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K-stability of Casagrande—Druel varieties

By Ivan Cheltsov at Edinburgh, Tiago Duarte Guerreiro at Orsay, Kento Fujita at Osaka,
Igor Krylov at Pohang and Jesus Martinez-Garcia at Colchester

Abstract. We introduce a new subclass of Fano varieties (Casagrande—Druel varieties)
that are n-dimensional varieties constructed from Fano double covers of dimension n — 1. We
conjecture that a Casagrande—Druel variety is K-polystable if the double cover and its base
space are K-polystable. We prove this for smoothable Casagrande—Druel threefolds, and for
Casagrande—Druel varieties constructed from double covers of P?~! ramified over smooth
hypersurfaces of degree 2d withn > d > 5 > 1. As an application, we describe the connected
components of the K-moduli space parametrizing smoothable K-polystable Fano threefolds in

the families Ne 3.9 and N¢ 4.2 in the Mori—Mukai classification.
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Throughout this paper, all varieties are defined over C.

1. Introduction

Let V' be a Fano variety with Kawamata log terminal singularities, and let L be a line
bundle on V' such that the divisor —(Ky + L) is ample, and |2 | contains a non-zero effective
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divisor. Let R be a divisor in |2L]|, and let n: B — V be the double cover ramified over R.
Then B can be explicitly constructed as follows. Let Y = P(Oy & Oy (L)),letw:Y — V be
the natural projection, and let £ be the tautological line bundle on Y. Set H = 7*(L). Then
we have the isomorphisms

HO(Y,0y(§)) =~ H*(V,Oy) & H°(V, 0y (L)),
HO(Y,0y(—H)) =~ H*(V,0y) & H°(V, Oy (-L)).

Using these isomorphisms, fix sections u™ € Ho(Y, Oy (§)) and u~ € HO(Y, Oy (§ — H))
that correspond to 1 € H°(V, Oy ) under the isomorphisms above. Set ST = {u® = 0}. Then
we have STNST = @and ST ~ S~ + H.Take f € H°(V, Oy (2L)) that defines R. Then
we can identify B with the divisor {7*(f)(u™)? = (u™)?} € |2S ™|, where the double cover
n is induced by 7.

Remark 1.1. We allow R to be singular, so B can be very singular (and even reducible).
However, if the log pair (V, %R) has Kawamata log terminal singularities, then the double cover
B is a Fano variety with Kawamata log terminal singularities [29]. So, for simplicity, we will
always say that B is a Fano double cover (even if B is non-normal or reducible).

Let F = w*(R), and let ¢: X — Y be the blow up of the intersection S™ N F. Then
X is smooth <= Y and B are smooth <= Vand R are smooth.

Moreover, the variety X is also a Fano variety (see Section 2).

Definition 1.2. If the Fano variety X has at most Kawamata log terminal singulari-
ties, then X is called the Casagrande—Druel variety constructed from n: B — V (or from the
ramification divisor R C V). Note that L € Pic V' is uniquely determined by R.

The group Aut(Y) contains a subgroup I' 2 G, that fixes both S~ and S point-
wise, and the action of I' lifts to Aut(X), so we can identify I with a subgroup in Aut(X).
In Section 2, we will show that Aut(X) also contains an involution ¢ such that

(T,0) = G ¥ py,

and ¢ swaps the proper transforms of the sections S~ and S*. Set G = (I',1) and = 7 o ¢.

Then we have the commutative diagram
¢ X X ¢
v j j v
T %

V:V

2
—

and the composition 6 is a G-equivariant conic bundle such that G acts trivially on V.

Remark 1.3. Our construction of Casagrande—Druel varieties is inspired by the paper
[12]. See [12, Lemma 3.1 (iii)]. But it goes back to the construction of de Jonquieres involutions
using hyperelliptic curves instead of Fano double covers. See also [11,20,33,43].
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The del Pezzo surface of degree 6 (blow up of P2 at three general points) is the unique
smooth Casagrande—Druel surface. Smooth Casagrande—Druel threefolds form 3 families. To
present them, we use labeling of smooth Fano threefolds from [7].

Example 1.4. Let V = P2, let L = Op2(1), let R be an arbitrary smooth conic in |2L|.
Then B = P! x P!, and X is the unique smooth Fano threefold in the family Ne 3.19.

Example 1.5. Let V = P2, let L = Op2(2), let R be any smooth quartic curve in |2L|.
Then B is a del Pezzo surface of degree 2, and X is a Fano threefold in the family Ne 3.9.

Example 1.6. LetV = P! x P! let L = Oy (1, 1),let R be any smooth curve in |2L|.
Then B is a del Pezzo surface of degree 4, and X is a Fano threefold in the family Ne 4.2.

All smooth Casagrande—Druel threefolds are K-polystable; see [27, Theorem 6.1] and [7].
In fact, K-polystable Casagrande—Druel varieties exist in every dimension.

Example 1.7 ([16,17]). Suppose that V = P"~1 L = Op,—1(1), R is smooth, n > 2.
Then X can be obtained by blowing up the n-dimensional smooth quadric at two points. The
variety X is spherical, and it is known that X is K-polystable [17, §4.4.2].

In this paper, we prove the following theorem.

Theorem 1.8. Suppose that V = P"~!, L = Opn—1(r), R is smooth, n > r > % > 1.
Then X is K-polystable.

We obtain this result as an application of the following K-polystability criteria.

Theorem 1.9. Suppose that both V and R are smooth (or equivalently X is smooth),
and —Ky ~q aL, where a € Qs such that a > 1. Let | be the smallest rational number
such that L is very ample. Set n = dim(X) (so dim(V) =n — 1), setd = L™, set

attl — (a— 1)n+1 attl — (a 4 n)(a _ 1)"

_ n—2
kn(a.d, ) = (n+ 1)(a" — (a — 1)n)d“ T2 D@ —@-17)
and set
_ { ! (n+ 1)@ —(@—1")  ad(V)(n+ )@ —(a- l)n)}
y = min kn(a,d.p)” (n +1—a)a™ + (a— )"+t p(a"t! —(a— 1)+l :

where 8(V) is the §-invariant of the Fano variety V. Ifn = 3, du"~2 = 2 and y > 1, then the
Casagrande—Druel variety X is K-polystable.

Remark 1.10. In the notation of Theorem 1.9, if n > 2 and dju” 2 < 2, then we have
du"=2 =1, which gives V =P"" ! and L = Opn—1(1), so X is K-polystable; see Example 1.7.

In this paper, we also prove the following two theorems about K-polystability of several
singular Casagrande—Druel 3-folds.
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Theorem 1.11. Suppose V = P! x P!, L = Oy (1, 1), and R is one of the following
curves:

(1) C1 + Cy, where Cy and Cy are smooth curves in |L| such that |C1 N Cy| = 2;

(2) €1 + £y + L3 + L4, where L1 and L5 are two distinct smooth curves of degree (1,0), and
L3 and L4 are two distinct smooth curves of degree (0, 1);

(3) 2C, where C is a smooth curve in |L]|.

Then X is K-polystable.

Theorem 1.12. Suppose V = P2, L = Op2(2), and R is one of the following curves:
(1) a singular reduced curve in |2L| with at most A1 or A, singularities;
(2) C1 + Cy, where C1 and Cy are smooth conics that are tangent at two points;
(3) C 4+ £y + €5, where C is a smooth conic, £1 and € are distinct lines tangent to C;
4) 2C, where C is a smooth conic.

Then X is K-polystable.

To present their applications, let M,Ifsfj be the K-moduli functor of Fano varieties that
have dimension » and anticanonical volume v € Q- in the sense of [47, Theorem 2.17]. Then
MK“ is an Artin stack of finite type [9, 28,45]. Moreover, as in [30, Theorem 1.3], it admits
a separated good moduli space (see [3, 10]) MK” - M, K‘ff in the sense of [4], where M,}f, bs
is a proper [8,30] and projective [14,47] scheme ‘Whose points parametrize K- polystable Fano
varieties of d1mens10n n and antlcanonlcal volume v. Let M(3 9) and M( 2) be the closed
subvarieties of M2 3, 26 and M3 g Whose general points parametrize smooth Fano threefolds in
the families Ne 3.9 and N 4.2, respectively. Then Theorems 1.11 and 1.12 imply the following
two results (see Section 6 and cf. [24]).

Corollary 1.13. Let V =P! x P!, L = Oy (1,1), T = (SLo(C) x SL»(C)) x p, and
T =P(HV,0p(2,2)V). Let T* C T be the GIT semistable open subset with respect to
the natural T -action, and let M be the GIT quotient T*® || T. Then there is a morphism

O: M — Myh,
\ \
[fT = [Xrl.

where Xy is the Casagrande—Druel threefold that is constructed from R = { f=0}e2L).

Furthermore, the morphzsm CD is an isomorphism onto MR and MEP. is a connected

4. 2)’ 4. 2)

component of the scheme M3 58

Corollary 1.14. LetV = P2, L = Op2(2), I = SL3(C), T = P(H°(P2, Op2(4))Y).
Let TS C T be the GIT semistable open subset with respect to the natural I'-action, and let M
be the GIT quotient T* || T. Then there exists a morphism

©: M — Myby
Y Y
[f] = [Xrl.
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where Xy is the Casagrande—Druel threefold that is constructed from R = {f = 0} € [2L|.

Furthermore, the morphism ® is an isomorphism onto M(I;p;), and MX® is a connected

Kps (3.9)
component of the scheme M3

If B is the smooth del Pezzo surface from Examples 1.4, 1.5, 1.6, then B is K-polystable.
If B is the Fano manifold from Theorem 1.8, then B is K-polystable [19, Theorem 1.1]. If B
is the singular del Pezzo surface from Theorems 1.11 and 1.12 such that R is reduced, then B
is also K-polystable [35]. Inspired by this, we pose the following conjecture.

Conjecture 1.15. IfV and B are K-polystable Fano varieties, then X is K-polystable.

If B is a K-polystable Fano variety, the log Fano pair (V, %R) is also K-polystable [31].
Thus, our conjecture is closely related to the following recent result.

Theorem 1.16 ([32]). Suppose that —Ky ~q alL, where a € Qxq suchthata > 1. Set

_ ahtl — (a + n)(a _ l)n
2+ 1)(a" — (a — 1))’

where n = dimX. Then X is K-semistable if and only if (V, A,,(a)R) is K-semistable.

An(a)

The K-polystability of V' in Conjecture 1.15 is necessary.

Example 1.17 (Yuchen Liu). Let V =P(1,1,4), let L = Oy (4), let R be a general
curve in |2L], and let A € (0, %) N Q. Then (V, AR) is a log Fano pair. One can show that

3 3
S(V,AR) =1 (6(V,AR) > 1, respectively) <— A > 3 ()L > 3 respectively),

so that the singular del Pezzo surface B is K-polystable, but (V, %R) is not K-semistable.
Hence, the threefold X is not K-semistable by Theorem 1.16.

Let us say few words about the proofs of Theorems 1.9 and 1.12. In Section 2, we will
show that X/t =~ Y, and we have the following commutative diagram:

x —2 vy

N

v,

where p is the quotient map, which is a double cover ramified over our divisor B € [2S7|.
Thus, using [31], we see that

1
X is K-polystable <= the log Fano pair (Y , EB) is K-polystable.
In Section 3, we will prove the following result, which implies Theorem 1.9.

Theorem 1.18. Suppose that V and R are smooth (so B is smooth), and —Ky ~q alL,
where a € Qxq such that a > 1. Let i be a rational number such that pL is very ample.
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Setn = dimY (sodimV =n —1)andd = L"~'. Suppose n = 3 and du”*~2 = 2. Then
1 n+ D@ —(@-D"
kn(a,d, )" (n +1—a)a” + (a — 1)n+1’
as(V)(n + 1)(@" — (a — 1)”)}
n(a”‘H —(a—l)”'H) ’
where ky (a,d, 1) is defined in Theorem 1.9.

5(Y, %B) > min{

Proof of Theorem 1.9. Indeed, notice that the right-hand side of the inequality in Theo-
rem 1.18 is precisely y as defined in Theorem 1.9. By assumption, y > 1, and so, by [31], it
follows that X is K-polystable. O

We refer the reader to the excellent survey [46] for an overview on K-stability and to
[7,22] for extensive applications of the celebrated Abban—Zhuang theory introduced in [2].
In these applications (especially in Sections 4 and 5, we will make extensive use of Zhuang’s
result [49] that equivariant K-polystability for reductive groups implies K-polystability. We
will also make frequent use of the result in [31] to determine K-stability of branched covers.

Let us describe the structure of this paper. First, in Section 2, we will prove a few basic
properties of Casagrande—Druel varieties. Then, in Section 3, we will prove Theorem 1.18. In
Sections 4 and 5, we will give proofs of Theorem 1.11 and Theorem 1.12, respectively. Finally,

in Section 6, we will prove Corollary 1.13, and we will show that M (Iff_’;) >~ P(1,2,3). We will

omit the proof of Corollary 1.14, since it is similar to the proof of Corollary 1.13.

2. Preliminaries

Let V be a (possibly non-projective) variety, let L and L, be line bundles on V' such that
Li+ Ly ~0and|Ly+ Ly| # J,and let f € HO(V, Oy (L1 + L»)) that defines a non-zero
effective divisor R on V. Set

Y1 =POy ® O(L1)), Y2 =P(Oy @ O(L2)).

Now, let w1: Y7 — V and mp: Y, — V be the natural projections, and let &; and & be the
tautological line bundles on Y; and Y3, respectively. We have the isomorphisms

H(Y1, 0y, (61)) = H'(V.Oy) & HO(V. Oy (L1)),
H®(Y1, 0y, (51 — 7 (L1))) = HO(V.Oy) @ HO(V. Oy (~L1)).
H(Y2,0y,(5)) = H(V.Oy) ® H°(V, 0y (L2)),
H® (Y2, Oy, (&2 — 75 (L2))) = H°(V.Oy) @ H*(V, Oy (—La)).
Using these isomorphisms, fix sections
ul € H'(Y1,0y,(51)), uy € H*(Y1, Oy, (51 — 77 (L1))),
uy € H(Y2,0y,(&2)), u; € H*(Y2, Oy, (52 — 13 (L2)))
that correspond to the section 1 € H°(V, Oy ). Let
Sy ={u; =0yCY, S ={uf=0cCr,
Sy ={u; =0} C Y, S ={uf=0}cCta.
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For i € {1, 2}, the divisors S;~ and Sl.Jr are disjoint sections of the natural projection m; such
that Si_|S,-_ ~—L; ~ —Si+|5i+, where we use isomorphisms ;" = V' = S;L induced by 7;.
Now, we set Q = Y1 Xy Y. Then we have the canonical isomorphisms

P (OQy, ® Oy, (7] (L2))) = QO = P(Oy, ® Oy, (75 (L1))).

so that we have the commutative Cartesian diagram

0
P1 P2
Y1/ \Yz
R

where p; and p, are natural projections. Set ¢ = w1 o p; = 72 © pa.
Set F; = n{(R) C Y1.Let¢1: X — Y7 be the blow up along the intersection F; N S1+,
and let £ be the ¢-exceptional divisor. Note that F; + S, corresponds to

7 (fuy € H(Y1, Oy, (&1 + 71 (L2)))

and S1+ corresponds to ui" € H%(Y1, Oy, (£1)). Thus, the ideal sheaf 4 C Oy, of F1 N Sl'"
admits the surjection
(9Y1 (él + 7Tik(L2)) 2] (9Y1 (gl) -4 —0.

Therefore, there is a natural closed embedding X < Q over V such that its image is the
effective divisor defined by the zeroes of the section

*(fHuiuy —uuy € H%(Q.00(p} (1) + p3(£2))).

where we identified H°(Q, Og(pf(D))) = HO(Y;, Oy, (D)) for every D € Pic(Y;).
Let us identify X with its image in Q. Set & = 71 o ¢1. Then 6 is induced by 9, it is
a conic bundle, and R is its discriminant divisor. Set

S1=¢7(ST), S2=9¢7(S;)—E1. E»=¢{(F1)—E.

Then Sy, S», E» are effective Cartier divisors on the variety X ; these are the proper transforms
of the divisors S77, § 1+ , F'1, respectively. Moreover, the divisors S; and S are mutually disjoint
sections of the conic bundle 0. Furthermore, we have

SI|S| ~ —L1 and S2|52 ~ —Lz,

where we use isomorphisms S; = V and S =~ V' induced by 6. Similarly, we see that the
divisor E1 4+ E; is given by zeroes of the section

0*(f) € H(X,0x(0*(L1 + L2))) = H(V,Oy (L1 + L»)).

Set F, = 5 (R) C Y>, and let ¢»: X — Y> be the morphism induced by p2: QO — Y.
Since the defining equation of X C Q is symmetric, we conclude that ¢, is the blow up along



8 Cheltsov, Duarte Guerreiro, Fujita, Krylov and Martinez-Garcia, Casagrande—Druel varieties

the scheme-theoretic intersection F, N 52+ , the ¢-exceptional divisor is E», and there exists
the following commutative diagram:

AR

Y: 0 Y,

o

V.

This is an elementary transformation of the P 1_bundle 71 in the sense of Maruyama [33]. Now,
using [33, Theorem 1.4] and [33, Proposition 1.6], we see that

S1=¢5(SH)—Ex. S =¢5(S5). Ei1=¢5(F1)— Ea.

Remark 2.1. Let U = P(Oy & Oy (—L1) & Op(—L>)), let £y be the tautological
line bundle on the variety U, let 7yy: U — V be the natural projection. We have the isomor-
phisms

H°(U, Oy (tv)) = HO(V.Oy) & H°(V. Oy (—L1)) & H°(V, Oy (—Ly)).
H°(U,0y (kv + nf(L1))) = HO(V,Oy) & HO(V, Oy (L1)) ® H(V, Oy (L1 — L)),
HO(U. Oy (Eu + iy (L2))) = HO(V.Oy) @ HO(V, Oy (L)) ® HO(V. Oy (L — Ly)).

Using these isomorphisms, fix sections

vo € H°(U, Oy (Ev)),
v1 € H(U. Oy (v + 7 (L)),
v € H(U, Oy (kv + 5 (L)),

which correspond to the section 1 € H%(V, Oy ). Recall that Q/V = P! x P!. Projecting
from the section u; = u; = 0, we get a birational map Q --> U. Since X/V is a (1, 1) divi-
sor on Q/V which does not pass through the point (section) we project from, the map restricts
to an isomorphism of X on its image. The image of X on U is a conic given by the equation

JT;}(f)U(Z) —viva =0,

so that we can identify X with a Cartier divisor on U such that X ~ 2&y + 7, (L1 + La).

Proposition 2.2. Suppose that V' is normal and projective, and Ky is Q-Cartier. Then
X is normal, and Kx is Q-Cartier. Moreover, the following assertion holds:

—Kx isample <— —Ky,—Ky — L1,—Ky — L, are ample.

Proof. The normality of the variety X follows from Remark 2.1 and [25, Proposi-
tion 5.24]. Similarly, using notation introduced in Remark 2.1, we see that

Ky ~q =36y + nj(Ky — L1 — L»),

so Ky is Q-Cartier by the adjunction formula, because X is a Cartier divisor on U'.
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To prove the remaining assertion, suppose that — Ky, —Ky — L1, —Ky — L, are ample.
Then £y + mj;(—Ky) in Remark 2.1 is ample. Then so is —Kx ~q (§v + 7y, (—Ky))|x.
Alternatively, we can prove the ampleness of — Ky directly. Namely, observe that

(2.1) —Kx ~@ S1+ 82+ 9*(—Kv).
Moreover, applying the adjunction formula to the sections S and S», we get
—Kx|s, ~@ —Kv — L1, —Kxls, ~¢ —Kv — Lo,

where we used S; = V and S, = V. Hence, if — Ky, —Ky — L1, —Ky — L, are ample, then
the divisor —Ky is also ample by Kleiman’s ampleness criterion.

This also shows that both divisors —Ky — L1, —Ky — L, are ample if — Ky is ample.
Observe that £1 N E» =~ R. Using this isomorphism and (2.1), we get — Ky |r ~ —Kx|r. On
the other hand, we have

—2Ky ~q (—Ky —L1) + (—Ky — L) + R.

Hence, using Kleiman’s criterion again, we see that — Ky is ample if —Kx is ample. |
From now on, we assume, in addition, that V' is normal and projective.

Example 2.3. Suppose V = P! x P!, and L and L, are divisors of degrees (1,0)
and (0, 1), and R is a smooth divisor in |L; + L»|. Then X is a smooth Fano 3-fold by Propo-
sition 2.2. One can show that X is the unique smooth Fano 3-fold in the deformation family
Ne4.7. Note that X is K-polystable [7, §3.3].

Remark 2.4 ([21, Lemma 9.8]). Suppose that V' is a smooth Fano variety, and assume
—Ky ~q@ aL, where L is an ample divisor in Pic(V'), and a € Q>¢. Suppose R and X are
smooth, and

L1 ~Q alL, L2 ~Q azL,

where a; and a, are rational numbers such that a; > a,. It follows from Proposition 2.2 that
X is a Fano variety if and only if @ > a;. Further, if X is a Fano variety, then it follows from
the proof of [21, Lemma 9.8] that

B(S2) <0 < ay > as.

Therefore, if a > a1 > a3, then X is a K-unstable Fano variety.

From now on, we also assume that L1 = L,. Set L = Lj. Then R € |2L]. Set
Y =P(Oy & O(L)).
let 7: Y — V be the natural projection, and let £ be the tautological line bundle on Y. Note
that Y = Y1 = Y>. Using the isomorphisms
HO(Y,0y(£) = H(V,0y) & H°(V, Oy (L)),
HO(Y, 0y (¢ —n*(L)) = H*(V.Oy) & H°(V, Oy (~L)),

fixut e HO(Y,Oy(§)) andu~ € HO(Y, Oy (¢ — n*(L))) that correspond to 1 € H°(V, Oy).
Let S™ ={u” =0}and ST = {ut = 0}. Then S* ~ S~ + 7*(L).
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Proposition 2.5. There is a double cover X — Y ramified in a divisor B € |28 ™| such
that the projection i induces a double cover B — V that is ramified in R.

Proof. Let T =P(Oy & Oy(—L)) ® Oy (—2L)), let w:T — V be the natural pro-
jection, and let £7 be the tautological line bundle on 7'. Observe that

HY(T. 07 (7)) = H(V.Oy) & H°(V. Oy (=L)) & H°(V. Oy (-2L)),
HY(T.Or(Er + @™ (L)) = H(V.Oy) ® H(V.Oy (L)) & HO(V, Oy (-L)),
H(T,Or(r + w*(2L))) = H°(V.Oy) ® H*(V, Oy (2L)) ® H*(V, Oy (L)).
Using these isomorphisms, fix sections
to € H(T, Ot (§1)),
€ H(T,Or(ér + w*(L))).
1 € H(T. Or(Er + w*(2L))).
which corresponds to 1 € H%(V, Oy ). Then
{to =0} = P(Oy(-L) ® Oy (-2L)),
{t =0} = P(Oy & Oy (-2L)),
{2 =0} = POy & Oy (-L)).
Now, we consider the homomorphism

(2.2) Op ®Og(W*(L)) ® O (¥*(2L)) — Og(pi(€1) + p5(§2))

defined by the composition of

100 ® Og(W*(L)) ® V(9™ (2L))

S O O =
S N=N= O
- o O O

— 00 ® Og(¥"(L) @ Og(¥"(L)) ® Og(¥*(2L))
and the surjection
O ® Op(¥*(L)) ® Og("(L)) ® O (" (2L)) = Og(py (1) + p5(52))
obtained by the tensor product of the pullbacks of the following natural surjections:

(9Y1 2] (9Y1 (”T(Ll)) - 0Y1 (Sl),
(9Y2 2] (9Y2(7T;(L2)) - (9Y2(§2)-

Then (2.2) is surjective. This gives the morphism p: Q — T over V' with
p*(to) = ujus,
o) = S ez +urud),

p*(t2) = ujuy,

where we identified H°(Q, Qg (pf(D))) = H°(Y;. Oy, (D)) for D € Pic(Y;).



Cheltsov, Duarte Guerreiro, Fujita, Krylov and Martinez-Garcia, Casagrande—Druel varieties 11

Using the local criterion for flatness, we see that p is flat. Further, p is finite of degree 2.
Now, using [23, I (6.11)] and [23, 1 (6.12)], we see that the morphism p is branched over the
divisor Br € [2(ér + @ *(L))| that is given by 17 — fo1 = 0.

Let Yo be the divisor in |7 + w™*(2L)| that is given by @w™*(f)t9g —t, = 0, and let
79: Yo — V be the morphism induced by @w. Then X = p*(Yp) as Cartier divisors, so that the
restriction X — Y is a double cover branched over BT |y,. Moreover, using the exact sequence

(2) (100)
0= Op(—2L) —5 Oy ® Oy (L) ® Oy (—2L) ~>12% 9y @ Oy (~L) — 0,

we get an isomorphism Yy = Y over V. Hence, we identify ¥ = Y.
Set B = B7|y. Then B is defined by

W) =2 (Hu)? =0,
which implies the remaining assertions of the proposition. ]
Let ¢t € Aut(X) be the Galois involution of the double cover X — Y in Proposition 2.5.

Then ¢(S1) = S» and ((E1) = E», and it follows from the proof of Proposition 2.5 that the
conic bundle 8: X — V is {t)-equivariant with ¢ acting trivially on V.

Proposition 2.6. Suppose that V' is smooth, L is nef, X has Kawamata log terminal
singularities, and — Ky is ample. Then the deformations of X are unobstructed.

Proof. By Remark 2.1, X can be embedded into U = Py (Oy & Oy (—L) & Oy (—L))
such that X € |26y + 27y, (L)|, where £y is the tautological line bundle and 7y is the natural
projection. Therefore, since U is smooth, the variety X has at worst canonical singularities,
and X has at worst local complete intersection singularities. Hence, it follows from [42, Theo-
rem 2.3.2], [42, Theorem 2.4.1], [42, Corollary 2.4.2] that the deformation functor

Defy: A — (Sets)

has a semi-universal formal element in the sense of [42, Definition 2.2.6], where + is the
category of local C-algebras with the residue field C. Thus, by [41, Proposition 2.4] and
[41, Proposition 2.6], the deformations of X are unobstructed if EXtZOX (QL,0x) =0.

Let us show that Extéx (2L, 0x) = 0. Setn = dim(X). As in [41, §1.2], we have

Exty, (Qy.Ox) ~ Exty (Qy ® ox.0x) ~ H" (X, Qx @ wx)".
Since —Ky and —Ky — L are ample by Proposition 2.2 and L is nef, we see that
tv + g (=Ky)
is ample, and £y + 7rf; (L) is nef. In particular, both divisors

—Ky ~ 36y + 75 (—Ky +2L),
—Ky — X ~ &y + n;(—Kvy)

are ample. On the other hand, using the exact sequence of sheaves

0— Ou(-X)lx — Qplx — Qx — 0,
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we get the following exact sequence:
H" 2(X,Qplx ® ox) > H" (X, Qy ® ox) — H" ' (X. Oy (—X)|x ® wx).
Moreover, using the Kawamata—Viehweg vanishing theorem, we get
H" (X, 0u(—X)|x ® wx) ~ H'(X. Kx + (—Kyp)|x)" =0.
Furthermore, using the exact sequence of sheaves
0— Qb R wy — Q}] R wy(X) — Q%]|X®a)X — 0,
we get the exact sequence
H"2(U,Qp ® wy (X)) - H" (X, Q}lx ® wx) — H" 1 (U, Q}, ® wy).
Since both wy and wy (X) are anti-ample, the Akizuki—Nakano vanishing theorem gives
H"2(U,Q} ® wy (X)) = H" (U, Q} ® oy) = 0.

This gives Ext20X (2}, Ox) = 0, which completes the proof. m]

3. K-polystability criteria

The goal of this section is to prove Theorem 1.18. To do so, we will apply the theory of
Abban—Zhuang [2], as applied in [7, §1.7] and [22], consisting on bounding delta-invariants
below by picking a specific flag.

Fix a positive integer n = 3. Let V' be a smooth projective variety of dimension n — 1,
and let L be an ample Cartier divisor on V. Set d = L"~!. Fix u € Q¢ such that puL
is very ample. Let Y = P(Oy & Oy (L)), and let 7:Y — V be the natural projection. Set
H = n*(L).Let S~ and S be disjoint sections of the projection 77 such that S* ~ S~ + H.

Remark 3.1. Unlike Section 1, we do not assume that V' is a Fano variety.

Fix a positive rational number a = 1. Let D(a) = S~ + aH. Then D(a) is nef and big.
Moreover, if a > 1, then D(a) is ample.

Lemma 3.2 (cf. [48]). Let P be a pointin S™. Then
nm+ D@ —@-0%  s(V;Lyn+ 1)(@" —(a— 1)")}
(n+1—a)a® + (a@a—D)"*t1"  nla"tl —(a — 1)t ’
where §p (Y ; D(a)) is the (local) 5-invariant of the variety Y polarized by the divisor D(a),
and §(V'; L) is the §-invariant of V polarized by L. Further, if 5(V; L) < a, then
(VL) (n+ 1)(@"* —(a—-1")
n(an—i-l _ (a _ 1)n+1)

sp(Y:D(a)) = min{

Sp(Y:D(a)) =

Proof. It follows from [2,7] that

8p(Y; D(a)) = min{ As—(F) }

—_—, mn —_—
Sp@(S7)" F/S=  S(WS,;F)
PeCs—(F)
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where S(W,f,_ ; F) is defined in [7, Section 1.7], and the infimum is taken over all prime
divisors over S~ whose centers on S~ contain P. This easily implies the required assertion.
Indeed, take u € R>¢. Then D(a) —uS~ ~r (1 —u)S™ + aH, so that

D(a) —uS~ isnef <= D(a) —uS~ is pseudo-effective <= u < 1.

Thus, since vol(D(a)) = D(a)" = d(a" — (a — 1)"), we have

Sp@)($7) = /OOO vol(D(a) —uS™)du

1
T d@ —(a—1nn)
_ (m+1-a)" + (a— rtl
N (n+ D@*—(a—-1"

Using S~ = V,we get (D(a) —uS7)|s—- ~r (@a+u—1)H|s— ~r (a+u—1)L.
Let F be any prime divisor over S~ . Then it follows from [7, Section 1.7] that

D(a)"

[1((1 —u—a)"(=1)""'d +a"d) du
0

S(W;?:; F) = D(IZz)” /01 /Ooovol((D(a) —uS7)|s- —vF)dvdu
= D(’ZI)” /Ol/ooovol((a +u—1)L —vF)dvdu
- D(’;)n fol(a Fu—1)y /OOOVOI(L —vF)dv du
n+l _ (. 1yn+l oo
= Jar = ?a T L n(j- ; D /(; vol(L — vF) dv
n+l _ (, _ 1yn+l
T —(Ela —11))") s
_ a"t — (g — 1y SLF).

n+1 a*—(a—1)"
This gives
As—(F) . As—(F) n+1 a—(a-1)"

SWS, F)  SL(F)  n a"tl—(a—1nt!

_ n+1 a —(a—-1)"
< 8P(V’L)' n 'an+1 _(a_ 1)n+1’

which implies the first part of the assertion.
We now assume §(V'; L) < a and we want to show
(n+ D@ —@-1" _ §V;L)n+D(@" —(a—1D")
(n+1—a)a" + (a —1)"+1 - n(a"tlt — (a — 1)ntl)

This inequality is equivalent to

n(an-i-l _ (Cl _ l)n—i-l)
(n+1—a)a" + (a — 11"

S(V:L) <
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We must show that the right-hand side of the inequality above is at least a. But

n(an-H _ (a _ 1)n+1)
(n+1—ajya™ + (a —1)"+1

>a <= d"Va-1)—(@—-1D""Ya+n) >0,
which is clearly true. O

Now, fix a smooth divisor B € [2S™|. Let n: B — V be the morphism induced by 7.
Suppose that 7 is the double cover ramified over a smooth divisor R € |2L|. Set A = %B.
Note that BN S~ = @. Let ky(a, d, t) be the number defined in Theorem 1.9.

Proposition 3.3. Let P be a pointin Y \ S~. Suppose that diu™ =2 = 2. Then
1

kn(a,d. p)’

where 8p (Y, A; D(a)) is the (local) §-invariants of the pair (Y, A) polarized by D(a).

§p(Y.A:D(a)) =

This result together with Lemma 3.2 implies Theorem 1.18.

Proof of Theorem 1.18.  Note that V' is a Fano variety and —Ky ~g aL. Then
—Ky ~2ST —n*(Ky + L) ~9 28T + (a — D) H,
which gives
—(Ky +A) ~q ST+ (@a—1)H ~g S™ 4+ aH = D(a),
so that (Y, A) is the log Fano pair and
8(Y,A) =46(Y, A; D(a)),

where 6(Y, A) is the §-invariant of the log Fano pair (Y, A). Now, we can apply Lemma 3.2
and Proposition 3.3 to get the required assertion. O

In the remaining part of the section, we will prove Proposition 3.3 by induction on 7.

3.1. Base of induction. Let V' be a smooth projective surface, let L be an ample Cartier
divisor on V, let i be the smallest rational number such that pL is very ample, let

Y =P(Oy & Oy (L)),

and let 7: Y — V be the natural projection. Set H = 7*(L). Let S~ and S be disjoint sec-
tions of the projection 7 such that ST ~ S~ + H, and let B be an irreducible normal surface
in |25 ™| such that 7 induces a double cover B — V which is ramified in a reduced curve
R € |2L|. Fixa € Q such thata = 1. Let D(a) = S~ + aH. Then D(a) is nef and big, and
D(a) is ample fora > 1. Set A = %B andd = L2

Remark 3.4. Since pL is very ample and L is Cartier, we have du = (uL) - L € Z~g
and
du? = (ul)? € Z=y.

Moreover, if du = 1,thenu = 1,d = L? =1,V = P? and L = Op2(1).
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Suppose, in addition, that du = 2. Set

_ 8dupa® +6(1 —2dpya* + 8(dp — )a — 2dpu + 3
B 8(3a2 —3a + 1) ‘

ks(a.d, )
Let P be a pointin Y such that P ¢ S~ and P ¢ Sing(B).
Proposition 3.5. One has §p(Y, A; D(a)) = m.

In the remaining part of this subsection, we will prove this result. We will only consider
the case P € B, because the case P ¢ B is much simpler.

Let V7 be a general curve in |uL| that contains the point 7w (P), and let Y1 = 7* (V7).
Then V7 is a smooth curve, and Y7 is a smooth surface. For simplicity, we set D = D(a). Take
u € Rxg. Then D —uYy ~gr S~ + (a — pu)H, so that D —uY; is pseudo-effective if and
only if u < %. We have

(D —uYy)|s- ~r (S~ +(@a—pu)H)|s— ~r (a—1—pu)L,

where we use isomorphism S~ = V induced by . Hence, the divisor D — uY; is nef if and
only if u < %. Moreover, the Zariski decomposition of D — uY7 is

S™+(a—puH ifu € [0, 21,
P(u) ~r lu
(a—p)(S™ + H) = (a— p)S* ifu e [4L, 4],
and
0 if u e [0, 2=1],
N(u) = i [ 3 ]
(nu+1—a)S™ ifue[%, 4],

where P (u) is the positive part, and N (u) is the negative part.
Note that H> =0, H?>- S~ =d, H - (S7)?> = —d, (S7)3 = d. Then

a

-
So() = 3 0“ vol(D — uYy) du
= ! [(T(S_+( YH)3d
TS HaHp\)y o TETH !

+ [ = (s + 1))

yva
_ (2a—1)(2a*-2a+1)
 4uBa?—=3a+1)

Let f be the fiber of the P!-bundle 7 that contains P. Then there are two cases to
consider: either B intersects f transversely at P or tangentially. For each case, we consider
an appropriate plt blow up /: Y, — Y at the point P with smooth exceptional curve E. We
let Ay = Aly,, and we denote by Zl the proper transform on Y 1 of the divisor A1. Then it
follows from [2,7,22] that

0 L A,y D501

s , 1IN =

000
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where S (V. o; FE) and S (V.Yi ‘e 5 Q) are defined in [7, Section 1.7], and A g is the different
computed via the adjunction formula

Kg + Agp = (Ky, + A1+ E)|E.

For instance, if / is the ordinary blow up at the point P, then Ag = Ay | £ . For simplicity, we
rewrite the last inequality as

A S(Vfi;.E;Q)}
, sup
Ay, .a(E) goce AE,A(Q)

Thus, to prove Proposition 3.5, it is enough to bound each term in (3.1) by k3(a, d, ).
We set ST = S7|y,, H1 := Hly,, B1 := Bly,, D1 = P(u)|y,. Note that H; = duf

1
(3.1) AN < maX{SD(Yl)a

and
_ {Sl_+(a—uu)d,u,f ifu €0, 4 ]

(@ w0 (S} +dinf) ifue(e=t e)

We denote by S s B, f the proper transforms on Y1 of the curves S 1> B1, f, respectively.
Recall that Y; is a P -bundle over the smooth curve V;. In Lemmas 3.6 and 3.7, we estimate
dp(Y,A; D(a)) when B and f intersect transversely or tangentially, respectively. Notice that
Y1 has Picard rank 3 and its Mori cone is generated by the divisors S 1> ]7 and E.

Lemma 3.6. Suppose B intersects f transversally. Then 5p (Y, A; D(a)) = m.

Proof. Let h: Y1 — Y be the ordinary blow up at P, where E is the h-exceptional
curve. We have S_ ~ h*(S7) and f ~h*(f)— E. Take v € Rs. Then

1*(Dy) — vE = Sl_ + (a —Jiu)duf:l— ((@a — pu)du —v)E  ifu €0, ﬂ]
(@ = ST +di ) + (@ - pwdp —v)E ifu €[4, 4]
We have the following intersection numbers:
. S f E
~1_ —du 1
f 1 -1 1
E 0 I -1

This shows that h*(Dl) — vE is pseudo-effective if and only if v < (@ — pu)dpu.
Ifu € [0, ¢ ] the positive part of the Zariski decomposition of 7*(D1) — vE is

ST+ (a—pwydpf + ((a — puydp —v)E

if v e [0, 1],
5 ST+ ((a— puydp +1=v) f + (@ — pu)dp — v)E
ifvell,1—duu+adu—dul,

(ST +duf + (du—1)E)
ifvell —du?u+adu—du, (a— pu)dul,

—dp?u + adp —v
dpu—1
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and the negative part is

0 ifv e o, 1],
w—-1)f ifvell,1—duu+adu—dul,
N(u.v) = du(uu—a+v)f+ duzu—adu+du+v—1§_
du—1 du—1 !
ifv e[l —du?u +adu—du, (a — pu)du).

Similarly, if u € [ — ] the positive part of the Zariski decomposition of 2*(D1) — vE is
(a — pu)(ST +dpf) + ((a — puydp —v)E
- ifv e[0,a — nul,
Fluv) = ) 3 [ pu]
(—dpu +adp —v) (ST +duf + (du—1)E)
ifv ela—pu,(a—pu)du].

dpu—1

and the negative part is

0 ifve[0,a — pul,

N(u,v) = dl (d,u(uu—a%—v)f%—(,uu—a—kv)i‘)
n—1

ifv ela—pu,(a—pu)dul.

Now, using results from [7, Section 1.7], we compute
= 3 (a—puw)du
SWJLE) = ﬁ/ / vol(D1 — vF) dvdu

(a—pw)dp )
= m/ / P(u,v)*dvdu
4a3du +6(1 —dp)a? + 4(dpn —2)a —du + 3
4(3a%2 —3a + 1)
Moreover, we have Ay, A, (E) =2 — l = %, so that
SWILE)  4a3dp 4 6(1 — dp)a® + 4(dp — 2)a — dp + 3
Ay, .a,(E) 6(3a2 —3a + 1)

Let Q be a point in E. Then, using results from [7, Section 1.7], we compute

(a—pu)dp
2 YlaE
m[ / (P(u,v)- E)*dvdu+ Fg(W)i:E)

B 6a%? —8a + 3
"~ 4(3a2-3a+1)

SWIE: 0) =

+ FoWIE),
where
¥ B 6 (a—pw)du _
FoWlik) = s [ [T Py By ondo (vl v .

because P ¢ Supp(N(u)) foru € [0, l%]. Notice that
FoWJ1E) #0
only when Q € f .
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Thus, there are three cases to consider.
« 0 =EnN f.Then

3—8a+ 6a* 4+ du — 4adp + 6a*dp — 4a3du
4(3a2 —3a + 1)

FoWIE) =

and Ag A, (Q) = lsince Q ¢ Bi. Hence, we have

S(Wfi;.E; Q)  duQa—1)2a*—2a +1)
AEap(Q) 43a2 —3a + 1)

e Qe EN Bj. Then AE A (Q) = %, so that

SWesw: Q) 6a>—8a+3
Agap(Q) — 2B3a2—=3a+1)

* Q € E away from fand B. Then AE A, (Q) =1, 50 that

S(W.I,/.lf; Q)  6a*—8a+3
AEA.(Q)  4(Ba?2-3a+1)

The third case is smaller than the previous one (exactly half), so we do not consider it. So,
using (3.1), we obtain the inequality

(2a — 1)(2a? —=2a + 1)
4uBa? —-3a+1)
4adu + 6(1 —dp)a? + 4(dp —2)a —dp + 3
6(3a2 —3a + 1) ’
diu2a —1)(2a®> —2a +1) 6a*> —8a +3
43a%2 —3a + 1) "2(3a?2 —3a+1) }

(3.2)

- <
5p(Y.A) ma"{

Recall from Remark 3.4 that diu? > 1. This allows us to conclude

di(2a — 1)(2a* —2a + 1) _ (a-— (2a% —2a + 1)
4(3a2 —3a +1) T 4uBa?—-3a+1)

so we can discard the first term in (3.2). Moreover, since du = 2, we have

4adu + 6(1 —du)a? + 4(dp —2)a —dp + 3
6(3a2 —3a + 1)
di(2a —1)(2a? —2a + 1)
4(3a%2 —3a + 1)
6a% —8a + 3
2(3a%? —3a + 1)

< k3(a,d,/1«),

< ka(a,d, ),

s k3 (aa da /"L)7
which gives §p (Y, A; D(a)) = _k3(a}d,pb)' )

Now, we deal with the case when f is tangent to B at the point P.
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Lemma 3.7. Suppose B and f are tangent at P. Then §p (Y, A; D(a)) = m.

Proof.  Now, we let h: Y1 > 1 be the (1, 2)-weighted blow up of the point P such that
the curves By and f are disjoint. Then f = h*(f) — 2E. Take v € R>¢. Then

S™ 4 (a—puwdu f + 2@a — pu)du — v)E ifu € [0, %1],
D1y —vE = 151 ( Jf)“f~(( pu)dp —v) . [_1M]
(@a—pu)(Sy +duf)+ 2a—pu)ydp—v)E ifue [aT’ %].
Moreover, we have the following intersection numbers:

. Sc f E

S¢ —dp 10

f 1 -2 1

E 0o 1 -3

Thus, the divisor 2*(D1) — vE is pseudo-effective if and only if v < 2(a — pu)du.
Ifu € [0, %], the positive part of the Zariski decomposition of 2*(D1) — vE is

§1_ + (a— ,uu)duf—i— 2(a — pu)du —v)E
ifvelo,1],

~ 1—v\ ~

S+ ((a —pu)dp + T)f + 2(a — pu)dp —v)E
ifve[l,—2du?u + 2adp —2dp + 1],

(ST +duf + @du—1E)
if v e [—2dp?u + 2adp —2dp + 1,2(a — pu)du),

—2dp?u + 2adp —v
2dp — 1

and the negative part is

0 ifv e [0,1],
1 -~
. v 7 ifv e [l,—2du?u + 2adp — 2du + 1],
N, v) = du(pu —a + v)]»;+ 2dpu —2adp +2dp + v — 1§_
2dp —1 2dp — 1 !
if v e [-2du?u + 2adp —2dp + 1,2(a — pu)dp).

Similarly, if u € [“M;l, %], the positive part of the Zariski decomposition of 2*(D1) — vE is
(@ — pu)(ST + duf) + 2(a — puydp — v)E
ifve[0,a— pul,

(ST +duf + Qdu—1)E)
ifv ela—pu,2(a— pnu)dul,

P(u,v) = —2dp>u + 2adp —
2du — 1

and the negative part is

B 0 ifvel[0,a— uul,

N@,v)=du(uu —a+v) ~ pu—a+v~_ .
2dp 1 2dp—1 ov fvele—pu 2@ = pudpl.
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Now, using results from [7, Section 1.7], we compute

3 m 2(a—pu)du
sy =5 [ f vol(Dy — vF) dv du
0

3 ﬁ 2(a—pu)du _ Jod
= P(u,v)dvdu
s ) (. v)

1 8aPdu+6(1 —2dpya* + 8(du — 1)a —2du + 3
4 3a2 —3a + 1

Moreover, since Ay, a,(E) = 2, we have

SWSLE) 1 8a3dp + 6(1 —2dp)a® + 8(dp — Da — 2dp + 3

Ay, A (E) 8 3a2 —3a +1

Let Q be a point in E. Using results from [7, Section 1.7], we get

~ 2(a—pu)du
SWILE. ) = / / (B(u.v)- EY? dvdu + Fo(WILE)

(S~ +aH)3

1 6a%—8a+3 .
- - F W]s

8 3a2—3a+1+ (Weiele):

where

7 E 6 m 2(a—pw)ydp _
FoW o) = ——"—7= Pu,v)-E)-ordg (N (u, dv du.
oWl = s [ (P(u.v) - E) -ordg (N (u,v) ) dv d

There are three cases to consider.
« 0 =EN f.Then

FoW5y E)_18a3du 6(2du—1)a +8(dp + Da —2dp —3
322 —3a + 1

and Ag A, (Q) = lsince Q ¢ Bi. Hence, we have

SWILE 0)  dp (2a—1)(2a2 =24 + 1)
AEag(Q) 4 3a2 —3a + 1

* Q0 eEﬂE.ThenAE,AE(Q)=l,sothat
S(W.Y.‘.,Q) 1 6a2—8a+3
AE Az (O) 4 3a2—3a—|—1'

* Q € E isthe Ay singularity. Then Ag A, (Q) = 1, and so

S(W.Y.l.,Q) 1 6a2—8a+3
Apa,(0) 4 3a2 3a+1
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We have the inequality

’

1 (2a —1)(2a®> —=2a + 1)
———— < max
Sp(Y,A) 4u(3a? —3a + 1)

1 8a3du + 6(1 —2dp)a® + 8(du — 1)a —2du + 3
8 3a2 —3a + 1 ’
dn (2a—1)2a*>—-2a+1) 1 6a>—8a+3
4 3a2 —3a + 1 ’Z'3a2—3a+1}'

Now, arguing as in the end of the proof of Lemma 3.6, we find

L1 8a3du + 6(1 —2dp)a® + 8(du — 1)a —2du + 3

Sp(Y,A) 8 3a2 —3a + 1
and the result follows. m
Proof of Proposition 3.5. This is a combination of Lemmas 3.6 and 3.7. |

3.2. The induction. Let us use all assumptions and notation introduced in Section 3.
Recall that p is the smallest rational number for which pL is a very ample Cartier divisor
on the variety V and d = L"~!. Then u"~'d = (uL)"~! = 1. Let us prove Proposition 3.3
by induction on dim(Y) = n = 3; the base of induction (the case when n = 3) is done in
Section 3.1.

Therefore, we suppose that Proposition 3.3 holds for varieties of dimension n —1 = 3.
Let P be a point in Y such that P ¢ S~. We must prove that

1
kn(a,d, )’
where kj (a,d, jt) is presented in Theorem 1.9. We will only consider the case when P € B,

since the case P ¢ B is simpler and similar. Thus, we suppose that P € B.
Let V;,—1 be a general divisor in | L| that contains the point 7(P). Set

Yn—l = n*(Vn_l).
For simplicity, set D = D(a). First, let us compute Sp (Y,—1). Take u € Rx¢. Then
D(a) —uYp—1 ~r S~ + (a —pu)H,

so D(a) —uY,—1 is pseudo-effective if and only if u < % For u € [0, %], let P(u) be the
positive part of the Zariski decomposition of D(a) —uY,—1, and let N(u) be its negative part.
Then

ST+ (@a—pu)H = D(a — pu) ifu e [0, <1],
P(u) = - ; a—lMa
(@ = @S~ + H) = (@—p)D(1) ifue[51, 2]
and .
N = 0 ) ?fu € [O,_IT],
(uu+1—a)s 1fue[a7,%.
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Recall that S~ N ST = @. Note that (S7)"” = (=1)"T1d and (ST)"” = d. Hence, we have
D@)" =S +aH)"=((1-a)S™ +aSTH" =d(@" — (a—1)").

Now, we compute

Sp(Yn-1) = : /wVOl(D(a)—uYn—l)du
0

D(a)"
(T .
= D(a)”/o (Sa + (a—pu)H)" du
1 n
+D( )n/ ((a=pu)(S™ 4+ H))"du
= 5 / d((=D)""' (1 —a + pu)" + (@ — pu)") du
D(a)"

D(a)” / d(a — pu)" du

n+1 _ ( _ 1)n+1
Copn+ D@m= (@—1nn)’

Set
a1l —(a 4+ n)(a—1)"

Resn(@) = S D@ — @@=

Lemma 3.8. One has kn(a.d, &) = Spa)(Yn—1)du"~! + Res,(a) and Resp(a) > 0.

Proof. The equality follows from the formulas for k(a,d, 1) and Sp(q)(Yn—1). Let
us show that Resy (a) > 0. We may assume that ¢ > 1. The denominator is clearly positive.
Hence, we only need to verify that a” ! — (a + n)(a — 1)" > 0. But

( a )n (l+ 1 )n in ( 1 )i>l+ n 1+n a+n
= = _— _— > —_ =
a—1 a—1 : i)\a—1 a—1 a a ’

which gives a” ™! — (a + n)(a — 1)" > 0. This shows that Res, (a) > 0. m]

Set An—] - A|Yn—l' Then SD(Yn_l) < kn(a,d,/vL) by Lemma 38, since dun—l > 1.
Therefore, using [2], we see that §p (Y, A; D) = m provided that

(3.3) SV E) < kn(a.d. ) Ay,_, a,_, (E)

for every prime divisor E over the variety Y;_; such that its center on Y, _; contains P, where
Ay, _,.A,_, (E) is the log discrepancy, and S(V.Y" . E) is defined in [7, Section 1.7].

Suppose that n = 4. Let us prove (3.3) using Proposition 3.3 applied to (Y,—1, Ay—1).
Let E be a prime divisor over Y,,—; whose center in Y, _; contains P. Since P ¢ S, it follows
from [7, Corollary 1.108] that

SVYa ' E) = D /“(/Ooovol(P(u)|Yn_1 —vE)dv) du
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n oo
= —/ / vol(S™ + (a — pu)H —vE)dv du
D™ Jo 0
n W [
—i——f / vol((a — pu)(S™ + H) —vE)dvdu
D" % 0
no (Y% [
= —/ / vol(S™ + (a — pu)H —vE)dv du
D™ Jo 0

n i o0 .
+ —/ (a—uu)"/ vol(S™ + H —vE)dvdu.
D" Ja 0

Now, applying Proposition 3.3 (induction step), we get
(e e]

vol(S™ + (a — pu)H —vE) dv

0
< kn—1(a — pu,dp, W) (S~ + (@ — pu)H)Y" ' Ay,_, A, (E)

and

o0
[ vol(S™ + H —vE)dv < ky—1(1,dp, p)(S™ + H)Y" Ay, _, A, (E).
0

Hence, combining, we obtain

a—1

n 1 _ _
SV E) < ﬁ/o kn—1(a — pu, dp, p)(S™ + (a — pu)H)Y* ' Ay, A, (E) du

e % n - n—1
o @ = ) e (L dp (ST + HY' T Ay, (B) du
n
a—1

n I _ _
= AYn_l,An_l(E)ﬁ/ kn—1(a — pu,dp, p) (S~ + (@ — pu) H)" ' du
0
n ﬁ n — n—1
Ay (B) i [ (@ b (1 (5™ 4 1)
e
Let us compute these two integrals separately. We have

a—1

Al = / " kn—l(a - I/LM’ d“? /’L)(S_ + (a - /’LM)H)n_l du
0

e [T (DTN = ) (@ — pa)”)
=du /0 e du
ot — n__ —_ _ _ _ 1\yn—1
+/ o du((@—pw)" —(@—put+n—ha—pu-H"
0

2n
_ dz,an—l n+1 n+1 d nal .
S @ @D @ ety

and
m dQdu"2 + 1
Ay = /” (an — pu) kp—1(1,dp, )(S™ + H)" ' du = d@dp "+ 1)
% 2n(n + 1)
d2 n—1 d
un(n+1) " 2n(n + 1)
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Adding these two integrals, we get

n dn—l an+1_a_1n+1 1 an+1_a+n g_ln
(A + A2) = 5 (a—-1"" (a+n)(a—1)
D(a)" urn+1) a®—(a—-1)" 2(n + 1) an —(a — 1"
= SD(a)(Yn—l)d,bLn_l + Resy(a).
This gives S(VII:_I s E) < kp(a,d, n)Ay,_, ,A,_, (E) by Lemma 3.8, which proves (3.3) and
completes the proof of Proposition 3.3.

3.3. Applications. The only application of Theorem 1.9 we could find is Theorem 1.8.

Let us use assumptions and notation of Theorem 1.9. Let V = P"~! and L = Opn—1(r).

Suppose that 1 < 7 <7 < n.Then u = %, d=r"1anda = 1

Lemma 3.9. One has ky(a,d,pn) < 1.

Proof. One has
(Zd/Ln_z + l)an—i-l _ (a + n)(a _ l)n _ 2du"_2(a _ l)n—i-l
2(n + 1)(@" — (a — 1)") ’

kn(a,d, ) =

Thus, it is enough to show that
2(n + )@" — (a— 1"
— (A" 2 + )"t — (@ + n)(a — )" = 2dp"2(a — 1)) > 0.

n n+1

Substituting p = %, d =r""!,a =, and multiplying by r

re

n"—m—-r)"(r+1)Q2r—n) >0,

, we get the inequality

which holds since 2r —n > 0 and n > r > 2 by assumption. m)

Lemma 3.10. One has
n+ 1)@ —(@-Dn"

> 1.
(n+1—ajya™ + (a —1)n+1

Proof. The inequality is equivalent to
n+D@—@-1D">mn+1—-a)"+ (a—-1)"1.

Substituting a = %, multiplying by r”, and dividing by n, we get n" — (r +1)(n —r)" > 0,

which holds since 1 < % <r <n. O

Lemma 3.11. One has
as(V)(n + 1)(@" — (a—1)")

n(a”'H _ (a _ l)n—l—l) > 1.

Proof. We have §(V) = 8§(P"~!) = 1. Thus, the required inequality is equivalent to
n@ ™ —@—-1D""Y —a(m + 1)(@" - (a—1)") < 0.
Substitutinga = %, multiplying by r"1 and dividing by n, we getn” — (r + 1)(n —r)"* > 0,

which holds since 1 < % <r <n. D

Theorem 1.8 follows from Lemmas 3.9, 3.10, 3.11 and Theorem 1.9.
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4. Proof of Theorem 1.11

The goal of this section is to prove Theorem 1.11 and describe singular K-polystable
limits of smooth Fano 3-folds in the deformation family Ne4.2. We start with the following
(probably well-known) result, which we fail to find in the literature.

Proposition 4.1. Let C be a (2,2)-curve in P! x P1. Then C is
» GIT stable for PGL,(C) x PGLy(C)-action if and only if it is smooth,
* GIT strictly polystable if and only if it is one of the curves in Theorem 1.11.

Proof. Choose homogeneous coordinates x, y of degree (1,0) on P! x P!, and choose
homogeneous coordinates u, v of degree (0, 1). Then C is given by

2 2
Z Z aijx*>"ytu?Iy) = 0.
i=0,/=0

Observe that any one-parameter subgroup A: C* — PSL,(C) x PSL,(C) is conjugate to a

diagonal one of the form
t"o 0 "0
= (S 5)
0 ¢’ 0 ™"

for some integers vy = ro = 0 and r; > 0, which we will write as A = (rg, —ro, r1, —71). Then
the Hilbert-Mumford function is

u(f.2) = max{ro(2 — 2i) + r1(2 — 2j). ai; # 0}.

Clearly, if u(f, A1) <0, then agp = a10 = ap1 = 0. Moreover, if this inequality is strict, then
we additionally have a1 = 0. Furthermore, we have j(x2v2, 1) = —u(y?u?, 1). So at least
one of azg and ag; is zero. Without loss of generality, we assume that a9 = 0. Therefore, if
u(f.A) <0, thenagg = ajp = ap1 = ajy1 = azo = 0.

Suppose that C is singular at the point ([1 : 0], [1 : 0]), so that agp = a19 = dao1 = 0,
and consider the one-parameter subgroup A = (1,—1,1,—1). Then u(f,A) =4 -2 + j),
which is non-positive if and only if i + j = 2. But, since a;; = 0 whenever i + j <2, we
conclude that p( f, A) < 0 and C is not stable.

Conversely, suppose there exists a one-parameter subgroup A for which pu(f, 1) < 0.
Note that (x>~ y'u?>~/ v/, 1) > 0 for any one-parameter subgroup A provided thati + j < 2.
This gives agp = a19 = a1 = 0, so that the curve C is singular at ([1 : 0], [1 : 0]).

Now, let us describe the unstable locus. Suppose ago = a10 = @p1 = a11 = azo = 0.
Consider the one-parameter subgroup A = (1, —1,2,—2). Then

p(fid) =6-20 +2j).

which is negative if and only if i + 2 > 3. But since a;; = 0 wheneveri + 2 < 3, it follows
that ;( f, A) < 0. Similarly, one can show that C is GIT-unstable if it can be given by

2.2 2 2 2.2
a2 XV + appxyv. + a1y uv + azpy v =0.

This describes all possibilities for the curve C to be GIT-semistable, which easily implies the
description of GIT-polystable (2, 2)-curves. m]
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Now, weset V = P! x P1. Let L = Oy (1,1), let R be a curve in |2L|, set
Y =P Oy & Oy (L)),
let 7:Y — V be the natural projection, let S~ and S be disjoint sections of 7 such that
ST ~ S~ 4+ 7*(L).
Finally, we set F = 7*(R), and let ¢: X — Y be the blow up at the intersection S N F.If R

is smooth, then X is K-polystable [7]. Theorem 1.11 says that X is also K-polystable in the
case when R is one of the following singular curves:

(1) C1 + C,, where C; and C; are smooth curves in |L| such that |C; N Ca| = 2;

(2) £1 4+ €o + €3 + L4, where £1 and £, are two distinct smooth curves of degree (1, 0), and
£3 and {4 are two distinct smooth curves of degree (0, 1);

(3) 2C, where C is a smooth curve in |L]|.

Now, let us prove Theorem 1.11. We start with the following remark.

Remark 4.2. Suppose that R = €1 + €, + {3 + {4, where £; and £, are two distinct
smooth curves in V' of degree (1,0), and €3 and £4 are two distinct smooth curves of degree
(0, 1). Then X is toric, and it corresponds to the moment polytope in Mg whose vertices are

(0,0,1), (1,0,1), (1,1, 1), (0,1, 1),
(1,1,0), (-1,1,0), (-=1,-1,0), (1,—1,0),
(0,0,-1), (-1,0,-1), (=1,—1,—-1), (0,—1,-1).
The barycenter of the moment polytope is the origin, so X is K-polystable. See also [24].

Our next step is the following simple lemma.
Lemma 4.3. Suppose R = 2C for a smooth curve C € |L|. Then X is K-polystable.

Proof. Here, the morphism ¢ is a weighted blow up at the intersection 7*(C) N ST,
and X has non-isolated singularities along a smooth curve, which we will denote by C. The
threefold X can be obtained in a slightly different way. Let us describe it.

SetW =V x P!, let w: W — V be the natural projection, let S~ and St beits disjoint
sections, and let £ = w* (C). Then there exists commutative diagram

U
> N
w b's
BN S
Vv

such that
* « is the blow up along the intersection curves ENS and ENSt,
* 1 contracts the proper transform of the surface E to the curve C,

* ¢ oy maps the proper transforms of the surfaces S~ and ST to the surfaces S~ and S,
respectively.
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Let E be the proper transform on the threefold U of the surface E. We may assume that the
curve C is the diagonal curve in VV = P! x P!, Using this, we see that

Aut(X) = Aut(U) = Aut(W, E + §~ + §) = PGLy(C) X (G X ) X fy.

Indeed, we have that Aut(X) lifts to U since v is a blow up along the singular locus. In
particular, ¥ is Aut(U)-equivariant. On the other hand, « is Aut(U)-equivariant as well. By
construction, Aut(X) — Aut(W, E+S8 +8§ 1) is an isomorphism. Finally, W is a product
and the last isomorphism follows.

Observe that E is the only Aut(X)-invariant prime divisor over X . Thus, using [49], we
conclude that the threefold X is K-polystable if ﬁ(E ) > 0. Letus compute /3(E ).

We let F~ and FT be a-exceptional surfaces such that o(F~) € S~ and a(F1) c S+,
let S~ and S be the proper transforms on U of the surfaces S~ and S, respectively. Further,
set Hy = (pry 00)*(Opi(1)). Hy = (pry 0 @)*(Op1 (1)), H3 = (pry 0 )*(Op1 (1)), where
pry, pr,, prs are projections W — P! such that pr; and pr, factors through @ . Then

Y*(—Kx) ~—Ky ~2(Hi + Hy+ H3) — F  —FT ~2E+ 8 + 8T +2(F~ + F).
Now, we take u € Rx>¢. Then the divisor ¥ *(—Kx) — uFE is R-rationally equivalent to
Q—u)(Hi + H) +2H3+ u—1)(F "+ FN)~r Q—wE+S + ST +2(F +F7),

and S~ + ST 4+ 2(F~ + F*) is not big, so ¥ *(—Kx) — uE is pseudo-effective if and only

if u < 2. Moreover, if u € [0, 1], then the divisor ¥*(—Kx) — uE is nef. Furthermore, if

u € [1, 2], then the Zariski decomposition of the divisor ¥ *(—Kx) — u E is given by
U*(—Kx) —uE ~g 2—u)(Hy + Hp) + 2Hs + (u — 1)(F~ + F7).

positive part negative part

Hence, we have
~ 1 2 ~
=1- —/ (2—u)(Hy + Hy) +2H3 + (u — 1)(F~ + F1))> du
— %/ (2 —u)(Hy + H») + 2H3)3 du
1
1 2 1
= 1—/ 8u3—24u2+28du—/ 12(2—u)2du =— >0,
0 1 14

which implies that X is K-polystable. |

To complete the proof of Theorem 1.11, let us present X as a codimension two complete
intersection in a toric variety. Let T = (C” \ Z(1))/G?2,, where the G2,-action is given by

S = =
S = =

z
1
0

S = 8
—_— -

v
0
1

S D -
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and [/ is the irrelevant ideal (x, y,z,w,s) N {(u, v). Let P= Proj(Op3s @ Op3(1)). Then we
can identify P with the hypersurface in T given by s = f(x, y,z,w), where f(x,y,z, w) is
any non-zero homogeneous polynomial of degree 2. Since ¥ can be obtained by blowing up
the quadric cone over the surface {xy = zw} C P3 at the vertex, we can identify Y with the
complete intersection in 7" given by

Xy =zw,
s= f(x,y,z,w).

Then the projection 7: T — V is given by (x, y,z, w,u,v,s) — (x, y,z, w), where we iden-
tify V with {xy = zw} C P3. Then the surface S~ is cut out on Y by v = 0. Moreover, we
can assume that S is cut out on Y by u = 0, and we can identify R with the curve in S that
iscutoutby s = 0.

Letg: T — T be the blow up of T alongu = s = 0. Then 7 = (C®\ Z(I))/G},, where
the torus action is given by the matrix

Xy z wu v s t
1111 102 O
000 O0T1TT1TO0O O
000 0 1 01 -1

and the irrelevant ideal
T = (x,y,z,w,s) N {x,y,z,w,t) N {u,v) N (u,s) N (v, 1).

Then ¢ induces the blow up of Y along R. Thus, we can identify X with the complete inter-
section in the toric variety 7 given by

Xy =zw,
st = f(x,y,z,w).

Now, the subgroup I' = G, of the group Aut(X) mentioned in Section 1 can be explicitly
seen — it consists of all automorphisms (x, y,z, w,u,v,s,t) — (x,y,z,w, Au,v,s,t), where
A € C*. Similarly, we can choose the involution ¢ € Aut(X) to be the involution

(x,y,z,w,u,v,s,t) = (x,y,z,w,v,u,t,s).

Note that ¢ is not canonically defined, since we can conjugate it with an element in .
Suppose that R = C1 4+ C,, where Cq and C, are smooth curves in |L| that meet trans-
versally at two points. Then, up to a change of coordinates, we may assume that

[y z0) = xy =A% +w?),

where A € C such that A ¢ {0,2,—2}. Then X is the complete intersection in 7" given by

Xy = zw,
st = xy — A(z% + w?).

We can see from the equation f = 0 of R = C; + (5 that the group Aut(V, Cy 4+ C3)
contains G, x p,%, where the two involutions swap coordinates x, y or z, w, and the G, is
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defined by
(x,y,z,w) — (;Lx, Z,z, w)
I
It follows that Aut(X) contains automorphisms

(x,y,z,w,u,v,s,t) — (/Lx, Z,Z, w,u,v,s, l),
n

where u € C*. Similarly, the group Aut(X') contains two involutions
(x,y,z,w,u,v,s,t) — (y,x,z,w,u,v,s,t),
(x,y,z,w,u,v,s,t) > (x,y,w,z,u,v,s,t).

Let G be the subgroup in Aut(X) that is generated by all automorphisms described above.
Then G = G2 x u3, and we have the following result.

Lemma 4.4. The following assertions hold:
(a) X does not contain G-fixed points,
(b) X does not contain G-invariant irreducible curves,

(c) X contains two G-invariant irreducible surfaces — they are cut out by z + w = 0.
Proof. Left to the reader. O

Now, we can complete the proof of Theorem 1.11. Suppose that X is not K-polystable.
Using [49], we see that there is a G-invariant prime divisor F over X such that §(F) < 0. Let
Z be the center of this divisor on X. By Lemma 4.4, Z is a surface and Z ~ (7 o ¢p)*(L).
Then, as in [21], we compute B(F) = B(Z) > 0. This shows that X is K-polystable.

5. Proof of Theorem 1.12

In this section, we prove Theorem 1.12. This result describes all singular K-polystable
limits of smooth Fano 3-folds in the family Ne 3.9. To show this, we need the following theorem.

Theorem 5.1 ([26, Theorem 2], [34, Example 7.13], [3]). Let C be a quartic curve
in P2. Then the curve C is

* GIT stable for PGL3(C)-action if and only if it is smooth or has A1 or A,-singularities,

» GIT strictly polystable if and only if it is one of the remaining curves in Theorem 1.12.

Let us prove Theorem 1.12. Set V = P2, L = Op2(2) and Y = P(Oy @ Oy (L)). Let
m:Y — V be the natural projection, set H = 7*(L), let S~ and ST be disjoint sections of 7
such that ST ~ S~ 4+ H, and let R be one of the following curves:

(1) areduced quartic curve with at most A or A, singularities;
(2) C1 + C,, where C; and C; are smooth conics that are tangent at two points;
(3) C + €1 + £5, where C is a smooth conic, £1 and £, are distinct lines tangent to C;

(4) 2C, where C is a smooth conic in |L|.
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Set F = 7*(R), and let ¢: X — Y be the blow up at the complete intersection ST N F. Then
X is a singular Fano threefold, and our Theorem 1.12 claims that X is K-polystable. To prove
this, we start with the most singular (and the most symmetric case).

Lemma 5.2. Suppose that R = 2C for a smooth conic C C P2. Then X is K-polystable.

Proof. In this case, the threefold X has non-isolated singularities along a smooth curve,
and the proof is very similar to the proof of Lemma 4.3. Namely, we have

(5.1) Aut(X) = PGLy(C) X (G X 1),

and there exists exactly one Aut(X )-invariant prime divisor over X, the exceptional divisor of
the blow up of X along the curve Sing(X). So, to check that X is K-polystable, it is enough to
compute the S-invariant of this prime divisor. Let us give details.

As in the proof of Lemma 4.3, we set W = V x P!. Let w: W — V be the natural
projection, let S~ and ST be its disjoint sections, and let E = w*(C). Then there exists the
commutative diagram

U
27N
(5.2) w X
A 7T°¢
Vv
such that
e ¢ is a blow up along the curves ENnS-and ENST,
* 1 is a contraction of the proper transform of E to the curve Sing(X),
* ¢ oy maps the proper transforms of S~ and ST to S~ and ST, respectively.

This easily implies (5.1). Similarly, we see that (5.2) is Aut(X )-equivariant.

Let £ be the Y-exceptional divisor. Then E is the only Aut(X)-invariant prime divisor
over the threefold X . Thus, if ,B(E ) > 0, them X is K-polystable [49].

We let F~ and FT be a-exceptional surfaces such that a(F ™) C S—anda(Ft)c ST,
let S~ and St be the proper transforms on U of the surfaces S~ and S, respectively.
Set Hy = (pr; o @)*(@p1(1)) for the projection pry: W — P1, set Hy = (w o a)*(Oy(1)).
Then E ~ 2H, — F~ — FT, which gives

3. 1
V*(—Kx) ~—Ky ~2H; +3Hy — F~ — F ~q 2H; + 5E + E(F_ + F71).

Take u € Rx¢. Then
Y*(—Kx) —uE ~g 2Hy + 3 —2u)Hs + (u — )(F~ + F ™)

3-2ua 1
”E+§(F—+F+).

~r 2H1 +

This shows that ¥ *(—Kx) — uE is pseudo-effective if and only if u < % Moreover, if we have
u € [0, 1], then the divisor ¥*(—Kyx) —uE isnef. If 1 <u < %, its Zariski decomposition is

V*(—=Kx) —uE ~g 2H1 + 3 =2u)Ho+ (u — 1)(F~ + FT).

positive part negative part
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Hence, we have
1 3
BE) =1 s [ vl (K —uE) du
(—Kx)3* Jo
1 1
—1- %/ QH; + (3 —=2u)Hy + (u—1)(F~ + F))3 du
0
1 (3 X
— —/ (2Hy + (3—2u)H>)” du
26 J,

1 ! 1 (> 7
=1-— 16u3—36u2+26du——/ 24u? — 72u + 54du = — > 0,
26 J, 26 J; 26

which implies that X is K-polystable. |

Similarly, we can show that X is K-polystable if R = C; + C5, where C; and C; are
smooth conics that are tangent at two points. Indeed, in this case, the full automorphism group
Aut(X) contains a subgroup G such that G == (G,,)? [L%, the threefold X does not con-
tains G-fixed points, and the only G-invariant irreducible curve in X is a smooth fiber of
the conic bundle & o ¢. Therefore, arguing exactly as in the proofs of [7, Lemma 4.64] and
[7, Lemma 4.66], we see that X is K-polystable.

However, this approach fails in the case when R has a singular point of type A or Aj,
since, in general, X would not have as many symmetries. To overcome this difficulty, we
will use another approach described in the end of Section 1. Namely, we proved in Section 2
that Aut(X) contains an involution ¢ such that ¢ swaps the proper transforms of S~ and S,
X/t =Y, and the following diagram commutes:

YyX\pAY
N A

where p is the quotient map. Moreover, we also proved that the double cover p is ramified over
a divisor B € |28 ™| such that the morphism B — V induced by 7 is a double cover ramified
in the curve R. Set A = %B. Then —Kx ~q p*(Ky + A), and (Y, A) has Kawamata log
terminal singularities. Therefore, (Y, A) is a log Fano pair. Moreover, it follows from [31] that

1
X is K-polystable <— (Y , EB) is K-polystable.

However, everything in life comes with a price: the action of the group I' = G, described
earlier in Section 1 does not descent to Y via p, because I does not commute with ¢. Thus, the
group Aut(Y, A) is much smaller than the group Aut(X).

To explicitly describe B C Y, consider Y as the toric variety (C° \ Z(1))/G2, such that
the torus action is given by the matrix

X1 X2 X3 X4 X5
1 1 1 2 0],
0O 0 o0 1 1
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with irrelevant ideal I = (x, x2, x3) N (x4, x5). Let us also consider x1, X3, x3 as coordi-
nates on VV = P2, so that the projection 7 is given by (x1, X2, X3, X4, X5) — (X1, X2, x3). Then
S~ = {x5 = 0}. Moreover, we may assume that S = {x4 = 0}, and B is given by

x2 — fa(x1,x2,x3)x2 =0,

where f4(x1, X2, x3) is a quartic polynomial such that R = { f4(x1, x2, x3) = O}.
In the remaining part of the section, we will prove that the pair (Y, A) is K-polystable.
Recall that H = 7*(L). Note also that

3
~(Ky +8) ~¢ S™+ S H.

We will split the proof in several lemmas and propositions. We start with the following lemma.
Lemma 5.3. Let P be a pointin S~. Then §p (Y, A) > 1.

Proof. Let us apply Lemma 3.2. We have

4aP—(@—1)?) 4@ —(@—1)?
4—a)a® + (a—1)* 3@*—(a—1)*
where D(a) = —(Ky + A) anda = % Thus, we have

Sp(Y,A) =6p(Y:D(a)) = min{ s(V; L)},

26 13
sp(Y,A) = min{—, ES(V; L)}.

17
but 2 3 3 3 3
S(V:L) = 6(Vi5(=Ky)) = S8(Vi=Ky) = S8(V) = S8(P2) = 3,
(VL) S(Kp)) = S8(0V:—Ky) = 38(0V) = S8(B%) = 3
sothat §p (Y, A) = %. m]
Similarly, applying Proposition 3.5, we obtain the following lemma.
Lemma 5.4. Let P be a point Y such that P ¢ Sing(B). Then §p (Y, A) > 1.
Proof. By Lemma 5.3, we may assume that P ¢ S~. Then Proposition 3.5 gives
8(3a% —3a+1)
op(Y,A)=6p(Y;D = ;
p(¥V.8) = 8p( (@) 8dpa3 + 6(1 —2dpya? + 8(dpu — 1)a —2dp + 3
where D(a) = —(Ky + A),a = % d=1>=4u= % This gives §p (Y, A) = %. m

The two most difficult parts of the proof that (¥, A) is K-polystable are the following two
propositions, which will be proved in Sections 5.1 and 5.2 later.

Proposition 5.5. Let P be a point in B such that B has singular point of type Ay at P,
and let F be a prime divisor over Y such that P = Cy (F). Then By A (F) > 0.

Proposition 5.6. Let P be a point in B such that B has singular point of type A, at P,
and let F be a prime divisor over Y such that P = Cy (F). Then By A (F) > 0.

By Lemmas 5.3 and 5.4 and Propositions 5.5 and 5.6, the log pair (Y, A) is K-stable
in the case when R is a reduced plane quartic curve that has at most A or A, singularities.
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Therefore, to complete the proof, we may assume that R is one of the following curves:
(2) C1 + C,, where C; and C; are smooth conics that are tangent at two points;
(3) C + £y + €5, where C is a smooth conic, £1 and £, are distinct lines tangent to C;
(4) 2C, where C is a smooth conic in |L|.
Hence, appropriately changing coordinates x1, X2, X3, we may assume that
fa(x1, X2, x3) = (x1X2 — X3)(x1X2 — Ax3),
where one of the following three cases holds:
(2) A ¢{0,1}, R =C1 + Cp, where C1 = {x1x2 = x%} and C; = {x1xp = )kx%};
B3) A=0,R=C + {1+ {3, where C = {x1x2 = x%},ﬁl ={x; =0}and £, = {xp, = 0};
4) A=1,R =2C,where C = {x1x2 = x%}.

In each case, the group Aut(Y, A) contains an involution 7 such that

T(x1, X2, X3, X4, X5) = (x2, X1, X3, X4, X5).
Lemma 5.7. Suppose that A ¢ {0, 1}. Then (Y, A) is K-polystable.

Proof. Suppose (Y, A) is not K-polystable. It follows from [49] that there is a (t)-in-
variant prime divisor F over Y such that By A(F) < 0. Let P be a general point in Cy (F).
Then p (Y, A) < 1. But P ¢ Sing(B), since Sing(B) consists of two singular points that are
swapped by 7. Then §p (Y, A) > 1 by Lemmas 5.3 and 5.4, which is a contradiction. |

Lemma 5.8. Suppose A = 0. Then (Y, A) is K-polystable.

Proof. The surface B has a singular point of type A1, and two singular points of type A3,
that are swapped by 7. Arguing as in the proof of Lemma 5.7 and using Propositions 5.5, we
see that X is K-polystable. m|

Lemma 5.9 (cf. Lemma 5.2). Suppose A = 1. Then (Y, A) is K-polystable.

Proof. In this case, we have R = 2C, where C is an irreducible conic. Then we have
B = B; + B,, where By and B, are smooth surfaces in |S | that intersect transversally along
a smooth curve such that 7(B; N By) = C.

We already know from Lemma 5.2 that the threefold X is K-polystable in this case,
so that (Y, A) is also K-polystable [31]. Let us prove this directly for consistency.

Let W =V x P!, let w: W — V be the natural projection, let S—, Bi, By beits disjoint
sections, and let £ = w* (C). Then there exists the commutative diagram

W%U%Y
A

v
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such that « is a blow up along the curve ENS~, the morphism i is a contraction of the
proper transform of the surface E to the intersection curve B; N B such that ¥ maps the
proper transforms of the surfaces S, By, B> to the surfaces S™, By, By, respectively. Then

Aut(Y, A) = Aut(U) = Aut(W, By + By + E + §7) = PGL,(C) X .

Note that the commutative diagram above is Aut(Y, A)-equivariant.

Let F be a-exceptional surface, let E be the Y-exceptional surface, let 31 and 32 be the
proper transforms on U of the surfaces B; and B>, respectlvely Set A = 2(31 + Bz) Then
Ky + A ~@ ¥*(Ky + A), so that  is log crepant for (U, A) Then Ay, A(E) = 1.

First, we compute By, A(E) Set H; = (pr; cx) (Op1(1))and Hy = (w o @) *(Oy (1)),
where pr; is the natural projection W — P, Then A ~q@ Hp and E ~2H, — F, so that

~ 3. 1
V*(Ky + A) ~9 Ky + A ~9 Hi +3H, — F ~q H1+§E+§F.

Let u be a non-negative real number. Then

" ey lp
2 277
and this divisor is pseudo-effective if and only if u < 2. For u € [0, 2] let P(u) be the positive
part of the Zariski decomposition of ¥ *(Ky + A) — uE, and let N (u) be the negative part.

Then

~ 3
Y*(Ky +A) —uE ~g Hi + (3 —2u)Hy + (u— 1)F ~g Hy +

P) Hi+GB-2u)H, + (u—1)F if0O<u<l,
U) ~
Hi + (3 —2u)H, ifl <u<3,
and
0 fo<u<I,
N(u) = 3
w—-DF ifl<u<s.
This gives

By.a(E) = Ay a(E) — / (P(u))? du

(—K —A)?

1 1
:1—5/ (QH) + (3 —2u)Hz + (u — 1)F)* du
0 3
1 2
1

1 % 7
=1—/ 8u3—18u2+13du—/ 12u2—36u+27du:%>0.
0 1

Suppose that (Y, A) is not K-polystable. By [49], there exists an Aut(Y, A)-invariant
prime divisor F over Y such that By A (F) < 0. Let Z be its center on Y. Then 6p (Y, A) < 1
for every point P € Z. Hence, it follows from Lemmas 5.3 and 5.4 that Z C B; N B». Hence,
since Z is a Aut(Y, A)-invariant irreducible subvariety, we see that Z = By N Bs.

Let Z be the center of the divisor F on the threefold U. Then Z % E, since ,B(E) > 0.
Moreover, since Z C E and Z is Aut(U)-invariant, we see that Zisa Aut(U)-invariant section
of the natural projection E— Z.SetA= Ky + A. Then

0= By,a(F) = Ay A(F) — S4(F) = Ay R (F) — S4(F),
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because Ky + A ~@ ¥*(Ky + A). Moreover, it follows from [2,7,22] that

AU,K(F) ) { 1 1 }
> 2 n A 9 = ~ ’
Sa(F) S4(E) Sy(Wk: Z)

where SA(W,’?,; 2) is defined in [7, Section 1.7]. But SA(E) = %, o) SA(W,]?.; 2) > 1.

Let us compute S A(Wf,; Z ). Using [7, Corollary 1.109], we see that

3
A 3 5
Sa00E:2) = 55 [ (Pwlp? otz (V)
"3 3 e .
+—3/ / vol(P(u)|E —vZ)dvdu,
A4° Jo Jo

which is easy to compute, because E =~ P! x P!. Let us do this.

35

Let s = F N E. Then s is a section of the projection E — Z. Let f be a fiber of this

projection. Then

R 6—4u)f+us ifO<u<l,
P(“)|E: £ . <, <3
(6—4u)f+s ifl<u<s,
and
R 0 if0<su<l,
Nw)|t = . 3
(u—1s ifl <us<3.

Thus, we see that SA(W,‘?,; 2) < SA(W,?,; s) and

Sa(WE:s) = 13—3 /12((6 — 4u)f + 8)2(u — 1) du

1 u
+ 13_3/0 [0 (6 — 4u)f + (u — v)s)? dv du

3 (3 ! 5
+—/ /((6—4u)f+(1—v)s) dvdu
13 )1 Jo
3 13
= — 26 —4u)(u —1)du
13/,

3 1 u
+—/ / 2(6 —4u)(u —v)dv du

3 (3! 5
+ — 26 —4u)(1 —v)dvdu = — < 1,
131 Jo 13
which is a contradiction.

In the remaining part of this sections, we will prove Proposition 5.5 and 5.6.

5.1. Proof of Proposition 5.5. Let us use notation introduced earlier in this section
before Proposition 5.5, and let P be an isolated ordinary double point of the surface B. Then,

up to a change of coordinates, we may assume that P = (0,0, 1,0, 1) and

fa(x1,x2,1) = x% + x% + higher order terms.
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Let p: Yo — Y be the blow up at P; note that p is a log resolution of (Y, B). Then Yy is
the toric variety (C® \ Z(Io))/G3, for the torus action given by

X0 X1 X2 X3 X4 X5
o 1 1 1 2 0
O 0 o0 o0 1 1
1 0 0o 1 1 0

with irrelevant ideal
To = (x1,x2,x3) N (x1, X2, X4) N (x4, x5) N (x0,x3) N (X0, X5).
To describe its fan, denote the vector generating the ray corresponding to x; by v;. Then
vo = (1,1, 1), v = (1,0,0), v2=(0,1,0),
vy = (—1,—-1,-2), v4 =(0,0,1), vs =(0,0,—1).

The cone structure can be derived from the irrelevant ideal /g, and it can be visualized via the
following diagram:

Let F; = {x; =0} C Yp,andlet C;; = F; N F; fori # j such that dim(F; N F;) = 1.
Geometrically, the divisors F; are as follows.
e [} is the exceptional divisor of the blow up p: Yo — Y.

e Let D ~ 7*C be a pullback of a line and suppose D contains P; then strict transform
0: ' D of D on Yy is linearly equivalent to F; and F».

¢ And for pullback, we have p*D ~ F3.

* Divisors F4 and F5 are the proper transforms of the positive and negative sections of
on Yy, respectively.

Consider the Z3-grading of Pic(Yp) given by M. If Dy and D, are two divisors in Pic(Yy),
then it follows from [15, Chapter 5] that

Dy ~ Dy < degy(D1) = degps(D2).
Moreover, we have
Eff(Yo) = (Fo, F1, F5) and NE(Yp) = (Ci12, Ci5, Co1)-

In particular, a divisor D with degy, (D) = (a, b, c) is effective if and only if all a,b,c = 0.
Note that curve Cp; is a line in the exceptional divisor Fy, C12 is the proper transform of a fiber
of 7 passing through P, and Cj5 is a pullback of the negative section of p(F7) = F».
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Lemma 5.10. [Intersections of divisors Fy, F1, Fs5 are given by the following table:

F§ F¢F\ F}Fs FoF} FoF\Fs FoF? F} F}Fs FF? F2

1 -1 0 1 0 0 -1 1 =2 4

Proof.  Recall that, for distinct torus-invariant divisors F;, F;, Fy, we may compute their
intersection using the fan and the cone structure (or the irrelevant ideal)

0, XiXjXp € Iy,
Fl'Fij = 1

———  otherwise.
|det{vi, v, v}

This fact together with the linear equivalences implies the required assertion. |

Using Lemma 5.10, we obtain the following intersection table:

° Fy Fi F;s

Ci2 1 -1 1
Cis 0 1 -2
Cor -1 1 0

Now, we set A = —(Ky + A). Take u € Rx¢. Set
L(u) = p*(A) — uFo.

Then L(u) ~gr (3 —u)Fo + 3F1 + Fs. So the divisor L(u) is pseudo-effective if and only if
u < 3. Let us find a Zariski decomposition of the divisor L(u) for u € [0, 3].

The divisor L(u) is nef for u € [0, 1]. We have L(1) - C1» = 0. Since Cy5 is a flopping
curve, we have to consider a small Q-factorial modification Yy --> Y7 such that

Yi = (CO\ Z(1))/Gy,.
where the torus action is the same (given by the matrix M) and the irrelevant ideal
I1 = (x1,x2) N (x4, x5) N (x0, x3),

which is obtained from Iy by replacing (x¢, x5) with (x1, x2). The fan of Y is generated by
the same vectors, but the cone structure is different:
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Abusing our previous notation, we denote the divisor {x; = 0} C Y; also by F;, and we
let C;; = F; N Fj fori # j such that F; N Fj is a curve. As above, we see that

NE(Y1) = (Co1, C15, Cos).

Moreover, intersections of divisors on Y7 are described in the following table:

F} F}F F}Fs FoF? FoF\Fs FoF? F} F!Fs F\F? F3

0 0 -1 0 1 -1 0 0 —1 3

Using these intersections, we obtain the following intersection table:

° Fy F Fs

Cos —1 1 -1
Cis 1 0 -1
Co1 0 0 1

The proper transform on Y7 of the divisor L (u) is nef for u € [1, 2], and it intersects the
curve Cys trivially for u = 2. Note that C15 ~ C»5 on the surface F5, which implies that the
divisor F5 is contained in the negative part of the Zariski decomposition of the proper transform
of the divisor L(u). In fact, we have N(u) = (u — 2) F5 and

P(u) = (3 —u)(Fy + Fs5) + 3Fy,
where N (u) is the negative part of the decomposition, and P (u) is the positive part.

Lemma 5.11. One has Ay, A(Fo) = 2 and Sq(Fop) = %, so that
Ay,a(Fo) 52

Sa(Fo) 49

Proof. The equality Ay a(Fo) = 2 is obvious. Moreover, we have

—u3 + 13, u € [0,1],
vol(L(u)) = 3 =3u? +3u+ 12, uell,2],
3ud — 18u? +27u, u€[2,3].
Thus, we compute
S4(Fp) = . /3V01(L(u)) du = @
A3 Jo 26
as claimed. ]

Now, we construct a common toric resolution ¥ for Yy and Y;. Such variety is easy to
see from the fans of Yy and Y;; we want to add the following ray:

ve = (1,1,0) € (v1,v2) N (vg, v5).



Cheltsov, Duarte Guerreiro, Fujita, Krylov and Martinez-Garcia, Casagrande—Druel varieties 39

Set Y to be the toric variety corresponding to vy, ..., vg With the following cone structure:

Let ¢p: Y — Y, and ©1: Y — Y be the corresponding toric birational maps. Then
* (o is the blow up of Y along the curve Cj3,
* @1 is the blow up of Y7 along the curve Cops.

Set F; = {xi =0} C Y. Then Fg is the exceptional divisor of ¢g and ¢.
The Zariski decomposition of the divisor ¢g (L (u)) can be described as follows:

(3 —u)Fo + 3F + Fs + 3Fs, u € [0, 1],
Pu)~r {(3—wu)Fo +3F + Fs + (4—u)Fs, uell,2],
(3 —u)(Fo + Fs) +3F + (6 —2u)Fs, u €[2.3],
and
0, u € [0, 1],
N@) = {@-DFs, u e [1.2],
(u—2)Fs + Qu —3)Fs, uel2,3]
where P () is the positive part, and N (u) is the negative part.
Leto: Fo — Fyp be the morphism induced by ¢g. Recall that Fy is the exceptional divisor
of the blow up p at a smooth point P. Then, since o is a blow up at one point, we have Fp = [F;.

Let e be the o-exceptional curve, and let f be a fiber of the natural projection Fo — P!. Then
Fo|Fy ~—e—f, Fi|F, ~f, F5|F, ~ 0, Fs| F, = e, which gives

u(f +e), u €0,1],
Pu)|F, = Juf +e, uell,2],
uf+ 3—u)e, uej2,3],
and
0, u € [0,1],
N@)|Fy =4 w—1e, uell,2],
2Qu —3)e, ue|[2,3].
We are ready to apply [2,7,22]. Set Bg, = ox ! (B)|F,; since B has anode at P, we see
that Bf, is a conic. We set A, = %BF0 and we set

= AFy,Ar, (E)
8(Fo. Apy; V) = inf =00~

E/Ry sS(WEeE)
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where the infimum is taken over all prime divisors £ over Fp, and
Fi 3 (7 5 2 -
SWRiE) = 55 [ (Plr) e (W7, du
0

3 3 [ee) _
+—/ / vol(P(u)|F, —vE)dvdu.
A3 Jo Jo

Let F be a prime divisor over Y such that P = Cy (F). Recall that

By, a () = Ay, a(F) — SalF) = Aya(F) — 5 /O vol(A — uF) du.

It follows from [22, Theorem 4.8] and [22, Corollary 4.9] that

Ay,A(F) Ay,A(Fo)

5-3) Su(F) Su(Fo)

> 8p(Y,A) Zmin{ ,S(FO,AFO;V.I,::?)}-

Suppose By, a(F) < 0. Then it follows from (5.3) and Lemma 5.11 that there is a prime
divisor E over Fy such that

(5.4) SWLE) = Apyap, (E).

Let Z be the center of the divisor E on the surface Fo. Note that o(e) ¢ BF,.
Lemma 5.12. One has Z Ne = &.

Proof.  Note that AFy A, (e) = 2. Let us compute S (Wfﬁ’; e). Foru € [0, 3], let
t(u) = sup{v € Rxg | P(u)|F, — ve is pseudo-effective}.

For every v € [0, 7(u)], let us denote by P (u, v) and N (u, v) the positive and the negative parts
of the Zariski decompositions of the divisor P (u)|f, — ve, respectively. Then

~ 3 _ 3 pr(w)
SWLoie) = %[G (P(u,0))? orde(N (u)| 7,) du + %/0 /0 (P(u,v))* dv du.

Observe that
0, u € [0,1],

orde(N(u)|Fy) = Ju—1, wuell,2],
2u—3, ue€l2,3].
Moreover, we have
u, u € [0,1],
t(u) =141, uell,?2],
3—u, uel2,3].
Furthermore, we have N(u, v) = 0 for every u € [0,3] and v € [0, #(u)]. Finally, we have
uf + (u—v)e, u €[0,1],v € [0, u],

P(u,v) = uf + (1 —v)e, uel,2],vel0,1],
uf +3—u—v)e, ue(2,3,vel0,3—ul,
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which gives

u? — 2, u €[0,1],v € [0, u],

(Pw,v)?* = u2—(1—-v—u)? uell,2,velo1l],
u?—B3-2u—v)%, uel2,3,vel0,3—ul.

Integrating, we get S(Wf?; e) = % <2=AFyAp, (e), so that Z # e by (5.4).
Suppose that Z Ne # &. Let O be a point of the intersection Z N e. Then it follows
from [22, Theorem 4.17] and [22, Corollary 4.18] that

AFy,Ap, (E) 2 1 13 1
B I Zmin{ }:min{— —}

S(Wad: E) S(WLoie) SWe%:0) 10" sawFoe. 0)
where
~ 3 3 pt(u)
swlee 0) = —3/ / (P(u,v)-e)*dvdu.
~ Ehet) A 0 0
Integrating, we get S (W.Iif”f ;0) = %, which contradicts (5.4). |

Thus, we see that Z is disjoint from e. In particular, we see that
Z N Supp(N ()| 7o) = @

for every u € [0, 3]. This will simplify some formulas in the following.

Let BF, be the strict transform on Fo of the curve Br,. Then BF, is a smooth irreducible
curvein |2(e +f)|. Set A, = %Bio. Let O be a point in Z. We may assume that O € f. Then
there are three cases to consider:

(1) O ¢ BF,,
(2) O € Bf,Nf, and fintersects BF, transversely at the point O,
(3) O = BfF, Nf, and fis tangent to Bf at the point O.

Let 0: Fy — Fobe a plt blow up of the point O defined as follows:

* the map 6 is an ordinary blow up in the case when O ¢ Bf,, or when O € Bf, Nf, and
the fiber f intersects the curve Bf,, transversely at the point O,

« the map 0 is a weighted blow up at the point O = BF, N f with weights (1, 2) such that
the proper transforms on Fy of the curves BF,, and f are disjoint in the case when the
fiber f is tangent to the curve Bf, at the point O.

Let C be the f-exceptional curve. We have C = P!. Let B¢, be the proper transform on the
surface Fy of the curve Bf,. Set Ag, = %B Fo- Let Ac be the effective Q-divisor on the
curve C known as the different, which can be defined via the adjunction formula

Kc +Ac = (Kf, + AFy)lc-

If 6 is a usual blow up, then A¢c = AF,|c. Similarly, if 0 is a weighted blow up, then

1
Ac = AF,lc + o
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where o is the singular point of the surface Fo contained in C (o is an ordinary double point,
which is not contained in the proper transforms of the curves Bf, and f).
Now, for u € [0, 3], we let

t(u) = sup{v € Rxog | 9*(ﬁ(u)|ﬁ0) —vC is pseudo-effective}.

For every v € [0, 7(u)], let us denote by P (u,v) and N (u, v) the positive and the negative parts
of the Zariski decompositions of the divisor 8* (P ()| F,) — vC, respectively. Then

AFoAp (E) {AFO,AFO(C) . Ac,ac(0) }
— 2 > min inf
S(WL E) swle; ) 2<¢ skl o)

(5.5) 1=
by (5.4) and [22, Corollary 4.18], where the infimum is taken by all points Q € C, and

3 3 f(u) .
SRS 0 =5 [ [ P02 avdu + Fowie)
0 0
for
7 6 tw) R
Fo(W, 9;0) = ?/o /O (P(u,v)-C)ordg (N (u,v)|c) dvdu.

Denote by € and 1 the proper transforms of the curves e and f, respectively.

Lemma 5.13. Suppose that 0 is an ordinary blow up. Let Q be a point in C. Then
A C
Fo,AFO( ) 39 and Ac AC(Q) > E
swhio) sl 10
Proof. One has
uf+e+C), uefo,1],

0*(P(w)|Fy) ~r Ju+C) +8, well,2],
u®+C)+ B —ue, uel23].

This easily implies that 7(1) = u and

0, u €[0,1],v € [0, u],
0, uell,2,velo1],
N@,v)={(@w-Df uell,2],ve[l,ul],
0, ue(2,3,vel0,3—ul,
(v+u—3)f, uel2,3,ve3—u,ul,
so that
uf+ @) + (u—v)C, u €[0,1],v € [0, ul,
uf + (u —v)C + ¢, u€[l1,2],v €[0,1],
Puv)y=d(u—v+Df+@—-v)C+8&  uell,2,vell,ul
uf + (u —v)C +¢, u € [2,3],veo, 3—u]
B-v)f+u—-v)C+@B—ue, uecl23l.ve3—uul.
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which gives

u? —v2, u €[0,1],v € [0, u],
—v? 4+ 2u — 1, uell,2,velo1],
(P(u,v))? = 2u — 2v, uell,2],vell,u]

—3u? —v?2+12u—-9, uel2,3,vel0,3—u
—2u? 4+ 2uv + 6u—6v, uel2,3),ved—u,ul.

Thus, integrating, we get S (Wf? ;C) = %—2. Note that

O € BFf,,

3
AFo.8 7, (€) = {; O ¢ BF
9 0'

This gives the first required inequality. Similarly, we compute
F 9 2 2 1 9g=fnc,
S(W.Ff’.ci 0)=—+ FQ(W,FB’,C), where FQ(W.FQ’.C) =126 Q _
o 26 o T 0  otherwise.

Observe that

3 Q€ Bp,

1, Q¢ Bp,.

Moreover, if O € Bf, Nf, the intersection C N T consists of a single point, which is not
contained in Bf,. Thus, we have

AC,AC (Q) = {

13 r
B3 g=cnf
Acac(@Q) i3 0=CnBp
Fo.C. 9" Fo
S(We a0 :0) 26

5 otherwise,
which implies the second required inequality. |

Thus, it follows from (5.5) and Lemma 5.13 that O = Bf, Nf, sofand Bf, are tangent
at the point O. Then 6 is a weighted blow up with weights (1, 2). We have

u(f+ ¢ +20), u € lo,1],
0*(P(w)|Fy) ~r {u+2C) +8, uell,2),
uf+2C)+ (B —uye, ue2.3].

This gives 7(u) = 2u. Moreover, we have

0, u €[0,1],v € [0,u],

(v —u){f+9), u €[0,1],v € [u,2u],

0, uel,2],v el0,1],

v=1¥ _
N(u,v)z >, R A uell,2],vell,2u—1],

(v—uf+@w-2u+le, uecll2],vell,2u—1],

0, ue(2,3],vel0,3—ul,

VU3 ue(2,3],vel0,3u—3]

(v—u)f+ (+3—-3u)e, ue(2,3],ve3u—3,2ul,
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and
u — v)C + uf + ue, uel0,1],ve[0,ul.
Qu —v)(C +T+9), u€l0,1],v € [u,2u],
u —v)C + uf + &, u € [l1,2],v €[0,1],
B, v) = (2u—v)c+2j—2—v+1f+é, uell,2,vell,2u—1],
Qu —v)(C +f+e), ue€[l,2,vell,2u—1],
Qu —v)C 4+ uf + (3 — u)e, uel2,3,vel0,3—u,
Qu —v)C + "3 4 3—wu)e, ue(2,3],ve[0,3u 3]
QQu —v)(C +f+e), u € [2,3],v € [Bu—3,2ul.
Then
ur -2 uel0,1],v €[0,ul,
(2";”)2, u € [0,1],v € [u,2u],
u—1-%, uell,2],velo1],
~ 2 J2u—v %, uell,2],vell,2u—1],
(Ple,v))” = Qu—v)? well,2vell,2u—1],
12u—9-3u2—% uel2,3],vel0,3—u
Cu—2v=3)u=3) u€[2,3],v € 0,3u—3],
Qu_v)? ue 2,3, v e Bu—3,2ul.

Now, integrating, we get S (Wfﬁ’; C)= %. Thus, since A, A Fo (C) =2, we get
AFo.ar,(C) 52
NUA e
so it follows from (5.5) that there is a point Q € C such that S(W.I,VP,’.C; 0) = Ac,A-(Q).On
the other hand, we compute
SWRE:0) = = + Fowp ).
where

Fowho¢

0  otherwise.

)_{%, 0=cnt

Recall that Bf, and T are disjoint and do not contain the singular point of the surface Fpy.
Moreover, we have

3. 0 =CNBp,.
Ac,ac(Q) =13, Q = Sing(Fo),
1 otherwise.
Thus, summarizing, we get
13 fi
12 Q - C N f,
Acac(Q) ¥, 0 =CnNBz,
swiesio) |5 Q= Sine(Fo)
% otherwise.
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In particular, we see that S (Wfﬁ’,’.c ; Q) < Ac,a(Q) in every possible case. The obtained
contradiction completes the proof of Proposition 5.5.

5.2. Proof of Proposition 5.6. Let us use notation introduced earlier in this section
before Proposition 5.6, and let P be a singular point of type A, of the surface B € [2ST|.
Then, up to a change of coordinates, we may assume that P = (0,0, 1,0, 1) and

fa(x1,x2, 1) = x? + x5 + higher order terms.

Let p: Yo — Y be the blow up of the point P with weights (3, 2, 3) with respect to vari-
ables (x1, x2, x4); note that p is a toroidal log resolution of (¥, B). We may describe Yy as
a toric variety given as (C® \ Z(ly))/G3,, where the action is given by the matrix

X0 X1 X2 X3 X4 X5
o 1 1 1 2 0
o 0 o0 o0 1 1
1 o 1 3 3 0

’

where the irrelevant ideal is
To = (x1,x2,x3) N (x1,x2,x4) N (x4, x5) N (x0,x3) N (X0, X5).

To describe the fan of the toric threefold Yy, we denote by v; the vector generating the ray
corresponding to x;. Then

vo = (3,2,3), v1 = (1,0,0), vs=(0,1,0),
U3 = (_17_17_2)$ Vg4 = (0’ 07 1)’ V5 = (070’_1),

and the cone structure can be visualized with the following diagram:

Let F; = {x; =0} C Ypand C;; = F; N F; fori # j suchthatdim(F; N F;) = 1. The
geometric identifications of F; and C;; are the same as in previous section. Then

Eff(Yo) = (Fo. F1. F5) and NE(Yp) = (C12,C15, Co1).

Intersections of divisors Fy, F1, F5 are described in following table:

F} F§F F3}Fs FoF} FoF\Fs FoF? F F}!Fs F\F? F23

L
18

o 0o =2 1 =2 4

0 2

1
2

A=
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This gives the following intersection table:

Co 3 -1 1
Cis 0 1 -2
Co —¢ 3 O

Now, we set A = —(Ky + A). Take u € Rxg. Set L(u) = p*(A) — uFy. Then we have
L(u) ~r (9—u)Fo+ 3F1 + Fs,so L(u) is pseudo-effective if and only if u < 9. Let us find
the Zariski decomposition for L (u).

Observe that L(u) is nef for u € [0, 3]. Since L(3) - C12 = 0 and Cy5 is unique in its
numerical equivalence class, we consider a small Q-factorial modification Yy --> Y7 along
the curve Cy, such that Y, = (C®\ Z(1;))/G;,, where the torus action is the same, and the
irrelevant ideal is /1 = (x1, x2) N (x4, x5) N {x9, x3). The fan of Y; is generated by the same
vectors, but the cone structure is different:

Abusing our previous notation, we denote the divisor {x; = 0} C Y; also by F;, and we
let C;; = F; N F; for i # j such that F; N F; is a curve. Then NE(Y1) = (Co1, Ci5, Cos),
and intersections on Y] are described in the following two tables:

Fg F}Fy F}Fs FoF? FoF\Fs FoF? F} F!Fs FF? F3

1 1 1 1 1
0 0 ~% 0 2 =2 0 -3 -3 3

° Fhb F, Fs
Cos —% 3
Cs 3 -3
Coo 0 o0 1

Thus, we see that the proper transform on Y; of the divisor L (u) is nef for u € [3, 5], and
it intersects the curve Cy5 trivially for u = 5. Since Cj5 is unique in its numerical equivalence
class, we consider another small QQ-factorial modification Y7 --> Y5 such that

Y, = (C®\ Z(12))/G;,
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where the torus action is again given by the matrix M and the irrelevant ideal
I> = (x1,x2) N {x4,x5) N {x1,x5) N (X0, X2, x3) N (X0, X3, X4).

Then the fan of Y5 is generated by the same vectors, but the cone structure is different:

We abuse our notation again and denote the divisor {x; = 0} C Y> also by F;. Similarly,
welet C;; = F; N Fj fori # j suchthat F; N Fj is acurve. Then NE(Y2) = (Co1., Co3. Cos),
and intersections on Y, are described in the following two tables:

F§ F3F F}Fs FoF? FoF\Fs FoF? F? F}Fs FF? F2

1 1 1 1 1
2 2 3 2 0 -5 0 0 3
° Fh F Fs
Cos 3 0 —1
Cs 3 1 1
Coi 3 —3 O

The proper transform on Y5 of the divisor L(u) is nef for u € [5, 6], and it intersects
both curves Cp; and Cys trivially for u = 6. Furthermore, if u € [6, 9], then the negative part
of the Zariski decomposition of the divisor L(u) on the threefold Y5 is

N@w) = u—6)F) + 2—"Fs,

while the positive partis P(u) ~r (9 —u)(Fo + F1 + %Fs). This gives

3

132— LS u € [0,3],
—u?+3+23

VOI(L(“)) 11,3 ’ 2’ 3 e Bk
Su” —8u” + su, u € [5,6],
—su® +3u? —27u + 81, u€[6,9]

Integrating, we get Sy (Fp) = 1%67. Since Ay, A(Fo) = 5, we get

Ay,a(Fo) 130 N
Sa(Fo) 127
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Next we construct a partial common toric resolution for Yy, Y1, Y», which is easy to see
from fan toric picture: we want to add the rays

ve = (3,2,0) € (v1,v2) N (vo, vs),
v7 = (1,0,—1) € (vo, v3) N (vo, v3),
vg = (3, 1,0) (S (Ul, v2> N (U(), U3).

Set Y be the toric variety corresponding to vy, . .., vg with the following cone structure:

Then we have the following toric diagram:

Y
v N

Y, Yo

a’l l’ﬁ/

Yip ———-------- - Yo1

2N N
Y ¢--—--——————— Y «--—-—--——-—- Y(),
where toric maps can be described as follows:

Map Center Weights Exceptional divisor Relation
Vo x1=x2=0 (3,2 {x6 = 0} 3v1 + 2v2 = v
V1 xo=x5=0 (1,3 {x¢ = 0} vo + 3vs = vg
o1 X1 =X5=0 (1,1) {X7=0} V1 + V5 = vy
(0} X0 = X3 = 0 (1,2) {X7 = 0} Vo + 21)3 = V7
v o oxi=xs=0 (1,1) {x7 =0} V1 + U5 = v7
o’ xo=x5=0 (1,3) {x¢ = 0} vo + 3v5 = vg
Yor X1 =x6=0 %(3, 1) {xg = 0} 3v1 + vg = 2vug
012 Xo=x7=0 %(],3) {xg =0} v1 + 3v7 = 2vug

Here, %(a, b) indicates that the variety has an A -singularity along the center of blow up.
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Now, we set go = Vo1 © ¥’ 0 Yo, 1 = Yo1 0¥ oW1, g2 = 012 00" 0 05. Let F; be
the toric divisor {x; = 0} C Y. Then

v6 (Fo) ~q Fo.

@ (F1) ~@ Fy + 3F¢ + F7 + 3Fs,
g (Fs) ~q Fs + Fy,

¢} (Fo) ~q Fo + Fe + %ﬁs,

o1 (F1) ~@ Fi+ Fr + %Fs,

o1 (F5) ~Q ﬁs + 3ﬁ6 + ﬁ7 + %fs,
03 (Fo) ~o Fo + Fe + F7 + 2F%,
03 (F1) ~q Fi.

¢3(Fs) ~q Fs +3Fe.

Using this, we describe the Zariski decomposition of the divisor ¢g (L (1)) as follows:

(9 —u)Fo + 3F; + Fs + 9Fs + 4F; + 9F5, u € [0.3].
B (9—u)Fo +3F1 + Fs + (12— u)Fe + 4F; + 274 Fg, u €[3,5],
u) ~ ~ ~ ~ ~ ~ ~
B YO w)Fy +3F + Fs+ (12— u)Fs + (O—u)Fy +209—u)Fs, uel5,6],
(9—u)(ﬁ0+ﬁl +%F5+2F6+F7+2F8), u €[6,9],
and
0, u €[0,3],
. —3)Fg + ¥3 Fg, € [3.5],
M = (u—3)Fs + 5> Fs. 3 u € [3,5]
(u—3)Fs + (u—5F; + (2u — 9) Fs, u € [5,6],
]

(u—6)Fy + %Fs + Qu—9Fs + (u—5)F; + Qu—9Fs, uel69]

where P (u) is the positive part, and N (u) is the negative part.
Now, we describe P (u)|F, and N (u)|F, for every u € [0, 9]. We have

Y = (C°\1)/G§,

where the torus action is given by the matrix

Xp X1 X2 X3 X4 X5 X X7 X8
o 1 1 1 2 0 0 0 0
0O 0 0 0 1 1 0 0 0
M=|1 0o 1 3 3 0 0 0 0
0 0 1 3 6 0 1 0 0
0o 0 1 1 3 0 0 1 0

\0 0 2 3 6 0 0 0 1 )
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and the irrelevant ideal

I = {x0,x3) N {x0,x5) N (x0,x7) N {x1,x2) N {x1,x5) N (x1,x6) N (x2,x7) N (X2, x8)

N (x3,x6) N (x3,x8) N (x4, x5) N (x4, x6) N (x4, x7) N (x4, x8) N (x5, x3).

To obtain a similar description of the surface ﬁo, set xo = 0, eliminate the first row in M , and
set x3 = x5 = x7 = 1, since I C {xg, x3) N {xg, x5) N (xg, x7). The resulting matrix is

X1 X3 X4 Xe¢ X8
32 3 0 O
0O 0 3 1 0
O 1 3 0 1

Using this, we see that Fy = (C3 \ Z(I%,))/G3,, where the torus action is given by

Z1 Zp Z3 Z4 Z5
1 1 2 0 0
o1 0 1 o}
01 1 0 1

and /7, = (z1,23) N (z1.24) N (22,24) N (22, 2z5) N (23, z5). We can see from the matrices
that
x1lFo =21, X3|Fo =23, XalFy =722, XgIFo=za. X3lFo = Zs.

The fan of the toric surface Fp is given by
w; = (1,0), wy=(-1,-2), w3=(0,1), wgq=1(1,2), ws=(1,1)

with obvious cone structure. Note that we can also recover this structure by noticing that
Fo = P(1,1,2) is the exceptional divisor of the weighted blow up p and that the maps ¥
and o restrict to Fy as weighted blow ups. For i € {1, 2,3, 4,5}, let C; be the curve in ﬁo
given z; = 0. The cone of effective divisors of the surface Fo is generated by the curves Cj,
C4, Cs, and their intersection form is given in the following table:

L] C1 C4 C5

¢, -3 0 1

Cy 0 -1 1

Cs 1 1 -2

Further, we compute
2C1 + 5Cq + 5Cs, u €0,3],
~ LCi+ Ca+ (3 + ¥)Cs, u € [3,5],
P)|F, ~r ., >y

§C1 +C4+(3—§)C5, u € [5,6],
]

6—Z)Ci+(B3-%)Cs+(B—%)Cs. uel6.9

El
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and
0, u e [3,5],
u 3
~ 5 (2C4 + C5), u € [3,5],
N@)Fo = 4,25 2u—9
"5 Cq + =5=Cs, u € [5,6],
(u—6)C1 + 252(2C4 4+ Cs), u €16,9].

Let 0: Fg — Fy be the morphism induced by ¢o. Then 6 is a birational morphism that
contracts C4 and Cs. Set C| = 0(Cy), C2 = 0(C3), C3 = 0(C3), identify Fo = P(1,1,2)
with coordinates Z1, Z», z3 such that C; = {z1 =0}, C, = {Z, = 0}, Cs = {Z3 = 0}, where
z1 and Zz, are coordinates of weight 1, and Z3 is a coordinate of weight 2. Then

0(Cyq) = 0(Cs) = C, 063 =[0:1:0],

and 6 is a composition of the ordinary blow up at the point [0 : 1 : 0] with the consecutive blow
up at the point on the proper transform of the curve C 3. Note that Cs is the proper transform
of the exceptional curve for the first blow up and Cy4 is the exceptional curve for the second
blow up.

Let By be the proper transform on Yy of the surface B. Set Ay = %Bo and B, = Bo|F,.
Then, changing the coordinates Z1, Z2, Z3, we may also assume that

{ +22—Z3}CFO

This curve is smooth, it does not contain the singular point of Fo, and [0 : 1: 0] ¢ Bf,. The
geometry of the surface Fy can be illustrated by the following picture:

—

Note that the surface Y is singular along the curve C3. We set

1 2
AF() = EBFO + §C3

Then
KFry + AFy ~q (Ky, + Ao)|F,-

and A, is the corresponding different [40].
Now, we are ready to apply [2 7,22]. Let Q be a point in F(), let C be a smooth curve in
the surface Fy that contains Q, let C be its proper transform on Fy. Foru € [0, 9], let

t(u) = inf{v € Rx¢ | the divisor P W) |F, — vC is pseudo-effective}.
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For a real number v € [0, #(u)], let P(u,v) and N(u, v) be the positive part and the negative
part of the Zariski decomposition of the divisor P W) |Fy — vC, respectively. Set

SL(WFecy =2 / (B ()| Fo)? ordE (N ()| 7o) du

0
t(u) )
+F/(; /0 (P(u,v))*dvdu.

Write *(C) = C + X for an effective divisor ¥ on the surface Fy. For u € [0, 9], write
N7y =dw)C + N'().

where d(u) = ord¢ (1'\7 (u)|F,), and N'(u) is an effective divisor on Fp. Set

3 t(u) -
S0 =5 [ [ (P R avau+ FoohzS)

for

t(u)
FoWlnE) = 35 / / (PG, v) - €)
-ordg ((N/(u) + N(u,v)— (v + d(u))2)|c) dv du,
where we consider Q as a point in C using the isomorphism C = C induced by 6.

We will choose C such that the pair (Fo, C + A, —ordc (A f,)C) has purely log ter-
minal singularities. In this case, the curve C is equipped with an effective divisor Ac such
that

K¢ +Ac ~q (Kpy + C + Afp, —ordc (AR,)C)|c,

and the pair (C, Ac) has Kawamata log terminal singularities. The Q-divisor Ac is known as
the different, and it can be computed locally near any point in C; see [40] for details.
Let F be a prime divisor over Y such that P = Cy (F). Recall that

1 o0
Br.a(F) = Ay.a(F) = S40) = Aya®) - 4 [ volta —uk) .
0
Suppose By, a(F) < 0. Then, using [22, Corollary 4.18], we obtain

_ Ara(F) Ay,a(Fo) . . [AF,Ar, (C)  Aca-(Q)
> = ———— inf min F , ol ,
Sa(F) Sa(Fo) QeFo SAWe;C) SWedv'; Q)

=>6p(Y,A) = min{

where the choice of C in the infimum depends on Q. Thus, since

Ay.a(Fo) _
Sa(Fo) ~
we have A ©)
A A
inf min{ fo ;O , C’?CC(.Q) }$ 1.
Q¢eko SA(WO,P; C) S(Wo,g,’o ; Q)

In fact, since
Ay,a(Fo) 130

= — >1,
Sa(Fp) 127
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it follows from [22, Corollary 4.18] and [2, Theorem 3.3] that we have a strict inequality

AFo.0r, (C)  Ac,ac(0)

o , FoC < 1.

SA(WQ’. ; C) S(Wo,o:o ; Q)

Let us use this to obtain a contradiction, which would finish the proof of Proposition 5.6.
Namely, we will show that, for every point Q € Fy, there exists a smooth irreducible

curve C C Fp such that Q € C, the log pair (Fo,C + Af, —ordc (AF,)C) has purely log
terminal singularities, and the following two inequalities hold:

inf min{
Q¢cFy

(5.6) SaWEe:C) < Apyap, (O,
(5.7) SWSOS:0) < Acac (0).
To be precise, we will choose the curve C as follows:
o if O eCq,weletC =C;y:
«if 0 ¢Crand Q € C3, weletC = Cg;
« if 0 ¢ C1 U C3, welet C be the unique curve in |C | such that Q € C.

Lemma 5.14. Let Q be a point in C 1. Set C = Cy. Then (5.6) and (5.7) hold.

Proof. Note that AFo,AFO (C)=1and X = C4 + Cs. We have

_Jo, u € [0, 6] 3 u € [0, 6],
) = {u—6, u € [6,9], and t(u)_{

Moreover, we have

v(Cyq + Cs), u €[0,3], v elo,¥%],
5Cs, uel35,vel0,5—1]
3v+33—uc4 + 6v+63—uC5’ ue [3,5], v E [% _ 1’% ,
0, u €56, vel0,u—>5],
NI =1 s 5,6 _5u
2 57 u e [ ’ ]’ v e [u k) 3 ]a
3v+33—uC4 + 3v+g—2uC5’ = [5,6], v e [% —1, %]’
0, uel6,9],vel0,3-7%]
U= (Cy + Cs), uel6,9,vel3—%6—2,
and
U3V (Cy + C4 + Cs), u €[0.3], v e [0, %],
UV Oy + Cy 4 2HE30Cs, ue[35]vel0¥—1],
U2 (Cy 4 C4 + Cs). uel3slvely—13]
Plu.v) U0y 4 Cy 4 54, uel56],vel0,u—>5],
u,v) ~
Bluue, 4oy e, wels6veu—5%—1],
U3 (Cy 4 C4 + Cs), uel56,vely—-13]
(B=Z43v 0y + 228(Cy 4+ Cs), u€l6,9.vel0.3-4]
18=2Uu=3v (€} + Cy + Cs), uel6.9.veB-% 62
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which gives

%, u €[0,3], vel0 k]
u_y é’ u€[3,5,vel0,5—1],
(u—138v)2’ uel3svely—13]
(P(u,v))* = —u—22+uv—v72—13+%”_6v’ uel>.6vel0u—3]
R u€el56,veu—->5%~—1],
(u—l”;v)z, uel56,vels—13%]
w92 u€[6.9.velo3—4]
(18—21148—31))2’ uel6,9,vel3-— %’6_ ZTM]’
and
udv u €[0,3], vel0, %]
1 uel3 s, vel0 5 —1]
u=3v uel3svel4—14,
ey wel5.6] velo.u—>5],
P(u,v)-C = L uel56,veu—5%—1]
u=3v, uel56,vely—11%]
L, uel6,9],vel03-%]
18=2u=3v "y c [6,9], v e [3— % 6 2.

Integrating, we get

so (5.6) holds.

10
SWa:C) = 3 < 1= AR,ap,(C),

Similarly, we compute

where

Observe that

Thus, we have

which implies (5.7).

9
SW23:0) = o5 + Fo(W3v),

. = =
FoWFocy =1 2=C10Cs
al 0 otherwise.

0 ZElﬂBFO,
0 IElﬂfz,
0 =CiNCs,

otherwise.

AC,AC (Q) =

— W= N= =

—_
w

Q=C;NCs,
0=CNCy,
(0] :ElﬂBFO,

otherwise,

AC,AC (Q) _
NUAR)

ofi3 o|& ol 3
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Lemma 5.15. Let Q be a point in C; \ C 1. Set C = Cs5. Then (5.6) and (5.7) hold.

Proof. Foru € [0,9], we have d(u) = 0, N'(u) = N (u)|F,. As C ~ C3 +2C4 + Cs,
we have
u € [0,6],

%
Hw) = {9T u €[6,9].

We compute

2vCy4 + vCs, u €[0,3], v €0, ¥,
0, uel3,5],velo, “—3]
U=3(2C4 4 Cs), ue 3,5 ve 42 Y
N@u,v) = {0, u€[5,6],velo, GT“],
3v+3u—6 (Ca), u €56, ve o3k, 2u=2
SUEISU(Cy) + HEFRA(Ca). w € [5.6] v €[22, E],
U9 (Cy + Cs). u €[6,9], v e[0,254],
and
U=S2(Cy + Cq + Cs), u €1[0,3], v €0, %l.
U Cy 4 IO Cs 4 Gy, ue[3,5], v e [0, 453,
U8V (Cy 4 C4 + Cs), ued.slve ["—3 4.
P(u,v) ~ @Cl + WCs + Cq, uel5,6],ve [0 ]
UIUC) 4 243U(Cs + Cq), ue[5,6], v e[S54 2“39,
2=U=3(2C) 4 Cy4 + Cs), uel6,9.ve [o, 9%"],
which gives
2
U2+ 207 — 2y, u €10,3], v el0, %]
gz_ 20— 1, u € [3,5], v € [0, %3],
”8+2v2—%uv, u €35, ve % ,6]
(P(u,v))* = { Loy — 20 — 1332, uel56],ve [o, e,
4u—6v—9—1—78u2+v —I— 2uv, u€l5,6], ve[FH, 22
9— 6v —2u + v? + % + uv uel56,ve 2”39,2]
29 (Cy + Cs), u €[6,9], v e [0, 25Y],
and
¥—2v, uel03],vel0¥]
1, u € [3.5], v e [0, %3],
2 —2v, u€l35,ve "63,2
Pu)-C =11, u € [5.6], v e[0,%54],
3-v-—-%, ue[5,6],ve[6%",%],
2 —2v, u €[5, 6], ve[zugg,%],
3-%—v, uel69] vel0 5]
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Thus, integrating we get

10 1
SWed:C) = 35 < 3 = AFo,a5,(C),

so (5.6) holds. -
Since Q # C1 N C3, we have Fop (Wfﬁ’,’.c) = 0, which gives S(Wfa’.c3; 0) = 29—6. But

1 B
Ac.ac(0) = {12’ S;Bi‘”

Thus, we have
Ac,ac(0) {Qy Q € Br,,
NUZA# e 0

which implies (5.6). O

Lemma 5.16. Let Q be a point in Fy such that Q ¢ C1 U C3, and let C be the unique
curve in the pencil |C 1| that contains Q. Then (5.6) and (5.7) hold.

Proof. Note that Ag, s, (C) = 1,and C ~ Cy + C4 + Cs. We have

5 u € [0, 3],
t(u) =141, u € [3,6],
2% uel6,9)

For every u € [0, 9], we have d(u) = 0 and N'(u) = ﬁ(u)|ﬁ0. We compute

0, u €[0,3], v €0, %],
0, u e [3,5],vel0,1],
N(u,v) =40, uel[56],vel0,6—ul,
(v+u—6)Cy, uel56,vel6—u,l]
vCq, uel6,9],vel0,3-3%]
and
U=3V(Cy + Cy + Cs), u €[0,3], v e [0, %],
U3y 4 (1 — ) Cy + 20U Cs, u €[3,5], velol],
P(u,v) ~ Y32 Cy 4 (1 —v)Cy + 232G, u €56, vel0,6—u,
182UV 0y 4 (1 —v)Cy + Z%30Cs, ue[5.6],ve[6—u,l],
U3V (2Cy + C4 + Cs), u€[6,9, vel0.3— Y]
which gives
—3v)? ue0,3], velo ¥,
—1+ % Luv + o2, u € [3,5], v e 0, 1],
(Pu,v))> = {2~ 4 »* 13116, ye[56],vel0,6—ul,
S5+ 2 42— 2 —6v, uel56L,vel6—ull
(3—%—v)?

. u€l6,9],vel0,3-3%]
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and
0,3], v €0, %],

u €|

u € [3,5], v elo,1],
Pu)-C=3%3 4 e[56],vel06—ul

ue|

u €|

5,6),ve6—u,l],
6,9, v €[0,3—%].

Thus, integrating, we get
9
Fy. — —
S(W.’B,C) = 26 <1= AFO:AFO(C)’

so (5.6) holds.
Since O ¢ C1 U C3, we have Fo(Woe:E) = 0 and

1
5 Q S BF()’
Ac,ac(Q) =2
¢ 1, Q¢ Br,.
Integrating, we get S (W.{?:),’F ;0) = %, so that
AC,Ac(Q) _ %’ Q € BFov
SWSC) |3 Q¢ Br
which implies (5.6). O

Lemmas 5.14, 5.14, 5.16 complete the proof of Proposition 5.6.

6. On the K-moduli spaces

In this section, we prove Corollary 1.13. The proof of Corollary 1.14 is almost identical,
so we omit it. To start with, let us present the following well-known assertion.
Lemma 6.1. Let X be a smooth Fano threefold. Then

-K3 b3 (X
X—m+m@%—ix

(X, Tx) —h' (X, Tx) = x(X.Tx) =

where by (X) and b3(X) are the second and the third Betti numbers of X, respectively.

Proof. The required assertion immediately follows from the Akizuki—Nakano vanishing
theorem and the Hirzebruch—Riemann—Roch theorem, since —Kx - c¢2(X) = 24. |

Now, let us use notation and assumptions introduced in Corollary 1.13.
Lemma 6.2. Let f € T and let Xy be the Casagrande—Druel 3-fold constructed from
{f = 0}. Suppose that f is GIT semistable with respect to the I'-action. Then Xy is K-semi-

stable.

Proof. There exists a one-parameter subgroup A: G,, — I' such that

Lol = lim A@) - []
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is a GIT polystable point in 7. Let X be the corresponding Casagrande—Druel threefold con-
structed from { fo = 0}. Then it follows from Theorem 1.11 that X is K-polystable. On the
other hand, the subgroup A gives isotrivial flat degeneration of Xr to Xo, which implies that
Xy is K-semistable, because K-semistability is an open condition. O

Now, we are ready to prove Corollary 1.13.

Proof of Corollary 1.13.  Since the construction of Casagrande—Druel 3-folds is functo-
rial, there exists a I'-equivariant flat morphism 77: X7 — T such that 7 YfD=Xx 7. We
set X7ss = 1(T*). Then the restriction morphism X7+ — T is a ['-equivariant flat family
of K-semistable Fano 3-folds by Lemma 6.2.

Let {T*°/I'} be the fibered category over (Sch/C)pf in the sense of [36, Example 4.6.7].
Then the family X7s — T gives a morphism {7%/T"} — MKSSS of fibered categories. This
induces the morphism [T/ T] — <M3K,§8 between Artin stacks, since [7%/T] is the stackifi-
cation of {T%/T"} (see [36, Remark 4.6.8]).

Since M is the good moduli space of [T55/ T, it follows from [4, Theorem 6.6] that there
exists a natural morphism ®: M — M3 5g that maps [ f] to [X]. We claim that ® is injective.
Since M is of Picard rank 1, it is enough to show this on the open subset of M parametrizing
[f]such that (f = 0) is non-singular, so that the corresponding 3-fold Xy is smooth. Suppose
that f1 and f> are points in 7" and the corresponding Casagrande—Druel 3-folds X7, and Xy,
are both smooth and isomorphic. Let y: X7, — Xy, be the isomorphism. Then y maps any
exceptional locus of the contraction of an extremal ray of Xy, to an exceptional locus of the
contraction of an extremal ray of Xy,. There are exactly 4 such exceptional loci: Sy, S2, £y
and E». Since §; and Ej are not isomorphic to each other, the image of S1 C Xy, via y must
be either §1 C Xy, or §> C Xy,. In each case, the restriction of y to Sy gives a projective
isomorphism between ( f; = 0) and ( f> = 0). Thus, the points f; and f> are contained in one
["-orbit. Hence, the morphism & is injective.

Observe that M is normal. Take [ f] € M Smce the deformations of the 3-fold X are
unobstructed by Proposition 2.6, the variety MED 3, 28 is also normal at [X¢] by Luna’s étale slice
theorem [6, Theorem 1.2]. Moreover, if X7 is smooth then

dim[Xf](M3 28) < h! (Xf, TX/) = dim(M)

by Lemma 6.1, since h°(X, Ty) = dlm(Aut(X )) = 1. Therefore, using the injectivity of &,
we see that the image ®(M) C M D% is a connected component, and @ is an isomorphism
onto this connected component by Zarlskl s main theorem. O

The variety MEP is well-studied [26]. Let us describe MXP
T =P(H’(V,0v(2,2)))

and T’ = (SL2(C) x SLy(C)) x pt,, where V = P! x P1. Set Ty = SL»(C) x SL»(C).

>~ T% J/ T'. Recall that

3. 9) (4. 2)

Proposition 6.3 (Noam Elkies). One has T | To = T% J ' = P(1,2,3).

Proof. Let W = HO(V, Oy (2,2)), let S be the symmetric algebra of WV, let ST0 be
its subalgebra of invariants for the natural I'g-action, and let H(¢) be its Hilbert series

H(r) = dim((Sym* (W"))T0):¥
k=0



Cheltsov, Duarte Guerreiro, Fujita, Krylov and Martinez-Garcia, Casagrande—Druel varieties 59

Then it follows from [39, §11.9] or [18, §4.6] that

Vel 72 ;72 p_,2_ ;72 1
no= [ AR [T s dndn,

2 221202
Jrasi—t0y L T2 5

with |t| < 1, where z; = e2"V=191 and 75 = 2™V ~192 This gives

1

HO = s a—ma-m

Let us find generators of ST0. Consider the standard basis

2.2 2 2.2 2 2 2.2 .2 2.2
Xo0Yo:>X0)Y0Y1,XgY1:X0X1)Yg,X0X1Y0Y1,X0X1)Y1, X1 Vo> X1)Y0V1, X1V

of the space W, let apo, ao1,a02,a@10,411,a12,a20,d21,a2> be the dual basis of the space
WV, and let J,, J3, J4 be the coefficients of the characteristic polynomial of the matrix

Ja11  —aip  —aopr  2dgo
arx —ian —2ap  ap
ari  —2a) —iay  aio
2a0 —az —aix  3an

such that J € Symk(WV) for k € {2, 3,4}. Then J;, J3, J4 are ['g-invariant, and these poly-
nomials are algebraically independent, which gives S o — ¢ [J2, J3, J4], so that

TS ) Ty = P(2,3,4) =~ P(1,2,3).

Since the polynomials J5, J3, J4 are also I"-invariant, we also get 7% )/ To = T J/ T. |

Remark 6.4. In fact, Proposition 6.3 is a classical result — Peano [38] and Turnbull [44]
showed that ST is generated by J,, J3, J4; see [44, §12] and [37, pages 242-246].

The surface M (Iff.’ ;) is a component of the K-moduli space of smoothable Fano threefolds.
Another two-dimensional component of this K-moduli space has been described in [13], and

all its one-dimensional components have been described in [1].
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