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We study the problem of computing approximate market equilibria in Fisher markets with separable piecewise-
linear concave (SPLC) utility functions. In this setting, the problem was only known to be PPAD-complete
for inverse-polynomial approximations. We strengthen this result by showing PPAD-hardness for constant
approximations. This means that the problem does not admit a polynomial time approximation scheme (PTAS)
unless PPAD = P. In fact, we prove that computing any approximation better than 1/11 is PPAD-complete. As
a direct byproduct of our main result, we get the same inapproximability bound for Arrow-Debreu exchange
markets with SPLC utility functions.

CCS Concepts: « Theory of computation — Problems, reductions and completeness; Market equilibria;
Exact and approximate computation of equilibria.

Additional Key Words and Phrases: Fisher markets, competitive equilibrium, PPAD

1 Introduction

Fisher markets [Brainard and Scarf, 2005] are one of the foundational models that have shaped
modern economics. In a Fisher market, every buyer has a fixed budget that they spend on their
most favorable bundle of goods according to their utility function. The appealing fact for this type
of markets is that when the utilities of the buyers satisfy some “standard sufficient conditions”, then
a market equilibrium is guaranteed to exist. In a market equilibrium, the prices and the allocation of
the goods to the buyers are such that: (a) every buyer is allocated goods that maximize their utility,
and (b) the market clears, i.e., the supply of each good is exactly equal to the demand of that good.

When the utility functions of the buyers are linear, a market equilibrium can always be computed
in polynomial time [Devanur et al., 2008, Orlin, 2010, Végh, 2012]. However, the problem becomes
intractable as soon as one considers a very slight generalization of linear utilities: additive separable
piecewise linear concave (SPLC) utilities. A buyer with an SPLC utility function has a piecewise
linear concave utility for each good, and their utility for a bundle of goods is simply the sum of
their utilities for each of the individual goods.

Computing a market equilibrium in Fisher markets with SPLC utilities was shown to be a PPAD-
complete problem [Chen and Teng, 2009, Vazirani and Yannakakis, 2011], which means that the
problem is unlikely to admit a polynomial-time algorithm unless PPAD = P. This motivates the
study of approximate equilibria in which the condition that the market clears is replaced with an
approximate clearing constraint. In an e-approximate market equilibrium, we first normalize the
market so that there is exactly one unit of each good, and then we seek a price vector such that
every good e-clears, meaning that the discrepancy between between the supply and the demand
for any good is at most ¢.

Vazirani and Yannakakis [2011] actually showed that it is PPAD-complete to find an e-approximate
market equilibrium when ¢ is inversely polynomial in the size of the market, i.e., the number of
buyers and the number of goods. This ruled out fully polynomial-time approximation schemes
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(FPTAS) for the problem unless PPAD = P. However, the existence of a polynomial-time approxi-
mation scheme (PTAS) was not ruled out by this result, and a PTAS may well be good enough to
clear a market for most practical purposes.

Our contribution. This paper provides the first PPAD-completeness for e-approximate market
equilibria in Fisher markets for a constant . Hence, a PTAS for Fisher markets cannot exist unless
PPAD = P.

THEOREM 1.1. It is PPAD-complete to compute an e-approximate market equilibrium in Fisher
markets with SPLC utilities for any constant e < 1/11.

We note that our hardness threshold, 1/11, is relatively large. If we recall that all goods are
normalized to have one unit available, then this result states that it is PPAD-complete to find any
approximate market equilibrium in which all of the goods clear to within 9% of their total supply.
So this essentially rules out the existence of polynomial-time algorithms that can clear a market in
practice.

Technical Overview. We prove our result via a reduction from the PURE-CIRCUIT problem that
was recently introduced by Deligkas et al. [2022]. In this problem we are given a circuit with NOT,
NAND, and PURIFY gates, and we are required to find a satisfying assignment using the values
{0,1, L}. The NOT gate behaves as usual on the values in {0, 1}, and has no constraints when the
input is L. The NAND gate is required to output 0 if both inputs are 1, and is required to output 1
if at least one input is 0, and otherwise has no constraints. The PURIFY gate has one input and two
outputs. If the input is in {0, 1}, then that value should be copied to both outputs, while if the input
is 1, then at least one output should be in {0, 1}.

The use of the PURE-CIRCUIT problem as a starting point for our reduction enables us to give
a construction that is arguably considerably simpler than previous hardness results for Fisher
markets. Prior work has used constructions in which one first sets up a price-regulating market,
which essentially gives a set of goods that are able to encode values within a certain range, and
then adds extra buyers to simulate a PPAD-hard problem, e.g., finding a Nash equilibrium of a
bimatrix game.

In contrast, the market that we construct essentially directly implements the gates of the PURE-
Circurr instance. For each variable in the PURE-CIRcUIT we introduce a good, and the price of this
good encodes the value of the variable. Specifically we define a low price L and a high price H with
L < H, and then a price below L encodes a 0, a price above H encodes a 1, while a price between
the two encodes L.

Then we show that the NOT and NAND gates can be implemented by relatively simple gadgets
that each contain two buyers. The PURIFY gate is implemented using two chains of NOT gates,
where we carefully tweak the parameters of each of the NOT gates to ensure that the constraints
of the PURIFY gate are implemented.

Arrow-Debreu exchange markets. Finally, we also show that our hardness result for Fisher
markets implies a new hardness result for Arrow-Debreu exchange markets with SPLC utilities.
Specifically, we use a well-known reduction from Fisher markets to exchange markets that preserves
hardness for e-equilibria, and we use this to show that computing an e-equilibrium in an exchange
market is also PPAD-hard for all ¢ < 1/11.

While hardness for Arrow-Debreu exchange markets was already known for constant ¢ [Rubin-
stein, 2018], prior work had only shown this for some extremely small unknown constant, and so
that work did not rule out the existence of a polynomial-time algorithm that could clear a market
in practice. Our hardness result effectively rules this out unless PPAD=P.



1.1 Related work

The problem of computing market equilibria, for both exact and approximate equilibria, has received
significant attention over the years. For Fisher markets, Vazirani and Yannakakis [2011] and Chen
and Teng [2009] have established PPAD-hardness for SPLC utilities albeit for a sub-constant €. On
the other hand, polynomial-time algorithms were derived for the cases where the utility functions
of the buyers are linear [Devanur et al., 2008, Orlin, 2010, Végh, 2012], homogeneous [Eisenberg,
1961], or weak gross substitutes [Codenotti et al., 2005].

Furthermore, when the number of goods is constant Kakade et al. [2004] gave a PTAS while Deva-
nur and Kannan [2008] gave a polynomial-time algorithm for exact equilibria. In fact, the algorithm
of [Devanur and Kannan, 2008] also works when the number of buyers is constant in the SPLC utility
setting. For non-separable PLC utilities Garg et al. [2022] derived a fixed parameter approximation
scheme that has the number of buyers as a parameter.

Matching markets is another important subclass of general Fisher markets. Alaei et al. [2017]
designed a polynomial-time algorithm for markets with a constant number of goods or buyers,
while Vazirani and Yannakakis [2020] derived a polynomial algorithm when the buyers have
dichotomous utilities. For one-sided matching markets, the most famous problem is the Hylland-
Zeckhauser market, for which the existence of an equilibrium was initially established in [Hylland
and Zeckhauser, 1979] and was recently simplified by Braverman [2021]. Even more recently, Chen
et al. [2022] have established PPAD-completeness for the problem.

There has also been interest in Fisher markets with additional constraints. Birnbaum et al. [2010],
Devanur [2004], and Vazirani [2010] considered the case where the utilities of the buyers depend
on prices of goods through spending constraints. Jalota et al. [2023] considered additional linear
constraints that include matching markets, and they gave a tatonnement process which was found
to converge to a market equilibrium in experiments.

The Arrow-Debreu exchange market model [Arrow and Debreu, 1954] is another foundational
class of markets. In this setting, the goods are brought to the market by the buyers, who then
spend the revenue they get from selling their initial endowments. PPAD-hardness for Arrow-
Debreu market equilibria has been established for several different settings [Chen et al., 2009, 2017,
Codenotti et al., 2006, Garg et al., 2023] and in fact Rubinstein [2018] showed that it is PPAD-hard
to compute an e-equilibrium in Arrow-Debreu markets for a small unknown constant . On the
positive side, there are several polynomial-time algorithms for linear utilities [Duan et al., 2016,
Duan and Mehlhorn, 2015, Garg and Végh, 2019, Jain, 2007, Ye, 2008], or for buyers with weak gross
substitutes utilities [Bei et al., 2019, Codenotti et al., 2005, Garg et al., 2023]. The various types
of market models have also been studied for the setting where the items are chores that provide
disutility to the agents [Boodaghians et al., 2022, Branzei and Sandomirskiy, 2024, Chaudhury et al.,
2022a,b].

The PUre-CIRCUIT problem was recently introduced in [Deligkas et al., 2022], where it was
used to prove strong, improved, PPAD-hardness results for a variety of problems related mainly to
approximate Nash equilibria. Since then it was further used in [Deligkas et al., 2023] to prove tight
PPAD-hardness for approximate Nash equilibria in graphical games, and in [loannidis et al., 2023]
to prove improved stronger PPAD-hardness in the problem of clearing financial networks. To the
best of knowledge, this is the first time that PURE-CircurT has been used to prove hardness for
market equilibria.

2 Preliminaries
2.1 Fisher Markets
Fisher markets. A Fisher market is given by a tuple (G, B, (¢;);ep, (4i)icB), where:



e G is a set of (divisible) goods. Without loss of generality, we assume that there is one unit
of each good available.!

e Bis a set of buyers.

e For every i € B, e; > 0 is the budget of buyer i.

e For everyi € B, u; : ng)l — Ry is the utility function of buyer i. For any allocation

X; € leol of goods to buyer i (where x;; > 0 denotes the amount of good j allocated
to buyer i), u;(x;) denotes the utility derived by the buyer. We assume that the utility
functions are separable piecewise-linear concave (SPLC), meaning that u; (x;) can be written
as Yl jeq Ui j(xij), where each u; j : Ryg — Ry satisfies

(1) uz(0) =0,

(2) u;; is continuous and piecewise-linear,
(3) u;; is concave but non-decreasing,.

|G|
>0°
set of optimal bundles for buyer i, denoted OPT;(p) € R
following optimization problem:

Optimal bundles. Given a price vector p € R, where p; denotes the price of good j, the

IGI

>0 is the set of optimal solutions of the

max  u;(x;)
s.t. ijx,-,j <e; (1)
jeG
xij20 VjeG.

Note that it is possible that OPT;(p) = 0, if some good has price 0, and the agent is never satiated
with this good.

Competitive equilibrium. For any ¢ > 0, an e-approximate market equilibrium is a price
vector p and an allocation vector x = (x;);ep satisfying the following conditions:

(1) For each buyer i, x; is an optimal bundle at prices p, i.e., x; € OPT;(p).
(2) For each good j, the market clears approximately up to ¢ units of good, i.e.,

in’f_l

ieB

<e

When ¢ = 0, this corresponds to an exact market equilibrium.

Existence of equilibria. The following condition is sufficient to guarantee the existence of a
market equilibrium [Maxfield, 1997, Vazirani and Yannakakis, 2011]:
Sufficient Condition: For every buyer i € B, there exists a good j € G such that u; ; is a strictly

increasing function (i.e., buyer i is never satiated with good j).

Computational problem. Let ¢ > 0. The computational problem of computing an ¢-approximate
market equilibrium is defined as follows:

Input: A Fisher market (G, B, (e;)ieB, (4i)iep) with SPLC utilities satisfying the sufficient con-
dition for the existence of equilibria. For each i € B and j € G, u; ; is explicitly described
in the input, i.e., for each linear affine piece we are given the positions and values at its
endpoints.

Output: An e-approximate market equilibrium (p, x).

IThis can be achieved by a simple normalization, and it simplifies the expression for the clearing constraint below.



ul o u | o | w ul o | w
0 1 1 1 0 0 0 0
1 0 0 {0,1, 1} 1 1 1 1
L {0,1,1} {0,1, L} 0 1 N At least one
Else {0,1, L} output in {0, 1}
NOT gate NAND gate PURIFY gate

Fig. 1. The truth tables of the three gates of Pure-CircuiT.

Given (p, x), the equilibrium conditions can be verified in polynomial time, because, for SPLC
utilities, the optimization problem (1) defining OPT;(p) can be solved in polynomial time using
a simple greedy approach;? see, e.g., [Garg et al., 2015]. Together with the existence of solutions
guaranteed by the sufficient condition, this puts the problem in the complexity class TFNP of total
NP search problems. Prior work [Vazirani and Yannakakis, 2011] has shown that the problem lies
in the subclass PPAD of TFNP, even for ¢ = 0. In particular, exact rational solutions are guaranteed
to exist. The problem is known to be PPAD-complete for ¢ = 0, and also when ¢ is part of the
input and inverse-polynomial with respect to the description of the market [Chen and Teng, 2009,
Vazirani and Yannakakis, 2011]. No hardness result is known for any constant ¢ > 0.

2.2 The Pure-Circult Problem

The Pure-CIrculT problem. We will show our hardness result by reducing from the PURE-
CircurT problem, which is known to be PPAD-complete [Deligkas et al., 2022]. An instance of
the PURE-CIRCUIT problem is given by a node set V = [n] and a set C of gate-constraints (or just
gates). Each gate g € C is of the form g = (T, u, v, w) where u,0,w € V are distinct nodes, and
T € {NOT, NAND, PURIFY} is the type of the gate, with the following interpretation.

e If T = NOT, then u is the input of the gate, and v is its output. (w is unused)
e If T = NAND, then u and v are the inputs of the gate, and w is its output.
e If T = PURIFY, then u is the input of the gate, and v and w are its outputs.

We require that each node is the output of exactly one gate.
A solution to instance (V,C) is an assignment x : V' — {0, 1, L} that satisfies all the gates (see
Fig. 1), i.e, for each gate g = (T, u, v, w) € C we have the following.

o If T=NOTin g = (T, u,0v), then x satisfies
x[ul =0 = x[v] =1
x[ul =1 = x[v] =0.
o If T = NAND in g = (T, u, v, w), then x satisfies
x[u] =x[v] =1 = x[w] =0
(x[u] =0) VvV (x[v] =0) = x[w] =1
e If T = PURIFY, then x satisfies
{x[v],x[w]} n{0,1} £ 0
x[u] € {0,1} = x[v] = x[w] = x[u].

%In fact, given only prices p, it is possible to check in polynomial time whether there exists an allocation x such that
(p, x) is an e-approximate market equilibrium [Vazirani and Yannakakis, 2011]. So we could have equivalently defined the
computational problem to only seek equilibrium prices p.



The structure of a PURE-CIRCUIT instance is captured by its interaction graph. This graph is
constructed on the vertex set V = [n] by adding a directed edge from node u to node v whenever v
is the output of a gate with input u. The total degree of a node is the sum of its in- and out-degrees.

THEOREM 2.1 ([DELIGKAS ET AL., 2022]). PURE-CIRCUIT is PPAD-complete, even when every node
of the interaction graph has in- and out-degree at most 2 and total degree at most 3.

3 Construction of the Market

Given an instance (V,C) of the PURE-CIRcUIT problem, we will construct, in polynomial time, a
Fisher market that simulates that instance. In this section, we describe how the Fisher market will
be constructed.

The reference good. To implement our construction, we need a specific good that, in every
equilibrium, has a price that is close to 1. We call this good the reference good, and denote it as ref.

To ensure that the price of the reference good is close to 1, we use a reference buyer called by¢
who has a budget of e;,_, = 1, and the following utility function.

ref

x if j = ref,

0 otherwise.

ubref,j(x) = {

In other words, the reference buyer desires only the reference good, and will therefore spend all of
their money on it.

We will ensure that the total amount of demand on ref from all other buyers in the construction
will be significantly smaller than 1. This will ensure that in any approximate equilibrium, the price
of ref will be close to 1.

Variable encodings. For each variable in the PURE-CIRCUIT instance, we introduce a good that
will encode that variable. The value assigned to each variable will be determined by the price of
the corresponding good.

Let s, a € R be two positive constants that will be fixed later. Given a price vector p, we define a
high price H = s - pref, and a low price L =s - H/a = 52 - pref/a. The idea is that we will fix s < 1,
while a will be chosen to be very large. Thus, the high price is a specified fraction of the reference
price, while the low price is very close to zero.

Given a price vector p for the Fisher market, we extract an assignment to the variables of the
Pure-CIrcurT instance in the following way.

o If p, > Htheno =1
o If p, < Lthenov =0.
e Otherwise v = L.

Note that the values of H and L depend on the price of the reference good. Although we know
that the price of the reference good will be close to 1, it will not be exactly 1, and thus H and L
will vary according to the particular price that is chosen for the reference good. We will use Hjqy
and Hy;gh to denote a lower and upper bound for H, and we will give exact values for these bounds
later. We likewise use Liow and Lyigh to give bounds for L.

Auxiliary buyers. The construction will use many auxiliary buyers, whose purpose is to buy a
pre-specified amount of a particular good. Given a good j € G and an amount r € [0, 1] we define
the buyer b = aux(}j, r) in the following way.

o The buyer’s budget is e, = r - Hpjgp.



e The buyer’s utility for good j is defined to be

() 2-s-x ifx<r,
Up j\xX) = .
7 2-s-r otherwise.

o The buyer’s utility for ref is up ref(x) = x.
e The buyer’s utility for all other goods is zero.

We will ensure that the price of good j is no larger than Hpign, which means that the auxiliary
buyer always has enough money to buy r units of good j. The utilities have been chosen to ensure
that, if the good’s price is no larger than Hygp, the auxiliary buyer always strictly prefers to buy
r units of good j before buying the reference good. Moreover, once r units of good j have been
bought by the auxiliary buyer, their marginal utility for good j becomes 0, whereas they always
have positive marginal utility towards the reference good. Thus, as we will later show formally, in
any approximate equilibrium the auxiliary buyer will buy exactly r units of good j, and spend the
rest of their money on the reference good.

The interface between variables. As mentioned previously, for each variable in the PURE-
CIrcuIT instance, there is a corresponding good whose price encodes the value of that variable. To
simulate the gates of the PUre-CIrculT instance, we will use buyers that buy a certain proportion
of the variable-encoding goods.

To ensure that there is a consistent interface between the gates, we introduce a parameter
t € (0,0.5) with the intention that, if a gate g uses variable v as an input variable, then the buyers
that implement g will buy ¢ units of the good that represents .

From Theorem 2.1 we have that the PUrRe-CircuIT instance has out-degree at most two, so for
each variable-encoding good, we expect at most 2¢ units of the good to be bought by the gates
that take this variable as an input. Note however that some goods may not be used as an input
to exactly two gates. To address this, for each variable-encoding good j that is used as an input
to only one gate, we introduce a buyer aux(j, ), who will buy ¢ units of that good to top-up the
amount that is bought. In the case where j is used as an input to no other gate, we introduce two
such buyers instead.

In a perfect world, this would ensure that exactly 2¢ units of each variable-encoding good are
bought by the gates for which that good is an input. Unfortunately, as we will later show formally,
the gates may actually buy slightly less than t units each, and this will be dealt with in our proofs.

NOT gates. We begin by building a NOT gate. The NOT gate is particularly important because
we will also use it to implement the PURIFY gate. For this reason, we implement a parameterized
gadget NOT(in, out, r), where in is the input good to the NOT gate, out is the output good, and
r € [0, 1] is a constant. When the gadget is used to implement a NOT gate in the PURE-CIRCUIT
instance, we will set r = ryot, where ryot € [0, 1] is a fixed parameter.

The gadget will have a buyer named the inverter, and also an auxiliary buyer. The interaction
between the buyers and the goods is shown below, where an arrow indicates that the buyer has a
non-zero utility function for that good.



ref

inverter in

aux(out,r)

The inverter is specified as follows.

The budget of the inverter is ejnyerter = ¢ - Hiow-
The inverter’s utility for in is

a-x ifx<t,

a-t otherwise.

Uinverter,in (x) = {

The inverter’s utility for out is tinverter,out (X) = s - X.
The inverter’s utility for ref is uUinyerter ref (X) = X.
The inverter’s utility for all other goods is zero.

Recall that we intend to set s < 1 and a to be very large. Thus, the inverter buyer is heavily
incentivized to buy t units of the input good before buying anything else. However, once ¢ units of
the input good have been bought, the inverter no longer has any interest in buying more units.
We call t the anti-endowment for the inverter: that buyer must® buy a specific amount of the good
before being able to spend money elsewhere.

The high-level idea is that if the input variable is 1, then p;, > H > Hjoy. Since we have fixed the
budget of the inverter to be ejyerter = ¢ - Hiow, this means that the inverter will spend all of their
budget buying their anti-endowment, and will have no money left to spend on the output good.
Thus, the demand on the output good will be low, and so its price cannot be high.

On the other hand, if the input variable is 0, then pi, < L = s - H/a. Since we will set a to be very
large, this means that the inverter spends almost no money buying their anti-endowment, and so
has essentially their entire budget left over. In this scenario, the inverter will have a large amount
of money to spend on the output good, which will cause it to have a high price.

The utility of the inverter towards the reference good serves to ensure that the output good’s
price cannot rise above H. Since H = s - pref, if pour > H then the marginal utility of buying the
output good would be strictly less than s/(s - pref) = 1/pref, Whereas the marginal utility of buying
the reference good is 1/p.f, and so in this scenario the inverter would spend all of their remaining
money on the reference good, and no money on the output good. We will ensure that the output
good fails to clear in this scenario, which will ensure that the price of the output good is capped at
H in any approximate equilibrium.

The auxiliary buyer allows us to change how much of the output good can be bought by the
inverter, since we can adjust the r parameter to change how much of the output is taken by the

3Actually, if the price of the output good is very close to zero, then the inverter may prefer to buy the output good before
the input good. We will deal with this case separately in our proofs.



auxiliary buyer. The high-level idea here is that by changing r, we can change how the output
good’s price changes relative to the inverter’s remaining budget after buying the anti-endowment.
This will be used critically when we use NOT gates to implement the PURIFY gate.

NAND gates. For each NAND gate with inputs in1 and in2, and output out, we use the following
construction.

ref

inl

inverter

in2

aux(out, rNAND)

The construction uses two buyers. The auxiliary buyer has a parameter ryanp that will be fixed
later. The inverter buyer is slightly different than that of the NOT gate and is specified as follows.

e The budget of the inverter is einverter = 2¢ * Hiow-
e The inverter’s utility for good j € {in1,in2} is

a-x ifx<t,

a-t otherwise.

Uinverter, j (x) = {

o The inverter’s utility for out is Uinverter,out (X) = s - x.
o The inverter’s utility for ref is uinyerter.ref (X) = x.
e The inverter’s utility for all other goods is zero.

This is a straightforward generalization of the NOT gate to two inputs. The inverter now has a
budget of 2t - Hoy, and an anti-endowment of ¢ units for both of the input goods. So if both inputs
have a high price, the inverter will spend all their money on the input goods, and so they will not
be able to increase the price of the output good. If either of the two inputs has a low price, then the
inverter will have money left over, and will be able to push the price of the output good higher.

PURIFY gates. For a PURIFY gate with input in and outputs out1 and out2, we use the following

construction.
e <—‘7 NOT(r}) g} NOT(r})
e <—‘7 NOT(r2) g NOT(r?)

We use two chains of d NOT gates to compute the two outputs, where d is a parameter. To do
this, we introduce intermediate goods {g}, g? : 1 <j<d-1}. Tosimplify the definition, we

)

)

ofo

C

use g = g5 = in, and we use g, = out1 and g4 = out2. Then for each i € {1,2}, and for each

9



j€{1,2,...,d} we include a gadget NOT(gj._l, g}, rji.) where r]i. € R is a parameter that we will
fix later.

We treat each of the NOT gates and each of the intermediate goods as full gates and variables in
our instance. This means that each intermediate good j will also have an auxiliary buyer aux(j, t)
that buys t units of the good, to compensate for the fact that the good is only used as an input to
one other gate.

The idea is that we will set d to be some large even number. Therefore each chain of NOT gates
will have even length. So if the input variable is a 1 or 0, both chains of NOT gates will output that
value, as required by the PURIFY constraints. If the input good has a price that is strictly between L
and H, meaning that it encodes a L value, then one of the two chains is required to output a value
in {0, 1}. We will ensure this by carefully selecting values for the parameters r;

More specifically, the parameters are chosen so that there exists a price p;, such that, if the price
of the input good is at least p; , then the prices of the goods in the top chain will increase and we
will have that poyt1 = H. On the other hand, if pi, is less than p! , then the prices in the bottom
chain will decrease and we will have that poutz < L. This implies that at least one of the two chains
will always output a pure value no matter what the input price is, as required by the PURIFY gate.

Circuit copies. So far we have described a full reduction from PURE-CIRCUIT to a Fisher market,
and while this construction is strong enough to give hardness for a constant ¢, the bound that we
would obtain would be much smaller than 1/11. The main reason for this is the uncertainty in
the price of the reference good. As we mentioned earlier, this price should be close to 1, but as ¢
increases, our bounds on it get weaker.

To address this, we will introduce k copies of the circuit, where each copy is only required to
work when the reference price is within a particular range. Specifically, letting Hyn := s/2 and
Hpax := 2s, we divide the region [Hpin, Hmax] into k equally sized non-overlapping regions. Then
for each such region [x,y], we build a copy of the circuit setting Hioy = x and Hyigh = y. As we
will show, the price of the reference good in any e-equilibrium will be bounded by p,  := 1/2 and
p:;f := 2, and so we will indeed always have that H € [Hpin, Hmax]-

When we are given an approximate equilibrium of the Fisher market, we first find an interval
[x, y] that contains H, and then decode the assignments to the PURE-CIRcUIT instance from the
copy that corresponds to that interval, while ignoring all other copies.

The key advantage of this is that each circuit copy can now assume Hio and Hpigy, are very close
together, which then increases the values of ¢ for which we can show hardness.

The sufficient condition. Finally, we will verify that the sufficient condition for the existence
of an equilibrium holds for our construction. Recall that this condition requires that for every buyer
i, there exists a good j such that u; ; is a strictly increasing function. There are three types of buyers
in our market: inverters, auxiliary buyers, and the reference buyer. All of these buyers have the
same utility for the reference good, and so for every buyer i in the market we have u; ref(x) = x.
Therefore the sufficient condition is satisfied.

4 Analysis

Fix any ¢ < 1/11. The construction described in the previous section uses several parameters. For
our proofs, we will fix these parameters to the following values. We first set § := 1741 -(1/11—¢) > 0.



Parameter Value | Description

t 4/11 | The size of each inverter’s anti-endowment

d 4 -[In(4/6)] | The length of the NOT gate chains in a PURIFY gate
k 110/8 | The number of copies of the circuit
s

a

1/(20kd|V]) | The inverter’s marginal utility for the output good
max{2,4s/8} | The inverter’s marginal utility for the input good

NOT 2/11 | The value of r used in the NOT gate

FNAND 2/11 | The value of r used in the NAND gate

r}, jis odd 0 | The r values used in the first NOT chain in a PURIFY gate
rj, Jj is even 2/11

rj?, jis odd 2/11 | The r values used in the second NOT chain in a PURIFY gate
rjz., j is even 0

For the rest of this section, we will consider an e-approximate market equilibrium (p, x) of the
market. Omitted proofs can be found in the appendix.

General properties of the construction. Before we prove the correctness of each of the
individual gates, we first prove some general properties of the construction that will be useful later.
We start by considering the reference good. Recall that the reference good was intended to have
price close to 1. The following lemma shows this this is indeed the case.

LEMMA 4.1. We have pref € [p, . pic], where p_. = 1/2 and p* . = 2. In particular, it follows that
H=5s"prf € [Hmin, Hmax], where Hpin = s/2 and Hyyax = 2s.

PRrROOF. If pref = 0, then, by construction, the reference buyer will demand an infinite amount of
good ref. In particular, OPT;_,(p) = 0, and we cannot be at an e-equilibrium. Thus, we must have
Dref > 0. In that case, any optimal bundle for buyer by.r will demand exactly ep,_./prer = 1/pref units
of the reference good. If prer < p,_; = 1/2, then buyer byef demands 1/pref > 2 > 1+ ¢ units of good.
Since there is only one unit of good available, this is a contradiction to the ¢-clearing condition.
Thus, we must have prer > Dres-

Let E_j,, denote the sum of budgets of all buyers, except the reference buyer byr, i.e., E_p,_, =
2ieB\{by} €i- By construction, the budget of any buyer i # by satisfies e; < Hpyayx. Indeed, the
budget of any such buyer is either ¢ - Hiow, or 2t - Hiow, Or 7 - Hyjgh, for some r € [0, 1]. Furthermore,
we have |B \ {brr}| < 4kd|V|, since there are k copies and in each copy there are at most d|V|
goods, and for each such good there are at most four buyers having non-zero utility for it. Thus,
we can bound E_j, ; < 4kd|V|Hpax.

We can now proceed to prove the upper bound on the price p.s. The total demand on the
reference good is at most (ep; + E_p_,)/pref. This corresponds to the case where all buyers spend
all of their budget on the reference good. In order for the reference good to e-clear, we must thus
have that (ep, + E_p. ;) /pref = 1 — ¢, ie,,

ehrf+E*brf 1 E*brf 1 1 +
< —= < = + = < + 5kd|V|Hpax < —— + 10kd|V|s < 2 =
Pref 1-¢ 1-¢ 1-¢ 1-c¢ V1 Hinas 1-¢ v Pref
where we used ¢ < 1/11, E_p, ; < 4kd|V|Hpax, Hmax = 25, and s < 1/(20kd|V]). ]

Recall that we have k copies of the circuit, and that each of the circuits is required to work only
when p.r is within the given range for that circuit. From now on for the rest of this section we
will focus only on the circuit copy that was built for the particular value of pyef in our equilibrium.
Observe that by construction we have Hiow < H < Hp;gh in this copy. We can also apply Lemma 4.1
to obtain the following bounds, which will prove useful later. We have

Hpjgh — Hiow < 2s/k (2



and thus
1 —4/k < Hiow/Hnigh < 1 (3)
where we used Hyjgh > Hpin = 5/2.
The next lemma gives, for each NOT or NAND gate, an upper bound on the amount of the output
good that can be allocated to buyers other than the inverter which uses that good as an output.

LEMMA 4.2. For any good j € G \ {ref}, let i be the inverter that implements the gate using j as an
output variable. If the gate is a NOT gate with parameter r, then the total amount of good j allocated
to buyers other than i is at most 2t + r, while if the gate is a NAND gate, then the total amount j
allocated to buyers other than i is at most 2t + rNAND-

Proor. The only buyers other than buyer i who have non-zero utility toward good j are:

e The auxiliary buyer from the NOT or NAND gate that outputs to good j. A NAND gate
auxiliary will buy at most ryanp units of good j, while an auxiliary for a NOT gate with
parameter r will buy at most r units of good j.

e The inverters from gates that take good j as an input, who each can buy at most t units of
good j.

e Auxiliary buyers that buy at most ¢ units of good j whenever that good is not used as an
input to exactly two other gates.

These buyers cannot buy more than the amount specified above because once they have been
allocated their specified amount, their marginal utility for good j becomes 0, whereas by the
sufficiency condition, all buyers have at least one good with positive marginal utility for which
they are never satiated. The same is true for all buyers that have utility 0 for good j.

Hence, for a NOT gate with parameter r, the total amount demanded by buyers other than buyer
i is at most r + 2t while for a NAND gate total amount demanded by buyers other than buyer i is at
most ryanD + 2t. O

The next lemma states that for each NOT or NAND gate, the inverter must be allocated strictly
more than 0 units of the output good.

LEMMA 4.3. For any good j € G \ {ref}, let i be the inverter that implements the NOT or NAND
gate that has j as its output variable. Then, buyer i is allocated strictly more than 0 units of good j.

Next we prove that price of every good other than the reference good can have price at most H.
LEMMA 4.4. For any good j € G \ {ref},0 < p; < H.

The next lemma states that the auxiliary players always do their jobs correctly, meaning that
they buy exactly as much of the target good as we have specified.

LEMMA 4.5. For any auxiliary buyer i € B with target good j € G \ {ref} and mandated amount
r € [0,1], the buyer is allocated exactly r units of good j, i.e, x;j =r.

4.1 Bounds on anti-endowment purchases

Recall that our intention is that for each variable-encoding good, the gadgets that take that good as
an input should purchase t units of the good as an anti-endowment. As we mentioned earlier, this
is unfortunately not the case, and it is possible that less that ¢ units are purchased by each gadget.
In this section we formally prove bounds on how much each gadget purchases.

The following lemma shows that if the output good has price strictly greater than L, then the
inverter buyer must purchase their full anti-endowment before buying any other good. In particular,
since Lemma 4.3 requires the inverter to spend non-zero money on the output good, this means
that the inverter must buy ¢ units of all input goods.
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LEMMA 4.6. Let j be an inverter in any NOT or NAND gate. If pout > L then

o if the gate is a NOT gate then j must buy t units of in before buying any other good; and
o ifthe gate is a NAND gate then j must buy t units of in1 and t units of in2 before buying any
other good.

Proor. Ifthe gate is a NOT gate, then the inverter’s marginal utility for in is a/pin > a/H, where
the second inequality comes from Lemma 4.4. On the other hand, their marginal utility for out is
$/Pout < $/L = a/H, and their marginal utility for ref is 1/pf = s/H. Since s < a, the inverter will
buy up to ¢ units of in before buying any other good.

For the case where the gate is a NAND gate, we have that the inverter’s marginal utility for in1
is a/pin1 = a/H, and the inverter’s marginal utility for in2 is a/piny > a/H, where in both cases
the second inequality comes from Lemma 4.4. We can now use the same argument as above to
conclude that the inverter must buy ¢ units of both in1 and in2 before buying any other good. O

The only remaining case is when poyt < L. In this case the inverter may actually purchase the
output good before buying any of the input goods. However, since L is very close to zero, the
maximum amount of money that the inverter can spend on the output good without violating the
e-clearing constraint is also very small. This may cause the inverter to buy slightly less than their
full anti-endowments. The following pair of lemmas give formal bounds on this for NOT gates and
NAND gates, respectively.

LEmMA 4.7. For any NOT gate, the inverter’s allocation of the input good, in, satisfies Xinverter.in €
[t —3/k,t].

LEMMA 4.8. For any NAND gate, the inverter buyer’s allocations of the input goods, in1 and in2,
Satisfy Xinverter,in1s Xinverter,in2 € [t - 5/k> t]'

We do not need to treat the PURIFY gates separately, since each PURIFY gate is constructed
entirely out of NOT gates. Combining the previous two lemmas gives the following bound.

LEMMA 4.9. For any gate, the total amount of the output good that is allocated to buyers that are
not part of the gate’s construction lies in [2t, 2t], where f :=t — 5/k.

4.2 Correctness of the gates

We now show that the gate constructions correctly simulate the gates of a PURE-CIRcUIT. In this
section we will also use the notation Lyjgp, := s - Hhigh/a. Since H € [Hiow, Hhigh] and L = s - H/a,
we thus also have L < Lpjgp.

NOT gates. The constraints of a NOT gate in a PURE-CIRCUIT only require the gate to work
when the input is either 0 or 1. So to prove that the NOT gate works, it is sufficient to consider
the cases where p;, < L and p;, > H. However, since we use NOT gates to implement PURIFY
gates, and since PURIFY gates must output a pure value even when the input is L, we will need to
understand the relationship between the price of the output good and the price of the input good
even when L < pi, < H. We do this in the following pair of lemmas, which give upper and lower
bounds on p,,: with respect to pjy.

LEMMA 4.10. For any NOT(in, out, r) gate withr € [0, 1] satisfying 1 — 2t —r — ¢ > 0, we have

Pout < max (L, (Hiow — Pin) - 1;) '

—2t—-r—e¢
LEMMA 4.11. For any NOT(in, out, r) gate withr € [0, 1] satisfying 1 — 2t —r — ¢ > 0, we have
. t
Pout = min (H, (Hiow = Pin) - m) :
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We can now prove that the NOT gate works for pure values by applying the previous two lemmas.

LEMMA 4.12. For each NOT gate with input in and output out, we have the following.

e Ifpin > H then poy < L.
o Ifpin < L then poy > H.

Proor. For the first claim we can apply Lemma 4.10 to obtain

Pout = max (L’ (Hiow = pin) (1-2t —tVNOT - 5))
< max (L, (Hiow — H) - ! )
(1-2t-rNoT—8)
< max (L, 0)

:L’

where the second inequality uses the fact that p;, > H, and the third inequality used the fact that
Hyow —H < 0,thatt > 0, and that 1 — ¢ — 2t — ryoT = 1/11 — ¢ > 0.
For the second claim we can apply Lemma 4.11 to obtain

t
> min |H, (Hiow = pin) * ——7—————
pout_mm( ,( low Pm) l—Zt—rNOT+5)
] t
Z min {(Hy (Huow = Liigh) - 757
- — 'NOT

where the second inequality uses the fact that pj, < L < Lyjgh.

t t

(Hiow — Lhigh) ) > (H-2s/k—s- Hhigh/a) :

1-2f—rNnoT+ €

t
> (H-2s/k—s-(H+2s/k)/a) - PR —

> (H-H/k-s-(H+H/k)/a)- m

1-2f—rNnoT+ €

t

1-2f—rnoT+ €

The second inequality uses the fact that Hjoy, > H — 2s/k which arises from Equation (2) and that
Lyigh = s * Huign/a by definition. The third inequality uses the fact that Hyn < H + 2s/k which
again arises from Equation (2). The fourth inequality uses the fact that H = s - pref < 2s from
Lemma 4.1. The fifth inequality uses the fact that s < 1/(20kd|V|) < 1/k and a > 1. Since k > 3,
we have that (1 —2/k —2/k?) > 0, and so we can continue with the following chain of inequalities
on the multiplier of H

>(1-2/k-2/k* -H-

t-(1-2/k—-2/k? S 4/11-(1=2/k = 2/k?)

1-2ft—rnoT+€ 1—8/11+5/k—rN0T+£
. 4/11- (1-2/k - 2/k?)
- 2/11+5/k
> 1.

The first inequality used the fact that f > t — 5/k from Lemma 4.9, the fact that t = 4/11 by
definition, the second inequality uses the fact that ryot = 2/11, and the final inequality uses the
fact that k > 32. So we have shown that po,+ > max(H, H), and therefore we can conclude that
Pout = H. O



NAND gates. For NAND gates we simply need to verify that the gate works for pure inputs.
The following pair of lemmas shows that the NAND gate construction correctly implements the
constraints of the NAND gate.

LEmMA 4.13. For each NAND gate with inputsin1 and in2 and output out, if pin1 > H and piny > H,
then pout < L.

LEMMA 4.14. For each NAND gate with inputs in1 and in2 and output out, if there exists an input
good j € {in1,in2} such that p; < L, then pouy > H.

Proor. Assume, for the sake of contradiction, that poyt < H. We have that the marginal utility
of buying the reference good is 1/p.f = s/H, whereas the marginal utility of the output good is
$/pout > s/H. Thus the inverter strictly prefers the output good to the reference good. Since the
inverter can never be satiated by the output good, this means that the inverter cannot buy the
reference good.

Furthermore, the inverter cannot buy more than ¢ units of either of the input goods, because the
inverter’s marginal utility becomes 0 once t units have been bought. This means that the inverter
can spend at most ¢ - pj;; money on in1 and ¢ - pj,; on in2. The inverter’s remaining budget will
therefore be at least

€inverter =L * Pin1 =t - Pina =1 - (2Hlow = Pin1 _pinz)
>t - (2How—H-1L)
money left over after buying all goods other than out, where the final inequality has used the
assumption that one of the two input goods j satisfies p; < L while the other has price at most H

due to Lemma 4.4. This money must therefore be spent on out. Therefore, the number of units of
the output good bought by the inverter will be at least

t- (2H10w _H_L)/pout =t (2H10W _H_L)/H

> t - (2Hiow — Hhigh — Lhigh) /Hhigh
>t (2Hjow — Hhigh — S * Hhigh)/Hhigh
> t - (2Hjow — 1.05Hpigh) / Hnigh

> t - (2Hiow/Hnignh — 1.05)

>t-(2-(1-4/k)-1.05)
> 0.75¢
=3/11.

The first inequality uses the fact that p,,« < H while the second inequality uses the fact that
H < Hyjgh and L < Lyigp. The third inequality uses the fact that Lygy, = s - Hyign/a by definition,
and since a > 1 we therefore have Lyjg, < s - Hyijgh. The fourth inequality uses the fact that
s < 1/(20kd|V|) < 1/20. The sixth inequality uses fact that Hiow /Hpigh = 1 — 4/k from Equation
Equation (3), and the final inequality uses the fact that k > 40 and the fact that t = 4/11.

By Lemma 4.9 we have that buyers who are external to the NAND gate will buy at least 2t units
of the output good, and by Lemma 4.5 we have that ryanp units of the output good will be bought
by the auxiliary buyer of the NAND gate. Since the good must ¢-clear, this means that the number

of units of the output good that the inverter can buy is at most
1-2t—ryanp +€<1-8/11+10/k —2/11+1/11
=2/11+10/k.
< 3/11.



where the first inequality uses the fact that f > t — 5/k from Lemma 4.9, that ryanp = 2/11, and
that ¢ < 1/11, while the second inequality uses the fact that k > 110.

So we have shown that the inverter must buy strictly more than 3/11 units of the output good, but
also can buy strictly less than 3/11 units of the output good, so we have arrived at a contradiction. O

PURIFY gates. We now prove the correctness of the PURIFY gates. For the proofs of this section,
we will use the following auxiliary notation. Let A = 1=261=£ A’ = I_Zt;r/_g, B := 1‘22"”,
B = L{’” where A,A’,B,€ (0,1),and0 < B ' =1—-4/k-s/a< 1.

In the following two lemmas and corollary, we prove a relationship between the input price to a
chain of NOT gates and the output price.

LEmMMA 4.15. Consider a chain of gates NOT(in, mid, r), NOT(mid, out,r’). For any P € [L, H], if
Pin = Hipy - (1 — A) + P - AB’ then poy: > P.

LEMMA 4.16. Consider a chain of gates NOT(in, mid, r), NOT(mid, out, r’). For any P € [L,H], if
Pin < Hjp (1 = B) + P+ A’B then poyt < P.

COROLLARY 4.17. For some even d > 2, consider a chain made by connecting d/2 pairs of gates
NOT(gj-1,9j.7), NOT(gj, gj+1,1"), where j € {1,3,5,...,d — 1}. Also, let in := gy, and out := g4 be
the input and output ofthe chain, respectively.

e Ifpin > Higy, - 1 AB, + (AB')4% . (H - Hipy, - = AB,) then poy > H, and
® ifpin < Hiow " 15375 + (A'B)% - (L = Hiow - 15505). then pour < L.

Proor. By construction, the last pair’s input serves as the output of the previous pair, and so on,
until the second pair’s input serves as the output of the first pair. Suppose now that we require the
output of the chain to be at least P € [L, H]. Then by repeatedly applying the bound of Lemma 4.15,
i.e., substituting P with Hj,y, - (1 — A) + P - AB’ for i times, and finally setting P = H, we get the
first part of the statement.

To prove the first part of the statement, let the lower bound for the input of the (d/2—i+1)-st pair
of NOT gates be P;, fori € {1,...,d/2}. Now set Py = H, and observe that the first time we substitute
(i.e., we consider only the last pair of gates), the lower bound for p;, becomes Py := Hiow- (1 — A)+Po-
AB’ which agrees with the first part of the statement for d = 2. We will use this as a base case. Now,
given that for some i € {1,...,d/2—1}itis P; := Hiow - 755 + (AB )+ (Po — Hiow 11_;[{%,), we will
prove that if Pyy; = Hiow - (1 — A) +P; - AB’, then Py 1 = Hioy - +(AB")"™*!' - (Py — Hiow - 11_;AAB/).
Indeed, by this substitution we get

l AB’

- AB

1-
Pi11 = Hiow (1 _A) + (Hlow ’ 1— AB’

+ (AB )l ( Hlow . 11__ A_)) AB/

AP’ ; 1-A ,
= Hiow - (1= A) 1+ﬁ +(AB')" - Hlow'm -AB
1-A - 1-A
= How - 7 *+ (4B) ( ~How T4 )
therefore, by induction on i until i = d/2, we complete the first statement of the lemma, for Py = H.
The second part of the proof is symmetric, using Lemma 4.16 and Py = L, and we omit it. O

We now prove that the PURIFY gate is correct. Specifically, we consider a PURIFY gate with
an input good in and two output goods outl, out2. It consists of two chains of NOT gates; one,
called chain 1, with input in and output outl, and the other, called chain 2, with input in and
output out2. Each chain contains d/2 pairs of NOT gates, where d > 4 [In(4/5)] is an even number.
Each chain i € {1, 2} has pairs of gates NOT(gj.fl,g;, rji.), NOT(g;,g;H, r;+1), where the w-th pair,
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w € {1,...,d/2} corresponds to the aforementioned j-th and (j + 1)-st NOT gates, with j = 2w — 1.

Also, the first good of both chains is common, i.e., g; = g5. Finally, chain 1 has in := gy, out1 := g,

rJl. = 0 for j odd, and rjl. = 2/11 for j even; chain 2 has in := g(z), out2 := gtzi, r}z = 2/11 for j odd, and
2

r;=0 for j even.

LEMMA 4.18. For each PURIFY gate we have the following.
° prin > H, then Pout1 = H andpoutz > H.
e Ifpin < L, then pounr < L and pourz < L.
e Ifpin € (L, H), then at least one of pout1, Poutz is outside of (L, H).

5 Inapproximability for Arrow-Debreu Exchange Markets

In this section we show that our inapproximability result also applies to Arrow-Debreu exchange
markets.

Exchange markets. An exchange market is given by a tuple (G, B, (w; j)ieB, jeG» (4:)icB), Where:

e G is a set of (divisible) goods.

e Bis a set of buyers (or traders).

e Foreveryi € Band j € G, w;; > 0 is the endowment of good j owned by buyer i. Without
loss of generality, we assume that there is one unit of each good available, i.e., 3 ;cp Wi ; =1
forall j € G.

e Foreveryi € B, u;: Rlﬁ)l — Ry is an SPLC utility function, as defined in the preliminaries.

Optimal bundles. Given a price vector p € ng)l, the set of optimal bundles for buyer i, denoted
OPT;(p) c R°!

>0 is the set of optimal solutions of the following optimization problem:

max  u;(x;)

s.t. ijxi,j < ijwi,j

ieG icG
xij =20 VjeaG.

In other words, the budget of the buyer is the amount of money obtained by selling its endowment.

Existence of equilibria. The definition of market equilibrium is identical to the one given
for Fisher markets in the preliminaries.* The following condition is sufficient to guarantee the
existence of a market equilibrium for exchange markets [Maxfield, 1997, Vazirani and Yannakakis,
2011]:

Sufficient Condition: The economy graph of the market is strongly connected. This graph is
defined on the set of buyers B by introducing a directed edge from buyer i to buyer i’ if
there exists a good j € G such that w; ; > 0 and uy j is a strictly increasing function.

THEOREM 5.1. It is PPAD-complete to compute an e-approximate market equilibrium in Arrow-
Debreu exchange markets with SPLC utilities for any constant ¢ < 1/11.

Proor. To prove this result we use a simple folklore reduction from Fisher markets to exchange
markets. Fix any ¢ < 1/11 and let (G, B, (€;);ep, (4i)icp) denote a Fisher market that satisfies
the sufficient condition for Fisher markets. We construct the corresponding exchange market
(G, B, (Wi j)ieB jeG, (Ui)ieB), where the endowments are given by

DkeB €k

4This is sometimes called an e-tight market equilibrium; see the discussion in [Chen et al., 2017].

Wij:



foralli € Band j € G. Note that have };czw;; = 1 for all j € G, as desired. Furthermore, it is
easy to see that the exchange market satisfies the sufficient condition, because we have w; ; > 0 for
all i, j and moreover, by the sufficient condition for the Fisher market, for any i € B there exists
a good j € G such that u; ; is a strictly increasing function. Thus, the economy graph is strongly
connected.

Now consider any e-approximate market equilibrium (p, x) of the exchange market. It is easy to
see that the prices are invariant to scaling, so without loss of generality we can assume that

5= Se
jeG i€eB
As a result the budget available to buyer i in the exchange market at prices p is

S pwis= Y pra i =2,
jWij = j =€ - i
2 keB €k 2keB €k

jeG jeG

But this is exactly the budget of buyer i in the Fisher market, so it follows that bundle x; is also
optimal for buyer i in the Fisher market. Finally, since }};cg w;j = 1 for all j € G, the e-clearing
constraint in the exchange market and Fisher market are identical. It follows that (p, x) is also an
e-approximate market equilibrium for the Fisher market. Thus, finding an ¢-approximate market
equilibrium (p, x) of the exchange market is PPAD-hard. Furthermore, membership in PPAD is
known from [Vazirani and Yannakakis, 2011]. o
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A  Omitted proofs from Section 4

ProOF OoF LEMMA 4.3. From Lemma 4.2 we have that buyers other than buyer i can buy at most

max ({rnor.rnanD} U{r : 1<p<21<qg<d})+2t
>2/11+8/11 =10/11

units of good j, where we have used the fact that ¢ = 4/11, that ryot = rnanp = 2/11, and that
each rg < 2¢ < 2/11. Since € < 1/11 we have that 10/11 < 1 - ¢, s0 if x; ; = 0, then good j does not
e-clear, and so we are not in an ¢-equilibrium. O

ProoF oF LEMMA 4.4. We first prove that p; > 0. For the sake of contradiction, suppose that
some good j € G\ {ref} has p; = 0. Recall that in the PURE-CIRCUIT instance, each vertex is an
output of exactly one gate. As a result, in our construction, for every good j € G \ {ref} there is
a buyer i, namely the inverter of the gate whose output is j, who is never satiated with j. Since
the price of good j is 0, this buyer will demand an infinite amount of good j, making OPT;(p) = 0.
This implies that we cannot be in an ¢-equilibrium.

We now prove that p; < H. So, for the sake of contradiction, suppose that p; > H.By construction,
as mentioned above, good j is the output good of some gate, and in particular, an inverter uses this
good as an output. That inverter’s marginal utility for ref is 1/pyef, and for good j the marginal
utility is s/p; < s/H = 1/prer. Moreover, the inverter is never satiated with ref, meaning that they
will demand zero units of good j. We can now use Lemma 4.3 to obtain a contradiction. O

Proor oF LEMMA 4.5. We first argue that x; ; < r. This follows from the fact that, once buyer i
is allocated r units of good j, their marginal utility for good j is 0, whereas their marginal utility
for the reference good is 1/pref > 0. Thus buyer j strictly prefers the reference good to good j, and
so cannot be allocated more than r units of good j.

Next we argue that x; ; > r. If buyer i has been allocated strictly less than r units of good j, then
their marginal utility for good j is 2s/p;. From Lemma 4.4, we have that p; < H, so their marginal
utility for good j is at least 2s/H. On the other hand, their marginal utility for reference good is
1/pref = s/H, and their marginal utility for all other goods is 0. Thus buyer i strictly prefers good j
to any other good. Moreover, since e; = r - Hpjgp, > 7 - H , buyer i has enough money to buy r units
of good j. Thus any optimal bundle must allocate at least r units of good j to buyer i. O

ProoF oF LEMMA 4.7. We first consider the case where poyt > L. By Lemma 4.6, we have that
the inverter must buy ¢ units of out before buying any other good. There are two sub-cases.

o If einverter = ¢ - pin then the inverter has enough money to buy t units of in, and does so.

o If ejnverter < t - pin then the inverter does not have enough money to buy ¢ units of in. This
means that they spend all of their money on in, and therefore they they will demand zero
units of out, which contradicts Lemma 4.3.

We now consider the case where 0 < poyt < L. First note that the marginal utility of out is
s/pout > s/L = a/H, whereas the marginal utility of ref is 1/pr.f = s/H. Since a > s, and since the
inverter is never satiated by out, this means that the inverter cannot spend anything on ref. Due to
the e-clearing constraint, we know that the inverter can buy at most 1 + ¢ units of out, and so the
inverter will spend at most (1 + ¢) - L money on out. All remaining money must be spent on in,
so the inverter will spend at least einverter — (1 + €) - L money on in. Therefore, since pi, < H by
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Lemma 4.4, the inverter will buy at least

(€inverter — (1+¢) - L)/H
=t -How/H—-(1+¢)-s/a
>t- Hlow/Hhigh —(1+¢)-s/a
>t-(1-4/k)—(1+¢)-s/a
>t—4t/k—(1+¢)-s/a
>t-2/k—(1+¢)-s/a
> t—2/k—2-(1/20k)
>t —3/k
units of in. Here we used that t < 1/2, that s < 1/(20kd|V|) < 1/20k, that a > 1, and that

1+e< 2. m}

Proor oF LEMMA 4.8. This proof is very similar to the proof of Lemma 4.7, but now we must
account for the fact that the inverter has two input goods.

We first consider the case where poyt > L. By Lemma 4.6, the inverter must buy ¢ units of in1
and t units of in2 before buying any other good. There are now two sub-cases.

o If einverter = ¢+ Pin1 + 1 - pin2 then the inverter has enough money to buy ¢ units of in1 and ¢
units of in2, and does so.

o If einverter < I+ Pin1 +1 - Pin2 then the inverter does not have enough money to buy ¢ units of
in1 and ¢ units of in2. This means that they spend all of their money on the input goods,
and therefore they they will demand zero units of out, which contradicts Lemma 4.3.

We now consider the case where 0 < po+ < L. First note that the marginal utility of out is
$/pout > /L = a/H, whereas the marginal utility of ref is 1/pef = s/H. Since a > s, and since the
inverter is never satiated by out, this means that the inverter cannot spend anything on ref. Due to
the e-clearing constraint, we know that the inverter can buy at most 1 + ¢ units of out, and so the
inverter will spend at most (1 + ¢) - L money on out.

All remaining money must be spent on in1 and in2 so the inverter will spend at least €jnyerter —
(1+¢) - L money on these two goods. Note also that the inverter cannot buy more than ¢ units of
either input good, since their marginal utility for that input becomes 0 once they have ¢ units. Thus,
for any input good j € {in1,in2}, in the worst case the inverter buys ¢ units of the other input and
pays price H for those units, and then spends the rest of their money on good j and pays price H
for those units as well. So the inverter will buy at least

(einverter_t'H_(1+5)'L)/H=Zt'Hlow/H_t_(1+5)'s/a

> 2t (1-4/k) —t —2- (1/20k)

>t —8t/k —1/10k

>t —4/k—1/10k

>t—5/k
units of good j. Here we used that t < 1/2, that s < 1/(20kd|V]) < 1/20k, that a > 1, and that
1+e< 2. m|

Proor oF LEMMA 4.9. By construction, for each good, there are exactly two buyers that are not
part of the gate’s construction that are interested in buying that good. Those buyers are either
inverter buyers that implement a NOT or NAND gate, or are auxiliary buyers that top-up the
amount bought in the case where the variable encoded by that good is the input to fewer than two
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other gates. By Lemma 4.7 and Lemma 4.8 the inverter buyers will buy some amount in the range
[t — 5/k, t], while by Lemma 4.5 the auxiliary buyers will buy exactly ¢ units of the good. Thus the
total amount of the good bought by these buyers lies in the range [2t, 2t]. O

ProoF oF LEMMA 4.10. We begin by considering the case where p,,: > L. In this case, by
Lemma 4.6, which works for NOT gates with any value of r, we have that the inverter of the
NOT gate must buy ¢ units of the input good before buying any other good. This means that the
inverter can spend at most

€inverter — L * Pin = t- (Hlow - pin)
money on goods other than the input good.
By Lemma 4.2, buyers other than the inverter demand at most 2t + r units of the output good.
Thus, to ensure that the output good e-clears, we require that at least 1 — ¢ — 2¢ — r units of the
output good are bought by the inverter, and so the inverter must spend at least poyt - (1 —¢—2t —r)

money on the output good.
For this to be possible we must have

t- (Hlow _pin) 2 Pout * (1 —&—2t— V),
and therefore

t
Pout < (Hiow — Pin) - PR ve—

since 1 — ¢ — 2t — r > 0. So we have shown that either p,,+ < L, or that the bound above holds. So
we can conclude that
t
Pout < max (L, (Hiow = pin) - m) .
O

ProoF oF LEMMA 4.11. We first consider the case where pot < H. In this case, the marginal
utility of buying the reference good is 1/prf = s/H, whereas the marginal utility of the output
good is s/pout > s/H. Thus the inverter strictly prefers the output good to the reference good. Since
the inverter can never be satiated by the output good, this means that the inverter cannot buy the
reference good.

Furthermore, the inverter cannot buy more than ¢ units of the input good, because the inverter’s
marginal utility becomes 0 at that point. This means that the inverter can spend at most ¢ - pi,
money on the input good, and will have at least

Cinverter — L * Pin = L (Hlow - pin)
money left over after buying all goods other than out. This money must therefore be spent on out.
By Lemma 4.9 we have that buyers who are not part of the NOT gate will buy at least 2t units of
the output good, and by Lemma 4.5 we have that r units of the output good will be bought by the
auxiliary buyer of the NOT gate. Since the good must ¢-clear, this means that the inverter can buy
at most 1 — 2 — r + ¢ units of the output good.

Since t - (Hjow — pin) money must be spent on the output good, and since at most 1 — 2t —r + ¢
units of that good can be bought, we have

t- (I—Ilow_pin) < (1_2f_r+5) 'pouta

because otherwise there would be money left over that is not spent on any good, which cannot
happen in an optimal allocation. Rearranging this gives

t
Pout = (Hiow = pin) T-Zi—r+z
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sincel —2f—r+e>1-2t—-r—¢e>0.
So we have shown that we either have poyt > H, or we have the inequality given above. Hence
we have
t
Zmin(H, Hiow — pi _—)
Pout ( low Pln) 1—2F—r+e
]

Proor oF LEMMA 4.13. Assume, for the sake of contradiction, that poyt > L. Then by Lemma 4.6
we have that the inverter must buy ¢ units of in1 and ¢ units of in2 before buying any other good.
The inverter’s remaining budget after buying ¢ units of both of the inputs goods is

€inverter — & * Pin1 =+ Pin2
=2t - Hiow =t * Pin1 — t - Pin2
<2t -How—t-H-t-H
<0.

Hence the inverter cannot spend any money on the output good, which contradicts Lemma 4.3. O

Proor oF LEMMA 4.15. Consider the gate NOT(in, mid, r) with p;j, > Hjow - (1—A) + P - AB'.
This implies that Hiow — pin < Hiow - A—P - AB’, or equivalently, (Hjow — pin)/A < Hiow — P - B". Now

notice that Hygwy — P+ B’ > Hjgw — P - (% -L/H ) > L, where the two inequalities come from the
ig

factthat B =1-4/k—s/a < 5}1,_:; - I% and P < H < Hpgp, respectively. Therefore, Lemma 4.10
implies that pnig < Hjow — P - B'.

Now consider the gate NOT(mid, out, 7"). From above, we have Hoy — pmid = P - B/, which
implies (Hiow — pPmid)/B’ = P. Since P < H, Lemma 4.11 implies that p,y: > P. m}

Proor oF LEMMA 4.16. Consider the gate NOT(in, mid, r) with p;, < Hjow (1 — B)+P - A’B. This
implies that Hoy, — pin = Hiow * B — P - A’B, or equivalently, (Hiow — pin)/B = Hjow — P - A’. Notice
that Hiow — P - A’ < Hiow < H. Therefore, Lemma 4.11 implies that ppmiq > Hijow — P - A'.

Now consider the gate NOT(mid, out, r’). As shown above, we have Hioy — pmid < P - A’, which
means that (Hjow — Pmid)/A’ < P. Since P > L, Lemma 4.10 implies that poy < P. m}

Proor oF LEMMA 4.18. First, we will need to calculate the quantities A, B, A’, B for each chain,
where we add a subscript i € {1, 2} to indicate the chain they refer to. For ease of presentation, we
define § := % - (1/11 — &) > 0, and notice that f > t — 5/k > t — §/22. By construction, for chain 1,
without loss of generality we can use only the first pair of NOT gates (i.e., j € {1,2}), and by the
specified r}; above, we get

1-2t—ri—¢ 3/11-¢

t T o4/11
5 1-2f-r{+e [3/11+¢ 3/11+¢
e t 4/11 ° 4/11
a o l-2t-ry-e 1/11-¢
! = =
t 4/11

B _1-2-r+e [1/11+e 1/11+¢
r t 4/11 ° 4/11
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Similarly, for chain 2 we have

1-2t-ri—¢ 1/11-¢

Ay = =
2 t 4/11
B 1-2f—-ri+e . [1/11+¢ 1/11+¢
2 t | 4/11 0 4/11
, 1-2t—ri-¢ 3/11-¢
A; = =
t 4/11
, 1=2i-ri+e [3/11+¢ 3/11+¢
B, = € s
t | 4/11 0 4/11

Finally, notice that B, € [A; — 23, A; — J], and B] € [A} — 26, A} - 6].
Corollary 4.17 implies that for chain 1 there is an interval (RE, Ry) of pin prices for which poyt is
not guaranteed to be at most L or at least H. In particular,

1—B1 1_Bl
RE = Higy - ———— + (A/B)Y? - [L - Hoyy - ———— |,
1 low 1—AiB1 ( 1 1) low 1—A;Bl
and
—A1 l—Al
RY = Hipy - ———— + (A;B))¥? - [H = Hpy - ————
1 low l_AlBi ( 1 1) low 1_A1Bi

Similarly, the corollary implies that, for chain 2, the respective interval is (RL, R;] ) with

1—B2 d l_BZ
R = Higy - ———— + (A}By)%? - |L = Hipy - ———— |,
2 low l—AéBz ( 2 2) low 1_A,ZBZ
and
1—A2 1—A2
RV := Hipy - ———— + (A2B5)Y? - |H = Hipyy - ————
2 low l—AzBé ( 2 2) low l—AzBé

We will now show that
L U L U
Ry <Ry £R; <R;.

First, by Corollary 4.17, it is immediate that Rf < Rij. Otherwise, pi, = RlL would result into
Pout1 < L, but because Rf > Rf, we would have poyt; > H. This implies H < L = s-H/a, a
contradiction, since s < 1/2 < a. Similarly, by Corollary 4.17, it is straightforward that Rg < Rg .
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Now we will show that RlU < Rf. We have

1- A 1-A
Ry = Hiow - W +(AB) Y2 (H—Hlow'm)
1
= Higw - 1_—Al (1 _ (AlBi)d/z) +H- (AlB;)d/Z
1-AB]
<H, -i(1—(AIB')d/2)+H-(AlB’)d/z (A, < B, +26)
=Y 1- (B, +20)B] ! ! .
< Hige - O (1 (B ) £ H - (ABYE (B < 4 0)
1— By(A} - 0) — 2B,0)
= Hiow - #ﬂs, (1 - (AIB;)"’/Z) +H - (AB))%? (8,B] = B, > 0)
1- A}B, - 6B]
1-B,—§ J J 11 3 1
< H '—(1—18/Z)+H-38/2 - - <AB <=>.-
o T gy (1 (1/9) (3/8) LS AB s
l—Bz 1 d d
< Hpgw  —————2 — —H .—(1—18/2)+H-38/Z
low l—A'ng—éB; low 1—A;Bz—5B; (/) (/)
< Hiw - + —How ————————— + |Hipw - ————— + H| - (3/8)4/2
fow 1—A’2B2( 1—A;Bz—5B;) v T A/B, - 0B, (1"‘” 1-A,B, ) (3/8)
1-B, ) 1-B; 1 df2
< Higw  ———2 — Hiow - 1- +|How - —————— +H| - (3/8
Sl T ae, Y 1—A’Bz—5B'( 1- A}B, V" 1 A/B, - 8B, (3/8)
I—BZ dj2
< Hiow - —— 2= = Hiow - == (3/8 4
= Hlow l—A;Bz low * A/Bz( /) ()
<H -—(1— 3/8)/)
™ 1-AB, (
1- B, 31
smow-m(1—(A Bz)d/2)+L (ABy) /2 (A;stZ = andL>O)
1- B, 4 1- B,
= Hiow * T+(A By)4/%. (L—Hlow'l_—A;Bz)

where Inequality (4) holds due to our choice of

e Tiass 2 1+11AI,32 + H/Hiow + 6

> 4[In(4/8)] 2 :

> 4[In(4/6)] 2 OO S A ,
B(-4)

1-A}B,
B,(1-4})

where —= BZ < 1 (since By, A} € (0,1)),

4B > 2,H/Hjow < 2,and 6 < 1.
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Now we are ready to prove the first part of the lemma’s statement. Suppose pi, > H. Notice that

H=H (1 - (AZB;)d/Z) +H - (A;B)?

1-A
>H. 2% (1 - (AZB;)"’/Z) +H - (AB)? (0 < Ay, B} < 1)
1-AB,
> Higy - 42 (1 - (AzB;)d/Z) +H - (AB))?
1- AB,
1- A, a2 1- A,
= Higy - —— 2 4 (A,B)42 . |H = Hyyy - —— 22
low l—AzB; ( 2 2) low 1—A2Bé
=RY.

Therefore, pi, > Rg > Ry, and as a result, pout1 = H, and pourz = H.
Moving on to the proof of the second part of the statement, suppose pin < L. We have

L=1 (1 - (A;Bl)d/z) +L-(A|B)Y?

s
< % : (1 - (A;Bl)dfz) +L- (A B (L < 58/2)
1-B
< Hiw * 7= (1= (ALB)Y?) + L (A1B)™*  (Hiow > Huin > 5/21 = By = 5,4}, By > 0)
~ATB;
1-B; 4 1- B
= Higy - ———— + (A}B))¥? . |L — Hypyy - —————
low 1_A,1B1 ( 1 1) low 1—A;Bl
L
=REL,

So, pin < Rf < Rg, therefore, poyt; < L, and poutz < L.
Now, for the third part of the statement, suppose that p;, € (L, H). If p;, < R%, then by Corol-
lary 4.17 we have that poyt2 < L. If pin > Ré‘, then pi, > Rij (since we showed that R% > R?), and

again from Corollary 4.17, poyt1 = H. Therefore, if pi, € (L, H), then it cannot be that both pouts
O

and poyt2 are in (L, H).
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