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Abstract— Satellite Internet of things (S-IoT) aims to provide
globally covered network services. In this paper, we conceive
an uplink grant-free random access scheme for S-IoT network,
where ground devices transmit data packets to the low Earth
orbit (LEO) satellite, reducing signaling cost and making efficient
use of spectrum resources by employing the non-orthogonal
multiple access scheme. The impact of high operational speed of
the LEO satellite is also taken into account. We further propose
an iterative Gaussian approximated message passing-aided sparse
Bayesian learning (GAMP-SBL) algorithm to address the joint
channel estimation (CE), active user identification (UID) and
data detection (DD) problem, where the three steps interacts
with each other during the iterative process. Simulation results
have demonstrated that our proposed joint receiver design
outperforms the existing AMP-based schemes in terms of bit
error rate (BER), convergence speed, as well as false alarm rate
(FAR).

Index Terms—Grant-free non-orthogonal multi access (GF-
NOMA), low Earth orbit (LEO) satellite communications, mes-
sage passing, sparse Bayesian learning (SBL).

I. INTRODUCTION

A. Background

The Internet of things (IoT) are revolutionizing social
and economic industries, such as manufacturing, agriculture,
transportation, medicine [1–3]. IoT is expected to provide
high transmission rate and massive connection services due
to its wide deployment of terminals, low duty cycle, and
low power consumption [4]. Existing cellular communication
networks deployed in densely populated areas are efficient
for communications tasks in urban and regular workplaces
[5]. However, based on the advancement of the Internet-
of-everything (IoE), IoT terminals will be distributed in a
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variety of application scenarios. A significant fraction of
IoT terminals, for instance, may locate in remote areas that
the traditional terrestrial cellular network cannot cover [6].
To address the remote coverage problem, the satellite IoT
(S-IoT) is proposed to provide communication services for
remote areas as a complement and extension of the terrestrial
IoT [7, 8]. In fact, several companies and organizations, e.g.,
Starlink, OneWeb, and Kuiper, have launched a number of
test LEO satellites to provide globally connected services [9].
The shorter orbit height, lower transmission delay, and lower
path loss [10] of LEO satellite enables direct ground-space
communications. A wider coverage area of a LEO satellite also
brings challenges in multiple access design [11]. A massive
number of users are supported by a single LEO satellite,
resulting in resource insufficiency [12] in both the frequency
and the time domain if orthogonal multiple access (OMA) is
adopted. Fortunately, non-orthogonal multiple access (NOMA)
allows multiple user signals to superimpose on the same
time/frequency resource [13], and is recognized as a key
technology of the next generation wireless network [14–18].
Due to the excellent spectrum efficiency of NOMA, it has been
widely applied in LEO satellite communications to support
massive connectivity [19–23].

However, in the satellite networks, the long distance be-
tween satellite and ground leads to extremely high round-
trip signal propagation delay [24]. Traditional grant-based
protocols need a request-grant procedure to achieve uplink
access, which usually encounter complex control signaling
exchange and high access latency [25]. The long distance
between the LEO satellite and users will further exacerbate the
transmission delay. Additionally, in the IoT scenarios, user de-
vices are active in a sporadic manner, which means that only a
small fraction of them require network access at a time [26]. In
order to reduce the transmission latency and achieve efficient
massive random access, grant-free random access (GF-RA)
has emerged as a promising candidate [24–27]. In GF-RA,
active devices send data and pilot sequences directly to the
satellite receiver without the handshaking procedure [28]. In
recent years, the GF non-orthogonal multi access (GF-NOMA)
has been proposed [12, 26, 28], in which multiple devices share
the limited spectrum resources in a non-orthogonal way. In
this work, we consider the application of GF-NOMA in LEO
satellite communications and propose a novel receiver design
at the LEO satellite.



B. Related Work

In response to the influx of IoT devices, combining different
IoT technologies, such as narrow-band IoT (NB-IoT) and
massive machine type communications (mMTC), with non-
terrestrial networks (NTN) has become a research hotspot [29,
30]. In [31], a grant-free multiple access based on orthogonal
time-frequency space (OTFS) system has been proposed for
the realization of smart railways mMTC over LEO satellites.
In order to reduce the impact of propagation delay between
terrestrial equipment and LEO satellites, a grant-free age-
optimal (GFAO) random access protocol was proposed in [32]
to guarantee the information freshness in mMTC. LoRA is one
of the most extensively researched protocols in the satellite
scenario to establish long-distance communication [33]. In
order to avoid the mutual interference of different LoRA users
in the same time-frequency resource, Zhang et al. proposed an
orthogonal multiple access method in [34] by taking advantage
of LoRA’s confidentiality in the fractional domain. In [35],
a method for parallel demodulation of multiple concurrent
intra-spreading factor transmissions has been presented, and
the receiver has been enhanced to reduce the multiple access
interference in LoRA via satellite. To improve scalability in
the case of user overload in the range of satellite services, a
novel Aloha variant was proposed in [36]. [33] showed an in-
depth study on the influence of Doppler effect on the reliability
of LoRA satellite link.

Different from the traditional grant-based protocols, GF-
RA scheme faces an important challenge: active user iden-
tification (UID) and data detection (DD). So far, research
works on receiver design for GF-NOMA can be devided into
two categories: joint UID and DD with perfect channel state
information (CSI); and joint UID, CE and DD without CSI.

1) Joint UID and DD with perfect CSI: When CSI is
available at the receiver, compressed sensing (CS)-based algo-
rithms are developed for extracting non-zero elements from the
received signal vector. Specifically, by converting the multiple
measurement vector problem into several single measurement
vector (SMV) problem, Yuan et al. developed a parallel adap-
tive subspace pursuit algorithm for multiuser detection and
presented a proper information exchange strategy [37]. In [38],
the multiuser detection (MUD) is transformed into several least
absolute shrinkage and selection operator problems, which
struck a good trade-off between complexity and detection
performance. Additionally, the sparse Bayesian learning (SBL)
architecture [39] was used in [40, 41] to address the MUD
problem in GF-NOMA. To solve the MUD problem for single
and multiple time slots, a pair of SBL-based algorithms have
been proposed in [40]. To further reduce the high computa-
tional complexity of SBL, Zhang et al. has embed approximate
message passing (AMP) structure to SBL [41].

2) Joint UID, CE and DD without CSI: Considering a more
practical scenario, where CSI is normally unavailable at the
receiver, many researchers proposed approaches to achieve
UID, CE and further DD at the receiver. Specifically, by
exploiting the characteristic of quasi-time-invariant channel tap
delays as the prior information, [42] developed a CS-aided
UID and CE algorithm, which achieved lower complexity

and higher accuracy than orthogonal matching pursuit (OMP).
Similarly, the SBL method can be also used to address the
joint UID and CE problem [25, 43]. [25] has formulated the
joint UID and CE as a block sparse signal recovery problem
by utilizing the low density signature (LDS) structure and
investigated a message passing based block SBL algorithm.
[43] has replaced the matrix inversion operation with a relaxed
evidence lower bound to reduce the complexity of SBL. Since
joint CE and signal detection involve continuous and discrete
variables, Wei et al. approximated the intractable distributions
to Gaussian distributions by expectation propagation, and a
message passing receiver was proposed to solve the joint UID,
CE and DD problem [12]. Through the addition of suitable
auxiliary variables, [44] has divided the entire detection pro-
cess into two parts: slot-wise MUD and joint CE and DD,
which were solved by different message passing methods.

3) GF-RA in LEO satellite scenario: [27] has proposed an
iterative Bernoulli-Rician message passing with expectation-
maximization (BR-MP-EM) algorithm, where the inner it-
erations pass messages and the outer iterations update the
hyperparameters, to address the joint UID and CE problem for
the GF-RA scheme in S-IoT. Mapping the data with a prede-
termined and unique codebook, Guo et al. designed a structure
of GF-RA in S-IoT and conceived the corresponding detector
[45]. The authors in [46] proposed a novel framework for GF-
RA S-IoT and converted signals to a tensor decomposition
form. Utilizing the tensor structure of signals, [46] designed
a low-complexity detector for its system. Applying GF-RA in
orthogonal frequency division multiplexing (OFDM), Zuo et
al. designed a grid-based parametric system [47]. Adopting the
OFDM repetition method to identify the Doppler components,
a modified variance state propagation (MVSP) algorithm was
developed to address the joint UID and CE problem. Zhou
et al. employed OTFS and proposed a GF-NOMA-OTFS
paradigm in S-IoT [24]. Utilizing the time-domain training
sequences to assist modulation and demodulation, a two-stage
detector for successive UID, CE and DD was developed. Fur-
thermore, Shen et al. exploited the input-output relationship
of multiple-input multiple-output (MIMO)-OTFS system with
a high latency and a high Doppler offset in LEO satellite
communication networks [48]. Besides, a SBL-aided two-
dimensional convolution detector for joint UID and CE was
proposed in [48].

C. Contributions
The works of joint UID and DD mentioned above is based

on the premise that the channel state information (CSI) is
known at the receiver. However, the CSI in satellite-ground
communications varies over time [25], and hence it is nec-
essary to estimate the channel frequently before DD due to
the high operational speed of the LEO satellite. Motivated by
this, we focus on designing a novel strategy for addressing
joint UID, CE and DD in uplink grant-free NOMA network.
Besides, we adopt a code-domain NOMA scheme, LDS-
OFDM, which may also be extended to other schemes, e.g.,
sparse code multiple access (SCMA) [25]. The contributions
of this paper are summarized as follows:



• Due to the sporadic activity of the S-IoT, we conceive
an uplink grant-free NOMA system for S-IoT, where
ground devices transmit data packets directly to the
satellite without the grant establishment process, reducing
the signaling cost and making efficient use of spectrum
resources with the sparse structure of LDS. The receiver
identifies the active users via the received pilots, and per-
forms the channel estimation and data detection jointly.

• Modeling the joint active UID and CE problem as a
SMV problem, we propose a novel Gaussian approxi-
mated message passing (GAMP)-SBL algorithm, which
ensures the false alarm rate (FAR), while attaining lower
complexity, compared with the existing joint UID and
CE algorithms, such as EM-based SBL and BR-MP-EM
[27]. The GAMP algorithm approximates the posterior
distribution of unknown channel as Gaussian-distributed,
and transmits the mean and variance via the factor graph.
The SBL architecture leverages the channel sparsity,
and obtains the posterior information of channel from a
Gaussian likelihood model.

• Considering the high velocity of the LEO satellite, we
employ the time-varying channel model to account for
Doppler frequency offsets, characterizing the time cor-
relations. In order to improve the channel estimation
accuracy in this high-speed scenario, we propose a joint
CE, UID and DD scheme, where the highly reliable
recovered data in the current time slot will be utilized
later for channel estimation in the next slot, further
enhancing the channel estimation performance.

• To further improve the system performance, we propose
an iterative GAMP-SBL receiver structure to jointly per-
form the CE, UID and DD. Specifically, we first formu-
late a factor graph of our grant-free LDS-OFDM system
to characterize the message passing process in UID, CE
and DD. A pair of selection criteria is used to filter out
reliable data symbols and the highly reliability data is
reused to assist improving the CE accuracy. Finally, after
the message passing in joint UID and CE stage, we utilize
the sparse structure of LDS-OFDM to further optimize
the results of UID. Simulation results have demonstrated
that our proposed joint algorithm outperforms the existing
AMP-based schemes in terms of bit error rate (BER),
convergence speed, as well as false alarm rate (FAR).

The paper is structured as follows. Section II describes
the system model of uplink grant-free NOMA system in S-
IoT. The GAMP-SBL algorithm for joint UID and CE is
developed in Section III. Then, the GAMP-SBL algorithm
for joint UID, CE and DD is derived in Section IV, while
the system performance is shown in Section V. Finally, our
conclusions are drawn in Section VI.

II. SYSTEM MODEL

In this section, we introduce the system model of GF-
NOMA in LEO satellite communications. The transmitter
structure along with the pilot transmission is discussed in
Section II-A, followed by the space-ground channel model

introduced in II-B. The receiver structure is discussed in
Section II-C, and finally, Section II-D introduces the structure
of pilot signal.

A. Transmitter
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Fig. 1. System model.

We consider an uplink grant-free LDS-OFDM system in
S-IoT, as shown in Fig. 1, where K potential single-antenna
ground users (GUs) transmit data to the LEO satellite em-
ploying linear antenna array in the initial slot at an active
probability of pa. At the receiver, the LEO satellite is equipped
with R receive antennas (RA). Following , The transmitter
structure is illustrated in Fig. 2. The symbol Ak (1 ≤ k ≤ K)
is used to indicate the user activity of device k, i.e., Ak = 1 if
GU k is active. Otherwise, Ak = 0. We assume that the state
of each GU (active or inactive) does not change over T time
slots. For the active GU k, the binary bit stream is mapped to
a L-length quadrature amplitude modulation (QAM) symbol
sequence xt

k = [Akx
t
k,1, Akx

t
k,2, · · · , Akx

t
k,L] ∈ C1×L in

time slot t by the QAM alphabet A and |A| = M . For each
inactive GD k, xt

k is a sequence of all zeros. Due to the two
states (active or inactive) of GUs, we further extend the QAM
alphabet to A+ = A∪{0} and |A+| = M +1. With the low-
density spreading sequence sk = [sk,1, sk,2, · · · , sk,N ]T ∈
CN×1, the QAM symbol sequence is spread over N(K > N)
orthogonal subcarriers. The relationship between K GUs and
N subcarriers can be expressed in a sparse matrix F = (fnk)
(1 ≤ n ≤ N), taking K = 6, N = 4 as an example, we have

F =


0 1 1 0 1 0
1 0 1 0 0 1
0 1 0 1 0 1
1 0 0 1 1 0

 . (1)

(1) indicates that df = 3 GUs share a single subcarrier
and each GU occupies dv = 2 subcarriers. Additionally, we
define the set Kn to represent all the GUs that share the n-th
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Fig. 2. The detailed transmitter and receiver structure of the grant-free LDS-OFDM system for the S-IoT scenario.

subcarrier and the set Nk to represent all the subcarriers which
are occupied by the k-th GU, i.e.,

Kn = {k|Fn,k = 1,∀k}
Nk = {n|Fn,k = 1,∀n} . (2)

Obviously, |Kn| = df and |Nk| = dv .

B. Channel Model

In this paper, we follow the space-ground channel model
proposed in [27, 49, 50]. Considering a multicarrier system, the
channel between GU k and the satellite over the n-th subcarrier
through the r-th (1 ≤ r ≤ R) RA in the first time slot can be
expressed as

h1
c,k = hse

jφθ (hnlos
c,k ejφ

nlos
c,k + hlos

c,ke
jφlos

c,k), (3)

where c = (r − 1) × N + n and 1 ≤ c ≤ NR. Let
hlos
c,ke

jφlos
c,k denotes the Line-of-Sight (LoS) component and

it is assumed to be a constant [27] because the stationary
GUs communicate with satellite at fixed elevation angles. In
addition, the Non-Line-of-Sight (NLoS) component, which is
described as hnlos

c,k ejφ
nlos
c,k with a Rayleigh-distributed amplitude

hnlos
c,k and a uniformly random phase ejφ

nlos
c,k , can be seen as

following the complex Gaussian distribution hnlos
c,k ejφ

nlos
c,k ∼

CN (0, vnlosc,k ) [27]. Besides, considering the channel impair-
ments, e.g., Doppler shift, the weather condition and the
atmospheric variation [51], the propagation fading hs and the
phase shift φθ are added. Specifically, we suppose hs is log-
normal-distributed [27] and φθ follows a Gaussian distribution
φθ ∼ N (0, vθ). All GUs can be considered to be in a small
area relative to the distance between the satellite and the earth,
so their channel impairment component hse

jφθ is assumed to
be the same [27].

Considering temporal correlation, we adopt the first-order
Autoregressive (AR) model [52]. The channel of the first time
slot is generated by formula (3), and the channel of time slot
t (1 < t ≤ T ) is related to the channel of its previous slot,

which can be expressed as

ht
c,k = ρht−1

c,k +
√
1− ρ2ϵtc,k, t = 2, 3, · · · , T, (4)

where ϵtc,k ∼ CN (0, vϵ) and ρ = J0(2πfdτ) ∈ [−1, 1]. More
specifically, J0(·) is the zeroth-order Bessel function of the
first kind, τ is the time slot duration and fd is the maximum
Doppler frequency. We employ Ku-band for our system, fc
represents the carrier frequency and v denotes the mobile
speed, then, we can derive that fd = vfc/c.

C. Receiver
The receiver is shown in Fig. 2. The l-th (1 < l ≤ L)

symbol ytc,l received by the satellite over the n-th subcarrier
at the r-th RA in the t-th time slot can be described as

ytc,l =
K∑

k=1

ht
c,ksn,kx

t
k,lAk + nt

c,l, (5)

where nt
c,l ∼ CN (0, σ2) denotes the Gaussian noise.

Let yt
l = [yt1,l, · · · , ytN,l, y

t
N+1,l, · · · , ytNR,l]

T ∈ CNR×1

represent the l-th symbol received in the t-th time slot;
nt
l = [nt

1,l, · · · , nt
N,l, n

t
N+1,l, · · · , nt

NR,l]
T ∈ CNR×1 be

the noise vector; xt
l = [A1x

t
1,l, A2x

t
2,l, · · · , AKxt

K,l]
T ∈

CK×1 be the l-th symbol transmitted by all GUs, ht
k =

[Akh
t
1,k, · · · , Akh

t
N,k, Akh

t
N+1,k, · · · , Akh

t
NR,k]

T ∈ CNR×1

be the channel vector of GU k; and Ht = [ht
1,h

t
2, · · · ,ht

K ] ∈
CNR×K be the channel matrix. Then, the vector form of (5)
can be given as

yt
l = H̃txt

l + nt
l , (6)

where we define h̃t
k ≜ ht

k ⊙ (1 ⊗ sk), 1 represents a R-
dimensional vector whose elements is all 1 and H̃t ∈ CNR×K

is the matrix form of h̃t
k. Furthermore, formula (6) can be

written in matrix form

Yt = H̃tXt +Nt, (7)

where the received signal Yt = [yt
1,y

t
2, · · · ,yt

L] is a NR×L
matrix, the transmitted signal is Xt = [xt

1,x
t
2, · · · ,xt

L] ∈



CK×L and the noise matrix is Nt = [nt
1,n

t
2, · · · ,nt

L] ∈
CNR×L. As shown in Fig. 2, UID, DD and CE are iteratively
performed at receiver, which will be introduced in detail in
Section IV.

D. Pilot signal

In order to obtain the channel state information, we assume
that each GU k has a Lp-length pilot sequence Pk =
[P1,k, P2,k, · · · , PLp,k]

T ∈ CLp×1 and the satellite receiver
has the knowledge of Pk. We assume that Pk is non-
orthogonal Gaussian sequence [27] and each symbol Plp,k ∼
CN (0, 1) (1 < lp ≤ Lp) is independent. The active GUs of
the set Kn transmit their pilot sequence together with data
information on subcarrier n at the first time slot and if GU
k is inactive, the sequence is not sent. Then, the lp-th pilot
symbol ypc,lp received by the the satellite over subcarrier n
through the r-th RA is

ypc,lp =
∑
k∈Kn

Plp,kh
1
c,kAk + np

c,lp
. (8)

Furthermore, the vector form of (8) can be expressed as

yp
c = Ph1

c + np
c , (9)

where yp
c = [ypc,1, y

p
c,2, · · · , y

p
c,Lp

]T ∈ CLp×1 is the pilot
symbols received on the n-th subcarrier through the r-th RA,
P = [P1,P2, · · · ,PK ] ∈ CLp×K is the pilot sequence
transmitted by all GUs, np

c = [np
c,1, n

p
c,2, · · · , n

p
c,Lp

]T ∈
CLp×1 is the Gaussian noise vector and its variance is σ2 ,
h1
c = [A1h

1
c,1, A2h

1
c,2, · · · , AKh1

c,K ]T ∈ CK×1 is the channel
vector over subcarrier n through the r-th RA at the first time
slot and it is also the transposition of the c-th row vector of
the matrix H1.

Considering all the subcarriers and all the RAs of our
system, let Yp = [yp

1 , · · · ,y
p
N , yp

N+1, · · · ,y
p
NR] ∈ CLp×NR

and Np = [np
1 , · · · ,n

p
N ,np

N+1, · · · ,n
p
NR] ∈ CLp×NR, the

matrix form of (9) can be written as

Yp = P(H1)T +Np. (10)

III. JOINT CE AND UID ALGORITHM

In this section, we first review the basics of the SBL method
in Section III-A. Due to the high complexity of the SBL
algorithm, we embed the efficient GAMP method into the
structure of SBL and develop the GAMP-SBL algorithm for
joint UID and CE in Section III-B.

A. Overview of Sparse Bayesian Learning

Due to the sprodic pattern of GUs, the corresponding chan-
nel for the inactive GU is 0, indicating the channel sparsity.
Moreover, the SBL method does not need to know the active
GU indices. Taking joint UID and CE as an example and

assuming the noise variance σ2 is known, we give a brief
introduction to SBL. Since the channel of each subcarrier and
each RA is independent, the joint detection problem of each
subcarrier and each RA in the first time slot is modeled as
a SMV model and the channel in the first time slot can be
obtained by traversing the subcarriers and RAs. SBL assumes
a Gaussian likelihood model of

p(yp
c |h1

c , σ
2) = (2πσ2)−

Lp
2 exp(− 1

2σ2
||yp

c −Ph1
c ||2). (11)

SBL estimates the hyperparameters αp
c from the data, which

controls the prior variance of h1
c . Then, the prior of h1

c is

p(h1
c |αp

c ) =
K∏
k

CN (h1
c,k|0, (α

p
c,k)

−1). (12)

where αp
c,k is positive and these priors are non-informative.

We follow the assumptions in [53] and define a Gamma prior
distribution for αp

c,k,

p(αp
c |ap, bp) =

K∏
k

Gamma(αp
c,k|a

p, bp)

=

K∏
k

Γ(ap)−1(bp)a
p

(αp
c,k)

ap−1e−bpαp
c,k . (13)

The a posterior distribution will be learned after the correction
of known data in the process of sparse Bayesian learning. In
order to eliminate the influence of the prior information on
the posterior distribution, we assign some special values to
the parameters ap and bp so that h1

c has an improper prior
and ensure these priors are non-informative. As discussed in
[54], the values of these hyperparameters are not very critical
to the performance, as long as the hyperparameters are set
within a reasonable range, the performance of the algorithm
can remain stable.

The expectation-maximization (EM) algorithm can be
adopted to update the channel h1

c as well as the hyperpa-
rameters αp

c , where h1
c is treated as hidden variables. Let Ia

represents the total number of iterations for joint UID and CE,
and ia (1 ≤ ia ≤ Ia) represents the ia-th iteration. and we
iteratively estimate the parameters αp

c by

αp
c (ia) = argmax

αp
c

Q(αp
c |αp

c (ia − 1))

≜ argmax
αp

c

Eh1
c|y

p
c ,α

p
c (ia−1)[log p(α

p
c |h1

c ,y
p
c )], (14)

where the operator Eh1
c|y

p
c ,α

p
c (ia−1)[·] denotes the expectation

with respect to the posterior distribution p(h1
c |yp

c ,α
p
c (ia−1)).

EM algorithm is an iterative algorithm with alternating E-step
and M-step. In each iteration, we need to use the parameters
estimated in the last iteration to calculate the expectation
(Q-function) and estimate parameters by maximizing the Q-
function. The details are as follows:

1) E-step: According to the Bayesian formula, we insert



(11) (12), and the posterior distribution needed for the E-step
of channel h1

c can be derived as

p(h1
c |yp

c ,α
p
c , σ

2) ∝ p(yp
c |h1

c , σ
2)p(h1

c |αp
c )

= CN (h1
c |µ,Σ), (15)

where the covariance and mean are respectively expressed as

Σ = (σ−2PTP+Ac)
−1, (16)

µ = σ−2ΣPTyp
c , (17)

with Ac = diag(αp
c,1, α

p
c,2, · · · , α

p
c,K). Then the Q-function

can be calculated.
2) M-step: Update αp

c (ia + 1) by (14).
The EM algorithm needs to calculate the posterior proba-

bility with matrix inversion and the complexity of EM-based
SBL algorithm for joint UID and CE is O(NRK3). With the
number of GUs, the complexity of the whole system grows
rapidly. Thus, the EM-based SBL algorithm is not suitable
for satellite scenarios with multiuser requirement. To reduce
the complexity of SBL method, we adopt the efficient GAMP
technique in SBL to reduce the complexity in the following
section.

B. GAMP-SBL for joint UID and CE

Generalized approximate message passing algorithm is a
low-complexity algorithm which is developed in [55] by
analyzing and summarizing a large class of message passing
algorithms. The details of GAMP algorithm can be seen in
[55]. In this section, we embed GAMP method into SBL
framework and develop the GAMP-SBL algorithm for joint
UID and CE. Specifically, according to the central limit theo-
rem and Taylor theorem, the approximate posterior distribution
p(h1

c |yp
c ,α

p
c ) can be obtained with GAMP method. Based

on the approximate posterior distribution, the hyperparameters
αp

c can be derived in the M-step by maximizing the Q-
function. Next, the estimated hyperparameters αp

c is used to
approximate posterior distribution and repeat the iteration until
the final convergence.

We still use Ia to denote the total number of iterations for
joint UID and CE, and ia represents the ia-th iteration. As-
suming the estimated hyperparameters αp

c in the last iteration
is known, the approximate posterior distribution of h1

c can be
expressed as

p(h1
c,k|yp

c , ζc,k(ia), rc,k(ia),α
p
c (ia − 1))

=
p(h1

c,k|αp
c (ia − 1))CN (h1

c,k|ζc,k(ia), rc,k(ia))∫
p(h1

c,k|α
p
c (ia − 1))CN (h1

c,k|ζc,k(ia), rc,k(ia))dh1
c,k

= CN (h1
c,k|ĥ

p
c,k(ia), ϕc,k(ia)), (18)

where ζc,k(ia) and rc,k(ia) are variables in the GAMP algo-
rithm, and ĥp

c,k(ia) is the estimated value of Akh
1
c,k for the

i-th iteration and the final vector form of it can be given as
ĥp
k = [ĥp

1,k(I), · · · , ĥ
p
N,k(I), · · · , ĥ

p
NR,k(I)]

T ∈ CNR×1. The

Algorithm 1 GAMP-SBL algorithm for joint UID and CE
Input:

The received pilot signal Yp, pilot symbols P;
Output:

The estimated channel in the first time slot ĥp
k for k =

1, 2, · · · ,K;
Initialization:

ĥp
c,k(0) > 0, ϕc,k(0) > 0, sc,lp(0) = 0 and αp

c,k(0), c =
1, 2, · · · , NR, k = 1, 2, · · · ,K, lp = 1, 2, · · · , Lp.

Iteration:
1: for ia = 1, · · · , I do
2: for c = 1, · · · , NR do
3: for lp = 1, · · · , Lp do
4: uc,lp(ia) =

∑
k∈Kn

Plp,kĥ
p
c,k(ia − 1);

5: τc,lp(ia) =
∑

k∈Kn
|Plp,k|2ϕc,k(ia − 1);

6: pc,lp(ia) = uc,lp(ia)− τc,lp(ia)sc,lp(ia − 1);
7: end for
8: for lp = 1, · · · , Lp do
9: sc,lp(ia) = 1

τc,lp (ia)
(
τc,lp (ia)γy

p
c,lp

+ϑc,lp (ia)

γτc,lp (ia)+1 −
ϑc,lp(ia));

10: zc,lp(i) =
γ

γτc,lp (ia)+1
;

11: end for
12: for k = 1, · · · ,K do
13: ζc,k(ia) = (

∑Lp

lp
|Plp,k|2zn,lp(ia))−1;

14: rc,k(ia) =ĥp
c,k(ia − 1) +

ζc,k(ia)
∑Lp

lp
(Plp,k)

∗sn,lp(ia);
15: end for
16: for k = 1, · · · ,K do
17: ĥp

c,k(ia) =
rc,k(ia)

αp
c,k(ia−1)ζc,k(ia)+1

;

18: ϕc,k(i) =
ζc,k(ia)

αp
c,k(ia−1)ζc,k(ia)+1

;
19: end for
20: for k = 1, · · · ,K do
21: αp

c,k(ia) =
2ap−1

|ĥp
c,k(ia)|2+ϕc,k(ia)+2bp

;
22: end for
23: end for
24: end for
25: if ĥp

c,k(I) < η then
26: ĥp

c,k(I) = 0.
27: end if

other approximation is made to the noiseless output zpc ≜ Ph1
c

and zpc = [zpc,1, z
p
c,2, · · · , z

p
c,Lp

]T ∈ CLp×1. The approximate
posterior distribution of zpc is

p(zpc,lp |y
p
c , ϑc,lp(ia), τc,lp(ia),α

p
c (ia − 1))

=
p(ypc,lp |z

p
c,lp

,αp
c (ia − 1))CN (zpc,lp |ϑc,lp(ia), τc,lp(ia))∫

p(ypc,lp |z
p
c,lp

,αp
c (ia − 1))CN (zpc,lp |ϑc,lp(ia), τc,lp(ia))dz

p
c,lp

= CN (zpc,lp |ξc,lp(ia), vc,lp(ia)), (19)



where ϑc,lp(ia) and τc,lp(ia) are variables in the GAMP
algorithm.

There are two functions gin(·) and gout(·) of GAMP in
[55]. Actually, the input function gin(·) can be defined as the
posteriori mean ĥ1

c,k(i), that is

gin(rc,k(ia), α
p
c,k(ia − 1), ζc,k(ia))

=ĥp
c,k(ia) =

rc,k(ia)

αp
c,k(ia − 1)ζc,k(ia) + 1

. (20)

Moreover, the output function gout(·) has to do with another
posterior mean ξc,lp(ia), which is expressed as

gout(ϑc,lp(ia), y
p
c,lp

, τc,lp(ia))

=
1

τc,lp(ia)
(ξc,lp(ia)− ϑc,lp(ia))

=
1

τc,lp(ia)
(
τc,lp(ia)γy

p
c,lp

+ ϑc,lp(ia)

γτc,lp(ia) + 1
− ϑc,lp(ia)). (21)

Based on the derivation above, the approximate posterior
probability has been obtained by GAMP algorithm, and the
next step is to update the hyperparameters αp

c by maximizing
the Q-function which is defined in (14). We take the partial
derivative of the Q-function with respect to αp

c,k(ia) and set
the partial derivative to zero, the parameter αp

c,k(ia) can be
updated as

αp
c,k(ia) =

2ap − 1

|ĥ1
c,k(ia)|2 + ϕc,k(ia) + 2bp

. (22)

The detailed derivation process can be referred to [39, 41, 56].
Note that we introduce the threshold η, and if ĥp

c,k(I) < η,
we set ĥp

c,k(I) = 0. We summarize the GAMP-SBL algorithm
for joint CE and UID in Algorithm 1.

IV. JOINT CE, UID AND DD FOR GF-NOMA IN S-IOT

In this section, we describe the joint UID, CE and DD in
detail. Specifically, according to the Bayesian formula of the
posterior distribution, we first formulate the factor graph of
our grant-free LDS-OFDM system to characterize the process
of message passing, as will be discussed in Section IV-A. We
then divide the joint problem into two stages and messages are
passed across these two stages along the factor graph in each
iteration by performing GAMP-SBL. Utilizing the results of
Algorithm 1 to initialize the channel and the active GUs, we
further developed an iterative joint GAMP-SBL algorithm in
Section IV-B. Following the joint UID and DD stage, a pair
of selection criteria are used to filter out reliable data symbols
and the high-reliability data is reused to assist improving the
accuracy of CE. Finally, after message passing in joint UID
and CE stage, we utilize the sparse structure of LDS-OFDM
to further optimize the results of UID.

A. Factor Graph Representation of the Proposed GAMP-SBL

According to the Bayesian formula of the posterior distri-
bution, the message passing process of the proposed GAMP-
SBL algorithm for joint UID, CE and DD is illustrated on
the factor graph in Fig. 3, where the circles represent variable
nodes and the squares represent function nodes. The entire
factor graph is divided into two parts, with the left part
representing joint UID and CE processes as well as the right
part representing UID and DD processes. When a function
is associated with a variable, the corresponding square and
circle nodes are connected. In particular, the received signal is
related to the transmitted signal and the channel according to
(7). One function node ytc,l is connected to K variable nodes
h̃t
c,k and one variable node h̃t

c,k is connected to L function
nodes ytc,l, whereas one function node ytc,l is connected to df
variable nodes x̃t

k,l and one variable node x̃t
k,l is connected to

Rdv function nodes ytc,l due to the sparse structure of LDS-
OFDM.

B. Joint CE, UID and DD with proposed GAMP-SBL

Noticing that the CSI changes over time in many scenarios,
we propose an efficient iterative detector to address the joint
CE, UID and DD problem as shown in Fig. 2. To be more
specific, we use the results of the GAMP-SBL algorithm to
initialize the channel and active GUs. Splitting the joint UID,
CE, and DD problem into two sub-processes, joint UID and
DD stage as well as joint UID and CE stage, we develop
an iterative joint GAMP-SBL algorithm. In each iteration,
messages are passed through two stages along the factor graph
in Fig. 3 with the GAMP-SBL method. After the message
delivery in joint UID and DD stage is completed, a pair of
selection criteria are used to filter out reliable data signal and
the related message is passed to joint UID and CE stage to
achieve the data-aided CE. Besides, after joint UID and CE
stage, we further improve the accuracy of UID by utilizing the
sparse structure of LDS-OFDM and update the sparse matrix
which represents the relationship of GUs and subcarriers.

In the previous subsection, we have estimated the channel
and detected the active users of the first time slot ĥp

k with the
pilot symbols. According to the formula (4), the channel of
each time slot is related to the channel of its previous time
slot, i.e., the channel of each time slot is related to the channel
of the first time slot. Therefore, we initialize the estimated
channel value of the first time slot ĥp

k to all time slots. Then,
the transmitted signal can be estimated based on the initialized
channel. Obviously, the estimated value of both the transmitted
signal and channel is inaccurate.

In order to reduce the deviation above, we reuse the esti-
mated transmitted signal and the known received signal for CE,
combined with the results of previous estimation, to improve
the accuracy of CE. Meanwhile, the estimated channel which
is more accurate is used to detect the transmitted signal, thus
reducing the bit error rate (BER). After continuous iteration,
the error is gradually reduced. Since the GUs are randomly
accessed, we still employed the framework of GAMP-SBL, a
low-complexity algorithm that doesn’t know whether the user
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Fig. 3. Factor graph of the proposed GAMP-SBL algorithm for joint UID, CE and DD.

is active, to achieve the above process. Furthermore, the results
of CE and DD can be used for UID.

1) Initialization: We initialize the channel of all time slots
with the result ĥp

k of Algorithm 1, i.e.,

ĥt
k(0) = ĥp

k ⊙ (1⊗ sk), t = 1, 2, · · · , T, (23)

where 1 represents a R-dimensional vector whose elements
is all 1. Based on the assumption in Section II, if GU k
is inactive, Akh

1
c,k = 0. This is one of the basis for UID.

Using Âc,k(0) to represent the estimate of Ak over the n-th
subcarrier through the r-th RA and Âk(0) to represent the
estimate of Ak during initialization, we assume if ĥp

c,k = 0,
Âc,k(0) = 0 and if ĥp

c,k ̸= 0, Âc,k(0) = 1. However, ĥp
c,k = 0

does not necessarily mean that GU k is not active because
of the possibility of miscalculation. Therefore, if we simply
assign Âc,k(0) based on the above assumption, errors will
occur and affect the subsequent process. The sparse structure
of LDS-OFDM can help us to further improve the accuracy
of UID, thus reducing the interference caused by misjudgment
and reducing the error rate of DD. Taking the sparse matrix
F in (1) as an example, if GU 1 and GU 2 are not active,
then the actual sparse matrix Fact = (fact

nk ) = (fnkAk) can
be given as:

Fact =


0 0 1 0 1 0
0 0 1 0 0 1
0 0 0 1 0 1
0 0 0 1 1 0

 , (24)

where the sum of the column elements corresponding to inac-
tive GUs is no longer dv , but 0. According to the above discus-
sion, we introduce threshold θ and if 1/dv/R

∑NR
c Âc,k(0) ≤

θ, we consider GU k is not active and set the corresponding
Âk(0) is equal to 0. Considering the multiple antennas, we
first extend the sparse matrix, i.e., Fex = 1 ⊗ F ∈ CNR×K ,
1 represents a R-dimensional vector whose elements is all 1.
Then, the sparse matrix Fnew for the following detection can
be updated as

Fnew = (fnew
ck ) = (f ex

ck Âk(0)). (25)

Furthermore, the set Kn and Nk in 2 can be updated as

Knew
c =

{
k|F new

c,k = 1,∀k
}

N new
k =

{
c|F new

c,k = 1,∀c
}
. (26)

2) Joint UID and DD: Similar to CE process, the transmit-
ted signal from the user is sparse. Due to each symbol sent
by each user in each time slot is independent of each other,
we modeled the DD problem for each time slot in (6) as a
SMV model. We adopt the GAMP-SBL algorithm to detect
the transmitted signal. The Gaussian likelihood model is given
as

p(yt
l |xt

l , σ
2) = (2πσ2)−

NR
2 exp(− 1

2σ2
||yt

l − H̃txt
l ||2).

(27)

SBL estimates the hyperparameters βt
l from the data, which

controls the prior variance of xt
l . And the prior of xt

l is:

p(xt
l |β

t
l) =

K∏
k

CN (xt
k,l|0, (βt

k,l)
−1). (28)



where βt
k,l is positive and we define a Gamma prior distribu-

tion for it,

p(βt
l |c, d) =

K∏
k

Gamma(βt
k,l|c, d)

=
K∏
k

Γ(c)−1dc(βt
k,l)

c−1e−dβt
k,l . (29)

Let Ib presents the total number of iterations for Joint CE,
UID and DD problem, and ib (1 ≤ ib ≤ Ib) represents the
ib-th iteration. The hyperparameter βt

l can be updated with
EM algorithm as:

βt
l(ib) = argmax

βt
l

Q(βt
l |β

t
l(ib − 1))

≜ argmax
βt

l

Ext
l |y

t
l ,β

t
l(ib−1)[log p(β

t
l |xt

l ,y
t
l)], (30)

where the operator Ext
l |y

t
l ,β

t
l(ib−1)[·] denotes the expectation

with respect to the posterior distribution p(xt
l |yt

l ,β
t
l(ib − 1)).

And the posterior distribution can be approximated with
GAMP method, i.e., p(xt

k,l|yt
l , ζ

x
c,k,t(ib), r

x
c,k,t(ib),β

t
l(ib −

1)) = CN (xt
k,l|x̂t

k,l(ib), ϕ
x
c,k,t(ib)), where x̂t

k,l(ib) is the
estimated value of xt

k,l for the ib-th iteration. Another ap-
proximation is made to the noiseless output zxl,t ≜ H̃txt

l

and zxl,t = [zx1,l,t, · · · , zxN,l,t, · · · , zxNR,l,t]
T . Similarly, the

approximate posterior distribution of zxl,t follows a complex
Gaussian distribution p(zxc,l,t|yt

l , ϑ
x
c,l,t(ib), τ

x
c,l,t(ib),β

t
l(ib −

1)) = CN (zxc,l,t|ξxc,l,t(ib), vxc,l,t(ib)). The rest of the formula
derivation of GAMP-SBL algorithm can be derived by refer-
ring to Section III-B.

When we obtain the estimated x̂t
k,l(ib), the related Âk(ib)

can be updated. If x̂t
k,l(ib) = 0 for all of l and t, we assume

GU k is inactive and set Âk(ib) = 0.
3) Joint UID and CE with the transmitted signal: We have

got the rough estimation of the channel before, now we use
the estimated value of the transmitted signal to improve the
result of CE. Moreover, only the transmitted signal which
is considered reliable is used for CE, not all. In this paper,
we take a pair of selection conditions to filter out reliable
transmitted signal.

Firstly, we take the approximate posterior probabil-
ity p(xt

k,l|yt
l , ζ

x
c,k,t(ib), r

x
c,k,t(ib),β

t
l(ib − 1)) as the ba-

sis of reliability and introduce the threshold pth. If
p(xt

k,l|yt
l , ζ

x
c,k,t(ib), r

x
c,k,t(ib), β

t
l(ib− 1)) ≥ pth, we think the

symbol xt
k,l is reliable. Besides, as we assumed in Section

II-A, the symbols sent by the active GU are selected from the
QAM alphabet, and the alphabet does not contain 0. That is to
say, if the transmitted symbol xt

k,l of active GU is detected to
be 0, we consider this symbol unreliable. Suppose the number
of reliable GUs after filtering is Ka, the length of the reliable
symbols is La.

In addition to formula (6), there is another vector represen-
tation of formula (7), i.e.,

yt
c = Xth̃t

c + nt
c, (31)

Algorithm 2 proposed GAMP-SBL algorithm for joint CE,
UID and DD
Input:

The received pilot signal Yp, pilot symbols P, the re-
ceived signal Yt for t = 1, 2, · · · , T ;

Output:
The estimated transmitted signal X̂t and channel Ĥt for
t = 1, 2, · · · , T ;

Initialization:
Perform Algorithm 1, ĥt

k(0) = ĥp
k⊙(1⊗sk), update Fnew,

Knew
c and N new

k , x̂t
k,l(0) > 0, ϕx

k,l,t(0) > 0, ϕh
c,k,t(0) > 0,

sxc,l,t(0) = 0, shc,l,t(0) = 0, βt
k,l(0) and αt

c,k(0)

1: for ib = 1, · · · , Ib; t = 1, · · · , T do
2: joint UID and DD:
3: for l = 1, · · · , L do
4: for c = 1, · · · , NR do
5: ux

c,l,t(ib) =
∑

k∈Knew
c

ĥt
c,k(ib − 1)x̂t

k,l(ib − 1);
6: τxc,l,t(ib) =

∑
k∈Knew

c
|ĥt

c,k(ib − 1)|2ϕ̂x
k,l,t(ib − 1);

7: ϑx
c,l,t(ib) = ux

c,l,t(ib)− τxc,l,t(ib)s
x
c,l,t(ib − 1);

8: sxc,l,t(ib) =
1

τx
c,l,t

(ib)
[
τx
c,l,t(ib)γy

t
c,l+ϑx

c,l,t(ib)

γτx
c,l,t

(ib)+1
−ϑx

c,l,t(ib)];

9: zxc,l,t(ib) =
γ

γτxc,l,t(ib)+1
;

10: end for
11: for k = 1, · · · ,K do
12: ζxk,l,t(ib) = (

∑
c∈Nnew

k
|ĥt

c,k(ib − 1)|2zxc,l,t(ib))−1;
13: rxk,l,t(ib) = x̂t

k,l(ib−1)+ζxk,l,t(ib)
∑

c∈Nnew
k

(ĥt
c,k(ib−

1))∗sxc,l,t(ib);

14: x̂t
k,l(ib) =

rxk,l,t(ib)

βt
k,l(ib−1)ζx

k,l,t(ib)+1
and update Âk(ib);

15: ϕx
k,l,t(ib) =

ζx
k,l,t(ib)

βt
k,l(ib−1)ζx

k,l,t(ib)+1
; βt

k,l(ib) =
2c−1

|x̂t
k,l(ib)|2+ϕx

k,l,t(ib)+2d
;

16: end for
17: end for
18: Filter out reliable transmitted signal with a pair of

selection conditions;
19: joint UID and CE with the transmitted signal:
20: for c = 1, · · · , NR do
21: for l = 1, · · · , La do
22: uh

c,l,t(ib) =
∑Ka

k x̂t
k,l(ib)ĥ

t
c,k(ib − 1); τhc,l,t(ib) =∑Ka

k |x̂t
k,l(ib)|2ϕ̂h

c,k,t(ib − 1);
23: ϑh

c,l,t(ib) = uh
c,l,t(ib)− τhc,l,t(ib)s

h
c,l,t(ib − 1);

24: shc,l,t(ib) =
1

τh
c,l,t

(ib)
[
τh
c,l,t(ib)γy

t
c,l+ϑh

c,l,t(ib)

γτh
c,l,t

(ib)+1
−ϑh

c,l,t(ib)];

25: zhc,l,t(ib) =
γ

γτh
c,l,t

(ib)+1
;

26: end for
27: for k = 1, · · · ,Ka do
28: ζhc,k,t(ib) = (

∑La

l |x̂t
k,l(ib)|2zhc,l,t(ib))−1;

29: rhc,k,t(ib) = ζhc,k,t(i)
∑La

l (x̂t
k,l(ib))

∗shc,l,t(ib) +

ĥt
c,k(ib − 1);

30: ĥt
c,k(ib) =

δrhc,k,t(ib)

αt
c,k

(ib−1)ζh
c,k,t

(ib)+1
+ (1− δ)ĥt

c,k(ib − 1);

31: ϕh
c,k,t(ib) =

ζhc,k,t(ib)

αt
c,k

(ib−1)ζh
c,k,t

(ib)+1
; αt

c,k(ib) =

2a−1
|x̂t

k,l
(ib)|2+ϕx

c,k,t
(ib)+2b

;

32: end for
33: end for
34: Update Âk(ib), Fnew, Knew

c and N new
k ;

35: end for



where yt
c = [ytc,1, y

t
c,2, · · · , ytc,L]T ∈ CL×1 is the re-

ceived signal on subcarrier n in t-th time slot, Xt =
[(xt

1)
T , (xt

2)
T , · · · , (xt

L)
T ] ∈ CL×K is the transmitted signal

in t-th time slot, h̃t
c is the c-th row of the matrix H̃t and nt

c

is the noise vector. Consistent with the above description, we
modeled the CE problem for each subcarrier per time slot as
a SMV model and we adopt GAMP-SBL algorithm to solve
this problem.

The Gaussian likelihood model can be expressed as

p(yt
c|h̃t

c, σ
2) = (2πσ2)−

L
2 exp(− 1

2σ2
||yt

c −Xth̃t
c||2). (32)

The hyperparameters αt
c controls the prior variance of h̃t

c, i.e.,

p(h̃t
c|αt

c) =
K∏
k

CN (h̃t
c,k|0, (αt

c,k)
−1), (33)

and

p(αt
c|a, b) =

K∏
k

Gamma(αt
c,k|a, b)

=
K∏
k

Γ(a)−1ba(αt
c,k)

a−1e−bαt
c,k . (34)

The rest of the formula derivation of GAMP-SBL algorithm
can be derived by referring to Section III-B.

In particular, we need to combine the estimated channel
of data signal with the estimated channel of pilot signal.
Introducing parameter δ, the channel can be updated as

ĥt
c,k(ib) =

δrhc,k,t(ib)

αt
c,k(ib − 1)ζhc,k,t(ib) + 1

+ (1− δ)ĥt
c,k(ib − 1).

(35)

Similarly, we adopt the threshold η as a measure of whether
ĥt
c,k(ib) is 0, i.e., if ĥt

c,k(ib) < η, we set ĥt
c,k(ib) = 0.

Consistent with the update process of Âk(0) in Section IV-B1,
we first update Âc,k(ib) as follows:

Âc,k(ib) =

{
1, ĥt

c,k(ib) ̸= 0

0, ĥt
c,k(ib) = 0

(36)

Making use of the sparse structure of LDS-OFDM, if
1/dv/R

∑NR
c Âc,k(ib) ≤ θ, Âk(ib) = 0. Then, the sparse

matrix Fnew, set Knew
c and N new

k can be updated according
to (25) and (26). And the whole algorithm is summarized in
Algorithm 2.

C. Asymptotic Analysis

The asymptotic analysis of the proposed GAMP-SBL algo-
rithm is performed in two steps: the first step is to analyze

the convergence of the GAMP algorithm embedded in E-step,
and the second step is to analyze the integration of GAMP
algorithm and SBL.

As a message passing-based algorithm, the convergence
performance of the GAMP algorithm can be characterized by
state evolution (SE) under the assumption of the large system
limit [57]. [55] has proved that the asymptotic behavior of the
GAMP algorithm with i.i.d Gaussian transform matrices can
be simplified as a set of SE equations which is given below.

For all l, c and k, we have the limits

lim
K→∞

ζxk,l,t(ib) = ζ̄xl,t(ib), lim
K→∞

τxc,l,t(ib) = τ̄xl,t(ib), (37)

where ζ̄xl,t(ib) = −E−1[∂gout

∂ϑ ] and τ̄xl,t(ib) = ζ̄xl,t(ib)E[∂gin∂r ]
as well as the limits

lim
K→∞

ζhc,k,t(ib) = ζ̄hc,t(ib), lim
K→∞

τhc,l,t(ib) = τ̄hc,t(ib), (38)

where ζ̄hc,t(ib) = −E−1[∂gout

∂ϑ ] and τ̄hc,t(ib) = ζ̄hc,t(ib)E[∂gin∂r ].
The components of the vector xt

l empirically converge with
bounded moments of order k as

lim
K→∞

x̂t
k,l(ib) = X;

lim
K→∞

ĥt
c,k(ib) = H; (39)

where X ∼ p(xt
l |βt

l ) and H ∼ p(h̃t
c|αt

c) are random variables.
The detailed proof derivation can be found in [58].

According to the analysis of [59], the introduction of
damping factor δ in (35) can ensure the global convergence
of GAMP algorithm.

The convergence of the GAMP algorithm guarantees that
the mean and variance in E-step of the SBL can converge to
x̂t
k,l(ib) and Âk(ib) as well as ĥt

c,k(ib) and ϕh
c,k,t(ib). However,

there is no guarantee that it can converge to the value required
by SBL and this convergence depends on the quality of the
GAMP detector. Based on the conclusion in [60], for any
transform matrix, the mean obtained by the GAMP algorithm
is equal to the true average of the mean required by SBL.
If the variance obtained by GAMP detector is equal to the
true variance required by SBL, the transmission matrix needs
to be large and independent with Gaussian distribution, and
in other cases, it is close to the true value. In summary, the
mean and variance obtained by the proposed algorithm can
approximately converge to the values required by SBL, thus
achieving the superior performance of EM-SBL almost.

D. Complexity Analysis

For SBL, the conventional EM algorithm [27] needs to
calculate an K × K matrix inversion of Σ in (16) and the
corresponding computational complexity is O(K3). Thus, the
computational complexity of EM-based SBL algorithm for
joint UID and CE becomes O(NRK3) and the complexity
of joint UID and DD with EM-based SBL algorithm is
O(LTK3). Obviously, the complexity of the whole system



TABLE I
COMPLEXITY OF DIFFERENT DETECTORS

Detector Complexity
EM-based SBL O(NRK3 + LTK3)

EM [27]+AMP [62] O(NRKL+ LTNK)

EM [27]+SBL-AMP [61] O(NRKL+ LTNR+ LTK)

Proposed joint GAMP-SBL O(N2RK + LTNK)

grows rapidly with the number of GUs. By embedding GAMP
method into SBL framework, proposed GAMP-SBL algo-
rithm no longer needs to compute matrix inversion, and the
corresponding algorithm complexity is reduced to O(NK).
Considering the whole process of the system, the complexity
of proposed joint GAMP-SBL is O(N2RK + LTNK).

In addition, according to [27], the complexity of the BR-
MP-EM algorithm is O(NRKL). The complexity of the SBL-
AMP detector in [61] and AMP algorithm is O(LTNR +
LTK) and O(LTNK) respectively. The complexity of each
algorithm is summarized in [62] the Table I. Compared with
EM-based SBL method, the other three algorithms greatly
reduce the computational complexity.

V. NUMERICAL RESULTS

In this section, we carried out a number of simulation
experiments to prove the performance of our proposed GAMP-
SBL algorithm. To test the performance of the proposed
GAMP-SBL algorithm, we compare it with several existing
message passing-based algorithms, i.e., the BR-MP-EM algo-
rithm in [27] which performs well against channel impair-
ments, AMP algorithm [62] which is the common variation
of the traditional MPA algorithm as well as AMP-SBL al-
gorithm [61] which embed AMP method into SBL frame-
work. Specifically, we combine BR-MP-EM [27] with AMP
algorithm [62] and AMP-SBL algorithm [61] respectively as
comparison algorithms, where the channel as well as active
GUs estimated by BR-MP-EM algorithm are provided for
AMP algorithm and AMP-SBL algorithm to detect data. For
simplicity, EM [27]+SBL-AMP [61] is used to represent the
combination of BR-MP-EM and AMP-SBL algorithms, while
EM [27]+AMP [62] is used to represent the combination of
BR-MP-EM and AMP algorithms. The simulation parameters
are listed in Table II.

A. BER Results

First, we verify the performance of the three algorithms
under different active probability and different user load as
shown in Fig. 4(a) and Fig. 4(b) correspond to user load of
150%, and 200%, respectively, i.e., K = 192 and K = 256.

From these two subgraphs, we can find that
EM [27]+AMP [62] has the worst performance among
the three algorithms with the same number of users and active
probability, and the bit error rate of EM [27]+AMP [62]
does not reach 10−3. This is because the AMP algorithm
needs to know which users are active, and although the
BR-MP-EM algorithm can detect active users for it, there is
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Fig. 4. BER performance of EM [27]+AMP [62], EM [27]+SBL-AMP [61]
and our proposed GAMP-SBL algorithm when pa = 0.01, pa = 0.05 and
pa = 0.1 respectively.



TABLE II
SIMULATION PARAMETERS

Parameters Notation Value
Number of antennas R 2
Modulation order M 4
Number of users K 128, 192, 256
Number of subcarriers N 128
Number of time slots T 5
Pilot sequence length Lp 8
Threshold pth 0.9
Channel update parameter δ 0.9
LOS amplitude |hlos

c,k|2 [0.6, 0.7]

LOS phase φlos
c,k [−π, π]

NLOS variance vnlosc,k [0.2, 0.25]

Phase shift variance vθ π/8
carrier frequency fc 15GHz
sub-carrier spacing △f 300kHz
hyperparameter ap,a,c 1
hyperparameter bp,b,d 10−8

also the possibility of error. If users which are inactive but
are detected active, unnecessary inter-user interference (IUI)
is introduced. As for the comparison between EM [27]+SBL-
AMP [61] and our proposed GAMP-SBL, the performance
of EM [27]+SBL-AMP [61] is slightly better than that of
proposed GAMP-SBL at low SNR while the performance
of proposed GAMP-SBL obviously performs better than
EM [27]+SBL-AMP [61] with SNR increase. Furthermore,
the error floor occurs in EM [27]+SBL-AMP [61] when
pa = 0.05 and pa = 0.1 in Fig. 4(a) and 4(b). When the user
overload rate and active probability are low, the difference
between EM [27]+SBL-AMP [61] and proposed GAMP-SBL
algorithm is not obvious, e.g., EM [27]+SBL-AMP [61] has
almost 0.5dB loss compared to the proposed GAMP-SBL
algorithm when BER=10−3 with pa = 0.01 in Fig. 4(a).
As the user overload rate and active probability increase,
EM [27]+SBL-AMP [61] can not achieve excellent BER
performance but our proposed GAMP-SBL algorithm can.

Besides, because users sharing the same sub-carrier can
interfere with each other, as the active probability increases
with the same number of users, and as the number of users
increases with the same active probability, the BER perfor-
mance of these three algorithms deteriorates. For instance,
EM [27]+AMP [62] with pa = 0.05 has almost 4dB loss com-
pared to pa = 0.01 when BER=10−1 and EM [27]+AMP [62]
with pa = 0.1 has almost 2dB loss compared to pa = 0.05
in Fig. 4(a). EM [27]+SBL-AMP [61] with pa = 0.05 has
almost 5dB loss compared to pa = 0.01 when BER=10−2

and EM [27]+AMP [62] with pa = 0.1 has almost 1dB loss
compared to pa = 0.05 in Fig. 4(a). proposed GAMP-SBL
algorithm with pa = 0.05 has almost 2.5dB loss compared
to pa = 0.01 when BER=10−2 and EM [27]+AMP [62] with
pa = 0.1 has almost 0.5dB loss compared to pa = 0.05 in
Fig. 4(a).

Moreover, in order to verify the scalability of the proposed

0 2 4 6 8 10 12 14 16 18 20

SNR(dB)

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

B
E

R

N=128,K=192

p
a
=0.15

p
a
=0.2

proposed GAMP-SBL

p
a
=0.15

p
a
=0.2

EM+AMP

p
a
=0.15

p
a
=0.2

EM+SBL-AMP

Fig. 5. BER performance of EM [27]+AMP [62], EM [27]+SBL-AMP [61]
and our proposed GAMP-SBL algorithm when pa = 0.15 and pa = 0.2
respectively.

GAMP-SBL algorithm in the large-scale satellite network
scenario, we simulate the case with 1024 users as well as 512
subcarriers, and the result is shown in Fig. 4(c). Compared
with Figure 4(b), the increase of the number of users does not
degrade the performance of proposed GAMP-SBL algorithm
at the same 200% user load, showing the potential in the
mMTC scenarios of future wireless communication networks.
By contrast, although the BER performance of EM [27]+SBL-
AMP [61] algorithm is improved when the active probability
is 0.05, the error floor still appears, and the BER performance
deteriorates when pa = 0.01 due to inter-user interference.
The BER performance of the EM [27]+AMP [62] algorithm
has not changed much.

To further verify the performance of our proposed GAMP-
SBL algorithm, we simulate the activate probability of 0.15
and 0.2 with N = 128 and K = 192, as shown in Fig. 5.
Compared with Figure 4(a), the BER performance of all three
algorithms is decreased and when pa = 0.2, three algorithms
perform worst among all of pa. EM [27]+AMP [62] still
performs worst among three algorithms. The bit error rate of
EM [27]+SBL-AMP [61] does not reach 10−3 and the error
floor appears in EM [27]+SBL-AMP [61], while our proposed
GAMP-SBL still performs well. The proposed GAMP-SBL
algorithm with pa = 0.2 has almost 0.5dB loss compared to
pa = 0.15 when BER=10−2.

Different message passing algorithms are adopted in the
above comparison. In order to further observe the performance
of proposed GAMP-SBL algorithms, Algorithm 1 is uniformly
adopted for joint UID and CE, and according to the description
in Section IV-B, the property of LDS is utilized to further
improve the accuracy of UID. For joint UID and DD, a variety
of message passing-based algorithm are compared 6in Fig. 6
as well as the 100%-loading OMA scheme. Both MPA and
AMP [62] detectors cannot complete joint UID and DD when
the active user is unknown, and both need a good UID result
to achieve good BER performance. For example, we can see
a significant BER degradation of the AMP [62] algorithm in
Fig. 4(b), when comparing with Fig. 6, as a result of the non-
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Fig. 7. BER performance of our proposed GAMP-SBL algorithm with
different δ when pa = 0.05.

ideal UID results in Fig. 4(b). The MPA algorithm achieves the
most superior performance in Fig. 6, also because of the good
results of UID at the cost of extremely high computational
complexity. The rest of the algorithms are embedded in the
SBL framework, which enables detection without the need to
know the active GUs. The AMP-SBL [61] algorithm has better
BER performance when SNR is relatively small, but error floor
occurs. Because the proposed GAMP-SBL algorithm uses
data-assisted channel estimation and positively feedbacks the
results of DD, its BER performance is always better than that
of GAMP-SBL which only performs DD once. In addition,
we compare the OMA scheme supporting 128 users in Fig. 6.
As we expected, when using the same GAMP-SBL algorithm,
the OMA scheme achieves a better BER than 150%-loading
LDS-OFDM, but achieves a lower spectrum efficiency.

Fig. 7 compares the BER performance of our proposed
GAMP-SBL algorithm with different δ, as well as the
EM [27]+AMP [62] and EM [27]+SBL-AMP [61] algorithms.
Due to AMP algorithm need to know the active users, the
performance of the EM [27]+AMP [62] is always the worst,
regardless of δ value. Although the BER performance of our
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Fig. 8. BER performance of EM [27]+AMP [62], EM [27]+SBL-AMP [61]
and our proposed GAMP-SBL algorithm with different length of pilot signal
(Lp = 8 and Lp = 12) when pa = 0.05.

proposed GAMP-SBL algorithm with different δ are worse
than that of EM [27]+SBL-AMP [61] when SNR is less than
10 dB, the error floor occurs in EM [27]+SBL-AMP [61] with
the increase of SNR while the BER of proposed GAMP-SBL
with different δ decrease rapidly. Among all the value of δ,
when δ = 0.9 proposed GAMP-SBL algorithm performs best
and when δ = 0.6 proposed GAMP-SBL algorithm performs
worst.

In order to explore the effect of pilot length on BER
performance, we simulate the case of L = 8 and L = 12
respectively, as shown in Fig. 8. The BER of these three
algorithms in Fig. 8 is lower when L = 12 than that
when L = 8. The longer the pilot signal is, the better the
performance of CE and UID is, and the better the performance
of subsequent signal detection is, that is to say, the lower the
bit error rate is. On the other hand, the pilot length is related
to access efficiency [27] and the longer the pilot length, the
higher the access delay. Therefore, when choosing pilot length,
a balance needs to be struck between performance and access
latency.

B. Convergence Behavior

Fig. 9 shows the convergence rate of EM [27]+AMP [62],
EM [27]+SBL-AMP [61] and our proposed GAMP-SBL al-
gorithm with different threshold pth when SNR=10dB. With
the number of iterations increases, the BER of all three
algorithms tend to be stable. After about the sixth iteration,
all the algorithms tend to be stable except for the proposed
GAMP-SBL algorithm with pth = 0.7. Comparing these three
algorithms, our proposed GAMP-SBL algorithm always has
the lowest BER regardless of the pth value. Among all the
values of pth, the proposed GAMP-SBL algorithm has the
lowest BER when pth = 0.7, while the proposed GAMP-SBL
algorithm has the highest BER when pth = 0. This also proves
that if we do not set the threshold to filter the estimated signal,
but use all the estimated signal for CE, it will make the error
accumulation, thus reducing the bit error rate.
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C. UID Results

To characterize the performance of the proposed GAMP-
SBL algorithm, the results of UID is given in Fig. 10, where
FAR denotes the proportion of GUs whose status is incorrect
in the total number of GUs. FAR of EM [27]+AMP [62]
performs worst and it doesn’t reach 10−3. The UID results
of EM [27]+AMP [62] is consistent with the BER results,
because great UID results could not be obtained in CE and
UID, introducing redundant IUI, and thus BER results is
poor. This also confirms the effectiveness of using the sparse
structure of LDS-OFDM to improve the precision of UID.
Similarly, the proposed GAMP-SBL algorithm has excellent
BER performance as well as UID performance. However, the
UID performance of EM [27]+SBL-AMP [61] algorithm is
excellent, which shows that the error floor in BER results
is not caused by UID, but by AMP-SBL algorithm in signal
detection.

VI. CONCLUSION

In this paper, the GAMP-SBL algorithm was proposed
for CE and UID of the uplink grant-free NOMA of S-
IoT, where the GAMP algorithm was embedded to the SBL
framework. Furthermore, we develop an iterative GAMP-SBL
algorithm-based receiver to address joint UID, CE and DD.
The simulation results demonstrated that our algorithm has
superior BER performance as well as FAR, and mitigates the
error-floor problem that occurred in benchmark schemes.

In the future, we will extend our research to study the
multiple access schemes for the LEO satellite constellation,
investigating the impact of multiple satellites on the system
performance, and modelling the LEO movement to investigate
the influence of the constellation movement.
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