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Abstract

The rise of computational mathematics in financial markets has accelerated
the bloom of various financial models. For instance, the Black-Scholes-Merton
model, the Vasicek model, the Cox-Ingersoll-Ross model, the Heston model,
etc. Each of these models often produces challenging partial differential equa-
tions. The Lie symmetry method appears to be a powerful tool to solve these
types of equations. In this study, we apply Lie’s method to the power options
model under the Heston dynamic. The infinitesimal operators, the optimal

systems, the invariant solutions, and the conservation laws are presented.

Lie analysis is also an efficient tool to solve the fractional differential equa-
tions which involve the differentiation of a function with respect to its inde-
pendent variable(s) to a non-integer order. Fractional differential equations
are well known for their ability to describe the memory effect in various nat-
ural phenomena. We apply the Lie symmetry analysis to a time-fractional
Black-Scholes-Merton model, as well as an arbitrage-free stock price model.
The results of the analysis which include the infinitesimal operators or genera-
tors, the optimal systems, and the invariant solutions of the above models are
presented. The visual representations of the invariant solutions are provided
alongside discussions and comparisons with the solutions from their corre-

sponding non-fractional models.
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Chapter 1

Introduction

1.1 Background

The publication of Smith’s “The Wealth of Nations” [87] in the 18th century
marked the birth of modern economics. The three main ideas proposed by
Smith: the pursuit of self-interest, division of labour, and freedom of trade,
were known as the trinity of individual prerogatives. This blueprint of free
markets and free trade had eventually become the hallmarks of modern cap-
italism today. Since then, modern economics embarked on its long journey

toward the utopia imagined by Smith 250 years ago.

Modern economics come a long way, giving birth to many modern economic
and financial models that keep inspiring us today. Stokey et al. [90] used
calculus to model economic phenomena such as supply and demand, market
equilibrium, and optimization. Black and Scholes, Merton [12 [61] developed
the well-known Black-Scholes-Merton model which introduced a partial dif-

ferential equation to govern the risk, pricing, and optimization of a portfolio.



Using the Black-Scholes-Merton (BSM) model as the basic ingredient, many
financial instruments were introduced to deduce the pricing models for differ-
ent needs [10] 19, 35, 43 ©4]. Most of these financial models derived from
the BSM model often ended with partial differential equations. The purpose
of this work is to expand on these ideas. We will apply the methods of Lie
to help solve the differential equations associated with the pricing of financial

derivatives.

Lie symmetry analysis, being a very powerful tool to solve differential equa-
tions, is widely used to analyze various financial equations [55], [54]. Ibragimov
and Gazizov [2§] first introduced the Lie symmetry analysis to the BSM equa-
tion. Goard [31] used Lie’s method to find new solutions for zero-coupon
bonds, assuming a realistic time-dependent, mean-reverting drift form and
power-law volatility. Rosa et al. [79] used Lie’s method to give some solutions
and conservation laws for a generalized Fisher Equation with variable coeffi-
cients. Kaibe and O’Hara [49] deduced the pricing models for the zero-coupon
bond PDE model derived from the functional interest rate model. Tang et
al. [91] gave the invariant solutions of the Heston model with stock dividends.

These are just a few examples of this method.

Recently, the idea of applying the same treatment done to physical sci-
ence to economics and finance has gained a lot of attention. Econophysics,
as the name of this treatment, use the concepts and methods from physics to

understand economic and financial systems. Mantegna and Stanley [58] use



statistical physics to describe financial systems and present a stochastic model
that captures statistical properties in real data, providing a global understand-
ing of economic systems using concepts like stochastic dynamics and scaling,
without needing a detailed microscopic description. However, the problem
with using science to describe financial behaviour is that it assumes markets
are efficient and prices move in a predictable manner. In reality, financial

markets are often driven by irrational behaviour and dramatic changes [84].

Fractional calculus, as a branch of calculus, is rising as a new tool to de-
scribe the behaviours of the financial market. This old branch of mathematics,
which can be traced back to the 17th century, is proven to be useful to describe
natural phenomena with memory [6], 34, [64]. A new perspective of finance in
describing realistic financial behaviour with memory with fractional calculus
is forming. Fallahgoul [25] replaced the geometric Brownian motion in some
financial models with the Levy process and obtained fractional partial differen-
tial equations. Tarasov [92] pointed out that the current “Memory revolution”
is filling up the missing pieces of modern economics that are caused by the
theory that uses differential and integral operators of integer orders instead of
using fractional calculus. Gazizov et al. [28] 29 B0] used the Lie symmetry
method to analyze various financial models in fractional time frames. Habibi
et al. [33] studied the time-fractional Fokker-Planck equation using the Lie
symmetry method and graphically compared the numerical solutions driven
by Chebyshev wavelets’s method with the exact solutions. Yue and Shen [97]

showed that the fractal dimension bond-pricing formula can better explain



price changes in the capital market than the classical bond-pricing models.
Chong and O’Hara [I7] deduced an invariant solution of a time-fractional

Black-Scholes-Merton equation. [

1.2 Research purpose

In 1973, Black and Scholes [12], and Merton [61] introduced the Black-Scholes-
Merton model to describe the pricing of European options with some assump-
tions, which include that the stock price process follows the stochastic process

that is represented by
dS =rSdt+ oSdz,

where S,r,and o are the price, the risk-free interest rate, and the volatility
of the underlying stock at time ¢ respectively and z is a standard Brownian
motion. This will finally lead to the famous Black-Scholes-Merton (BSM)
equation

ou ou 0%u

I 90 _
8t+r585+205 882—7‘u,

where u = u(S,t) is the price of a derivative. In 2000, Wyss [96] replaced the
first derivative of u with respect to time in a transformed BSM equation with
a fractional derivative of order a,0 < o < 1, and used Green’s function to

solve the time-fractional BSM equation. In this work, we use Lie symmetry

! This part of the research is the original contribution by the author of the thesis to the
study of fractional calculus in computational finance.



to analyze the time-fractional version of the BSM equation above, given by

o0%u ou 5 o O B
e —l—'rS%%—— S@SQ_TU'

The Lie point symmetries, Lie brackets, and the optimal system of the time-
fractional BSM equation above are found as well as the corresponding invariant

solutions.

In 2009, Bell and Stelljes [10] described a method of constructing a class of
solvable arbitrage-free models, G (S’t, t), for the stock price using the stochastic

Bernoulli equation of Stratonovich type
dgt = /,Lgtdt + O'Sf ©) dwt,

where 1/2 < p < 1, pp and o are the drift and volatility of the stock with price

St, and w, is a standard Wiener process. The construction of the model results

in a second-degree partial differential equation

oG po?s?P~1\ 0G  o?s* 9*G
+rs+—2— ] 52

ot 2 o5 T 3 o G0

with some conditions. Bell and Stelljes [I0] and Sinkala [86] then gave the
solutions of the above equation. Our purpose is to extend the work done by
them to a time-fractional arbitrage-free stock price model using Lie’s approach.
We deduce the Lie point symmetries, the infinitesimal generators, the Lie’s

brackets, and the optimal system. Finally, we propose some invariant solutions



to the time-fractional arbitrage-free stock price model.

In 2013, Tbrahim et al. [43] introduced a pricing model for power options
using Heston dynamics, assuming the asset price is to follow the log-normal
process governed by a single Brownian motion. Their model eventually led to

the formation of a partial differential equation

ou 1 o, \Oou 1, 0% 1,, 0%
ot " (T Pl y) o 27 Vo T30 PG,
0%u ou
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where u is the value of an option, r is the risk-free rate, g is a constant factor,
y is the ratio of the variance to the square of 8, x = InZ where Z = Stﬁ is
an artificial asset with Sf a geometric Brownian motion, o is the volatility
of volatility, p is the correlation coefficient between the Brownian motions in
the model, k = k* + X\ for k* is the speed of the mean reversion and \ is

K*O*
K*

the volatility risk premium, and 6 = with 6% is the average level of the

volatility.

Using Lie’s method, we obtain three infinitesimal operators of the above
equation. With the operators, we compute the commutators, the adjoint rep-
resentations, the optimal system, as well as the invariant solutions. Finally,

we give the conservation laws.



1.3 Structure of the thesis

This thesis is organized as follows: In Chapter 2, we give a comprehensive re-
view of Lie symmetry analysis and fractional calculus. In Chapter 3, Lie sym-
metry analysis is applied to a time-fractional Black-Scholes-Merton model. We
propose a few invariant solutions as well as the optimal systems for the frac-
tional model. Chapter 4 focuses on a time-fractional arbitrage-free stock price
model. The invariant solution obtained is then graphically compared with the
non-time-fractional model. The study of power options under the Heston dy-
namic using Lie’s method is listed in Chapter 5, which ended with invariant
solutions, optimal systems, and conservation laws. Finally, we conclude our

study and include some suggestions for future work in Chapter 6.



Chapter 2

Literature Review

2.1 Differential equations

The history of differential equations comes a long way since the invention
of calculus back in the 17th century. It was then becoming a major branch
of mathematics. The development of differential equations [4], [68, 81] is a
hundreds-years-long bedtime story to tell and it is still being written by schol-
ars around the world nowadays. The application of differential equations has

showered almost every field of study.

In the 17th century, when the branch was newly born, scientists found
its application in geometry and classical mechanics. After decades of devel-
opment, many applications were made to astronomy, continuous media, heat
theory, optics, electricity, magnetism, etc. Recently, with the introduction of

set theory in mathematical analysis and the consequences for theorization, dif-



ferential equations continue to find their placement in quantum mathematics,

dynamical systems, and relativity theory in the 20th century [4].

The story of differential equations unfolded when Leibniz wrote the equa-

1
tion [xzdr = §x2 in 1675 [44]. Newton, on the other hand, started to in-
vestigate the general methods to integrate the differential equation with the

classification of first-order differential equations into three general classes [68]:

dy
1 =),
d
2) =2 = ().
ou ou

The first two classes are known as ordinary differential equations (ODE)
while the third class, which involves partial derivatives, is known as partial
differential equations (PDE). The study of differential equations is focusing
on finding the solution to the equations above. Naturally, ODEs are relatively

easier to solve compared to PDEs.

The birth of differential equations undoubtedly became one of the biggest
things in the 17th century. The most brilliant minds by that time had no
hesitation to contribute to the field in succession. Mind of Bernoullis, Riccati,

Euler, Lagrange, and Laplace had joined the feast and the result was the birth



of numerous well-known differential equations. For instance, the equation

dy

o T P(x)y = f(z)y",

which is known as the Bernoulli differential equation, where n is a real number
not equal to 0 or 1, is named after James Bernoulli in 1695. Leibniz was
believed to be the first who offered a solution to the Bernoulli differential
equation [74]. The equations are nonlinear with known exact solutions which

do not have singular solutions.

Riccati [78], in his discussion about special cases of curves whose radii
of curvature were dependent on the corresponding ordinates, introduced the
Riccati equation

dy

- = P(@) + Qa)y + R(z)y’.

Daniel Bernoulli [IT] later proposed the solution of the Riccati equation.

Euler [24] completed the treatment of the homogeneous linear differential
equation with constant coefficients using repeated quadratic factors. With
integrating factors and the method of integrating by series, he reduced the

order of the differential equations until it was integrable.

In the 18th century, the nature of the series solutions to differential equa-
tions was posed [4]. Mathematicians started to view series as tools to approx-

imate solutions of differential equations. At the same time, they were aware

10



that many simple functions could not be integrated by means of elementary
functions. This problem of non-elementary integrable functions drove them to

compare integration with inverse arithmetical operations [51].

In the late 18th century and early 19th century, Peano [75] and Gramegna
[32] posted their findings on the systems of ordinary linear differential equa-
tions. Peano applied the method of successive integrations to deal with the

homogeneous linear differential equations system

d.lfi
r - T Qo + - QipTp
where ¢ = 1,2,3,...,n and the coefficients of a;; are functions of t. Gramegna,

later in 1910, generalized the work of Peano’s to systems of infinite differential
equations and to integrodifferential equations by using the method of succes-

sive integrations.

Lie Symmetries and Differential Equations

Solving differential equations can be tough and tedious. Different kinds of
differential equations, either ordinary or partial, usually require different ap-
proaches and techniques. Direct integration, integration by parts, separable
equations, integrating factors, Euler’s method, homogeneous equations, nu-
merical methods, etc, are among the most frequently used formulae to solve

differential equations with different kinds and dimensions.

11



This chaotic world of differential equations is just like cooking soups that
require specific steps and ingredients. To make things worse, most ingredients
only work for very limited types of soups. How can one cook soups of an
unfamiliar type? Indeed, this was the dilemma of the “cooks” around the
middle of the 19th century. An ingredient that fitted in all kinds, if not, most

kinds of soups, was desperately sought.

An ingredient for all kinds of soups

Sophus Lie, who lived most of his life in Norway, found the recipe to cook all
kinds of soups in the 1880s. He revealed the fact that the most well-known
techniques to solve differential equations were based on the invariance of the
differential equations under a continuous group of symmetries. The symmetry

group, was the ingredient.

This discovery at once unified and extended the available integration tech-
niques. This continuous group of symmetries, now universally known as Lie
groups, have reached their influence far beyond all areas of mathematics, both
pure and applied, to physics, engineering, finance, economics, quantum me-

chanics, relativity, continuum mechanics, etc [71].

Sahoo and Saha Ray [80] used Lie symmetry to solve the (341) dimensional

Yu-Toda-Sasa-Fukuyama equation in physics. Sheftel et al. [82] established

12



the relations between the separation of variables and superintegrable systems
in quantum mechanics using the structure of the higher order Lie symmetries
of the Schrodinger equation in the Euclidean plane. Basquerotto et al. [§]
presented the application of the Lie symmetries analysis to obtain the solution
of a classical nonlinear problem of the dynamics of mechanical systems: the

bead on a rotating wire hoop.

In biology, Mechee and Haitham [60] used Lie symmetry to evaluate the
uninfected C D} T cells in the human body and gave approximated solutions of
the mathematical model of HIV infection. Zheng [98] performed Lie symmetry
analysis on a nonlinear Fokker-Planck equation that described cell population

growth.

The application of the Lie symmetry does not stop at science and en-
gineering. In finance and economics, Paliathanasis et al. [73] performed a
classification of the Lie point symmetries for the Black-Scholes-Merton model
for European options with stochastic volatility. Gazizov et al. [28] completed
symmetry analysis of the one-dimensional Black-Scholes-Merton model fol-
lowed by classification of the two-dimensional Jacobs-Jones model equations.
Liu and Wang [56] continued the study on the Black-Scholes-Merton model

with dividend yield using the same tool.

In fact, Lie symmetry analysis has become a favourite tool for academics

in solving different types of differential equations in their respective fields of

13



study. The reputation of Lie symmetry as an ingredient to cook “almost” all

kinds of soups is well established.

A new soup to cook

Fractional calculus, on the other hand, is a newfangled soup to cook. For
hundreds of years, academics had been chasing the footprints of fractional
calculus since it was first brought up in a letter between Leibniz and L'Hopital
in 1695. In a letter, they debated the possibility to generalize the meaning
of integer derivatives to non-integer derivatives, for example a derivative of
n = 1/2. The discussion ended with the quote from Leibnitz “It will lead to
a paradox. From this apparent paradox, one day useful consequences will be

drawn”.

The birth of fractional calculus certainly evoked the interest of researchers
around the world. Lacroix [50], being the first to discuss derivatives of non-

integer orders, proposed the ath derivative of y = =™ as

The above derivative can be used to write the derivative of order 1/2 by

replacing a by 1/2
'y I'(n+1) 21/

de'/?2  T'(n+1/2)

Here, I'(a) is an Euler’s Gamma function.

14



The development of fractional calculus has come a long way. Numerous
operators and definitions [76] were introduced to suit different conditions and
situations. Bernhard Riemann and Joseph Liouville proposed the derivative
of a function u(t, z) of independent variables x and ¢ with respect to ¢ of order

a, which was later known as the Riemann-Liouville (RL) integral, as

0“u 1 om /Ot( u(é, x) " (2.1)

ot~ T(m—a)otm J, (t—&)etim

where 0 < m —1 < a < m,m € N. Caputo then redefined the fractional

derivative as

Cu_ 11 dmulE)
ote F(m—a)/o (t — E)ati-m — ggm d§. (2.2)

The application of fractional calculus has been proven to be related to
many fields. Metzler and Klafter [64] demonstrated that fractional equations
describe anomalous transport processes. Axtell and Bise [6] explored the im-
plications of non-integer order systems in the s-domain of control systems by
using fractional calculus and Laplace transformed differintegrals. Henriques et
al. [34] implemented the algorithms, one of them being the fractional deriva-
tive algorithm, of six fractional detectors for colour images and illustrated their
performances. Bioengineering and biomedical applications, thermal modeling
of engineering systems, wave and diffusion phenomenon, and many more stud-
ies continue to reveal the significance of fractional calculus in redefining the

classic integer models into brand new non-integer models.

15



Academics started to apply different methods to seek solutions to fractional
differential equations. Wyss [96] proposed a fractional generalization of the
Black-Scholes-Merton equation by using Green’s function. Li and He [52] used
fractional complex transform to convert fractional differential equations into
ordinary differential equations. Many more textbooks were published to pro-
vide comprehensive reading and study about fractional differential equations

[22, 25, 40, 59).

Gazizov et al. [29] were among the first to cook this soup with Lie algebras.
A prolongation formulae for fractional derivatives was proposed. Huang and
Zhdanov [30] later gave an explicit form of the prolongation formulae. Jefferson
and Carminati [46] built an algorithmic package FracSym using the Maple

software to obtain the determining equations.

As a result, research articles exploiting Lie symmetry in solving fractional
differential equations grew exponentially recently. Akbulut and Tagcan [3] use
Lie symmetry to solve a time-fractional modified Korteweg-de Vries equation.
Chen et al. [16] extended the KdV equations to a time-fractional generalized
equation. Gazizov et al. [30] presented the Lie point symmetries and exact
solutions of fractional diffusion equations of the orders of 0-2. Jafari et al. [45]
proposed the Lie point symmetries and exact solutions of a time-fractional

Boussinesq equation.

16



Lie symmetry analysis continues to play its role as a capable tool to solve
differential equations, ordinary, partial, or fractional, to this day. In this thesis,
Lie symmetry analysis is used to study several time-fractional financial models,

as well as power options under the Heston dynamic.

2.2 Lie symmetry analysis

Lie symmetry analysis is an algorithmic procedure that often involves lengthy
and tedious calculations. The core of this procedure is the invariance of dif-
ferential equations. Many books are published to provide substantial reading
on this subject [5], 3], 14}, [7T], [72]. In this section, the fundamental concepts of
Lie symmetry analysis are discussed. One may refer to the mentioned books

for more comprehensive reading.

2.2.1 Lie group properties, definitions, Lie point sym-
metries, and Lie algebra

A transformation is the change of the position, size, orientation, or even struc-
ture of an object. For instance, a rotation about the center of a unit cir-
cle, 22 + y? = 1, leaves the circle unchanged. The rotated image, (7,7) =
(cos(f + €), sin(f + ¢)), with an infinitesimal transformation parameter e, is
a symmetry of the unit circle as it preserves the structure of the original unit
circle, 72 + §* = 1. In fact, the unit circle has an infinite set of rotational

symmetries.

17



In general, a transformation is a symmetry if it preserves the structure of
the object, is a diffeomorphism (the inverse of the transformation is smooth),
and maps the object to it itself. A symmetry of a differential equation is a
transformation that leaves the differential equation invariant. For example,

the Riccati equation
d +1 42
dy _y+1_ y
dz x x3

has a one-parameter Lie group of inversions as one of its symmetries sounds

@9) = (= 7).

l—ez’'1—cx

One may verify that this transformation finally leads to

dy +1 P
R
dz T 3

The continuous Lie point symmetries satisfy the properties of a group. We

start with some basic definitions of a group.

Definition 2.2.1 A set G with a law of composition ¢(a,b) is a group if the

following properties hold:
1. Closure: For a,b € G, ¢(a,b) € G.
2. Associative: For a,b and c € G, ¢(a, (b, c)) = ¢(¢(a,b),c).

3. Identity: For any a € G, there exist an identity element e € G such that
o(a,e) = ¢(e,a) = a.

18



4. Inverse: For any a € G, there exist a unique element a=' € G such that

¢(av ail) = ¢(a717 a) =€

Definition 2.2.2 A group is abelian if ¢p(a,b) = ¢(b,a) for all the elements

i the group.

Definition 2.2.3 If a set H C G forms a group, the set H is a subgroup of
G.

Definition 2.2.4 A subgroup H of G is normal if and only if gH = Hg for

any g € G.

Definition 2.2.5 The transformations set

u=Ulu,t, z;¢)
t="T(u,t,x;¢) (2.3)
T = x(u,t,x;¢€)

defined for each (u,t,x) in a region D and parameter € in a set S C N, with a
law of composition ¢(g,0), forms a one-parameter Lie group of transformations

on D, fore, 6 € S, if the following hold:
1. The transformations are one-to-one and onto D.
2. The set S forms a group G with the law of composition ¢.
3. For each point in D there exists an identity element e € S such that

a=U(u,t,z,e) =u,t="T(u,t,v,e) =t and ¥ = x(u,t,z,€) = .
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4. For the above transformations set, if * = x(i,t, &,0), then

T = x(u,t,z,d(e,9)).
5. The parameter € 1s continuous. € = 0 s taken as the identity element e.

6. The function x, which is an analytic function of € € S, is infinitely

differentiable with respect to x in D.

7. The above law of composition ¢(g,0) is an analytic function, for € and

des.

Note that if only properties (1-4) are satisfied, the set of transformations is

referred to as a group of transformations.
Infinitesimal transformations

Consider the transformations ([2.3) where ¢ = 0 represents the identity element
make v = U(u,t,z;0), t = T(u,t,z;0) and x = x(u,t,x;0). The Taylor series

of the transformations ({2.3)) about the identity are

i =u+en(u,t,r) + O(e?),
t=t+er(u,t,z)+ O(?), (2.4)

T =x+e(u,t,z) + O(e?),
where n(u,t,x), 7(x,t,u) and &(u,t,z) are defined by

oU oT O

W(u,t, .T,') - E e=0’ T(uvth) - E e=0 f(u’t7x) - E e=0
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When the transformation is infinitesimal, that is when ¢ ~ 0, the terms of

second and higher order in ¢ are negligible, hence the transformations (2.4))

are simplified and known as infinitesimal transformations

ﬂ:u+€7](u7t7'x)7

t=t+er(u,t,z), (2.5)

T =x+¢e(u,t,x).

The partial differential operator

XT==n0ut,w)£z

0 0
ou + T(u7 tv $)§ + {(u, t) ZE)

- (2.6)

is known as the infinitesimal generator of the Lie group. The one-parameter

Lie group of transformation ([2.3) is equivalent to the infinitesimal generator
(2.6). They both can be found by solving the Lie equations

di . dt . dz
— =pu.t.3). —=71(0.t7), —= 2.
d&‘ n(u7t7x)7 dé T<u7t7x)7 ( 7)

The Lie equations ([2.7)) should satisfy the initial conditions

u‘sz(] =u, e=0 ., e=0 L.

Lie Point Symmetries

Generally, an infinitely differentiable function, ¢(u,t, x), is an invariant func-
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tion of the Lie group transformations ([2.3)) if the function satisfies
o(i,1,7) = (u,t,z). (2.8)

Using the infinitesimal transformations ([2.5)), the Taylor series (for € ~ 0) of

¢(u,t,Z) may be written

(,t,%) = ¢p(u+ en, t +eT, 1 + ££)
0
= ¢(u,t,x) + g(na—i +7 af +¢ ¢) (2.9)
=(1+eX)o(u,t, x),

where X is the generator (2.6). Combining equations (2.8) and (2.9) yields
d(u,t,x) = (1 +eX)p(u, t, ), which will then lead to X¢ = 0:

Mg T 7o+ 5— = 0. (2.10)

Equation (2.10)) can be solved using the method of characteristics:

n(u,t, ) B T(u,t, x) - E(ut,z) (2.11)

Now, consider a partial differential equation (PDE) with k-th order

F(u,t,z,0u,0%u,...,0%) =0, (2.12)

where u is a dependent variable and (¢, z) are two independent variables. The

Lie group transformations in equation ({2.4)) are the Lie point symmetry group
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of the PDE ([2.12)) if they leave the PDE invariant, that is

F(u,t,&,0u,0,...,0%) =0, (2.13)

where 011 are known as the extended derivatives of u, or the prolongations, are
vital in finding the one-parameter Lie groups of point transformations admit-
ted by differential equations in terms of infinitesimal generators. Many books
[, 13], [14), [76, 89] explain in detail how the prolongations are formulated. Here

we just give a brief introduction. Suppose we have an infinitesimal generator

X = zi:fi(x, u)(%l + n(x, u)%, (2.14)
with u = u(xq, ..., u,) then its kth-prolongations [13] is
X0 =2yl aii o, &j_ik SN CAL)
where k = 1,2,... and n®*) are given by
0" = Din — (Di€)u;,
(2.16)

k k—1
Th(l)zk—D ey (Dz‘kf)uil...z‘k_lj,

K 7711 Ak—1

fore=1,2,...,nand i, = 1,2,...n form = 1,2,... k with k = 2,3,....

Here, D; is the total derivative

0 0 0 0
D; = 8_x + uza + Wiy 77— a + Uiivio 7 Ou Uiri +... (217>
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ou 0%u
8ZL’Z' T 8:@01‘ j
(2.6)) is a special case of the generator in (2.14)) with one independent variable,

Note that we use the notation u; = , etc. The generator in
says u = u(x), and two independent variables & = (¢,z). The PDE in (2.12),
F, is said to admit a symmetry X if and only if the infinitesimal criterion for

the invariance of the PDE F hold
X®OR|p_g=0. (2.18)

In fulfilling the criterion ({2.18]), the equation (2.12) is taken into account while
zeroing the kth extension of X on it. The condition (2.18)) is commonly leading
to a complicated and algorithmic calculation.

Now, let us consider the famous heat equation

ou  0%u

which has one dependent variable u = u(t, z) and two independents variables

(t,z). Let the symmetry ([2.6)

0 0 0
X = 77(%@@% + T(u,t,l’)a + {(u,t,x)g

be admitted by the heat equation (2.19). To determine the coefficients 7, 7

and &, the second prolongation of X, which is extended as

X® =00y + 70, + £0p + 7" Ouy + 0/ Ouy 4 0" Ou + 1" Oy + 1" Ous (2.20)

Uz xt

24



9,
where 77 = piV, ... ot = 2 and 9, = 8_’8t =
u

equation (2.19) to fit the criterion (2.18)), that is

ot

X(2) (ut - uxw)‘ut—uzzzo =0.

2

Here w, = g—;‘ and 1y, = 5. This will finally lead to
T

The extended coefficients in ([2.20)) are given [13] as

1=+ (e — & )tle — Totly — Sl — Tulgly,
n' = — &g + (nu — Te)ue — Eutizty — Ty,
1 = Nag + (2au — Eaa) o — Taatle + (Nuu — 20015
— 2Tpula Uy — Euutly — TuutioUy 4 (M — 262) s
— 2Ty Uy — 3EuUplpy — TulUilps — 2Ty Uyt
N = nu — Eatte + (200 — Toe)ur — 26U
+ (Muw — 270); — Eunllaty — Tuutly — 2E4Uny
— 280Uy + (Ny — 273 ) Uy — EuligpUsr — 3Ty UsUyy,

nxt = Naxt + (ntu - fxt)uz + (nmu - Txt)ut - ftuui

(nuu éxu Ttu)umut - Tuzu? - éuuuiut - Tuuu:vu?

- gtuzm - £uutumx + (nu - f:v - Tt)umt - 2£uuxuxt

— 2Ty Ut Uy — Tyl — Ty Uz Ust.
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Substituting 7’ and 7™ from equations ([2.22b)) and (2.22¢]) to equation ([2.21)),

eliminating u,, using the heat equations and finally zeroing the coefficients,

will lead to the following solutions:

§ = c1 + cur + 2est + 4egat, (2.23a)
T = ¢y + 2c4t + 4egt?, (2.23b)
n = (c3 — cs1 — 2c6t — cex?)u + aft, x), (2.23¢)

where ¢; are arbitrary constants and «(t, x) is a arbitrary solution of the heat

equation. The symmetry generator, hence, is given by

X =(c1 + caw + 2es5t + degat) 0, + (co + 2¢4t + 4egt?) Oy 2.2
2.24

+ ((e3 — c5 — 2cet — cex?)u + at, )0,

Choosing ¢; = 1 while zeroing the other ¢’s gives the following generators:

X, = %

Xo %

X3 = u%,

Xy = x% + Zt%, (2.25)
X5 = Qt% — xu((%,

X = 4tx(% + 4t2% —(2* + 2,

Xoo = oz(t,x)%.
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The existence of X, shows that the heat equation has infinite-dimensional Lie

symmetry algebra.

Lie Algebra

Consider two generators X; and X5, the commutator, also known as the Lie

Bracket of them, [X;, X5] is defined as

[Xl, XQ} == X1X2 - XQXl. (226)

For example, if X; and X, are two generators defined by

X1 =20, Xo=y0,+ xa@,ﬁ

then

(X1, Xo] = 20, (y0, + x0y) — (Y0, + x0,)x0, = 20, — yO,.

Definition 2.2.6 A vector space of infinitesimal generators, L, is a Lie alge-

bra if for all X; € L,a,b € R, the following properties hold:
1. Closure: [X1,X5] € L,
2. Bilinearity: [X1,aXs + bX3] = a[ X1, Xo] + b[ X1, X3),
3. Anticommutativity: [ X, Xo| = —[ X, X1],

4' Jacobi ]dentzty [Xla [X27 X3]] + [X27 [X37X1]] + [X37 [Xla XQ]] = 0.
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A commutator table is a tabular form to display the structure of a Lie algebra.
A n-dimensional Lie algebra produces a n x n table, with the (i, j)th entry of
the table expressing the Lie Bracket [X;, X;]. In Table (2.1]), the commutators

of the heat equation are given.

Table 2.1: The commutator table of the infinitesimal generators of the Heat
equation ([2.19)

[XZ', XJ] X1 X2 X3 X4 X5 X6
X1 0 0 0 X1 =Xz 2X5
X 0 0 0 2X, 2X; 4X,-2X3
X3 0 0 0 0 0 0
Xy —-Xi —2X5 0 0 X5 2Xs
X X, —2X, 0 —-X; 0 0
X —2X5 2X35-4Xy 0 -2X5 O 0

2.2.2 Group invariant solutions

Most partial differential equations are challenging to solve due to the existence
of multiple independent variables in the equations. Using Lie symmetries, this
trouble is lifted as the number of variables in the equations is reduced by one,
or more. The reduced differential equations, on some occasions reduced to
ordinary differential equations that consist of only one independent variable,

are much easier to solve.
Group invariant solutions, also known as similarity solutions, are the solu-

tions of differential equations that are characterized by their invariance under

some symmetry group of the differential equations.
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Definition 2.2.7 u = 0(x) is an invariant solution of the PDE resulting from

the point symmetry X if and only if
1. uw=60(x) is an invariant surface of the point symmetry X,

2. u=0(x) is a solution of the PDE.

The heat equation, which has one dependent variable and two independent

variables, has the generators of the form of equation ([2.6))

X =n(u,t,2)0, + 7(u,t,2)0 + £(u, t,2)0,.

Solving the characteristic system (2.11)), given by

du dt dx

n(u,t,x)  T(u,t,x)  E(u,t,x)’

to obtain a general invariant of X will first produce two similarity solutions in

the general forms of

O1(u,t,x) =1, and Oy(u,t,z) = I, (2.27)

where I; are constants of integration. X is then found as an arbitrary function

of I; and I,.

2.2.3 Optimal systems

In general, it is not practical to list all possible group invariant solutions of

a certain differential equation because almost every symmetry group admits
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an infinite number of subgroups that correspond to a family of group invari-
ant solutions. The need to effectively classify these solutions leads to the
construction of an optimal system, a small (minimum) set of one-dimensional
subalgebras that contains all the one-dimensional subalgebras of the differen-

tial equation.

In this thesis, the direct method used in Olver [71] is adopted. First, the
adjoint representations for each X; of the basis symmetry group are used to

determine the adjoint representation as follows:
1

where [X;, X;| is the commutator of the generators X; and X;. The adjoint
representations are then used to identify the optimal system by simplifying a

given arbitrary element of the Lie algebra

X =) aX, (2.29)

where a; are constants. Chou and Li [I§] gave detailed work to obtain the

optimal system of the heat equation.

2.2.4 Law of conservation

Neother’s theorem [69] shows that there is a connection between conservation
laws for variational problems with the symmetries of differential equations or

Euler-Lagrange equations particularly. Ibragimov [41], 42] later redefined the
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conservation theorem by eliminating the need for the existence of a Lagrangian.
It is proved that the adjoint equation inherits all symmetries of the original
equation. As a result, we are now free to associate a conservation law with
any Lie group to find conservation laws for differential equations without the
need to classify its Lagrangians. Ibragimov [42] provided that any Lie point,

Lie-Backlund or non-local symmetry

; 0 0
X =&(z,u,uqy, - - )8xi + n(x, u, uq)y, . . . )% (2.30)
of equation
F(u,t, o, 0u,0*u,--- ,0"u) =0 (2.31)

provides a conservation law D;(C?) = 0 for the simultaneous system for equa-

tion (2.31)) and its adjoint equation with a new dependent variable v

F*(u,v,t,z,y, 0u, Ov, 0%*u, 0%v, . .., 0%u, 0Fv) = 5((;}5) =0 (2.32)
where
) ) - 0
— = — -1)°Dy;, ... Dj, ———. 2.
5U (SU, + ;( ) 11 1s auil i ( 33)
The conserved vector is given by
P oL oL oL
C'=¢'L+W i — D; (aTU) + D;Dy, <8u—wk) — ...
oL oL oL
DW|——D e D.D — o
+ D;W Dy k (8%1@) + + D; DWW Ditgye +
(2.34)
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where W and L are defined as
W=n-¢&u;, L=vF (2.35)

For more details about conservation laws, one may refer to the above-recommended

references.

2.3 Fractional derivatives and integrals

The theory of fractional derivatives was mainly developed as pure theoretical
knowledge since the first discussion between Leibniz and L’Ho6pital. Liouville,
Griinwald, Letnikov, and Riemann were among the pioneers who gave differ-
ent definitions to the fractional derivatives. Advanced modern sciences and
technologies have slowly revealed the roles played by fractional derivatives in
various fields, especially in describing the memory and hereditary properties of
materials and natural processes, which have been neglected in classical integer-
order models. The study of fractional calculus always involves some special

functions, including the functions discussed in [2.3.1]

2.3.1 Special functions
2.3.1.1 Gamma function

The Euler’s gamma function I'(z), which gives the generalization of the facto-
rial of any real number, is no doubt one of the most important basic functions

in describing fractional calculus. Here we give the definition and some basic
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properties of the gamma function.

Definition 2.3.1 The gamma function T'(z), for z € C, is defined by the

integral

['(z) = /OOO et (2.36)

The gamma function satisfies the functional equation
I(z+41) = 2I'(2), (2.37)
which if z =1,2,3..., leads to
Mz+1) =2zl (2.38)

2.3.1.2 Beta function

Definition 2.3.2 The beta function B(x,y), for x,y € RY, is defined as

B(z,y) = /01 N1 — ). (2.39)

The beta function can be represented in gamma functions:
(2.40)

We will use beta function in the later discussion.
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2.3.1.3 Mittag-Leffler function

Introduced by Mittag-Leffler [65] 66], 67], the Mittag-Leffler function which is
an exponential function, e*, with its one-parameter general definition is given

by
E (2.41)
prt F ak +1

The two-parameter Mittag-Leffler function, on the other hand, was introduced

by Agarwal [2]:

ZFak+ﬂ (>0, B>0). (2.42)

k=0

Equations ([2.38) and (2.42) give

Eqq YT - =€,
|
k:0F<k+1) k=0
1
E12——(6Z—1),
1
E13—§(6—1—Z)

2.3.2 Riemann-Liouville fractional derivatives

Fractional derivatives (or integrals) are the derivatives (or integrals) of an

arbitrary real order «a, namely,

DEf(t) or Dy f(t).
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A couple of definitions of fractional derivatives were proposed differently by

various mathematicians to suit different conditions.

Among all, the most famous are the Riemann-Liouville fractional deriva-
tives and the Caputo’s fractional derivative . Each of these def-
initions has its own advantages and disadvantages. The Riemann-Liouville
always leads to initial conditions which is the result of the limit values of
the definition itself at the origin of time, ¢ = 0. The solutions of the initial
conditions, which can be solved mathematically, have unknown physical inter-
pretations to this day. On the hand, Caputo’s fractional derivatives have the
same initial conditions in the fractional form as its integer-order differential
equations. There exist different links and connections between these fractional

derivatives. For more details, one may refer to Podlubny [76].

In this thesis, the focus is given to the Riemann-Liouville fractional deriva-
tive (2.1). The Riemann-Liouville fractional derivative with one independent

variable is defined as:

Dif(t) = m (%)m/ot(t — 1) (1)dr, (2.43)

where 0 <m —1 < a < m,m € N. On the other hand, a fractional integral is

defined as:
1

—h = — t — )L ()dr .
D 10) = 7 [ =) (2.44)
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where 0 < 8 < 1. Consider the fractional integral of a simple function ¢*:

e [

Dt _1—‘(/8)/0<t 7Y tridr
- ﬁ/o (1 —7/t)" "7 rdr

:ﬁ/t(l—u)ﬁltﬁlwt)“tdu, (letting u = 7/t)
0

= L B+u ' _oA\B=1_

p(ﬂ)t /0(1 u)’rutdu

- L B+
_ F('u+ 1) tﬁ-HA

= ,  (from equation (|2.40))).

The above example gives the fractional integral of a simple function, t#:

r 1
D P = ﬂtﬁﬂl_ (2.45)
F(p+B8+1)

Now, letting & = n — 8 and n be the smallest integer that is greater than «,

the fractional derivative of f(t) of order « is given by

Df(t) = D"[D77 f(1)]. (2.46)
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Using the example above, the fractional derivative of the function t* gives

Dt" = D' D=~ (here,n=1and B =1—q)

1( D(p+1)
M((p+1-a)

t“+1_a>, from equation ([2.45

I(p+1)
(p+1—a)l(p+1—a)

=(n+1l-a)

I'(p+1)
F'p+1—a)

t"~*  (from equation([2.37))

e
Hence, we have the fractional derivative rule for power

T(p+1
pepr = LD e S gcact (2.47)

M'p+1—a) ’

Putting 1 = 0 and o = 1/2 in equation (2.47)) reveals the fact that the half-
derivative of a constant in Riemann-Liouville approach is a non-zero value,
which sometimes is considered as one of the shortcomings of the Riemann-

Liouville definition:

I'(1/2) Vot
These two examples demonstrate the complexity of the direct fractional
derivatives and integrals, even the simple power functions. In many cases,
different approaches or transformations are applied to simplify the tedious

calculation.
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2.3.2.1 Laplace transforms

The Laplace transforms play a very important role in simplifying the frac-
tional derivatives. We will use them to solve some basic fractional differential
equations later. Here we briefly discuss the basic definitions and properties of

the Laplace transform.

Definition 2.3.3 The Laplace transform of the function f(t) (or the original)

is a function F(s), for s € C, defined by

F(s) = L{f(t); s} = /O et (1t (2.48)

There exist positive constants M and T such that e~ | f(¢)| < M for all t > T,
for the function f(¢) must grow slower than an exponential function when

t — o0.

Definition 2.3.4 The inverse Laplace transform to restore the original f(t)

15 defined by

c+ioo
f(t) =L YF(s);t} = e F(s)ds, c=R(s). (2.49)

c—100

The Laplace transform is linear, that is, for an arbitrary constant a,
L(f(t)+g(t)) = F(s)+ G(s) and L(af(t)) = aF(s). (2.50)

The product of the Laplace transforms of two functions f(¢) and g(¢), if
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exist, is the Laplace transform of the convolution of them, f(t)*g(t). That is

£(t) * g(t) = / £t — r)g(r)dr = / [yt —r)dr,  (251)
gives
L{f(t) % g(t); s} = F(s)G(s). (2.52)

Equations (2.51)) and (2.52)) are crucial to evaluate the Laplace transform of

the Riemann-Liouville fractional integral. Recall the fractional integral of the

function f(t) of order 3, equation ([2.44]),

-8 = 1 t — )P ()dr
D f(t) = )/O@ Y51 f(r)dr,

I
which the integral in fact is a convolution of two functions:
t
/ (t — 1) f(r)dr = P71 x f(t). (2.53)
0

Using equation (2.52)), the Laplace transform of the Riemann-Liouville frac-

tional integral can be written as

L{DT? F(1):5) = o7 (L4855} - LS 01553
1 _
_ m(l“(ﬁ)s 7 F(s) (2.54)
= s PF(s).

The Laplace transform of the derivative of an integer order n of a function
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f(t) is given by

L{fO () 8} = s"F(s) — nz s LR (0) = 5" F(s) — nz s"FOED(0).
k=0 k=0

(2.55)
To extend the Laplace transform to the Riemann-Liouville fractional deriva-

tive, we write the fractional derivative in the form of

Def(t) = ¢™(t), and (2.56)

g(t) = D" f(1), (2.57)

for n — 1 < a < n. Using equation (2.55)) on equation (2.56) gives

n—1

LD} f(1); 5} = 8"G(s) = 39"+ (0), (2.59)

k=0

with G(s) = s~ ("= F(s) from equation (2.54) and g+~ (0) = D**=1£(0)
from equation ([2.56|). Hence, equation (2.58)) is finally written as

n—1

L{D; f(t);s} = s"F(s) = Y s* [D" "' f(0)], (2.59)

k=0

for n —1 < a < n. Here we give some useful Laplace transforms in Table ([2.2)

83)].
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f() F(s)
1
0 By a(rt®
Sa—l

E. (—rt®

( ’ ) s +r
1 — Bo(—rt®) r

A" s(s* + )

-1 s*7
tF b, te

Table 2.2: Laplace transforms

2.3.2.2 The Cauchy problem

The Cauchy problem is an integro-differential equation that sounds

DO f(t) + ADOf(t) = h(t), (2.60)

for \,a, € C with R(a) > 0,R(8) > 0 and h(t) is an arbitrary integrable

function. The Cauchy problem comes with the condition

DML(0) = a, k= 0,1,...,[R()], (2.61)
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where [R(«)] is the integer part of #(«). Taking Laplace transform on equation

(2.60)), we have

L{D*f(t) + AD™"; s} = L{h(t); s}
sYF(s) — i: shay, + A\sTPF(s) = H(s)

k=0

F(s)(s® + Xs77) = sPay, + H(s)

and

_ s” o a
L 1{@,3} =t 1Ea+ﬁ7a(—)\t +ﬁ)

Hence, we have

» » nt sk+8 e
L= {F(s);s} =1L Zak~m+H(s)~m;s
k=0

n—1
— Z it B ga (= MOTP) (2.62)
k=0

n /0 (t = 1) Eurpal At — 7)) h(r)dr.
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That is the solution of the Cauchy problem (2.60)) is in the form of equation
(2.62). By taking o =1/2,5 =0 and h(t) = 0, the Cauchy problem sounds

Dz f(t) + Af(t) =0, (2.63)

for the fractional integral of f(t) is invariant and no integral is involved [59].

With the condition D~2 f(t)|,—o = ¢, the solution of equation (2.63), by ap-

plying solution (2.62), is given by

2.3.3 Lie symmetry analysis of fractional derivative

Solving fractional differential equations in a conventional way can be very
challenging. The example in equation has shown that for the simplest
form of a fractional differential equation, a massive transformation is actually
taking place behind the scenes. The calculation will only get uglier when a

fractional differential equation gets more complicated.

With more and more attention paid to the fractional differential equations
in the past decades due to their impressive applications in natural sciences,
the secret ingredient to cooking all kinds of soup finally joined the feast in
2007 when Gazizov et al. [29] presented an approach to use the Lie symmetry

analysis to solve fractional differential equations (FDEs).
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Consider a time-fractional differential equation of the form

(67

%u(t,w) = F(u,t,z,up, uyy), (0<a<1). (2.64)

Similar to the Lie symmetry analysis of the integer order differential equations,
the FDE (2.64)) is to admit a symmetry X if and only if the infinitesimal

criterion

0%u 7

X@DA|asg =0, A= —
|A—0 ) 825“ )

(2.65)

is fulfilled, where the prolongation of X(®?) is extended (similar to equa-

tion(2.20))) as

X2 — x 4 N Qo + 10" Oy + 17O (2.66)

with n* and 7™ are as given in equations ([2.22al) and (2.22¢)), and

n™" =Dg(n) +ED7 (ug) — D (§ug) + Df (uDy(7))
(2.67)

— D (7u) + 7D (u).

Equation (2.67) is not convenient to use for the lengthy total derivatives in it.
To write the equation (2.67)) in an explicit form [36], we start with the Leibniz

rule for fractional differentiation:

De(r90) = 3 (2) 1005 a0 (2:68)

n=0
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where

(Z) T T(n+ 1;)(?(;: -131 —n)’

Leibniz rule gives

£Dt(u) — Diten) = -3 (2)e @D ). (269

n=1

and

D (uDy(T)) — Df‘“(Tu) + TDf“(u) = —aDy(1)Dfu

- f} (%) o

(2.70)

With the generalized chain rule [70] of the form

and the Leibniz rule (2.68)), we obtain

> o
D) = 9 + mdfu —udfn, + (n) Gl (2T

where

B o0 n m a n tn—ocUk an_m+kn
7 ;mzzg <n> (m> K'T(n+1— ) otr—mouk’

When 7 is a function in the form n = f(t,2)u, its the second derivative of

n (and above) with respect to u gives ( = 0. Finally, combining equations
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(2.69), (2.70) and (2.71)), we have the explicit form of n®*

. (Sora— (7 )ormn]orm

n=1

Z() €08 (us) + 06 + (e — A Dy(r)) 0w — B+ C.

n=1

(2.72)

The explicit form of n®! reveals the fact that since « is a fraction, the first
two terms of equation (2.72)) with fractional integrals 0 "u and 9, "(u,)
will not coincide with any of the other differential quantities that present, we

actually “earn” the following conditions

(Z) 1 — (ni 1> D (1) =0 and <z> DI (&) =0,

for n =1,2,..., which in most cases (at least in ours), can be simplified to
1
Mt = 5Tt = 0, (2.73a)
& = 0. (2.73Db)

However, it is recommended to expand the conditions by at least two terms
to avoid unnecessary loss. Jefferson and Carminati [46] in 2013 presented an
algorithmic package FracSym to solve the Lie equations of fractional differ-
ential equations. In our study, the package is used to verify the solutions of
the determining equations found. Henceforth, the process to obtain optimal

systems and invariant solutions of fractional differential equations are similar
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to the process we discussed in sections ([2.2.2)) and (2.2.3|) earlier.
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Chapter 3

Time-fractional

Black-Scholes-Merton model

3.1 Preliminaries of financial mathematics

The financial market, like most traditional markets, is a place where all kinds
of products are traded. Instead of selling dairy products, the merchants are
selling financial products or contracts, which are commonly known as deriva-
tives nowadays. The derivatives market is big, much bigger than the stock
market when measured in terms of underlying assets. By hedging or specula-
tion, derivatives are able to transfer the risks in the economy from one entity

to another.

The value of a derivative, as a financial instrument, depends on the values

of the underlying assets. Currently the most frequently traded derivatives are
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forward contracts, futures contracts, options, bonds, and swaps.

Forward contracts

The forward contract is an agreement to buy or sell an asset at a certain future
for a certain price. One of the contract holders agrees to buy the underlying
asset on a certain date in the future (the long position) while the other contract
holder agrees to sell that asset on the same date for the same price (the short

position).

This is very common and popular in foreign exchange markets to hedge
foreign currency risk. If the delivery price (the price set in advance in the
contract) and the spot price (the current market price) of the asset are K and
St respectively at maturity, in general, the payoff from a long position in a

forward contract is

Sr— K

while the payoff of a short position is

K — Sp.

The payoff from the contract is the trader’s total gain or loss from the contract
since it costs nothing to enter the contract. The good side (and also the bad)

of forward contracts is the gain (or the loss) is theoretically indefinite.
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Futures contracts

Similar to a forward contract, a futures contract entangle two parties in agree-
ing to trade an asset at a certain time in the future for a certain price. The
futures contracts are normally traded on an exchange, between a wide range

of commodities such as gold, old, sugar, etc, and financial assets.

Options

A call option gives the holder the right, but not the obligation, to buy the
underlying asset by a certain date for a certain price. A put option, on the
other hand, gives the right to the holder to sell the underlying asset by a
certain date for a certain price. Furopean options can only be exercised on the
expiration date while American options can be exercised at any time up to the
expiration date. Unlike futures and forwards contracts, option contracts come

with prices and the payoff of an option depends only on the price at maturity.

If the price of an asset at maturity, S, exceeds the strike price (or exercise
price), K, that is when Sr > K, a call option should always be exercised and
gain a payoff of Sy — K. The opposite of this situation, if S7 < K, the holder
of a call option should not exercise the option because the asset can be bought

with a cost less than or equal to the exercise price, K.

20



There are four types of option positions with their respective payoffs:

1. A long position (i.e., has bought the option) in a call option, payoff =
max(Sr — K, 0).

2. A long position in a put option, payoff = max(K — Sr,0).

3. A short position (i.e., has sold the option) in a call option, payoff =
min(K — Sz, 0).

4. A short position in a put option, payoff = min(Sy — K, 0).

Figure [3.1] illustrates these payoffs.

A Payoff \ Payoff

(a) (b)

A Payoff Payoff

© @
Figure 3.1: Payoffs from positions in European options: (a) long call; (b)

short call; (c¢) long put; (d) short put. Strike price = K; price of the asset at
maturity = Sr.
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Bonds and Swaps

Bonds and swaps are not our study focus. We briefly introduce them here
for fundamental financial knowledge. A bond is a contract written by a big
party to raise capital where the up-front premium is regarded as a loan to the
bond writer. Upon maturity, the bond writer is to reclaim the bond from the
holders with an amount agreed upon by both parties. A swap is a contract
between two parties to agree on exchanging assets, says cash flows or stocks,

in the future.

One important thing when dealing with financial derivatives is pricing
them. Determining a fair price of a derivative always starts with the con-
struction of a model to simulate the movement of the asset. In this context,
the geometric Brownian motion is commonly used to simulate the asset price
in many financial models. The stock price, S, is assumed to be governed by

the stochastic differential equation

dS = rSdt + 0SdB,, (3.1)

where r is the expected rate of return of the asset, o is the volatility and B,
is a standard Brownian motion. A further type of stochastic process can be
defined as

dr = a(x,t)dt + b(z, t)dz, (3.2)
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where dz is a Wiener process, is known as an [t6 process. This process is
Markov since the change in x at time ¢ depends only on the value of x at time

t, not on its history.
It6 lemma

Suppose a variable x follows the It6 process (3.2)), then it has a drift rate
of a and a variance rate of b*. Itd’s lemma shows that a function G(z,t)
follows the process
oG oG  19*G oG
dG = | — — 4+ ———b*|dt+ —b-d 3.3
(ax“ ot T2 0.2 ) T (3:3)
also follows an Ito process. The drift rate and variance rate of the process
G(x,t) are

oG G 192G,

2" o T o

oG \2
(a—xb)

respectively. It is well recognized that equation (3.1)) is a reasonable model

and

of stock price movements [37]. On top of this, the It6 lemma ({3.3)) can be

extended to the fact that the process followed by a function G(S,t) is

— 1S+ —+ -———0°S? |dt + =05 - dz. (3.4)

JG — oG oG  10°G oG
-\ oS ot 2082 0S

The functions S and G are affected by the same underlying source of uncer-
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tainty, dz. Equation (3.4)) is proven to be the key in the derivation of the

famous Black-Scholes-Merton results.

3.2 The Black-Scholes-Merton equation

The Black-Scholes-Merton model is undoubtedly one of the most important
models in finance. Established and presented by Fischer Black and Myron
Scholes [12], and Robert Merton [61] in 1973, the model hugely inspired the
way that traders price and hedge derivatives. The discovery was later given the
highest recognition from the Nobel Prize committee in 1995 for its magnificent

impact on the economy.

The Black-Scholes-Merton (BSM) model introduces a linear parabolic par-
tial differential equation that gives theoretical values for the European call
and the European put options. This model is derived based on the following

assumptions:

1. The stock price follows the process developed in equation ({3.1)).

2. The full use of the proceeds is allowed and the short selling of the secu-

rities is not penalized.

3. The transactions cost nothing, nor taxes. The assets are perfectly divis-

ible.
4. The derivative pays no dividends during its life circle.

5. The risk-free arbitrage opportunities do not exist.

o4



6. Trading in the market is time-continuous.

7. The risk-free interest rate, r, is deterministic and constant over time.

To derive the Black-Scholes-Merton equation, recall the assumption made
earlier that the stock price process follows the stochastic process (3.1)) that
sounds

dS = rSdt 4+ oSdz.
Suppose that u(S,t) is the price of a call option (or other derivatives) at time
t when the price of the underlying stock is S. Equation (3.4) gives

[ Ou Gu 1% 5, ou
du—(aSTS i 285'2 S>dt+8505 dz. (3.5)

Define a new portfolio that holds a short one derivative and long an amount

Ou/0S of share as:

ou
=3 Ss (3.6)

where II is the value of the portfolio.

The changes of the value of portfolio (3.6)) in time, dt, is

ou
nm=== .
d SdS du. (3.7)

Combining equations (3.1)) and (3.5)) into equation ({3.7]), we have

2
dIl = ( _ou 18—“&52) dt. (3.8)



The absence of the Wiener process, dz, in equation (3.8) indicates that the
portfolio is riskless during the time dt and earns the same rate of returns
as other riskless securities due to the absence of arbitrage opportunity (in

assumption 5). Hence,

dIl = rIldt. (3.9)

Substituting equations (3.6 and (3.8 into equation (3.9)) yields

ou  10*u 4, ou
(5+5@08)dt—r<u—$5)dt

which finally lead to the Black-Scholes-Merton equation

du ou 1 , ,0%
- = ru. Nl
8t+r585+205852 U (3.10)

The Black-Scholes-Merton equation has many solutions corresponding with

different boundary conditions: for a European call option, the condition sounds
u=max(S — K,0) whent="T,

and for a European put option,
u=max(K — S5,0) whent="T,

with K as the exercise price at maturity. Among the solutions obtained from

equation (3.10), the most famous solutions are the Black-Scholes-Merton for-
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mulas for the prices of European call (¢) and put (p) options:
c=SyN(dy) — Ke "' N(dy) (3.11)

and

p=Ke "T'N(—dy) — SyN(—dy), (3.12)

where

5 = In(Sy/K) + (r +02/2)T
1= T ;
4, — In(Sy/K) + (r —0?/2)T -

oVT

Here, Sy is the initial stock price, K is the strike price, r is the riskless rate
of interest, o is the stock price volatility, and T is the time to maturity of the
option. The function N(-) is the cumulative probability distribution function
of a variable with a standard normal distribution, ¢(0,1). Equations
and are related with a very important relationship which is known as
the put-call parity:

rT

ct+keT™ =p+Sp. (3.13)

3.2.1 Lie point symmetries admitted by the Black-Scholes-

Merton equation

Gazizov and Ibragimov [28] in 1998 presented the Lie symmetry analysis on
the Black-Scholes-Merton equation and showed that the equation is included in

Lie’s classification of linear second-order partial differential equation with two
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independent variables. The Black-Scholes-Merton equation was then trans-
formed into the heat equation. Finally, the exact solutions were presented.
The infinite-dimensional vector space of the infinitesimal symmetries of

equation (3.10) spanned by the following operators:

0
X ==
1 ata
0
Xo=85—
2 Sas?
0 0 0
0 0
= o%tS— - — 3.14
X4 atSaS+(lnS Dt)uau, (3.14)
X5 = 2027522 +20%tSIn Si + ((In S — Dt)? + 20%rt? — 027f)u3
° ot 8S ou’
0
Yo =gy
0
X = —
o0 ¢(t7s)au’

where D = r — ¢2/2 and ¢(t, S) is any solutions of equation (3.10]).

3.2.2 Solutions from the admitted Lie point symmetries

Equation (3.10)) is a partial differential equation with many solutions. In fact,
each generator of (3.14)), as well as a linear combination of the generators, ad-
mits an invariant solution of (3.10]). For instance, consider the one-parameter

subgroup with the generator

0 0 0
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which has the associated characteristics equations as

The solution of the above characteristics equations gives the two independent
invariants ¢ — In .S and u/S. Hence, the invariants of the combined generator

(3.15]) take the form
u=SG(t—1nS),

which will finally reduce equation (3.10|) to a second order ordinary differential
equation

1
502G”(z) + AG'(z) = 0,

where z =t —InS, A=r+0%/2—1and G'(z) = dG/dz. The solution of the

second-order ordinary differential equation can be easily found

_ kyo*exp(24z/0?)

G(2) A

+ ko

where k; and ks, are arbitrary constants. Hence, the solution of equation ({3.10))

corresponding to the generator (3.15)) is obtained:

u(S.1) = S(k102 exp(?/;(i— InS)/c?) N k2>.

Apparently constructing the invariant solutions for all possible linear combi-
nations of the operators (3.14)) is impractical. The optimal system, which is a

small representative of the set of the symmetries that is possible to generate
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any other solution via a simple transformation, is constructed. For simplicity,

equation (3.10)) is written as

1
uy + 502x2um +rxu, —ru =0, (3.16)

where S is replaced by z, u;, u, and u,, are partial derivatives of u respect to

t and x respectively.

3.3 Time-fractional Black-Scholes-Merton equa-
tion

The success of the Black-Scholes-Merton equation in providing the values of
options undoubtedly put it in position as one of the most important discov-
eries in financial mathematics in the past few decades despite the fact that
the equation was established under strict assumptions. To weaken those re-
strictions, various improved models have been proposed. Merton proposed
the stochastic interest model [62] and the jump-diffusion model [63], Hull and
White [38] proposed a stochastic volatility model, Davis et al. [21] and Barles

and Soner [7] proposed models with transactions costs, etc.

Recently, numerous fractional Black-Scholes-Merton models were proposed
as the result of the discovery of the fractal structure of the financial market.
Wang [95] presented a European call option pricing formula of a discrete-time

option pricing by the fractional Black-Scholes-Merton model with transaction
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costs by the mean of the self-financing delta-hedging argument. Liang et al.
[53] established a bi-fractional Black-Merton-Scholes model with the Hurst
exponent H in [1/2,1] and proposed the explicit option pricing formulas for

the model.

In 2000, Wyss [96] presented a solution of a time-fractional Black-Scholes-
Merton equation by using Green’s function. His proof was solely done on the
basis of mathematical content. Cartea and Castillo-Negrete [15] showed that
the prices of the financial derivatives of CGMY, KoBoL, and FMLS mod-
els, which follow a jump process or Lévy process, satisfy a fractional partial
differential equation. Jumarie [47, 48] derived two new families of fractional
Black-Scholes-Merton equations in coarse-grained space and time by modeling
a fractional stochastic differential equation as a fractional dynamics driven by
white noise. Jumarie’s works were done on the modified Riemann-Liouville
fractional derivative, in which the effects of the non-zero initial value of the
respective function are removed. Song and Wang [88] combined Jumarie’s
time-fractional Black-Scholes-Merton equation with the terminal and bound-
ary conditions satisfied by the standard put options and gave the numerical
solutions to the model. Ravi Kanth and Aruna [77] presented the fractional dif-
ferential transform method and modified fractional differential method for the
solution of the time-fractional Black-Scholes-Merton European option pricing

equation.
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3.3.1 Lie point symmetries admitted by a time-fractional

Black-Scholes-Merton equation

In this section, the Lie symmetries analysis is used on a time-fractional

Black-Scholes-Merton equation

0w 1 4,
ata+§ax

Ugy + 72U, — TU = 0, (3.17)

(67

u
where e is the partial derivative of the function u(t, z) respect to t of order

a, defined as the Riemann-Liouville fractional derivative

where 0 < m—1 < a <m,m € N, ¢ and r are two different scalars that

represent volatility and interest rate respectively. The invariance condition of

equation ([3.17) that satisfies the infinitesimal criterion of the invariance (2.65)),

that is
o 1
X (@2) <GT: + 502x2um + raeu, — ru) =0,
is given by
a,t 1 2.2 xx 2 T
Nt + —o"x ™ + o xug . + ren” +ru,E —rn =0, (3.19)

2

where the infinitesimals 7, £ and 7 are functions of variables (u, ¢, z) that define

the infinitesimal generator (12.6]).
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Substituting the derivatives n*, n**, as defined in (2.22al , and np*!
from ([2.72) into equation (3.19) and equating the coefficients of w;, uz, Uy,

Ugts Ullgg, Uglze, U, Of "u and 98 "u, to zero gives the following system of

determining equations:

%U%QTM +rx7, =0, (3.20a)

oy M %O’Q$2§xw +raxm —raé, +ré =0, (3.20b)

%am’t -z, +£=0, (3.20¢)

Te =Tu =& =& =0, (3.20d)

%J2x2nw — o%x?,, —rak, =0, (3.20e)

forn =123, (Z) O — (ni 1> DrY(r) = 0. (3.20f)

Notice that equations ([3.20(d), which suggest

£=¢(x) and T =7(1), (3.21)

show that equation (3.20p) is trivial and equation (3.20g) is equivalent to
T = 0, that is
n = uA(t,x) + B(t, x). (3.22)

Since £ = £(x), differentiating equation (3.20¢) with respect to ¢ gives 7 = 0,
or T = ¢1t+¢;, for ¢; and ¢; being two arbitrary constants. The transformations

of variables should retain the structure of the Riemann-Liouville fractional
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derivative operator, that is 7(u, t, x)|;=0 = 0 Hence, the function 7(¢) is found
7(t) = et (3.23)
Substituting equation (3.23)) to equation (3.20) yields
1
Se1a% = 2§ +§ =0,
which gives the solution of the function £(z)
1
&(x) = Jaax Inx + coz, (3.24)

Combining equation (3.23|) with the free condition (2.73f) discussed in the
previous section (or with equation (3.20f)) gives 1, = 0, which subsequently

suggests the function A(¢,x) in equation (3.22) being A(x). Substituting n =

uA(z) + B(t,z) and equations (3.24] [3.23)) into equation (3.20b) gives
A(x) = ccaM Inx + c3, (3.25)

1 1

1 322 and c3 is an arbitrary constant. Hence, the function
o

n(u,t, ) is solved:

where M =

n(u,t,z) = (cqaM Inz + c3)u + B(t, x), (3.26)

where B(t, z) is any solution of equation ([3.17]).
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Hence, the symmetry group of the fractional Black-Scholes-Merton equa-

tion is spanned by the vector fields

0o 1 0 0
Xi=t—+ < cmlrm— + (aM Inz)u W

ot ox
Xg—l’a
Oz (3.27)
X—ua
5T T ou
0
(2,

The one-parameter Lie group of transformation ([2.3) of the operators (3.27))

is obtained by solving Lie equations (2.7)):

Xy = ug?™EPN F ot g =
Xy U =u, t=t, T = ze° (3.28)
X5 U = ue, t=t, IT==x

3.3.2 Optimal system of time-fractional Black-Scholes-

Merton equation

To minimize the group of invariant solutions generated by the infinitesimal

generators (3.27)), we construct the optimal system admitted by the generators

(3.27)). First, we compute the commutators or the Lie brackets as defined in

[2-26)):
[Xi, XJ] = XZX] - XJXl
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For instance, [ X7, X3] is calculated as:
o 1 0 0 0
(X1, Xo] = ( 5 + P lnxg + (oM In x)u%) T

0 0o 1 0 0
— T (ta + —azln To- + (onlnx)u£>

_llﬁ_llﬂﬁ_ﬁﬁ

—20427 nxaa: Xz 20& nxr 9 ) o T - Uau
a 0 0

:——XQ—OéMXg

using the anticommutativity property of a commutator,
«
[Xg, Xl] = EXQ + OéMXg.

Similarly, we obtained the Lie brackets [X7, X3] = [X2, X3] = 0.We listed all
the commutators generated by the operators (3.27)) in Table . The classical

BSM equation emits more generators and hence produces more complicated

Lie brackets [85].

Table 3.1: Lie bracket of the admitted system algebra for the time-fractional
Black-Scholes-Merton model.

[Xi, X X, X, X;
[0
X1 0 _EXQ - OéMXg 0
X, %Xg +aMX, 0
X3 0

Using the commutators Table [3.1] the adjoint representations for each X;

of the basis symmetries group are determined as defined in equation (2.28]).
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First, we determined Ad(exp(eX7))Xa:

2
Ad(exp(eXl))Xg = X2 — €[X1, XQ] + %[Xl, [Xl,XQH

S0 10, [0, Kl 4

2

=X, — (- %Xz — aMX;) + %[Xl, —%XQ —aMX)
3

~ Xy X, —%XQ —aMX;)| + -

ae?

6
= Xp +2(5 X+ aMXs) -

T[XI’XQ]
g3 a
+ E[Xh §[X1;X2]] +
2
= X+ (5 X+ aMXy) + 2= (5 Xz + aM Xa)
g3 a o
— E[Xl, §<§X2 + O(MX?,)] +
ae?
= X2 + 8(—X2 + OéMXg) + T(-XQ =+ (l/MXg)
e3a?

= exp { S} +2(exp {5} — 1)MX;

The adjoint representations of other X;’s are computed similarly and listed

in Table 3.2

To determine the optimal system, we need to simplify as many of the

67



Table 3.2: Adjoint representation of the admitted system algebra for the time-
fractional Black-Scholes-Merton model.

X, X X, X, X,
X, X, exp{%}Xg—i—Q(eXp{%}—l)MXg X,
X, X, — %O‘XQ — caMX; X, X,
X3 X1 X X3

coefficients a; as possible of the nonzero vector
X = CL1X1 + CL2X2 + CL3X3.

First, suppose a; # 0 and assume a; = 1. Referring to Table[3.2] the coefficient

2
of X5 will disappear if we act X with Ad(exp (ﬂ)Xg)I
o

X/ = Ad(exp (%)XQ)(Xl + a2X2 + CL3X3)

2 2
= Xl — ﬂng — ﬂaMXg + CL2X2 + (13X3
a 2 o

= X1 + (CL3 — 2CLQM)X3

= X1+ pX3 (let a3 — 2a2M = p)

No further simplification is possible on such an X’. This means every one-
dimensional subalgebra generated by X with a; # 0 is equivalent to the sub-

algebra spanned by X; + pXs.

Now consider the one-dimensional subalgebras that are spanned by X with
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a1 = 0. Similarly, we suppose a, # 0 and scale it to 1, that is
X// = X2 + CL3X3.

The coefficient of X3 will disappear if we act on X” with a specific adjoint

representation of X;:

n 2 a
X" = Ad(exp {aln (1 — ﬁ) }Xl) (X2 + a3 X3)

2] _ az 21 (1 = 45
:exp{an< 2M)a}X2+(a3+2(exp{o‘n( 2M)Oé}—l)M)Xg

2 2
as
=11-— )X
(1-33)
= a9 X>
Hence, any subalgebra spanned by X with a; = 0,as # 0 is equivalent to the
subalgebra spanned by X5. Lastly, the remaining cases a; = a3 = 0 and a3 # 0

are similarly seen to be equivalent to X3. Hence, the set of one-dimensional

optimal systems for the time-fractional Black-Scholes-Merton model is

{X1 + pX3, Xo, X3}-

3.3.3 Group invariant solutions of time-fractional Black-

Scholes-Merton equation

To obtain the group invariant solutions, the method of characteristics (2.11])

is applied to the infinitesimal generators (or the optimal system). The func-
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tion v = wu(t,x) is an invariant solution of a fractional differential equation
corresponding to its infinitesimal operator if and only if it fulfills the invariant

surface condition

T(U, t, ZE)Ut + g(ua t, I)ua: = 77(% t, ZE)

Suppose £ and 7 are not both zero, then the above invariant surface con-

dition can be solved by the method of characteristics:

3.3.3.1 Invariant solution generated by X,

0
Consider the infinitesimal operator X, = x— we obtained earlier. The char-

ox

acteristic equations
dt dr du
0z 0

give the similarity variables ¢ and w. It is more convenient to write it as
u = F(t). Inserting it into the equation (3.17)) yields the following fractional

ordinary differential equation
aa
—F(t) =rF(1).
(D) =rF ()

Similar to the Cauchy problem (2.63)), the solution to the above equation is

u(t,r) = F(t) = kit* ' Ey o (1t%), (3.29)
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where k; = DU F(0) and E, (2 E I k NCTEY) is a Mittag-Leffler
(a
k=0

function.

3.3.3.2 Invariant solution generated by X, + pX3

The generator X, + pX3, where p is an arbitrary constant, gives

0

0
Xo+pXs=2—+ pu—
ou

oz

and leads to the characteristic equations

Solving the above equations gives the similarity variables t and ux ™" which is
more conveniently written as u = x?G(t). Substitute this into equation (3.17))

will lead to the following fractional ordinary differential equation

;;G( b+ <(p —1) (%a2p+ r)) o) =0

Solving the above fractional equation for G(t) eventually give the solution of

equation (3.17)) as
a—1 1 2 for
u(t,z) = koaPt* " Eyq | (1 —p) Joptr e, (3.30)

where k; = D=~ G(0). The invariant solution provided by the generator

X1 4 pXj as listed in the optimal systems is not found for the calculation in-
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0
volved is unmanageable. Note that X; = u— does not provide any invariants.

ou

3.4 Conclusion

Partial differential equations always generate multiple solutions. So do the
corresponding fractional differential equations. Equation (3.29)) we suggested
above is a one-variable function in ¢. This solution is true from the mathemat-
ical perspective. However, the lack of variable x in the solution is somehow

less appealing from the financial point of view. Here we illustrate the newly

obtained equations ([3.29) and (3.30)) in figures and 3.3l The parameters

chosen for illustration are as follows
e risk-free interest rate r = 0.1,
e volatility o = 0.2,
e constant k; = ky =1,

e constant p = 1.5.

Figure illustrates the solution (3.29) using the parameters with three
different values of v = 0.5, 0.8, and 0.9 against time. Figure [3.3] shows the

surfaces of equation ([3.30]).

The solutions of fractional differential equations, in general, differ signif-

icantly from each other when the values of o are small. However, with the
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Figure 3.2: Equation (3.29) with a = 0.5,0.8, and 0.9, against time using
r=0.1,0=0.2.

increase of a, they appear to be emerging to each other. In Figure [3.2] the
graphs of equation have a big difference between the value of o = 0.5
and a = 0.8. The gap between the graphs shrinks when o ranges from 0.8
to 0.9. Furthermore, figure |3.2] shows an obvious discrepancy between graphs

when ¢t is short (less than 0.4).

Figure illustrate equation (|3.30]) with the same values of o which are
0.5, 0.8, and 0.9. Figure [3.3| shows that the value of the option increases
slowly when z increases. Similar to figure the values of the option differ
significantly when the value of time is small. The values of the option slowly

decline when time increases.

The cause of the discrepancy between the solutions of fractional differential
equations and non-fractional differential equations is uncertain. Tarasova and

Tarasov [93] pointed out that fractional derivatives describe the memory effect
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Figure 3.3: Equation (3.30) with a = 0.5,0.8, and 0.9, against time using
r=20.1,0=0.2p=15.

in financial and economic processes.

Figures and show that the memory effect on the time-fractional
Black-Scholes-Merton equation is prominent for smaller ¢, that is when the
option just gets started. When time passes by, the effect fades and the graphs
merge. We believe the memory effect on the time-fractional Black-Scholes-
Merton equation is somehow connected to the variable ¢ and the constant

Q.

In this chapter, Lie symmetry analysis is used on a time-fractional Black-

Scholes-Merton equation. The time-fractional Black-Scholes-Merton equa-
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tion admits three point symmetries and an infinite dimensional sub-algebra
Xo. With the commutators and adjoint representations obtained, the set of
one-dimensional optimal systems for the time-fractional Black-Scholes-Merton
model is found. Two exact invariant solutions of the time-fractional Black-

Scholes-Merton equation are proposed and presented in the form of graphs.
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Chapter 4

Time-fractional arbitrage-free

stock price model

4.1 Arbitrage-free stock price model

The Black-Scholes-Merton model is based on the assumption that the stock

price follows an It6 process described by the stochastic differential equation
dSt = ,UStdt + Ustdwt

where p representing the drift of the stock, o is the volatility of the stock,
and w; is a standard Wiener process. In fact, the value of S; at any time ¢ is

expected to be
EQ [St] = Soert,
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where @ is the risk-neutral measure. In 1976, Cox and Ross [20] proposed an

alternative to the above model, that is
dSt = ,LLStdt + oy Stdwt.

The above equation has no closed-form solution. Hence, the analogue of the
Black-Scholes-Merton formula for the Cox-Ross model can not be found. Stock
price models depend heavily on the arbitrage-free condition, which is not re-
alistic. Bell and Stelljes [10], in 2009, proposed a method to construct a class
of solvable arbitrage-free models for stock prices by following the stochastic

Bernoulli equation of Stratonovich type
dgt = /,Lgtdt + O'Sf ¢) dwt, (41)

where 1/2 < p < 1. The solution to the above model is an integro-differential
equation
~ t - 1/(1-p)
S, = e”{(l — p)a/ e Py, + Sép} : (4.2)
0
which generally contrasts with the arbitrage-free condition. To overcome
this shortage, Bell and Stelljes constructed a function Z so that the process

S, =7 (5}, t) is arbitrage-free. This yields a second-order partial differential

equation for Z that is similar to the classical Black-Scholes-Merton equation

2.2p

2 .2p-1
Zt—l—(TS—f-]%) ZS—I—g; L —14 =0, (4.3)
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with the condition that there exists n such that for every future time 7" > 0,

sup |Zs(s,t)| < Csl", Vs €R.

0<t<T

The solutions of equation (4.3) for p = 1 and p = 1/2 were suggested at
the end of the paper [10]. When p = 1, equation (4.3 emerges to the classical

Black-Scholes-Merton model and admit a solution Z(s, ) = s~ /2

. Similarly,
when p = 1/2, the equation (4.3]) emerges to the Cox-Ross model and admits

a solution Z(s,t) = s+ o2/4r.

Sinkala [80], in 2016, extended this result for all values of p,1/2 < p <1,
for which the equation is tractable by using Lie symmetry analysis. Replacing

the variables x and u in place of s and Z, we have

ou po?z?®~t\ Oou  o*a? 0*u
gu porrT ) U AL 4.4
ot " (m T et T e (4.4)

Equation (4.4) admits a rich symmetry group. Sinkala showed that for p #

1, the basis of the infinite-dimensional vector space of infinitesimal symmetries

78



of equation (4.4) are as follows:

0 0
X, = ePlgt-r (021:2”_1— — 27’u—),

ox ou
X, =e P! p((%,
N R DY L |
X, = 20! (aﬁ - u(%) (4.5)
X5:%+ (T—g)u%,
S
Xy = ¢(t9€)a%,

where D = (p — 1)r and ¢(t,x) is any solution of (4.4)). The corresponding

invariant solutions generated by (4.5]) are

Xli

XQZ

Xgi

X4I

r| @—pyt— 2222
u(t, ) = ke {( 7 “‘”"2}, (4.6a)

e(p—l)rt$1—p 62(;0—1)1#50.2 }
)

t,z) = t— -
u(t, x) /ﬁexp{r P =1

(4.6b)
xQ(l_p)
(1-p)o?

u(t,z) = K€" + roe ' P (4.6d)

u(t, x) = exp {r(?(l —p)t) — } (k1€”" + Koe™ 2P | (4.6¢)

Note that X5 in equation (4.5]) leads to a reduced second-order ordinary dif-

ferential equation which Sinkala did not suggest a solution to it.
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For p = 1, equation (4.4) reduces to

ou o2\ ou o*x?d%u
E—F(T-ﬁ- ) ax+—2 @_TU_Ou (4.7)

which admits infinitesimal symmetries that is spanned by the following oper-

ators:

X3 a—i—Nru(%, B
X—xlnaz%—l—%% (2N7’t—%——lnx) 8631 '
X6—u%, X¢—¢(t,x)(%’

-
where N = 1+ 292 and ¢(t, x) is any solution of equation 1) The respective
o

invariant solutions generated by (4.8)) are

X1 u(t,z) = ke, (4.9a)
Xo: wu(t,x) = /-fleN”tle?Tg_a%, (4.9b)
3¢ ) = o? :
X, u(t, ) = eN"e T3 (ky + ko Inz), (4.9¢)
r —2rt+inzx /‘€1 /{:2 11193
Xs:  u(t,z) =Ny a0 <% + th) : (4.9d)

The invariant solution generated by the generator X, was not suggested.
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Sinkala’s work complemented the work done by Bell and Stelljes who pro-
posed a method for constructing explicitly solvable arbitrage-free models for
the stock price and reported the challenge to finding such solutions for a gen-
eral parameter p, which Bell et al. had only found two simple solutions for

p=1andp=1/2.

In this study, we extend the arbitrage-free model (4.3)) to a time-fractional
arbitrage-free stock price model using Lie symmetry analysis. Recall the sec-

ond order partial differential equation (4.4)), the time-fractional version of equa-

tion (4.4)) becomes

(4.10)

o * 2 oz T T2 o ’

0% palx?P~1\ ou o2 9%u
R

[}

ate
of u of order o with respect to t . When p = 1, equation (4.10) becomes

is the Riemann-Liouville fractional derivative

where 0 < a < 1,p # 1, and

0%y a2\ ou %2 0%
—_— — — _— = = 0. 4.11
ataJ“(”z)"”ax“L 2 o2 Y (4.1)
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4.2 Lie symmetries of a time-fractional arbitrage-
free stock price model

First, we study the time-fractional arbitrage-free stock price model with p # 1.

Recall the time fractional arbitrage-free stock price model given in equation

(14.10|)
0%u n polz?~1\ Ou n ola? 0% 0
— re 4+ —— | — — —ru =
ot 2 ox 2 0x? ’
where 0 < a < 1,p # 1, and —— is defined as Riemann-Liouville fractional

ote

derivative of u of order a with respect to t. The invariance condition of

equation (4.10)) is

1 1
0™+ (re+ spote® ) n" + [ rE+ - (2p — 1)po P TE ) u,
2 2 (4.12)

1
+502x2pnm + pa%zp_lf’um —rn = 0.

The prolongations n*, n**, and ™', which are listed in equations ([2.22al, [2.22¢]
2.72), are substituted into equation (4.12). The coefficients of wus, uy, Uy,

Uty U, Upllpe, U2, OF ™ and O5 ™ are then set to zero to obtain the following
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non-trivial system of determining equations:

Nuw =& =& = Tp = Ty = 0, (4.13&)
—na— 2 'p+ 28, =0, (4.13D)
Tu(1l — &) + 20y = 0, (4.13c¢)

1
(ati — &) (m + §p02x2p1> +

2 — 1 R
(T L2 : )p02x2p2) e4 7 ;: (2 — E22) = 0. (4.13d)

From equation (4.13a)), we know
n(t,x) = uA(t,z) + B(t,z), £=¢&(x), and 7=7(1).

Differentiating equation (4.13b]) with respect to ¢ will eliminate £ and &, be-

cause £ = &(x). This will lead to 7 = 0 and hence,
T =t (4.14)

Here, the constant of integration is dropped to preserve the structure of the
Riemann-Liouville fractional derivative. Equation (4.14]) then lends to the
solution of &:

P E— P, 4.15
2(1_p)x—|—02x (4.15)

Finally, substitute 7, ¢ and their derivatives into equation (4.13d|) to obtain

Na 5, 1-
= —_— —coMax? B(t, x). 4.1
n <012(p_1)x oMz 7P +c3 | u+ B(t,x) (4.16)
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Here ¢y, ¢y, c3 are arbitrary constant, N = r/0? and B(t, x) is any solution to
equation (4.10). The arbitrary constants in n, £, and 7 make up an infinite

dimensional Lie algebra of symmetries as below

x, =2« 0 (ﬂ Hp) .9
ox

ot 2(1—p) 2(p — 1)33 ou’
Xo = mpi - le_puﬁ,
oz ou (4.17)

X —u2

3 — 8&7

0

Xoo = B(t,z)—.

> ( ’x>8u

For the case when p = 1, equation (4.11))

0%u n n o? ou n o212 0%u 0
r+— | oz— — —ru =
ot~ 2 0x 2 Ox?

gives the following invariance condition

o2 o? o?x?
U (r i 7) o (Tﬁ i Tg) Uy + —5 =" 4 070y — 7 = 0. (4.18)

Similar to the above case, the following system of determining equations is
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obtained:

Nuu = gt = Su =7, =7, =0, (4.19&)
—awt + 2w, — 26 =0, (4.19b)
Tu(1 — ) 4+ 21y = 0, (4.19¢)
o? o2
(T—f—?)f—l— (T+7) axT
o’ 2 2 L 5,

Equation (4.19a) provides a similar condition of the function 7(¢),¢(x), and
n(t,z) as in the previous case. Differentiating equation (4.19b)) with respect

to t gives us

T = cqt. (4.20)

Equation then leads to the solution of £ by using equation (4.19¢)):
&= cléax Inz + cox. (4.21)
Finally, equation gives
n = <—01%Nlnx + Cg) u+C(t,x), (4.22)

where N = r/o? and C(t, ) is any solution to equation (4.11)). The admitted

infinite dimensional vector space of infinitesimal symmetries is spanned by the
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following operators:

0 0 o) 0
Xl—tat—l— xlnx£—<§Nlna:)u%,
Xz—ZL'a

Oz (4.23)
X —u2
> T ou

0
(t,2)5-

The infinitesimal generators in equations and give the one-parameter
groups of symmetries by solving Lie equations . The results correspond-
ing to the infinitesimal generators and are presented in
and respectively.

Nz2—2p ae }
_ e2 —1 n _ Qe
Xi:u=wuel »1! ( ) t=¢€t, T=e20Pg

Y

Xotu= ue{_N(%ﬂH}a)} t=t T=[1-pe+ xlfp]ﬁ

’ ’ (4.24)
X5 : U = ue, t=t, IT=u=x
Xeoo:=u+ B(t,x) t=t, ZIT=ux
Xl U = ug(;N(lie )’ t_ = €Et, T = .TGT
Xy U =u, t=t, ZT=¢c2x
(4.25)
X5 U = ue, t=t, zT=u
X :i=u+ B(t,x)e, t=t, T==zx
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4.3 Optimal systems and group invariant so-

lutions

Any linear combination of the generators found in the previous section may
construct different group invariant solutions. To minimize the set of reduc-
tions that are not equivalent by any transformation, we construct the optimal
systems [71] for each of the cases when p # 1 and p = 1 respectively by us-

ing infinitesimal generators (4.17)) and (4.23). First, the commutators of the

admitted symmetries are constructed.

Recall the commutators of operators X; and X as defined in (22.26), [X;, X;] =

X;X; — X, X;. For instance,

(X1, Xo] =X1 X2 — X0 X

= tﬁ + Lxg + Mug mpﬁ — Nl.lfpui
S\ ot 21—-p)ox 2p—1) Ou oz ou

— xpﬁ — prpuﬁ tg + Lxg + Muﬁ
Ox ou ot 2(1—p) 0r 2(p—1) Ou

2—2p
- * {pr”‘li ~ N(1 _p)x—puﬁ] _ %u [le—p£:|

2(1—p) ox ou 2(p—1) ou
— P Lg_ 1-2p ﬁ 1-p Mﬁ
v [2(1 —p)Ox alN u@u} N {Z(p— 1) Ou
- pﬁ_gN I-p ﬁ_m Q_L pg
20— p)P or 27" You T 2—1) “ou 200—p)" Oz
2,3(1-p)
+aNz! pu2 a7 0

8u+ 2(p—1) “ou
0 « 0 oz<p6
I‘_

__ Y9 Nt Py— ==
2T or TN Vg, T T3
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Using the anticommutativity property of a commutator,
«
[XQ,Xl] - EXQ

Similarly, we obtained the Lie brackets [Xi, X3] = [X2, X3] = 0. The Lie

brackets (or commutators) admitted when p # 1 and p = 1 are listed in Table

and Table [4.2] respectively.

Table 4.1: Lie bracket of the admitted system algebra for the case p # 1.

X Xl X X Xy

X 0 —2X, 0
X, 22X, 0 0
X 0 0 0

Table 4.2: Lie bracket of the admitted system algebra for the case p = 1.

(X, X)) X, X X;
X, 0 —2Xo+12X; 0
Xy 29X, — X, 0 0
X 0 0 0

Next, we need to construct the adjoint representation by using the formula

n 82

Ad(exp(e X)X, = Zﬁ (ad X)"X; = X; —£[Xy, X;]+ 7 [, [X, X]) -
n=0 ’

Q)
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To determine Ad(exp(eX;))Xo,

15
Ad(exp(gXl))Xg :X2 - 6[X1,X2] + §[X1, [Xl, Xz]] +
a g2 o
=Xy —¢ [——X2] + 5 (X1, [ §X2]] +
2
«Q ag
:X2 — €& |:—§ 21 — T[Xl,Xz] +
2_2
— X+ X+ X+
2 8
ac  ao’e?
=14+ —= X
< + 5 3 + ) 2
Qe
= —+ X
eXp{ 2 } 2

The adjoint representation of other X;’s for the case when p # 1 and p = 1
are computed similarly and listed in Table and Table [4.4]

Table 4.3: Adjoint representation of subalgebra for the case p # 1.

Ad X, X, X3
Xl Xl exp(%)XQ X3
Xo X1 —5X X X3
X3 X1 Xo X3

Table 4.4: Adjoint representation of subalgebra for the case p = 1.

Ad X1 Xs X3
X1 X1 exp(5 )Xo + N(1 —exp(F)) X5 X3
Xy Xi— X+ N(2)X; X, X;
X3 Xy X5 X3

For the case when p # 1, consider the linear combination of the symmetry

generators:

X = a1X1 + a/2X2 + CL3X3.
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Suppose first that a; # 0, then we can rescale it to 1. If we act on such an

X by exp(%)Xg, we can make the coefficient of X, disappears:

2
X' = Ad (exp (%Xg)) X = X, + asX;.

No more simplification is possible. Thus the one-dimensional subalgebra spanned
by X with a; # 0 is equivalent to the one spanned by X; + pX3, where p is an
arbitrary constant. The remaining one-dimensional subalgebras are spanned
by the vectors of the above form with a; = 0. Suppose ay # 0 and setting

as = 1, acting on X by the group generated by X;:
y e}
X" = Ad(exp(eX;))X = exp <7> Xo + azXs.

This is a scalar multiple of X" = X5 + asexp (—%) X3 which depends on the
sign of az. We can make the coefficient of X3 either +1, —1, or 0. In other
words, any one-dimensional subalgebra spanned by X with a; = 0,as # 0 is
equivalent to one spanned by either X + X3, Xo — X5 or X5. Finally, setting
a1 = as = 0 and az = 1, we have only X3. Hence the set of one-dimensional

optimal systems for the case when p # 1 is
{X04 X0, X + Xy, Xo = X3, X, X .
Similarly, one can check that the optimal system for the case when p =1 is

{ X1+ pXa, Xo 4 pXi, X .
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4.3.1 Group invariant solution of time-fractional

arbitrage-free stock price model

As discussed in Chapter 2, the method of characteristics is applied
to the infinitesimal generators (or the optimal system) to obtain the group
invariant solutions. Finding the group invariant solutions of fractional differ-
ential equations is equivalent to finding the invariant solutions corresponding

to its infinitesimal operator while keeping the invariant surface condition

T(u, t, x)ug + E(u, t, x)u, = n(u, t, x)

satisfied. The results from solving the characteristic equations are then com-
bined and substituted in the original FDE. This will reduce the FDE to an
“easier” differential equation which will lead to the completion of the whole

process.
Invariant solution for the case p=1

For the case when p = 1, let’s consider the generator

0 0
Xo+ pXa = 51— + pu—.
2 pAs I8x+pu8u
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The characteristic equations of the generators are

dz  d
i (4.26)

x pu

which give the similarity variables ¢ and uz™". The solution of equation (4.11])
has the form u = 2?H(t), where H(t) is a function in ¢, with its derivatives
can be written as u, = px? ' H(t) and u,, = p(p— 1)z 2H(t). Substitute the

derivatives into equation (4.11)) gives the equation

opm() = - (370" + (o= 1)) HO

Finally, the invariant solution of equation (4.11]) is obtained as

1
u=M1"t"""E,q (— <§p202 +r(p— 1)) ta> (4.27)

where \; = D~U=*) H(0).

The invariant solutions for the case when p # 1 are not found. Equation
fails to reduce to a solvable fractional differential equation after the
simplification. Similarly, the invariant solution for the case when p =1 corre-
sponds to the generator X; 4+ pXj is left unsolved. The generator u% has no

invariant solution.
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4.4 Conclusion

(d) Comparison of equation (4.28) and
equation (4.27) with different o

Figure 4.1: p=1

(¢) Equation (4.27),cc = 0.9

Sinkala [86], in his work on the integer version of the model, gave the

respective invariant solutions of the model as

u=cz Vexp { (1 + %) rt} (4.28)

for the case when p = 1, where ¢; is an arbitrary constant and N = r/o?.
Having both the solutions of the model in fractional and non-fractional versions
allows us to examine the differences and similarities of the models in detail.

Generally, most researches show that when the value of o approaches 1, the
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fractional version tends to be similar to the integer version. Using A\ = k1 =

ci=1r=0.1,0=0.2p= —2.5 and different values of «, the comparison of

equation (£.27) and (4.28) are shown in Figures [1.1] Figure [.1(d) shows the
combined comparison of figures [{.1](a), [4.1(b) and [£.1)c).

The figures show that when the values of « get closer to 1, the respective
surfaces get closer to Sinkala’s solutions. The disparity of the solutions of
integer differential equations (Figure [1.1(a)) and the solutions of fractional
differential equations (Figure [4.1[(b) and Figure [£.1|(c)) is due to the presence
of memory in financial agents. The concept of derivative of non-integer order
is widely used to describe the processes with memory in natural sciences and
in financial processes recently [57, 03]. The memory allows that at repeated
changes the agents can react to these changes in a different way than they
did before. Our figures show that when the order of the fractional derivative
equations, «, is low (far from 1) and when the time is short, the disparity is
obvious. The effect of memory is noticeable. When the value of « increases

and approaches 1, the disparity seems to be offset.

The effect of fractional calculus in computational finance is undoubtedly
significant. Before an interpretation of the rule of fractional calculus in com-
putational finance is commonly acknowledged, looking into the differences and
similarities of the existing models and their fractional versions is indispensable.
The figures above show that the differences between a time-fractional model

and an integer model are noticeably huge when the value of « is away from
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1 and when the time is short. When the time fractional model unfolds, as
the values of o and time increase, it convergences to the corresponding integer

model.
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Chapter 5

Power Options under the

Heston dynamic

5.1 Introduction

The Black-Scholes-Merton model introduced by Black and Scholes [12], and
Merton [61] undoubtedly is the most celebrated model for option pricing since
its introduction in 1973. However, the assumptions made by this model, which
include constant volatility, make this model too idealistic. In reality, most
financial assets consider stochastic volatility. The extension of the Black-
Scholes-Merton model to stochastic volatility triggered the blooming of various
stochastic volatility models. Among these models, Heston’s [35] is the most
recognized one with stochastic interest rates being introduced in pricing a
European call option on an asset with stochastic volatility. This model allows

an arbitrary correlation between volatility and spot-asset returns.
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Ibrahim et al. [43] later evaluated the power option prices based on the
Heston dynamics, assuming the asset price is to follow the log-normal process
governed by a single Brownian motion. A second Brownian motion drives the
volatility process. The two processes, the asset price process and the volatil-
ity process, are correlated by a constant correlation coefficient. Assuming the
market is complete [23], a partial differential equation representing the port-

folio is derived.

In a probability space (€2, F, ) on two Brownian motions W, ; and Wy, for
t > 0 where F;,0 <t < T, is the filtration caused by the Brownian motions
with T" being the maturity and @ is a risk-neutral probability, the asset price

S is governed by the model

dS; = rSdt + \/V,S,dW,
AV, = k50" — V,)dt + o/ V,dWs, (5.1)

(AW, dWay) = pdt,

which is a geometric Brownian motion with volatility that follows a stochastic
process where the variance V; follows a square-root mean reverting process [20],
r is the risk-free rate, k* is the mean reversion speed, #* is the average level
of volatility, o is the volatility of volatility, and p is the correlation coefficient

between the two Brownian motions. Ibrahim et al. [43] proposed a model to
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adapt the stock price for a power option as

dfz(m+éWM5—n)$ﬁ+5¢ﬁﬁﬂm¢
(5.2)

AV, = K7(0" = B°V)dt + o B/ VidWay,

where (3 is a positive constant. Inspired by Gatheral [27] , Ibrahim et al.

derived a partial differential equation based on equation (|5.2)):

ou 1o \Oou 1, 0% 1 ,, 0%
a*(r—ﬁﬁy)—ﬁﬁy?@’”

ox 0 0y? (5.3)
0*u ou .
2 _oR2 N —
+po 7y 900y +r(0 — B7y) oy " 0,

where u = u(t, x,y) is the value of the underlying power option with z = In Sf

* )k

are to eliminate

and y = V; for simplicity. Here k = k™ + A and 0§ = — n
K

Ay, the volatility risk premium. In this study, Lie symmetry analysis is carried

out on equation (5.3)). The infinitesimal generators, the symmetry groups, the

optimal systems, the invariant solutions, and the conservation laws emitted by

equation (j5.3) are presented.

5.2 Lie symmetry analysis of a (2+1) - dimen-
sional partial differential equation

The Lie symmetry analysis of a (2+1)-dimensional partial differential equation
is similar to the Lie symmetry analysis discussed in section [2.2] with more

tedious and complicated terms. Consider a (2+1) partial differential equation
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of second order of the form

F(t, @y, u, Ug, Uy, Uy, Ugy, Uyy) = 0, (5.4)
ou ou 0*u . .
where u; = TR Uy = EPREEE Uy = 8_y2 The transformations of the points

u,t,xr and y in the forms of

u=u+en(u,t,r,y) + O(?),
t=t+er(u,t,z,y)+ O(?),
(5.5)
7=+ et(u,t7,y) + OE),
g=y+ep(ut,z,y)+ 0,
with
_dx _dt _dx _dy
n= EL:O?T = £|5:0’5 - %‘520’ Y= E‘a:m
and e being the infinitesimal parameter, are the symmetry transformations of
equation ([5.4)) if the transformation points (5.5)) satisfy equation (5.4)). The
collection of all such possible symmetry transformations, says the set G, ex-
hibits the characteristics of a continuous group which include the existence of

identity element, inverse and the composition of any two elements in the same

group.
The infinitesimal operators of the group G are presented as

0 0 0 0
X = n<u7tax7y)% + T(U,t,l’,y)a + §(u,t,x,y)% + gp(“at)x?y)a_y (56)
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which when prolonged to derivatives by adding all terms of 7d,, up to the

necessary order give

X® =X + 00y, +0"0u, +1°0u, + 1" 0u,, + 0**0u,, + 1"0u,,.  (5.7)
In accordance with [13] n” is expressed as
17 = 1o + (N — Ea)Ue — WeTo — UgleTy — USEY — UyPy — Ugllypu,  (5.8a)
n' = 4w, — wm — U?Tu — Up&y — Uy Sy — UyPr — Uy Py, (5.8b)
Y = My 4 Uyl — WTy — Uty Ty — Uy — Uglly&y — Uypy — Uoipu,  (5.8)
1 = Naw + e (2Nau — Eaa) + U2 (N — 260u) + Ve (Ny — 262) — WiTes
— U U 2Ty — Ut 2Ty — U Ty — Ugllga Ty — U Uiy 2Ty — U
— Ug a3 — Uy Prw — UaUy2Pau — Uay2P0 — UnUyPuu
— Uy Uz Py — Uy Uy 2P, (5.8d)
0™ = Ny + Ua(Myu — Eay) + Uyzu + Uatly(Tuu — Sou — Pyu)
+ Uy (N — & — Py) — WiTay — UgWiTyy — Ugt Ty — UgllyTay,
— Ug Uy Ty, — Ugllgyy Ty — Uy Uy Ty — Uy Ty — Ugllyy Ty — Uy
— Uy — Uy — Uyl — Uy 26y — Uylsy 200y — UyPay
— uf/gow — uxuzwuu — Uyy Py — UgllyyPu, (5.8¢)

N = Ny + uy (200 — @yy) + UZ(Uuu — 20yu) + Uyy (N — 20y) — WiTyy

2
— Uy 2Ty — Ugy2Ty — Uty Ty — Uty Ty — UyUy 2Ty, — UgEyy

2 3
- uzuy2€yu - ny2€y - uxuyguu - u:cuyyfu - uyumy2€u - uyspuu

— Uy Uy 3PU. (5.8f)

The determining equations of equation ([5.3]) can be found from the invari-

ance condition
2
X( )|equation = 0.
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The calculation to solve the invariance condition is lengthy and convoluted if
it is done manually. We use the software package MATHLIE [9] to simplify
the work. The result from the calculation gives the following infinitesimal

operators

0 0
X1 = — X2 = a, and X3 = U% (59)

For simplicity, the infinite generator X, is dropped. The corresponding trans-

formations of the generators (5.9) are translation along the z-axis

translation along the t-axis

t=t+e,

8
Il
8
Ny
I
<
I~
Il
£

and scaling along the u-axis

Sl
I
\‘N
8l
Il
8
Ny
I
&
I}
Il
I
®

5.3 Commutators, adjoint representations and
optimal system

An optimal system of generators is a set consisting of exactly one generator
from each class of associated symmetry generators to obtain the invariant so-

lutions. This classification is essential for the equity of the generators caused

101



by the characteristics of the symmetry group. Olver [71] provided the com-
mutator or the Lie bracket (2.26)) as

which is skew-symmetric, [X;, X;] = —[X;, X;], and [X;, X;] = 0. Using the
operators (5.9)),

o [0 o (0
(X1, Xo] = X1 Xo — XX = B (E) 5 (%) =0

Similarly, we found that [X;, X;] = 0 for all 7 and j, as shown in Table .

[XivXj]
X1
Xo
X3

1 2 3

OOOX
OOOX
OOOX

Table 5.1: Commutators table

Hence, using the adjoint representations ([2.28)

52

the adjoint representations of the corresponding commutators are listed in
Table (.2
The optimal system is constructed by simplifying the coefficients of the

general infinitesimal generator

X = CLX1 +bX2+CX3
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Table 5.2: Adjoint representation table

as much as possible using the adjoint representation table. First, assuming the
constant ¢ # 0, ¢ = 1, the generator now is in the form of X = aX; +bX5+ X3.
There is no further simplification that can be done base on Table[5.2] Assuming
c=0,b#0,b=1, we have X = aX; + X5 which can be further simplified no
more. Finally, letting b = ¢ = 0,a = 1, we have X = X;. Hence, the optimal

system is presented as

{Xl,aX1+X2,aX1+bX2+X3}. (510)

For details work to obtain commutators, adjoint representations, and the

optimal system, one may refer to [71].

5.4 Invariant solutions

In this section, the similarity reductions are used to obtain the invariant solu-
tions of the optimal system found in section [5.3] The invariant solutions can

be found by solving the invariant surface condition

n = Tu + Euy + puy (5.11)
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through the characteristic method

e =Y (5.12)

X1 :g X2:27 and )(3:11/3
t ou

Let’s consider the possible cases from the optimal system in section [5.3

5.4.1 Case 1: X,

0
The generator X; = — makes the characteristic equation of dz = 0. Intro-

ox
ducing the similarity variables ¢ = ¢ and y = 7, the solution of equation (5.3))

is written as u = F(, %), which gives the derivatives
w=Fy, Uy =Ugy = Uy =0, u,=Fy, = Fy (5.13)
Equations reduce equation to
F;+ %JQBQgF@ + [k(0 — B*9)|Fy — rF = 0. (5.14)

The reduced equation ([5.14)) is still complicated. To reduce it to a sim-

pler differential equation, we run the package MATHLIE on it one more time,
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resulting in the infinitesimal generators below:

I — 652Kt~g2 N 662R£2 L 202Ky — 20K% + ro? P
! oy B2k Ot B?ko?
N e A )

= e T Bk 5 Pn | OF
0

F - —=

3 at?
0

b= R

0

8_F7

(5.15)

To serve the purpose to simplify equation ([5.14f), we consider the combined

generator

0 0
s+ =—=+F—
3+ 1y 8t+ OF

which gives the characteristics equation

(5.16)

Equation (5.16) gives the similarity variables § = § and F (t,9) = eG(9),

which derivatives are given by

F=d'G(f), Fy=€'G(), Fy=eG"(@).

(5.17)

Substitute equations (5.17)) into equation ([5.14]) will reduce it to a second

degree differential equation

S0BG () + [5(0 — F*9IC(5) + (1 - 1)G(3) =0,
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which has a solution

G(4) = a1 U (B, 1 + A, C) + coi* LA5(C9), (5.19)

where ¢; are arbitrary constants, U(a, b, x) is confluent hypergeometric func-
tion of second kind, L% (x) is the associated Laguerre polynomial L which are

described in more depth in reference [1], A, B and C are constants defined as

Co B:A—i-r_l C_Q/-s

“ 7 (T

A=1
Equation ([5.19)) gives the solution of equation (5.14]) as
F(£,§) = ¢'§[eiU (B, 1+ A,Cj) + esLA5(Cy)]

which finally provides the solution of equation (5.3)) as

ui(t,y) = €'y [aU (B, 1+ A, Cy) + 2L 5(Cy)). (5.20)

5.4.2 Case 2: aX; + Xs

0 0
Now, consider the generator aX; + Xy = aa— + % The characteristics
x

equation of the generator
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introduces the similarity variables + — at = w and y = . The solution of

equation (5.3) can be written as u = F(y,w) with

w = —akyg, Uy =Fg, Up=TIpe, uy=Fp
(5.21)
Uyy = Fygy  Uzy = Fay.
Equations (5.21]) reduces equation ({5.3)) to
L oo L oo L oo 2~
r—a—ﬁﬁy Fw+§ﬁyFww+§Uﬁngjg+P05?/ng 5.22)
5.22

+[k(0 — B*9)]F; —rF = 0.

Similar to the case before, equation ([5.22) is further analyzed using Lie sym-

metry and the generators below are obtained

0 0
I =— d TI'h=F—. 5.23
oaw MY 2T oF (523)
. 0 o0 . .
Combining the generators (5.23)), I'y + 'y = 70 + F F introduces the simi-
w

larity variables § = ¢ and F(,w) = e®G(4). Hence, we have
Fo = Fap = e"G(Y), Fy=Fyp=¢"G'(9), Fy=e"G"(9). (5.24)

Equations ([5.24)) reduce equation (5.22)) to a second degree differential equation

SOUBIC ) + 8+ (po — MFIICH) — aGH) =0, (5.25)
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The solution of equation ([5.25)) will finally reveal the solution of equation ([5.3|)
as

u2<t7 x, y) - ez_atyA[ciiU(D? 1+ A7 gy) + C4Li‘D(5y)]7 (526)
where D and £ are constants defined as

4 a _ 2(po —K)
D=A —52@0_%),5— —

5.4.3 Case 3: aX1 -+ bX2 —+ X3

The generator aX; + bXy + X3 = aﬁ + b2 + ui, with the characteristic
ox ot ou
equations
dr dt  du
rIiT

provides the similarity variables bz —at = w and y = y. Rewriting the solution

of equation (5.3) as u = ¢!/’ F (1, ) gives the derivatives of u as

1
Up = el/® (—F — aFw) , Uy = bet/bFu;, Ugy = bzet/waw,

b (5.27)
Uy = et/ng, Uyy = et/ngg, Upy = bet/bFu;g.
Using equations ([5.27)), equation ([5.3)) is reduced to
[P Lo oo Loy 2~
rb—a— 565 | Fy+ §b B yFae + 5 B yFy5 + bpo B~y g
(5.28)

+Ww—5@ﬂ%+<%—r>F:0
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Equation (5.28|) gives the infinitesimal generators

0 0
Fl = % and FQ = Fa_F (529)

0 0
The combined generator I'1+1'y = 8_~+F 9F with the characteristics equation
w

di  dF

1 F
introduces the similarity variables § = ¢ and F(w0, ) = e“G(3)), which deriva-
tives are given as

Fio = Fpp = €"G()), Fy=Fye =e"G'(§), Fy=e"G"(3). (5.30)

Equations ((5.30]) reduce equation (5.3) to a second degree differential equation

%‘7252?)0”@) +[1(0 = 5%) + bpo B*H1G'(9)

# (3= atro- 1)+ 1050 13) 6@) =0

(5.31)

Similar to the previous cases, the solution of equation (5.3 is then obtained

as

us(t, z,y) = SV Het /b=ty Ale T1(H 1 4+ A, Ty) + c6 L7, (Ty)], (5.32)
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with

F = /K2 — 2bkpo + b(b(p? — 1) + 1)02,

G- F - /;;L bpcr,
2 o(0kp —ro)b* + (6*(FB* + a+ 1) — Ok(k + F))b — o2
B bB2o2F ’
2F
I: g,

are constants.

5.5 Conservation Laws

A connection between the symmetries of differential equations and conserva-
tion laws exists if the equations are founded from the variational principle,
according to Noether [69]. Ibragimov [39] defined an adjoint equation for a
non-linear differential equation and constructed a Lagrangian for equations
with the adjoint equation. Conservation laws are useful to check the accuracy
of numerical solutions [26]. One may refer to the above-mentioned references
for more details.

Any Lie point or Lie-Béacklund of a differential equation provides a
conservation law D;(C?) = 0 for the system of differential equations comprising
equation . The adjoint equation is given by

I(vF)

*
F (t’x’y’u‘”’vﬂc"'"uyy’vyy) - Ty

o
where Su is defined as in equation (2.33)). The adjoint equation of equation
u
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(5.3]), where in this case, is simplified as

1 1 1
F = u+ ('r — iﬁzy) um+552yum—|—§a2ﬁ2yuyy+paﬁ2yuxy+r<c(0—ﬁ2y)uy—ru,

is given by
)
(9 0 0 0 5 0 , 0 Y
- (8u Dt 8ut Dw 8uz Dy auy + Dz aux:c + Dy auyy i ny 8uwy) (UF>

- D0 ~ el + D2 (35 )

1
=— D(v) — D, [ (r — 5523/) v
D2 1 2/82 D2 /82
+ D, 50 By + Dy, [po B yv] —rv
1 1
=== (7= %) e 0= P, — 5]+ 5
+ 10252(211 + Yvyy) + po B (Vg + Yray) —
5 y  YUyy) + po B (vy + Yvgy) — TV
1 1
= — UV — (7" - 5523/ - pO-BQ) Uy — K(Q - Uzﬁz - ﬁ2y)vy + 552yvmz

1
+ 50262yvyy + po BPyva, + (kB* — 1)v.
(5.33)
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The conserved vectors as given by [42] are

Ct=rL+W (8_£> ,
aut
- oL oL oL oL
Cr =L+ W | 25 - D, (_8u) D, ( %) + D,(W) { aum}
oL
+ D, (W) {Ouw} : (5.34)
oL oL oL oL
Y hdada _
O =pltW duy Dy <auyy> b (auxy) D) {auyy}
oL
+ Dy (W) { auxy} ,
where W and L, the Lagrangian form, are defined as
W =mn—~&u, —Tu — puy, L =vF. (5.35)
0
5.5.1 Case 1: X; = —
ox

0
For X, = 7’ where n =7 =9 =0, =1,W = —u,. Hence, the conserved
x

vectors

Cl=rL+W (%> = —u, (a[”F]> =y, (5.36)

aut 8ut
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OvF ovF OvF OvF
T _ F— _ _ _
¢ =v e Ouy Do (8um) v (8uxy) Da(uz) {6@”}
OvF
—D
y(ux {aumy}

— Dy(u, (pUﬁva)
1 1
=0 + 50262yuyyv —ruv + k(0 — B2y)u,v + §ﬁ2yuxvx + po BPuv

+ poBryu,v,.
(5.37)

Similarly,

1 1 1
Cy = (50252 — k(0 — ﬁzy)) Uy + §J2B2yumvy + p052yuxvm — éazﬁzyuzyv

- po—ﬁzyuzxv-
(5.38)
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0
5.5.2 Case 2: Xy = —

ot
0
For the case when Xy = g where n =& =9 =07=1 W = —u
(5.34]), we have
O(vF
Cl =vF — (vF) =vF —ww
aut

1 1 1
(T - 552?/) Uy + QBQyU:m: + 50252yuyy + paﬁ2yu1y
+ k(0 — B*y)u, — ru] v.
Similarly,

1 1
Cy = (§ﬁ2y —r+ paﬁz> upv + §ﬁ2yutvx + po BPyugv,

1
- 62 (5 + p0-> YUV,
and
2 1 2102 1 2102 2
CY =| (B2 — 0) + 50°8* |uww + S0°Byuw, + poFyuc,
5 (1
—of3 50 + p | yuzv.
0
5.5.3 Case 3: X3 =u—
ou

For the case X3 = ua—, W = u. Hence,
u

ovF
C’ézuL:uv.

8Ut
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Similarly, we have

1 1 1
C5 = (r — By — p052> w — = BPyuv, — poSPyuvy + =B yugv
2 2 2
(5.43)
+ poBryu,v,
and
y 2 L 9 L 9 2 L 9
Cy=(rO-p y)—ia I6; uv = 50 B yuvy + po 3 yuvm—l—ia B yu,v

+ poBPyugv.
(5.44)

5.6 Conclusion

The power option model ([5.3) emits the infinitesimal generators (5.9) which
potentially generate infinite numbers of solutions. The optimal system ob-

tained in (5.10) helps to narrow the number down to three. The invariant
solutions of equation ([5.3]) are then obtained as equations ({5.20) 5.32)).

To illustrate the invariant solutions obtained, we present the graphical
representation of the solutions with the values of the parameters chosen as

follows
e mean reversion speed, k = 1.5,
e volatility of volatility, o = 0.8,

e positive constant, § = 2
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average level of volatility, § = 0.15,

risk-free rate, r = 0.2,

constant, a = 1,

constant, b = 2,
e Brownian motions correlation coefficient, p = 2.

With the parameters chosen above, the values of the constants involved in the

invariant solutions above are given as

A=0.8242, B =0.6906, C =4.6875, D= -1.6758, & = —0.3125,

F =1.2689, G=-4.6388, H =1.0890, Z = 3.9652.

With the values of the constants above, the graphical representation of
u1(t,y) in equation ([5.20) is illustrated in figure[5.1] The value of u; rises with
the increase of y but the changes of ¢t have a minimum impact on the value of

Uus.

Figure 5.1: wy(t,y)
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(b) u?(t7 L, y)

Figure 5.2: uy(t, z,y) with different fixed variables

The invariant solution of the generator aX; + X5, on the other hand,
is a function with three variables t,z, and y. This makes equation ,
us(t, x,y), impossible to be displayed as a surface unless we fix one of the
variables. In figure we illustrate the surface of usy(¢,z,y) with different
variables set fixed. Figure shows that when ¢ is fixed, the value of us rises
with the increase of x and y. Furthermore, it increases at a greater rate when
both z and y grow. Referring to figure [5.2b] the value of the option decreases

with time but increases with y when =z is fixed. We see a similar trend in figure

when we fix y.

In figure , the surfaces of us(t, z,y) are displayed with different variables
set fixed. When time is fixed, the value of us increases at different rates when x
and y grow, as shown in figure[5.3al The value of the option turn an interesting
turn when we fix z. Figure shows the value of the option increases rapidly
at first but slows down to a lower rate when y grows. When y is fixed, the

value of the option increases at a moderate rate along the z-axis, see figure

Both figures and show that the value of the option fades with
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time.

Generally, the value of the power option increases with the growth of z
and y. On the other hand, we see the depreciation of the power option value
over time. The value of an option is influenced by the price of the underlying
asset, the strike price, the volatility of the underlying asset’s price, as well
as the time until expiration. The longer the time until expiration, the higher
the value of an option, as it allows more time for the underlying asset’s price
to move in the direction favorable to the option holder. There is a greater

probability for the option to end up in the money.

On the contrary, as the expiration date approaches, the time value of an
option decreases, and it becomes increasingly influenced by intrinsic value.
This is because the likelihood of the option ending up “out of the money”
increases as the expiration date nears, which decreases the option’s overall

value.
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Chapter 6

Conclusion

Since the introduction of the Black-Scholes-Merton model [12] [61], differential
equations were deeply embedded in financial models. The mysterious behav-
iors of the financial market were finally revealed. Various financial models
derived from the BSM models [19, B35, 94] were introduced. With the increas-
ing applications in the financial market, the ability of fractional calculus to
capture complex phenomena, which the traditional models are incapable of,
is getting more prominent [93]. The involvement of calculus in these rising
financial models had called for the need for a tool to decrypt complex partial

or fractional differential equations.

The application of Lie symmetries in computational finance aims to under-
stand the behavior of financial instruments under various market conditions,
which is crucial for risk management and decision-making. In this thesis, fi-

nancial models involving time-fractional differential equations were studied, as

119



well as a power options model under Heston dynamic.

Chapter 1 briefly introduced the background of computational finance, in-
cluding the adoption of mathematics in studying the financial and economic
behavior of the stocks and options market. The chapter ended with a discus-
sion of the research purpose of this study as well as the contribution of the

author to the field of computational finance.

The literature review in Chapter 2 discussed the Lie symmetry analysis
in length, including the definitions and applications of Lie points symmetries,
group invariant solutions, optimal systems, the law of conservation, etc. In
view of the involvement of fractional differential equations in this study, the
application of Gamma, Beta, and Mittag-LefHler functions in solving fractional

differential equations was demonstrated using some examples.

Motivated by Fallahgoul et al. [25], a time-fractional Black-Scholes-Merton
model was studied in Chapter 3. Using Lie’s method, three infinitesimal gener-
ators and their corresponding Lie group of transformations were obtained. The
commutators and adjoint representations were then used to present an optimal
system of the Lie group. Finally, two invariant solutions of the time-fractional
Black-Scholes-Merton equation were suggested, with their visual representa-

tions shown and discussed in the final conclusion of Chapter 3.

Chapter 4 started with a discussion of an arbitrage-free stock price model.
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The discussion was then extended to the Lie symmetry analysis of a time-
fractional arbitrage-free stock price model. At the end of Chapter 4, an in-
variant solution of the time-fractional model was suggested. This solution was

graphically compared with a solution of the non-fractional model.

The final chapter of the thesis demonstrated the search for invariant so-
lutions as well as the law of conservation of power options under the Heston
dynamic. The invariant solutions found were illustrated and discussed with

some assumptions.

The thesis shows the application of Lie symmetry analysis in solving com-
plex partial and fractional differential equations. In most cases, multiple so-
lutions of the differential equations will be acquired. However, the search of
the invariant solutions of fractional differential equations is often interrupted
at the final stage. The lack of “basic ingredients” of ordinary fractional dif-
ferential equations has forced stop the search. For instance, the search of the

invariant solutions of a time-fractional Fisher equation, which is

o2
uy — 5 Uae +a(u —u?) =0,

was forced stop for the reduced fractional equation DYF(t) + a(F — F?) = 0

has no known solution.

Our attempt in solving time-fractional Vasicek and CIR models, which
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sound

u 1 ,0%u ou
S el ) pu= 1
5 + 57 Fm2 + k(6 x)am xu =0 (6.1)
and
u 1, Pu ou
50 + amﬁ—k/{(é’—x)%—xu—O (6.2)

went smoothly at the beginning. The infinitesimal generators of equations

(6.1) and (6.2)) were obtained as

o 1 0 0
X; = ta + - ozx%—i- Kozx(x—&)u%,
Xo=ul |
3 _uaua
Xoo = B(z,t)=—,
and 9 5 5
X = ta + Ozx% + Koacu%,
8 K 1 0
X, = — — (r — _ -
X 8
3 —Ua
0
(,8) 5

respectively, where K = x/0?. Unfortunately, the search for invariant solu-
tions ended fruitlessly for the reduced fractional differential equations were

unsolvable.

Future work plans to extend this research to apply Lie symmetry analysis to

time-fractional power options under the Heston dynamic. Furthermore, more
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invariant solutions could be generated based on the infinitesimal generators
obtained in previous chapters. The inclusion of the initial conditions into the
suggested invariant solutions for the financial models in the previous chapters
is part of the future works. Finally, the relationship between financial models

and their fractional versions is worth investigating.
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