
symmetryS S

Article

Variable Viscosity Effects on Unsteady MHD an
Axisymmetric Nanofluid Flow over a Stretching
Surface with Thermo-Diffusion: FEM Approach

Bagh Ali 1,† , Rizwan Ali Naqvi 2,† , Yufeng Nie 1,* , Shahid Ali Khan 1 ,
Muhammad Tariq Sadiq 3 , Ateeq Ur Rehman 4 and Sohaib Abdal 5

1 Department of Applied Mathematics, School of Science, Northwestern Polytechnical University,
Dongxiang Road, Chang’an District, Xi’an 710129, China; baghalisewag@mail.nwpu.edu.cn (B.A.);
shahidalimaths@mail.nwpu.edu.cn (S.A.K.)

2 Department of Intelligent Mechatronics, Sejong University, Seoul 100083, Korea; rizwanali@sejong.ac.kr
3 School of Automation, Northwestern Polytechnical University, 127 West Youyi Road, Xi’an 710072, China;

tariq.sadiq@mail.nwpu.edu.cn
4 College of Internet of Things Engineering, Hohai University, Changzhou 213022, China;

ateqrehman@gmail.com
5 School of Mathematics, Northwest University, No. 229 North Taibai Avenue, Xi’an 7100069, China;

sohaib@stumail.nwu.edu.cn
* Correspondence: yfnie@nwpu.edu.cn
† Bagh Ali and Rizwan Ali Naqvi are Co-first author, these authors contributed equally to this work.

Received: 24 December 2019; Accepted: 27 January 2020; Published: 4 February 2020
����������
�������

Abstract: The present study investigated the unsteady magnetohydrodynamic (MHD) nanofluid
flow over a radially nonlinear stretching sheet along with the viscosity dependent on temperature,
convective boundary condition, thermo-diffusion, and the radiation effects. Moreover, the nanofluid’s
viscous effects were considered dependent on temperature and the exponential Reynolds model was
considered in this context. It was additionally assumed that a uniform suspension of nanoparticles is
present in the base fluid. The Buongiorno model, which involves the thermophoresis and Brownian
motion effects, was considered. For the sake of a solution, the variational finite element method
was selected with coding in MATLAB and the numerical results were contrasted with the published
articles. The influence of various physical parameters on the velocity, temperature, and concentration
profiles are discussed by the aid of graphs and tables. It was detected that the nanofuid viscosity
parameter declines the fluid flow velocity, while, for the temperature and the concentration profiles,
it accomplished the reverse phenomenon.

Keywords: nano-fliud; themo-diffussion; MHD; finite element method; convective surface bounday
conditions; variable vioscosity

1. Introduction

The exploration of unsteady nano-fluid flow through a nonlinear stretching surface has been
fundamentally prolonged for the impressive consideration during the most recent years because of
numerous appliances in the engineering field. It consists of a micro-electro-mechanical structure that is
highly developed in nuclear schemes; glass fiber, fuel cells, and paper fabrication have an imperative
part in our daily life. A suspension containing nanoparticles in a base liquid (water, mixture of base
fluid, kerosene, biofluids, and organic liquids), which changes the base fluid’s viscosity, thermal
conductivity, density, and mass diffusivity, is called a nanofluid. The composition of nanoparticles is
made from metal nitride, metals, oxide, ceramics, and carbide ceramics. The erudition of magneto
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hydrodynamics is a momentous chore as it has insinuations in industry as well as flow phenomena.
In the last few centuries, enterprises to investigate the fluid physics at the nano and micro scales
have enhanced. Aziz et al. [1] described that the change in flow geometry, enhancing thermal
conditions, using porous medium and boundary conditions can improve heat transfer capacity of
the fluid. The perceptions of nano-fluid were commenced by Choi [2] to illustrate that a base fluid
such as water or ethylene–glycol mixture can improve its thermal conductivity with the addition of
nanoparticles. Ariel [3] portrayed a model of axisymmetric flow caused by radically stretched sheet
and gauged the consequences by the finite difference method. Recently, Mustafa et al. [4] deliberated
that the nanofluids flow through radially stretching sheet and evaluated it both numerically and
analytically. Akbari et al. [5] examined the impact of nanoparticles existing of non-Newtonian
nano-fluid and illustrated that thermal conductivity enlarges due to enhancement in the nanoparticles.
Mohyud-Din et al. [6] similarly scrutinized the performance of nanoparticles.

In the flow of a fluid, thermal radiation is significant and therefore the impacts of thermal radiation
on heat and mass transfer have been widely studied. Raza [7] explored the effects of radiation on
temperature. Ashraf and coauthors [8] also investigated the thermal conductivity impacts of the
non-Newtonian fluid. Chen [9] inspected the mixed convection fluid flow over a stretching sheet.
Speculating on a micro-polar fluid, Sankara et al. [10] scrutinized the micro-polar fluids flow through
a stretching sheet. The consequences of a magnetic field on the constricting viscous fluid flow along
with the parallel plates were conferred and explained using the perturbation method by Hamza [11].

The fluid flow of the boundary layer induced by the stretching sheet is an important form of
flow occurring in flow processes in chemical industries and engineering. These incorporate paper
production, fluid metal, glass fiber, and polymer sheet manufacturing. Non-Newtonian fluids,
including physiological fluids, oils, paints, natural fluids, colloidal fluids, and foodstuffs, play a
significant role in our daily lives [12,13]. Rana et al.[14] studied the impact of mixed convection and
magnetic field on the thermal conductivity in the presence of nanoparticles. Thumma et al. [15]
investigated the numerical study of heat source on dissipative magnetic nanofluid flow from a
nonlinear inclined stretching surface. Seth et al. [16] analyzed the effects of radiation and chemical on
the MHD natural convection heat and mass transfer flow. Takhar et al. [17] studied the Mixed
convection flow of a micro-polar fluid over a stretching sheet. Qiu et al. [18] reviewed recent
advances in thermophysical properties at the nanoscale from solid state to colloids. For viscous
dissipation, Dhanai et al. [19] studied the MHD heat transfer flow and investigated the dual solution.
Nayak et al. [20] found steady axisymmetric flow and heat transfer of fluid flow over a radially
stretching surface. Ashraf et al. [21] analyzed the magnetohydrodynamic flow of non-Newtonian fluid
and also studied the heat flow utilizing the stretchable disk. They acquired the numerical outcomes of
an axisymmetric flow over a stretchable surface. Faraz et al. [22] studied the transfer of heat from an
axisymmetric viscous fluid over a stretching radially surface.

The novelty of this work is to consider the Reynolds exponential viscosity model with convective
boundary condition over radially nonlinear stretched sheet, heat and mass transfer characteristics of
the thermo-diffusion, and radiation effects. Another aspect of this work is the numerical method of
solution, especially the finite element method (FEM) was chosen, which is the most robust method
to solve the differential equations [23,24]. Kumar et al. [25] described that finite element method is
especially utilized in business software akin to MATLAB, ADINA, Abaqus, and Ansys.

The article is organized as follows. Section 1 is the introduction, which contains the literature
review. In Section 2, we model the physical problem, starting from the modeled partial differential
equations. Then, we transform PDEs into ODEs using appropriate similarity transformation. Section 3
is completely devoted to develop the variational finite element method solution. In Section 4, the
graphic plots are presented under the influence of several important entities, as well as a detailed
analysis of velocity, temperature, and concentration profiles. Further, a comparison of the skin friction
coefficient and Nusselt number is made with the numerical results reported in the literature to confirm
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the validity of the present consequences of the finite element method. Finally, the concluding remarks
are describe in Section 5.

2. Mathematical Formulation

Let us consider an unsteady magnetohydrodynamic flow of incompressible viscous flow of
nano-fluid over a nonlinear stretching sheet, with z = 0. The flow of the conducting fluid is assumed
to be in the radial direction Uw = c0rm/(1− λt), where c0 > 0, m ≥ 0 are dimensional constant.
The temperature of the sheet is regulated by a convective heating process characterized by hot fluid
Tf temperature and variable heat transfer coefficient h f (x), solutal concentration, and nanoparticle
concentration represent (Cw and ψw, respectively). The ambient values of the temperature, solutal
concentration, and nanoparticle concentration are denoted by T∞, C∞, and φ∞, respectively (see
Figure 1). B(r, t) denotes the variable magnetic field intensity where t is time. The magnetic field
acts normally to the sheet in the positive z-direction and B(r, t) generalizes the magnetic field term

previously given in [26] to B(r, t) = B0r
(m−1)

2 /
√
(1− λt). B0 is the uniform strength of the magnetic

field, m > 0 is the power-law index, and λ denotes the unsteadiness parameter. Under the above
conditions, the governing equations of continuity, momentum conservation, energy conservation, and
nanoparticle volume fraction can be expressed as (see [12,27]):

∂u
∂r

+
u
r
+

∂w
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)
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∂z2 +
DT
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∂2T
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(5)

where u and w are component of velocity along r and z directions, respectively; σ, ν, and ρ are
the electrical conductivity, kinetic viscosity, and viscosity of fluid, respectively; DB and DT are the
Brownian diffusion and thermophoretic diffusion coefficient, respectively; Ds, DCT , and DTC are the
solutal, Soret and Dufour diffusities, respectively; σ∗ is the Stefan–Boltzmann constant; k∗ is the mean
absorption coefficient; and α is the thermal diffusivity of the fluid. The corresponding boundary
conditions are (see [20,28]):

u = Uw, w = W0,−κ f
∂T
∂z

= h f (Tf − T), C = Cw, ψ = ψw, at z = 0 (6)

u→ 0, T → ∞, C → ∞, ψ→ ∞, as z→ ∞, (7)

where κ f = κ0
√
(1− λt) is the thermal conductivity of base fluid and κ0 is a constant. If the Biot

number, Bi = h f
√

ν/κ0
√

c0rm−1, is a constant and the heat transfer coefficient h f is proportional to
r(m−1)/2, then the coefficient of heat transfer is expressed as h f = b0r(m−1)/2, where b0 is constant.
The Biot number can be written as Bi = h0

√
(ν/c0)/κ0.

Followings are the similarity transformations to solve Equations (1)–(5) stated as (see [12,27]):

ξ =

√
co

ν(1− λt)
r(m−1)/2z, u =

c0rm

(1− λt)
d f
dξ

, w = − c0r(m−1)/2
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√
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(
(

m + 3
2

) f (ξ) + (
m− 1

2
)ξ

d f
dξ

)
,

θ(ξ) =
T − T∞

Tw − T∞
, S(ξ) =

C− C∞

Cw − C∞
, φ(ξ) =

ψ− ψ∞

ψw − ψ∞
(8)
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B(r,t)

Figure 1. Physical configuration and coordinate system.

The fluid’s viscosity in Equation (2) depends on the temperature and it varies exponentially.
The mathematical form of the Reynolds exponential viscosity model is [29]:

µ(T) = µ0e−H(T−T∞) (9)

where the dependence of intensity between T and µ(T) is indicated by H. µ0 displays the fluid’s
viscosity at T∞. Using the transformation of similarity in Equation (8) and then the Maclaurin’s
expansion, we get [29]:

e−λθ = 1− λθ + O(λ2) (10)

The following dimensionless system is now accomplished using similarity transformations
(Equation (8)),

(1− λθ)
d3 f
dξ3 − λ
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dξ

d2 f
dξ2 + (
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2

) f
d2 f
dξ2 − Ha
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1
2

ξ
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dξ2 )−m

d f
dξ

2
= 0, (11)
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dθ

dξ
+ D f

d2S
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1
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2
ξ

dS
dξ

+ (
m + 3

2
) f
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dξ

+ Sr
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dξ2 = 0 (13)
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2
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dξ
+

Nt
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d2θ

dξ2 + Le(
m + 3

2
) f

dφ

dξ
= 0 (14)

and the transformed boundary conditions in Equations (6) and (7) are:

f (ξ) = S,
d f
dξ

= 1,− dθ

dξ
= −Bi[1− θ(ξ)], S(ξ) = 1, φ(ξ) = 1, at ξ = 0, (15)

d f (ξ)
dξ

→ 0, θ(∞)→ 0, S(∞)→ 0, φ(∞)→ 0 at ξ = ∞ (16)

The emerging parameters in Equations (11)–(15) are described as:

Ha =
σB2

0
ρco

, σ = λ
c0rm−1 , Pr = ν

α , Nb = τDB(ψw−ψ∞)
ν , Nt =

τDT(Tf−T∞)

νT∞
, D f = DTc(Cw−C∞)

ν(Tf−T∞)
,

Sr =
DCT(Tf−T∞)

ν(Cw−C∞)
, Sc = ν

Ds
, Le = σ

DB
, Bi = h0

√
(ν/c0)/κ0, λ = H(Tf − T∞), S = − 2W0(1−λt)

(m+3)r(m−1)/2√c0ν
,

where Ha is magnetic parameter, σ is the unsteadiness, Prandtl number is Pr, Brownian motion is
Nb, Nt is the thermophoresis parameter, D f is the Dufour parameter, Sr is the Soret parameter, Sc is
the Schmidt number, Le is the Lewis number, Bi is the Biot number, λ is the variable viscosity, and
S represents the mass transfer rate at the surface. S > 0 indicates the suction case and S < 0 the
injection case.
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3. Finite Element Method Solutions

Equations (11)–(14) were solved numerically using the finite element method (FEM) under
the boundary conditions in Equations (15) and (16). FEM has been used to research various
computational fluid dynamics problems and is a highly efficient approach to solve various nonlinear
problems [30–32]. Reddy [33] described the method of variational finite elements in excellent detail.
This approach is better suited and more accurate than other numerical methods such as ADM, HPM,
and FDM. It is also very proficient and has been applied in many other fields [34] to research various
problems in fluid mechanics and computational fluid dynamics, solid mechanics, mass transfer,
and heat transfer [24,35,36]. To apply FEM to the simultaneous nonlinear differential equations
(Equations (11)–(14)), and to use the boundary conditions in Equations (15) and (16), we consider:

d f
dξ

= h, (17)

Equations (11)–(14) thus reduce to

(1− λθ)
d2h
dξ2 − λ

dθ

dξ

dh
dξ

+ (
m + 3

2
) f

dh
dξ
− Hah− σ(h +

1
2

ξ
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dξ

)−mh2 = 0, (18)
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2
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dθ

dξ
+ (
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2
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dξ
+ Nb
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dξ
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2
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dξ
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2

) f
dφ

dξ
+

Nt
Nb

d2θ

dξ2 = 0, (21)

The corresponding boundary conditions reduce to the following form:

f (ξ) = S, h(ξ) = 1,− dθ

dξ
= −Bi[1− θ(ξ)], S(ξ) = 1, φ(ξ) = 1, at ξ = 0, (22)

h(ξ)→ 0, θ(∞)→ 0, S(∞)→ 0, φ(∞)→ 0 at ξ = ∞ (23)

3.1. Variational Formulations

The weak form connected with Equations (17)–(21) over a linear element Ωa = (ξa, ξa+1) is given
by the following:

∫ ξa+1

ξa
s1

{
d f
dξ
− h
}

dη = 0, (24)

∫ ξa+1

ξa
s2
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2
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1
2
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)−mh2
}
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2
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}
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where s1, s2, s3, s4, and s5 are arbitrary test functions.
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3.2. Finite Element Formulations

The finite element model may be obtained from Equations (24)–(28) by plugging in the following
finite element approximation form:

f̄ =
2

∑
n=1

f̄nψn, h̄ =
2

∑
n=1

h̄nψn,
d̄θ

dξ
=

2

∑
n=1

d̄θn

dξ
ψn,

d̄φ

dξ
=

2

∑
n=1

d̄φn

dξ
ψn (29)

with s1 = s2 = s3 = s4 = s5 = ψn(n = 1, 2), where the test functions ψn for a typical length element
Ωe = (ξa, ξa+1) are given by.

ψ1 =
ξa+1 − ξ

ξa+1 − ξa
, ψ2 =

ξ − ξa

ξa+1 − ξa
, ξa ≤ ξ ≤ ξa+1. (30)

The finite element model equations are, therefore, given by.
[A11] [A12] [A13] [A14] [A15]

[A21] [A22] [A23] [A24] [A25]
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 (31)

where Amn are the matrices of order 2× 2 and bm are the matrices of 2× 1. (m, n = 1, 2, 3, 4, 5)
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and

b1
i = 0, b2

i = −(ψ dh
dξ

)ξa+1
ξa

, b3
i = − 1

Pr
(1 + Nr)(ψ

dθ

dξ
)ξa+1

ξa
− D f (ψ

dS
dξ

)ξa+1
ξa

,

b4
i = − 1

Sc
(ψ

dS
dξ

)ξa+1
ξa
− Sr(ψ

dθ

dξ
)ξe+1

ξe
, b5

i = −(ψ dφ

dξ
)ξa+1

ξa
− Nt

Nb
(ψ

dθ

dξ
)ξe+1

ξe
, (32)

where f̄ = ∑2
j=1 f̄ jψj, h̄ = ∑2

j=1 h̄jψj, d̄θ
dξ = ∑2

n=1
d̄θn
dξ ψn and d̄φ

dξ = ∑2
n=1

d̄φn
dξ ψn are supposed to be

known. Equation (32) is of the order 10× 10 and the whole flow domain is divided into 1000 linear
elements of same size. We obtain a matrix after assembling all of the element equations. After the
assemblage of the system of element equations, an ensuing system of nonlinear equations is attained.
Subsequently, an iterative method is imposed to compute it for a dexterous solution. To compute f̄ ,
h̄, θ̄′, and φ̄′ functions are presumed to be notorious at a lower iteration level to linearize the system.
Then, the estimations for the velocity, solutal, nano-fluid, temperature, and volume fraction profile are
fulfilled for a high level, and continued until the desired accuracy of 0.00005 is attained. To ensure the
mesh independence, the mesh impact ability is executed. No considerable disparity in the consequences
is observed for ξ > 10. Thus, ξ is fixed at 10. For the corroboration of the convergence of consequences,
we intended that the quantity of elements is enlarging (n = 100, 200, 400, 600, 700, 1000, 1200, and
1300); the results are demarcated in Table 1. In addition, it was found that, as n enhances further than
1200, no considerable alteration in velocity, temperature, and concentration functions is exposed, thus
the results at the final outcomes are reported for n = 1200 elements.

Table 1. FEM Convergence results for active control of nanoparticles when Pr = 0.773; Ha = 2; Nb =

S = Nt = 0.3, Sc = 5, D f = Sr = 0.1; Le = 2; m = 2, Bi = 1, λ = Nr = 0.5, and σ = 0.2.

Number of Elements f (1.3) h(1.3) θ(1.3) S(1.3) φ(1.3)

100 0.643350 0.031597 0.019678 0.389363 0.130666
200 0.644363 0.031894 0.019659 0.388431 0.130627
400 0.644616 0.031968 0.019656 0.388199 0.130617
600 0.644663 0.031982 0.019655 0.388156 0.130616
700 0.644673 0.031984 0.019655 0.388147 0.130615
1000 0.644687 0.031989 0.019654 0.388134 0.130615
1200 0.644691 0.031989 0.019654 0.388130 0.130615
1300 0.644692 0.031990 0.019654 0.388130 0.130615

4. Results and Discussion

To determine the unknown functions of velocity profile, temperature, and concentration profiles,
the above set of Equations (11)–(14) and boundary conditions in Equations (15) and (16) were solved
using the variational finite element method. We validated our results with the existing literature listed
in Tables 2 and 3 before plotting the results.

Table 2. The coefficient of skin friction comparison with different values of magnetic parameter M.

S σ
Azeem et al. [12] Faraz et al. [22] (Our Results)

(HAM) (KBM) (FEM)

−1.0 0.5 0.620400 0.620436 0.620437
−0.5 0.887200 0.887247 0.887247
0.0 1.308999 1.308670 1.308668
0.5 1.907999 1.907973 1.907973
1.0 2.655999 2.655591 2.655588
0.5 0.0 1.798999 1.798668 1.798667

0.5 1.907999 1.907973 1.907972
1.0 2.016999 2.016665 2.016667
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Table 3. Values of Reduced Nusselt and Sherwood Numbers Nur and Shr for Different Values of Pr,
Le, and Bi when Nb = Nt = 0.1, m = 1, and other parameters are zero.

Bi Le Pr Mustafa et al. [4] FEM (Present Results)

−θ′(0) −φ′(0) −θ′(0) −φ′(0)

0.1 1.0 1.00 0.088980 0.793545 0.088980 0.793541
0.4 0.266901 0.676928 0.266900 0.676926
1.0 0.443452 0.561546 0.443450 0.561546
2.0 0.567859 0.480446 0.567857 0.480448
0.5 0.4 1.00 0.310557 0.193614 0.310540 0.195635

0.7 0.308900 0.446367 0.308899 0.446420
2.0 0.305905 1.160300 0.305904 1.160294

10.0 0.303021 3.222890 0.303021 3.222894
0.5 1.00 0.40 0.230078 0.710803 0.230424 0.711456

0.72 0.281948 0.671917 0.281951 0.671938
2.00 0.353934 0.605337 0.353933 0.605334
10.0 0.422650 0.515390 0.422649 0.515386

We found an excellent agreement between our solution and that of the already published research
articles; this confirms the validity and accuracy of the present results. Variation of existing parameters
Ha, m, σ, Pr, Nb, Nt, D f , Sr, Sc, Le, Bi, S, and λ are plotted in Figure 2. Profile functions for velocity,
temperature, and concentration, for different value of viscosity parameter, magnitude of velocity,
temperature, and concentration profiles are given in all upcoming figures: (i) λ = 0 (shown as green
solid lines); and (ii) λ = 0.5 (shown as red dotted lines). The base amount of these parameters are
considered to be Pr = 0.773, Ha = 2.0, Nb = Nt = S = 0.3, Sc = 5.0, D f = Sr = 0.1, Le = m = 2.0,
Bi = 1.0, Rd = 0.3, Nr = 0.5, and σ = 0.2.

Figure 2. Impact of f ′(ξ) for suction S, magnetic field Ha, stretching sheet m, unsteadiness σ, and
variable viscosity λ.



Symmetry 2020, 12, 234 9 of 15

Figure 2a shows the effect of the suction S and variable viscosity λ parameters. In the velocity
function, the decline is observed when the suction is S > 0 and the fluid velocity is decreased for
λ > 0. Figure 2a depicts that the fluid flow velocity displays a decreasing trend with the rising values
of λ. The reason behind this is the rise in viscous effects with a higher viscosity, which decreases the
fluid flow as a result. In addition, the thickness of the momentum boundary layer has been perceived
as an enhancement. Likewise, with the impacts of the magnetic field, one can observe retardation in
the velocity activity (see Figure 2b). This is because of the forces of Lorentz, which act as resistive
forces and thus oppose the movement of fluids. Therefore, the magnetic field manages the fluid
flow successfully. Figure 2c shows the variation of stretching sheet parameter m on the fluid velocity.
The magnitude of the velocity’s radial component decreases as m increases. m, in contrast, has a
significant impact on ξ and the velocity components u and w, respectively. A similar trend is observed
in variable viscosity λ. Figure 2d shows that, with rising values of σ > 0, the velocity profiles decrease,
and a similar trend is observed for the growing value of the viscosity variable.

Figure 3. Impact of θ′(ξ) for Biot number Bi, magnetic field Ha, stretching sheet m, radiation Nr,
thermophoresis Nt, Brownian motion Nb, and variable viscosity λ.
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The effect of varying Biot number Bi values on the distribution of temperature are shown in
Figure 3a. The thermal layer shows an increase with the Bi increasing values caused by the greater
temperature of the fluid. Figure 3b illustrates the effect of the Hartmann number on the temperature
distribution. As the value of Hartmann’s number increases, the temperature rises. The increasing
magnetic field increases the friction impacts, which heats up the fluid and thus increases the fluid’s
temperature. In contrast, with the rise in variable viscosity λ, the thickness of the thermal boundary
layer also increases. The temperature profile decreases as the value of m increases. The thermal
boundary layer thickness is often shown to be greater than m when considering the parameter viscosity
λ = 0.5 (see Figure 3c). Figure 3d displays temperature trends for different viscosity parameter λ and
radiation parameter Nr values. With the rising viscosity parameter λ, the temperature rises. Moreover,
the thermal boundary layer thickness is also increasing. Figure 3d illustrates the impact of the radiation
parameter on the temperature distribution. As the value of radiation Nr increases, the temperature
rises. Temperature behavior is shown in Figure 3e,f, respectively, under the impact of thermophoresis
Nt and Brownian motion Nb. The temperature is decreasing with the increasing number of Nt and the
value of Nb.

Figure 4a,b show the effect on the dimensionless concentration profile of the stretching parameter
m, the Schmidt number Sc, and the viscosity parameter λ. For distinct values of λ = 0 and λ = 0.5,
an increasing behavior is shown in the concentration profile. Moreover, the concentration profile
decreases as the value of m and Sc increases. The influences of the thermophoresis parameter Nt, the
Brownian motion parameter Nb, and the viscosity parameter λ on the dimensionless nanoparticle
concentration profiles are sketched in Figure 4c,d. The variation in nanoparticle concentration profile
because of changing Nt is shown in Figure 4c. The nanoparticle concentration profile demonstrates a
strong decreasing behavior at and near the wall with the increasing thermophoresis parameter Nt.

Figure 4. Impact of S(ξ) and φ(ξ) for stretching sheet m, Schmidt number Sc, thermophoresisbNt,
Brownian motion Nb, and variable viscosity λ.
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On the other hand, relative to the thermophoresis parameter Nt, the effect of the Brownian motion
parameter Nb is quite different (see Figure 4d). The nanoparticle concentration profile magnitude
depicts a declining behavior with rising Nb values. Moreover, with the rising viscosity parameter λ,
the nanoparticle concentration profile rises.

In Figure 5a, with the increasing value of suction S, stretching sheet parameter m, and viscosity
variable parameter λ, one can observe an increase in the magnitude of C f Re1/2

x . Figure 5b elaborates the
variance for different Ha, λ, and Nr values in the Nusselt number coefficient NuRe−1/2

x . The magnitude
of NuRe−1/2

x shows a decline on increasing values of Ha and λ. Moreover, the inverse behavior of
Nr is observed. A declining trend is observed in terms of Sherwood number coefficient ShrRe1/2

x as
Ha, λ, and Nt increase. Figure 5c clearly shows the decreasing value of Sherwood number coefficient
ShrRe1/2

x .

Figure 5. Impact of C f Re1/2
x , NuRe−1/2

x , and ShrRe1/2
x for suction S, stretching sheet m, magnetic field

Ha, radiation Nr, thermophoresisb Nt, and variable viscosity λ.

Table 4 is structured with the numerical results of the skin friction coefficient, Nusselt number
−θ′(0), and Sherwood number −φ′(0) for various value of m, Ha, Bi, and Sc by assuming the cases
of variable viscosity λ = 0 and λ = 0.5, respectively. In this table, an increase in the magnitude of
the skin friction coefficient, Nusselt number −θ′(0), and Sherwood number −φ′(0) can be observed
with the increasing viscosity parameter values (λ), m, and Ha; however, for the magnitude of Nusselt
and Sherwood numbers against Hartman number Ha, the opposite behavior is recorded. The decline
in Nusselt number and Sherwood number magnitude can be observed with the increasing viscosity
parameter values (λ) and Bi, but the opposite behavior is recorded for the magnitude of Nusselt and
Sherwood numbers against Schmidt number Sc (see Table 4).
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Table 4. Assessment of − f ′′(0), −θ′(0), and −φ′(0) for numerous values of m, Ha, Bi, and Sc when
Nb = 0.3; Nt = 0.3; σ = 0.2; Le = 2; D f = 0.1; Sr = 0.1; Nr = 0.5; S = 0.3; and Pr = 0.773.

m Ha Bi Sc Variable Viscosity λ = 0 Variable Viscosity λ = 0.5

− f ′′(0), −θ′(0), −φ′(0) − f ′′(0) −θ′(0) −φ′(0)

1.0 1.0 1.0 5.0 1.917015 0.197352 1.966102 1.500390 0.160016 1.887431
3.0 2.531770 0.249901 2.677550 2.030868 0.222542 2.586780
5.0 3.066937 0.282943 3.365334 2.500620 0.260220 3.268914
1.0 1.0 1.0 5.0 1.917015 0.197352 1.966102 1.500390 0.160016 1.887431

3.0 2.445511 0.161933 1.897593 1.886349 0.117210 1.812817
5.0 2.868619 0.137579 1.853265 2.187080 0.091258 1.768997

1.0 1.0 1.0 5.0 1.917015 0.197352 1.966102 1.500390 0.160016 1.887431
2.0 1.917015 0.234919 1.939081 1.460656 0.181408 1.858082
4.0 1.917015 0.259440 1.921454 1.436016 0.193590 1.840234

1.0 1.0 1.0 5.0 1.917015 0.197352 1.966102 1.500390 0.160016 1.887431
7.0 1.917015 0.148547 2.018283 1.472408 0.105062 1.932371
9.0 1.917015 0.100783 2.070145 1.443607 0.050675 1.976854

5. Conclusions

This investigation comprised the numerical study of the magnetohydrodynamic (MHD) nanofluid
flow over a radially stretching sheet along with the viscosity dependent on temperature, convective
boundary condition, thermo-diffusion, and the radiation effects. Using the suitable similarity
transformation, nonlinear PDEs are changed into a set of highly nonlinear ODEs, and nonlinear
coupled ODEs were solved using a robust variational finite element (FEM) method. Moreover, graphic
pictures demonstrating the effect of different emerging parameters on the properties of fluid velocity,
temperature and concentration profiles are also given. The main findings of this research article are
as follows:

• The velocity of fluid declines with the increasing values of suction, Hartmann number, stretching
sheet, and unsteadiness parameters.

• The temperature rises with the increasing values of Hartmann number, radiation, thermophoresis,
Brownian motion, and Biot number parameters.

• The solutal concentration profile illustrates a decreasing impact with the growing of the stretching
sheet parameter and the Schmidt number.

• The concentration profile of nanoparticles indicates a decline with the growing values of the
Brownian motion, Moreover, the elevation of the thermophoresis parameter enhances the
concentration profile of nanoparticles.

• The growing values of the viscosity parameter decline the velocity of nanofluid but elevates the
concentration and temperature profiles.

• An increase in the magnitude of skin friction coefficient, Nusselt number, and Sherwood number
can be detected with the growing viscosity parameter values, stretching sheet parameter, and
Hartmann number; however, for the magnitude of Nusselt and Sherwood numbers against
Hartman number, an opposite behavior was noted.

• The decline in Nusselt number and Sherwood number magnitude was recorded with the
increasing viscosity parameter values and Biot number, but an opposite behavior was recorded
for the magnitude of Nusselt and Sherwood numbers against Schmidt number.

• The present study was restricted to the unsteady state flow and neglected the slip effects at the
sheet. For future study, stagnation point flow with viscous dissipation effects at the sheet will
be examined.
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Nomenclature

Ha Magnetic parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter
Pr Prandtl number
Le Lewis number
D f Dufour parameter
Sr Soret parameter
Sc Schmidt number
S Mass transfer rate at the surface
λ Variable viscosity
σ∗ Electrical conductivity
α Thermal diffusivity
T Temperature
σ unsteadiness parameter
β Biot number
Tw Sheet temperature
T∞ Ambient temperature
Cw Solutal concentration
C∞ Ambient solutal concentration
Uw(r, t) Velocity of sheet
φw Nanoparticle volume fraction
DT Thermal diffusivity
Ds Molecular diffusivity
DB Brownian diffusivity
DCT Soret diffusivity
DTc Dufour diffusivity
µ Dynamic viscosity
ρ Fluid density
u, w Velocity components
ψn test functions
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