure, the optimal strategy is investigated for the worst-case scenario. We consider two types of risk
measures: Value-at-Risk (VaR) and Range-Value-at-Risk (RVaR) including Expected Shortfall (ES) as
a special case, and general premium principles satisfying certain conditions. To be more practical, the
minimization of the total risk is conducted under some budget constraint. For the VaR-based model
with only two risks, it turns out that the limited stop-loss reinsurance treaty is optimal for each line of
business. For the model with more than two risks, we obtain two types of optimal reinsurance strategies
if the marginals have convex or concave distributions on their tail parts by constraining the ceded loss
functions to be convex or concave. Moreover, as a special case, the optimal quota-share reinsurance with
dependence uncertainty has been studied. Finally, after applying our findings to two risks, some studies

have been implemented to obtain both the analytical and numerical optimal reinsurance policies.
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1 Introduction

As an important tool for an insurance company to manage risk, reinsurance attracts much attention from
both practitioners and researchers. The study of the optimal reinsurance design stems from the seminal paper
of Borch (1960), which was followed by much research on minimizing some measures of the risk exposure of
an insurer or maximizing the expected utility of financial wealth for a risk-averse insurer; see, e.g., Arrow
(1963), Heerwaarden et al. (1989) and Chi and Lin (2014). Recently, many works have focused on the VaR-
or ES-based reinsurance problem due to the prevalent use of VaR and ES to quantify the insurance risks
and set regulatory capital. One can refer to the monograph Albrecher et al. (2017) for a comprehensive
introduction on reinsurance and to the paper of Cai and Chi (2020) for a review of the risk measure-based
reinsurance designs. On the other hand, other approaches of studying optimal reinsurance, e.g. by minimising
the decision maker’s ruin probability, have also been widely explored. For example, Tan et al. (2020) show
that the optimal reinsurance exhibits a dual excess-of-loss form under a mean-TVaR premium principle.

Despite extensive studies on the reinsurance design for a single risk, the works on reinsurance with
multivariate risks are very few. In practice, an insurance company is more likely to run multiple lines of
business, and the reinsurance contract is purchased by the insurer for each line of business separately from
one or more reinsurers. This motivates the study of the reinsurance problem with multivariate risks from a
holistic perspective. In this paper, we are interested in minimizing some risk measures of the aggregate risk
faced by each line of business after the corresponding reinsurance. Finding the optimal policy is not easy, as
it involves both the marginal distributions of the risks and the dependence structure between these risks.

There are only a few papers on multivariate reinsurance designs. By considering the independent
and identically distributed risks, Denuit and Vermandele (1998) show that the stop-loss reinsurance treaty is
optimal for each line of business in the sense of a stop-loss order with expected premium principles. This result
is extended to some positively dependent risks in Cai and Wei (2012). In Zhu et al. (2014), the optimization
criterion is to minimize the insurer’s capital requirement, showing that one- or two layer reinsurance policies
are optimal for each line of business with general premium principles, which are valid for all the dependence
structures. Without specifying any dependence structure between these risks, Cheung et al. (2014) investigate
a min-max reinsurance problem by considering the worst-case scenario and using law-invariant convex risk
measures to assess the risk and the expected premium principle, where the optimal reinsurance policy is stop-
loss for each line of business. The fact that the worst-case dependence structure is comonotonic significantly
simplifies the problem. Bernard et al. (2020) study the optimal coinsurance with multiple policyholders from
the perspective of an insurer in the context of expected utility theory, showing that the optimal supply of
insurance may not match the demand from the interdependent policyholders.

In this paper, we follow the setup in Cheung et al. (2014) to study the min-max reinsurance problem
with multivariate risks without specifying the dependence structure. This setup is somehow reasonable as the
estimation of the marginal distributions has high accuracy, but the estimation of the dependence structure

has low accuracy and is sometimes even impossible. The misspecification of the dependence structure may



result in severe consequences in risk management; see, e.g., McNeil et al. (2015). Moreover, this assumption
is also motivated from the context where data from different correlated products are separately collected
and thus no dependence information is available; see Embrechts et al. (2013) and Embrechts et al. (2015).
Due to the unknown dependence structure, we adopt a robust optimisation approach and consider the
worst-case scenario. Ben-Tal et al. (2009) provide a standard reference of robust optimisation, while its
various application can be found in references such as Ben-Tal and Nemirovski (2008), Polak et al. (2010),
Bertsimas et al. (2011), Gabrel et al. (2014) and Asimit et al. (2017). Benati and Conde (2022) study
a relatively robust optimization model combining expected returns with risk and regret measures. Most
recently, the optimal reinsurance and insurance with model uncertainty have been studied in Chi et al.
(2022), Boonen and Jiang (2024) and Cai et al. (2024).

Instead of considering the law-invariant convex risk measures in Cheung et al. (2014), we use VaR and
RVaR to quantify the risk. The optimization criterion is to minimize the worst-case of VaR or RVaR of the
total risk exposure after reinsurance for each line of business. To be more practical, we impose a constraint
on the total budget of all lines of business.

As VaR and RVaR are not convex, our analysis is not easy and is based on the expressions of the worst
case of VaR and RVaR in the risk aggregation with known marginal distributions and unknown dependence
structure. One can find some of these expressions in Makarov (1981) and Riischendorf (1982) for the case
with two risks and Wang et al. (2013), Embrechts et al. (2013), Bernard et al. (2014) and Jakobsons et al.
(2016) for the case with more than two risks. Our analysis mainly relies on an extension of the most recent
expressions given in Blanchet et al. (2023), covering all the existing results in the literature where all the
marginal distributions have decreasing or increasing densities. We extend these results to the cases of the
marginals with convex or concave distributions on their tail parts, which is key in our analysis. Note that
the worst-case dependence structure under the VaR or the RVaR is the combination of joint-mixability ( see
Wang and Wang (2016)), and mutual exclusivity (introduced in Dhaene and Denuit (1999)), which is in fact
negatively dependent and completely different from the comonotonic dependence as shown in Cheung et al.
(2014).

As a result of the limitation of convexity or concavity on the marginal distributions in the expressions
on robust risk aggregation for VaR and RVaR, we constrain the feasible ceded loss functions to be convex
or concave for the case with more than two risks. Similar constraints on the ceded loss functions can also
be found in, e.g., Cai et al. (2008) and Cheung (2010). Moreover, we consider general premium principles
satisfying several assumptions, including the expected principle as a special case. With the above-mentioned
assumptions, we obtain the optimal reinsurance policy for each line of business for both VaR-based and
RVaR-based reinsurance problems. One optimal ceded loss function is a piecewise linear function with three
pieces, including the stop-loss function as a special case, and another optimal ceded loss function is a linear
function with an upper limit, which extends the quota-share function. If there are only two risks, all the
constraints on the ceded loss functions and the marginal distributions can be removed for the VaR-based

reinsurance problem and the optimal reinsurance policy is a limited stop-loss for each line of business. For



the RVaR-based reinsurance problem, we exclude the case with two risks and the case for marginals with
convex distributions on the tail parts due to the lack of expression for robust risk aggregation.

The quota-share reinsurance design with dependence uncertainty is also considered. It turns out that
the optimal reinsurance policy for each line of business is either full coverage reinsurance or zero coverage
reinsurance when the budget constraint is meaningless. This implies that the insurer may refuse to buy
reinsurance contracts for some lines of business, which is somehow connected to the findings in Bernard et al.
(2020), where the insurer refuses to sell insurance to some policyholders for the scenario of dependent risks.

The structure of the rest of the paper is as follows. In Section 2, we set up our model and display some
necessary notation. Sections 3-4 are devoted to the study of the VaR-based and RVaR-based reinsurance
design with multivariate risks, respectively. In Section 5, we investigate a special case: quota-share reinsur-
ance under dependence uncertainty and obtain the optimal reinsurance policies for each line of business. In
Section 6, we obtain both the analytical and numerical optimal reinsurance policies for the case with two

risks using our findings in Section 3. All the proofs are relegated to the Appendix.

2 Model description and notation

Assume an insurance company is running n lines of business over a time period. The total loss or claims
faced by each line over this time period is denoted by X, ..., X, which are n random variables defined on
a probability space (2, F,P) with cumulative distribution functions F;(z) = P(X; < z) and 0 < E(X;) < oo,
respectively. The total loss of an insurer without reinsurance is S,, = X1 +---+ X,,. In order to protect from
the potential huge loss for each line of business, the insurer applies reinsurance strategy to each line. Let
fi(X;) be the part of loss ceded to the reinsurer and Ry, (X;) := X; — f;(X;) be the part of risk retained by the
insurer, where f; and Ry, are referred to as ceded loss function and retained loss function, respectively. To
avoid the ex-post moral hazard, reinsurance contract for each line of business should be incentive compatible.
Hence both f; and Ry, are non-negative and increasing on [0,00) for ¢ = 1,...,n, which is equivalent to the
Lipschitz continuity, i.e., for each i = 1,...,n, 0 < fi(y) — fi(x) <y —2z, 0 <z <y, and f;(0) = 0. Hence

the domain of the ceded loss functions in this paper is restricted to

As a compensation of risk transfer from the insurer to the reinsurer, the insurer pays the reinsurance
premium to the reinsurer, which is charged by a premium principle 7; for i-th line of business. Let X} be
a subset of all non-negative random variables with finite mean defined on (Q,F,P) and X C X;. Then
m; + X — RT. Similarly as in Chi and Tan (2013), we consider the general premium principles satisfying
the following conditions: (i) Distribution invariance: For Y, Z € X, m(Y) = m;(2) if Fy = Fz; (ii) Risk
loading: m;(Y) > E(Y) for Y € X; (iii) Reserving stop-loss order: For Y,Z € X, m;(Y) < m;(Z) whenever
E((Y —d)y+) SE((Z—d)4) for all d € R; and (iv) Continuity: For Y,,,Y € X, n > 1, lim,, 0o mi(Yy) =



m;(Y) provided that lim,,_, ess-sup|Y,, — Y| = 0. Moreover, limg_, o m; (Y A d) = m;(Y).

Throughout the paper, we assume that m; satisfies (i) — (iii). We will see later that the existence of the
optimal ceded loss functions is guaranteed by the continuity of ;. Some examples of the practically used
premium principles satisfying (i)-(iii) are expected principle, Wang’s principle, Dutch principle and many
others. We refer to Wang et al. (1997) for Wang’s principle and Young (2004) for a summary of the commonly
used premium principles.

The total risk exposure for the insurer after reinsurance is St = Y7 | (Ry, (X;) +m(fi(X;))). For a risk
measure p : X — R, the typical target of the optimal reinsurance problem from the perspective of an insurer

is to find the optimal reinsurance policies f € D™ to minimize
p(SE(Xy,...,Xy))

under the budget constraint: Y., m;(fi(X;)) < P, where P > 0 is the budget limit set by the insurer. We

may add the constraint to the domain of f as below:
n
D*(P) = {f €D": Y m(fi(Xy)) < P} .
i=1

This problem involves the multivariate models of risks. In practice, it is hard to estimate the dependence
structure of X7,...,X,, with high accuracy. The misspecification of the dependence structure may lead to
severe consequences in risk management; see e.g., McNeil et al. (2015). This motivates us to consider the
problem with dependence uncertainty, i.e., the marginal distributions are fixed but the dependence structure

is unknown. We denote the uncertainty set by
gn(F) = {(Xlaan) : Xz ~ Fi; 1= 1,.. .,’I’L},

where F = (Fy,..., F,). We are interested in the optimal reinsurance strategies for the worst-case scenario

under dependence uncertainty, i.e., finding the optimal reinsurance policies f € D™(P) to minimize
sup p(SfL(X177Xn)) (1)

Due to the prevalent use of VaR and ES in practice for quantifying the insurance risks and setting the
regulatory capital, VaR and ES-based optimal reinsurance problems have attracted great attention from

academia. Define the left quantile of a distribution F' and a random variable X with X ~ F at « € (0, 1] as

F~(a) = VaRy(X) = inf{z : F(z) > a},



and the right quantile at « € [0,1) as
F'(a) = VaR} (X) = inf{z : F(z) > a}

with the convention inf ) = 0. Moreover, for a € [0,1), and X ~ F, ES,, is given by

ESa(F) = ESa(X) = ! /1 F~l(t)dt.

—

One can refer to e.g., McNeil et al. (2015) and Follmer and Schied (2016) for more discussions on VaR and
ES. Proposed by Cont et al. (2010) as a family of robust risk measures, Range-Value-at-Risk (RVaR) is
defined by for 0 < 8 < S+ a <1,

Rpg.o(F) = Rg,a(X) =

1 Bt+a
a/ﬁ FZH1 —t)dt.

Note that RVaR connects VaR and ES as below. For a € (0, 1),
ESa(X) = Ro,o(X), VaRa(X) = léiré Ri_ap(X), and VaR} (X) = 15% Ri_a—pa(X).

In this paper, we mainly study the VaR-based and RVaR-based optimal reinsurance problems. Due to the
limited analysis in robust risk aggregations for VaR and RVaR, in some cases, we have to constrain the ceded

loss functions to be convex/concave, i.e., we consider the following smaller domains:
DY (P)={f=(f1,..., fn): £€D"(P), fiisconvex fori=1,...,n},

DY (P)={f=(f1,...,fn): £€D"(P), f;is concave for i =1,...,n}.

In the following, we define some special ceded loss functions which are the optimal ceded loss functions in our
later results. We denote a = (a1,...,a,),b = (b1,...,by),c = (¢1,...,¢n),d = (d1,...,d,). Limited stop-
loss function is defined as Iy 4(z) := (z —a)y — (. —b)4, with 0 < a < b < oo. Let lap = (lay bys- -5 lan.by)

with the domain of the parameters
AP)={(a,b):lap € D*(P),0< a; < b; <0, i=1,...,n}.

Moreover, define hgpc.a(x) := c(x —a)+ + d(x — b)4, where 0 < a < b< oo and 0 < ¢,d < ¢c+d < 1, which
is a generalization of the stop-loss ceded function (¢ = 1). Let habed = (Raybr,er,dis - s Ran.bocn.d,) With

the domain of the parameters

A (P) ={(a,b,c,d) :hapeca € D"(P),0< a; <b; <00,0<¢,d; <¢;+d; <1, i=1,...,n}.



Define gqp(2) := amin(z,b), where 0 < a < 1 and 0 < b < oo, including quota-share function as a special

case (b= 00). Let 8ab = (Ja1,b15- - - » Gan,b,) With the domain of the parameters
.AQ(P) = {(a,b) 8ab € Dn(P),O <a; 1,00, <00, i = 1,...,71}.

In the following sections, we will show that the optimal reinsurance design on the domains of D" (P), D} (P)

and DZ(P) can be simplified as the problem on the following domains respectively:
L*(P) ={lap : (a,b) € A(P)}, H"(P) ={hapbeca:(a,b,cd) e A(P)},

G"(P) = {gap : (a,b) € A2(P)}.

In the rest of the paper, we tacitly suppose X; ~ F;, i =1,...,n.

3 Optimal reinsurance under VaR

In order to compute sup(x, . x,)ee, (F) VaR,(S£(Xy,...,X,)), we need to extend a recent result in
robust risk aggregation in Blanchet et al. (2023), which will be displayed in Proposition 1. We extend
the results of marginals with monotone densities in Theorem 2 of Blanchet et al. (2023) to the marginals
with convex/concave distributions on their tail parts, which would be crucial to find the optimal reinsur-
ance policies later. Note that the convex/concave distributions allow for positive probability mass at the
maximum/mimumum value of the distributions, which is crucial for us to construct the optimal ceded loss
functions. For a € (0,1), we say that a distribution F' is concave beyond its a-quantile if the distribution

% is concave over (F;l(a), 00); a distribution F' is convex beyond its a-quantile if the distribution

(F(z)=a)y (F(ff)*ah

T is convex on its support and

is convex on (—oo, F~1(1)) (which is equivalent to that
F(F:'(a)) = a or 1). We denote M, as the set of all distributions that are convex beyond their corre-
sponding a-quantiles and M2, as the set of all distributions that are concave beyond their corresponding
a-quantiles. In practice, « is chosen to be close to 1, such as @ = 0.95 and o = 0.975. Many practically
used distributions fall in either M,

distribution and Gaussian distribution with a > 0.5 fall in M$,

or M¢, for large a. For instance, exponential distribution, Pareto
and continuous uniform distribution and

some Beta distribution fall in MZ,. Let
An = {’Y € (071) X [Ovl)n : Zrﬂ = 1} ) Wlth’)’ = (707713---7’)%)'
i=0

For any a € (0,1), A, = {y € (0,1) x [0,1)™ : Y"1 v = a}.



Proposition 1. For a € (0,1) and F € (M%,)" U (M2,)"™, we have

sup VaR} (Z Xi> = veui?imn ; Ry, o (X0).

(leuvxn)egn(F) =1

Applying the above proposition, we next show that the optimal reinsurance problems with feasi-
ble ceded loss functions D™(P), D}(P) and DY (P) can be simplified to the problems on the domain of
L"(P),H"(P),G"(P), respectively.

Theorem 1. Suppose Fy *(-), ..., Fy

n

L(-) are all continuous over (0,1) and o € (0,1). We have the following

conclusion.

(i) Ifn=2o0rn—3" FF () <1l-a, or S5 (F(F ' (1)-) —a) <1—a, then

inf sup VaR, Sfl Xq,...,X,)) = inf inf L(a,b,y),
£€D™(P) (X4,..., X, )EEN(F) (5K ) (a,b)eA(P)ye(l—a)An ( 7)

where L(a’ b”Y) = Z?:l {R’Yi,”/o (Xi - lai7bi (Xl)) + ﬂ-i(lai,bi (Xl>)}’

(i) If F € (M2,)"™, then

inf sup VaR, Sfl Xq,...,X,)) = inf inf H(a,b,c,d,7y),
fEDT(P) (Xy,..., Xn)EEL(F) ( ( ! >) (a,b,c,d)€A (P)ye(l—a)A, ( ,Y)

where H(a7 b,c, d7’7) = Z?:l {R’Yu’)’o (Xl) - R’Yu’yo (hahbixc'hdi (Xl)) + Tri(h‘ai,bhchdi (XZ))}

(iii) If F € (M2)", then

inf sup VaR,, Srfb Xq,..., X)) = inf inf  G(a,b,y),
£€DR(P) (X1,...,Xn)EER(F) (Sn (X ) (a,b)eA2(P)vE(l—a)An ( 7)

where G(aa ba’Y) = Z?:l {R%KYO (Xl) - R’W,’Yo (gaiyb'i (Xl)) + Wi(gai;bi (Xl))}

Note that (i) of Theorem 1 shows that the limited stop-loss reinsurance policy is optimal for each
line of business if n = 2 or the tail parts of the marginals are mutually exclusive. Comparing the optimal
reinsurance solutions in Chi and Tan (2011) and Chi and Tan (2013) with (i) of Theorem 1, we can find
that the optimality of limited stop loss is quite robust under the VaR risk measure. As we constrain the
feasible ceded loss functions to be convex in (ii) of Theorem 1, the optimal reinsurance policy has the form
of haped(z) = c(x—a)y +d(z—b); for each line of business, including the stop-loss policy as a special case.
This ceded loss function is piecewise linear with three pieces. The reinsurer pays 0 for the part of risk that is
smaller than a and covers 100¢% for the part of risk between a and b and covers 100(c 4+ d)% for the part of
risk that is larger than b. It also implies that stop-loss might not be optimal in this case. In (iii) of Theorem
1, the optimal reinsurance policy has the form of g, ;(z) = amin(x, b) for each line of business, which includes

quota-share as a special case. We can call it limited quota-share. This implies a counter-intuitive fact that



in general the limited quota-share policy might be better than the quota-share policy from the point of view
of the insurer. This can be explained in the following way: using the limited quota-share, the reinsurer may
cover more than the quota-share policy for the part of the risk that is lower than the upper limit and the
upper limit can be set to be large enough. Moreover, limited quota-share reinsurance contract may have
lower price.

Next, we give the optimal reinsurance policies applying Theorem 1 and a condition on the existence of

the optimal parameters.

Proposition 2. The parameters of the optimal ceded loss functions la b, habc,d,8a,b i1 (i)-(11) of Theorem

1 are determined as follows.

(i) Forlap,
* b*) e inf inf L(a,b, ;
(a ) arg (a,b;IEI.A(P) {76(11na)An (a ’Y)}

(ZZ) For ha,b,c,d;

a*,b*,c*,d*) = ar inf inf H(a,b,c,d, ;
( ) & (a,b,c,d)€A1(P) {’YE(l—a)An ( ’Y)}

(i11) For gap,c,
“ b*) = inf inf  G(a,b,7) b.
(@00 =g ) {veumamn @ ’Y)}

Moreover, the existence of these parameters is guaranteed by the continuity of w;, fori=1,...,n.

For the case of n = 2, we can derive the optimal ceded loss functions by a different approach and obtain
a simpler expression. This is crucial in the numerical study of the optimal ceded loss functions as the simpler
form allows the transformation of the non-convex optimization problem into several convex optimization

problems in Section 6. In light of Makarov (1981) and Riischendorf (1982), we arrive at the following result.

Proposition 3. Forn =2, suppose that Ffl and F{l are continuous over (0,1), then

inf sup VaRa(Sg(Xl, X9)) = inf inf  Li(a1,as,b1,be,t),
(f1,£2)ED?(P) (X, ,X,)€E, (a1,a2,b1,b2)€EA(P) t€[0,1—0]

where
Li(a1,a2,b1,b2,t) = VaRa44(X1 — lay b, (X1)) + VaR1—4(X2 — la, 5, (X2)) + T1(lay b, (X1)) + T2(lag b, (X2))-
Moreover, (la, by slasby) i the optimal ceded loss function for the worst case scenario provided

(al,ag,bl,bz) € arg inf Ll(al,az,bl,bg,t)}.

inf {
(a1,a2,b1,b2)EA(P) | t€[0,1—0a]

Note that in this section, we only consider a budget constraint. In fact, we can also add other constraints.

For instance, we can impose a profit constraint: E(SE(X1,...,X,)) < (1 — )Py, where P; > 0 is the total



premium received by the insurer over the period and 0 < 6 < 1 represents the profit rate required by the

insurer. Our conclusions in this section are still valid if we change D™(P) into

by enhancing (iii) of m; to reserving stop-loss order for the difference: For Y, Z € X, m(Y) — E(Y) <
mi(Z) —E(Z) whenever E ((Y —d);1) <E((Z —d)4) for all d € R.

4 Optimal reinsurance under Range-Value-at-Risk

In this section, we study the RVaR-based optimal reinsurance problem. RVaR is recognized as a bridge
between VaR and ES by including these two risk measures as the limiting cases. Moreover, RVaR is a family
of robust risk measures in the sense of Cont et al. (2010). Analogously to the analysis of VaR, we first extend
Theorem 1 of Blanchet et al. (2023) from marginals with decreasing densities in the tail part to those with

concave distributions in the tail part.

Proposition 4. For any o, with0 < B < B+a <1 and F € (ML A=),

(X1, n)efn(

X; " 2
sup (Z ) 7€(ﬂ+a)A,“r70>aZ Vi 5 'YO ( )

It turns out from the following results that the optimal reinsurance problem with domains D™(P) and

D3 (P) can be reduced to that with domains £"(P) and G"(P) respectively.
Theorem 2. For any o, with 0 < B < f+ o < 1, we have the following two conclusions.

(i) IfB=0o0orn—Yr F(F):'(1-8~—a)) <B+a, then

inf su Rgo (S8(Xy,...,X,)) = inf inf L(a,b,y),
£€D"(P) (x,.,..., xl?es ® o (5 ) (a,b)EA(P) YE(B+0) An Y0 >0 (a,b,7)

where L(a,b,«) is given in Theorem 1.

(ii) If F € (ML A=), then

inf sup Rgs o S£X7...,Xn = inf inf G(a,b,),
feDF(P) (X1,...,Xn)EEL(F) g ( = )) (ab)eAz(P)76(5+a) nyYoZQ ( 7)

where G(a,b,7) is given in Theorem 1.

Theorem 2 shows that the form of the optimal reinsurance policy for each line of business for RVaR
model is the same as the VaR model except that we do not have conclusion for RVaR model for the case of

n = 2 and the case for the marginals with convex distributions on the tail parts. The results obtained in (i)

10



of Theorem 2 partially extend the results in Cheung et al. (2014), where convex risk measures and expected
principles are considered. Moreover, it is worth pointing out that for convex risk measures, the multiple risks
are comonotonic under the worst case dependence structure. Whereas for RVaR which is not convex except
the case of ES, the dependence structure for the worst case scenario is the combination of mutual exclusivity
and joint mixability, which is negatively dependent; see Blanchet et al. (2023) or Jakobsons et al. (2016) for
the detailed discussion of the worst case dependence structure.

The next result gives the optimal reinsurance policies and a condition on their existence.

Proposition 5. The parameters of the optimal ceded loss functions lap and gap in (i)-(ii) of Theorem 2

are determined as follows.

(i) Forlap,
(a*,b") € arg

L(a,b, 7)} ;

inf { inf
(a,b)e A(P) | ve(B+a)An,vo=a

(i1) For gap,

a*,b*) =ar inf inf G(a,b, .
( ) & (a,b)eA2(P) {’YG(BJra)An,’yo}a ( ’Y)}

Moreover, the existence of these parameters is guaranteed by the continuity of m;, i =1,...,n.

5 (Quota-share reinsurance under dependence uncertainty

In this section, we consider the simplest reinsurance form, quota-share reinsurance, where the ceded loss
is proportional to the loss, i.e., f;(X;) = w;X;,i = 1,...,n, for some share levels w; € [0,1]. This form of
reinsurance is popular in almost all reinsurance branches, particularly due to its conceptual and administrative
simplicity; see e.g., Albrecher et al. (2017). Note that in the previous sections, we suppose 7; satisfies (i)-(iii),
which is complicated. For the quota-share reinsurance, we only need to impose a very simple assumption on
m;. Moreover, we will find a very interesting phenomenon: in some cases, the optimal reinsurance is either full
reinsurance coverage or zero reinsurance coverage. We say that 7 satisfies homogeneity if 7(AX) = Ar(X)
for A > 0 and X € X. In this section, we suppose that 7 satisfies distribution invariance, safety loading, and
homogeneity. Note that many of the practical premium principles 7 satisfy the above three properties, such
as, expected principle, standard deviation principle, Wang’s principle and Dutch principle; see Young (2004)
for more principles.

The total risk faced by the insurer after reinsurance is SV (X1, ..., X,,) = > (1 — wi) X; + wim (X;))

with w = (wy, ..., w,). We denote the domain of w with budget constraint as

Note that 0 € A, (P) and A, (P) is a convex and compact set, where its boundary is denoted as dA,,(P).

Applying Propositions 1 and 4, we arrive at the following results.
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Proposition 6. Fora € (0,1), ifn =2, or F € (M%,)"U(M2)" and F{'(-),..., F;

—1(.) are all continuous
over (0,1), then

inf sup VaR, (SV(X1,..., X,
WEAR(P) (X1,...,X )€€ (F) (S7(X% )
weéﬁn(P)'ye(fEa)An ; (( Wi) Ry, o (Xi) + wimi (X))

Moreover, there exists optimal quota-share levels w* € OA,,(P).

Proposition 7. For any o, with0< < f+a <1, if =0 or F € (ML A=) then

inf sup Rg o (SV(Xyq,..., X,
WEAL(P) (X1,..., X, )EE, (F) g (57 (X )

inf inf 1 — w;) Ry ~ (X3) +wmi(X;)).
wWEIAL (P)YE(B+a)An,yoZa ¢:1(( VR0 (Xi) (X))

Moreover, there exists optimal quota-share levels w* € OA,(P).

Note that in this section, we only consider the quota-share reinsurance. However, in the past two
sections, quota-share reinsurance for each line of business may not be optimal. Hence, the quota-share
reinsurance leads to loss compared with the optimal reinsurance strategy obtained in the previous two
sections. As an example, we next see the loss for case n = 2 for VaR. It follows from Theorem 1 and

Proposition 6 that

inf sup VaRe, (SV (X1, X3)) — inf sup VaR,, SE(x X
weki) xRyt O LA T B e ey 52X X))
2
—  inf inf 1 —w;) Ry, 4, (X T (X
We(%II{Q(P) 'ye(ln_loé)AQ Z (( w ) ’Yu“/o( ) + w;m ( ))

i=1
2

a2y 1, 20 U (X5 =l (X0) 4 7o (X)) 2 0
We believe the above value, which is the loss of using quota-share reinsurance, is strictly larger than 0 in
general.

Note that if P > > | mi(X;), then A,(P) = [0,1]". We denote A = {w € [0,1]" : w; € {0,1}, i =
1,...,n}. In this case, the optimal reinsurance policy for each line of business is either the full reinsurance
coverage or zero reinsurance coverage. This means that the insurer will only take extreme decisions for each
line of business and may refuse to buy reinsurance contracts for some lines of business. Interestingly, in
Bernard et al. (2020), the insurer refuses to sell insurance to some policyholders due to their preference and

risk exposures.

Corollary 1. If P > Y"1, m(X;), then there exist optimal quota-share levels w* in both Propositions 6-7
such that w* € AY.
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6 Examples

Our main results show that finding the optimal ceded loss functions for the worst case of reinsurance
models with dependence uncertainty boils down to finding the minimiser of a deterministic function. In order
to illustrate the effectiveness of our findings, this section will show both analytical and numerical solutions
for some multi-risk optimal reinsurance problems with the existence of dependence uncertainty. Since VaR
and ES are the prevalent risk measures for quantifying insurance risks and setting regulatory capitals, and

ES has been investigated in Cheung et al. (2014), we will put our focus on VaR in this section.

6.1 Analytical Solutions

In this section, we will discuss the analytical solution of our main optimisation problem (1) with p = VaR

and n = 2. That is, we solve

i VaR, (SE(X1, X5)) . 3
(i o mex Ve (S5(X1, X2)) (3)

As stated by Proposition 3, the above optimisation problem (3) can be written as

min min Lj (a1, as,b1,b2,1), 4
(111,(12,})17b2) tE[O,l—(l&] ! ( 1 2 1 2 ) ( )
cA(P)

where
Li(a1,a2,b1,b2,t) = VaRaqt (X1 —lay b, (X1))+VaRi_t(Xo—lay 0, (X2)) +71(lay b, (X1)) +72(las b, (X2)).

Example 1. In this example, we solve the optimisation problem (4) by assuming X; is exponentially dis-
tributed with expected value E(X;) = A; > 0 and distribution function Fj(z) = 1 —e™*/* 1z > 0 for
i = 1,2. Tt is further assumed that both m(-) and ma(-) follow the expected premium principle with an
overhead expense w; > 0 and a risk-loading factor d; > 0, i.e., m;(X;) = w; + (1 + 6;)E(X;), for i = 1,2. Note
that {(u1,u2) @ (lug,vrs bus,0s) € D*(P), 0 < u; < vy i =1,2} =0, if wy +we > P. Therefore, we will only
consider the non-trivial cases where w; + wo < P for the rest of our discussion. We define

1 1
= — . - - < < .
T {tG[O,l al: 1 -« 5 s, t 1—|—52} (5)

Proposition 8. Given wy + we < P, Table 1 summarises the optimal solutions of problem (4)

(a7, a5, b7,b5,t%) ;== arg  min min Lj (a1, as,b1,b9,t)
(a1,a2,b1,b2) t€[0,1-q]
CA(P)

for the following cases:
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(i) (146)M — (1+8)he =0 and 37 (w; + A;) — (14 61)(1 — @)\ < P;
(iia) (1 + (51))\1 — (1 + (52))\2 > 0, (1 — Oé)(l + (51) <1 and Z?Zl(wi + /\Z) — (1 + (51)(1 — a)>\1 < P;
(Zlb) (1 +61)/\1 — (1 + (52))\2 >0, (1 — Oé)(l +51) >1 and wg + Xy < P
(iiia) (14 60)A — (14 62)ha <0, (1—a)(1+62) < 1 and 32, (wi + M) — (14 62)(1 — a)a < P;

(ZZZb) (1 —|—(51)/\1 — (1 + (52))\2 <0, (1 — Oé)(l +(52) >land wi + M <P

’ Case \ Sub-case \ Solution of (af,al, b%, b3, t*)

treT;al =N\ ln(H_é) fori=1,2;

bi = —AIn(l —a — t*); by = — Ao Int*

(iia) =0, af = Aln(Hé) fori:1,2;b;:—Allna—a);b;:oo
(iib) =00l =bf = -\In(l—a);a A21n(1+5) by = oo

t=1—a af = Aln(1+6) for i = 1,2; b7 = 00; b5 = — Ao In(1 — ).
t=1-aa )\1111(1+5) bt = o00; af = b5 = — A In(1 — a).

Table 1: Summary of optimal solutions for Example 1.

Note that for all other cases, a numerical approach will be sought to find (aj, a3, b7, b5,t*) later. The
proof of Proposition 8 is lengthy and involves complicated computations and it is displayed in the supple-
mentary materials in Section 10.

Table 1 has some interesting implications. Firstly, the division of the three cases (i)-(iii) is based on
the comparison between values of (1 + d1)A; and (1 + d2)Aa. Recall that, for ¢ = 1,2, \; = E(X;) and
d; is the risk-loading factor associated to the expected premium for reinsuring X;. Therefore, (1 + §;)\;
indicates the degree of expensiveness of reinsuring X; before the optimal reinsurance has been found. When
(1+61)A1 > (1 + 02) g, ie. the degree of expensiveness of reinsuring X; is relatively higher, it is the case
(ii), in which b} < oo while b3 = co. That is, when the degree of expensiveness of reinsuring X, is relatively
higher, it is optimal to cap the reinsurance of X; at the level of b7 — aj while leaving the reinsurance of
Xo uncapped. Similarly, when (1 4+ §1)A; < (1 4 )Xo, i.e. the degree of expensiveness of reinsuring X5 is
relatively higher, it is optimal to cap the reinsurance of X5 at the level of b5 — a3 while leaving the reinsurance
of X7 uncapped (i.e. as in case iii). If (14 61)A1 = (1 + d2)A2 (i.e. case i), the degree of expensiveness is
the same for reinsuring both X; and X5. In this case, the solution is not unique, and whether the optimal
reinsurance of X; is capped at b —a} or uncapped will depend on the decision-maker’s level of risk tolerance,
«, and the risk-loading factors §; and Js.

Secondly, the sub-case (iib) represents the scenario where (1 +d1)A; > (1+d2) 2 and 1 —a > ﬁ, ie. ais
relatively small and/or §; is relatively large. In other words, this is a scenario where the decision-maker has

a relatively high level of risk tolerance and/or the risk premium charged for having X; reinsured is relatively

high. As a result, reinsuring X; becomes cost-ineffective and hence, it is optimal not to have X; reinsured,
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i.e. af = b}. A similar implication is delivered by the sub-case (iiib). When « is relatively small and/or d5 is
relatively large, reinsuring X5 now becomes cost-ineffective and thus, it is optimal not to have X5 reinsured,

3 * 1k
ie. a5 =bs.

Unfortunately, due to the lack of convexity of the optimisation model (4), analytical solutions are not
always available. For example, it will become more interesting to study the solutions when X; and Xs
follow heavy-tail distributions, but the analytical solution cannot be easily found in this case and numerical

methods are necessary to be sought, which is explored in the next section.

6.2 Numerical Examples

In this section, we turn to solve the optimisation problem (4) using a numerical approach. In particular,
we will solve the problem using Grid Search. Let us first discretise X; into a group of observations with size m
represented by x; := (21, Zi2, ..., Tim) ", for i = 1,2. The observations X;;, for i = 1,2 and j = 1,2,...,m,

can be obtained by either using historical data or using Monte-Carlo simulations. The reinsurance indemnity

function 4, p,(X;) will be represented by y; := (Yi1,Yi2,---,¥im)’, where y;; is the reinsurance coverage
associated to x;j, for all ¢ = 1,2 and j = 1,2,...,m. Without loss of generality, we can assume that z;; is
collected in an ascending order, i.e. ;3 < o < ... < Ty, for i = 1,2, Also, because of the definition of

la; b, (Xi), we know that y;1 < yie < ... < Yim 18 true for ¢ = 1,2.

Example 2. In this example, we solve the optimisation problem (4) by incorporating the assumptions
introduced in Example 1. Furthermore, it is assumed that A\; = 8000, Ao = 3000, 6; = 0.8 and 5 = 0.3.
Hence, this example demonstrates the case (ii) in Example 1. Samples of X; and X, are obtained by using
Monte-Carlo simulations with sample size m assumed to be 200.

For any given value of ¢t € [0,1 — ], the local optimum of the optimisation problem (4) can be found

by solving the following linear minimisation problem:

2
. (1+6:) 7
m — — E 4 AT 6
(yl,y2)e%1mem Tigy — Y1iq T T2gz — Y2¢0 + s (wl + m Yi ( )

st. 0 <Ay, < Ax;, Vi=1,2,

2
1+6;
> (wr My, ) <
m

i=1

where 1 is a column vector of 1 with dimension m-by-1, g1 = [n(a+1t)], g2 = [n(1—¢)] and A is an m-by-m

matrix such that

1 if k=1, Vi=12,...,m—1,
axl = -1 ifk=1I1+1, VIi=12,...,m—1,

0 otherwise.

As a result, the global optimum of the optimisation problem (4) can be found by using Global Search over
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the value of ¢t € [0,1 — ] as a grid. Note that, because of the definition of ¢; and go, there are only finite
number of grids over which the local optimisation (6) needs to be solved.

Figure 1 illustrates the numerical solution of optimal reinsurance function found in this example. The

5 x10* . .
&y 0.8
0.6
L “ J d
0.4
0.2
6 50 100 150
><104 J
15000
0.8 ] 0.8
10000 0.6 0.6
Ny S
5000 | 0.4 0.4
0.2 0.2
0
0 5000 10000 15000 50 100 150
Xs J

Figure 1: lustration of numerical optimal reinsurance solution found in Example 2 using scatter plots and
heat maps, where Y; represents the reinsurance indemnity function 4, 5, (X;) for i = 1, 2.

scatter plots on the left-hand side of the figure shows the numerical solutions of I, p: (X1) and laz bz (X2)
when o = 0.95, which corresponds to the sub-case (iia) of the analytical solution studied in Example 1. The
shape of lx p= (X1) and las 53 (X2) is affirmed that lqx p+ (X1) is a limited stop-loss reinsurance being capped
at VaRg g5 (la;b; (Xl)), while s 4 (X2) is a standard stop-loss reinsurance with b3 = oco.

It is also worth to show the changes in the shape of lqx 4+ (X1) and lazp5(X2) when a changes, as
this indicates how the insurer changes their decision on buying reinsurance when there level of risk concern
changes. Therefore, we have solved for lo: p: (X1) and lag b3 (X2) for 99 different values of a (i.e. from
a =0.01 to o = 0.99 with a step-size of 0.01). In order to show a more compact visualisation of the 99 pairs
of solutions, heat maps are used which can be found as the right-hand side panels in Figure 1. The heat
map shows the gradient of lox p= (X;) corresponds to each of the points X;; where j = 1,2,...,199. Note
that the gradient at various parts of lox p+ (X;) is either 0 or 1 due to the definition of the I function. As one
can see in the heat maps, I,z p; (X2) always maintain the same shape, i.e. changing from a horizontal line
to a upward-sloping line with a turning point at a5 = —A21n (ﬁ) By contrast, the shape of lo: px (X1)
changes as the value of a changes. When « is large (i.e. a > 1 — ﬁ), there are two turning points as the

gradients change from 0 to 1 then back to 0 again when X;; reaches VaR,(X7). On the other hand, when
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« is small, the gradients remain as 0 for all Xy; implying that [, px (X1) = 0, which is indeed the conclusion
made by the analytical solution of Example 1.

All computations are conducted on a desktop PC with an Intel Quad-Core i7-3770 CPU on a Linux
64-bit system. The computing times of solving the problem 4 for different values of « are listed in Table 2.

It is noticed that the computing time increases as the value of « decreases, because the number of grids to

a | computing time (seconds)
0.9 977.97

0.7 4364.30

0.5 7748.17

0.3 9371.02

0.1 12390.15

Table 2: Computing times (in seconds) for different o

be searched increases when « decreases. However, small values of « are less likely to be adopted by insurers.

Example 2 has shown that the proposed numerical approach is capable of solving the optimisation prob-
lem (4) effectively. It has then been applied to solve models where X; and X5 follow a different distribution
(e.g. a Pareto distribution and a LogNormal distribution). Similar results to those of Example 2 are obtained,
and there is no significant difference in computing times taken. Therefore, we will refrain from reporting full

details.

7 Conclusion

In the paper, we investigate the optimal reinsurance design with multivariate risks and dependence
uncertainty. For the multivariate risks, the marginal distribution is fixed but the dependence structure is
unknown. Hence we consider the worst-case scenario, i.e., the min max optimization problem. The aggregate
risk is quantified by VaR and RVaR respectively. We obtain three types of optimal ceded loss functions: (i)
limited stop-loss (l4,), (ii) limited quota-share (g,,5) and (iii) a convex piece-wise linear function with three
pieces (hgp,c,a) according to different risk measures and different constraints on the ceded loss functions and
marginal distributions. Our results are valid for general premium principles. Our results are different from
the ones in the literature in the sense that the worst-case dependence structure is negatively dependent. The
quota-share optimal reinsurance is also considered under dependence uncertainty. The analytical solutions
and the numerical studies for bivariate risks can illustrate the power of our theoretical results.

In this paper, our research focuses on the worst-case study of optimal reinsurance for multiple lines
of business with completely unknown dependence structure of the multivariate risks. However, in practice,
some additional information may be available on the dependence structure of the risks, such as the covariance
matrix of the multivariate risks or positive/negative dependence among those risks. It will be more practical
by incorporating those information in the uncertainty set, which makes the problem very difficult and is

beyond the scope of this paper. Our future research may focus on cases with additional information on the
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dependence structure and the numerical study and real data analysis for more than two risks.

8 Declaration of interest: none

9 Appendix

In Appendix, we provide all the proofs of the results in Sections 3-5.

9.1 Proofs in Section 3.

To prove Proposition 1, the following lemma is applied.

Lemma 1. For F%) = (Fl(k),...,F,(lk)),k >1and F = (Fy,..., F,), suppose, for each i, (Fi(k));l(t) —
(F;)3 ' (t) uniformly over t € (a, 1), then

lim sup VaR[ (Z Xi> = sup VaR[ (Z Xi> .

k=00 (X1, X )€€ (FR)) =1 (X1, X0 ) EEN (F) p

Proof. By Theorem 4.6 of Bernard et al. (2014), we have

sup VaR/[ <Z XZ-> = sup ess—ian(Fi(k));l(a + (1 —a)U;),
(F) i=1

(X1, Xn)EER Pt Ut,..;.Up~U[0,1]

and

(X1, Xn)EER(F) i=1 n~U[0,1]

sup VaR[ (Z Xi> sup ess- mfz (1—a)Uy).
Uy,...,U
It follows from the uniform convergence that

sup Z(Fl(k))jr (a+(1—a)t Z (1—a)t;)

t1,eetn€(0,1) |57 P

<3 sup ‘(F}k));l(a +1—a)t) - (F) T a+(1 - a)t)‘ =0
i—1 t€(0,1)

as k — oo. Hence,

n
lim sup ess—ian(Fi(k))_l(a +(1—a)Uy)
k—=oo yy ... . Un~UJ0,1] ;

= sup ess—ian(F[l)Jr(a + (1 - a)U;).
Uty Up~U0,1] »

This completes the proof. O
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Proof of Proposition 1. We first focus on F € (M%), Fori =1,...,n, and k > 1, if F;(F;'(1)-) <

1, let
Fy(x), r< F7H1) —1/k
FP ()= Fi(x) + k(1 — B(F7Q) )@ — F7X 1) +1/k), FY1) - 1/k <z < F7Y(1)
L, 2z Ffl(l)

and if Fi(Fifl(l)—) =1, let F(k) F;. Clearly, each F( ) admits an increasing density beyond its a-quantile.
Hence, in light of Theorem 2 of Blanchet et al. (2023),

sup VaR} X mf R, (k)
IR T D35 D ST I

(X1,....Xn)€EE i=1

Note that supeo,1) |(Fi(k))4__1(t) — (F;)7' ()] < 1/k, which implies that (Fi(k))j_l(t) — (F;)7'(t) uniformly

n (0,1). Consequently, by Lemma 1, we have

sup VaR,, <ZX> = lim sup VaRq, <Zn: Xi>

(X1yees X ) EER(F) k=00 (X100, X0 ) EER (F) im1

= lim mf Z R, 770

k—ooye(l—a)

n
2 : ’Ym’Yo
=1

'ye(l a)

Ry, o (F(k))—R%wO (F;)| < 1/k. Therefore,

where the last inequality is implied by the fact that supye(1_q)a,
the claim holds for F € (M%,)™.
We next focus on the case F € (M%) Fori=1,...,nand k > 1, if ¢; := Fi((F});'(a)) —a >0, let

Fi(x), v < (F); ' (a)
FP(@) = § Fi(x) - g; + kas(e — (F)7(0), (F)7He) <z < (F)7Ha) +1/k
Fi(x), v > (F)i'(a) +1/k

and if ¢; = 0, let Fi(k) = F;. Clearly, each Fi(k) admits a decreasing density beyond its a-quantile. By
Theorem 2 of Blanchet et al. (2023), we have

n
sup VaR[ X; mf R,
(F(0) <Z Z e

(X1, Xn)EER =1

The rest of the proof is the same as the proof of F € (M2,)". Hence we omit it. O
Proof of Theorem 1. By Lemma 4.5 of Bernard et al. (2014), the continuity of F;*,..., F;' over
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(0,1) implies that for a € (0,1),

sup VaR} (SF(X1,...,X,)) = sup VaR (S5 (X1,..., X,)).
(X17~~-7Xn)e€n(F) (X17~~-7Xn)e€n(F)

We first focus on case (i). In light of Theorem 2 of Blanchet et al. (2023), we have

inf sup VaRe (SE(X1,..., X))
fED™(P) (Xy,..., Xn)EER(F)

= inf inf Z{R% o (Xi = fi(X3)) + mi(fi(X3)) }

T feDn(P)ye(l- a)A,
‘ye(lna)A” feg}’(P ;1{ %%( Db}

Next we show that D™(P) can be replaced by £"(P). Evidently,

inf Z{R%’yox filXe) +mi(fi(Xi))} < inf L(a,b,7). (7)

feDn( P) (a,b)€A(P)

Next, we show the converse inequality. Let a; = F, (1 — 4 — ) — fi(F; (1 — v — %)) and b; €
[VaR1_,—~, (X;), 00] be the solution of g;(s) = 0, where

1 1
w6 = [ e [ o)

Note that b; may take the value of co. The existence of b; is guaranteed by the continuity of g; over [a;, 0]
and the fact that g;(F; ' (1 — 49 — 7)) < 0 and g;(c0) > 0. Note that there exists some z; > b; such that
la, b; () < fi(x) over (—oo, F; (1 — o — i) U (w4, 00) and Iy, p, () = fi(x) over (F; '(1—~0 —7:), ;). This
implies there exists some ¢; > 1 — 9 — ~y; such that I, »,(F; ' (2)) < fi(F; ( )) over (0,1 — o — *yz-) (t;, 1)
and Lo, p, (F; 1 (t)) = fi(F;1(t)) over (1 — 9 — 7i,t;). Clearly, fs Las b (F, f fi(E77(t))dt for all
s € [t;,1). Using fll_%_% Lo, b, (F7H(t))dt = fll_%_% f:(F7(t))dt, we have

RGOy I O ®)

for all s € (0,1). The choice of a; and b; is to guarantee the validity of (8) and fll_%_%_ la, v, (FH())dt =
fllf,mi% fi(F;71(t))dt. By Theorem 2.57 in Follmer and Schied (2016), we have that for any u € R,

E((la, 5, (Xi) —u)4) S E((fi(X3) —u)y).

Hence it follows from the property (iii) of m; that m;(l4,.p, (X;)) < m(fi(X;)). Moreover, combination of (8)
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and the fact that g;(b;) = 0 yields

R%‘ﬁm (lai,bz‘ (XZ)) > R%‘ Y0 (fz(Xl))

Consequently,

Z {Bri o (Xi — fi(X2)) + mi(fi(Xi))} = L(a, b, 7).

We next verify (a,b) € A(P) for our constructed (a,b). Using the fact that £ € D™(P), we have

Zﬂi(lai,bi(Xi)) < Zm(fi(Xi)) <P

Hence, for any f € D™(P), there exists (a,b) € A(P) such that
Y AR o (Xi = fi( X)) + mi(fi(X0)} = L(a,b,),
i=1

which combined with (7) implies that (7) is an equality. This completes the proof of (i).
We next consider case (ii). Note that for f € D}(P), we have Ry, (0) = 0, and Ry, (x) is a concave,
continuous and increasing function on [0,00). If Ry, = 0, the distribution of Ry, (X;) is convex beyond its

a-quantile. Next we suppose Ry, # 0. Direct computation gives
P(Rys,(X;) < z) =P (Xi <R} (x)) = F(R;'(2)), = >0,

where RJ?il(x) =sup{t > 0 : Ry (t) < z} for z > 0. Note that R;il is convex on [0, Ry, (c0)]. Hence

(Fi(R; M) —a) ¢
l1-a

is convex on (—oo, Ry, (F; '(1))). Hence in light of Proposition 1,

inf sup VaR, SZ Xi,..., X,
fEDT(P) (X1,..., X0 )EER(F) (5 (X 2

Z{R%,VOX fi(Xa)) +mi(fi(Xi))}

inf
feD"(P)'ye(l a)An =1

= inf Z{R"m’m X ft( ))"’ﬂ-t(fz(Xl))}

ye(l=a)A, feD"(P

Next we show that D} (P) can be replaced by H™(P). We will only show

inf Z{ Yis ’Yo X fl( )) + Wz(fl(Xz))} 2 inf H(avbv(:’d”)l)' (9)

feDy( P) (a,b,c,d)€A;(P)
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as the inverse inequality is trivial. Let

— (P (=0 —74 —
= Fi 1(1 — 7 — ’7@’) - (ff)i_(lpi—(l(liowz,zj))’ (fl)/Jr<Fz 1(1 — 7 — ’Yl)) 7é 0
i = )

FN1 =0 — ), () (F7 1=y — ) =0

b; = fi(Ffl(l —Y0—"i)), ¢i = (fi);(Fifl(l — v —":)), and d; € [0,1—¢;] be the solution of g;(s) = 0, where

9i(s) :== /1 (s+c)(F7HE) = F M (1 =0 — %)) + F L= 30 — i)dt — / fi(F7H ()t

Yo~ 1=v0—

Note that g; is continuous on [0, 1] with g;(1 —¢;) > 0 and g;(0) < 0. Hence the existence of d; is guaranteed.
The existence of b; is guaranteed by the continuity of g; over [a;, 00] and the fact that g;(F;, *(1—v9—~;)) < 0
and g;(00) > 0. Note that there exists some z; > b; such that hq, p, ¢, 4, (%) < fi(z) over (—oo, F; 1(1 — g —
i) U(, 00) and ha, b, e, .a; (2) = fi(z) over (F; ' (1—~o—"i), x;). This implies there exists some t; > 1—vy9—;
such that R, b, .0, (F; (1) < fi(F7H () over (0,1 —~0 — i) U (i, 1) and ha, b, e,.0,(F () = fi(F7H(t)

. 1 - _
over (1 —~ — i, t;). Using fk%i% Pas bscr.a; (B H(E))dt = fll,%,%. fi(F71(t))dt, we have

/ e (7 (1) < / R @) (10)
for all s € (0,1). The choice of a;, b;,¢;,d; is to ensure that (10) holds and fllfwrw P bscr.a: (B H(t))dt =
fll_%_% fi(Fifl(t))dt. For the rest of the proof, using the same argument as in the proof of (i), we can show
that (9) holds. This completes the proof of (ii).

Finally, we focus on case (iii). Note that for f € Dy (P), we have Ry, (0) = 0, and Ry,(x) is a convex,
continuous and increasing function on [0,00). Note that the distribution of Ry, (X;) is concave beyond its

a-quantile if Ry, = 0. We next suppose Ry, # 0. Direct computation gives
P(R;,(X;) <x) =P (Xi < Rﬁl(w)) = F(R;\x)), 2 >0,

where R;il (x) = sup{t > 0 : Ry,(t) < z} for z > 0. Note that R;il is concave and continuous on [0, co).

(Fi(R} (2))—a)+
11—«

Hence is concave on its support. Hence in light of Proposition 1,

inf sup VaR(SF(X1,..., X))
£€DY(P) (Xy,...,X ) EEL(F)

= inf inf Z{Rm(xi—fi<Xi))+m<fi<Xi))}

feDy(P)ye(l—a)A,

—  inf inf )Z{R%,yo(Xi_fi(Xi))+7Ti(fi(Xi))}'

ye(l—a)A, £FEDI (P
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Next we show that D (P) can be replaced by G"(P). Analogously as case (ii), we will only show

inf R o (Xs — fi(X: (X )Y > inf  G(a,b,7). 11
et p) 2o e (K= SO + X)) 2 inf | Glaby) (1)
Let )
Filly (A=v0—)) 11 o~
a; = F M (1—y0—vi) F; (1= %)#O,
1, F' 1= —7)=0

and b; € [F; 1 (1 — 79 — 1), 0] be the solution of g;(s) = 0, where

1 1
gi(s) = / Gy o(F (1))t — / F(F (1)t

—Yo—"i 1—v0—:

For the rest of the proof, using the same argument as in the proof of (i), we can show that (11) holds.
The inverse inequality of (11) is trivial. This establishes the claim of case (iii). O
Proof of Proposition 2. It is clear that la« b+, ha« b« c+ g+ and ga« p+ are the optimal ceded loss
functions for cases (i)-(iii), respectively. We next focus on the existence of these optimal parameters under
the continuity of w;1. We only prove the existence of the optimal parameters for case (i) as other two cases

follow in a similar way. First note that
R’Yi,’Yo (Xi - lambz‘ (XZ)) + ﬂ.i(lai,bi (Xl>) = R’Yiy’YO (Xl) - R’Yi7’70 (lahbi (Xl>) + 7Ti<laz‘,bi (Xl))

For 0 < e <T <1, define
~e&T n -
A, :{(70771,...,’yn)€[5,T]><[O,T] :Z’yi:T}. (12)
i=0

. . . ~E1-
Clearly, for 0 < e <1 —a, Ry, ,,(X;) is continuous with respect to v over A% and

1 Yi+Yo0 .
Roy g (s (X2)) = — / Lo oy (F1(£))dE
70 Vi

is continuous with respect to (a,b,vy) over A(P) x Zi’l_a. Hence, by the continuity of m;, L(a,b,v) is a
continuous function of (a, b,7y) over A(P) x Z:l_a for £ > 0 and A(P) is a closed set. Therefore there exists

(a2, b%, %) € A(P) x A

—Q

such that

(az,bZ,v7) € arg inf L(a,b,y).

(a,by)EA(P) XA

Let ng € N such that ng > % We next discuss the limit of (ai/k, bjl‘/k,'ﬁ/k), k > ng. To this end, we need

—a"
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to extend the domain of L. Note that

1 Yi+7Y0
lim R%.WO (Xz — lai,bi (Xl)) = lim — / Valet(Xi — lai,bi (XZ))dt
7040 Y040 Y0 J+,

= VaRl—’Yi (XZ - lai,bq, (Xl)) .

We define R, o(X; —lq, 5, (X;) = VaRi_,, (X; — la, ,(Xi)) . Notice that R o(X; —la, 5, (X)) = oo for b; < oo
and ess-supX; = co. Then R, . (X; — la, 5, (X;) is a continuous function of (a,b,v) over A(P) x Zf;l_“ if
we allow R o(X; — lq; .0, (X;) = oo in the above scenario. It further implies that L(a,b,7y) is a continuous
function of (a, b,v) over A(P) x Zf;l’“ if we allow L(a,b,v) = oo in the above mentioned scenario. There
exists a subsequence (a*l‘/kl,bi/kl,'yf/kl),l > ng such that (af/kl,bf/kl,'ﬁ/kl) converges to (a*,b*,y*) €

A(P) x A0 as | — 0o. By the continuity of L,

n

L(a,b,y)= inf L(a*,b*,7).

L(a*,b*,4*) = lim L(aj,, ,b] T = inf
(a*,b*,v") faret (al/kp 1/kl>’Y1/k,) (a,b)E.A,}ynE(l—a)An ve(itaa,

This implies

* b* inf inf  L(a,b .
(", )earg(a,b§I€1A(P) {76(11na)An (a, ’7)}

Hence we establish the existence of the optimal parameters for case (i). O

Proof of Proposition 3. By the result in Makarov (1981) and the continuity of F, ' and Fy ', we

have

sup VaRo(S5(X1, X2)) = inf {Ry (VaRate(X1)) + Ry, (VaRi_4(X2)) + m1(f1(X1)) + ma(f2(X2))} -
(X1,X2)€E(F) te[0,1—a]

Hence
inf su VaR, (S5(X1, X
(f17f2)6D2(P)(Xl,Xg)Efz(F) ( 2( 1 2))
= inf inf VaRo4 (X1 — f1(X VaRi_(Xs — fo(X X X .
te[ég—a](fhf;)répz(za){ aRa4t(X1 — f1(X1)) + VaR1_ (X2 — fo(X2)) + m1(f1(X1)) + ma(f2(X2))}

Let a; = Fy Y(a+t)— f1(Fy H(a+t) and ag = Fy Y(1—t)— fo(Fy ' (1—t)). Moreover, let by € [F; ! (a+t), o]
be the solution of g1 (s) = 0, where g1 (s) = f<i+t lal’S(Ffl(u))du—f;_t fi(F7H(w))du and by € [Fy H(1—t), o0]
be the solution of g2(s) = 0, where ga(s) = fll—t lay.s(Fy t(uw))du — f1l—t f2(F5 *(u))du. Using the above a;, b;
we observe that VaRqa4+(X1 — f1(X1)) = VaRa44 (X1 —lay 5, (X1)) and VaRi_¢(Xo — f2(X2)) = VaRi_¢ (X2 —

las b, (X2)), and for s € (0, 1),

1 1
[ laentE @nar < [ AE ot =12

which, with the help of Theorem 2.57 in Follmer and Schied (2016) and property (iii) of =;, implies that
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for i = 1,2, mi(la; 0, (X)) < mi(fi(X;)). Using the similar argument as in the proof of Theorem 1, we can

establish the claim.
9.2 Proofs in Section 4.
To prove Proposition 4, we need the following lemma.
k)

Lemma 2. For F®) = (F® F") k> 1 and F = (F\,...,F,), if for each i, (F™)=1(t) — F\(t)

7

uniformly fort € (1 - —a,1) with0 < B < B+ a < 1, then

n n
lim sup Rg o X; | = sup Rg o X; .
k=oo (x4 ’ (; ) (X4 SO <Z )

e X )EEL (FR))

Proof. First note that

sip Rgg (Z XZ-) = sw Ryjprarasra) <Z(F§'“))‘1(1 —B-a+(B+ a)U»)
i=1 ]

(X17~~~7Xn)egn(F(k)) Ula'“vUnNU[Oal]

and

sup - Rs o (Z Xz> = sup RB/(B+a)7a/(5+a) (Z(Fi)l(l —B—a+ (5 + (X)UO) .

(X1, X0 )EER Ui,...,Un~U[0,1] i=1

Using the fact

3
3

STEMTTAU-B-a+ (Bra)e) - Y (F) N1 B—a+ (B+a)z)

i=1 i=

Up + = sup
3717~~-7xn6(071)

—

< s 3 ((F) M= B—a+ (B+a)) = (F) (1 -B—a+(B+a)w)
T1yeeeyTy s i=1

— 0 as k — oo,

we have
lim sup R3 X | — sup Rgq X || < lim ug =0.
k=00l (X1, X0) €€, (F0) (Zl ) (X1,0, X0 ) EER (F) ; ko0
This completes the proof. O

Proof of Proposition 4. Fori =1,...,nand k > 1, if ¢; := F;((F});'(1 - B—a)) — (1 = B—a) > 0,

let
Fi(x), T < (Fl)ll(l —p—a)

FM (@) =3 Fi(e) - g + kai(z — (F){'(1-8-a), (F){'(1-B-a)<z<(FR)'1-8-a)+1/k ,
Fi(x), ez (F)7'(1-B-a)+1/k
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and if ¢; = 0, let Fi(k) = F;. Clearly, each Fi(k) admits a decreasing density beyond its 1 — 8 — a-quantile.
Hence, in light of Theorem 1 of Blanchet et al. (2023), we have

sup Rg o (Z Xi) inf Z Ry, o F(k)).
’ i=1

(X150 X0 ) EEL (F(R)) YE(F+a)An yoZa f

Moreover, by the construction of Fl-(k), it follows that supye(1_g_a,1) \(Fl-(k))_l(t) —~F7'#)| < 1/k — 0 as

k — oo. Hence, by Lemma 2, we have

lim sup Rg o X = sup Rg o Xi -
R0 (X100, X0 ) €ER(FR)) (; > (X150, X ) €ER(F) Z

One can easily check

lim inf Z Ry~ F(k)) inf Z Ry, ~o(

kHOQ’YE(ﬁ'FOt)Am“/o?Oé €(B+a) m’Yo}a

Combination of the above results establishes the claim. O

Proof of Theorem 2. We first show case (i). By Theorem 1 of Blanchet et al. (2023), we have

inf sup Rgo (SE(X1,..., X,
£ED™(P) (X1,..., X0 )EEL (F) - ( (X ))

inf Z{RWOX fi(X3)) + mi(fi(X3)) }

feD”(P) YE(B+a)An yoza

~ i inf Z{R%,%X FAX0) + m(fi(X0)}

 yE(B+a)An,yo>a FEDT(P)

Analogously as in the proof of Theorem 1, we can show

inf Z{meX filXe) +mi(fi(Xi))} = inf L(a,b,7).

feD™(P) £ (a,b)€A(P)
This completes the proof of (i).

For the proof of case (ii), it follows from Proposition 4 that

inf sup Rg3 o SfLX,...,Xn
£E€DE(P) (X,...,Xn)EE(F) & ( = ))

= inf inf Z{R%ﬁo Xi = fi(Xa)) + mi(fi(X3)) }

feDy (P) 7E(B+a)Am’m>a

= inf inf Z (R o (Xi = fi(X3)) + mi(fi(X0)) }-

YE(B+a)An o> a FEDE (P) S
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Analogously as in the proof of Theorem 1, we have

inf o (X — fi( X (fi( X))} = inf ,b,),
cclnf ; {Ropo (Xi = fi(X) +m(fi(X))} = | inf  Glab,7)
which completes the proof of case (ii). O

Proof of Proposition 5 It is clear that 14+ 1,~ and ga+ b+ are the optimal ceded loss functions for cases

(i)-(ii), respectively. We next focus on the existence of the optimal parameters for case (i). First note
R’Yiﬁo (XZ —la b, (XZ)) + Tri(lai’bi (Xl)) = R’Yiy'YO (Xl) - R'Yiy’YO (laiabi (Xl)) + 7Ti(lai,bi (Xl))

Clearly, R, ,(X;) is continuous with respect to  over Zi—m and

1 Yi+Y0
Ry (Lo (X)) / Lo, b, (VaR,_(X,))dt

_707

is continuous with respect to (a,b,7) over A(P) x Zz,ﬁ—&-a’ where the definition of Z:”BJra is given in (12).

Hence L(a,b,7) is continuous over A(P) x Ezﬂ+a. Therefore there exists (a*, b*,v*) € A(P) x ZZ’LHO‘

such that

L(a*,b*,y*) = inf L(a,b,y) = inf L(a*,b",).
(a,b77)€A(P)XZ£+a ’YGZ:‘BJFO‘

Hence the existence of (a*,b*) for case (i) is established. The proof for case (ii) is similar to case (i) and

hence we omit it. O

9.3 Proof of Section 5.

Proof of Propositions 6-7. By Proposition 1, we have

inf sup VaRq (SY(X1,...,Xn))
WEA(P) (X4,...,X ) €En(F)
B B DD R () (X,

Note that 7" | ((1 — w;) Ry, ~o (X;) + wim;(X;)) is a linear function for each w;. Hence for eachy € (1—a)A,,
we have

wei/\flrzf(P) ; (1= wi) Ry, o (Xi) + wimi (X)) = weg\li(m ; (1 = wi) Ry, o (Xi) + wimi(X3))
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which implies

inf sup VaR, (SY(X1,...,Xn))
WEAn(P) (X17---7Xn)6£n (F)

n

: D (1= wi) Ry 1y (X3) + wims (X))

inf inf
ye(l=a)A, wEIA, (P

=1
n
WEéI/%n(P)ye(llfla)An ; (( w ) 'yl,'yo( ) + w; T ( ))

Note that infye1—a)a, Doieq (1 —wi) Ry, 4o (Xi) + wimi(X;)) is a continuous function with respect to w and
OA,,(P) is compact. Hence there exists optimal quota-share levels w* € 9A,,(P). This completes the proof
of Proposition 6. Analogously, we can prove Proposition 7. O

Proof of Corollary 1. By Proposition 6, we have

inf sup VaRg, (SY(X1,...,Xn))
we0,1]™ (X, X, )€EEL(F)

n

Wel[réal]"76(11£la)An;(( W;) Ry, o (Xi) + wimi (X))

n

- ’YE(liE(E)An wei[%,fl]" Z (L= )R (Xe) - wimsl X))

i=1
n

'ye(llfla)An WI.QA% Pt (( w;) %,Wo( ) 4+ wimi (X;))

weAg {ve(llfla)m ; (1 = wi) R o (X3) + i ))}
Hence there exist optimal quota-share levels w* & A?L. We can similarly show the same conclusion for

Proposition 7. O
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10 Supplementary materials

In order to show Proposition 8, we need the following result.

Proposition 9. Recall that 7;(-) for i = 1,2 are assumed to satisfy the axioms of distribution invariance,

risk loading and stop-loss ordering preserving. If A(P) # 0, for any t € [0,1 — a], the followings are true:
(1) m1(luy vy (X1)) +72(lug 00 (X2)) < 71 (lay by (X1)) +72(lay b, (X2));

(iii) (a1,a9,b1,b2) € A(P);

(ii1) Ly(uy,ug,v1,v2,t) < Li(ay,as,b1,be,t), V(ay,as,bi,bs) € A(P).

where v1 = VaRqa41(X1), v2 = VaR1_¢(X2), u1 = v1 — gy b, (v1) and ug = vy — gy p, (v2).

Furthermore, we have

min min Ly (a1, a9,b1,ba,t) = min min  Lo(uq, us,t),
(a1,a2,b1,b2) t€(0,1—a] (u1,u2) tel0,1—a]
c€A(P) €A, (P,v1,v2)

where Lo(uy,ug,t) = Z?Zl (u7 + (lui,w (Xz))) and
AU(Pv Ulav2) = {(U17U2) : (lul,vlaluz,vg) € DZ(P)a O0<u; <v, 0= 1a2}~

Proof of Proposition 9. By applying the Theorem 3.1 in Chi and Tan (2013), there exists admissible
limited stop-loss function ,, 4, (X1) and l,, »,(X2) such that, for any ¢t € [0,1 — a],

VaRa+t (Xl _lul,vl (Xl)) +7T1 (lul,vl (Xl)) gvaRath (Xl_lal,bl (Xl)) +7T1 (lal,bl (Xl))a v(alv bl) € A(P)v
and

Valet (Xl_lug,vz (XQ))+7TQ (lu2~,ﬂ2 (XQ)) SV&let (X2_la2,b2 (XQ))“F']TQ (laQ,bQ (XQ)), V(CL27 bz) S .A(P)
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As a result, for any ¢ € [0,1 — af,
Ly (u1,up,v1,v2,t) < Li(ay, ag, by, ba,t)  V(ai,a2,b1,b2) € A(P). (13)

Furthermore, for any given € [0,1 — ], the Theorem 3.1 in Chi and Tan (2013) also implies

Ll (a17a27b17b27t) = min Ll (U17u2,'l)17’l)2,t)
(a17(127bl7b2) (u17U27U1,U2)
EA(P) €A(P)

= min Lo (ul, U, f) .
(u1,uz2)
€A, (P,v1,v2)

By building on the above, we are now ready to show

min min L; (a1, a2,b1,be,t) = min min  Lo(uq,us,t)
(a1,a2,b1,b2) t€[0,1—-q] (u1,u2)  t€[0,1—q]
€A(P) €A, (P,v1,v2)

in two steps. In the first step, we show

min min Ly (a1, a2,b1,b2,t) =  min min Ly (ug, ug, vy, v2,t).
(a1,a2,b1,b2) t€[0,1—q] (u1,u2,v1,v2) t€[0,1—a]
€A(P) €A(P)

Let us denote S, to be the set of optimal solutions that solve the optimisation problem

min min Ly (a1, az,by,b2,1),
(a1,a2,b1,b2) t€[0,1—a]
CA(P)

while S} = denotes the set of optimal solutions that solve

min min Ly (ug,ug,v1,v2,1).
(ul,ug,vl,vg) tE[O,l—a]
c€A(P)

Assume there exists a solution (uf,us,vf,vs, t*) € S’ but (uj,u3,vj,v5,t*) ¢ S¥,, there must exist a

solution (&1,d2, 131, 52,7?) € S, such that
Ly (&1,&2,81,82,5) < Ll(uf7u§,vf,v§,t*). (14)

If = t*, (14) contradicts with (13). If £ # t*, (13) implies that there must exist another solution

(121, Ug, V1, V2, f) that is admissible to the optimisation problem

min min Ll (u17u271]17v27t)
(u1,u2,v1,v2) t€[0,1—a]
€A(P)
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such that

Ly (1, tig, 01,2, 1) < Ly (dl,dz,bl,bmt) < Ly (ui, us, 07,05, %),

which contradicts with the assumption that (uf,us,v],v3,t*) € S,. Therefore, if (uf,ud,vi,v5,t*) € Sk

uv’?
(ul,ud, v}, v5,t*) € S¥ must also hold.
* 1k

On the other hand, let us assume there exists a solution (aj, a3, bj, b5,t*) € S¥, but (af, a3, b],b5,t*) & SZ,.

Then, there must exist a solution (u},u5, v, v5,t') € Sk, such that
Ly (uy, uhy, vy, v5,t") < Ly(aj, ay, by, b5, t%).
Since the solution (u}, uh, v, v5,t') € S, is also admissible to the optimisation problem

min min Ly (a1, a2,b1,be,t),
(a17a2,b1,b2) tE[O,l—O{]
c€A(P)
it contradicts with the assumption that (af,a3,b},b5,t*) € S¥,. Therefore, if (aj,as,b},b5,t*) € S&,
(af,a3,b1,b5,t*) € S, must also be true. By combining the above, the first part of the proof is com-
plete.

Now let us move to the second step of the proof and show

min min Lj (ug,u2,v1,ve,t) = min min Lo (ug,us,t).
(u1,u2,v1,v2) tE[0,1—a] (u1,u2) te[0,1—a]
€A(P) €A, (P,v1,v2)

We now denote S? to be the set of optimal solutions that solve

min min  Lo(uq, uz,t).
(u1,u2) tel0,1—a]
€A, (Pv1,v2)

Assume the optimal solution (uf,us, vy, vs,t*) € Sk, but (uf,ud, t*) ¢ S, there must exist a solution

(ﬂl,i@,f) € 57, such that
Lo (i1, 00, t) < Lo(uf, ub, t*). (15)
Because of the translation invariance property of VaR, it is not difficult to see that
Ly (1,2, 01,92,) = Lo (41,42, 1) (16)
where, by definition, 91 = VaR, ,;(X1) and 92 = VaR;_;(Xz). Similarly, it also holds that

Ll(uikau;vviavgvt*):LZ(u;uzvt*)a (17)
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where, by definition, v} = VaR,1¢(X1) and v5 = VaRj_4+(X32). By combining (15), (16) and (17), we

obtain
Ly (111,122,01,@2,7?) < Ll(u’{,uz,vf,v;,t*). (18)

Note that (121, Uy, V1, U2, f) is admissible to the optimisation problem

min min Ly (ug,ug,v1,v2,t),
(w1,u2,v1,v2) t€[0,1—a]
cA(P)

and thus, (18) contradicts with the assumption that (uf, us, vf,v3,t*) € S ,. Therefore, if (u], u3, v}, v3,t*) €

*
SUU ?

it must also holds that (uf,u},t*) € SZ.
On the other hand, let us now show that if (uj,u3,t*) € S, (uf, us, v}, v3,t*) € SF, must also be true.

Assume that (u},u3, v}, v3,t*) ¢ S;,, then there must exist a solution (a1, t2, 01, 2,t) € S}, such that

uv?
L1<ﬁ17ﬂ27617627£) <L1(UT,U;,’UT,U§,t*>, (19)

where by definition 91 = VaR, ;(X1) and 92 = VaR;_;(X3). If we apply again the translation invariance

property of VaR, (19) implies the following
Lz(ﬂl,’az,g) < LQ(UT,U;,IE*). (20)
Since (4, t2, U1, U2, 1) is admissible to the optimisation problem

min min  Lo(uy, us,t),
(u1,u2) te[0,1—a]
€A, (P,v1,v2)

20) contradicts with the assumption that (u},u3,t*) € S;:. That is, we have shown that if (u],u},t*) € S¥,
P 1 2 u 1 2 u
ul,ud, vy, v5,t*) € S¥  must also be true, and the second part of the proof is also complete.
1) %2y Y1y Y2 uv

Overall, we have shown that

min min Ly (a1, a9,b1,ba,t) = min min  Lj (ug,u2,v1,v9,t)
(a1,a2,b1,b2) t€]0,1—a] (u1,u2,v1,v2) tE[0,1—q]
EA(P) €A(P)
and
min min  Lj (ug,u2,v1,v9,t) = min min Lo (uy,us,t),
(u1,u2,v1,v2) tE[0,1—a] (u1,u2) te(0,1—a]
c€A(P) €A, (P,v1,v2)

34



which lead to the conclusion that

min min L (a1, a2,by,ba,t) = min min Lo (u1,ug,t).
(a1,a2,b1,b2) t€[0,1—q] (u1,u2) te(0,1—a]
€A(P) €A, (Pv1,v2)

Proof of Proposition 8 It is not difficult to show that

Bl () = [ (e — ufil)de + / " (or — ) fu()de

= Ne Wi/ )\ e il
Moreover, v; is given by
vy =F Y a+t)=-\In(l—a—t), fori=1,
and
vy =Fy ' (1—t) = —XyInt, fori=2.

As a result, La(uq,us,t) becomes

[
NE

L3(U1,U2,t) (Ul—f— w; + (1—|—51)E(lu“vl(Xl))>

1

.
Il

Il
-M”

(ui+wi+(1+5i)xie*w“i) —(1400)M (1 — a)+ ((1+8)A —(14+62) M)t (21)

i=1

We are now ready to apply Proposition 9 and solve the optimisation problem (4) in two steps. The first step

considers the inner minimiser and denote

t:=a in  Ls(ui,us,t),
B o el )

while the second step solves the outer minimiser

min  Lz(uy, ug, t).
(u1,u2)
€A, (P,v1,v2)

As we can see in (21), L3(uy,us,t) is linear in ¢t. Thus, we will discuss the solution in the following three

cases.

(i) If (1491)A1—(1+62) A2 = 0, the solution of the inner minimiser (¢) is not unique and does not affect the
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value of Lg(uq,us,t). Furthermore, the objective function of the outer minimiser Ls(uq, us, f) becomes

2
Lgl) (ul, uz, f) = Z (ui+wi+(1+5i))\ie*"i/’\i) —(1+(51)>\1(1 — a).

i=1

Differentiating Lg) (u1,us,t) with respect to u; and usy respectively, we obtain

dLg) (ul, Ug, f)

T =1—(1+&)e /N, fori=1,2. (22)

Setting (22) to 0 gives

1

Recall that the feasible region for w; is (ui,us) € A,(P,v1,v2), which lead to the following budget

constraint

Z(wi-l—)\i)—(l—i-&)(l—a))\l <P (24)

i=1

1
1+02

and feasible set 7 given by (5). Note that 7 is non-empty, because 1 — «a — ﬁ <l—aand0<

hold. Therefore, if (24) holds, the feasibility set is not empty and the optimal solution

(uj,us,t*) :=arg  min min  Ls(uq,us,t)
(ui,u2)  t€[0,1—a]
€A, (Pv1,v2)

is given by

u; = —X\;1n (ﬁél) , fori=1,2,

t* = to, where tg € T.

Otherwise, a numerical approach shall be employed to solve the optimisation problem.
(ii) If (1401)A1—(1+82)A2 > 0, Lz(uy, ua,t) is an increasing function in ¢. Thus, ¢ = 0, and L3 (uy, ua,t)
becomes
2

Lgii) (Ul,u2,£> _ Z(ui+wi+(1+§i))\i6*“i/z\i> —(1+01) M (1 — o).

=1

Therefore, differentiating Lgﬁ) (ul,uQ, f) with respect to u; and us respectively will lead to the same

first order conditions and solutions as in (22) and (23). Note that v = co when ¢ = # = 0. That is,
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the feasibility constraint of ug, us € [0,v2), will always hold. Provided that A, (P, vy, v9) # 0,

uy = —Ag ln( ) and w3 € (0,v2).

1+ 69

On the other hand, v; = —A\;In(1 — @) < oo when t = £ = 0. Thus, it is necessary to consider the

following two sub-cases and check the budget constraint in each sub-case:

(ifa) If (1 — a)(1+ 1) < 1, it holds that

1

and thus,

. 1
Uq :—)\1ln<1+51> S (0,’()1),

which leads to the same budget constraint as in (24). That is, A, (P, v1,ve) # 0 if (24) holds and

the optimal solution (uf,u},t*) is given by

u; = —X\1n (ﬁ) , fori=1,2,

t* =0.

Otherwise, a numerical approach will be sought to solve the optimisation problem.

(iib) If (1 — @)(1 4+ 61) > 1, we have

1
O<u1<v1:—/\11n(1—a)g—)\lln<1+51).

One may notice that the first order condition (22) is an increasing function in u; and is equal to

0 when u; = —\; In (?151) Therefore,

dLéii) (ul, Uug, 'E

) |
<0, Yu € lO,—Alln(1+51)>

Consequently, u} = vy, i.e. there will be no reinsurance purchased for X;, which leads to the

du1

budget constraint of

wy + A < P (25)
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Therefore, if (25) holds, the optimal solution (uf,u},t*) is given by

uf = =M1 ln(1l — a),

wh = o In (ﬁ) ,
t*=0.

Otherwise, a numerical approach will be sought to solve the optimisation problem.

(iii) Finally, if (1431)A; —(1+82)A2 < 0, L3(ug,us2,t) is now a decreasing function in t. Thus, f = 1 — a,
and L3 (ul, Usg, f) becomes

e 2
Lgm) (U1, s, f) _ Z(ui+wi+(1+5i)/\ie*ui/ki) —(1+02)A2(1 — ).

i=1
Again, as in case (ii), differentiating Léﬁi) (u1, Usg, t~) with respect to u; and us respectively will lead to
the same first order conditions and solutions as in (22) and (23). Note that v; = co whent =% =1 —a.

That is, the feasibility constraint of ui, uj € [0, 00), will always hold. Provided that A, (P, u1,us) # 0,

1
=1 .
Uy 1H(1+51>

On the other hand, vy = —AoIn(1 — a) < co when t =t = 1 — o. Again, it is necessary to discuss two

sub-cases and check the budget constraint:

(iffa) If (1 — a)(1 + d2) < 1, it holds that

1
—)\2 In <1—|—62> < _>\2 ln(]. — Oé) = U9

and thus,

1
* 1
us Ao n<1+52> € (0,v2),

which leads to the following budget constraint
2
D (wi+ Xi) = (14 82)xe(l—a) < P. (26)

i=1

That is, A, (P, v1,v2) # 0 if (26) holds and the optimal solution (u},u,t*) is given by

i ==X (), fori=12,

t*=1-q.

Otherwise, a numerical approach will be sought to solve the optimisation problem.
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(iiib) If (1 — a)(1 + d2) = 1, we have

1
Oguggvgz—)\gln(l—a)<—)\21n<1+62).

Similar to what we have mentioned in sub-case (iib), the first order condition (22) is an increasing

function in us and is equal to 0 when us = —AsIn (ﬁ) Therefore,

dUQ

dLgii) (’U/17u2,£) 0 v 0 Ml 1
—_— <, Ug € , —A2In <1—|—62)

Consequently, u3 = v, i.e. there will be no reinsurance purchased for Xo, which leads to the

budget constraint of
w1+ A <P (27)
Therefore, if (27) holds, the optimal solution (uf,u%,t*) is given by
* __ 1
uy = _)\1 In (m) N
uy = —Xln(1l — a),
t*=1-a.

Otherwise, a numerical approach will be sought to solve the optimisation problem.
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