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Chapter 1

Introduction

1.1 Fermi-Pasta-Ulam-Tsingou (FPUT) lattices

The Fermi-Pasta-Ulam-Tsingou (FPUT) recurrence phenomenon refers to an un-
expected observation made during a numerical experiment in the early 1950s by
physicists Enrico Fermi, John Pasta, and Stanislaw Ulam with Maria Tsingou’s
help. The FPUT experiment was conducted at the Los Alamos National Laboratory
as an attempt to understand how energy is shared among the different modes
of a vibrating one-dimensional lattice. It was conducted using the MANIAC
(Mathematical Analyzer, Numerical Integrator, and Computer), which was one of
the earliest digital computers, specifically designed for scientific calculations [1].
Fermi et al. initially aimed at exploring the problem of thermalisation and
energy equipartition in an idealised lattice system. They considered a one-
dimensional chain of particles connected by nonlinear springs. They hypothesised

that the system, when given sufficient time to evolve, would exhibit the phe-
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nomenon of equipartition of energy, where the energy would be evenly distributed
among all normal modes of vibration, resembling thermal equilibrium.

To their surprise, when they performed numerical simulations of the FPUT
system, they found that the energy did not evenly distribute among the modes
as expected. Instead, the energy showed complex behaviour, with occasional
periods of recurrence where the system revisited its initial state, resembling the
phenomenon of a recurrence or return of the initial conditions.

The recurrence phenomenon observed in the FPUT system challenged the
prevailing notion at the time that systems with many degrees of freedom would
naturally approach thermal equilibrium and exhibit energy equipartition. Energy
equipartition is a principle in statistical mechanics that states, for a system in
thermal equilibrium, the average energy is equally distributed among all degrees
of freedom. Energy equipartition is expected over long periods if the system is
ergodic. Ergodic behaviour refers to a property of a dynamic system where, over
time, the system explores and visits all possible states with equal probability. In an
ergodic system, time averages of observables are equal to their ensemble averages.
The unexpected result sparked significant interest and debate within the scientific
community [2-4]. The recurrence observed in the FPUT system shows that the
system periodically returns to a state where energy is localised in specific modes
rather than being uniformly distributed.

The phenomenon of recurrence in the Fermi-Pasta-Ulam-Tsingou (FPUT) lattice
was explained by Zabusky and Kruskal [5] in real space. They demonstrated that
by considering the continuum limit of the FPUT lattice, the integrable Korteweg-de

Vries (KdV) equation can be derived. This derivation provided insights into the
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underlying dynamics that lead to the recurrence behaviour observed in the FPUT
system.

When energy is introduced into a specific normal mode with a wave number k,
it corresponds to initialising the system with a sinusoidal initial condition in real
space. As time progresses, the state of the system evolves and breaks into a series
of localised solutions, known as solitons. These solitons are self-reinforcing waves
that maintain their shape and move through the system without dissipating or
dispersing.

In the FPUT lattice, the solitons interact with the fixed ends or boundaries of the
system. When a soliton reaches a boundary, it reflects or bounces back, eventually
returning to its initial position. This interaction with the boundaries gives rise
to the recurrence phenomenon observed in the FPUT system. The solitons, after
bouncing back, continue to propagate and interact with each other, leading to
complex dynamics and recurring patterns in the system.

Further investigations into the FPUT recurrence phenomenon revealed that the
nonlinearity of the interparticle interactions played a crucial role in the system’s
behaviour. The FPUT system exhibited a rich dynamics with the coexistence of
regular and chaotic motion. The FPUT lattice system exhibits chaotic behaviour
under certain conditions. Chaos in a dynamical system refers to the sensitivity of the
system’s dynamics to small changes in initial conditions, leading to unpredictable
and highly divergent trajectories over time.

The chaotic nature of the FPUT lattice system was unexpected, as it initially
seemed to suggest the possibility of reaching thermal equilibrium. However,

the recurrence phenomenon observed in the system indicated a more intricate
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dynamics that goes beyond simple periodic behaviour. Chaos in the FPUT lattice
arises due to the interplay between nonlinearities, multiple degrees of freedom,
and energy exchange among different modes. In [6, 7], the behaviour of the FPUT
lattice system was examined under varying energy levels and different initial
conditions.

The chaotic behaviour of the FPUT system has been extensively studied using
numerical computations of chaotic indicators, such as Lyapunov exponents [8] and
Smaller Alignment Index (SALI) [9]. They are commonly employed to characterise
and quantify the chaotic properties of the system.

The FPUT lattice system also displays the intriguing phenomenon of super
recurrence, where the system exhibits recurrence behaviour on significantly
longer timescales than those observed in standard recurrence patterns. This
phenomenon was reported by M. Tsingou, who was involved in the original FPUT
experiment [10]. The research presented in [11] expands upon the previous work
and investigates the breakdown of super recurrences as the initial energy and
corresponding nonlinear parameters are systematically increased. They find that
for the FPUT-a lattice, the super-recurrences break down while the lattice is still
in the metastable state, a temporary state that the system can assume during its
evolution that is not in thermal equilibrium but can persist for an extended period
before eventually transitioning to a different state.

The lifetime of a metastable state in the FPUT lattice system can vary depending
on several factors, including the system’s energy, the initial conditions, and the
nonlinearities present in the system [12]. In this state, the FPUT-a system can be

considered as a perturbation of the integrable and regular Toda lattice [13].
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1.2 g-Statistics

In the study of dynamical systems, one approach to understanding their behaviour
is through statistical analysis. The behaviour of a dynamical system can be charac-
terised statistically by examining the distribution of a relevant statistical variable
that is generated from the system’s trajectories. By analysing the distribution of this
statistical variable, we can gain information about the behaviour and properties of
the system. The distribution describes how the values of the statistical variable are
spread out or distributed over a range of possible values.

The statistical distribution plays a crucial role in understanding the properties
of a dynamical system. In certain systems, the statistical variable derived from the
trajectories of the system can exhibit a normal distribution, commonly known as a
Gaussian distribution or a bell curve. This phenomenon arises due to the mixing
and ergodic nature of the system [14].

The Central Limit Theorem [15] provides further insight into this behaviour.
It states that when a system is mixing, the statistical variable generated from its
trajectory can be treated as a random variable. As a result, for a large number of
trajectories, the probability distribution of this random variable approximates a
Gaussian function.

However, in other cases, the distribution may deviate from a normal distribution
and exhibit non-Gaussian features. These deviations can indicate the presence
of complex dynamics and show a sign of nonergodicity. For this system, the

distribution is well approximated by a g-Gaussian distribution [14,16-19].
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1.3 Thesis overview

The two primary goals of this thesis are (a) to investigate the FPUT-a system with
variability and their chaotic behaviour, and (b) to investigate the chaotic dynamics
of the standard map using g-statistics.

In chapter 2, we provide an overview of previous research related to these
topics and present the numerical tools that will be utilised in subsequent chapters.
In chapter 3, we examine the influence of variability in the nonlinear coupling
terms of the FPUT-a system to the localisation of normal mode energy and the
occurrence of blow-up solutions within a finite time. Through the application of
multiple time-scale expansions, we derived a two normal-mode approximation to
explain energy recurrence breakdown and solution blow-up in finite time beyond
a certain variability threshold. This study is followed in chapter 4 by introducing
the variability in the FPUT-a Hamiltonian and study the system at a fixed energy
level. By maintaining the Hamiltonian function of the system, we are able to
initiate the system at the same energy level while varying the degree of variability
up to 100%.

In Chapter 5, our focus turns to understanding the chaos exhibited by the
standard map by analysing the distribution of a probability distribution function
derived from the system’s trajectories. We examine various chaotic properties of
the standard map through this approach. Specifically, we investigate trajectories
originating from both the stability island and the chaotic sea regions. To identify
the probability distribution function of these trajectories, we employ the g-Gaussian

distribution. This distribution offers a suitable framework for characterising the
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complex behaviour observed in chaotic systems. To obtain the parameters of
the distribution, we develop a procedure that utilises a genetic algorithm. This
algorithm allows us to solve a multi-objective optimisation problem, enabling us
to determine the optimal parameters that best describe the probability distribution
function of the trajectories. We conclude our study in Chapter 6 where we also

discuss future work.



Chapter 2

Literature review

2.1 Hamiltonian systems

A Hamiltonian system is a dynamical system governed by Hamilton’s equations
of motion. It is a mathematical formalism developed by Hamilton to describe the
evolution of physical systems where their energy is being conserved in time. A
Hamiltonian system’s behaviour can be described by its Hamiltonian function
H. This function captures its total energy, typically expressed as generalised
coordinates and moments.

Mechanical systems are a subset of Hamiltonian system that can be defined as
the sum of kinetic and potential energies when energy is conserved, where each

term depends on generalised coordinates g(t) and momenta p(t), as follow

H(t, q(t),p(t)) = T(q(t), p(t)) + V(q(t)). (2.1)
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The generalised coordinates g represent independent variables which define the
configuration of a system, such as position or angle. Moments represent conjugate
variables associated with generalised coordinates that reflect its velocity properties.

To analyse the Hamiltonian system, one needs to study the corresponding
Hamilton’s equations of motion. These equations consist of coupled first-order
ordinary differential equations which govern the time evolution of generalised

coordinates and momenta, given by

dq oH
it Jp
dp  JH
it oq

where 4 = (91,92,---,9N), P = (p1,p2, ..., pN) are called the position and momentum,
respectively, and H = H(t,q,p) is the Hamiltonian function. These equations
describe how coordinates and momenta change over time to form the trajectory in
phase space, where every point represents one state of a system. We also define N
as the degree of freedom of the Hamiltonian system (2.1). The phase space of a
Hamiltonian system can be conceptualised as a multi-dimensional space whereby
each individual point corresponds to a distinct combination of coordinates and
momenta. The time evolution of the system can be represented by a trajectory or
orbit within the phase space. A Hamiltonian system characterised by N degrees of
freedom exhibits a phase space dimension of 2N.

Hamiltonian systems exhibit various important properties, such as conservation

of energy and symplecticity, that stem from their mathematical structure. This
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makes the Hamiltonian framework particularly effective at studying conservative
systems such as those in classical and celestial mechanics.

If the Hamiltonian H does not depend explicitly on ¢ (autonomous system),
then its value along any trajectories is constant. Indeed, direct calculations using
the chain rule give

d_aHdg oridp
dt dqdt dpdt

_JHOH OJH( JH
~dqdp  dp\ dq

Therefore, H(q(0),p(0)) = H(4q(t), p(t)) = E, where E is called the energy of the system.

Hamiltonian systems find many uses across disciplines such as physics, engi-
neering and applied mathematics. They play a fundamental role in understanding
the dynamics of many physical systems ranging from simple harmonic oscillators

to those with many degrees of freedom.

2.2 Coupled oscillators

One-dimensional (1D) systems of coupled oscillators refer to an assembly of
oscillators arranged linearly along one dimension that interact with their nearest
neighbors. Such systems often serve as simplified models to study how coupled
oscillators influence physical phenomena. Each oscillator can be described by
its position and momentum, denoted g; and p;, for oscillators 1 through 7, using
equations of motion from either Hamiltonian formalism or Newton’s laws of

motion.
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These equations of motion describe how the positions g; and momenta p; of
oscillators change with time, taking into account interactions with neighboring
oscillators. Solving these equations allows us to study various phenomena
related to system behaviour such as propagation of waves, energy transfer or
synchronisation phenomena in detail.

The 1D n coupled-oscillator system serves as a simplified model to better
understand more complex systems such as vibrating strings, crystal lattices or
coupled pendulums. This gives insight into phenomena like wave propagation,
resonance and collective behaviour caused by interactions among oscillators, which
has applications across disciplines, such as physics, engineering and materials

science.

2.21 Systems of linear coupled oscillators

We consider the mass-spring system of N identical particles of mass m connected

by springs with equal spring constant k. The Hamiltonian function of the system is

2 N k
H(q,p) = 2_1;1 ZE gj+1— =E/
j=0

j=0

where the two endpoints are kept fixed, i.e. pg =0, xg = xn4+1 =0, and E is the

constant energy of the system. The equations of motion are given by

§i=(97-1- 295+ 4j1), (2.2)

where we have taken k/m =1 for simplicity.



2.2 Coupled oscillators 12
Introducing the following transformations
g=AQ, p=AP, (2.3)
whereq=[q142 ... qn1", p=[p1p2 ... pn1T, Q=1[Q1 Q2 ... ONI", P=[P1 P, ... P\,
and
sm(m) sm(%) sm(%)
2n 4 2N7
A > sm(m) sm(N—_’:l) sm(m)
~ VN+1 ’
2
sm(l\]}]"l) sm(zz\ﬁq) sm(% 7})
Eq. can be written as
AQ =SAQ, (2.4)
where
-2 1 0 0
1 -2 1 0
S = (2.5)
0 O 1 -2

According to [20], the eigenvalues Ay of matrix S given in Eq. (2.5), in decreasing

order are

kmt

A = —4sin2(N T

) k=1,2,---,N.
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By direct computations, it can be shown that

SA=AD, (2.6)
where
A1 0 ... 0
0 A 0
D=
0 0 ... Ay

Therefore, using Eq. (2.6)) in the equations of motion (2.4), we obtain

Q=DQ. (2.7)

Note that Eq. is a system of uncoupled harmonic oscillators and can be
solved analytically as it is a linear system of ordinary differential equations. This
simplification is made possible due to the transformation given in Eq. (2.3). This
transformation is known as normal mode transformation and plays an important
rule in studying the one-dimensional lattices. It is worth noting that Eq.

admits the Hamiltonian function

N
Z P2 +a)ka

k=1

I\JIH
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where

a)k:2sin( ),k:1,2,---,N.

TC
2(N+1)

Variables P, and Qy are called the normal mode coordinates, and wj; are the normal
mode frequencies. Moreover, we can also define the normal mode energy for

mode k as
E; = 1(1)2 +w?Q2).
5 ke T Wi

Hence, the total energy of the system is equal to the sum of the energies from each
individual modes.

In Chapters 3| and @} our focus will be on the examination of normal mode
energy within a particular Hamiltonian system, namely the Fermi-Pasta-Ulam-
Tsingou-a (FPUT-a) system. We will delve into the details of this system to better

understand its normal mode energy behaviour.

2.3 Symplectic integrators

The sum of the projected areas on the N (p;,4;),i =1,...,N planes is preserved by
the flow of a Hamiltonian system with N degrees of freedom. This structure is

called symplectic structure and defined by the non-degenerate closed 2-form

w=dpAdq,
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which is also known as the wedge product [21]. The wedge product of two

arbitrary vectors u,v of the phase space is defined by the operation

UAv= (uJ/V)/

where

0 I

-10
with 0 and the unitary matrix I are N X N blocks. Matrix | is known as the standard
symplectic matrix. A canonical transformation 7 : X — X on a 2N-dimensional

manifold X with coordinates x = (q, p) is a transformation which satisfies

(DT)TJIDT =],

where D7 is the Jacobian matrix of 7 and T denotes the transpose operation [21].

Symplectic integrators are numerical integration methods designed to preserve
the symplectic structures of Hamiltonian systems derived from Hamilton’s equa-
tions of motion. Such conservative systems feature energy conservation dynamics.
To obtain a symplectic integrator, we need to find a canonical transformation which
takes a set of variables (po, qo) at t = 0, to another set (p, q) at time ¢.

Standard numerical integration methods such as Runge-Kutta [22] may intro-
duce errors that grow in time and compromise long-term simulation accuracy,
whereas symplectic integrators aim to maintain important properties of Hamilto-
nian systems such as energy conservation and phase space volume preservation

through long-term simulation.
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Symplectic integrators ensure this preservation through specific algorithms
designed to take advantage of Hamiltonian systems’ underlying symplectic
structure and maintain their symplecticity, so as to maintain close proximity
between solution paths in phase space and true trajectories.

Symplectic integrators offer numerous advantages over classical methods
for modeling Hamiltonian systems such as improved long-term accuracy, the
preservation of important physical properties, and long-term simulation without
significant energy drift or phase space distortion.

It is important to take into account that although symplectic integrators provide
advantages when simulating Hamiltonian systems of the form H = T+ V, where
T is the kinetic and V the potential energies, their accuracy may not compare
favourably with non-symplectic methods when simulating general dynamical
systems which are not Hamiltonian. Therefore, the integration method chosen
will be determined by the type of the system that needs to be simulated.

Consider the autonomous Hamiltonian function which can be expressed as

Hp,q9)=T{p)+V @), (2.8)

where T (p) is the kinetic energy, V() is the potential energy, and

q:(‘h/qz;---;QN)/ P:(plszI---/pN)/

are the generalised coordinates and momenta, respectively. Hamilton’s equations

of motion can be written as

dx _JH

i ]5/ (2.9)
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where

with I is the identity matrix and x = (¢,p). The Poisson bracket in the standard
form is defined as
Ju dv  du Jv

{u,0} = 9_1118_191_9_}713_% (2.10)

Therefore, by using the chain rule for derivative, the equations of motion, which is

given by Eq. (2.9), become

dx_oxdq oxdp
dt  oqdt Jp dt

_9x9H _9xoH
dqdp Jpdq
={x,H} (2.11)

Introducing the differential operator

Dyx = {x,Hj},
Eq. (2.11) becomes
dx
— =Dupx,
ar "

which can be integrated formally from f =0 to ¢t = 7 to obtain

x = exp (1Dp) xp.
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When the Hamiltonian has the form of Eq. (2.8), we note that
Dy =Dt + Dy,
where

Drx ={x,T(p)},

Dyx ={x,V(g)}.
Hence, the formal solution becomes
X =exp (T (DT + Dv))xO. (2.12)

The differential operators Dt and Dy are, in general, non commutative operators.

To solve Eq. (2.12)), we seek a set of real numbers a;,b;,i=1,2,--- ,k such that

k
exp(t(Dr+Dy)) = H exp (a;tD1)exp (bjtDy) + O (T””)
i=1

Therefore, we have

k

xX= H exp (a;tD1)exp (bjtDy) xo + O (T”+1) , (2.13)
i=1

for a particular integer n [23]. In this context, 7 is called the order of the symplectic

integrator. The approximation to Eq. (2.13) is then given by

k

X= H exp (a;tD1) exp (b;itDy) xo, (2.14)
i=1
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which is exact up to order n (O(7")). It should be noted that the value of k is not
necessarily the same as n in Eq. (2.14). For n =1 or the first-order symplectic
integrator, the coefficients are a; = b; = 1. This integrator is known as the symplectic
Euler method [24]. The second-order method is called the Verlet method [24] with

a1 =ay =1/2,by =1 and by = 0. The third-order method was obtained in [25] with

2 2
bi=2 by=-2, by=1.
1 3/ 2 3/ 3

Yoshida in [26] proposed a procedure to obtain the coefficients of the integrator
with even orders up to 8th order. For easy reference, the coefficients for the fourth

order integrator are given by

1 1-21/3

M = 30-Ry 2= -7y

az =dz, d4=4dy, 2.15)
b= by=—2L_ =0, by=b |
1= 555173/ 2= T 5 513 3=Y 4 —U1-

Next, we explain how to compute the solutions to Eq. (2.14). Since

Drx = {x,T}
_oxor oo
~ dq;dp;  Ip; Iq;
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and

Dix={{x,T}, T}

=1(4:,0), T}
=(0,0)
for all x, we conclude that
Dlx=0 (2.16)
for all j > 2. Similarly, we also have
D{,x =0 (2.17)

for all j > 2. By using Eqgs. (2.16) and (2.17) in the Taylor series expansions of

exp (a;7D1) and exp (b;7Dy), respectively, we get

exp (a;tDt) = 1+a;7Dr,

exp (bjtDy) =1+b;tDy.

Therefore, Eq. (2.13) can be numerically calculated by applying sequentially
two transformations at each step i in the expansion of Eq. (2.14), which evolves

the initial vector x; = (q]-,p].) at time ¢; to its final state x;,1 = (q]. 1P +1) at time

qld
)

tj+1 = tj+ T according to the following steps: We first set 47 = 4; and p‘]’.ld =p;, then
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we perform the following computations

ar
Id
i = e 7 219
p p:p‘]?ld
av
Pt =pf ~bie (d—) (2.19)
q a=41%
fori=1,2,...,k, replacing q‘]?ld and p‘]’.ld with q’;ff and p’]?ff, respectively, after each i.

In Algorithm (I} we present the algorithm for the symplectic integrator that will
be used throughout this work. In particular, we use the fourth-order symplectic

integration where the coefficients are given in Eq. (2.15).

Algorithm 1 Symplectic integrator.

Input: Hamiltonian function H = T + V, initial condition (g, p,), integration step
size 7, final integration time T, symplectic integrator coefficients (a;,b;), i =
1,2,...k

Output: Time evolution of (q;,p))-

Id
1: qg — {4,

2: Pgld‘_Po
3: forijto%—ldo
4: fori=1tokdo

5: compute
new old dT
Lo =q +ait| 5=
q]"r]_ q] 1 (dp )p=pqld
6: compute
new _ old b d_V
Pin =P ~0%\ g
943
. old new
7 q]. — q].+ 1
. old new
8 Pi" < Pia
9: end for
. new
10: qj+1 < q]'+1
. new
11: p].+1 — p],+1
. old
12: q]'+1 A qj+1
. old
13: p]'+1 pj+1

14: end for
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2.4 Chaotic indicators

Dynamical systems employ chaotic indicators as measures or quantities that
provide information about their disordered nature, which typically manifests
itself through extreme sensitivity to initial conditions, irregular and unpredictable
motion, and the absence of long-term regular patterns. Chaotic indicators serve to
measure and identify chaos in dynamical systems. They provide insight into its
inherent unpredictability by providing information about its complex behaviour.

In this PhD thesis, we use two chaotic indicators, namely the maximum
Lyapunov exponent (mLE) and the Smaller Alignment Index (SALI). Both of these
indicators depend on the evolution of deviation vectors, which are governed by
variational equations. Therefore, we will begin with a discussion of the variational
equations of a Hamiltonian system. Then, we will give a brief overview of
mLE and SALI, as well as the algorithm to compute them. We also discuss the
numerical method for calculating the mLE and SALI. We present in the following

the extraction from [27].

2.4.1 Variational equations

We consider an autonomous Hamiltonian system with N degrees of freedom which
can be written as

H(gq,p) =E, (2.20)

where 4 =(q1,42,...,qn and p = (p1,p2, ..., pN) represent the generalised coordinates

and momenta, respectively, and E is the fixed energy of the system. We can define
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a trajectory in the 2N dimensional phase space S of this system by a vector

x(t) = (q(t), p(£)) (2.21)

where x; = g;, xjzn =pi,i = 1,2,...,N. The trajectory evolves in the phase space S
according to Hamilton’s equations of motion, which in matrix form can be written

as

T
i= ()= [‘fp—f - ‘z—ﬂ ~ Iy DH, 2.22)

with g = (91(£),g2(8), - ..,.an (D), p = (p1(£), p2(t), ..., pN(£)), and

T
SR LTI TR

g1 92 dqn Ip1 dp2  Ipn

The matrix [,y is given by
Oy In
Jon = ,
—-In Oy
where Iy is the N X N identity matrix and Oy the N X N matrix with all its element

equal to zero.

The solution to Eq. (2.22) is formally written as
x(t) = 0'(x(0)),

for @' : S — S. Let 7,8 denotes the tangent space of the phase space S. Let w
denote the deviation vectors for a particular orbit of a dynamical system which
evolve on the tangent space 7S. Let dy®' denote the linear mapping which maps

the tangent space of S at point x onto the tangent space at point ®'(x) so that
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dx®" : TxS = Tor(S is given by
w(t) = dy®'w(0),

where w(0), w(t) are deviation vectors with respect to the reference orbit at times
t =0and t > 0, respectively. For the Hamiltonian (2.20), an initial deviation vector
w(0) = (691(0),---,6qn(0),06p1(0),---,6pn(0)) from the solution x(f) in Eq. (2.21)

evolves on the tangent space 7xS according to the following equations

w=Df(x(t)) - w

_of
= g(x(t)) ‘w
=[x - D*H(x(1)] - w

=A(t)-w, (2.23)

where DZH(x(t)) is the Hessian matrix of the Hamiltonian calculated at
the reference orbit x() in Eq. (2.2I). Equation is called the variational
equations of Hamiltonian [27]. Furthermore, the variational equations
can be considered as the Hamiltonian equations of motion corresponding to the

Hamiltonian function

N N
1 1
Hy(64,8p) = 5 ) 077 +75 ), D2V(@(8)) 00,001 (2.24)
=1 jk

The Hamiltonian function Hy provided in Eq. (2.24) is called the tangent dynamics

Hamiltonian (TDH).
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2.4.2 Lyapunov exponents

The Lyapunov exponents (LCEs) are asymptotic measures that characterise the
average rate of growth (or shrinking) of infinitesimally close orbits of a dynamical
system. Their concept was introduced by Lyapunov in the late 19th centuries
when studying the stability of non-stationary solutions of ordinary differential
equations [28], and has been widely employed in studying dynamical systems
since then [29,30]. All Lyapunov exponents are zero for regular orbits and there
is at least one positive Lyapunov exponent for chaotic orbits. Indeed, an orbit
can have at most n different Lyapunov exponents where 1 is the dimension of the
phase- or state-space of a dynamical system. The set of all Lyapunov exponents
is called the Lyapunov spectrum [30]. For a dynamical system which satisfies
the Multiplicative Ergodic Theorem [27], the n possibly nondistinct Lyapunov
exponents can be ordered in descending order A; > Ay > --- > A, and it is sufficient
to compute only the maximal Lyapunov exponent A; to determine whether the
system is chaotic.

In any dynamical systems, it has been shown in [31] that at least one Lyapunov
exponent vanishes. Furthermore, in the case of autonomous Hamiltonian systems
of N degrees of freedom, the set of LCEs consists of pairs of values having opposite

signs [32]

Ai=—Aonoiz1, i=1,2,...,N. (2.25)
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Therefore, for Hamiltonian systems at least two LCEs vanish, i.e.
AN =AN+1 =0,

and the sum of all LCEs is zero, i.e.

because of Eq. (2.25).

To compute the Lyapunov exponents, we follow the evolution of the orbit
x(t) and the unitary initial deviation vectors w(0) which respectively satisty the
equations of motion (2.22) and variational equations (2.23). The p-largest Lyapunov

exponents Ay, p =1,...,2N are approximated for t — oo by

1
Xp(t)=7 ) Iy,
1

where In is the natural logarithm. Hence,
Ay = lim X, () = 1i 121 :
=l X = fim 3 )

In this context, Vpir P = 1,...,2N, i=1,..., are the norms of the deviation vectors,
which are orthogonalised successively at every time step h. In the case of regular
orbits, the maximum Lyapunov exponent A1 () tends to zero following a power
law +~!, while it converges to a nonzero positive value in the case of chaotic orbits.

In this work, we calculate only the value of the maximum Lyapunov exponent,

as this is sufficient to discriminate between regular and chaotic trajectories. We
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follow the standard method as described in [27] and present the procedure for
computing the mLE in Algorithm

To compute mLE, we follow the evolution of a trajectory starting at the initial
point x(0) = (x1(0),...,xn(0),41(0),...,qn(0)), that evolves according to Hamilton's
equations of motion

x=f(x) =|=—

oH _a_HT
Jp aq |’

and the evolution of a deviation vector
w(0) = (6x1(0),6x2(0), ..., 6xn(0),691(0), 642(0), ..., 69n(0)),
that evolves according to the variational equation
W= %(x(t)) “W.
Then, mLE is defined as
1. [w(ll

A=Ilim-1n ,
t—oo £ [[W(O0)]]

If mLE converges to zero following the law 1/t in a log log plot, then the trajectory
is regular, whereas if it converges to a positive value in time, then the trajectory is

chaotic [27].

2.4.3 The Smaller Alignment Index (SALI)

The Smaller Alignment Index (SALI) is an efficient chaotic indicator based on the

evolution of two initially distinct unit deviation vectors of an orbit [6}9,33-35]. The
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Algorithm 2 Numerical computation of the maximum Lyapunov exponent.

Input: Hamiltonian function H = T + V/, initial condition xo = (g, p,), initial devia-
tion vector wy = (64, 6p,), integration step size 7, maximum integration time
T, symplectic integrator coefficients (a;,b;),i=1,2,...,k
Output: Time evolution of maximum Lyapunov exponent (mLE) value X
1: Set flage— 0,5« 0,and k < 1
2: while flag =0 do

3: Evolve the orbit x;_; to x; and the deviation vector wy_; to wy
4: Set a « ||wyl|
5: Compute the mLE X = % 25:1 Ing;
6: Normalise deviation vector wy «— wy/ay
7: Setk«—k+1
8: if kt > T or X;_; < 1071 then
9: Set flage— 1
10: end if

11: end while

variational equations govern the time evolution of these two deviation vectors as
in the LCEs computations. SALI checks the possible coincidence of two normalised
deviation vectors w1 (t) and w(t) without the orthogonalisation process as in the

LCEs computations and is numerically computed at every time step by [33, 34]

SALI(t) = min{||@: () + W2 ()|, 1@+ (t) — w2(D)I]},

where W;(t) = HZf—g;”, i =1,2. If the two initial unit deviation vectors are orthogonal,

then SALI(0) = V2. Therefore, 0 < SALI(t) < V2 for all ¢.

In the case of regular orbits, SALI fluctuates around some non-zero value
because the two deviation vectors tend to the tangent space of the torus, following
a t~! time evolution in log-log scale and having in general 2 different directions
[34]. In contrast, the SALI for chaotic orbits tends to zero exponentially fast and

the rate of this decrease is related to the two largest LCEs of the system [35], i.e.

SALI ~ ce~ 142, (2.26)
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where c is a positive constant.
To compute SALI, we follow the time evolution of an initial condition and two
unit deviation vectors wy(0), w2(0) which are initially orthogonal to each other.

Then, SALI is defined by

SALI(f) = min{|[W (£) — W2 ()l [[W1 (E) + Wa(D)]1},

where w;(t) = ”x%g;”, i=1,2, are the two normalized deviation vectors at time

t. SALI approaches zero exponentially fast in time (as a function of the largest
or 2 largest Lyapunov exponents) as in Eq. for chaotic trajectories and
non-zero, positive, values for regular trajectories [6, 9} 35]. We employ Algorithm
to compute numerically the SALI for a trajectory of a dynamical system, as

demonstrated in [6, 9, 29].

Algorithm 3 Numerical computation of Smaller Alignment Index (SALI).

Input: Hamiltonian function H = T + V, initial condition xy = (4, p,), two initial

deviation vectors wél) = (6q(()1),6pél)) and wéz) = (6q62),6p82)), integration step

size T, maximum integration time T, symplectic integrator coefficients (a;,b;),
i=1,2,---,k
Output: Time evolution of SALI value S
1: Setflage 0,5« 0,and k « 1
2: while flag =0 do

3: Evolve the orbit x;_; to xi, the deviation vectors wl(cl_)1 to w'?

k

@

and w;”

, to
w”

(1)
k
Compute the SALI Sy = min{|lw " +w®||, [[w"” - ||}

4 Normalize deviation vectors w

5: B
6: Setk—k+1

7.

8

—w /| and w® — w? /w?]

k

if kt > T or Sy_; < 1071© then
Set flag « 1
9: end if
10: end while
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2.4.4 Numerical integration of variational equations

The evolution of a deviation vector which is governed by the variational equations
depends on a particular orbit. Therefore, the variational equations should be inte-
grated simultaneously with the equations of motion. Indeed, any non-symplectic
numerical integration algorithm can be used for the integration of Egs. and
as one system. One can use the general purpose Runge-Kutta 4th order
and DOP853 integrators [36], which is an explicit non-symplectic Runge-Kutta 8th
order, to integrate the equations of motion and the variational equations. One main
issue with these non-symplectic integrators is that they produce relative energy
errors that grow in time. This will affect the quality of the solution to the equations
of motion and variational equations. In some cases, it will lead to the wrong
classification of the chaotic behaviour of an orbit. To overcome this drawback,
we opted in this PhD thesis to use the symplectic integrator method, provided
by Yoshida’s symplectic integrator scheme, to achieve the desired relative energy
error bounded by choosing a suitable integrator order.

Consider the set of Egs. (2.22) and (2.23) as one system of differential equations

q=p, (2.27)

. dV(q)

p= ~oq (2.28)
bq = bp, (2.29)

dp = —D*V(q)d4. (2.30)
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Two approaches for solving Egs. (2.27)-(2.30), i.e. the tangent dynamics Hamilto-

nian constant coefficient (TDHcc) method and the tangent map (TM) method, are

explained in [37].

In the TDHcc method we initially integrate Egs. (2.27)-(2.28)) in the interval

[ti tiv1], where t;yg =t;+At,i=0,1,..., and At is the integration step size, to obtain

the time evolution of the orbit x(¢;) = (q(t;), p(t;)). At the same interval, the Hessian

D? V(q(t)) is approximated by D? V(q(t)). Therefore, Egs. 1HD which are

actually the equations of motion of the TDH (2.24), can be integrated by any

symplectic integration scheme.

System (2.27)-(2.30) can be written as

Q=P
P=F(Q),

with Q = (g,69), P = (p,6p), and F(Q) is a vector with coordinates

_dV(g)

7 for 1<i<N,

V() :
Zaqaq ogr for N <i<2N.

The dynamics of any general variable U(Q, P) is given by

HO.P) - Zlawg Py amQ,P)pi]

an 8Pi
_ (Z

? —Q;+F; J —P
= (La+Lp) U(Q,P).

Zapi 'i‘| U(Q,P)

'9Q;

(2.31)
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According to [38], if a first order system of differential equations has the form

X =(Ls+Lp)X, (2.32)

where L4 and Lp are differential operators for which the two systems X=LsX and

X = LgX are integrable, then the symplectic integration schemes can be applied to

Eq. (2.32). Therefore, the system (2.27)-(2.30) can be integrated by the symplectic

integrator since Eq. (2.31) satisfies Eq. (2.32). In analogy to Egs. (2.18)-(2.19), the
solution to Egs. 1)1} for the initial vector x j= (q P ]-) and initial deviation
vector w; = (6qj, 6p]~) at time {; to its final state x;,1 = (qj 1P +1) and deviation

vector w1 = (64 417 op i 1) attime ;4 is obtained by the following transformations

dT
e = qld+a-T(—) (2.33)
q]+1 q] 1 dp pZP‘;’d,
oH
84" = 6¢°" +a; —V) 2.34
v
Pl =pj" - biT(d—) (2.35)
1=y,
JHy
bpcy = op77 - b'T(—) (2.36)
j+1 ] 1 (96‘] 6q=6q]nizi;

Equations (2.33)-(2.36) which solve simultaneously Hamilton’s equations of
motion (2.27)-(2.28) and the variational equations (2.29)-(2.30) are called the tangent
map (TM) method. We implement the numerical integration of the variational
equation according to Algorithm 4]

Next we apply different integration schemes to integrate the equations of motion
and the variational equations to study each method’s efficiency. In particular, we

use Yoshida’s 4th order integrator in both TDHcc and TM methods to study the
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Algorithm 4 Numerical integration of the variational equations.

Input: Hamiltonian function H = T + V, tangent dynamic Hamiltonian given by
Eq. ([2.24), initial orbit xo = (q,,p,), initial deviation vector wy = (64,,0p,),
integration step size 7, maximum integration time T, symplectic integrator
coefficients (a;,b;),1=1,2,...,k

Output: Time evolution of (q;,p;,69;,0p;)

1: 43 < gy and pgi? — p

2: 6q%" — 54, and 5pY? — dp,,
3: for]—Oto——l do

4: fori=1tokdo

5: compute
T
new _ ,old
+a;
q]"r]. q] T ( dp )P:pOZd
JdHy
6qnew qOZd‘le ( )
j+1 00 5p= 6p?ld
6: compute
av
Id
Piy =P —bi T( )
M Jg=gys
JdHy
6p1?ew 6}7 old b ( )
j+1 j 86q 6q=6q]’-“ff
7. qold - q;lizf and pold pz;izlu
8: 6q"ld — (5q”ew and 6p"ld — 6p;.lfl"
9: end for
100 g5 gy andpyyy <Py
11: q;’fl g, and p‘]’ffl P
122 04,4 < 6q”ew and 0p;,q < (Spnew
13 g7« (Sq]+1 and 6p7) — (5p]+1

14: end for
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well-known 2D Hénon-Heiles system [39] described by the Hamiltonian
H = 1(;92+]92)+1(x2+y2)+x2y—1]/3 (2.37)
2\ Py 377

where x,y are the coordinates and py,p, the conjugate momenta. The system
describes the motion of stars orbiting around a galactic center, with the assumption
that this motion occurs in a two-dimensional plane. Moreover, we integrate the
equations of motion and variational equations of this system by the classic 4th
order Runge-Kutta method and the DOP853 integrator [36] for comparison. We
consider some regular and chaotic orbits of the Hénon-Heiles system in
Table [2.1] and calculate their mLE and SALI to investigate the performance of
various integration schemes. The results are verified by checking how well they

approximate the following theoretically known properties:

e The mLE tends to zero following a power law for regular orbits while it

converges to nonzero value in the case of chaotic orbits.

e SALI is constant for regular orbits and tends to zero following the law (2.26)

for chaotic orbits.

In our computations, we set the constant Hamiltonian value at H = 0.125 (which
is also the constant energy of the system) and consider several orbits where the
initial conditions (x,y,px,py) are given in Table We also take the integration
step size T = 0.01 for all integrators and set the relative and absolute error 6 = 107
for the DOP853 method. Yoshida’s fourth order symplectic integrator is used to
integrate the equations of motions and the variational equations using the TDHcc

and the TM methods.
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Orbit | Initial Condition Characteristic
R1 (0,0.1,0.267,0) Regular
R2 (0,0.4,0.3,0) Regular
R3 (0,0.5,0.144,-0.25) Regular
C1 (0,0.52,0.232,0.14) Chaotic
C2 (0,-0.38,0.17,-0.2) Chaotic
C3 (0,-0.1,0.488,-0.03) Chaotic

Table 2.1: Initial conditions for the Hénon-Heiles system (2.37).

Figure 2.1. The time evolution of the mLCE for regular orbits of the Hénon-Heiles system.
The equations of motion and the variational equations are solved by (a) the Runge-Kutta
4th order method, (b) the TDHcc method, (¢) the TM method, (d) the DOP853 method.
Note that the black-dashed line is the law 1/t and is a guide to the eye. Note also that all
axes are in logarithmic scale.
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Figure 2.2. The time evolution of the mLE for chaotic orbits of the Hénon-Heiles system.
The equations of motion and the variational equations are solved by (a) the Runge-Kutta

4th order method, (b) the TDHcc method, (¢) the TM method, (d) the DOP853 method.
Note that all axes are in logarithmic scale.
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Figure 2.3. The time evolution of the SALI for regular orbits of the Hénon-Heiles system.
The equations of motion and the variational equations are solved by (a) the Runge-Kutta
4th order method, (b) the TDHcc method, (¢) the TM method, (d) the DOP853 method.
Note that all axes are in logarithmic scale.
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Figure 2.4. The time evolution of the SALI for chaotic orbits of the Hénon-Heiles system.
The equations of motion and the variational equations are solved by (a) the Runge-Kutta
4th order method, (b) the TDHcc method, (¢) the TM method, (d) the DOP853 method.
Note that all axes are in logarithmic scale.
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In Fig. 2.1|we see that the TM method and the DOP853 method successfully
evaluate the mLE of all three different regular orbits. The computed mLE tends
to zero following a t~1 law until the final integration time t = 107. However, the
Runge-Kutta 4th order method and the TDHcc method failed to demonstrate this
behaviour. The orbit R3 in Fig. a) levels off after + = 10* which indicates the
chaotic nature of this orbit. It means that the Runge-Kutta 4th order method leads
to the wrong classification of a regular orbit as a chaotic. Furthermore, all regular
orbits are classified as chaotic orbits by the TDHcc method as shown in Fig. 2.1(b).
This problem where one wrongly classifies the regular orbits as chaotic orbits occur
not only from the computation of mLE, but also from the computation of the SALI
as we can see in Fig. Therefore, the TM method and the DOP853 method are
the best options to integrate the equations of motion and variational equations
when studying Hamiltonian systems.

Although only the TM and the DOP853 methods produced correct results
characterising regular orbits, it is worth noting that all methods gave practically
similar results for chaotic orbits. Figure 2.2{shows the mLE converging to nonzero
values for chaotic orbits for all methods. Moreover, SALI decreases exponentially
to zero in Fig. 2.4 which indicates the orbits are chaotic.

In this PhD thesis, two methods are employed for evolving different types
of systems. The Tangent Map method is used for Hamiltonian systems, and the
DOP853 for non-Hamiltonian systems.

The Tangent Map method is a numerical integration technique specifically
designed for Hamiltonian systems. As explained before, it is based on the idea

of tracking the evolution of a point in the tangent space of the phase space of the
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system. By propagating the tangent vector along with the system trajectory, it
provides an accurate and efficient way to simulate the Hamiltonian dynamics.
On the other hand, the DOP853 method is utilised when dealing with non-
Hamiltonian systems. This method is a high-order adaptive integrator that can
handle stiff and non-stiff differential equations. It offers excellent accuracy and
stability, making it suitable for accurately evolving the orbit and variational

equation of non-Hamiltonian systems.

2.5 The Fermi-Pasta-Ulam-Tsingou system

Fermi, Pasta and Ulam conducted a numerical simulation in 1953 with Tsingou’s
assistance to investigate the rate of approach to energy equipartition in a dynamical
system that describes a one-dimensional particle chain with nonlinear forces
between particles - known as an FPUT lattice with fixed ends [1]. Their expectation
was that quadratic forces would allow the continuous energy transfer from the
initially excited first normal mode to higher normal modes that would led to
thermalisation or mixing. Instead, energy exchange only occurred among certain
few modes before returning back down within one percent of its initial value
so that the system appeared nearly periodic. This recurrence phenomena were
confirmed over a longer period of time following the work in [10, 11]. They
observed the appearence of super recurrence, in which more energy returned to
the initially excited mode.

The Hamiltonian function of the FPUT-a system is given by

1 N 2 al 1 2« 3
H(x,p) = Eij +Z E(xjﬂ —xj) + g(xjﬂ —x]-) =E, (2.38)



2.5 The Fermi-Pasta-Ulam-Tsingou system

41

with fixed boundary conditions xg = xy4+1 = 0 and pg = 0. Here, E is the total energy

of the system. By viewing the FPUT-a lattice as a model of particles coupled

with springs, x;(t) represents the relative displacement of the jth-particle from its

equilibrium position at any time  and p;(t) its corresponding conjugate momentum

at any time t. The equations of motion of Hamiltonian (2.38) follow as
. 2 2
#j =(cje1 = %)) + (o1 =) +a (i1 = %)) = (¥ xj-1)?).
Using the linear normal-mode transformations

x=AQ,

p=AP,

wherex=[x; x2 ... xn]%, p=[p1p2 ... pN1T,.Q=[Q1 Q2 ... QnI, P=[P; P; -

and

yud 2 Nr

sm( +1) Sll’l( +1) Slﬂ( +1)

21 ; 4n 2Nn

o2 |n() sin(E) - sin(R)

N+1
. ( Nz . (2Nz - ( Nz
_Sm(m) Sm(m) Sm(m)_

we can rewrite the Hamiltonian function (2.38) as

N
H=3Y" (P2+w?Q?)+aHs(Q1, Q2+, Q),

k=1

N~

(2.39)

(2.40)

(2.41)

P17,

(2.42)
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for some nonlinear function Hz, where

W = ZSin( 5 (Nkz 1)). (2.43)

Furthermore, the normal mode energy of mode k is defined as

Ep = > (P2+0}Q}).

N =

Note that according to this definition, the sum of normal-mode energies ZkN: 1 Ex is
exactly the same as the Hamiltonian energy E only for linear lattices with a = 0.
Nonetheless, it serves as a good approximation for relatively small nonlinear
strengths @ where energy contributions from coupled modes are negligible. Using

Egs. (2.40)-(2.41) in (2.39), we obtain the equations of motion in normal-mode

coordinates as

Q=DQ+A'FQ), (2.44)
where
2 0 0 i)
. 0 —w; | 0 ro- |79
0 0 i} Q)

and A~! denotes the inverse of matrix A given in Eq. (10).
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Fermi, Pasta, Ulam and Tsingou [1] excited a single mode, i.e. the first normal
mode with k =1, and let the energy slowly drift to other modes. They opted for

the initial condition

Pi = 0/ (245&)

el

——1),i=1,...,N. 2.45b
N+1)’l 1...,N (2.45b)

X = sin(

They expected to observe the thermalisation of energy predicted by Boltzmann-
Gibbs (BG) statistical mechanics and wanted to measure the thermalisation rate
of this system. Surprisingly, their numerical experiment showed that after 157
periods of the mode k =1 (first linear normal mode) almost all energy was back to
the first mode. Figures (2.5)-(2.6) show respectively the normal-mode energy for

the first four modes of the FPUT-a system (2.39) with N =32 and N = 64.

]
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Figure 2.5. FPUT recurrences of the Hamiltonian system (2.38). (a) Dynamics of x;(t)
using the initial condition in (2.45), where E = 0.07471. Panel (a) shows the top view of
the oscillation envelope of x(t) in time. (b) Energy of the first four normal modes in the
dynamics shown in panel (a). Note in panel (b) how almost all of the energy returns to the
first normal mode at around ¢ = 10%, i.e., the appearance of an FPUT recurrence. Here we
have used N = 32 in the computations in both panels. The range of values in the vertical
axis in panel (a) is between 1 and N = 32.
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Figure 2.6. FPUT recurrences of the Hamiltonian system (2.38). (a) Dynamics of x(t)
using the initial condition in (2.45), where E = 0.03795. Panel (a) shows the top view of
the oscillation envelope of x(t) in time. (b) Energy of the first four normal modes in the
dynamics shown in panel (a). Note in panel (b) how almost all of the energy returns to
the first normal mode at around f = 6 X 10?, i.e., the appearance of an FPUT recurrence.
Here we have used N = 64 in the computations in both panels. The range of values in the
vertical axis in panel (a) is between 1 and N = 64.

2.6 Statistical mechanics

2.6.1 Boltzmann-Gibbs statistics

Boltzmann-Gibbs statistics provides a framework that help us describe systems
in an equilibrium state, where mixing and ergodic properties prevail. This
equilibrium state is underpinned by the Central Limit Theorem, ensuring the
convergence of statistical properties. A defining feature of Boltzmann-Gibbs
statistics is the emergence of exponential and Gaussian distributions, which arise
from maximising the Boltzmann-Gibbs entropy. These distributions encapsulate
the probabilistic behaviour of equilibrium systems, reflecting the underlying

principles of statistical mechanics.
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The Boltzmann-Gibbs entropy for a set of W possible discrete states is given by

[40]

W
Ssc =k ) pilnp;, (2.46)
i=1

with

and where k is a positive constant. Here, p; is the probability of the system

occupying the i-th microstate. Equation (2.46) can be written as
Spc = —k{Inp;) = k{In1/p;), (2.47)

where (x) = ZIVL pi(x) is the standard mean value. For a particular case of equal
probabilities, where p; = 1/W, Vi (since there are W possible microstates), Eq. (2.46)

becomes
Spg =kInW. (2.48)

The formula in Eq. (2.48) is engraved on Boltzmann’s tombstone in his honour.

The BG entropy for continuous-states system is given by

Spg =-— [ p(x)Inp(x)dx,
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where

foo p(x)dx = 1. (2.49)

Consider the case where the mean value of the x variable is 0. In this case, we

might know the mean value of the squared variable

f B xzp(x)dx =X, (2.50)

[00]

In order to use the Lagrange method to obtain the optimising distribution, we

define
o) = [ pwmpin-a [ pwir—p [ oo
Imposing the condition d®(p)/dp = 0, we obtain
1+Inp+px* =0,
where Eq. is used to eliminate the Lagrange parameter a, hence
p=e Y, (2.51)

By using Eq. (2.51)) in Eq. (2.49), we have

f e B dx = e,
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therefore

A2
" / = ﬁ; N \/Ee—/sx{ (2.52)
e P dx U
Furthermore, by using (2.52) in (2.50) we have

1
x@ = —
28’

hence

o1 2XP)

A (2.53)

Equation (2.53) gives the connection between Gaussian distributions and BG

entropy:.

2.6.2 Tsallis entropy

One way to explain the idea behind Tsallis entropy, which is a generalisation of

BG entropy, is by considering the differential equation

dy_

==V, (2.54)

with y(0) =1 and g € R [40]. The solution to Eq. (2.54) is given by

y=1+1-gx)/07, (2.55)
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where its inverse function is given by

, x> 0. (2.56)

From Egs. (2.55) and (2.56)), we define the g-exponential and the g-logarithm as

ep=(1+(1~ 9)x)0=,

and

x1-1-1

1-4

Ingx = , x>0. (2.57)

X

Note that for g =1, we have ¢

=¢¥ and lnqx =Inx.

The BG entropy can be generalised by the following formula [41]

Sq= klnq W

where S1 = Sgg. Moreover, Eq. (2.47) can also be generalised by

Sy = k(Ing(1/py)). (2.58)

Using Eq. (2.57) in Eq. (2.58), we obtain

1- Z}Zl P?
Sy = k— 5t (259)

The formula in Eq. (2.59) is known as Tsallis entropy [40, 41].
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Now consider the entropic optimisation case similar to what we did previously

for the BG entropy. For continuous systems, Eq. (2.59) takes the form

1- [ (p(x)dx

7

with

f:p(x)dx =1.

Consider the case where the g-mean value of the x variable is 0. Then, we might

know the g-mean value of the squared variable

f x?P(x)dx = X;Z),

(0]

where

Py - P

B f_ 0; p(s)ds.

In order to use the Lagrange method to obtain the optimising distribution, we

define

1= [ (p)7 dx foo S P (p(x))dx
= -

@ dx — .
(p) -1 oop(x) x =By [~ (peyids
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Imposing the condition dP(p)/dp = 0, we obtain

—ﬁ%xz
€
Popt(x) = —————, (2.60)
00 ﬁ S
f_ b ds
with
’ ﬁq

Py = 1+(1-q)B X

The probability distribution function (2.60) is known as a g-Gaussian. Itis connected
to S, entropy in the same way Gaussians are connected to Spg.

In general, the g-Gaussian function can be written as [42]]

\/‘E e;ﬁxz

G (‘B,X) == ’
q Cq
where
2+l
Vr (1q)3_q , —co<g<l,
(3-0) V=i (7
Cy= N a=1,
ﬁr(%) 1<g<3
g-11(71)’ ’

Here, C; is the normalisation factor and § is a parameter which charaterises the
width of the g-Gaussian distribution function [42} 43].

The g-Gaussian distribution is a prominent probability distribution that arises in
various systems, as demonstrated in [14, (16} 42]. This distribution proves especially

useful when addressing systems characterised by significant correlations among
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the random variables, where the limiting distribution deviates from the standard
Gaussian distribution. In Chapter 5 we will study the standard map with different

parameter values which exhibit chaotic and regular behaviour.



Chapter 3

Variability in the nonlinear coupling

terms of the FPUT-«a lattices

A one-dimensional lattice system with variability refers to a mathematical or
physical model consisting of a linear arrangement of nodes or sites, where each node
exhibits some form of uncertainty or diversity in its properties or characteristics.
This system is often studied in the context of statistical physics [44], condensed
matter physics [45], or mathematical modeling [46]].

In a one-dimensional lattice, the nodes are arranged sequentially along a line,
forming a chain-like structure. The variability in this system typically arises from
differences in the properties or states of the individual nodes. These properties
can include energy levels, spin orientations, particle densities, or other relevant
parameters depending on the specific context of the study [47].

The variability in a one-dimensional lattice can have a significant impact on
the overall behaviour and properties of the system. It introduces disorder or

inhomogeneity into an otherwise ordered structure, leading to interesting and

52
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often complex phenomena. The presence of variability can affect the system’s
thermodynamic properties [48], phase transitions [49], and transport phenomena
[50].

Various mathematical and computational techniques can be employed to
investigate one-dimensional lattice systems with variability. These techniques
may include statistical mechanics [44], Monte Carlo simulations [51, 52], exact
diagonalisation methods [53], or other approaches suitable for capturing the
system’s behaviour and analysing its properties.

In a one-dimensional lattice system, disorder can manifest in various forms. It
can arise from disordered potentials, as seen in the Anderson model [54]. Random
interactions between neighboring particles [55], imperfections in crystal structures
[56], or the presence of heterogeneous particle chains with different masses, sizes,
or interaction potentials [57] are additional sources of disorder within the system.

This chapter focuses on the investigation of one-dimensional lattice systems
with heterogeneity, specifically the FPUT-a system featuring variability in the
nonlinear coupling terms. Observing the FPUT-a system at low energy reveals
that it closely resembles the Toda model [13]. However, when we depart from the
Toda model (increasing variability), the system’s behaviour is expected to diverge
from the integrable and recurrent characteristics of the Toda model. This chapter
provides an analytical and numerical investigation to validate this expectation.
Additionally, we explore the system’s chaotic behaviour by examining the effect of

varying the strength of variability.
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3.1 Variability in the FPUT-« lattices

Nelson et al. [57] numerically showed that the recurrences in the FPUT system
could be weakened if one introduced tolerances into each particle. Moreover,
the recurrences will disappear for large enough tolerance and the energy will be
localised. In their study, the tolerances are incorporated into the system in several
scenarios based on manufacturing constraints. Here, we study the case where the
variability is incorporated in the nonlinear terms only, therefore the equations of

motion become

X =(xjm —xj) + (xj1 —x))

+a ((0j+1xj+1 —vjxj)* = (vjxj— Uj—1xj—1)2), 3.1)

for some random number v;. The variabilities or the tolerance values v;’s are
generated randomly from a Gaussian distribution. For 7% tolerance, the values
of v; are drawn from a Gaussian distribution with a mean of 1 and a standard
deviation of 0 =1/3x0.017. Therefore, the values of v; lie within the interval
[1-0.017,1+0.017].

In Fig. we show the first four modes of normal mode energy of N = 64
particles for four different tolerance, i.e. 0%, 1%, 5%, and 10%. We can observe
that tolerance has the effect of destroying the recurrence. We can notice a minor
drop in the second peak of E; with a rather modest tolerance, namely 1%. As
tolerance increases, less energy returns to the first normal-mode and the system

distributes energy with more additional normal-modes. When we increase the
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tolerance, energy localisation occurs, and the energy is concentrated only on the

originally excited mode, i.e. the first normal-mode.
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Figure 3.1. The normal mode energy with (a) 0% tolerance, (b) 1% tolerance, (c) 5%
tolerance, and (d) 10% tolerance for N = 64 particles.

The equations of motion (3.1) in the normal mode coordinates follow as

Q=DQ+AF(Q), (32)
for some nonlinear, vector-function f(Q) that depends on 7, which is different to

F(Q) in Eq. (2.44) in the absence of variability. The initial conditions then become

Q100) = (N+1)/2, Qu(0)=0, k=2,3,...,N,and Q4 =0, k=1,2,...,N.
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3.2 A two normal-mode system and bifurcation analy-
sis

The recurrences suggest that most of the normal mode coordinates are zero.
Therefore, we can approximate system by considering only the first few
modes while taking all other modes equal to zero. Figure 3.2]shows the normal
mode energy obtained from the solutions of the equation of motion using
different number of modes without variability (i.e. 0% tolerance) for N = 64
particles. Moreover, Figs. show the normal mode energy of different
number of modes where the variability is incorporated in the equation of motion
(3.2). From Figs. we can see that we can still observe the recurrences
and the breakdown when we increase the tolerance for the FPUT-a system even
if we only use a few modes. Therefore, we approximate Eq. by taking

Qx(0)=0, k=3,4,...,N and obtain the following system

01 = -w?Qr +€(A1Q} + A, Q3+ A3Q1Q2), (3.3)

Q2 =-wsQr + €(B1Q% +BoQ5 + BngQz), (3.4)

where wy =2w1+€, e <1, A;, Bi€R, i=1,2,3. In the next section, we solve
Egs. (3.3)-(3.4) using multiple-time scale approximation [58]. It is worth noting
that the Poincaré-Lindstedt series has been employed to study the FPUT system
without disorder in [59]. We compare the multiple-time scale approximation
and the Poincaré-Lindstedt series method by solving the Duffing equation using

both methods in the Appendix. Our calculation indicates that both methods are
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Figure 3.2. The normal mode energy of system for N = 64 particles with 0% tolerance
for (a) 2 modes, (b) 3 modes, (c) 4 modes, (d) 8 modes, (e) 16 modes, and (f) 32 modes.

equivalent. Therefore, we expect that both methods will give us the same result

when we apply to the disordered FPUT system.

3.2.1 Multiple-time scale approximation

Assume the approximate solutions to Egs. (3.3)-(3.4) are given by the following

asymptotic series

Ql = XO(t/T) +€X1(t/T)+ Tty

QZ = YO(t/T) +€Y1(tIT) +-ey,

where T = et is the slow time variable in multiple-time scale expansions [58]. Using

the chain rule, we have

A1 _ (9% , IXodT\ | (3% 03X dT
dt ~\ ot  IOT dt ot JT dt)’
_9Xo, (X0 X
=t é\or T o

) O(e?),
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Figure 3.3. The normal mode energy with 1% tolerance, 5% tolerance, and 10% tolerance
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Furthermore, differentiating with respect to t again gives
d2Q;  9*Xo ?Xy Xy 5
= 2 . 3.5
iz~ e T\ Zatart o ) TOE) 39)
Following similar procedures, we also have
?Qx Yy 1Yy 9*Yq ’
= 2 O(e”). 3.6
iz~ e T \%atat " or |TO) 56

Substituting Egs. and into Egs. and and collecting powers of €

gives

2*X,

_ 2
B
o -
2 2
28 Xo N 2-X4
dTot  ot?
2 2
28 Yo N Y1
dTot  ot?

= —a)%Xl +A1X(2) +A2Y% +A3XOY(),

= —a)éYl + le(% + BZY% + B3X()Y().

The general solutions to Egs. and are given by

Xo = qu(T)e " +g;(Te ™",

Yo = go(T)e'? + qZ(T)e‘int.

(3.7)
(3.8)
(3.9)

(3.10)

(3.11)

(3.12)
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Using Egs. (3.11) and (3.12) in Eq. (3.9), we have

* 2
iwlt%—Ziwle_iwlt%'f' J X1 —

: 2
2ne T it or Tt

+A1 <q12€2iw1t +2q1q; +q1*2€—2iw1t)
+A2 <q22€2iw2t + 2q2q; + qZ*Ze—Ziwzt)

+ A, <q1qzei(a)1+w2)t + q1q;ei(w1 —w))t n q;qu_i(wl_wZ)t + q;q;e—i(a)lﬂuz)t) ) (313)
Equation (3.13) will give solutions that grow in time, unless we set
. dp iT
— = : . .14
2iwq T Azq 920 (3.14)

Similarly, substituting Eqgs. (3.11) and (3.12) into Eq. (3.10) gives

iwgt@ —Diw e—ia)gifdiZ + 82Y1 —

. 2

2Hape™F o — 2ine T kg = a1

+ B1 (q12€2iw1t + quq; + ql*ze—Ziwlt)

+B, (qZZeZ iwyt + 2q2q; + qZ*Ze—Zia)zt)

+ B3 (quei(MmZ)t + qlqzei(wl—wz)t + q’i%fi(wl_wﬂt + q;qze—i(a)lﬂuz)t) ) (315)

Following similar procedures as above, Eq. (3.15) gives

. qu —iT
2wy = Bigie . (3.16)
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Expressing q; and g7 in polar form as q; = ql(T)eiT and g, = qz(T)eiT, then

dql _ dql(T) iT . iT
IT = ar ¢ +igq1(T)e", (3.17)
dgp _dgp(T) 7 iT
d_T = d—Te +zq2(T)e . (318)

Using Egs. (3.17) and (3.18) in Egs. (3.14) and (3.16)), we have the following system

Aq1(T) ~

T =q1(T) + Aq92 (3.19)
dgr(T ~

j q;; ) - g2(T) + B (3.20)

where A = zATi and B = %. The initial conditions of Egs. (3.19)-(3.20) are

Q1(0)
>

71(0) = (3.21)

q2(0) = 0. (3.22)

We note that parameters A and B depend on 7.

In Fig. we plot these parameters as a function of 7 for N = 64 particles
and 100 realisations. These realisations have been computed by fixing 7 and then
opting for 100 sets of N = 64 randomly generated numbers from the Gaussian
distribution with mean 1 and standard deviation 0 = 1/3x0.017. Therefore, the v;s
in the 100 sets lie in the interval [1-0.017,1+0.017]. As we can see in panel (a), Ais
positive for all T, whereas B changes sign at around 7 = 10%. Particularly, B starts
positive for small 7 values before it becomes negative at around 7 = 10%. By using
polynomial regression, we have been able to fit the mean of the 100 realisations

in panel (b) by the function B ~ —0.008937> — 0.0000847 + 0.90728, with a sum of
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square errors (SSE) of 3.46 x 10719, This allowed us to estimate with good accuracy
the threshold for the percentage of variability where B changes sign and found to
be given by 7. ~ 10.0749% as B(t¢) = 0. In Sec. we show that when B < 0, that

is for T > 7., trajectories of Egs. (2.39) may blow up in finite time.

25 T T T T T 2
00——0—.__’_\.\‘
20 /j' \\.\
e
,’/ 2 ..
15 A .
» e
=< 2 Iy 4 “a
o o
10 o LR
o 6 ‘e
_0 AN
5= °
5r P
*-o—o 8
0 . . . . . 10 . . . . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
% tolerance (1) % tolerance (1)

(a) (b)

Figure 3.5. Plot of A (in panel (a)) and B (in panel (b)) as a function of the tolerance
obtained numerically for N = 64. The dash-dotted curve is the mean value over 100
realisations of the same percentage of variability (see the discussion in the text), while the
lengths of the shaded regions are two standard deviations. Using a polynomial regression,
the mean is found to be given approximately by A ~ 0.0173972 —0.000297 + 3.62805 and
B ~ —0.0089372 — 0.0000847 + 0.90728, where the sums of square errors are 2.14 x 10> and
3.46x 107! in panels (a) and (b), respectively. Note the horizontal black dashed line at
B =0 from which 7, is derived (see text for details).

A comparison of the dynamics of the normal modes Q; and Q> of Egs. (3.3)-(3.4)
and those of the slow-time variables g; and ¢, of Egs. (3.19)-(3.20) is shown in Fig.
where one can see that g; is an envelope of Q; for j =1,2.

Next we explain the cause of localisation with the increase of the percentage of
variability 7. Note that from Egs. (3.20), there can be transfer of energy from g (t)
to go(t) through the nonlinear coupling coefficient B. Panel (b) in Fig.[3.5/shows
that B decreases from positive values with the increase of 7 until 7 = 7, after which
it becomes negative. When B vanishes at 7 = 7, there is no transfer of energy and
hence localisation. In the following, we will also show that when B<0,i.e., for

T > T, there might be unbounded trajectories that blow up in finite time.
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Figure 3.6. Time evolution of the normal mode variables Q; (blue curve) and Q> (red
curve) with their envelopes g1 and g, (black curves) from Eqgs. (3.20) for © = 0% in panel (a)
and 7 = 10% in panel (b). Note that in both panels 7 < 7., so trajectories do not blow up.

3.2.2 Equilibrium solutions

We start by analysing the standing wave solutions of the envelope equations (3.20).

To do so, it is convenient to write g1 and g, in polar form g; = 71?1 and g, = e,

where r1 = |gq1], 72 = |2|. Then, we define the new variables

_ 2
P—r1+r%,
Azrf r%,
0 =q¢r—1.

Differentiating Eqs. (3.23a)-(3.23c) gives

P = 2r11 + 2171,
A =2r7) = 21271y,

0= 21

(3.23a)
(3.23b)

(3.23¢)

(3.24a)
(3.24b)

(3.24c¢)
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Moreover, using the product rule for differentiation, we obtain
g1 = 111 +ir 11, (3.25a)
g2 = f262i¢2 + 2i1’2(]52€2i¢2. (3.25b)
Substituting Egs. (3.25) into Egs. (3.19)-(3.20) yields
ir — rlcﬁl =n +Zrlrzezi(¢2_¢1), (3.26a)
iry — 21’2(]52 =717 +§1’%€_2i(¢2_¢)1). (3.26b)
Collecting real and imaginary parts of Egs. (3.26) and recalling 0 in Eq. (3.23¢),
we have
r1 = Arir2sin(26), (3.27a)
ra = —Br?sin(26), (3.27b)
01 = —1— Arycos(26), (3.27¢)
72 + Br2 cos(20)
Oy = — ! (3.27d)
21y
Substituting Egs. (3.27) into Egs. (3.24) and noting that
P
N Ly (3.28a)
2
ry = ﬂ, (3.28b)

2
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we have the following system of first order differential equations (a similar

derivation can be seen in [60])

P:fff& (3.29a)
A+B N
V2(P—A)sin(20)(P+A)(A+B
A= ( )Sm(z)( ! )( +.>, (3.29b)
. _2Acos(2 0)(A—P)+Bcos(20)(A+P)— \/Z(P—A). (3.290)

22(P-A)

From Eq. (3.29a)), we define the constant of motion C as

C=P-

A-B
——A\.
A+B

First, we will study the stability of the equilibrium points of the reduced system
given in Egs. (3.29b)), (3.29¢). Then we will discuss the stability of the equilibrium
points of its corresponding system in Egs. (3.19)-(3.20). To study the reduced
system of Egs. (3.29D), (3.29¢), we restrict the phase difference 0 in the interval
0 < 6 <7 and obtain two equilibrium points, namely (6;,A;), j=1,2. The 0;

equilibria depend on A and B, and are given by
1. if A>0and B>0orA<0and B <0, then 6; =0 and 6, =7/2,
2. if A>0and B <0, then 687 = 8, = t/2, and
3. if A<0and B >0, then 6; =6, =0.

Furthermore, the A j equilibrium points, for j =1,2, are

(64°C-34BC- (-1 \[1+6A(A+B)C-1)(A+5)

A= (3.30)

18A2B
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Next, we study the stability of the equilibrium points, which is determined by
the eigenvalues of the Jacobian matrix of Eqs. (3.29b), (3.29¢), evaluated at the

equilibrium points, i.e., by

\/—3 _1842C—18ABC +6(~1)i \/1 +6A(A+B)C

() _
A== 3 . (3.31)

Equation implies that the equilibrium points exist when
1+6A(A+B)C20. (3.32)
Using the initial conditions in Eq. (3.21), Eq. becomes
1+12ABr? > 0.
Therefore, the threshold for the existence of the equilibrium points is given by
1+12ABr? =0,

which is the blue curve in Fig. The solid and dashed lines represent the curve
below and above the line A+B =0, respectively. The black dashed line represents
the line A+ B = 0.

When the equilibrium points exist, the eigenvalues given in Eq. are either
real or purely imaginary, indicating that the equilibrium points are saddle nodes

or centres. Using the initial conditions in Egs. (3.21)), the thresholds that separate
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between real and purely imaginary eigenvalues are

1+12ABr; =0, (3.33)

1-4ABr? = 0. (3.34)

We plot in Fig. Egs. (3.33) and (3.34) as blue and red curves, respectively.

System with parameter values A and B above the red curve in the first
quadrant or below the red curve in the third quadrant in Fig. [3.7/has two equilibria
given in Eq. (3.30), which are both centres, and are therefore stable. Conversely, if
both parameters lie between the two red curves, then one equilibrium is a centre
while the other is a saddle node.

Next, we will discuss the stability of the equilibrium points of Eqs. (3.19)-(3.20).

As this system can be transformed into Egs. (3.29b) and (3.29¢) in terms of A and

0, we utilise Egs. (3.29b) and (3.29¢) to describe the dynamics of Egs. (3.19)-(3.20).

Equations (3.29) are obtained from Egs. (3.19)-(3.20) by using Egs. (3.23), where

both 71 and 7, are non-negative real numbers. Equations require P—A > 0in
order to have real solutions, whereas Eq. requires P-A>0and P+A >0,
otherwise r; and r, are complex numbers. The region that fulfils these two
inequalities is referred to as the well-defined region, and it is represented by the
shaded area in Fig. For instance, the well-defined region in the first quadrant
is bounded. There are two equilibrium points in the region above the red curve,
while there is only one in the region below it. This means that Egs. (3.19)-(3.20)
and have two equilibrium points in the region above the red curve, whereas

they share only one equilibirum point in the region below it as A lies outside the
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shaded region. To determine the boundary for A in the well-defined region, we

solve the inequalities P— A > 0 and P+ A > 0, which depend on A and B, as follows:

)
&1

o if >1, then A >max{A A2 } where

crit’ ~crit)’

2
|

Al (A+y) and A% =—

crlt crit

C(Z+B)’

2A

o if -1 < 4B <1thenA2 <A<A1.,and
A+ crit

)
&

o If

< -1, thenA<mm{A A2 }

crit’ "~ crit

Gl
|

All types of well-defined regions in (A,B)-plane are depicted in Fig.
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Figure 3.7. Bifurcation diagram of the equilibrium points A; and A; and the regions
where the dynamics of system (3.29) is well-defined (see text for more details).
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System with parameter values above the red curve in Fig. 3.7]is bounded,
with Airit and Azrit being the upper and lower bounds, respectively. The two
equilibrium points given in Eq. are both centres, and are therefore stable.
When the parameter values lie on the red curve, A; = Azrit. Furthermore, if the
parameter values are below the red curve and B> 0, system is still bounded,
but it only shares one equilibrium point A; with system (3.20), whereas A, does not
belong to the well-defined region. Equation (3.29), on the other hand, is unbounded
when B < 0. In this case, it either extends to A — co or —co and depending on the
value of %, A1 can be a centre and A; a saddle node in this region. Additionally,
the system has only one equilibrium point on the blue curve.

Based on the data shown Fig. we have computed numerically the parameter
values for Egs. (3.19)-(3.20). Our findings indicate that the values of A are
consistently positive, but B can have either positive or negative values. Hence, Egs.
(3.19)-(3.20) are restricted to the first and fourth quadrants in Fig. Additionally,
we present the location of the equilibrium point (0;,A;) and their nature in Fig.
We also plot the values of A; in Fig. To better visualise A, as it approaches
infinity when AorB approaches zero, we plot in Fig.|3.8| (b) tanh(A,/100) instead
of As.

In the following, we illustrate the phase portrait of the reduced system of
Egs. (3.29b), for different percentages of variability 7, which correspond
to different values of A and B. When there is no variability (i.e., for T = 0%),
the parameter values are A=363and B =091 and the equilibrium points are
(01,A1) =(0,5.09) and (02,A;) = (11/2,4.34). Both are stable and the phase space

in this case is shown in Fig.[3.9(a). As we can see in panel (b) in Fig. as 7
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Figure 3.8. Plot of (a) A; and (b) tanh(A;/100) as a function of Aand B. In panel (a), the
color bar denotes the values of A; and in panel (b), the values of tanh(A;/100). The black
dashed, red and blue curves are discussed in the text and are the same with those in Fig.

B

increases, B decreases and becomes negative for 7 > 7.,. The parameter values
for 7 = 10% variability are A =497 and B = 0.05 and the equilibrium points are
(01,A1) =(0,6.27) and (02,A3) = (11/2,4.08). Similar to the previous case, both
equilibrium points are stable and the phase space is shown in Fig.[3.9(b). Note
that for the initial conditions (3.22), we have that

LmAl, =7, lmAZ, =0,

crit crit —
B—0 B—0

which shows that A becomes positive as we increase 7. Indeed, A > 0 corresponds
to energy localisation as the magnitude of q; remains larger than g5.

As we can see in Fig. for T ~ 10.0833% > 7., Bis negative (E =-0.0015) and
the region in the (A, 0)-space becomes unbounded (see also Fig. @ It extends to
either A — oo or —co0 and depends on A. In this case, the two equilibrium points
are (01,A1) = (11/2,9.1274), which is a (stable) center, and (6>, Ap) = (11/2,15.4383),
which is a (unstable) saddle point. The plot shows that in this case, one may obtain

bounded solutions as well as unbounded ones, depending on the initial condition.
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Figure 3.9. Phase portraits of the reduced system of Eqgs. (3.29b)), (3.29¢) for (a) T = 0%
percentage of variability and (b) T = 10% percentage of variability.

For example, the initial condition of Egs. (2.45) (or Egs. (3.21), (3.22)) results in 0
and A values in the unbounded region in Fig. where the trajectory is shown

as the blue curve and starts at the bottom of the plot.

0 /2 ™
0

Figure 3.10. The same as Fig. where the parameter values are A =5.3932 and
B = —0.0015, which correspond to 7 ~ 10.0833% > 7.. The blue curve is the trajectory of the

initial condition in Egs. (3.21), (3.22).

3.3 Chaotic behaviour

Energy recurrences arise in the homogeneous FPUT lattice (2.38) when the system

remains in the quasi-stationary state for an extremely long time, making the
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approach to equipartition of energy unobservable. This state is characterised by
an energy concentration on low-frequency modes that appears to be stable for a
very long time [61]. In the quasi-stationary state, the FPUT lattice can be viewed
as the perturbation of the regular, integrable Toda lattice [62].

Here we study the effect of variability on the chaotic properties of system (3.1).
Particularly, we consider lattices of N = 4,8,16,32,64 particles in systems
(homogeneous, no variability) and (with variability) and use the mLE [32]
and SALI [34}35] to discriminate between regular and chaotic dynamics. We want
to see if energy localisation in the first normal mode that we observed in Sec.
for T =10% < 7. corresponds to chaotic dynamics, by increasing 7 from 0 to 10%.
We utilise Algorithm [2|to calculate the mLE and Algorithm 3{to compute SALIL
These algorithms provide a systematic approach for obtaining these important
chaotic indicators, allowing us to analyse and quantify the dynamics of the system
under investigation.

First, we consider the case without variability, that is the FPUT—a system (2.38).
We integrate the equations of motion and its corresponding variational
equations by using the tangent-map method [37] and Yoshida’s fourth order
symplectic integrator [26]. We have found that a time step of 0.01 keeps the relative
energy error below 10™. In all our computations, the final integration time is
t = 108. Here, we use the same initial condition in Eq. for all N. This initial
condition then results in different energies for different N, i.e., E = 0.4775 for N =4,
E =0.2714 for N =8, E = 0.1447 for N = 16, E = 0.0747 for N = 32, and E = 0.0379
for N = 64. Our results in Fig. show that all trajectories for N = 4,8,16,32,64

are regular up to t = 10%, corroborated by the tendency of the mLEs to converge
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to zero following the 1/t law and SALI to tend to fixed positive values, shown in
panels (a) and (b), respectively. These results are in agreement with the fact that
energy recurrences in the homogeneous FPUT lattice arise when it remains
in the quasi-stationary state for extremely long times, making the approach to

equipartition of energy unobservable.

109+
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107101

-10 |
—N=4 10 —N=14
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N =16 N =16
— N = 32 — N = 32
e N = 64 e N = 64
10718 ' 10°1° :
10" 10% 108 10’ 10* 108
Time Time

(a) (b)

Figure 3.11. Plot of mLE (panel a)) and SALI (panel b)) in time for a range of N values
seen in the insets (denoted by different colours) in the absence of variability, i.e., of the
FPUT system (2.38). Note that all axes are logarithmic. The black dashed line in panel (a)
is the law 1/t of regular trajectories to guide the eye.

Finally, we look at the case of T = 10% < 7., for which we have observed almost
energy localisation in the first normal mode in Sec. Since in this case we
only know the equations of motion (3.I), we integrated them using the DOP853
integrator [36], an explicit Runge-Kutta method of order 8 due to Dormand and
Prince, to achieve good numerical accuracy. We compute the chaotic indicators
for 30 realisations of the same percentage of variability 7 = 10%, while keeping
the initial conditions fixed for each number of particles N. For N =4 and 8, all
trajectories in panels (a)-(d) in Fig. appear to be regular up to final integration
time t = 10%, corroborated by the tendency of the mLEs to converge to zero following

the 1/t law and SALI to tend to fixed positive values. However, for N = 16, two of

the 30 trajectories in panels (e), (f) in Fig. are chaotic as their mLEs converge
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to positive values at t = 108 and their SALI decrease to zero exponentially fast.
Figure .13 shows that there are more chaotic orbits than those for the smaller
values of N in Fig.[3.12l We show the percentage of chaotic trajectories (out of the
30 realisations) as a function of N in Fig. where the increase from N =4,8,16
to N = 32,64 is apparent. These results suggest that in the case of almost complete
energy localisation, variability promotes chaos in the system as the number of
particles increases. However, further studies are required to determine whether

the increase is monotone.
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Figure 3.12. Plot of mLE (panels (a), (c)) and SALI (panels (b), (d)) in time for 30 trajectories
(denoted by different colors) and 7 = 10% (see Eq. (3.1)). Panels (a), (b) are for N =4 and
panels (c), (d) for N = 8. Note that all axes are logarithmic. The black dashed lines in
panels (a), (c) are the law 1/t of regular trajectories to guide the eye.
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Figure 3.13. Plot of mLE (panels (a), (c), (e)) and SALI (panels (b), (d), (f)) in time for 30
trajectories (denoted by different colors) and 7 = 10% (see Eq. (3.1)). Panels (a), (b) are
for N =16, panels (c), (d) for N = 32 and panels (e), (f) for N = 64. Note that all axes are
logarithmic. The black dashed lines in panels (a), (c) are the law 1/t of regular trajectories
to guide the eye.
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Figure 3.14. Percentage of chaotic trajectories as a function of N for 30 realisations of
variability with 7 = 10%. The black-dash line segments connect the black points and are
there to guide the eye.

3.4 Conclusions

In this chapter, we have studied a disordered FPUT-a system, considering vari-
ability in its parameters to account for inherent manufacturing processes. By
employing a two normal-mode approximation, we have successfully explained the
underlying mechanism behind energy localisation and the occurrence of solution
blow-ups when the percentage of variability surpasses a certain threshold, which
we have computed using the theory we developed.

Furthermore, we have delved into the impact of variability on the chaotic
behaviour of the system, quantifying it through the calculation of the mLE
and SALI Through numerous realisations at the same percentage of variability
corresponding to energy localisation, we have observed that trajectories tend to
exhibit chaotic behaviour more frequently as the number of particles N increases,
provided the variability remains below the threshold.

Notably, we have not only confirmed the well-known result that variability

leads to energy-recurrence breakdown and energy localization studied in [57],
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but we have also made a significant new discovery. By systematically increasing
the percentage of variability beyond the threshold determined by our theory, we
have found that the system’s solutions may undergo finite-time blow-ups. This
intriguing phenomenon arises because we considered the equations of motion
without a Hamiltonian, which would otherwise ensure the system’s energy
conservation throughout the dynamics.

In the next chapter, we will delve into the investigation of the Hamiltonian
model with heterogeneity, which promises to unveil further insights into the

system’s behaviour.



Chapter 4

Hamiltonian FPUT-a lattices with

variability

In a nonintegrable Hamiltonian system, energy plays a crucial role in determining
the behaviour and dynamics of the system. The Hamiltonian, which represents
the total energy of the system, is a fundamental (conserved) quantity that governs
the system’s evolution.

The energy of a Hamiltonian system is typically composed of two components,
the kinetic energy and the potential energy. The kinetic energy is associated with
the system’s motion, while the potential energy captures the interactions and
forces within the system. One fundamental characteristic of Hamiltonian systems
is the conservation of energy. The total energy, given by the Hamiltonian, remains
constant throughout the system’s evolution unless there are external influences or
dissipation mechanisms.

Energy can be transferred between different degrees of freedom within the

system. For example, in a coupled oscillator system, energy can be exchanged

79
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between different oscillators, leading to phenomena such as resonances or energy
localisation [29]. Additionally, dissipation mechanisms, such as damping or
friction, can cause energy to gradually dissipate from the system, leading to
decreasing amplitude in time.

The energy level of a Hamiltonian system affects its trajectory in the phase
space. The phase space represents the set of all possible system states, and the
trajectory traces a path in this space as it evolves. Different energy levels can
result in distinct trajectories, exhibiting a range of behaviours such as periodic,
quasi-periodic, weakly chaotic, and chaotic.

In this chapter, our focus is on examining the disordered FPUT-a system, where
variability is introduced into the Hamiltonian function [57]. We are specifically
interested in understanding the impact of variability on the behaviour of the
system.

One aspect we explore is the lack of energy recurrence in the system as the
percentage of variability increases while maintaining a fixed energy level. Energy
recurrence refers to the phenomenon where a system returns to its initial energy
configuration after a certain period of time and we have seen it in Chapter 3. By
systematically increasing the percentage of variability in the system, we investigate
how this affects the occurrence of energy recurrence. This analysis provides
insights into how the introduction of variability disrupts the regular behaviour of
the system and influences its long-term energy dynamics.

Furthermore, we delve into the chaotic behaviour of the disordered FPUT-
a system. To quantify chaos, we employ the concept of mLE and SALI By

calculating these chaotic indicators for varying degrees of variability in the system,
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we assess how the introduction of variability impacts the chaoticity in the system.
This examination allows us to understand how the system’s sensitivity to initial
conditions and its long-term predictability are affected by the presence of variability
in the Hamiltonian function. By conducting these investigations, we aim to gain a
comprehensive understanding of the disordered FPUT-a system with variability.
This is expected to contribute to the broader understanding of the effects of disorder

and variability on the behaviour of dynamical systems in general.

4.1 Variability in the FPUT-a Hamiltonian

The impact of disorder in the one-dimensional lattices system has been studied
in [63,164]. In [63], the complex interplay between disorder and nonlinearity that
determines the heat conductivity of acoustic chains has been investigated. The
authors considered the FPUT-$ chain of equal masses with disordered in the
harmonic spring constants and additional quartic anharmonicities in the spring
potential. They demonstrated that anharmonic disordered systems provide a
superior approach for investigating the processes of anomalous conductivity, while
also serving as more realistic models for experimental configurations. In [64], the
authors investigate how heat, in the form of waves, flows across disordered chains.
Unlike ideal chains, which allow heat to move freely, disorder can trap waves,
resulting in Anderson localisation [54] and no heat movement. Interestingly, when
the waves become nonlinear (interact in a specific way), the situation shifts. Their
calculations reveal that even with disorder, heat conduction is recovered, but the
amount of heat flow is substantially dependent on the temperature of the chain.

Heat flow increases rapidly at low temperatures, but grows more slowly at higher
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degrees. This phenomenon is related to the chaotic structure of nonlinear waves,
implying a complicated interaction between disorder and nonlinearity in affecting
heat transport.

Anderson localisation [54] is the occurrence of wave localisation in disordered
systems. In a highly organised crystalline arrangement, waves, such as those
linked to electrons in a solid, can propagate unhindered with minimal scattering.
Nevertheless, the introduction of disorder into the system, such as contaminants or
faults, might cause the waves to undergo localisation, resulting in their confinement
to certain regions rather than their uniform distribution across the material.
Anderson localisation arises when the level of disorder is sufficiently high to
impede the propagation of waves across extended distances. Consequently, the
waves become restricted to specific areas, resulting in a limited ability to transfer
particles or energy across the material.

In Chapter 3, we studied the system with variability where the equation of
motion are given by Eq. (3.I). Although it recovers the FPUT-a Hamiltonian
system in the absence of variability, the system with variability given by Eq.
is not a Hamiltonian system. In this chapter, we consider the FPUT-a Hamiltonian

system with variability whose Hamiltonian function is
N N
1 Z P Z 1 2« 3
H(x,p) = 5 ?+ §<t]'+1xj+1—t]-xj) +§(t]-+1x]-+1—t]~xj) =E 4.1)

with fixed boundary conditions xp = xn41 = 0 and pg = 0. Here, the variabilities
tj are picked at random from a Gaussian distribution in the following way: for a
tolerance 7%, the values of ¢; were drawn from a Gaussian distribution with mean

1 and standard deviation 0 = 1/3 x0.017. As a result, the values of t fall in the
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range [1-0.017,1+0.017]. The equations of motion follow as

]3]' = t]' (t]-_lx]-_l —Zt]'x]' + f]'+1x]'+1)

2
+atj ((t]-+1x]-+1 - t]'x]')z - (t]'x]' - t]'_lx]'_l) )
or, combining both in one, as

Xj=tj_1xj-1— Zt]'X]‘ +Hi1Xj41

+a ((tj+1xj+1 - i']'x]')2 - (t]'x]' - t]'_lx]'_l)z) . 4.2)

These can be written in matrix form as

X = Sx+ aF(x), (4.3)
where
X1 X1 —2t1 [5)) 0 . 0
%o X2 ty 2t t3 0
X= X3 |/ X= X3 |’ S = 7
0 oo Insp 2t N
XN XN 0 0 IN—1 =2tN

and F is some nonlinear vector function. Let

V=[v; v -+ oN] (4.4)
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denote a matrix where its columns are the eigenvectors of S with |[v;|| =1,

i=1,...,N and the corresponding eigenvalues A1,A5,---,An. For convenience, let
Ap=-0F, k=1,...,N. (4.5)

Note that ¢; =1 for all j in the FPUT-a system without variability, so S becomes a
tridiagonal matrix. In this case, V is similar to A and Ay = —a)i,k =1,...,N, given

in Eq. (2.43)[20].

Introducing the (linear) normal-modes transformation

x=MQ, (4.6a)

p’ = MP, (4.6b)

where p;. =pj/tj, M=kV,and k = c@1/ V2E for some constant ¢ € R, the equation

of motion (4.3) becomes

O =DQ +aM'F(Q), (4.7)

where D is a diagonal matrix with the diagonal entries given by the eigenvalues of
S and F is a nonlinear vector function. Similarly to the approach in Chapter 3, the

energy of normal mode k is defined as
Lina, o
Ei=5 (P2+02Q7). (4.8)

where @y is given by Eq. (4.5).
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Next, we investigate the influence of variability on the evolution of the normal-
mode energy at a fixed energy level. In the same spirit as the original FPUT-a
experiment, we choose initial conditions in the physical space such that only the
lowest normal-mode is excited. The initial energy employed in our computations
is equal to the initial energy of the original FPUT-a system in Eq. under the
initial conditions for each number of particle N. Then, the initial conditions

of Eq. are chosen by finding a constant ¢ € R such that

x(0) =cv1, p0)=0, 4.9)

satisfy Eq. for a fixed energy E. In this context, vy refers to the first column of
matrix V defined in Eq. (4.4). We note that in the normal-mode space, the initial

conditions read as

N

2
@1

Q1(0) = , Q0)=0k=2,...,N, P{0)=0,j=1,...,N. (4.10)

The time evolution of the solutions to system with initial conditions
and its associated normal mode energy Ej of the first four modes for N = 32
particles and three different percentages of tolerance, namely 7 = 5%, T = 50% and
T = 95%, are shown in Fig. The initial energy of the system is E = 0.07471,
which is similar to the initial energy in Fig. Comparing panel (b) in Fig.
with panels (b), (d), (f) in Figs. we can see that the recurrence is weakening due
to the effect of variability, as evidenced by the declining peak of the mode energy
E;. Then as the variability increases, it becomes more difficult to transmit energy

from the lowest to the higher modes, resulting in the localisation of energy, shown
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Figure 4.1. Dynamics of x;(t) with its corresponding normal-mode energy in time for the
system in Eq. using the initial condition in Eq. for N = 32. Panels (a) and (b) are
for T = 5% tolerance, panels (c) and (d) for 7 = 50% and panels (e) and (f) for T = 95%. The
colour bars in panels (a), (c), (e) denote the peak of the oscillation envelope of x;(t) in time.
Note that the ranges in the vertical axes in panels (a), (c), (e) are from 1 to N = 32.
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Figure 4.2. The harmonic energy for N = 32 with (a) 0% (b) 10% (c) 20% (d) 30% (e) 40%
(f) 50% (g) 60% (h) 70% (i) 80% tolerance.

in panels (d) and (f) in Fig. @ We also provide the evolution of normal mode
energy for N = 32 and N = 64 with several difference tolerances in Figs.
Moreover, the corresponding eigenvectors and eigenvalues from Eqs. (4.4)-(#.5)
are shown in Figs. 4.414.5]

In the next section, we will explain why the energy exchange across modes
decreases as the percentage of variability grows. As a result, energy localisation
takes place in the energy-mode space. The plots of normal-mode energies show
that in the event of energy localisation, the majority of the mode coordinates
vanish in time. Thus, rather than working in the real (physical) space, it will give a

great advantage if we work in the normal-mode coordinate system given in Eq.



4.1 Variability in the FPUT-a Hamiltonian 88

0.04 AAANANANAN AN 0.04 0.04
> > >
20 o0 80
< 0.02 g 0.02 < 0.02
= = =
0 (D0l 000\ Donal con Doccd oo Decel\ nol 0 0
0 5 x 10* 10° 0 5 x 10* 10° 0 5 x 10* 10°
Time Time Time
(d) (e) (f)
0.04 0.04 0.04
> > >
= z =
) 0.02 < 0.02 ) 0.02
= = =
0 0 0
0 5 x 10* 10° 0 5 x 10* 10° 0 5 x 10* 10°
Time Time Time

(g (h) @)

Figure 4.3. The harmonic energy for N = 64 with (a) 0% (b) 10% (c) 20% (d) 30% (e) 40%
() 50% (g) 60% (h) 70% (i) 80% tolerance.



4.1 Variability in the FPUT-a Hamiltonian

89

k-th Eigenvector k-th Eigenvector

th Eigenvector

<

0.5
—A' =-0.0090562
—Az =-0.036143
0.25 AS =-0.081014
B — /\4 =-0.14326
0 —— ) =-0.22233
—0.25
—0.5
0 10 20 30
(a)
0.5
—), =0.0089252
—Az =-0.035588
0.25 )\3 =-0.077287
— 1, =0.1416
0 —— 25 =-0.21876
—0.25
—0.5
0 10 20 30
0.5
—A‘ =-0.0085229
—A2 =-0.034125
0.25 /\3 =-0.071629
—— ), =-0.13636
o —— ) =-0.20992
—0.25
—-0.5
0 10 20 30

(g)

k-th Eigenvector k-th Eigenvector

k-th Eigenvector

0.5
—A1 =-0.0090406
—Az =-0.036054
0.25 Aa =-0.079978
—— ), =0.14309
0 g =0.22167
—0.25
—0.5
0 10 20 30
0.5
—A1 =-0.0088236
—/\2 =-0.035207
0.25 /\3 =-0.075628
—— 2, =0.14027
0 2y =0.21647
—0.25
—0.5
0 10 20 30
(e)
0.5
—/\1 =-0.0083168
—/\2 =-0.033408
0.25 I /\3 =-0.069251
|
—— 2, =-0.13371
0 2 =0.20545
—0.25
—-0.5
0 10 20 30

(h

k-th Eigenvector k-th Eigenvector

k-th Eigenvector

0.5

o
o
=

—0.25

0.5

0.25

—0.25

—0.5

0.5

0.25

—0.25

—0.5

—— ), =0.0089971
——, =0.03587
23 =0.078736
—— ), =0.14253
—— 25 =0.22048

—— ), =0.0086904
—— 2, =0.034721
2y =0.073747
—— ), =0.13853
—— 25 =0.21355

—— ), =0.0080663

—— 2, =0.032555
2y =0.066577

—— ), =0.13055

2 =0.19997

()

Figure 4.4. The eigenvectors and the corresponding eigenvalues of Fig. for N =32
with (a) 0% (b) 10% (c) 20% (d) 30% (e) 40% (f) 50% (g) 60% (h) 70% (i) 80% tolerance



4.1 Variability in the FPUT-a Hamiltonian 90

05 0.5 05
—— ), =-0.0023355 —), =-0.002336 —— ), =0.0023308
——1, =0.0093367 —— ), =0.009265 —— 1, =-0.0091704
5 Y
§ 0.25 A, =-0.020987 § 0.25 A, =0.020843 E 0.25 2, =-0.020862
S ——),=0.03726 g —— 1, =0.037102 S —— ), =0.036857
= = -
] [ ] A =0 4] R
§ o 25 =-0.058116 i o 2 =-0.057824 i o 2 =-0.057414
& & &
= = =
= = =
= —0.25 = 025 = —0.25
—0.5 05 —0.5
0 20 40 60 0 20 40 60 0 20 40 60
N N N
(a) (b) (c)
05 05 05
—), =-0.0023198 —— ), =-0.0023027 — ), =-0.0022793
——1, =0.0090522 ——1, =-0.0089093 —— ), =-0.0087399
5 5 5
g 0% 2 =-0.02044 5 0.25 23 =-0.020174 5 0.25 2 =-0.019862
g —— ), =-0.036523 g —— ), =-0.036095 ] —— ), =-0.035569
= = =
] —— ), =0.056881 g —— ), =0.056218 g A =0.055417
2 0 ® & 0 s g o s
& & &
= = =l
=& 025 =& —0.25 = 025
05 —0.5 05
0 20 40 60 0 20 40 60 0 20 40 60
N N N
(d) (e) (f)
0.5 0.5 0.5
—— ), =-0.002249 —— ), =-0.0022109 —— ), =-0.002164
——1, =0.0085415 —— 1, =0.0083104 —— 1, =-0.0080413
5 0.25 | 23 =-0.019498 5 0.25 23 =-0.019074 5 0251 | ) 23 =-0.018579
g ) —— ), =0.034937 E —— ), =0.034185 g —— ), =0.033297
g
= — =- = — =- = — =
i o 25 =-0.054464 i o A =-0.053343 i o A =-0.052029
& & &
= = =
= = =
<~ —0.25 & —0.25 = —0.25
0.5 0.5 0.5
20 40 60 0 20 40 60 0 20 40 60
N N N

(g) (h) 1)

Figure 4.5. The eigenvectors and the corresponding eigenvalues of Fig. for N =64
with (a) 0% (b) 10% (c) 20% (d) 30% (e) 40% (f) 50% (g) 60% (h) 70% (i) 80% tolerance



4.2 Two normal-mode system 91

(4.7), as we can approximate system (4.7) by taking only the first few modes into
account. We present in Fig. |4.6|the normal-mode energy from the approximation
of Eq. using only 2, 4, and 8 normal modes, while all other modes are fixed
at 0, and different percentages of variability to demonstrate numerically that this
approximation can be justified.

In terms of recurrence period, we can observe in Fig. that using 4 and 8
modes produces dynamics that are nearly identical to those seen in Fig. [2.5in the
absence of variability. We can detect energy recurrence and localisation even with
2 modes as the percentage of variability grows. We can see from panels (d) and
(f) in Fig. and panels (g) and (j) in Fig. that a two normal-mode system
yields an adequate approximation to Eq. (4.7). Therefore, we will look at these

two normal-mode approximations in the following section.

4.2 Two normal-mode system

The majority of high-order modes are negligible when energy localisation takes
place as illustrated in Fig. Therefore, similar to Sec. we set all high-order
normal-modes to zero, except the first two, in order to obtain a two normal-mode
system. In particular, we set Qi(t) =0 for k =3,4,...,N in Eq. 7). This gives us

the following system

01 = -03Q1 +€(A1Q} + A3+ A3Q1Q2), (4.11a)

Q2 = —@3Q +€(B1Q3 +BaQ3 +B3Q1Q2), (4.11b)

where A;, B; € R,i=1,2,3 and @ is given in Eq. (4.5).
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Figure 4.6. The evolution of normal-mode energy as obtained from integrating Equation
(4.7) using different numbers of normal modes. In panels (a), (d), (g), and (j), only two
normal modes are used, in panels (b), (e), (h), and (k), four modes are used, and in panels
(c), (f), (3), and (1), eight modes are used. Each row represents different tolerance, i.e. 0%
((@)-(c)), 5% ((d)-(£)), 50% ((g)-(i)), and 95% ((j)-(1)). The first four modes, except for the
two modes system, are plotted in all panels, but they are only activated for 0% and 5%
tolerance in panels (a) and (f). For 95% tolerance, all modes except the first are essentially

0.
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In [65] 66], the authors studied the localisation property of FPUT lattices in
normal-mode space (or g-space). They found that time-periodic states can be
exponentially localised in g-space. These time-periodic solutions, called g-breathers,
are obtained by continuing the simple harmonic motion exhibited by the g-th
normal-mode in the uncoupled case. For small values of the coupling parameters
or the initial energy, the distribution of energy in g-space remains localised in
only a few modes. Therefore, the variability in FPUT lattices leads to g-breathers
because the energy remains localised in g-space.

Furthermore, the authors in [59, 67] expand the idea of g-breathers by con-
sidering classes of special solutions lying on tori of any low dimension s, that is
solutions with s independent frequencies, representing the continuation of motions
resulting from exciting s modes of the uncoupled case. Such tori are referred to as
g-tori. For N = 32, it has been reported in [67] that the original FPUT system lies
on a 5-dimensional torus.

The Poincaré-Lindstedt method has been employed to derive such solutions on
g-tori. According to this approach, the incommensurable frequencies, indicative of
the g-tori’s dimension, are considered as minor corrections to the normal mode
frequencies, as outlined in [59]. These corrected frequencies are subsequently
validated through numerical verification using the GALI method [68]. In this
context, we can interpret our two-normal-mode system in Eq. as a two-
frequency solution that lies on a two-dimensional torus.

In the following, we employ the multiple-time scale expansion approach to

provide approximations for the solutions of Eq. (4.11). This approach serves as a
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tool to explain the energy localisation mechanism as we increase the percentage of

variability.

4.2.1 Multiple-time scale approximation

We consider the following asymptotic series

Q1 =Xo(t, T) +eX1(t, T)+..., (4.12a)

Q2 =Yot, T)+eY1(t, T)+..., (4.12b)

where @y =21 +¢€, ] < 1, and T = et is a slow-time variable to approximate
the solutions of Eq. (4.11). Following similar procedures as in Sec. the

leading-order approximation to Eqs. (4.12)) are given by

Xo = qu(T)e“1t + g3 (T)e™™ 1, Yo = qo(T)e¥2" + g5 (T)e ™", (4.13)

where g1(T) and g2(T) satisfy the following system of ordinary differential equations:

.Adg1(T) ~

i T =q1(T) + Aqi92, (4.14a)
dg, (T —

i q;(T ) _ o+ By, (4.14b)

Here, A = A3/ (2d1) and B = B1/(2d»). Recalling Egs. (4.10), the initial conditions

of system (4.14)) are

70=22, 10 =0 (@.15)
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Our numerical computations show that both A and B in Eq. (#.14), which are a
function of 7, are either positive or negative for fixed 7. However, Eq. is
invariant when A and B have the same sign, as we can use the transformation
§> = —qo. Therefore, we plot these parameters when both A and B are positive
only as a function of 7 for N = 32 particles and 100 realisations in Fig. .7l These
realisations have been computed by fixing T and opting for 100 sets of N = 32
randomly generated numbers from the Gaussian distribution with mean 1 and
standard deviation 0 =1/3x0.017. Thus, the ¢;s in the 100 sets lie in the interval

[1-0.017,1+0.017].

10 ‘ ‘ ‘ ‘ 106 ‘ ‘ ‘ ‘
0 20 40 60 80 100 0 20 40 60 80 100
% tolerance () % tolerance (1)
(a) (b)

Figure 4.7. The parameter values A and B as a function of T obtained numerically for
N = 32. The solid black curve is the parameter mean over 100 sets of variability at the
same percentage, and the upper and lower black dashed curves are their maximum and
minimum values, respectively. Note the logarithmic axis on the vertical axis and both A
and B are always positive (see discussion in the text).

We compare the dynamics of the normal modes Q; and Q> of Eq. (#¢.11) and its
slow-time variable approximations q; and g, of Eqgs. (4.14) in Fig. where it can
be shown that g; is an envelope of Q; for j =1,2.

Next we describe the mechanism of energy localisation when the percentage of

variability 7 increases. It is worth noting that as 42(0) = 0, the energy transmission

from gqy(t) to g2(t) is made possible due to the nonlinear coupling coefficient B.
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Figure 4.8. Evolution of the normal-mode variables Q; (blue curve) and Q; (red curve) in
time with their envelopes g; and g (black curves) from Eqs. (#.14) for T = 0% in panel (a)
and 7 = 50% in panel (b).

Therefore, we will analyse the role of B in the localisation of energy as we increase

T.

4.2.2 Equilibrium solutions

Since Eq. is identical to Egs. (3.19)-(3.20), we follow the same method as in
Section [3.2.2)to analyse the equilibrium solutions. The bifurcation diagram is once
more illustrated in Figs. or while the equilibrium points A]-, j=1,2are
plotted in Fig. Similar to Fig. we represent in Fig. (b) tanh(A;/100) in
place of A to effectively demonstrate the behaviour of A; as it approaches infinity
when either A or B approach zero.

According to Fig. 4.7, we have obtained numerically the parameter values for
Eq. and have found that they are either both positive or negative. Therefore,
this equation can only occupy the first and third quadrants in Fig. If both

paramater values are positive (negative), then for a small percentage of variability
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both of them will be located above (below) the red curve in Fig. In this
case, Eq. will have two equilibrium points where both of them are centres,
hence stable. Upon increasing the percentage of variability further, both parameter
values are decreasing and at some percentage, they cross the red curve. In this
case, Eq. will only have one stable equilibrium point, which is a centre. The
phase space for these two different cases are shown in Fig. For 1 =0% or in
the absence of variability, the parameter values are A=258and B = 0.65. The two
stable equilibrium points are (01,A1) = (0,2.74) and (02, A;) = (11/2,1.98), which are
shown in Fig. For 7 = 50%, the parameter values are A=0.13and B = 0.03.
The stable equilibrium point is (61,A1) = (0,4.16), which is shown in Fig. We

can also determine the boundary of the well-defined region as
HmAl, =r], LmA2. =0, (4.16)
B

where we have used the initial conditions (4.15) in the computations of the two
limits. Equation (4.16) implies that A in the well-defined region is positive definite
as B — 0. Recalling Eq. (3.23b), we conclude that A > 0 corresponds to energy

localisation as the magnitude of g; is always greater than g5.

4.3 Chaotic indicators

The FPUT-a system can be viewed as as a truncation of the regular, integrable
Toda system [69]. As a result, the non-integrable FPUT-a system acts similarly
to the integrable Toda system for a period of time before exhibiting the expected

non-integrable system behaviour [70]. The length of this period, also known as
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Figure 4.11. Phase portraits of the (A, 0) system given by Egs. (3.29b), (3.:299) for = = 0%
in panel (a) and 7 = 50% in panel (b).

the lifetime of the metastable state, depends on the energy E and the number
of particles N [12]. For a small initial energy, the FPUT-a system persists in the
metastable state for a long time, causing energy thermalisation to be difficult to
observe.

It has been shown in [12] that the lifetime of the metastable state t,, follows
the scaling law t,, = 0.023 x (Ea®)~4?. Therefore, we expect to observe the regular
dynamics of the FPUT-a system for t <t;,. At the same energy level, we also
study the system (4.1) and see how variability affects the chaotic properties of
this system. Particularly, we look at lattices of N = 4,8,16,32 particles in systems
and utilise the mLE [32] and SALI [34,35] to distinguish between regular and
chaotic dynamics. We employ Algorithm [2|to calculate the mLE and Algorithm
to compute SALL

For each number of particles N, the initial conditions are given in Eq. (4.9),
where the initial energy is similar to that in the case without variability which has

been studied in Chapter (3.3). We compute the mLE and SALI for 40 realisations
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of variability for T = 5%, 50%, and 95%. The corresponding plots are shown in
Figs. and

For N =4, all trajectories with 7 = 5%, 50%, and 95% in panels (a)-(c) of Figs.
seem to be regular up to the final integration time ¢ = 108, which is shown by
the mLEs’ tendency to converge to zero following the 1/t law. We observe similar
behaviour for N = 8 and a tolerance level of T = 5%. However, when the tolerance
level increases to 50% and 95%, we observe three and four chaotic trajectories,
respectively. This is evident from the tendency of the mLE to converge to positive
values for these trajectories, as shown in Figs. [£.12(d)-(f). Additionally, SALI
exhibits a sudden decrease to very small values, further indicating the chaotic
behaviour of these trajectories, as depicted in Figs. £.13(a)-(c).

The number of chaotic trajectories increases significantly for N = 16 and 32.
The percentage of chaotic trajectories (out of 40 realisations) as a function of
N is illustrated in Fig. where the increase is evident for 7 = 5% and 50%.
Nevertheless, when T = 95%, the proportion of chaotic trajectories only increases
for N = 4,8,16, and then decreases for N = 32. These results imply that a small
percentage of tolerance has less effect on chaotic behaviour than a bigger percentage
for small N, and this trend is reversed as N increases.

Now we want to study how energy localisation relates to the chaotic character
of its trajectory. In the absence of variability, the appearance of super recurrence
when we integrate Eq. for a long time has been reported in [10, 11} 71} [72].
Therefore, the energy recurrence is an attribute of a regular trajectory according to
Fig. In the case with variability, system (4.1 contains chaotic and regular

trajectories, which depend on N and 7. We find that either energy recurrence or
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energy localisation takes place when the trajectory is regular. In contrast, chaotic
trajectory corresponds to the thermalisation of energy. In Fig. we illustrate a
particular instance of mLE and its corresponding normal mode energy for N = 16
and 7 = 5%, 50%,95% resulting from regular and chaotic trajectories. We use a
similar initial energy as in Fig. ie. E=0.1447.

The super recurrence can be seen in panel (b) in Fig. with period of about
7% 107, while panel (d) shows the localisation of energy in the first few normal
modes. This localisation is getting stronger (no energy is transferred to other
normal modes) if we consider the regular trajectory with higher percentage of
tolerance 7. Furthermore, the thermalisation of energy as a consequence of chaotic
trajectories is shown in panel (f) in Fig. where the energy is shared among all

normal modes.

4.4 Conclusions

In this chapter, we focused on the disordered FPUT-a system with variability at
a fixed energy level. To understand the phenomenon of energy localisation as
the percentage of variability increases, we have employed a two normal-mode
approximation technique, which has been solved using multiple-scale expansion
methods. Through this approach, we have successfully explained the underlying
mechanism behind energy localisation in the system. Additionally, this two normal-
mode system can be viewed as the two-frequency solution on g-tori because it has
two incommensurable frequencies.

Furthermore, we have investigated the influence of variability on the chaotic

behaviour of the system by calculating the maximum Lyapunov exponent and
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the Smaller Alignment Index for many realisations at the same percentage of
variability. Our findings reveal interesting patterns. For tolerance levels of 5% and
50%, the likelihood of observing chaotic trajectories increases as the number of
particles N is increased. However, at a tolerance level of 95%, the percentage of
chaotic trajectories exhibits a growth trend for N = 4,8,16, but a slight decline for
N = 32. This suggests a complex relationship between the number of particles, the
tolerance level, and the occurrence of chaotic behaviour.

Moreover, we have explored the connection between energy localisation
and the chaotic nature of the trajectories of the system. Our analysis indicates
that when the trajectory exhibits regular behaviour, it can either lead to energy
recurrence or energy localisation. In contrast, a chaotic trajectory tends to result in
energy thermalisation, implying a more random distribution of energy among the

components of the system.



Chapter 5

Analysing chaos in the standard map

using g-statistics

In the previous two chapters, we have studied the chaotic behaviour of dynam-
ical system by computing two chaotic indicators, namely maximum Lyapunov
exponent and smaller alignment index (SALI). Another way to study the chaotic
behaviour is by considering a probability distribution function (PDF) which can
be derived from the system’s trajectories. This PDF is then analysed by using
g-statistics which has been subject to intense research [44), 73-76].

The statistical characterisation of dynamical systems is based on the analysis
of the distribution of a statistical variable derived from their trajectories. In the
case of chaotic systems, the probability distribution function (PDF) of this variable
tends to a Gaussian distribution, indicating a chaotic behaviour. On the other
hand, systems can also display PDFs that can be approximated by a g-Gaussian

distribution, which signifies a certain level of regularity and determinism.

106
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In the context of the standard map, previous studies [18,43] have demonstrated
that the PDF of the system depends on the initial conditions. When the initial con-
ditions are chosen randomly from the chaotic sea in the phase space, the resulting
distribution can be well fitted by a Gaussian. However, if the initial conditions
are randomly selected from the stability island, the distribution converges to a
g-Gaussian.

This chapter focuses on analysing the probability distribution of trajectories
of the standard map for different parameter values, specifically exploring both
chaotic and regular cases. Our goal is to obtain the parameters that best fit the PDFs
by solving a multi-objective optimisation problem. To achieve this, we employ
a genetic algorithm approach, which allows us to determine the optimal set of
parameters for the g-Gaussian distribution that accurately describes the numerical

data obtained from the standard map trajectories.

5.1 Dynamics of the standard map

We consider the standard map, which is defined by

pi+1 = pi — Ksinx; (5.1a)

Xiy1 = Xi+Pis1 (5.1b)

where p; and x; are taken modulo 27t. This is a one parameter map with parameter
K and can exhibit chaotic behaviour for a wide range of parameter values. The
phase spaces of this map for four typical values of K are shown in Fig. All black

regions are the areas in the phase space that are occupied by chaotic trajectories.
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(c) (d)

Figure 5.1. Phase portraits of the standard map for (a) K=0.2, (b) K=0.6, (c) K=2, (d)
K =10. As K increases, chaos prevails.

These areas are getting bigger as we increase K. Moreover, Fig. shows the
corresponding mLE when the initial conditions for Eq. (5.1)) are taken from the

phase space. In addition, we also plot SALI for the same initial conditions in Fig.

B3l

Next, we study the stability of the fixed points of the standard map. The fixed

points are given by

pi = pi — Ksinx;

Xi =X;+pi
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Figure 5.2. Maximum Lyapunov exponents of the phase portrait of the standard map for
(@) K=0.2, (b) K=0.6, (c) K=2, (d) K =10. In each case, the mLEs are calculated for 10°
initial conditions which are evenly distributed on the whole phase space and each initial
condition is iterated 107 times. The colour bar represents the value of the mLE associated
with a trajectory originating from the initial conditions (x, p).
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Figure 5.3. SALI plots of the phase portrait of the standard map for (a) K=10.2, (b) K=0.6,
(c) K=2, (d) K = 10. In each case, the SALIs are calculated for 10° initial conditions and
each initial condition is iterated 500 times. The colour bar represents the value of SALI
associated with a trajectory originating from the initial conditions (x, p).
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which yield the set of simultaneous equations

sin(x;) =0,

pi=0 mod 2m.

Therefore, the fixed points are given by

X' =nm, (5.2)

p' =2mm, (5.3)

where n,m € Z.

The Jacobian matrix of the standard map, evaluated at the fixed points (x*,p*)

given by the Egs. (5.2)-(5.9), is

Xyl 9xig1

= o | 1-Kcosx® 1
Ipiz1 IPin1 " .
a_x,- 3_17; —Kcosx 1

Note that det(J) =1 and tr(J) = 2 - Kcosx* =2 - K(-1)", where n € Z. The eigenval-

ues of matrix | are given by

—det()). (5.4)

From Eq. (5.4), the eigenvalues are real when tr(J) < -2 or tr(J) > 2, and are complex
otherwise. If n is odd and K > 0, then tr(J) = 2+ K > 2, so both eigenvalues are real

with |[A1] > 1 and |A3| < 1. Hence, the fixed points are unstable [77,78]. If n is even,



5.2 Gaussian and g-Gaussian distributions 112

then tr(J) =2 - K, so the fixed points are stable for 0 < K < 4 (complex eigenvalues

with |/\1,2| <1) and unstable for K > 4 (real eigenvalues with [A;| > 1 and || < 1).

5.2 Gaussian and g-Gaussian distributions

The Gaussian distribution function is given by
G(x) = G(0)e (5.5)

for some parameter b € R. If we use the transformation x = xG(0), 5@ = G(x)/G(0),

and b=b/ G(0)?, the Gaussian distribution in Eq. can be written as

G&) = e %, (5.6)

This transformation has the effect to normalise the Gaussian distribution function

so that 5(0) =1. Solving

f C@T=1,

o0

we obtain b = . Therefore, the Gaussian distribution in Eq. (5.6) is characterised
by the parameter value b = 7.

Next, the g-Gaussian distribution function in general form is given by

Gy(x) = aequ(—quz)
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where
exp,(x) = (1+(1 g0

Using the same transformation as before, we have x = xG4(0), 5(3?) = Gy(x)/G4(0),

and obtain
Eq(f) = exp, (—Z?) (5.7)

Equation (5.7) is equivalent to

Gy(®) = (1= (1 —q)bya®)t/1=0, (5.8)

Note that the distribution in Eq. (5.8) converges to a Gaussian distribution (5.6) in

the limit of g — 1.

5.3 Probability distribution function of the standard

map orbits

In this section, we explain the procedure to obtain the numerical probability
distribution function (PDF) of a variable which is generated from the orbits of the
standard map for a particular parameter K. The numerical PDF will be used to
characterise the chaotic behaviour of the map.

To begin with, we choose randomly the initial condition xéf ), forj=1,2,...,M.

All these initial conditions are then iterated up to N number of iterations, and we
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define the random variables X jas

N

Xj=) =@, j=12-,M, (5.9)
i=1

where M is the number of randomly chosen initial conditions. (x) denotes the

average over M and N, and is given by

])

Mz

11 &
<X>ZMNZ x

j=11i

11
[y

To generate the numerical PDF, we first create the histogram of the random
variables X; where each bin in the histogram represents the relative probability.
Then, we create a curve which serves as a numerical PDF of X;. We present the
Matlab function to create this numerical PDF in Algorithm 5.1, where the inputs to
the function are the random variables X; and the desired bin width. It is important
to note that the resulting histogram has been normalised so that it is symmetric

about the y-axis and centred at zero.

function [x,y]=pdf_binedges(y,binwidth)
left_edges=[-binwidth/2:-binwidth:min(y)-binwidth];
right_edges=[binwidth/2:binwidth:max(y)+binwidth];
binedges=[fliplr(left_edges) right_edges];
h=histogram(y, 'Normalization', 'pdf', 'BinEdges',binedges);
x=(h.BinEdges(l:end-1)+h.BinEdges(2:end))/2*max(h.Values);
y=h.Values/max(h.Values);

end

Algorithm 5.1: Matlab code for generating a normalised PDF.
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P(0)X;

Figure 5.4. The normalised probability distribution function of the variable X; for three
different bin widths, namely for 10 (blue curve), 100 (red curve), and 500 (yellow curve).
In all curves, P(0) is set to be the height of the central bin which include 0.

To compute the PDF, we must carefully determine the bin width, as different
bin widths will result in distinct PDF. Figure |5.4]illustrates the normalised PDF
of X j with various bin width, which has been constructed by using the Matlab
code in Algorithm[5.1] In this case, we take the map parameter K = 0 and choose
randomly 108 initial conditions that are iterated 222 times. The severe fluctuation
on both tails of the PDF is due to the fact that we can only consider a finite number
of initial conditions N. These tails will become smoother as N increases. Therefore,
we must limit our domain to an interval in which the PDF does not contain highly
fluctuated tails. We show the PDF in a shorter interval in Fig. 5.5

The probability distribution function of X for several K values has been studied
in [18]. The authors chose the value of K to accommodate the fact that the phase
plane contains both regular and chaotic orbits, as illustrated in Figs. The

authors obtained the same g value for the g-Gaussian distribution when they fitted
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Figure 5.5. The normalised probability distribution function of the variable X;, similar to
that shown in Fig. 5. 4but for a smaller interval.

the numerical PDF with its corresponding distribution, which is g % 1.935. In
their study, they observed the numerical PDF is either a Gaussian, a g-Gaussian,
or a mixed PDF which is a linear combination of a Gaussian and a g-Gaussian
distribution. We reproduce the results in their paper in Figs. 5.6{5.7 by using the
same number of trajectories and also plot its corresponding distribution using the
obtained distribution parameters. We choose the bin width appropriately to align
with the distribution function.

The process of fitting the numerical PDF with its appropriate distribution is
described in the following section. We will focus on the case where the numerical
PDF is well approximated by the Gaussian in the chaotic case and the g-Gaussian

in the regular and weakly chaotic cases.
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Figure 5.6. Numerical PDF (blue curve) and a g-Gaussian distribution (black curve) for
K=0.2 (panel (a)) and K = 2 (panel (b)), where the initial conditions are taken from a
stability island only. The number of initial conditions are 4 x 107 and 107 in panel (a) and
(b), respectively. In both cases, the map is iterated 222 times. The g-Gaussian distribution
is given in Eq. with parameter values g = 1.935 and b, = 21 in panel (a) and g = 1.935
and b =15.5 in panel (b).
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Figure 5.7. Numerical PDF (blue curve) and a g-Gaussian distribution (black curve) for
K =10 (panel (a)) and K = 2 (panel (b)), where the initial conditions are taken from the
chaotic sea only. The number of initial conditions in both cases are 107 and the map is
iterated 2?2 times. The g-Gaussian distribution is given in Eq. with parameter values
g =1and b; = 3.14 in both panels, which points to a Gaussian PDF.
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5.4 Fitting method

The numerical PDFs can vary significantly depending on the number of bins used
to compute them, as we discussed in the previous section. As a result, we need
to select the optimum PDF from all of the available PDFs, which meets certain
criteria. In this context, our criteria are (1) the PDF must best fit the Gaussian
function for the chaotic case and the g-Gaussian function for the regular case with
the smallest possible error and (2) the PDF must have an area of 1.

Here, we describe the procedure to determine the parameters for the Gaussian
and g-Gaussian functions by using a curve fitting approach. For easy reference,

we rewrite the g-Gaussian distribution function as

Gy(x) =a(1-b(1 —q)xz)llq, (5.10)

where a,b,q are the distribution parameters. We aim to have as little inaccuracy as
possible when fitting the g-Gaussian distribution into the numerical PDF. At the
same time, we need to identify the parameters that would give us the area under its
function equal 1, which is a property of PDFs. We see this as a multi-optimisation

problem. Therefore, we define two objective functions fi(x) and f>(x) as follow

fi(x) = fQ ( )|P(x) —Gy(x)| dx, (5.11)

A =i- f Gy dxl, 5.12)
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where

Q(e) =[-L,-L+€]U[L—¢,L].

In this context, 2L represents the length of the interval for the numerical PDF under
consideration. Furthermore, € specifies the tail length of the numerical PDF. The
first objective function f1(x) measures the distance between P(x) and G,(x), while
the second objective function f>(x) measures how close the area under Gg4(x) is to
1. Our goal now is to find the distribution parameters (a,b,q) for Eq. that
minimise these two functions with respect to all possible numerical PDFs, that
dependant on the bin width, as described in Sec (5.3).

Since Q(¢) = [-L,L] when € = L, the formula in Eq. is the £ norm in the
interval [-L, L] [79]. We use this norm as the error function to measure the distance
between P(x) and G,(x) that we want to minimise. We choose this norm because it
gives us the most satisfactory results compared to other norm functionals or to
other goodness of fit measures such as sum of squares due to error (sse) or root
mean squared error (rmse). When 0 < € < L, especially when € is sufficiently small,
the first objective function f;(x) can be seen as the distance between P(x) and G,(x)
on both tails. In our method, we solve the multi-objective optimisation problem by
starting with a small value of ¢, i.e. fit P(x) with G4(x) on both tail, and gradually

increase € until it covers the whole interval, i.e. € = L.
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Let

A :{(xl-, vi) : yi = P(x;), where P is a numerical PDF of variable X

given in Eq. for all possible bin widths w}.
We consider the multi-objective optimisation problem

min{fi(x) and f»(x)} (5.13)

where we want to minimise at the same time both f1(x) and f>(x) subject to

P(x) € A, (5.14)

ee[0,L]. (5.15)

This multi-objective optimisation problem is solved using a procedure described
in Algorithm |5/ This algorithm relies largely on a genetic algorithm [80]. The
solver is called gamultiobj which is a function available in the global optimisation
toolbox in Matlab [81]. The solver will produce a set of non-inferior solutions,
which are solutions that cannot be improved in one objective without worsening it
in another.

An individual in the gamultiobj function is the vector with coordinate (a,b,9)
where a,b,q are the parameters for the g-Gaussian distribution given in Eq. (5.10).
A population consists of a collection of individuals. The first step in the gamultiobj
algorithm is creating an initial population, which is set to 500 in our computations.

This initial population is uniformly chosen within the individual bounds. As
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we consider the normalised PDF, we take a in the small interval around 1 and
b > 0. Additionally, the values of g lie on the interval [1,3] [40]. After the initial
population has been generated, the gamultiobj algorithm carries out iterations

according to the following main steps: [81]

1. Select parents for the next generation using the selection function on the

current population.
2. Create children from the selected parents by mutation and crossover.
3. Score the children by calculating their objective function values and feasibility.

4. Combine the current population and the children into one matrix, the

extended population.

5. Compute the rank and crowding distance for all individuals in the extended

population.

6. Trim the extended population to have a population with the same number as
the initial population by retaining the appropriate number of individuals of

each rank.

The selection, mutation, and crossover operators are binary tournament, Gaussian
mutation, and crossover scattered, respectively. We stop the iteration if it exceeds
the maximum number of iterations, which is set to 10*. In addition, we also set the
function tolerance to 107 as the second stopping criteria. We have experimented
with various combinations of the maximum number of iterations and the function
tolerance. This option offers the most optimal numerical fitting and computational

efficiency.
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In our computations, L is set to 150 for regular cases and 2 for chaotic cases. In
addition, we select the bin width within the interval [1,150], as the bin width less
than 1 will result in a highly fluctuated curve and the bin width larger than 150

will lead to a curve that will be far from the optimum solution.

Algorithm 5 g-Gaussian distribution fitting procedure.

Input: Variables X; as given in Eq. (5.9), length of the fitting interval L, bin width
minimum Wmpjn, bin width maximum wmax.
Output: g-Gaussian distribution parameters (a,b,q), objective functions value f;(x)

and fo(x).
1: S0
2: fore=0toL do
3: for w = Wpin t0 Wmax do
4: Generate numerical PDF with bin width w.
5: Solve Eq. subject to (5.14)-(5.15) using genetic algorithm multi-
objective solver.
6: Store all solutions (a,b,9) in N.
7: end for
8: for k =1 to length(N) do
9: flL(x) « f1(x) for x € (L), using parameters N (k)
10: P(k) «— flL(x) + f2(x), using parameters N(k).
11: end for
12: Compute min {}. Store the corresponding set of parameter from N to S.
13: end for

14: for k =1 to length(S) do
15: fore=0to L do

16: flo P t(x) « f1(x) for x € Q)(€), using parameters S(k)
17: POPE(K) f1O pt(x), using parameters S(k).

18: end for

19: end for

20: Compute min {P%"}. Report the corresponding set of parameter from S as the
optimum solution S°F".
21: Compute f1(x) and f>(x) using set of parameters in S°P*.
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Figure 5.8. The numerical PDF of the standard map (turquoise curve) and its correspond-
ing g-Gaussian function (dashed black curve) for K = 2 (panel (a)) and K =10 (panel
b). Note that the initial conditions of all trajectories are located in the chaotic region.
The Gaussian distribution parameters are b = 3.14673 and g = 1.00218 in panel (a) and
b =3.14208 and g = 1.00021 in panel (b).

5.5 Results

5.5.1 Chaotic case

In the case of chaotic dynamics, we expect to see a Gaussian distribution given by
Eq. (5.6). The parameters that we acquire for Eq. for K =10 are b = 3.14208
and g = 1.00021. These values are quite similar to the Gaussian distribution
parameter values that are given in Eq. (5.6), which are b = pi and g =1. For
K =2 where the initial conditions are taken from the chaotic sea, the Gaussian
distribution parameter values are b = 3.14673 and g = 1.00218, which again give an
excellent agreement with the parameters of the theoretical Gaussian distribution.
Figure 5.8 shows the plot of the numerical PDFs with their respective Gaussian
distribution where the parameters were obtained numerically. The values of the
objective function for K = 2 are fi(x) = 1.20393x 1072 and f,(x) = 8.83192x 1077,

and for K = 10 are f;(x) = 8.0878 x 10~* and f>(x) = 7.0957 x 10~°.
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Figure 5.9. The numerical PDF of the standard map and its corresponding g-Gaussian
function for K =0, K =0.2 and K = 2. Note that the initial conditions of all trajectories are
located in a stable region.

5.5.2 Regular case

First, we report the result for K = 0.2. The g-Gaussian distribution parameter
values are given by a =1, b =8.10219 and g = 1.88153. The optimum objective
function values are f;(x) = 5.74158 x 107°% and f,(x) = 1.11022x 10~1°.

For K = 2 where all the initial conditions are taken randomly from the region of a
stability island, the parameters of the g-Gaussian distribution area =1, b = 8.23001
and g = 1.89159. The optimum objective function values are f;(x) = 6.74877 x 1072
and f»(x) = 4.77706 X 10~°. Figure 5.9/ shows the plot of the numerical PDF with its
corresponding g-Gaussian distribution for K= 0.2 and K =2.

Now, we turn our attention to the case when K = 0. This is an example of an
integrable map and has been reported in [82] to obey the g-Gaussian distribution
with g = 2. Here, we consider two cases with different number of initial conditions,
namely with M = 10® and M = 10° initial conditions. The parameter values for
M=108 area=1, b=8.42148 and q = 1.90619. The optimum objective function

values are f1(x) = 6.14898 X 10772 and f>(x) = 3.64456 x 1075. Next, for M = 10° we
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Figure 5.10. The numerical PDF of the standard map and its corresponding g-Gaussian
function for K = 0 for (a) M = 108 initial conditions and (b) for M = 10? initial conditions.

obtaina =1, b = 8.46807 and g = 1.90966. The optimum objective function values
are f1(x) =5.56503%x 10772 and f»(x) = 5.67387 x 10~7. We present the corresponding
plot in Fig.

It is worth noting that the g values here is very close to the analytical value
provided in [82]. Furthermore, as we increase the number of orbits utilised to
generate the variables X}, as described in equation (5.9), the corresponding value
of g also increases, even though by a small margin. This observation might mean
that obtaining an accurate distribution with g = 2 might require an extremely high

number of orbits.

5.6 Conclusion

In this chapter, we have examined the PDF derived from the standard map in both
chaotic and regular cases. The aim was to develop a comprehensive procedure
for determining the parameters of the g-Gaussian function, which serves as an
effective tool for fitting the numerical PDF obtained from regular and chaotic areas

of the phase space of the standard map.
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To accomplish this, we employed a multi-objective optimisation approach
utilising a genetic algorithm. This approach allowed us to address the challenge
of finding the optimal set of parameters for the g-Gaussian function, which would
result in a well-fitted representation of the numerical PDF. By formulating the
problem as a multi-objective optimisation task, we were able to simultaneously
consider multiple objectives, such as minimising the difference between the fitted
g-Gaussian function and the numerical PDF, while also fulfilling the property of a
probability distribution function.

Through the utilisation of the genetic algorithm, we iteratively searched for
the optimal set of parameters that yielded the best fit to the numerical PDFE. This
involved generating candidate solutions (individuals) with different parameter
combinations and evaluating their fitness based on the defined objectives. The
genetic algorithm’s ability to explore the parameter space and converge towards
promising solutions allowed us to obtain a set of parameters for the g-Gaussian
function that provided a highly accurate fit to the numerical PDF from phase space
of the standard map.

By employing this procedure, we were able to effectively model the statistical
properties of the regular and chaotic phase space of the standard map and obtain
a comprehensive understanding of its behaviour. The well-fitted g-Gaussian
function serves as a valuable tool for analysing and characterising the probability
distribution within the phase space, enhancing our understanding of the dynamics

and statistical properties of the standard map.



Chapter 6

Conclusions and future work

6.1 Conclusions

This thesis presents initially a comprehensive and systematic study of the dis-
ordered FPUT-a lattice system, focusing on two different models. Firstly, we
investigate the system with disorder in the nonlinear coupling terms. The mo-
tivation behind this study is rooted to the observation that in the absence of
variability, introducing nonlinearity alone does not ensure energy equipartition.
By incorporating disorder into the nonlinear coupling terms, we demonstrate its
impact on breaking the recurrence phenomenon. Furthermore, we discover the
existence of a tolerance threshold, beyond which the system’s solution experiences
blow-up within a finite time. To explain the localisation of energy, we derive a
two normal-mode system that explains the underlying mechanism and provide a
bifurcation diagram illustrating the system’s parameters. In terms of chaotic be-

haviour, we find that introducing variability enhances the possibility of observing

127
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chaotic trajectories. This highlights how disorder in the system can significantly
alter the nature of solutions from regular to chaotic.

The second model studied is the FPUT-a Hamiltonian with variability. At a
fixed energy level, we observe that increasing the percentage of variability leads
to energy localisation. We also derive a two normal-mode system when energy
localization occurs and provide a bifurcation diagram in the parameter space,
further elucidating on the localisation phenomenon. The chaotic behaviour of
this system exhibits a complex nature as we vary the lattice size and percentage
of variability. Generally, we observe that variability enhances the likelihood of
observing chaotic trajectories for small lattice sizes. However, the behaviour
becomes more intricate for medium lattice sizes, and there appears to be a reversal
of the effect for large lattice sizes.

In addition to the FPUT-a system, we also applied g-Statistics to study the
chaotic behaviour of the standard map for both chaotic and regular cases. We
developed a systematic procedure to obtain the parameters of the g-Gaussian
function that best fits the numerical probability distribution of the standard
map. Employing a genetic algorithm approach, we successfully solved the multi-
objective optimisation problem and determined the optimal parameters of the

g-Gaussian function.

6.2 Future work

The field of nonlinear dynamics has witnessed substantial advancements since the

pioneering experiments conducted by Fermi, Pasta, Ulam, and Tsingou in 1950s.
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As a result, numerous avenues for future investigations have emerged, reflecting
the extensive potential for further research in this field.

In the realm of 1D lattice systems, there are exciting opportunities for future
research in exploring the disordered FPUT-§ lattice system, which exhibits a distinct
nature compared to the FPUT-a model. There are two key areas of investigation
that can be pursued.

Firstly, investigating the impact of introducing variability in the FPUT-$ lattice
system as the initial energy of the system is gradually increased. This exploration
can shed light on how the behaviour of the system, such as energy redistribution,
recurrence phenomenon, and chaotic dynamics, is influenced by varying degrees
of variability.

Next, exploring the effects of exciting different modes to initiate the FPUT-f
lattice system. This analysis can provide insights into the system’s response,
energy localisation, mode coupling, and the emergence of patterns and structures
as different modes are selectively excited.

In the field of g-Statistics, there is a promising option for future research that
involves analysing the probability distribution function in the weakly chaotic
region of the standard map. The identification of the region in the phase space of
the standard map that corresponds to weakly chaotic behaviour is a fundamental
component of this research. This can be performed by applying well-established
chaotic indicators such as the Lyapunov exponent or Smaller Alignment Index
(SALI). Such indicators may identify the specific trajectories associated with weakly
chaotic dynamics. Then, we can investigate the probability distribution of this

system using a method similar to that used in this thesis.
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Appendix: Duffing equation

We compare the solution to Duffing equation using Poincaré-Lindstedt series [83]
and multiple-scale analysis [58]. The undamped, unforced Duffing equation is

given by
i+x+ex® =0, (1)
for t > 0, with 0 < € < 1. Consider the initial conditions
x(0)=1, x=0. (2)
The solution to this problem using Poincaré-Lindstedt method is given by [83]

x(f) = Cos((l + ge) t) +0(). 3)

Now, we will solve the problem using multiple-scale analysis [58]. Let

x(t) = xo(T, £) + ex1(T, £) + O(€?), (4)
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with T = et being the long time scale in multiple-scale expansion. At €” we have

—+x0=0, (5)

and the general solution is given by

xp = A(T)e" + A*(T)e ™. (6)
At ! we have
2i%+%+x1+x8=0, (7)
21";—? ff—zi‘;’;* "it+%+x1 +x3=0 (8)
Noting that
13 = A3t 1 A3t 4 3A%E2 A" 4 BAH A2 )

and applying the standard solvability condition to avoid the secular terms, we

obtain

3—? = giAzA*. (10)

The solution to Eq. is given by

A(T) = A(0)e3/%TA*O), (11)
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Substituting Eq. into Eq. (6), we obtain
x(t) = 2A(0) cos((1 +3/2eA%(0))t) + O(€?). (12)

where we have used T = €t in this equation. Using initial condition x(0) =1, we

obtain A(0) = 1/2, and the solution becomes
3 2
x(t) = cos ((1 + §€) t) +O(€?). (13)

Note that Eq. is similar to Eq. (3), which shows that multiple-scale method

also gives frequency correction in the solution as in the Poincaré-Lindstedt method.
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