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Abstract

We study the Minkowski problem corresponding to the p-harmonic measures and obtain
results previously known for harmonic measures due to Jerison (Invent Math 105(2):375-400,
1991). We show that a class of Borel measures on spheres can be prescribed by p-harmonic
measures on convex domains.
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1 Introduction

One of the most fundamental problems in the geometric analysis of convex bodies is the
Minkowski problem. The original form of the problem seeks to find a convex polyhedron
that has a specified set of vectors and real numbers as its normals and surface areas of its
faces under stipulated conditions. It can be reformulated more generally as seeking to find
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a convex domain that induces a specified measure on a sphere as the image of its surface
measure mapped by its normals. In this form, the original problem is identical to the case of
having a discrete measure on a sphere. Similar related problems are to show the uniqueness
of such domains up to translations and to find convex domains with smooth boundaries when
the regularity of the Gaussian curvature of its boundary as a function of its normal is specified.

The literature goes back to Minkowski [41,42] who proved the existence and uniqueness of
a convex polyhedron with specified discrete spherical measure if and only if the centroid is at
the origin and support of the measure is not concentrated on an equator (or great sub-spheres).
The problem for measures having continuous density was also illustrated by Minkowski
and later solved for general measures by Alexandrov [5, 7] and Fenchel-Jessen [19]. The
problem corresponding to convex domains with smooth boundaries involves establishing
regularity of solutions for Monge-Ampére type equations on the sphere, which is rather
difficult and has involved many significant works including Lewy [38], Pogorelov [44],
Nirenberg [43], Cheng-Yau [13], Caffarelli [ 10—12], etc. Furthermore, the harmonic measures
on the boundary of convex domains being equivalent to the surface measures (see Dahlberg
[16]), an analogous Minkowski problem with surface measures being replaced by harmonic
measures, has been studied by Jerison [26]. The objective of the present paper is to study the
Minkowski problem corresponding to p-harmonic measures for 1 < p < oo, which, to our
knowledge, remained open.

For n > 3, we consider convex domains € C R” and the Gauss map g : 9Q — S"~!
where gq(x) is the outer unit normal at x € 92, which is defined almost everywhere on
the boundary as convexity implies that d€2 is locally Lipschitz. We consider a positive finite
Borel measure 4 on "~ ! that satisfies the following necessary conditions:

(i)f 16,8 1du@) >0, V¢ es 1,
& (1.1)
(ii)fgmedu@) 0.

The original Minkowski problem seeks the existence up to a translation of a unique compact
convex domain €2 with non-empty interior such that (gQ)*H”_] L 9o = m, where (gQ)*H”_]
is the pushforward measure on S"~! and p satisfies (i) and (i) of the above. We show the
existence of the domain corresponding to " ~! being replaced by p-harmonic measures.

Given any convex set K C R", the p-harmonic measure w,, supported on d K associated
to a function u = ug is given by

opB)= [ 1vulrlan,
IKNE

for any measurable £ C R", where u vanish on K and is non-negative and p-harmonic in
a neighborhood of it. This includes K being open or the closure of an open convex domain
as well as the case of K being a convex set of empty interior. It also includes the case of u
having a possible blow-up or being arbitrarily large somewhere in the interior of the domain
away from the boundary, that resembles the behavior of Green’s function for the linear case.
The p-harmonic measure has been studied by Lewis [36], Lewis-Nystrom-Vogel [33], see
also [3, 25, 29, 30], etc. The Gauss map gk, which is defined almost everywhere from 0 K
to S"~! when K is convex and of non-empty interior with gx (x) € S"~! being the outer
unit normal for H"!-a.e. x € 8K, can be generalized to be defined as a set-valued map
where gg (x) constitutes the set of all normals at any x € dK as in [26]; the notion of push
forward (gg ). for measures can be accordingly generalized, which coincides with the case
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when gk is single-valued. This is necessary to include convex sets of empty interior and
lower dimensional sets. Further details are in Sect. 2.
The main result of this paper is the following.

Theorem 1.2 Given afinite regular Borel measure . on S"~ " satisfying conditions (1.1), there
exists a bounded convex domain Q2 with non-empty interior such that (o), L aq = [,
where gq is the H"'-a.e. defined Gauss map and wp Is any p-harmonic measure on 952 for
1< p<oo

Many further problems of similar character as the Minkowski problem have been studied
with different measures as replacement of the surface measures, e.g. capacitary measures,
curvature measures, etc. We refer to [8, 14, 22-24, 40], and references therein. The proof of
the existence of domains involves variational methods with respect to the Minkowski sum of
convex domains Q + ¢’ as in Jerison [26, 27] and Colesanti et al. [15] (see also [1, 2, 4]);
adaptations of such methods form the key elements of our proof of existence. The problem
of the existence of domains is converted to a constrained minimization problem of functions
by virtue of the dualistic relation between convex domains to their support functions and
positive continuous functions to their Wulff shapes, see Sect. 2 for details. However, contrary
to surface measures, harmonic measures, capacitary measures, and others, the p-harmonic
measures are not uniquely defined on the boundary of convex domains as their definition
in general involves the choice of a p-harmonic function. Nevertheless, we show that the
arbitrarity of the choice can be maintained as the characteristics of being p-harmonic at the
boundary are similar for all p-harmonic measures and they admit natural approximants that
can be uniquely defined for the purpose of establishing existence via limiting argument.

The paper is organized as follows. In Sect.2, we develop our notations and provide
a self-contained account of preliminaries on convex domains, geometric features of their
boundaries, and approximations. We also enlist the definitions and known results on p-
harmonic functions, p-harmonic measures, and Minkowski problems. In Sect. 3, we compute
the first variation of densities of p-harmonic measures defined on smooth convex domains
of the form €2 + rQ’. Then we provide an account of weak convergence of p-harmonic mea-
sures which are used to construct approximants of the measures. The properties of the first
variation are used in the variational methods for the existence of the domains for discrete
measures, which are further used as approximations for the existence of the domains for
general measures in the proof of Theorem 1.2 at the end.

The uniqueness up to translation and regularity of the domains are nontrivial and have not
been addressed in this paper. These objectives are to be pursued in the future.

2 Notations and preliminaries

In this section, we introduce some notations and review some well-known properties of
convex domains, p-harmonic measures and Minkowski problems.

For n > 1, we denote points in R” as x = (x1,...,x,) so that if {eq, ..., e,} is the
standard basis then (x1, ..., x,) = Z?:l x;e;i. The standard inner product on R”" shall be
denoted by (-, -) and the Euclidean norm by | - |. For functions f : R — Rand F =

(fty-ooy fm) : R" — R™, the gradient defined by Vf = Z;‘:l(aif)e,-, the Jacobian
defined by DF = 311, >77_;(3; fj)e; ® e; and the Hessian defined by D2f=D(Vf) =

i=1
Zl’."j:] (al.z’jf)e,- ® ej, are as usual.
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In general, hyperplanes in R” shall be denoted as
Hyo :={xeR": (x,y) =a}, 2.1

forsome y € R" and ¢ € R; the half-spaces corresponding to (x, y) < o and (x, y) > « shall

be respectively denoted as H,, and H;fa. Thus, we have H, , = ny\,y_a, Hny «=H-,

and Hy o = H_y 4, forany y € R" and a € R. In particular, HEJ; o is denoted by R’} .
Given a measure space (X, u) andamap f : X — Y, the pushforward measure fi /4 on

Y is defined on any measurable subset £ C Y as

(fe)(E) = u(fH(E)),

which is absolutely continuous with respect to p and in the infinitesimal form, for any
function g : ¥ — R itis written as g d(fxp) = (g o f)d . For any Borel set E C R”, the
k-dimensional Hausdorff measure on R” is defined by

HA(E) = Sirnginf{er cEC UBrj(xi,‘), rj < 8},
J J

where B, (x) = {y € R" : |y — x| < r} is the standard metric ball of radius r centered at
x € R"™. The distance of E from a point y € R” is defined by dist(y, E) = inf{|x — y]| :
x € E}. The boundary of the unit sphere B (0) of R" shall be denoted as S"—1. We have the
transformation to polar coordinates R” \ {0} — (0, co) x S"Vas x — (x|, x/|x|) and its
inverse (r,0) + r6.Forany F € L'(R") we have

/ F(x)dx :w,l/w [/ 1F(mev)r"*lde]dr, (2.2)
n 0 sn-

where the Lebesgue measure £ of R” and the uniform measure "~ ! on S"~! are abbreviated
as dx and d6 in infinitesimal form and w, = 27"/%/T'(n/2) is the surface area of "~

2.1 Convex domains

Here we shall denote 2 C R” as a convex domain, i.e. open and connected non-empty
convex subset and K C R”" as a convex body, i.e. closure of a bounded convex domain,
hence a compact convex subset with non-empty interior. We highlight some essential notions
and properties related to convex sets and functions. For further details on the theory of convex
bodies, we refer to Schneider [45] and Gardner [20].

For A C R”, a function f : A — R is convex iff the epigraph K = {(x,c) € A xR :
f(x) < c} is convex, which implies f is continuous and locally Lipschitz; we denote K(A)
as the set of all convex functions f : A — R and hence, K(A) C CIOO’Cl (A). We recall that
f e CHNK(Q)If (Vf(x) = Vf(y), x —y) > Oforallx, y € Qand f € C*(Q)NK(Q)
iff D2 f > 0. In general, for f € K(R"), the sub-differential of f at x € R", given by

Af) ={veR" : f() = f)+ v,y —x)], 2.3)

is a convex subset and f is differentiable at x iff 0 f (x) is a singleton. An important class of
convex functions, is the class of sub-linear functions that are sub-additive and homogeneous
of degree 1; in other words, they are defined by functions z : R” — R satisfying

h(x +y) <h(x)+h(y) and h(Ax) =Ah(x) Vx,yeR" A>0. 2.4
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A closed subset K C R”" is convex iff for any z € R” there exists a unique projection pg (z) €
K satistying |z— pg (z)| = dist(z, K); in this case, we have dist(-, K) € IC(R") NCHR"\K)
and

z— pk(2)
dist(z, K)’

Thus, for any z € R" \ K, we have pg (z) € K and |V dist(z, K)| = 1. Forany x € K and
t€[0,1],sincet — |z—(tx+(1— t)pK(z))|2 attains minimum at ¢ = 0, its slope att = 0
is non-negative which leads to

§k (2) := Vdist(z, K) = VzeR"\ K. (2.5)

(x—prk@),z—pxk(@) <0, VxekK,zeR"'\K. (2.6)

Furthermore, the ray emerging from pg (z) connecting z being R, x = {px (2) + Aék (2) :
X > 0}, we note that px (z') = pk(z) and éx (z') = &k (z) for all ' € R, k. The continuity
of pk also ensures that for any x € 9K their exists z € R" \ K such that pg(z) = x and
hence R; x € pK’l(x). If 9K is smooth enough at x € 9K then R, x = pK’l(x) and
£k (z) coincides with the outer unit normal at x € 9 K. This leads to the following.

Definition 2.7 If K is closed and convex, for any x € 9K, the vector £k (z) € S" ! as in
(2.5) is called a (outer) normal vector of K at x if z € pg = (x).

For any A C R”, the support function h4 : R" — R is defined as

ha(y) =sup{{x,y):x € A}. (2.8)

Thus, we have hg = hg and hg (y) = maxyek (x, y) for a compact convex subset K C R".
Note that i g is linear (i.e. hg (y) = (x, y) for every y € R") iff K = {x}. Furthermore, the
convexity implies x € K iff (x, y) < hx(y) for every y, i.e. in terms of the subdifferential
(2.3), 0hg (0) = K. The supporting hyperplane of K with outer normal y € R" \ {0}, is
given by

Hi(y) == Hype) = {x €R": (x,y) = hg (M}, (2.9)

so that K C Hy_hK(y) = {x e R": (x,y) < hg(y)} (called supporting half-space) and it
can be shown in terms of the subdifferential (2.3) that for any y € R" \ {0} we have

ohg(y) = KN Hg(y) C 0K,

see [45]. Thus, hg is differentiable at y € R" \ {0} with Vhg (y) = x iff K N Hg (y) = {x};
in this case hxnmg (y) () = (x, ) = (Vhg(y), ) and K is called strictly convex at x and if
it holds for every point then the set is called strictly convex. For such domains, since hg is
homogeneous of degree 1, hence y — Vhg (y) is homogeneous of degree 0, i.e.

Vhx(y) = Vhg(y), Va>0. (2.10)

In general, it is evident that support functions are sub-linear and moreover, all sub-linear
functions are support functions by virtue of the following theorem, see [45, Theorem 1.7.1].

Theorem 2.11 For any sublinear function h : R" — R, there exists a unique convex body
K={xeR":(x,y) <h(y)VyeR" such that hg = h.

Due to homogeneity, it suffices to define theset K = {x e R" : (x, &) < h(§)VE& € sty
in Theorem 2.11 having # as its support function and henceforth, it suffices to consider support
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functions restricted to S"~! for all things and purposes. Also, this implies that for any convex
set K, we have

K = ﬂ {x eR": (x, &) <hg®)}. (2.12)

SES"_I

Thus, it is evident that we have K € K’ iff hx < hgs. Now, alongside having supporting
hyperplanes with a fixed normal, one can have a supporting hyperplane at a fixed point in
the boundary. These two notions are related to each other via projection. Indeed, from (2.6),
we note that hg (z — px (2)) = (pk (2), z — pk (2)) for any z € R" \ K and hence, we have

hk ¢k (2)) = (pk(2), &k (2)) , (2.13)

with £k (z) is as in (2.5). Therefore, for any x € 9K, their exists a supporting hyperplane of
K at x given by

Hglx]l = {x' e R": (x' — px(2). 2 — px(2)) =0}, withz e px~'(x); (2.14)

which is related to (2.9) by Hg[x] = Hg (z — pk (z)) from (2.13). Thus, from homogeneity

of support functions, Hx [x] = Hg (§x (z)) for any z € px 1 (x) where £k (z) is as in (2.5)

and moreover, 0K is smooth at x € 9K iff Hg[x] is unique with a unique outer unit normal.
We recall that, for any E, F C R", the Minkowski sum is defined by

E+F={x+y:xeE,yeF}; (2.15)

also, we shall denote by cE = {cy : y € E} for any ¢ € R. It is not hard to check that
if E, F are convex then so is E + F and «E for all « > 0. Furthermore, for compact
convex sets, the decomposition to Minkowski sums is unique, i.e. if E + K| = E + K> then
K1 = K». In particular, note that B, (x) = {x} 4+ r B1(0). One of the most important features
of convex sets is that their support functions are Minkowski additive, i.e. for compact convex
sets E, F C R", we have

hop+pr = ahp +phr  Va,p =0, (2.16)

and hence, for supporting hyperplanes as in (2.9), Hyg1gr(-) = a Hg(-) + BHF(-) holds as
well. For any general E C R”, the convex hull of E, denoted by conv(E), is defined as the
smallest convex set (intersection of all convex sets) containing £ and we have

conv(E + F) = conv(E) + conv(F).

If E is convex, then conv(E) = E, if E open (or closed) so is conv(E). In fact, points in
convex hull of a set comprise convex combinations of affinely independent points of the set;
i.e. for any x € conv(E), there exists affinely independent xy, ..., x; € E fork <n-+1 and
Als ..., Ak > Osuchthatx = Zj Ajxj where Zj Aj =1 (see [45, Theorem 1.1.4]).

Definition 2.17 The convex hulls of finitely many points are called polytopes. For any
m < n, if the points xi,...,x,+1 € R" are affinely indepedent then the polytope
P =conv({xy, ..., xpn+1}) is called a m-simplex with vertices xq, ..., X;+1-

Thus, conv(E) is the union of all m-simplices for m < n with vertices in E. Conversely,
for a convex set K, the set of points in K that cannot be written as Ax + (1 — 1)y for any
x,y € K is denoted as ext(K) with elements called extreme points. Any compact convex
set is the closed convex hull of its extreme points, i.e. K = conv(ext(K)) (Krein-Milman
theorem) and hence, polytopes are the only convex bodies with finitely many extreme points.
Therefore, for any polytopes P; and P> and «, 8 > 0, evidently o Py + 8 P, is also a polytope.
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If H is a supporting hyperplane of a polytope P = conv({xy, ..., xx}), then we have
HNP =conv(H N{xy,...,x}),

which is also a polytope of a lower dimension; such polytopes are called faces of P. In fact, all
polytopes are finite intersections of their supporting half-spaces corresponding to their faces
codimension 1, see [45, Theroem 2.4.3]. Furthermore, we have the following characterization
theorem of polytopes, we refer to [45, Corollary 2.4.4 and Theorem 2.4.6] for the proof.

Theorem 2.18 A convex set is a bounded intersection of finitely many closed half-spaces iff
it is a polytope. Moreover, there exists &1, . . ., & € S"~! with respect to which a polytope P
is uniquely represented as P = {x eR": (x,&)<hp)Viell, ...,k}}.

The vectors &1, ..., & € S"! of Theorem 2.18 are normal vectors of P with hp(&)’s
uniquely determining the polytope and are chosen so that PN Hp (§;) are the 1-codimensional
faces.

2.2 Convex geometry

We enlist some essential features and geometric notions of convex domains with smooth
boundaries which have some generalizations to more general convex domains.

Recalling the notion of smoothness of boundaries, 2 C R” is said to be of class C¥ (resp.
ck®yfork e Nand 0 < « < 1 if for any x € 0%, there exists » > 0 and a bijection
¥ o B(x) - R with v, v~ ! € ck (resp. Ckey such that ¥ (B,(x) N Q) C R and
Y (Br(x) N 9Q2) C dR"; equivalently, for any x € 92 there exists a neighborhood U and
¢ € CK@R1 (resp. Ct'“(R”_] )) such that after a possible rotation, we have

QﬂU:Uﬂ{(xo,x/) eR xR : ¢k <xo};

(2.19)

IQNU =UN{(x0.x) eRxR"": ¢(x") = xo}.
In addition, if Q is convex then ¢ of (2.19) is a convex function. If  is of class C¥ (resp.
Ck@) then any f € ckQ) (resp. C*%(3Q)) can be extended to a function in C¥ () (resp.
cke(Q)).

If 3K is of class C! for a convex domain K, then for every x € 0K there exists a normal
vector at x as in Definition 2.7 that is unique up to scaling. This givesrisetogx : 9K — S"~1,
called Gauss map, where gk (x) is the outer unit normal at x € d K. Thus, notice that for any
z € px ' (x), we have gx (x) = (z — x)/|z — x| = &k (z) with £x (z) is as in (2.5) and in
terms of support function, from (2.13), we have

hi(gk(x)) = (x, 8k (x)), VxedkK. (2.20)

In particular, for balls we have gg, (x) : 9B, (x0) = sl given by gg, (x)(x) = (x — xo)/r
for any xg € R" and r > 0. Recall that the tangent space at x € 9K is given by

T.(0K) = {y e R" : (y, gk (x)) = 0}

and from (2.20), we observe that Hx (gx (x)) = {x}+ T (dK). The boundary 0 K beinga cl-
manifold, we have gg € C' (9K, S"~!) and we recall some familiar notions from differential
geometry. Since Ty (0K ) = Ty, (x)(S"~1), the following Weingarten map, is defined by

Wk ((x) :=dgg(x) : T, (0K) — T, (0K).
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The principal curvatures are the eigenvalues k1 (x), ..., ky—1(x) of Wk (x); the mean cur-

vature and the Gaussian curvature are respectively given by

TrWg(x)) 1
—1 n—1

If K is strictly convex then K N Hgx (gx (x)) = {x} forany x € 0K and gK_] Sl 9K

is well defined; moreover, g being differentiable everywhere in R” \ {0}, from (2.20) we
have

H(x) =

(k14 ...+ Kkn—1) and k(x) = detWx (X)) =K1 ...Kn—1.

hi (&) =(6.gx ' (&) and Vhg(E) =gx '(€), VEeS"™ 2.21)

Definition 2.22 A convex set K is said to be of class Ci (resp. Ci’a) foranyk e N, @ € (0, 1]
if 9K is of class C* (resp. C*%) and the Gauss map gg : 9K — S"~! is a diffeomorphism.

The Gauss map being a diffeomorphism is equivalent to the Weingarten map being of maximal
rank everywhere. This is further equivalent to all principal curvatures being non-zero or
equivalently the Gaussian curvature being non-zero; the convexity implies that the curvatures
are positive everywhere. The corresponding domains are called strongly convex.

If K is of class Ci, note that gx ~! € C1(S"!,9K) and hx € CZ(R" \ {0}). Hence,
from homogeneity of g, (2.21) and (2.10), we have

hg(y) = (y, Vhg(y)) and D*hg(y)y =0, V¥yeR"\{0}, (2.23)

where the latter equality of the above can be obtained by differentiating the former. We have
the inverse Weingarten map

Wi &) 1= Wkx ' ©)) T =dex T @) Te@© ) - TS

defined for all £ € S"~!, which is the non-singular part of D2hi (¢). Indeed, with & € S"~!
being fixed, there exists an orthonormal basis {e1 et &} of R" and hence, {¢'} span
the tangent space T (S"1). Any x € R", in this basis, is given by

n—1
¥ =Y x4 (x ) with Xk = <x,ek>. (2.24)
k=1

Since D2hg (£)€ = 0 from (2.23), the only non-zero entries of D2hg (&) are <D2hK (&)e, ei>
fori, j € {1,...,n — 1} which, from (2.21), are the entries of dVhg (£) = dgx ' (&) =
)/VK_l (&), with respect to the above basis. In other words, we have

n—1

D’hg®) =Y. <WK71($)ej,ei>ei ®el. (2.25)

i,j=1
Thus, D%h (&) has eigenvalues {1/k1(gx ~'(£)), ..., 1/kn—1(8x ~'(£)), 0}, where «;’s are
the principal curvatures of K. With £ € U C S"~! and a coordinate chart ¢ : U — V C
R"~!, the covariant derivatives of f: S"=1 — TR of first and second orders are locally
defined by

n—1

D) Vf =3 (Vif)e, where Vif(x):=i(f o9 g,
znl_ 1 (2.26)

() V2f = Y (Vijf)e ®el, where Vi ;f(x) = ;(foe ) pw),

ij=1
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Letting x = ¢~ ' : V. — U C S$"!, note that since |x|?> = 1 hence by differentiating
successively we have (X, 8jx> = (0and (X, Bi,jx> = — <8,~)(, Bjx>. ‘We can choose U, ¢ such
that x (0) = & and that 8; x (0) = ¢/ forall j € {1,....,n—1} takingU = ;' = {x e R":
(x,&) = Vi-yZ WP andg = (x!, ..., x"""), leadingto x (z1, ..., zp—1) = Y1—) zie' +
V1-Y17 1212 & Thus, we have 9 x = el — (zj// 1= 1zi?) & and 8; j x (0) = —&; ; x (0)
(one can define a similar chart on the other hemisphere for U = S"~! corresponding to the
negative square root). Taking /g restricted to S"~!, (2.23) can be written in terms of local
coordinates as

hgox = (x,Vhgox) and (D*hg o x)x =0. (2.27)
By differentiating and using the above, we get
9j(hg o x) = (9jx, Vhk o x)+{x, (D*hk o )d;x) = (8;x. Vhk o x).
Evaluating at 0, we get V jhg (§) = (VhK &), ej). Hence, from (2.24) and (2.27), notice that
Vhg(§) = hg(5)§ + Vhi(§). (2.28)
By differentiating twice at 0 and using the choice of chart, we get
3, (hg © )(0) = (8, x(0), Vhg o x(0)) + (8, x(0), (D>hg o x)(0)3; x (0))
= =8i.; (X(O), Vhk (x(O)) + (/. (Dhx (x(0)¢')
which, from (2.23) and (2.25), further implies
V2hi (€) = Wi ~'(€) — hg (8], (2.29)
where [ is the identity matrix. Therefore, we have the following for Ci domains;
det (V2hg (§) + hg () = detOWx ~1(§)) = 1/x(gx ' (§)), (2.30)

where « is the Gaussian curvature. One can show that a domain is Cf_ iffitis C2 and k > 0.
From transformation rule of the Jacobian, note that

(@)H"™" Lok = |det@dgx HIH"™ Lgim = 1/(kogg HH"™! Lo

and from (2.30), for any f € L'(OK,H" "), we have

/a SO a0 = /8  flekT @) det (Vg (6) + hg (E)T)dE. (231

In general, since convex functions are locally Lipschitz, the boundary of a convex domain
2 can be locally written as a graph of a Lipschitz function and the Gauss map can be
defined H"~!-a.e. on Q. Precisely, for a small enough neighborhood U, if ¢ € K(R*~1) N
COT@R" 1y is as in (2.19) then, for a.e. x’ € R"~!, ¢ is differentiable and

ga@(x), x') = (=1, Vo (") /V1+ Vo).
Moreover, a classical theorem of Aleksandrov [6, 9] (see also [18]) is the following.

Theorem 2.32 (Aleksandrov) If ¢ : R" — R is convex, then ¢ is twice-differentiable a.e.
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Consequently, for a convex domain €2 and K = Q, we have Wk (x) and k(x) > 0 well-
defined for H"~'-a.e. x € dQ and the surface measure Sq on S"~! induced by the almost
everywhere defined Gauss map is defined by

Sq(E) := H’H({x € 09 : go(x) is well-defined, go(x) € E}) (2.33)

for any measurable E C S"”! and we denote So = Sk if K = Q. For any w €
LY (S*!, 1" 1), the integral formula (2.31) generalizes to

/ w(ga(¥) dH" (x) = / (&) dSa®). (234)
Fle) -1

It is evident that if gg is defined everywhere then Sq = (gQ)*H”_] and if Q is C_%_, then
dSq(£) = det(V2hq(£) + ho(§)I)dE as earlier.
For a general convex set K the Gauss map is re-defined as a set-valued map at x € 9K as

grk()={6eS" (¥ —x,£) <0, VX' e K}, (2.35)

i.e. the set of all normal vectors & € S"~! of every supporting hyperplane Hx [x] at x € dK.
The push forward (gx ). can be re-defined with respect to the re-defined inverse image

gx NE)={x € 0K : gg(x) N E # 0}, (2.36)

so that we can re-define Sg = (gK)*H”_1 as Sg(E) = H”_l(gK_] (E)) for any convex
domain K and measurable E € §"~'. If K =  for a convex domain 2 then, the set (2.35)is
a singleton for H"~'-a.e. x € 9 K. More generally, the set (2.35) can be a cone at non-smooth
boundary points or a discrete set if K is of lower dimension. Henceforth, according to the
regularity of the convex set K, the notions gx and Sk shall be assumed at the appropriate
level of generality, hereafter.

For any A C R”", let us denote C1(A) as the class of positive, continuous functions
f:A— R.If0O € Q then from (2.12) it is clear that hg € C;(S"~!). Conversely, any
h € C(S"") coincides with the support function of a domain €2, except possibly for a set
of zero surface measure on "~ !; the domain €2, called the Wulff shape of h, is defined by

Q= () weR": (x.§) <h(). 2.37)

EES"’I

Indeed, since £ is positive and continuous, it is evident that €2; is a bounded convex domain
with 0 € €2j. One can extend /& to be a 1-homogeneous function on R” \ {0} as y
Iylh(y/|y]) and letting K = Qy, clearly hg < h. Moreover, if x € 9K then (2.37) implies
(x,&) = h(£) for some & € S"~! and (2.12) implies (x, f’) = hg (¢') for some £’ € S*~1;
if h(§) > hi (§) then & # &’ and hence Hg j(¢) and Hg j, ¢y are two different supporting
hyperplanes at x with normals &, &’ making x a non-smooth point of d K. Thus Aleksandrov’s
theorem enforces hg (€) = h(€) for Sg-a.e. & € S"~! and thus we have a generalization of
Theorem 2.11 as follows.

Theorem 2.38 Given any h € C4 (S, there exists a bounded convex domain Q = Qy, as
in (2.37) such that 0 € Q and ho (&) = h(€) holds for Sq-a.e. € € S"1.

Let © be a compact convex domain with 0 € Q and K = . Then, integral formulae on
d K can be obtained independently using the radial map rg : R" \ {0} — [0, co) defined by

rx(y) =sup{r >0:ry € K}. (2.39)
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It is clear that for any o« > 0, we have ryx (y) = arg (y) and rg (ay) = rg (y)/a. Also, it is
not hard to see that rg (y)y € 0K forany y € R"\ {0}. This gives rise to the radial projection
px "1 — 9K defined by px () = rx(0)0, which is the polar coordinate image on K.
From the polar coordinate formula (2.2) we have the following, for any F € LY(K)

rk (0)
/ F(x)dx = wy / [ / F(re)r"*‘dr]de; (2.40)
K S”_l 0

in particular, we have |K| = (w,/n) fSn-l rk (6)"d6. Hence, from the divergence theorem,
we have that [, (x, gk (x)) dH" ! = Jn-1 1Pk (0)]"d6, and

H Lk = (o (11 (8K (@) 0 Lot )

so that, dH" ™" = |px ()" / (pk (). gk (pk (9))) dO = [rg (O)"~'/ (0, 8k (pk (0))) db, in
infinitesimal form. Thus we have the following due to Aleksandrov (see [7, Lemma 1]).

Theorem 2.41 Let 2 be a bounded convex domain with0 € Q, K = Q and gk be the Gauss
map defined H" '-a.e. on K. For any f € L'(9K, H"™"), we have the following;
ri (0)"!

dH" '(x) = / 0))————_do. 2.42
faKf WA= = J SO O) @, ) i

Furthermore, as H"!-a.e. points on 0K are smooth, hence recalling (2.20), we can also
re-write the above formulae using dH" ' = |pk " /hk (gk (pk (0))) db. Unlike (2.30),
(2.31) above, this density can be used for any convex body that are not necessarily smooth.

2.3 Hausdorff distance and approximations

Here we provide some details on properties of distance functions on convex sets, results on
compactness and approximations.
The Hausdorff distance between Borel sets E, E’ C R" is defined as

dn(E, E") = max (sup{dist(y, E):yc E'}, sup{dist(y, E") : y € E});

equivalently, we have dy (E, E') = sup g | dist(y, E) — dist(y, E’)|. The Hausdorff dis-
tance of convex sets can be characterized by support functions as

dn(E, F) =dn(QE,0F) = |hg — hrllpsgn-1ys (2.43)

see [45, Lemmas 1.8.1, 1.8.14]. Any compact convex set K can be approximated by polytopes
with respect to dy¢, since, given any ¢ > 0, the compactness implies there exists points
X1,...,xy such that K contained in the union of B¢(x;)’s and then the polytope P =
conv({xy, ..., xy}) satisfies P C K C P +eS" "anddy (K, P) < &. More generally, the
space of bounded convex bodies is locally compact with respect to the Hausdorff distance.

Theorem 2.44 (Blaschke selection theorem) Given any bounded sequence of convex sets
{Km}, there exists a subsequence {ij} and a convex set K such that dH(ij, K) — 0t
as j — oo.

If dy(Kj, K) — 0T as j — oo, (2.43) and Aleksandrov’s theorem implies gk, — 8K

H"~! a.e. Moreover, since dist(xg, dK) < dist(xg, 0K ;) +dn (K, K), it is not hard to see
from local compactness, that then any subsequential limit xo of radial projections pg; (6)
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lies on 9K, leading to uniform convergence of the projections, hence rg; — rg uniformly
as j — oo and the densities of " ~! with respect to radial projections

lok,; (O)]" N lok (0)1"
hi;(gk;(pk;(0)  hk(gk(pk(0)))

H ' —ge. 6 eSS (2.45)

We have the following approximation theorem for convex domains, see Weil [47, 48].

Theorem 2.46 Given any convex set K with H"~'-a.e. defined Gaussian curvature K, there
exists a sequence {K j} of convex sets of class C_z,,_ suchthatas j — oowehavedy (K, K) —
0" and if j is the Gaussian curvature of K j then the following holds:

(1) 1/x; — 1/k pointwise H* a.e as j — oo;
(2) 1/k; = 1/kin L'S" , H* VY as j — oo;
3) f(l/Kj)dE—\f(l/K)dS as j — oo.

Thus, from Theorem 2.46, we can conclude that given a convex domain 2 with Gaussian
curvature K, there exists Ci (or Ci’“) domains £2; with Gaussian curvature K, such that
as j — oo, we have dy(Q;, Q) — 0t and (ggj)*H"’l—\(gQ)*H”’l, i.e. for any w €

cEmh,
_ w(E) / w(E)
1 —dE = —dE. 2.47

jféofsm @x, @) Jeo ke T@n ™ @47

For general convex sets, we have the weak convergence of surface measures with respect to
Hausdorff distance, i.e. as j — oo,

Sk;—~Sk if dn(Kj, K)— 0%, (2.48)

when the measures are defined with respect to (2.35) and (2.36), see [45, Theorem 4.2.1].
In general, there are results of weak convergence with respect to the Hausdorff distance for
any support measures and curvature measures for general convex sets, the proofs involve
approximation of convex sets by convex domains, in particular, polytopes with non-empty
interiors that have combinatorial formulae for support measures. We refer to [45, Chaper 4,5]
for further details.

2.4 p-harmonic functions and measures

Here we provide some preliminaries and some well-known classical results for p-harmonic
functions and p-harmonic measures. We refer to [25, 29, 30, 33, 36, 46], etc. for more details.

Just as a harmonic function in a domain €2 C R” being minimizer of the Dirichlet energy
fQ |[Vw|? dx with w|aq = f, is the unique solution of the Dirichlet problem Av = 0 in Q
and v = f on %2, the minimizers of the p-Dirichlet energy fQ [Vw|? dx are weak solutions
to the p-Laplacian equation A ,u = div(|[Vu|P~2Vu) = 0in Q, i.e.

/ IVulP~2 (Vu, Vo) dx =0, V¢ e CF(Q),
Q

and are called p-harmonic functions for 1 < p < oo. They coincide with harmonic functions
for p = 2. The existence of weak solution u € W17 () is classical and follows from direct
methods of calculus of variations. We have the following monotonicity inequality for any
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measurable E C R”, functions u, v € WP (E) and a constant ¢ = ¢(p) > 0, given by
/ (IVu|P~2Vu — |Vo|P~2Vv, Vu — Vo) dx
E

Jg \Vu—=Vo|? dx if p>2,
2/p
> —Vu|P 2.49
=cC (fE|Vu V| ai)c)zmi1 if1<p<2, ( )
(/5 (Vul+| V)P dx)

which can be used to show the comparison principle for the p-Laplacian, i.e. Ayv < Apu
on 2 and u < v on 92 in the trace sense implies u < v on £2; we refer to [25] for a proof.
The uniqueness of weak solutions of A,u = 0in Q and u = f on 9<2 follows easily from
the comparison principle. The regularity theory of p-harmonic functions is more involved. It
has been shown by DiBenedetto [17], Lewis [35] and Tolksdorff [46] that the weak solutions
of Apu = 0in Q for 1 < p < oo are locally C!'#, i.e. there exists = B(n, p) € (0, 1)
such that for any B CC 2, we have

[Vu(x) — Vu(y)|
lullcrsy = llulleom) + 1Vulleonrn + sup —————z——
x,yeB |x — ¥
x#y

< cllullwirq> (2.50)

for some ¢ = c(n, p,diam(B)) > 0. For p > 2 the regularity is optimal. Furthermore,
the continuity of the gradient implies that if Vu # 0 in ' C €, then we can conclude
u € C*() from Schauder estimates, see [21]. The boundary regularity is also known for
Apu =0in Q and u = f on 9Q if Q is of class Chand f e CM*(3Q), see Lieberman
[39]; in this case u € C#($2) for some B = B, p,a) € (0, 1) along with the following
global estimate

lullcrsqy < C(n, Py [ fllereoqys lullwirq)s Q) (2.51)

Given a bounded and sufficiently regular domain 2 C R”, for any f € C(9R2) and v
being the solution of the Dirichlet problem Av = 0in Q and v = f on 9€2, we have

v(x) = f FO)d* () (252)
o

from maximum principle and Riesz representation theorem, where w* is a measure on 92
referred to as the harmonic measure at x € Q2. The measure can be prescribed by the Green’s
function with a pole at x, i.e. the weak (distributional) solution of the Dirichlet problem
AG* = 6, in Q and G* = 0 on 0RQ. If 02 is smooth enough with unit normal v, it is
not difficult to see that do* = (3G*/8v)dH"~! = (VG*, v)dH"~!. This notion can be
generalized to the case for the p-Laplacianfor 1 < p < oo. Given a neighbourhood N of 9€2,
ifu e WhP(2N N) is a positive weak solution to the p-Laplacian in N N, then upon zero
extension u € WLP(N). Since p-superharmonic functions form a non-negative distribution
as shown in [25], from a theorem of Schwartz we have that there exists a non-negative Radon
measure @, on d<2 such that

/ |Vu|P~2 (Vu, Vo) dx = —/ pdw,,
Q aQ
for any ¢ € C{°(N); the measure w), is called the p-harmonic measure associated to u.

Such measures can also be defined for more general .A-harmonic functions that are referred
as Riesz measures, see [25, 28]. If 02 is Lipschitz with unit normal vy defined almost
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everywhere on 9€2, then dw), = —|Vu|p’2 (Vu, vye) dH"!; moreover, since {u > 0}in Q
we have 0Q2 = d{u > 0} and vy = —Vu/|Vu| and hence

dw, = |[Vu|P7'dH"™ L yq. (2.53)

Evidently, for the case p = 2,if N = R" \ {x} and u = G* then wp, = w*. More generally,
the function ¥ may have a similar blow-up inside Q2 \ N but the p-harmonicity in Q2 N N
implies that u € Cllo’cﬂ (2N N) for some g € (0, 1) from (2.50). Given such a neighbourhood,
it is evident that we can select finer reduced neighborhood N’ of dQ2 i.e. 39Q2 € N’ C N,
having the same properties. Such neighborhood N (without relabelling) when chosen up to
possible reduction, we can assume without loss of generality that Vi # 0 in 2 N N so that
u € C*®(Q2 N N) as stated above, and furthermore, we can assume

llullLeanng) + IVullLenng) < 00;

in other words, all possible singularities of  are strictly in the interior of Q \ N. Any such
reductions can be chosen as long as it contains 9€2 without changing any properties of the
measure since the support of the measure is within 92.

The fundamental solution of the p-Laplacian, given by

u
®(x) = | /Xt forp #n; (2.54)
log(1/|x]) for p =n,

solves A, ® = 0 in R" \ {0} and can be used to form examples of p-harmonic measures.

The above notion of p-harmonic measure is defined for any open connected domains €2,
including convex domains. The notion extends to a convex set K of non-empty interior in
the same way taking €2 as the interior of K so that given a neighbourhood N of 9K and a
function u € WP (K N N), we have the notion of a p-harmonic measure w), associated to
u given by dw, = |Vu|P~ LdH"=1 | yx. Then, this can be further extended naturally to the
case of K being a convex set of empty interiori.e. K = dK; given N is a neighborhood of K
and u € WP(N) being a positive weak solution to the p-Laplacian in N \ K and u vanish
on K, there exists a non-negative Radon measure w, on K such that

/ [VulP~2(Vu, Vo) d /¢dwp,

for any ¢ € C{°(N) similarly as above which is called the p-harmonic measure associated
tou, and dw, = |Vu|P~ g =1 L g if K is Lipschitz. We refer to [37] for further details
on quasi-linear equations on low dimensional sets. In general, since for all convex sets K we
have 0K locally Lipschitz, hence dw), = |Vu|P~ Lann=1 | yx foru = ug.

2.5 Minkowski problem

Given a positive finite Borel measure © on S"—! that satisfies the conditions (1.1), the
Minkowski problem can be regarded as the inquiry for existence of a convex domain €2
satisfying

nQ =, (2.55)

where ng = (gq)«n for some prescribed measure 1 on 92 and gq is the Gauss map. The
prescribed measure 7 is typically absolutely continous with respect to H"~! L 3o and with
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respect to the Gauss map, we can express the density of the induced measure on S"~! as

due(é) = Zlhel(§)dé (2.56)

for a functional .Z : K(S"~!) — R. Existence of domains for the Minkowski problem
involves computation of the first variation of measures corresponding to Q' = Q + Q¢ with
the support functions hqr = hq + thg,,

d d
Zalv] = a7 t:Of}[hQ/] =7 t:Oﬂ[hQ +thg,l. (2.57)

This is used to show the existence of domains using continuity method or variational tech-
niques of constrained minimization problems.

In case of the original Minkowski problem, we have n = H"!and no = (gg),ﬂ-l”_1 .The
case of the given measure being discrete was considered in [41, 42], where the corresponding
convex domains are polytopes. The continuous case has been shown in [5, 7, 19] and the
smooth case in [13]. If Q is of class C 3_ and the covariant derivatives are as in (2.26) defined
by the charts as shown in the previous subsection, then recalling (2.30) and (2.31), we note
that the density (2.56) in this case, is the reciprocal of the Gauss curvature, i.e.

_ds
K(ga 1(€)

Furthermore, if o = (g8q)«n where dn = fdH"~! for a function f : 92 — R, then we
have

dpg (&) = det(V2hg + hol)dé =

(foga™)®) 1 2
— o = det(V<h holD. 2.58
e 1@, = /(e (©)det(he + hal) (2.58)

The above formulae hold for Sq-a.e. £ € S*~! for a general convex domain. As examples of
the above, the prescribed measure is the harmonic measure w at origin in [26] where we have
na = (go)«w and f = (G /dv) where G is the Green’s function with pole at 0; in the case
of capacitary measures in [15], we have f = |VU|? where U is the capacitary function.
In our case, we consider ug = (go)+@, Where @, a the p harmonic measure with respect
to a function « and the domain €2 being convex, we have f = |Vu|P~! for 1 < p < oo.

Flhal) =

3 Existence for p-harmonic Minkowski problem
In this section, we consider the Minkowski problem (2.55) for p-harmonic measures. We
establish the existence of solutions of the problem. Henceforth, we shall denote

ne = (8Q)xwp, (3.1

where w), is the p harmonic measure with respect to a function u = ug € whP(Q N N)
given by dw, = [Vu|P~'dH" ! | 3q where u is p-harmonic in © N N and satisfies

div(jVu|P"2Vu) =0 inQNN;
u>0 in Q; (3.2)
u=~0 on 9€2,

where N is a neighbourhood of dQ; thus, u € W' (N) upon zero extension. Up to possible
reduction, the choice of N is made so that Vu # 0in Q2 N N and

||u||LOO(NmQ) + ||Vu||L00(1\_/mg) < 00, (3.3)
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and we also assume that N is C*°. For a general bounded convex set K, if K = € for a
convex domain 2 then we define ux = pq;if K is of empty interior, i.e. K = 9K, we define
ik = (gk)«w) in the sense of (2.35) and (2.36), where w), is the p-harmonic measure with
respect to a function u = ux € WHP(N) with N being a neighbourhood of K, given by
dw, = [Vu|P~1dH"! | g where u is p-harmonic in N and satisfies

div(|Vu|P~™2Vu) =0 in N\ K;
u>0 in N; (3.4)
u=>0 on K.

Thus, in general, we have g defined on S"~! associated to u = ux € WP (N) as

ukg(E) = / |VulP~'dH"~", for any measurable E € S"~!, (3.5)
gx ~U(E)

where gx and gK_] (E) are in the sense of (2.35) and (2.36). If K =  for a convex domain
2 then (3.5) coincides with the standard push forward measure (3.1).

3.1 First variation of density of p-harmonic measures

Here, we consider 2 as strongly convex domain of class Ci’“ sothat gg : 92 — S" ! is
a diffeomorphism. Let its support function be hg. Using the same notations as Sect. 2, from
(3.1) and (2.53), we have

dpg = [Vu(Fo@)P'dH"™" Lyq = Flhal(¢)dE,
where Fq(§) := gg_l(?,-‘) = Vhgq(&) and recalling (2.58), we have
Fhl(€) = |Vu(Fa(€)|P~" det(V?ho + hal).

Henceforth, we shall denote # = hg and F = Fgq. Thus, from (2.20) and (2.23), we have
h(E) = ha(€) = (£, 8o (§)) = (x, go(x)) and

F(€) = Fo(§) = ga ' (§) = VA().

As in Sect.2, we shall consider the orthonormal frame field {e', ..., "'} of S"~! so that
forany & € S, the tangent space T (S"1) is spanned by {¢’ (£)}; furthermore, we denote
covariant derivatives with respect to the frame as in (2.26) with respect to the coordinate
charts as in Sect.2. We have det(V2hg + hql) = 1/(x o gq™") from (2.30) and (2.31), and
recalling (2.53), for any integrable function f : 92 — R, we have

/f(x)du)p(x)
Q2
= /SH Fga " @)IVulga @))IP " det (V2ha(€) + ho@)I)de.  (3.6)

We consider a convex domain g C R”, also of class C i’a to find the first variation for
p-harmonic measures on the following family of domains,

Q' = Q+1Qy with support functions hgr = hg + tho, = h + tv. 3.7
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Without loss of generality, we assume 0 € Q) so that v > 0 and hence we have Q C Q' for
t>0and Q' C Qfors < 0, more generally Q° C Q' if s < ¢. We take a small enough

T =1(n, dn (3R, 8N), d(3Q0, IN), lully1.r ) > O, (3.8)

sothat forall |¢| < T the domain ' is also of class Ci‘“ and Q! C NandaNNQ = INNQL.
Also, note that, from (2.43) we have d (', Q) = |t]||v l| oo (sn-1y and hence dn(Q', Q) —
0t as t — 0. Moreover, from Steiner’s formula for volumes and mixed volumes, we have

t— |24 tQ], H! (02 4+ 1t0L2p) are smooth; 3.9)

in fact, the above maps are polynomials, see [45, Chapter 5].
We consider the p-harmonic measures corresponding to u(-, 1) € WLP(Q!' N N) defined
as the weak solution of the following Dirichlet problem

div (IVu(-, )1P~2Vu(, 1)) =0, in Q' N N;
u(x, 1) =0, VxedQ NN; (3.10)
u(x,t)=u(%+t), VxedNNQ,

fort € [—7, ] for T > 0 small enough, so that upon zero extension, u(-,t) € WLP(N).
Then the corresponding measure is defined by

dug = [Vu(FE, 1), )P ' dH"™" Ly = Zlhor](€)dE
where F(&,1) := Foi (&) = ggr_l(é) = Vh() +tVv(€) and
Flh + t0]¢) = |Vu(FE, 1), )P~ det (V*h + AL+ t(Vv + D). (3.11)

We need to establish some properties of the first variation as in (2.57). The behavior with
respect to dilations is provided in the following lemma.

Lemma3.12 Let % be asin (3.11) and £, [v] = %| Fh + tv], then we have

1=0"
Fl+hl =1 +0)""PF[h] and £[h] = (n — p).F[h], (3.13)
forall |t| < t with a small enough T > 0 as in (3.8).

Proof Let A = 1 + ¢ and consider the case of Q¢ = Q and v = h of the above. Then, we
have Q' = AQ and For = ng“ = AVh. Let us denote u; (-) = u(-, A — 1) as the weak
solution of the problem (3.10) for this case, i.e.

div (|Vu;|P72Vuy) =0, inAQNN;
u),(x) =0, VxedlQNN; (3.14)
up(x) =u(x/r), VxedNNAIQ;
for [A — 1| < t being small enough. Using these in (3.11), we can conclude
FIRE) = |Vu WVAE)|P 2" det (V2h + hI)
_ <|VMA(KWI(E))I
[Vu(Vh($))|

Now, note that (3.2) trivially implies that u(x /A) is also a solution of (3.14) and hence, from
uniqueness u; (x) = u(x/A) in AQ2. Therefore, using Vu, (x) = %Vu(x/)») on the above,
we get (3.13) (the second part of (3.13) follows immediately from the first) and the proof is
finished. O

p—1
) A LZh)E).
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Towards the computation of the first variation, we need to establish some basic properties.
From (2.50), (2.51), we know that weak solutions u(-, 1) € WHP(Qf N N) of (3.10) are C-#
in Q' for any ¢ € [—7, ] and some 8 = B(n, p) € (0, 1).

First, we show uniform continuity of ¢t — u(-, t).

Lemma3.15 Foranyt € [—t, 7], ifu(-,t) € Cl’ﬁ(Qt N N) is the solution of the Dirichlet

loc
problem (3.10), then t +— u(-,t), Vu(-, t) are uniformly continuous on compact subsets of
N.

Proof From (3.10), note that for any n € W7 (N), we have
/ IVutx, NP7 (Vu(x, 1), Vi(x)) dx
QNN

= / 10OV, 1P (Vu(x, 1), varony o) dH" ' (x)
AQINN)

1
L+t 2+ 1) Jainan

+ / 77()C)|VM()C7 t)|p_2 (Vu(x, 1), gor (x)) dHn—] (x)
Q!

(3.16)
1OV (D172 (Vi (1) 5 varnan (1)) dH" 1 (x)

for any t € [—7, t]. From boundary conditions of (3.10) and comparison principle, we
can conclude u(x,t) > 0in Q' N N, hence gor (x) = —Vu(x,t)/|Vu(x, t)| for all x €
Q! |t| < t for a small enough 7 in (3.8). Using (3.16) for z, s € [—7, 7] and taking their
difference, we obtain

/ [Vu(x, )P~ (Vu(x, t), Vi (x)) dx—/ IVu(x, $)|P72 (Vu(x, s), Vi(x)) dx
QINN QSNN

1

T P20+ 0 Jaren
1

P20 9) Jernan
—(/ n(x)|Vu<x,r>|P—‘dH"—](x)—/ NOIVuGe, )P~ an' = ()
Q! s

a2

ﬂ(x)IVu(%ﬂ)|Pf2 (Vu (ﬁ) , VQfmaN(x)> d'Hnil(x)

NEOIVu(EDIP ™ (Va (35)  vasnan () dH ™ (x)

Then taking n(x) = u(x, t) — u(x, s) on the above and using (2.49), it is not difficult to see
that we can obtain

/ |Vu(x,t) — Vu(x,s)|”?dx < cMPo(|t —s]),
Qmin{r,s} N

wherec = c(n, p, v) > 0, M = |lullLo@nan) +II VullLo@nany +max) <o [uC, ) llwie
< oo and w(|t — s]) = 0T ast — s, since Vu is continuous in 2 N N and Vu(:, 1) is
continuous in 2’ NN from (2.50) for all 7, and furthermore |2 | — || — Oand H"~! (32") —
H"1OQS) — 0ast — s from (3.9). The continuity of x +— Vu(x,t) for every ¢ also
implies that all points are Lebesgue points and hence the above is enough to conclude the
following pointwise convergences

lu(x, ) — u(x, s)| + |Vu(x, 1) — Vu(x, s)| — 07 ast — s.

From (2.50), we also have the following local estimates for any B CC N with M as above
and ¢ = c(n, p, t,diam(B)) > 0, given by

lu(x, 1) —u(y, 0] < cMlx —yl, |Vu(x,1) — Vu(y, )| < cM|x —y|?, Yx,ye B,
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for every t € [—7, 7], that affirms equicontinuity of {u(-, ), Vu(, t)}o<|s|<7. Uniform con-
tinuity follows from the Arzela-Ascoli theorem and the proof is finished. O

Remark 3.17 Notice that, u(-, #) being the solution of (3.10), from uniqueness and (3.2) we
have u(x, 0) = u(x) and hence, from the Lemma (3.15), u(x, t) — u(x) uniformly asz — 0.
Hence, Vu(-,t) # 0in Q' N N and |u(, Dl oo ingry T IVul, Dl pooyngry < oo for all
1] < .

Now we need to investigate the differentiability of # + u(-, t). This is shown in the
following that involve some standard regularity results and adaptations of the techniques in
Colesanti et al. [15]. For any function f (-, r) related to (3.10), let us denote

: a
foy= 5| _ fa.

if the derivative exists. Thus, we have F (¢) = Vv(§) and in the following proposition, we find
. Note thatif t — u(-, t) is differentiable, then 9, (div(qu|”‘2Vu)) =div(A(Vu)Vo,u) =
0, where we henceforth denote

(3.18)

A(Vu) := |Vu|P~2 <H+ (- 2)M> ,

[Vul|?
which is uniformly elliptic modulo the weight |Vu|?~2. Indeed, it is not hard to see that

min{1, p — |VulP2[¢]* < (A(Va)g, ¢) < max{l, p — 1}|VulP2[¢c[*, V¢ eR™
(3.19)

However, the differentiability of # + u(-, #) being unknown apriori, difference quotients are
to be used. This is shown in the following.

Proposition 3.20 Ifu(-,t) € WLP(QE N N) is the solution of (3.10) and A is as in (3.18),
then the following holds:

(1) t > u(-, 1) is differentiable at t = 0 for allx € QN and it € C>P(Q N N);
(2) u is a solution of the equation div(A(Vu)Vir) =0in QN N;

3) ulx) = —(Vu(x), x) forall x € 9N N Q;

@) u(x) =|Vulx)|v(ga(x)) forall x € 3.

Proof Fort # 0, let w(x,t) = (u(x,t) — u(x,0))/t and for any s € [0, 1], let us denote
ug(x,t) =su(x,t)+ (1 —s)u(x,0).

Then, ug :=dug/ds = tw(x, t) and for any |t| < 7, note that we have

1
0=Apu(x,t) — Apu(x,0) :/ di(A,,us(x,t))ds
0 @3 (3.21)

1 1
:f div (A(Vus(x,t))Vu;(x,t))ds:t/ div (A(Vuy(x, ) Vw(x, 1)) ds
0 0

where A is as in (3.18). Thus, for # # 0, we have that w(x, t) is a solution of the equation
div(B, (x,t)Vw(x, t) = 0, where entries of B, are given by

1
B, (x,1)i,j = (Bu(x, D)ej, e;) :/0 (A(Vug(x, 1))e;, e;) ds. (322
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From Lemma 3.15 and Remark 3.17, note that Vugs(x,t) — Vu(x,0) = Vu(x) uni-
formly as + — 0, which together with (3.22) implies B,(:,t) — A(Vu) uniformly as
well. Also, from Remark 3.17, Vu(-,t) # 0in ' N N for all |t| < t. Therefore, there
exists 0 < A < A < oo possibly dependent on 7, p, min|, < inf,cqrny [Vu(x, t)| and
max;|<¢ SUPeqiny | Vu(x, )| such that from (3.19) and (3.22), we can conclude

AP < (Bu(x,0y,y) < AlyP?, Yxe(@NQ)NN, yeR",

for any ¢t € [—7, 7], thereby making the equations uniformly elliptic. Hence, for ¢ # 0, we
have w(-, 1) € C®(Q N Q' N N). The limit of w(x, t) needs to be established as t — 0 for
the proof.

To this end, note that for B CC Q N N there exists v/ = 1/(B) < 7t such that
BNQ # ¢ fort € [—1/,7']. From (2.50) used on the Eq. (3.10) implies that
u(-,t) € Cllo’c’g(Q’ N N) for B = B(n,p) € (0,1), hence (3.19) and (3.22) gives
1Bu(-, )i jllcoo gy < C'(n, p, M, diam(B)) for some o = o (n, p, B) € (0, 1), where
M = maxy;<¢ [lu(, 1) |lw1.p - Then, from a standard compactness argument

I1Bu (- )i, jllcow gy < C(n, p, M, diam(B)), Vit e[-t' 1]

Therefore, we can invoke interior Schauder estimates, see [21, Theorem 6.2], for the equation
div(B, (x, 1)Vw(x,1)) = 0 on 2 N N to conclude that there exists 0 < 7’ = t/(B) < 1 for
any B CC QN N such that

lw(, Dllczsp <A, VO< |t <7, (3.23)

for some A’ = A’(n, p, A, M, diam(B)) > 0 and B € (0, 1). It is not hard to see that (3.23)
implies uniform boundedness and equicontinuity of the family {w(-, f)}o<|/|<;* and hence
Arzela-Ascoli theorem yields the existence of a convergent subsequence. For a sequence
fr > Oask — oo, letw € WHP(Q N N) be such a subsequential limit, i.e.
W) = lim wie ) = lim “ER @0 g onN: (324
k—o00 k— 00 173

then taking 7z — 0 on (3.23) we get w € CIZO’S‘(Q N N) and since B, (-, 1x) — A(Vu)

uniformly, we have that w is a solution of div(A(Vu)Vw) =0in QN N.

Now we look into the boundary behavior of w. Since Q'’s are of class C>% and u €
C®(Q'NN) forall |t| < T,(2.51) used for the Eq. (3.10) implies that u(-, t) € clv(Q' N N)
for some y = y(n, p, @) € (0, 1) and |Ju(., t)||C1,y(Qme) <C(n,p,a, M, N) with M > 0
as above. This, together with (3.19), (3.22) and (3.9), further imply

”BH('v t)i,j"CO-U(QﬁN) E C(na paas M7 N)7 Vt € [_tv ‘C]s

for some o = o (n, p,y) € (0, 1). Recalling N N Q' = dN N Q for all |#| < t and from
boundary condition of (3.10), note that we have

u (%_H) —u(x)
1
(Vu(x), x) '
=——""4+0(t]"), YxedNNQ =dNNQ,t#0, (3.25
(1+1)
which implies |[w(-, #)[|L>@Nnne) < C(n, p, T, ¥, M, N). Also from boundary condition of
(3.10), we can conclude that for some 8 = B(n, p, y) € (0, 1),

w(x,t)

lwC, Dllc2sp@nenyy <Cwp, Ty, M, N), YO<[t| <t (3.26)
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Therefore, we can invoke global Schauder estimates up to the boundary, see [21, Theorem
6.6], for the equation div(B, (x, ) Vw(x, )) = 0 on (2 N Q') N N to conclude

lw(-, t)”clﬁ(gmsztm]v) <A, VO< |t =T, (3.27)
for some A” = A"(n, p,a, A, 7, M, N) > 0 and B € (0, 1). Taking rt — 0 on (3.26) and
(3.27) and using (3.9), we get w € C*F(QN N) and |wl|c2pgny) < A”. Using this we

can find the boundary values of w at x € (€2 N N) by taking sequences x; € 2 N N such
that x; — x as j — oo and using (3.24) as

u(xj, ) —u(x;,0)

w(x) = lim w(x;) = lim lim w(x;,#%) = lim lim
j—o0 j—00k—00 j—o00k—00 17

Since we have dN N Q% = dN N , the evaluation of the limit is clear on dN N € taking
tr — 0 and using (3.25) and continuity of Vu, to obtain
wx) = —(Vu(x), x), VxedNNRL.

However, finding w at Q2 is more involved since values at Q' ’s can accumulate to that
on 02 as #; — 0 and the limits may not be interchangeable in general. Here, the strong
convexity of the domain is used to obtain sequences x; € Q' with a common normal to
evaluate the limit diagonally. Indeed, since Q'’s are of class Ci’“, hence gor : Q2 — sr—1
is a diffeomorphism for every |f| < t. Hence, for any x € 02 with go(x) =& € S let
Xk = 8ol —1(&) € 9% Then, recalling (3.7) and (2.21), notice that

X = Vh(E) + Vo) =x + 15 Vu(§), (3.28)
and thus xy — x as k — o0. Since (3.26) and (3.27) together with (3.28) imply
lw(xe, i) —wix, i) < Clxg — x| = CIVué)]ltl,
for C = C(n, p,a, A, 7, M, N) > 0. This is used in (3.24) to obtain

at - 50 .
w() = lim wi, ) = lim 0k Z @0 w0 g,
k— 00 k— 00 179 k— 00 173

since u(xg, t;) = 0 from boundary conditions of (3.10) as x; € Q. Furthermore, since x €
0%2, from boundary conditions of (3.2) we also have u(x) = 0. Also, since u € clY(@nNN)
with [lullcry @y < Cn, ps @, ||”||L°°(Nms2) + ”V””mensz)v N), therefore, using (3.28),
note that

u(xp) — u(x) = (Vu(x), xp — x) + O(xg — x| = 5 (Vu(x), Vo)) + O(|te|'*7).
Using these on (3.29) we obtain

u@) —ul) _

; (Vu(x), Vu(§)), Vxedf. (3.30)
k

o) = i,
Recall that, since 02 = d{u > 0}, the outer normal vy = & = —Vu/|Vu| and since
v = hg,, from (2.21), v(§) = (§, Vv(§)). Using these on (3.30), we finally obtain w(x) =
[Vu(x)|v(§).

Thus, we established that any subsequential limit w as in (3.24) must be a solution of
the equation div(A(Vu)Vw) = 0 in & N N and moreover, w(x) = — (Vu(x), x) for all
x € aINNQand w(x) = |Vu(x)|v(ga(x)) forallx € dQ2NN. This equation being uniformly
elliptic in 2 N N, w is unique for every subsequence leading to liminf; .o w(-, 1) = w =
lim sup,_, o w(-, t). Therefore, the limit exists and hence w = i, which completes the proof.

O
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In view of the above lemma, let us define the operator A, : C(32) — C(92) as
Ayl f1(x) = (Vw(x), ga(x)), (3.31)
forallx € 9Q2, f € C(0L2), where w € C 1(@ N'N) is the solution of the Dirichlet problem

div(A(Vu)Vw) =0 inQNN;
wx) =—(Vu(x),x) VxedNNQ; (3.32)
w(x) = f(x) VxedQNN;

with A(Vu) as in (3.18). Notice that Proposition 3.20 implies that
Au[IVul(v o go)](x) = (Vit(x), go(x)),  Vx € 0Q. (3.33)
We have the following technical lemma.

Lemma3.34 Let w € C'(Q N N) be the solution of (3.32). For any n € C'(Q), we have

(p—1 /m nVu|P~2 (Vw(x), go(x)) dH" ' (x)

(p—2)
|Vu|?

=/ |Vu|P—2(<Vw,vn>+ (Vw,Vu)(Vu,Vn))dx (3.35)
QNN

+/ 1 (A(Vu)(Vu + D*u x), vanng (X)) dH" ™ (x).
INNQ

Proof If w € C1(€2 N N) is the solution of (3.32), then for any 7 € CH(Q), we have
/ (A(Vu)Vw, Vn) dx = / n <A(Vu)Vw, va(NmQ)(x)>dH"71(x). (3.36)
QNN 3(QNN)
Recalling (3.18), we note that
(p—2)
|Vu|?

Since go(x) = —Vu(x)/|Vu(x)| for x € 9€2, hence the right hand side of (3.36), together
with (3.37), becomes

A(Vu)Vw = |Vu|p_2<Vw + (Vw, Vi) w). (3.37)

/ n (A(Vu)vw,gsz(x))dﬁn_l(x)+/ n (A(Vu)Vw, vanna (X)) dH" ' (x)
29 INNQ

(p—2)
[Vul|?

_ /d ) Va2 (( (V. ga() + (Vw, Vu) (Vu, go () )dH" ! (2)
- / n (A(Vu)(Vu + D*ux), vonna (X)) dH" ' (x)
INNQ
=(p-D /352 nVulP~2 (Vw(x), go(x)) dH" " (x)
— / n (A(Vu)(Vu + D’u x), vaNmQ(X)>dH"71(x)~
INNQ

Using (3.37) on the left-hand side of (3.36) together with the above, we obtain (3.35) and the
proof is finished. O

Using the above, we show that A, is self-adjoint on L2302, |[Vu|P~2H"~1) in the fol-
lowing.
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Proposition 3.38 Let A, : C(02) — C(02) be asin (3.31). Then, for any yr1, Y» € C(0R),
the following holds,

/ ViAW) [VulP2dH" ! = [ Yo Au[Y 1| VulP2dH" " (3.39)
Q2 Q2

Proof Given any 1, ¥ € C(9%2), there exists wy, wy € C 1(@N'N) that are solutions of
(3.32) with w; = 1 and wy = ¥ on 92 and w; = — (Vu, x) = wy on N N . Hence,
using (3.35) of Lemma 3.34, note that

/ Y1 APl Vu| P 2dH !
I

_ /8 0 (Ta(o), g o) 1Vl 2 )

(r=2)
|Vu|?

|Vu|P—2(<Vw2, V) + (Vws, Vi) (Vu, le))dx

p—1Jann
1
-— (Vu, x) (A(Vu)(Vu + D*ux), vynna (x))dH" " (x),
P —1Janng

which is symmetric with respect to wi and w;. This completes the proof. O

Remark 3.40 For the special case p = 2, notice that we have A(Vu) = Tand A, = A
corresponds to the Neumann operator as in [26, 27].

Our next goal is to compute the first variation explicitly to establish its self-adjointness.
We shall denote C[V2h + hI] = cofactor matrix of (V2h + hl) (transpose of adjoint) so that,

CIV?h + hI)(V?h + hI) = det(V?h + hDI = 1/(k 0 go L (3.41)
Furthermore, since Wx ~! = V2h + hl for K = €, note that the above can be rewritten as
Wk (x) = k(x) C[Vzh + hll(ga(x)), Vx e dQ. (3.42)

The function u of (3.2) being p-harmonic is C# up to the boundary from (2.51), is
uniformly elliptic in a neighborhood of d€2 since €2 is of class Ci’“. Hence, from boundary
Schauder estimates, see [21], D%u is pointwise well-defined on 9<2. The following lemma
which prescribes the Hessian D?u on 92, has been shown for the case p = 2in[26, Lemma
Al.

Remark 3.43 The sign in the following Lemma is reversed to that of [26, Lemma A] as the

Green’s function G < 0 in [26], therefore our choice u# > 0 corresponds to u = —G for
p =2
Lemma3.44 Letu : Q — R be asin (3.2) and {e', ..., "', } be an orthonormal frame

field of "~ such that for any & € S"~! the unit vectors ¢' = &' (€) € "~ span the tangent
space Tg (S"Y). The covariant derivatives being defined as in (2.26) with respect to the
suitable local coordinate charts related to the frame, we have the following:

() (D2u(F§)el,ef) = —x(F()Vu(F )| C;,/[V?h + hl);

@) (D2u(FE)E. &) = —k(F(E) X, Ci.j[V2h + hI1 Y ;((Vu(F )

(3) (D2u(F(€)E &) = L K(F(©)IVu(F )| Tr(CIV?h + hl);

whereC; ;[-] = <C[~]ej, ei>are entries of the cofactormatrixasin (3.41) fori, j € {1,...,n—
1} with respect to this frame and F (§) = gg_l (&) = Vh(é).
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Proof Let K =  and the coordinate charts for the covariant derivatives be as in Sect.2 in a
neighborhood U of £ € §"~!,i.e. for 0 € V C R"~! the coordinates x : V — U c S"~!
satisfying x (0) = &, 9; x(0) = e/ and 0;,jx(0) = —=6; jx(0) foralli, j € {I,...,n—1}.

By differentiating F o x = gQ_l ox =Vho x,wenotethat 9;(F o x) = (D*ho X)X
forany j € {l,...,n— 1} and hence, at x = x(z) e U C Nt foranyz e V C R we
have V; F(x) = Dzh(x)ajx, in particular, at 0 € V, we have

V,F() = D*h()e! = Wi &)e! = (Vh(§) + h(E)De . (3.45)

Since any x € U C S"—1 is the outer unit normal at F(x) € 0Qas F = gg’l, hence we
have x = —Vu(F(x))/IVu(F(x))|. Using this together with the above, we get

(Vi F(x), Vu(F(x) = —IVu(FOO) Y F (0, x)
= —IVu(FOO){D*h()x. 3;x) = 0, (3.46)

since, recalling (2.27), D%h( x)x = 0. Now, we differentiate (3.46) by covariant derivative
Viaté& = x(0) foranyi € {1,...,n — 1} to obtain

(D*u(F(E)ViF &), ViF&)+ (Vi jF&), Vu(F(&)))=0. (3.47)

We can take x defined on the lower hemisphere without loss of generality and V; ; F(§)
can be computed transforming z; //1-Y"" |z;]> > y; so that x(z) = V1, .-, Yn—1, —1)/

1= yil?, x (0) > (0, —1) and e > e; asin [26]. Then, using (3.45) on (3.47), one can
obtain

(DruF @i @ Wi @) = —IVuFE) Wk ©)e o). (348)

(see the end of [26, p. 382]). We successively multiply the above entrywise with the entries
of Wi (F(£)) = k(F(£)) C[V23h + hl] recalling (3.42), then sum over to obtain (1).

Next, we differentiate the equation |Vu(F(x))| = — (Vu(F(x)), x) at & = x(0) to
obtain

V(Va(F @)D = - (DXu(FE)Y; F©). )~ (VuF @), o) = = (D2uF Wi~ ©)e] ),

as (Vu(F(§)), e/) = —|Vu(F(§))| (&, ¢/) = 0 from orthonormality. Multiplying with the
entries of Wi (F(£)) = k(F (£)) C[V2h + hI] from (3.42) and summing over, we can Simi-
larly obtain (2).

Finally, since u is a solution of the Eq. (3.2), we have

(p—2)
|Vul|?

0 = div(|Vu|P~2Vu) = |Vu|p_2(Au + (D%uvu, w)),
in QN N and u € C*(2 N N). Taking pointwise limit, together with (1), we get
(p —2) (D*u(F ()€, &) = —Au(F (§)) = — Te(D*u(F (£)))
== (PuF@ne. o) - (Du(F ). ¢)
= K(F(£))|Vu(F(#)| Tr(C[V*h + hI]) — (D*u(F (£))8, &),
which yields (3). Thus the proof is finished. O

Now we obtain the first variation of the density of p-harmonic measures in the following
which has been shown previously for a special case of p = 2 by Jerison [26, Proposition 2].
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Proposition 3.49 Given support functions h = hg and v = hg,, the first variation, defined
as 4 [v] = % ‘tzogf[h + tv] as in (2.57) with % as in (3.11), is given by

n—1

Zilvl = Y V;(Ciof 172 + HIVul” " V)

ij=1
(r—D _
= IVulP AVl o go), (3.50)
whereC; ;[-] = <C[-]ej, ei>are entries of the cofactormatrixasin (3.41) fori, j € {1,...,n—

1} with respect to a local orthonormal frame {€'} and A, is as in (3.31).

Proof 1t is standard as shown in [13], that

dt

, det (V2h + hL + t(V*v + D) = Tr (C[V?h + hI(V?v + D).

=l
Recalling Z[h + tv](€) = |Vu(F (&, 1), 1)|P~" det (V2h + hl+t(V?v + v])) and using the
above, note that

vl = |Vu(FE)IP! %‘ . det (V2h + hI + (Vv + o))
=

d
det(V2h +hl)—|  |Vu(F(E, 1), 0|7}
+ det(V2h + )dt]t=0| w(FE. 1), 1)] s

= |Vu(FENP™" Tr (C[V2h + hII(VZv + )
d
+ (p = DIVU(FE)IP 2 det(V2h + M| _ [Vu(FE. 1.0,
and we need to compute only the last term of the above. Notice that, from the boundary

condition of (3.10), the outer unit normal at F (&, 1) € 9Q' is given by

Vu(F(,1),1)
IVu(FE, 1), 0|

hence, |Vu(F(&,1),t)| = — (Vu(F (&, 1), 1), ). Therefore, we obtain

§=go(FE.n)=—

d d
E tzolvu(F(g’ t)? t)l = _Z (=0 <VH(F($, t)7 t)?é) (352)

= ~((D2u(FENF©). &)+ (Vi(F(©),€) ) = (1 + L.

Since, F(&) = Vu(£) and recalling (2.28), we have Vv(§) = v(§)§ + Zl'.’;ll Viv()e'.
Using this together with Lemma 3.44 we compute the first term of (3.52) as

n—1
Iy = (Du(F ), €)v(®) + Y (DXu(F (), ') Viv(e)
i=1

1
= oy SEEIVUFEE) Tr (€L7% +hll)

n—1

—K(F(E) Y Cij[V?h+ RV ;([Vu(F E))Viv(E).

i,j=1
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It has been shown in [13] that Z,‘ V; Ci,j[Vzh + hl] = 0 for any i and using this on the

latter term of the above, we obtain
n—1

= —k(F€) Y V;(Cij[V2h+ hI|Vu(F &))])Viv(E)
i.j=1 (3.53)

K(F (£)[Vu(F (€)|v(&) Tr (CIV?h + All) .

+
(p—"1
Using (3.53) on (3.52), we obtain

d n—1
i IVM(F(S 1), 0| = k(F(§)) Z Ci j[V2h + R Vu(F (£))])Viv(§)
ij=l1 (3.54)
F
- Iz; _(51))) IVu(F (£)|v(E) Tr(C[VZh + h]) — (Vi(F (), £) ,
Recalling det(V2h + hl) = 1/k(F(&)) from (2.30), we use (3.54) in (3.51) to get

Lyl = |Vu(FENIP™ Tr (C[V2h + hII(VZv + D))
n—1
+(p = DIVu(FENIP™ Y V,(CijIV?h + hIVu(FE)])Viv(&)
i,j=1 (3.55)
— [Vu(F )P~ v(&) Tr(C[V?h + 1))
IVu(FENIP—=2 .
—(p— D——22 (Vi(F(§)),§).
(p—1 &) (Vi(F (%)), &)

Now, we use the following identity to replace the second term of the above,

n—1
>V (ci, JIVh+ hH]IVM(F(S))I”_lViU(é))
i,j=l1
n—1
= Y (€ IVPh+ MIVu(F @) 1P ) Viv @)
i,j=1
n-l (3.56)
+ Y G IV + RIIVu(FE)IP 'V 0()
i,j=1
n—1
= (p = DIVu(FENP™ Y V;(Cij[V2h + I Vu(F &))]) Viv(E)
i,j=1
+Vu(FE)P~ Tr (CIVh + A V?v).

Using (3.56) on (3.55), we observe that the first and third term in (3.55) get cancelled off and
we are left with
n—1
Zilvl = Y V(€ V2 + hIVu(F )17 Vive))
ij=1
Vu(F (§)|">

—(p—1)——————— (Vu(F()),§),
(p—=1 <FG)) (Vu(F()). §)

which completes the proof since A, [|Vu|(v o gg)](F(S)) = (Vu(F(§)), &) from (3.33). 0
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The following shows the self-adjointness of the first variation in L>(S"~!, H"~1).

Corollary 3.57 The first variation %), being as above, for any vy, vo € C(S"™1), we have
[ vsitnde = [ ozt (3.58)
Proof From Proposition 3.49 and (2.30), we have

/SH vi(§)Znlv2](§) d§

n—1
= /gH Z Ul(S)Vj(Ci,j[Vzh+hH]|Vu(F(Z§))|"_1Viv2(§)> dg
ij=1

|Vu(F(£))|P?
—-(p- 1)/ vi () Au||Vul(v2 0 go) |(F (&) ———————d§
g1 d | K(F(£))
=Ji1+ ).
Note that, using integral by parts (Stoke’s theorem for compact manifold without boundary)
on the first term of the above, we have

n—1
Ji=— / D AVu(FENIPT'C IV h + hTIViva )V jui () d&
Snfl i,jil

which is symmetric in v; and v;. For the second term, using (2.30) and (2.31), we have

h=—(p— 1)/ (v1 0 80) Au[|Vul (v2 0 ge)]|Vul P2 dH"
a2

which is also symmetric in vy and vy from self-adjointness (3.39) of A, from Proposition
3.38. Combining both cases of the above, the proof is finished. O

3.2 Convergence of p-harmonic measures

The goal here is to establish weak convergence of p-harmonic measures with respect to
the Hausdorff distance. Given a convex domain 2 C R”, a neighborhood N of 92 and
u e WhP(Q N N) as in (3.2), we consider a sequence of convex domains ©2; C R”" such
that dy((Qj, Q) — 0" as j — oo; recalling (2.43), d# (92, 922) — 0.

First, we have the following lemma due to Jerison [26].

Lemma3.59 Given Q@ C R" and dy(Q;,Q) — 0T as j — oo, if 0 € QN Q; for
all j > jo for some jo € N, then there exists r > 0 such that, up to a subsequence,
(I—=1/)Kj/r C Q/r.

Proof Note that | dist(0, 32;) — dist(0, Q)| < dn (02}, 0R2) = dp (2}, Q) < 1/, for all
Jj > jo with jo € N large enough. Hence, we choose

0 < r < min{dist(0, 9€2), inf dist(0, 0$2;)}
JzJo
sothat B, (0) C ;NQforall j > jo.LetQ = Q/randflj = Q;/r.Hence B1(0) C Qjﬂfl

forall j > jpanddy (flj, Q) — 0%.Thus, 1 = hp ) < min{hQi, hg} and recalling (2.43),

we have the convergence of support functions. Hence, up to a subsequence, 1 < hg <
J
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hg +1/j forall j = jo which implies (1 — 1/)hg < hg — (hg = 1)/j = 1/j* < hg,
and the proof is complete. O

Note that lim;_, o0 d7¢ ((1 —1//)K;, Q) = lim;_, o d34 (2}, ) = 0. Henceforth, in view
of Lemma 3.59, we shall assume without loss of generality that

0eQNQ; and Q;CQ, V)=, (3.60)

for a large enough jo € N. We can also similarly assume without loss of generality that
QCQj(l+1/j)forall j > jo. Furthermore, since d3 (02, 02) — 0™, for any sequence
of neighborhoods N; of 9€2; we have d (N, N) — 0T as j — oo. We can assume without
loss of generality that N is a convex ring (see [34], e.g. annulus) so that the outer and inner
segments of d N enclose convex domains. Hence, in view of (2.43) and Lemma 3.59, we can
regard that being subject to a possible small extension and dilation, N is also a neighborhood
of 2j sothat ON N Q2; = N N Q forall j > jo, which shall be assumed hereafter.

There exists a unique u; € W“’(QQ, N N) which is the weak solution of the Dirichlet
problem

div (IVu;172Vu;) =0, inQ; NN;
uj =0, ind; NN; (3.61)
uj=u, indN NQj;

forall j > jo and upon zero extension, u; € WLP(N). We consider the p-harmonic measure
with respect to uj as w,,j so that dw,, j = |Vu;|P~1dH" =1 L 99 -

Remark 3.62 In view of the above, given dy (Qj, Q) — 07 as j — oo, we can assume
without loss of generality that (1 —1/j) C  C (1 + 1/j) for j > jo large enough.
Hence, (3.61) can be re-defined with dilations on 2 as 2 /(1+1/j) or /(1 —1/j) for which
points in €2 are transformed as x — x/(1 4+ 1/j) and x — x /(1 — 1/j) respectively. In this
sense, the approximants defined by (3.61) can be regarded as a generalization of (3.10) for
t>0ort < 0,since for Q' = Q + 1Q, recall that dy (Q', Q) = [t][|ha |l L @n-1) = 0T
as t — 0. All the following results corresponding to (3.61) remain unaffected with respect
to these dilations.

Towards the weak convergence of p-harmonic measures, we make use of the following
geometric lemma due to Jerison [27, Lemma 3.3], which says that most of the boundaries of
convex domains close enough by Hausdorff distance, can be locally flattened, except for a
small measure set. It can be shown using convexity and Vitali covering theorem.

Lemma 3.63 For a convex domain Q, given any ¢ > 0 there exists § = §(¢) > 0 and a finite
collection of disjoint balls By, (xi) for 1 <k < No, withr, < € and xi € 0%, such that for
every Q' with di (2, Q) < 8, we have

No
H! (asz \UJ B, (xk)> <e,

k=1

and after a possible rotation and translation, 3R, 02 are graphs of functions ¢, ¢’ €
COVR Y in By, /e (xp), satisfying [V (x)| + V@' (x)| < & forall x € R" with |x| < ry/e.

The following is a part of [27, Lemma 3.7] and can be shown using the density of radial
projection in (2.42), i.e. dH"! = lpa@)|" /ha(ga(pa(®))) dO on Lemma 3.63.
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Corollary 3.64 For a convex domain 2, given any € > 0 there exists § = 8(¢) > 0, so > 0
and a family of balls B on S"~' such that the folllowing holds:

(1) Every B € B has radius s.

(2) If B,(0) C 2 C Bg(0), then there exists No > 0 depending on R /r such that any point
in "1 belongs to atmost Ny balls of B.

3) (S \ F) < ewhere F = Jpcz Band0 = H L sn—1 18 the uniform measure.

Now, we sketch the weak convergence of p-harmonic measures in the following.

Proposition 3.65 Given a bounded convex domain Q C R", for any sequence of convex
domains Q; C R" with dy (2}, Q) — 0F as j — oo, if wp,j is the p-harmonic measure
with respect to the solution u; € WP (N) of (3.61), then up to a subsequence, Vu; — Vu
uniformly in N and we have the weak convergence w), j—w, as j — 0o, ie. for any
n € C(N), we have

lim 71|Vuj|p_ldH"_1=/ nVulP~tdH ! (3.66)
J=00 Jaq; Elo)

Proof From boundary conditions of (3.61) and comparison principle, we have u; > 0in £;
and hence, go; = —Vu/|Vuj|. Then, testing the Eq. (3.61) with any n € WLP(N), we
have

/ |Vuj|p_2 <Vuj, Vn) dx
QjﬂN
= / r]|Vuj|p72 (Vuj, va(Qij)> dH" !
A(Q;NN)

= / nIVulP~2 (Vu, vo,nan) dH" ™" + / |V [P~ an !
Q./'OBN Qj
Since IN NQ2; = dN NQforall j > jo, we test the Eq. (3.2) with 1 and take the difference
with the above to obtain

/ |Vu,-|”72(Vuj,Vr]) dx—/ |VulP~2 (Vu, V) dx
Q;NN ’ QNN
3.67)
= _(/ |V |P~1 aH ! —/ n|Vu|P—1dH"—1).
aQ; aQ

Now we show that Vi ; — Vu uniformly in N as j — oo. However, in this case [£2\ ;|
or |H”‘1 B —H"1BQ j)| are not generally dominated by dy((£2;, €2). Therefore, Lemma
3.63 and Corollary 3.64 can be used by taking radial projections of (2.42) and decompose
the integral on S"~!into F = (Jp_z B and S"~! \ F as in Corollary 3.64, then obtain for
any ¢ > 0,

| [ 19 0ot = Vo o] < e [ (Vo pPlas. ¥z jote). BB,
B B

where p; — p H"1-a.e. in S"~!. This involves refined estimates of p-harmonic functions
in [15, 31, 32], etc. used to obtain e.g. [15, Lemma 4.5] to which we refer to and omit the
details here. The above together with §(S"~! \ F) < ¢ from Corollary 3.64 allows us to
estimate the integral on whole of S*~! and then using (2.45) and (2.42), we have

_ — — — -1 . .
‘/ |V ;1P amH" 1—/ |VulP~1dH" ! < cellullyi, oy, Y7 = Jole).
aQ; aQ
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Anintegral on €2\ €2 can be similarly estimated using (2.40), Corollary 3.64 since ro; — rq
uniformly as j — oo. Using these estimates together with n = u; — u on (3.67) and using
the monotonicity (2.49), we can conclude

/B IVuj = VulP dx < cellully oy Y= joe),

for any B, C €2; N N. The continuity of the gradients Vu ;, Vu from (2.50) implies that
all points are Lebesgue points and hence the above is enough to conclude the following
pointwise convergence of Vu ; — Vu; the estimate of (2.50) for Vu ; shows equicontinuity of
the family {Vu} ;> j, and uniform convergence Vu; — Vu in N as j — oo follows from
the Arzela-Ascoli theorem. This used in (3.67) directly leads us to conclude

lim 1)|Vuj|p_ldH"_1:/ | VulP~taH !
J=00 Jaq; a2

for any n € C'(N) and hence also for any n € C(N) by taking approximations. The proof
is finished. O

Remark 3.68 The proof of weak convergence of p-harmonic measures above is easier com-
pared to other measures with a higher exponent on the gradient because in our case, the
exponent (p — 1) is precisely what appears in the weak form of the equations and so we
do not require a reverse Holder inequality as in [15]. It is so remarked in [27] that the weak
convergence in case of harmonic measure in [26] is easier than that of capacitary measures
in [27] for p = 2.

Let ug; = (go,)«wp,;j be the corresponding measure as an approximation to ug. As
go, — go H"!a.e. we have the weak convergence g, —/Mg as a consequence of the
above. Thus,

lim wdpg, = / wdpg, YweCS"h. (3.69)
J—00 Jgn—1 §n—1

More generally, we consider u = ugx € WUHP(N) for a general convex set K and a
neighborhood N of d K, where either u satisfies (3.2) if K = Q oru satisfies (3.4)if K = 9K.
Then w,, defined by dw, = |Vu|P~'dH"~! on 9K and ux is as in (3.5) and defined with
respect to (2.35) and (2.36) in general. We consider {K;} such that d((K;, K) — ot. If
K;= S_Zj are of non-empty interior then we define u; € Wl*p(Qj N N) similarly as (3.61),
otherwise if K; = 0K; and K = 0K then we define u; € WLP(N) as the unique solution
of

div (IVu;1P~2Vu;) =0, inN\Kj;

uj =0, inK;NN; (3.70)
uj:u, inaN\Kj.
The p-harmonic measures are defined by dw, ; = |Vu;|P~ldH"=! L ak; and the weak

convergence w, j—®, can be obtained similarly as Proposition 3.65. Therefore, the weak
convergence for measures for the p-harmonic Minkowski problem on general convex sets,

K=MK if dy(Kj, K)— 07, (3.71)

when the measures are defined as in (3.5) with respect to (2.35) and (2.36), can also be
obtained using the above and approximation of general convex sets by polytopes, in ways
similar to that of (2.48). We refer to [45, Chapter 4,5] for details of such arguments.
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In the following, given a convex set K, we denote the functional
I'(K) :/s—l hi (&) duxk (§) (3.72)

and T(Q) =TN(K)if @ = K. Itis easy to see from (2.43) and (3.71), that I'(K ;) — I'(K)
uniformly if dy(K;, K) — 0T as j — oco.

Remark 3.73 For a compact convex set K of non-empty interior note that

N(K) = f§ hi (&) Vu(gk ™ €))7 dSk )

closely resembles the well known formula of volumes given by

1
K| = */ hi (§)dSk (§).
n Jsn—1

Hence we can conclude that if K +— pg is defined by a common p-harmonic function u
for Cer domains then I' is a measure absolutely continuous with respect to the Lebesgue
measure. For non-smooth domains or convex sets of empty interior, the measure I" can be
singular.

We complete this subsection with the following.

Lemma 3.74 Given convex domains Qj, Q20 C R" with dr (), Q), dx (2,0, Q0) — ot
as j — 00, let Q' = Q +1Q and Q’J = Q; +1Qj o for |t| < T small enough. Then, let

dpgr = |Vu(, 1P dH"™ Ly,

where u(-, t) is the unique solution of the Dirichlet problem (3.10) and let djugy be defined
J
similarly; then with T as (3.72), if t +— F(Q’j) is differentiable at t = O for all j > jo then
t = T(Q") is also differentiable at t = 0 and we have
d d
r(e)==
1=0 ( J ) dt

lim —
j—oo dt

lim T (Q’j) (3.75)

t=0 j—o0

d
N —
1=0 ( )_dt

Proof From (2.16), we note that

z —
F(Qj) — F(Qj) = /;"71 hQ;_ d/,LQ; — v/gn—l th d/,LQj

= /SH thdMij - /;n,. hg; dug; +t/sn*1 he;, d/m;.-

Recalling (2.43), we know that th , th,o — hgq, hg, uniformly as j — oo. Hence for each
t # 0, we have (F(Q’j) —T'(2)))/t - (I'(") — I'(R))/t uniformly (independent of r) as
Jj — o0. Also from (2.43), note that

dr (2, 9;) = lrlllhg, i~ and  dr(@, @) = lrlllhgy L,

which converge to zero uniformly (independent of j) as t — 0 as well. From (3.69) and
above, (g — g as j — oo forall 7 and Kot —~pq; ast — Oforall j > jo. This is enough
J J ‘

to conclude the proof. O
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3.3 Proof of existence

We shall prove the existence of p-harmonic measures prescribing measures on spheres in
two steps; first, for discrete measures and then for the general case thereby leading to the
proof of Theorem 1.2 in the end.

The following proposition resembles the Hadamard’s variational formula.

Proposition 3.76 Given convex domains Q' = Q + tQq with |t| < t small enough, v =
hq, > 0 and T as in (3.72) with dpugr = |Vu(-, )P~ 'dH"™" L yor where u(-, t) is the
unique solution of the Dirichlet problem (3.10), we have
d
dt

t f— J—
t=0F (Q ) =n—-p+1 /S"—l vdug. 3.77)

Proof First, we assume that Q, Q¢ are of class Ci’a. Then, recalling dug: (§) = F[h +
tv](€) d&€ where hg = h, observe that

d N d _i ’
77l ) = ELZO /H hoi (§) dpgr (§) = dt‘r:o /gnil(h—ktv)ﬁ'[h—i—tv](&)dg
d

= [ vesmed s [ neL] s+
sn—1 sn—1 t1tr=0

(3.78)
= /S  v@dpa) + /S L) dE

= /Sn_l v(€)dpa(§) + /Sn_l v(€)Zplh](E) dé,

where the self-adjointness of Corollary 3.57 is used to obtain the last equality of the above.
Now, recalling (3.13) of Lemma 3.12, we have . [h](§) = (n — p).Z[h](€). Using this on
(3.78), we obtain

d

dt

r@)=m-p+n /Sn_l v(§) dua(é),

t=0

for the case of Ci’a domains. The general case follows from approximation of convex domains
by Cer’a domains using Theorem 2.46 and (2.47) along with (3.69) and (3.75). O

In the following lemma, we consider the possibility of having a lower dimensional convex
set in order to be able to assert the existence theorem for convex sets of non-empty interior.

Lemma 3.79 Given a compact convex set K and a measure i on S"~ "', we have the following:

(1) If dimy(K) = n — 1, then K is contained in a hyperplane; precisely, there exists
& € S" ' and ¢ € R such that K C {x : (x, &) = ¢} and ux as in (3.5) is given by

hK = (/ |Vu|f’*1dH”*1)(5§0 +8_g).
K
Q) Ifu= 0(550 + 8_,;0)f0r some & € 8"~V and a > 0, then p does not satisfy (i) of (1.1).
Proof To prove (1), recalling (2.12) since K = Ngegn—1 HS_,hK(E)’ observe that dimy (K) =

n—1 canonly occur if at least two half-spaces share acommon boundary and K is degenerated
to a 1-codimensional subset of a hyperplane, i.e. Hx (§) = Hy (&) for some & # &' € S"~!
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which can happen only if §’ = —& and hg (§') = —hg (§). These together imply hg (—§) =
—hk (£); but, from the definition of support function, since

—hg(=§) < (x,&) <hg(€), VxeK,&eS',

therefore equality has to hold. Thus, we have K C {x : (x, &) = c} where & = & and
¢ = hg(§). Then, we observe that, in the sense of (2.35), we have gk (x) = {&y, —&p} for
H' '-ae. x € K. Precisely, if F C K is the lower dimensional boundary of K within the
hyperplane then gg (x) = {&p, —&o} for all x € K \ F and H"L(F) = 0. Also in this
case K = 0K. Hence, for any measurable £ C S"=!. note that, gK_l(E) in the sense of
(2.36) is of full H"~!-measure only if £ € E or —& € E; to be precise, letting F/ =
(x e F:gx(x)NE # ¥} C F,wehavethat gg ~'(E) = (K\ F)UF'if {&, —&}NE # ¢
and otherwise gx ~'(E) = F’. Thus,

Sk =H""1(K) (8 +8-5) and uK=( / |w|"*‘dH'“)(Sso+a-go),
K

from (3.5), which completes the first part.
To prove (2), we observe that if © = a(Sgo + 8_50) for some & € S"~! and a > 0, then

/;H IS, &) dn(§) = a (I(¢, §o) | + (¢, —&o)]) = 2a (L, o)l ,

which vanishes for any ¢ € S"~! normal to &y. This completes the second part and the proof.
]

The following theorem is a discrete version of Theorem 1.2, which is an essential step
towards the general existence theorem. Here we require a technical assumption of an antipodal
condition and p # n + 1, which shall be ultimately removed.

Theorem 3.80 Ler w be a discrete positive Borel measure on S"~! satisfying conditions
(1.1) and has no antipodal pair of point masses i.e. if L({€}) > 0 for some & € S"~! then
w({—£&}) = 0. Then there exists a polytope P with non-empty interior such that up = pu and
['(P) = 1withup = (gp)+wp as in (3.5), where w, is any p-harmonic measure on d P and
I'isasin (3.72), forany 1 < p < cowithp #n + 1.

Proof By virtue of the duality relation of Theorem 2.38 between convex domains and positive
continuous functions on "~ !, the existence of the polytope P shall be obtained from existence
of minimizer of the following constrained minimization problem

b :inf{[ hdp:he Cy (S, T(Qp) = 1}, (3.81)
Snfl

where 2, is the Wulff shape of 4 as in (2.37), hence Qn={xeR": (x,&) <h@E)VEe
S"—1}, and T is as in (3.72) for a suitably defined measure (1q,, to be mentioned below.
Since pu is discrete, there exists &1, ..., &, € S"=! such that we have

m
p=y g
i=1

where, the condition (1.1) implies for all £ € S"~!, we have

m

[(§,&)| >0 and ci& =0, (3.82)
Z )3

i=1 i=1
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and in particular, ¢y, ..., ¢, > 0. Let us define Py = {x e R" : (x,&) < hE&)Vi e
{1,..., m}} for some i € C(S"~1), which is a polytope from Theorem 2.18. We note that
Qn € Prand hp, (&) = sup,cp, (x, &) < h(&) from the definition of Py and H"~'(9Q) <
H"~1(d Py). Thus, we have

m m
/SH hp du = ;Cihﬂ &) =< ;Cih(&') = /S'H hdpu. (3.83)

We also note that 0 € 2 if 7 > 0 and from Theorem 2.38, for Sq,-a.e. £ € S"—1, we have
h(§) = hg,(§) < hp (&) that may or may not include the set {£1, ..., &,}.

For any bounded sequence #; € Cy (S"1), let us denote the corresponding sequence of
polytopes as above, i.e. Pj = {x € R" : (x, &) < hj(&) Vi € {1,...,m}}.Then, Q, C P;
and (3.83) leads to

chhp (S,)<hmsup/ hjdu=:M < o0

i=1 ]—00

and since ¢; > 0, this implies for all x € P; we have (x, §;) < hpj &) < M/(minj<i<pm ¢;).
Thus, we can conclude that the sequence of polytopes {P;} is bounded and hence, from
Blaschke selection theorem (Theorem 2.44), there exists P such that, up to subsequence,
dy(Pj, P) — 0% as j — oo. From Theorem 2.18, P is also a polytope with normals
ISP

Let u = u p be the p-harmonic function corresponding to any fixed p-harmonic measure
of P, defined in the neighborhood of d P that contains 0 P; for all j > jo, since from (2.43)
dy(dP;,dP) — 0 as j — oo. With respect to this u, we choose u j uniquely as solutions
of the Dirichlet problem (3.61) as in the previous subsection, so that we have PP from
(3.71). We shall define e, with respect to u; similarly as u p; on nelghborhoods of 0P;
that contain 9€2;,; for j > ]0 large enough. In other words, we have defined

e, = (gp)«(IVu; 1P~ "H" " Lyp,) and fey, = (gQ/,_/)*(IVujlp_lH”_] Laszh/.)-

Now, let h; € Cy (8" Y be a minimizing sequence of the infima (3.81) where I is as in
(3.72) with e, as above. Since WP, =[P, We have hence I'(Pj) — I'(P) as j — oo and
since Qp; © Pj, hence from (3.81) note that 1 < () <T'(P;) and therefore,

/ hpdup =T'(P) = lim I'(P;) > 1.
sn—1 ]—> 00

Suppose, P is of empty interior, hence P = d P and Hausdorff dimension dimy;(P) < n.
Notice that the above enforces dimy (P) > n — 1 (otherwise, "~ (P) = 0 = H"~' (3 P)
which, from (3.5), implies up = 0 and hence I'(P) = 0 contradicting the above). Then,
dimy(P) =n—1. Asin (1) of Lemma 3.79, this can occur only if at least two half-spaces of
P share a common boundary and degenerate the whole polytope to a 1-codimensional face;
if those are the half spaces corresponding to &; # &; € S"~1, it enforces & i = —&;. But since
ci, cj > 0, this contradicts the antipodal condition. Thus, P is of non-empty interior.

Therefore, let Py # @ be the interior of P and hence I'(Py) > 1, hp, is a minimizer
of (3.81) and from (ii) of (1.1), the function & +— hp,(§) + y& is also a minimizer for
any y > 0. Hence, without loss of generality, we can regard /i p,(£) > 0 for all £ € S"~1.
Recalling Theorem 2.38, for any arbitrary v € C ("), let 2, is the Wulff shape of v as
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in (2.37) and then hg, = v holds Sq, -a.e. Let hg = hp, and
Q' = Py+1tQ, sothat hg = hpy +thg, =ho+tv, Sq, —a.e.

With respect to u = u p denoted above that is p-harmonic in a neighborhood of 9 P = 9 P,
we choose o to denote T'(Q') as in (3.72), defined by dugr = |Vu(-, DIV aH Ly
where u (-, t) is the unique solution of the Dirichlet problem (3.10). Without loss of generality,
we canreplace P; and €2;; above with infinitesimal dilations by (1 +7) with |¢| < 1/ which
does not affect the Hausdorff convergence. Then, pq: with respect to u(-, t) for || < 1/j
forms a special class of approximants among (¢ ” withrespect to u ; of the above (see Remark
3.62). Therefore, the minimization at /¢ leads to the existence of Lagrange multiplier A such
that we have

d
dt
Now (3.77) of Proposition 3.76 together with (3.84), lead to

/ vdu:A(n—p+l)/ vdup,
Sn—l Sn—]

for any v € C+(S”’1). Then, the above is also obtained for any v € c@S"h using v =
vt — v, which is enough to conclude u = A(n — p + 1)up,. Since hy is the minimizer of
(3.81), we have

d
ho + tv)d =,\—‘ Q). 3.84
t=0 \/;n—]( 0+ v) M dt =0 ( ) ( )

b:/S—l hodu:)»(n—p-i—l)/g_lhpodupo:)\(n—p-i-l)r(P()),

sothat A = b/(n — p + 1)I"(Py) and hence, u = %upo. In other words, we have

u WPy

/ h P()d,u / hP()d/'LP()
sn—1 sn—1

which is equivalent to 1 = cup, for some ¢ > 0. By rescaling Py, we can ensure up, = i
and I'(Py) = 1. The proof is complete. O

Finally, we are ready to prove the existence theorem for general Borel measures.

Proof of Theorem 1.2 Given the measure p on S"~! satisfying (1.1), note that from (i) of
(1.1), we have

o= inf [l due) > o

(esn—]

There exists discrete measures (. ; on S" —1 such that g j—~m as j — oo and we can assume
that there exists ¢ = ¢(§) > 0 such that for all j € N, we have

inf/ (¢, &) duj(§) = c. (3.85)
ceSn=1 Jen—1

Without loss of generality we can assume that 4 ;’s have no antipodal pair of point masses
Indeed, if w;({§;}), uj({—§;}) > Othen p; = c(8; + 8—¢,;) + v; for some other discrete
measure v; and we canreplace p ; with p,j.j = c(ég; +38-¢;)+v; where 0 < IEJ’. —&j| < ¢gj for

£; > 0 small enough, so that ,ujj ({&;}) = O while M;'i ({—£;}) > Oand M?—\,u as j — oo.
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After finitely many replacements by such small perturbations on all antipodal points, we can
regard 1 ;’s have no antipodal point masses for each j € N.

Now we can use Theorem 3.80 above to conclude for all j € N there exists a polytope P;
of non-empty interior such that P = Ij and I'(P;) = 1 defined as in (3.72) with respect
to up; = (gp;)xwp,j Where wp j is any p-harmonic measure on d P for p # n + 1. For

the case p = n + 1, we denote u?j and I'®/ corresponding to p = n 4 1 + ¢; and using
Theorem 3.80, take P; such that u;j]_ = pj and "%/ (P;) = 1 where ¢; # 0 is small enoughy;
the limits remain the same since ||u;jj = ppills ¢ () =T ()] = 0T as gj — 0. We show

that the sequence of polytopes { P;} is bounded. Indeed, for any x € 13j we have

/ (x, €) dp; (8) 5/SHhp,.@)du_,-(é)=/8th,.dup,. =P =1.

Up to a suitable translation, we have 0 € Pj and x;, —x; € d P; such that diam(P;) = 2|x;]|.
Therefore, we have (£x;, &) < hpj (¢) and hence |<xj, E)I < hpj (&). Using this on the
above together with (3.85), we get

= [ 8ldig© = [ e @diye =1,

which implies diam(P;)/2 = |x;| < 1/c. From Blaschke selection theorem (Theorem 2.44),
there exists a convex set K such that, up to subsequence, dy((P;, K) — 0T as j — oo.Let wp
be any p-harmonic measure on d K with respect to which we have ug asin (3.5)and u = ug
be the corresponding p-harmonic function in a neighborhood of d K. Then, we choose the
p-harmonic measures w, ; as dw), ; = |V1,tj|P_]a”l-{”_1 L ap; where, with respect to this
u = ug, we choose u;’s uniquely as the solutions of the Dirichlet problem (3.61) as in the
previous subsection, so that we have u Pj—K from (3.71) and hence I'(P;) — I'(K) as
j — o0, leading to I'(K) = 1 and from uniqueness of the weak limit, ux = . Now we
show that K has a non-empty interior.

Suppose K is of empty interior so that K = 0K then, the Hausdorff dimension
dimy(K) < n. Now if dimy(K) < n — 1 then H""/(K) = 0 = H* ' (3K) would
imply ug = 0 from (3.5) and hence I'(K) = 0 which contradicts I'(K) = 1. Therefore, as
dimy (K) € N, we conclude dimy(K) = n — 1. Since ux = u satisfy (1.1), we invoke
Lemma 3.79 for a contradiction.

Therefore, there exists a domain €2 such that K = Q and g = . The proof is complete.
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