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Abstract—In Data Stream (DS) learning, the system has to
extract knowledge from data generated continuously, usually at
high speed and in large volumes, making it impossible to store the
entire set of data to be processed in batch mode. Hence, machine
learning models must be built incrementally by processing the
incoming examples, as data arrive, while updating the model to
be compatible with the current data. In fuzzy DS clustering, the
model can either absorb incoming data into existing clusters or
initiate a new cluster. As the volume of data increases, there is a
possibility that the clusters will overlap to the point where it is
convenient to merge two or more clusters into one. Then, a cluster
comparison measure (CM) should be applied, to decide whether
such clusters should be combined, also in an incremental manner.
This defines an incremental fusion process based on aggregation
functions that can aggregate the incoming inputs without storing
all the previous inputs. The objective of this paper is to solve
the fuzzy DS clustering problem of incrementally comparing
fuzzy clusters on a formal basis. Firstly, we formalize and
operationalize incremental fusion processes of fuzzy clusters by
introducing Recursively Extendable (RE) aggregation functions,
studying construction methods and different classes of such
functions. Secondly, we propose two approaches to compare
clusters: similarity and overlapping between clusters, based on
RE aggregation functions. Finally, we analyze the effect of
those incremental CMs on the online and offline phases of the
well-known fuzzy clustering algorithm d-FuzzStream, showing
that our new approach outperforms the original algorithm and
presents better or comparable performance to other state-of-the-
art DS clustering algorithms found in the literature.

Index Terms—Data streams, fuzzy clustering, similarity mea-
sures, overlap indices, aggregation functions.

I. INTRODUCTION

LEARNING from Data Streams (DSs) is a research field
aiming to extract knowledge from data that are gener-

ated continuously and may have changes in their distribution
over time. In many applications, data are generated at high
speed and in large volumes, making it impossible to store
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entire datasets to be processed in batch mode [1]. Traditional
Machine Learning (ML) strategies must be adapted to address
the challenges posed by these dynamic data sources. The main
supervised and unsupervised ML tasks have been addressed
in the context of DSs. See [2] for a survey of methods,
applications, and open problems, and also [3], [4] and the
references therein, for recently published works.

In DSs analysis, since data arrive continuously and cannot
be stored, ML models must be built incrementally. A common
approach for the processing of data is to analyze the incoming
examples one by one, updating an initial model to make it
compatible with the current data. An important feature of such
methods is being able to identify whether incoming data is
(a) represented by the current structure that should, therefore,
only be updated by absorbing this new data or (b) a novelty
that should cause some modification in the cluster structure.
Additionally, ML models for DSs ideally have the ability to
forget representations extracted from old data, which shall
no longer be compatible with current data. If the model is
rigid and does not allow for such changes, it might eventually
become incapable of performing its task properly.

As DSs pose additional challenges regarding labelling cost,
clustering analysis attracts attention for extracting knowledge
in an unsupervised way. Relevant applications of stream clus-
tering can be found in fields such as power load demand man-
agement [5], network intrusion detection [6], social media [7],
and IoT [8], among others.

In this work, we focus on fuzzy clustering methods for
DSs [9], i.e. methods in which an instance may partially belong
to several fuzzy clusters with different membership degrees,
according to fuzzy set theory [10]. In particular, we consider
the state-of-the-art d-FuzzStream clustering algorithm [11],
which consists of two phases: the online phase, responsible
for incrementally updating a model, and the offline one, which
generates a snapshot clustering of the model when requested.

Regarding the online phase, due to the dynamic nature of
the data, the number and size of fuzzy clusters may vary as
the DS progresses. As the data and their membership degrees
to the fuzzy clusters are not stored for the reasons above, the
clustering is represented by a summary structure that maintains
statistical components to identify each cluster. Incoming data
can be absorbed by existing clusters or start a new cluster.
For each arriving instance, the system shall check whether
it is inside the fuzzy radius of some cluster, in which case
the data is included in the existing structure, by updating the
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statistical components of each cluster. Otherwise, a new cluster
is created. As the DS progresses, the clusters may overlap
to the point where it is convenient to merge two or more
clusters together. For this, after the initial processing of an
instance, a comparison measure (CM) between pairs of clusters
is applied to decide if they should be combined. This CM
depends on the membership degrees of the examples for each
fuzzy cluster. However, since examples and their membership
degrees are not stored individually, cluster comparison must
be done incrementally.

In this context, this work firstly focuses on a key issue in
the definition of clustering models for DSs:

How to incrementally compare two fuzzy clusters according to
the similarity or overlapping between them?

Formally, the comparison measure (CM) proposed in this
work is based on an aggregation function that needs to increase
its arity at each stage of the clustering process. Operationally,
the calculus of this function at the n+1-th stage (i.e., when the
n+1-th value is yielded by the DS) only considers the result
of the previous fusion process, not the explicit representation
of the previous n inputs, which are not stored. This process
is referred to as “incremental fusion process”.

Then, the second main focus in this work is:

How to provide an adequate axiomatization, on an operational
approach, of incremental fusion processes?

This process can be easily performed by associative aggre-
gation functions [12]. Nevertheless, there are a plethora of
interesting non-associative aggregation functions for the task,
e.g. overlap/grouping functions [13], which have been suc-
cessfully applied in several applications (e.g, [14]). However,
incremental fusion processes may not be trivially performed
by such non-associative functions [15].

In the literature, some authors have studied the problem of
applying functions with different possible arities. For example,
Montero et al. [16] raised the problem of computational
aggregation processes in a big data environment, where aggre-
gation operators must be successfully computed by parts in a
distributed parallel calculus in many nodes (mapping) before
being reduced. The authors studied families of aggregation op-
erators that can be defined through an algorithm or a function
that can solve all possible declared aggregations, in partic-
ular, considering the possibility of partial reuse of previous
computations when new values arrive. The functions designed
according to this approach, called computable aggregation
functions (CAFs), are operational, and can be subdivided
by programming paradigms (e.g., hierarchical CAFs [17]).
The same approach was considered to define computable
aggregations of random variables [18]. Magdalena et al. [19],
[20] analysed the monotonicity in non-deterministic CAFs.

The earliest notion of a family of aggregation op-
erators (FAO) or extended aggregation functions (EAF)
{An:[0, 1]

n→[0, 1]} appeared in the literature in 2013
(e.g., [21], [22], [23]). Rojas et al. [24] studied the strict
stability of such operators, i.e. the property that enables the
aggregation of sets of items with different dimensions in a

consistent way. In 2019, Olaso et al. [25] discussed some prob-
lems of this notion, introducing a more flexible generalization
of stability for FAO. Beliakov et al. [26] studied pre-EAFs
with cardinality-limiting behaviour limiting the contribution
of repeated inputs.

In the same line of work, Mesiar et al. [27] presented
an interesting discussion on FAO, observing that, in most
aggregation problems, the number of values to be aggregated
cannot be fixed a priori. Then, to be able to consistently
manage values within a wide cardinality range, they introduced
the set-extended aggregation functions A :

⋃
n∈N[0, 1]

n →
[0, 1]. Although this concept allows aggregation functions to
vary their arity by a family of aggregation functions, this
approach does not address the characterization of incremental
aggregation processes. Specifically, it is not considered the
fact that n-ary aggregation functions do not necessarily need
to “remember” the n initial values when adding a potential
(n+ 1)-th input.

Objectives of the work
The objective of this paper is to solve the problem of

incrementally comparing fuzzy clusters in fuzzy data stream
clustering, on a formal basis. For that, we have the following
goals:

1) To formalize and operationalize incremental fusion pro-
cesses of fuzzy clusters by introducing the concept
of recursively extendable (RE) aggregation functions,
presenting construction methods and studying different
classes of such functions to be applied in fuzzy data
stream clustering;

2) To propose two different approaches to compare clusters
in the fuzzy data stream clustering problem, namely,
similarity and overlapping between clusters, in which
RE aggregation functions are applied.

3) To study, by means of experiments, the behaviour of
a set of measures of the types proposed in this pa-
per within the scope of the d-FuzzStream clustering
algorithm, analyzing their effects in the online phase,
specifically in micro clusters merging, and in the offline
phase, with comparisons with similar methods.

The paper is organized as follows: in Sect. II, we discuss
the basic concepts regarding fuzzy data stream clustering;
Section III introduces RE aggregation functions and a general
construction method, studying different classes and exam-
ples; in Sect. IV, we present our new approach for fuzzy
data stream clustering, introducing two methods to compare
clusters (similarity and overlapping between clusters), defined
in terms of RE aggregation functions; the experiments are
detailed in Sections V, with the analysis of the results and
the related discussions presented in Sect. VI (for the online
phase) and VII (for the offline phase); Section VIII is the Con-
clusion. The source code, complete experiments, additional
results and the table of abbreviations/notations are available at
https://github.com/asieriko/REFuzzStream.

II. FUZZY DATA STREAM CLUSTERING

In data streams, due to its continuous nature, instances are
seen only once and cannot be explicitly stored. Additionally,

https://github.com/asieriko/REFuzzStream
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since the data distribution can change, the main challenge of
learning from DSs is to detect changes and update the model
being generated incrementally [28].

Several DS clustering models have been proposed in re-
cent years. Chen et al. [3] presented a Two-Stage Sparse
Representation Clustering (TSSRC) method for clustering
high-dimensional DSs incorporating the concept of landmark
window. Another work that also explores the challenges of
sparse representations in DS clustering is [4], in which an
algorithm was proposed to address the time-varying nature of
the subspaces underlying the evolving DS. Zhang et al. [5]
introduced a dynamic conditional score model to deal with
time-varying multidimensional time series of power load data
and improve the clustering performance. Other algorithms
handling DS clustering are EvolveCluster [29], which follows
a partition algorithm approach, OSRC [30], which constructs
sparse representations by reducing the dimensionality, and
ACSC [31], a stream version of Ant Colony Clustering.

In particular, the non-parametric Bayesian models [32], [33]
are theoretically suitable for online clustering, due to their
ability to relax the complexity of the model according to data
observed over time and to automatically infer the number
of mixture components. Although sharing the same objective
as the method studied in our research, such methods are
based on a very different theoretical foundation. We focus on
online clustering using Fuzzy C-Means (FCM) clustering [34],
since it is a simple and intuitive way of maintaining the
summary structure. See [28] for a comprehensive survey of
DS clustering algorithms.

Fuzzy Clustering is a type of clustering that allows a data
point to belong partially to more than one cluster in different
degrees, using concepts from the Fuzzy Set Theory [10].
In this theory, given a universe, X , an element x ∈ X
may partially belong to a fuzzy set FS ⊆ X . The function
µFS : X → [0, 1] that measures the degree to which each
element x ∈ X belongs to FS is called the membership
function of FS. Hence, µFS(x) = 1 (resp., µFS(x) = 0)
represents that the element x completely belongs to (resp., is
disassociated from) the fuzzy set FS. Membership degrees
µFS(x) ∈]0, 1[ indicate a partial membership of x to FS. For
simplicity, the membership degree of an element x to a fuzzy
set FS will be denoted by FS(x). Fuzzy Clustering has also
been extended to the context of DSs.

Among the clustering algorithms used as inspirations
for dealing with DSs, partitioning-based algorithms, mainly
FCM [34], were the first to be used. Also, they are the basis
of most of the works so far [9]. Another category used as the
basis for proposals, leading to effective approaches, is density-
based clustering, e.g. the DBSCAN algorithm [35].

Since the beginning of this research field, more than two
decades ago, most works have been based on two main
approaches: (a) algorithms based on chunks and (b) two-
step algorithms. Chunk-based algorithms use time windows
on the DS data to define the chunks of examples [36] that are
clustered. As the window moves forward, data from previous
chunks are remembered using the cluster centroids weighted
by the sum of the membership degrees of each example to
the cluster, so as to initialize the centroids of the clustering

Fig. 1: Fuzzy Online-Offline Framework [39]

of the next chunk. In two-step algorithms, the first step of the
algorithm is designed to process the input examples one by one
as they arrive and, as the examples in DSs cannot be stored, to
keep a summary structure containing statistics describing the
examples. The statistics evolve to update the representation
structure incrementally. The second step, which is performed
offline, either under the request of the user or at predefined
time points, performs clustering using the information in the
online step.

The seminal idea of a summary structure to represent data
sets in DSs was introduced by Zang et al. [37], with the
proposal of a Feature Vector (FV). Aggarwal et al. [38] used
and extended FV by creating CluStream, which is a two-step
algorithm that runs in the realm of Online-Offline Framework
(OOF) [11]. In CluStream, the summary structure is composed
of a set of Micro-Clusters (MiCs), which are cluster feature
vectors composed by statistics that can be used to calculate
the radius and the centroid of clusters, while also storing a
timestamp to represent their time relevance. Using MiCs is
appropriate for DSs due to the low memory requirements, the
possibility of being updated incrementally, and supporting an
ageing process consisting of discarding the older MiCs when
the structure reaches its maximum size. When the offline step
is applied, the set of MiCs is converted into a set of weighted
examples (one for each MiC) and is then clustered by a variant
of the k-means algorithm, resulting in Macro-Clusters.

A. The d-FuzzStream algorithm

FuzzStream [39] is one of the first fuzzy clustering al-
gorithms proposed as a fuzzy extension of the OOF, under
the Fuzzy Online-Offline Framework, depicted in Fig. 1. A
fuzzy summary structure consisting of a set of Fuzzy Micro-
Clusters (FMiCs) is maintained during the online step and
clustered in the offline step using the Weighted FCM (WFCM)
algorithm [40]. A version that uses fuzzy dispersion to update
the summary structure, d-FuzzStream, was introduced in [11].

In the context of the d-FuzzStream algorithm, the fuzzy
dispersion of a cluster is defined as a measure based on the
Root-Mean-Square Deviation that can be used to represent the
radius of a fuzzy cluster [41]. Let X be a dataset, xj ∈ X . Let
C1, ..., Ck be a set of k fuzzy clusters on X and Ni the number
of examples assigned to a cluster Ci. The fuzzy dispersion of

a cluster Ci is given by dispi =

√∑
xj∈Ci

µj∥xj−ci∥2

Ni
, where

µj is the membership degree of the example xj to the cluster
Ci, ci is the prototype of Ci and ∥xj − ci∥ represents the
distance between the example xj and the prototype ci.

A Fuzzy Cluster Similarity Matrix (FCSM) R is a k × k
matrix where each cell Rij , i, j = 1, 2, . . . , k represents the



4

TABLE I: FMiC Structure
Component Definition
CF Linear sum of examples weighted by their membership degrees to the FMiC

SSD
Quadratic sum of distances between the examples and the FMiC prototypes
weighted by example membership degree to the FMiC

M Sum of membership degrees of the examples assigned to the FMiC
N Number of examples assigned to the FMiC
t Timestamp of the last example assigned to the FMiC

similarity between fuzzy clusters Ci and Cj calculated as the
ratio of the sum of the fuzzy dispersion of Ci and Cj to the
distance between their prototypes [41], as:

Rij =
dispi + dispj

∥ci − cj∥
. (1)

As in all DS clustering methods based on OOF, in d-
FuzzStream a summary structure is built and maintained in
the online step. This structure is composed of a set of FMiCS,
which are represented by vectors (CF, SSD,M,N, t), whose
components are in Table I.

The online step of d-FuzzStream consists of receiving and
processing examples from the DS, one by one, to perform the
maintenance of the summary structure. Since the examples
themselves are not stored, the FMiC components must be
updated incrementally, as each example is processed. The
parameters required during this process are the fuzzification
parameter m for the FCM algorithm, the minimum/maximum
number of FMiCs allowed in the structure, and the merging
threshold τ .

The summary structure is initially empty. The first examples
in the DS are used to create FMiCs until the structure reaches
the minimum number required. When the summary structure
already has the minimum number of FMiCs, the algorithm
proceeds to evaluate whether the example is an outlier or not,
calculating the Euclidean distances between the example and
all FMiCs prototypes (centroid), as well as the fuzzy radius
for each FMiC. As FMiCs can change with processing of each
example, the centroid ci and the fuzzy radius dispi must be
calculated using the components of the vector FMiC before
the distance is calculated, as ci =

CF i

Mi
and dispi =

√
SSDi

Ni
.

When an example falls into one or more FMiC radius, it is
absorbed by the summary structure. For that, the membership
degrees of the example are calculated, as in the traditional
FCM algorithm, and the components of the FMiCs are up-
dated, by simple addition and multiplication operations. If
the example does not fall into the radius of any FMiC, it
is considered an outlier and a new FMiC is created with the
example as its centroid and added to the summary structure. In
this case, if the structure reaches its maximum size, the oldest
FMiC is replaced by the new one. This strategy provides a
drift detection capability to the summary structure.

After processing the example, the merge step is initiated.
The FCSM R (Eq. (1)) is calculated for the FMiCs currently
available using the FMiCs components. The criterion adopted
to decide on the merge of FMiCs is the Similarity-Driven
Merging Criterion [41]. If the Rij value is greater than τ ,
the two FMiCs can be merged. Otherwise, the two FMiCs
are considered to be separated and not similar enough to be
merged. The threshold τ can assume values in the interval

[0,+∞[, where τ < 1 considers non-overlapping FMiCs and
τ >= 1 only considers overlapping FMiCs.

The behaviour of the online phase of d-FuzzStream ad-
dresses the main challenges in DS processing: (i) incremental
model learning, with the continuous update of the summary
structure when each new example is processed; (ii) new group
discovering, with the creation of new FMiCs when the new
example is found to be an outlier; and (iii) forgetfulness of old
data that no longer represents the stream, with the exclusion
of the oldest FMiCs when the summary structure is full.
Besides that, the merging operation avoids the removal of an
excessively high number of FMiCs, which would make the
forgetting event happen too fast.

The offline step is executed when requested by the user. The
set of FMiCs in the summary structure at this specific moment
is transformed into a set of examples, formed by the centroid
of each FMiC, weighted by the sum of the membership degrees
of the examples to this FMiC. The weighted centroids are then
clustered using the WFCM algorithm [40] to generate the
fuzzy partition. The initial cluster prototypes are the examples
with the greatest weights.

In this work, we focus on the merging decision. In [42], it
was presented a previous study to experiment with different
similarity-like measures between fuzzy clusters, besides the
one used in the original implementation of d-FuzzStream.
However, the selection of the adopted measures did not take
into account the properties they meet, if any.

In the next section, we formalize and operationalize the
incremental fusion process of fuzzy clusters (which is our
first objective posed in the Introduction) by introducing the
concept of recursively extendable aggregation functions, which
are then used to formally define cluster CM.

III. RECURSIVELY EXTENDABLE FUNCTIONS

As previously discussed, in online clustering, the fuzzy sets
to be compared are updated in real time, usually increasing
their cardinality. This means that the applied CM has to be
calculated repeatedly considering the addition of new inputs,
which characterizes an incremental fusion process. This in-
crease in dimension may pose a challenge since not every CM
is based on associative functions. Also, when the application
consists of a large number of inputs that are added “one at a
time”, it is not computationally feasible to store all the inputs
to calculate the CM each time a new input is added to the
system.

To address this type of situation, here we introduce the
concept of recursively extendable aggregation functions. In the
rest of the paper, consider N = {1, 2, . . .} and N = {2, 3, . . .}.

First, let us recall the concept of aggregation function [23],
which is an increasing function A:[0, 1]n→[0, 1] such that
A(0, . . ., 0)=0 and A(1, . . ., 1)=1.

Definition 3.1: An n-ary aggregation function Mn :
[0, 1]n → [0, 1], with n ∈ N , is said to be recursively
extendable (RE) to the arity n+1 if there exists an aggregation
function F : [0, 1]2→[0, 1] and a family of parametric aggre-
gation functions H(ρ):[0, 1]

2→[0, 1], with ρ∈N , such that

M2(x1, x2) = F (x1, x2) (2)
Mn+1(x1, . . . , xn+1) = H(n)(Mn(x1, . . . , xn), xn+1),
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for all x1, . . . , xn+1 ∈ [0, 1]. For simplicity, Mn is called a
recursively extendable aggregation function.

Definition 3.1 is conceptualizing the property of a function
Mn of being able to extend its arity from n to n+1, stating
the conditions for such extension to take place. Obviously:

Proposition 3.1: Any n-ary associative aggregation function
is also recursively extendable, but the converse may not hold.

The advantage of Def. 3.1 is that it allows for one to define
an n-ary aggregation function M that is not associative in an
incremental manner, aggregating the inputs “one at a time”.
For practical applications, this means that when a new input
xn+1 has to be aggregated, the system does not need to access
the data of all the previous inputs (x1, . . . , xn), only the
result of the current aggregation of them, Mn(x1, . . . , xn),
and, maybe, some parameters, like the number of inputs n
that have been aggregated up until the inclusion of xn+1 in
the aggregation process. Furthermore, this avoids the need for
the system to have particular expressions of M for different
values of n when M is not associative.

Example 3.1: The arithmetic mean AM :[0, 1]n → [0,1],
given, for all x1, . . . , xn∈[0, 1], by

AM(x1, . . . , xn) =
1

n
·

n∑
i=1

xi. (3)

is an aggregation function that is not associative, but it
is RE. In fact, let F :[0, 1]2→[0, 1] be the bivariate AM ,
defined, for all x1, x2∈[0, 1], by F (x1, x2) = x1+x2

2 , and
H(ρ):[0, 1]

2→[0, 1] be a family of parametric aggregation func-
tions, with ρ∈N , given, for all y1, y2∈[0, 1], by H(ρ)(y1, y2) =
ρ·y1+y2

ρ+1 . The function AMn:[0, 1]
n→[0, 1] is RE to the arity

n+ 1, since, one can define, for all x1, . . ., xn+1∈[0, 1]:

AM2(x1, x2) = F (x1, x2)
AMn+1(x1, . . . , xn+1) = H(n)(AMn(x1, . . . , xn), xn+1),

which provides a definition to the n-dimensional AM in a
recursive manner. Thus, AMn is an RE aggregation function.

We present a construction method for such functions:
Theorem 3.1: For k∈N and i∈{1, . . ., k}, take an aggre-

gation function C:[0, 1]k→[0, 1], k RE aggregation functions
F i
n:[0, 1]

n→[0, 1] and a family of parametric aggregation
functions H(ρ):[0, 1]

2→[0, 1], with ρ∈N . The n-ary function
Mn:[0, 1]

n→[0, 1] is an aggregation function that is RE to the
arity n+1, where, for all x1, . . ., xn+1∈[0, 1]:

M2(x1, x2) = C(F 1
2 (x1, x2), . . ., Fk

2 (x1, x2))
Mn+1(x1, . . ., xn+1) = H(n)(Mn(x1, . . ., xn), xn+1),with
Mn(x1, . . ., xn) = C(F 1

n(x1, . . ., xn), . . ., Fk
n (x1, . . ., xn)).

Proof: Since C,F 1
n , . . . , F

k
n are aggregation functions,

and H(ρ) is a family of aggregation functions, it is immediate
that Mn is also an aggregation function. Also, one may
observe that the definition of Mn : [0, 1]n → [0, 1] is that
of an RE aggregation function (Eq. (2)), with F (x1, x2) =
C(F 1

2 (x1, x2), . . . , F
k
2 (x1, x2)), completing the proof.

Example 3.2: A well-known class of aggregation func-
tions is that of n-dimensional overlap functions [15]
On:[0, 1]n→[0, 1], for which the following conditions should
hold, for all x1, . . ., xn ∈ [0, 1]: (On1) On is sym-
metric; (On2) On(x1, . . ., xn)=0 ⇔

∏n
i=1 xi=0; (On3)

TABLE II: Examples of overlap functions

Name Definition

Product PROD(x, y) = x · y
Minimum MIN(x, y) = min{x, y}
Geometric Mean GM(x, y) =

√
x · y

OB Overlap OB(x, y) =
√

xy · min{x, y}
ODIV Overlap ODIV (x, y) =

xy+min{x,y}
2

TABLE III: Examples of n-dimensional grouping functions
Name Definition

Probabilistic Sum PS(x1, . . . , xn) = 1−
∏n

i=1(1− xi)
Maximum MAX(x1, . . . , xn) = max{x1, . . . , xn}
Dual of GM GMd(x1, . . . , xn) = 1− [

∏n
i=1(1− xi)]

1
n

GB Grouping GB(x1, . . . , xn) = 1−
√∏n

i=1(1− xi) ·min{1− x1, . . . , 1− xn}

GDIV Grouping GDIV (x1, . . . , xn) = 1−
∏n

i=1(1−xi)+min{1−x1,...,1−xn}
2

On(x1, . . ., xn)=1 ⇔
∏n

i=1 xi=1; (On4) On is increasing
and (On5) continuous. When n = 2, they are just called
overlap functions [13]. Some examples of overlap functions
are shown in Table II, as the geometric mean GM , the
product PROD, the minimum MIN and OB. Observe that
PROD and MIN are associative, so they can be easily
extended to the n-dimensional case, denoted by PRODn and
MINn, respectively. Additionally, by Proposition 3.1, they
are recursively extendable. However, OB is not associative. Its
n-dimensional version is the function OnB : [0, 1]n→[0, 1],
given, for all x1, . . ., xn ∈ [0, 1], by

OnB(x1, . . . , xn) =

√√√√( n∏
i=1

xi

)
·min{x1, . . . , xn}. (4)

Nevertheless, OnB can be defined through Theorem 3.1,
showing that it is a RE aggregation function. Take C as the
geometric mean GM , F 1

n and F 2
n as the product PRODn

and the minimum MINn, respectively, and the family of
parametric aggregation functions H(ρ) : [0, 1]2→[0, 1], with
ρ∈N , given, for all y1, y2∈[0, 1] and x1, . . ., xρ∈[0, 1], by

H(ρ)(y1, y2) =
0, if y1 = 0;(

y2
1

MINρ(x1,...,xρ)
· y2 ·min

{
y2
1

PRODρ(x1,...,xρ)
, y2

}) 1
2

,

otherwise.

Thus, one can define a recursively extendable function OBn :
[0, 1]n → [0, 1], given, for all x1, . . . , xn+1 ∈ [0, 1], by

OB2(x1, x2) = GM(PROD2(x1, x2),MIN2(x1, x2))
OBn+1(x1, . . . , xn+1) = H(n)(GM(PRODn(x1, . . . , xn),

MINn(x1, . . . , xn)), xn+1).

Also, the value of OBn(x1, . . ., xn) coincides with the value
of OnB(x1, . . ., xn) (Eq. (4)), for all x1, . . ., xn ∈ [0, 1].

A. Classes of recursively extendable aggregation functions

Observe that Def. 3.1 can be adapted for any subclass of
aggregation functions by stating the function F to be of this
subclass when n = 2. Now, we present the definitions of
recursively extendable n-dimensional overlap functions.

Definition 3.2: A function On : [0, 1]n → [0, 1], with n ∈
N , is said to be an RE n-dimensional overlap function if there
exist an overlap function O : [0, 1]2 → [0, 1] and a family of
parametric aggregation functions H(ρ) : [0, 1]

2 → [0, 1], with
ρ ∈ N , such that, for all x1, . . . , xn+1 ∈ [0, 1]:
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O2(x1, x2) = O(x1, x2)
On+1(x1, . . . , xn+1) = H(n)(On(x1, . . . , xn), xn+1).

Example 3.3: The geometric mean GM (Table II) is an over-
lap function that is not associative, but it is RE. To show that,
let F : [0, 1]2 → [0, 1] be an aggregation function, defined,
for all x1, x2 ∈ [0, 1], by F (x1, x2) =

√
x1 · x2 and H(ρ) :

[0, 1]2→[0, 1] be a family of parametric aggregation functions,
with ρ∈N , given, for all y1, y2∈[0, 1], by H(ρ)(y1, y2) =

(yρ1 · y2)
1

ρ+1 . The function GMn:[0, 1]
n→[0, 1] is RE to the

arity n+1, since, for x1, . . ., xn+1∈[0, 1], we can define
GM2(x1, x2) = F (x1, x2)

GMn+1(x1, . . . , xn+1) = H(n)(GMn(x1, . . . , xn), xn+1),

providing a definition to the n-dimensional GM in a recursive
manner, i.e., GMn is an RE n-dimensional overlap function.

To study the duality property, let us first recall the concept
of fuzzy negation [23], which is a function N : [0, 1] → [0, 1]
such that: (N1) N(0) = 1 and N(1) = 0; (N2) If x ≤ y
then N(y) ≤ N(x), for all x, y ∈ [0, 1]. If the involutive
property, given by (N3) N(N(x)) = x, for all x ∈ [0, 1], is
also satisfied, then N is said to be a strong fuzzy negation.

The Zadeh negation given, for all x ∈ [0, 1], by NZ(x) =
1− x, is an example of strong fuzzy negation.

Given a strong fuzzy negation N : [0, 1] → [0, 1]
and H : [0, 1]n → [0, 1], then HN : [0, 1]n→[0, 1], de-
fined, for all x1, . . ., xn ∈ [0, 1], by HN (x1, . . ., xn) =
N(H(N(x1), . . . , N(xn))), is the N -dual of H . Here, the
NZ-dual function (dual with respect to the Zadeh negation)
of H is just called dual of F .

The dual class of n-dimensional overlap functions is that of
n-dimensional grouping functions [15] Gn : [0, 1]n → [0, 1],
for which, for all x1, . . . , xn ∈ [0, 1], the following conditions
hold: (Gn1) Gn is symmetric; (Gn2) Gn(x1, . . . , xn) = 0 ⇔
xi = 0 for all i ∈ {1, . . . , n}; (Gn3) Gn(x1, . . . , xn) = 1 ⇔
there exists i ∈ {1, . . . , n} such that xi = 1; (Gn4) Gn is
increasing; (Gn5) Gn is continuous. When n = 2, they are
just called grouping functions. Table III shows examples of
n-dimensional grouping functions obtained by duality from
the overlap functions of Table II.

Definition 3.3: A function Gn : [0, 1]n → [0, 1], with n ∈
N , is said to be an RE n-dimensional grouping function if
there exist a grouping function G : [0, 1]2 → [0, 1] and a
family of parametric aggregation functions H(ρ) : [0, 1]2 →
[0, 1], with ρ ∈ N , such that, for all x1, . . . , xn+1 ∈ [0, 1]:

G2(x1, x2) = G(x1, x2)
Gn+1(x1, . . . , xn+1) = H(n)(Gn(x1, . . . , xn), xn+1),

Proposition 3.2: Let Mn:[0, 1]
n→[0, 1] be an RE aggrega-

tions function, related to the function F :[0, 1]2→[0, 1] and the
family of parametric aggregation functions H(ρ):[0, 1]

2→[0, 1],
with ρ∈N . Then the dual of Mn, Md

n:[0, 1]
n→[0, 1], is an RE

aggregation function, given, for all x1, . . ., xn+1∈[0, 1], by:
Md

2 (x1, x2) = F d(x1, x2)
Md

n+1(x1, . . . , xn+1) = Hd
(n)(Mn(x1, . . . , xn), xn+1),

where F d and Hd
(ρ) are the dual of F and Hρ, respectively.

Proposition 3.2 shows that one can define RE aggregation
functions by the duality property. For instance, in the following

example, we define an RE n-dimensional grouping function by
means of an RE n-dimensional overlap function.

Example 3.4: The dual of the geometric mean, GMd

(Table III), is a grouping function that is not associative, but
it is RE. Considering F , H(ρ) and GMn (Ex. 3.3), then,
following Prop. 3.2, the function GMd

n : [0, 1]n→[0, 1] is an n-
dimensional grouping function that is RE to n+1 and it is also
the dual of GMn. In fact, for all x1, . . ., xn+1, y1, y2∈[0, 1],
we define

GMd
2 (x1, x2) = F d(x1, x2)

GMd
n+1(x1, . . ., xn+1)=Hd

(n)
(GMd

n(x1, . . ., xn), xn+1),

where F d(x1, x2) = 1− [(1− x1) · (1− x2)]
1
2 ,

and Hd
(ρ)

(y1, y2) = 1− ((1− y1)ρ · (1− y2))
1

ρ+1

Thus, GMd
n is a RE n-dimensional grouping function and is

the dual of GMn, defined in Ex. 3.3.
Example 3.5: We present examples of RE n-dimensional

grouping functions that are applied in experiments in Sect. V:
(a) Consider F=OB (Table II) and H(ρ) from Ex. 3.2. From
Prop. 3.2, the function OBd

n = GBn:[0, 1]
n→[0, 1] is an RE

n-dimensional grouping function (the dual of OBn). In fact,
for x1, . . ., xn+1∈[0, 1] and y1, y2, x1, . . ., xρ∈[0, 1], we define

GB2(x1, x2) = F d(x1, x2)
GBn+1(x1, . . . , xn+1) = Hd

(n)
(GBn(x1, . . . , xn), xn+1),

where F d(x1, x2) =
1− [(1− x1) · (1− x2) ·min{(1− x1), (1− x2)}]

1
2 ,

and Hd
(ρ)

(y1, y2) =
1 if y1 = 1;

1−
(

(1−y1)
2

MINρ(1−x1,...,1−xρ)
· (1− y2)·

min
{

(1−y1)
2

PRODρ(1−x1,...,1−xρ)
, (1− y2)

}) 1
2
,

otherwise.

Thus, GBn is the dual of OBn (Ex. 3.2). Also, GBn coincides
with GB (Table III).
(b) Consider F=ODIV (Table II) and let H(ρ) be a family
of parametric aggregation functions, with ρ∈N , given by

H(ρ)(y1, y2) =
1, if y1 = 1;

1− 1
2
·
(

2·(1−y1)
MINρ(1−x1,...,1−xρ)

· (1− y2)·
min

{
2·(1−y1)

PRODρ(1−x1,...,1−xρ)
, (1− y2)

})
,

otherwise.

for all y1, y2 ∈ [0, 1] and x1, . . . , xρ ∈ [0, 1].
Then, we have that the function GDIVn : [0, 1]n → [0, 1]

is a recursively extendable n-dimensional grouping function.
In fact, for all x1, . . . , xn+1 ∈ [0, 1], we define

GDIV2(x1, x2) = F d(x1, x2)
GDIVn+1(x1, . . ., xn+1)=H(n)(GDIVn(x1, . . ., xn), xn+1),

where F d(x1, x2) =
1− 1

2
· [(1− x1) · (1− x2) ·min{(1− x1), (1− x2)}].

Thus, the value of GDIVn coincides with that of GDIV
(Table III), for all x1, . . . , xn ∈ [0, 1].

Since the maximum and probabilistic sum are associative
grouping functions, we can construct all the n-dimensional
grouping functions from Table III in a recursive manner, as
shown in Examples 3.4 and 3.5.

In the next section, we apply the results on RE aggregation
functions to develop two different approaches for defining
incremental cluster CM to be used in the cluster merging deci-
sion of the d-FuzzStream algorithm, as explained in Sect. II-A,
which is, in fact, the 2nd objective posed in the Introduction.
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IV. NEW APPROACHES FOR CLUSTER MERGING DECISION

Following the discussion on Sect. II, the merge operation of
pairs of FMiCs is performed in the context of DS clustering
in order to make the summary structure more compact and
representative. Assuming that clusters that are very similar
or with high overlapping represent the same information,
this operation tends to generate a representation that is more
compatible with the real structure of the data.

Based on the previously defined RE aggregation functions
(Sect. III), in this study, we will attack the problem by propos-
ing two different ways to compare clusters: (1) similarity
between clusters and (2) overlapping between clusters.

To maintain the compatibility of these proposed approaches
with the used clustering method, we introduce the concept
of comparison matrix as a generalization of the similarity
matrix R adopted in the original d-FuzzStream algorithm. A
Comparison Matrix (CMX) is a k×k matrix, where k is the
number of FMiCs present in the current summary structure,
and each cell CMX(i, j), i, j = 1, 2, . . . , k, contains a CM
between the FMiCs i and j.

In the original version of the d-FuzzStream algorithm, the
similarity between FMiCs can be calculated using only the
components stored in the vector structure that represents the
FMiC (Eq. (1)). For the CM calculations proposed in this
paper, different partial values must be stored so that the
comparison value between pairs of FMiCs can be updated
recursively. For that, the structure used to represent the com-
parison matrix must be more complex than in the case of the
original version of the algorithm and contain different auxiliary
partial values properly defined for each CM.

A. Similarity between clusters

To formally construct cluster similarity measures, first, let
us recall some important concepts. For that, denote by FS(X)
the space of all fuzzy sets defined over a finite set X .

A set function SM : FS(X)2 → [0, 1] is called a similarity
measure [43] on FS(X) if, for all A,B,C ∈ FS(X), it holds
that: (SM1) SM(A,B) = SM(B,A); (SM2) SM(A,B) = 0
if and only if {A(x), B(x)} = {0, 1}, for all x ∈ X; (SM3)
SM(A,B) = 1 if and only if A = B; (SM4) if A ≤ B ≤ C
then SM(A,B) ≥ SM(A,C) and SM(B,C) ≥ SM(A,C).

A function R : [0, 1]2 → [0, 1] is said to be a restricted
equivalence function (REF) [44] associated with a strong
negation N :[0, 1]→[0, 1], if, for all x, y, z∈[0, 1], it holds that:
(1) R is symmetric; (2) R(x, y)=1 iff x=y; (3) R(x, y)=0 if
and only if {x, y}={0, 1}; (4) R(x, y) = R(N(x), N(y)); (5)
if x ≤ y ≤ z then R(x, y) ≥ R(x, z) and R(y, z) ≥ R(x, z).

A continuous, strictly increasing function φ : [0, 1] → [0, 1]
with φ(0) = 0, φ(1) = 1 is called an automorphism of the in-
terval [0, 1]. Given automorphisms φ1, φ2:[0, 1]→[0, 1] and the
strong fuzzy negation N :[0, 1]→[0, 1], defined, for x∈[0, 1], by
N(x) = φ−1

2 (1−φ2(x)), then the function R : [0, 1]2 → [0, 1],
given, for x, y ∈ [0, 1], by R(x, y)=φ−1

1 (1−|φ2(x)−φ2(y)|),
is a REF associated with N . [44]

Example 4.1: Let φ1, φ2 : [0, 1] → [0, 1] be the automor-
phisms given, for all x ∈ [0, 1], respectively, by φ1(x) =
xr, φ2(x) = xt, with r, t ∈ (0,+∞), and N t:[0, 1]→[0, 1] be

the fuzzy negation, defined, for x∈[0, 1], by N t(x)=(1−xt)
1
t .

The function Rr,t:[0, 1]
2→[0, 1], given, for all x, y∈[0, 1], by

Rr,t(x, y) = (1− |xt − yt|)
1
r , (5)

is a REF associated with N t.
We recall a construction method for similarity measures:
Proposition 4.1: [44] Let R : [0, 1]2 → [0, 1] be a REF and

M : [0, 1]n → [0, 1] be an aggregation function satisfying:
(M1) M(x1, . . . , xn) = 0 if and only if x1 = . . . = xn = 0,
(M2) M(x1, . . . , xn) = 1 if and only if x1 = . . . = xn = 1,
for all x1, . . . , xn ∈ [0, 1]. Then, the function SMM

R :
FS(X)2 → [0, 1], defined, for all A,B ∈ FS(X), by
SMM

R (A,B) = M(R(A(x1), B(x1)), . . ., R(A(xn), B(xn))),
is a similarity measure on FS(X).

Now we introduce our approach of cluster similarity mea-
sure, based on RE aggregation functions:

Definition 4.1: Let R : [0, 1]2 → [0, 1] be a REF and M :
[0, 1]n → [0, 1] be a RE aggregation function, satisfying the
constraints required by Prop. 4.1. Then, the function SMM

R

obtained by the construction method in Prop. 4.1 is called a
cluster similarity measure (CSM).

Example 4.2: Here, to analyze the similarity between
FMiCs, we use the CSM defined by Def. 4.1, adopting as the
function M the RE arithmetic mean AMn (Ex. 3.1), and as the
function R the REF Rr,t (Ex. 4.1, Eq. (5)), obtaining the CSM
SMAMn

Rr,t
, where r, t ∈ (0,+∞). In such a case, to calculate

the similarity recursively, as each example is processed, it is
necessary to store the current values of AMn and n.

B. Overlapping between clusters

To formally define a function that measures the overlapping
between clusters, first, we revisit some important concepts.

A mapping O : FS(X) × FS(X) → [0, 1] is said to be
an overlap index [45] if it satisfies the following conditions,
for all A,B,C ∈ FS(X): (O1) O(A,B) = 0 if and only if,
for all x ∈ X,A(x) · B(x) = 0; (O2) O(A,B) = O(B,A);
(O3) If B ≤ C, meaning that B(x) ≤ C(x), for all x ∈ X ,
then O(A,B) ≤ O(A,C). An overlap index is normal if it
also satisfies the condition: (O4) If there exists x∈X such that
A(x)·B(x)=1, then O(A,B)=1. As an example, the function
OZ :FS(U)×FS(U) → [0, 1] defined, for A,B∈FS(U), by:

OZ(A,B) = max
x∈X

min{A(x), B(x)}, (6)

is a normal overlap index (Zadeh’s consistency index).
We construct overlap indices by aggregating overlap func-

tions (see Table II, Ex. 3.2).
Now, we recall a construction method for overlap indices:
Theorem 4.1: [45] Consider an aggregation function M :

[0, 1]n → [0, 1] with the property (M1) (see Prop. 4.1) and an
overlap function O : [0, 1]2 → [0, 1]. Then, the function OO

M :
FS(X)× FS(X) → [0, 1], given, for all A,B ∈ FS(X), by
OO

M (A,B) = M(O(A(x1), B(x1)), . . . , O(A(xn), B(xn))),
is an overlap index.

The property (M1) coincides with the property (Gn2) of n-
grouping functions. It follows that:

Corollary 4.1: Let Gn : [0, 1]n → [0, 1] be an n-
dimensional grouping function and O : [0, 1]2 → [0, 1] be
an overlap function. The function OO

Gn : FS(X)×FS(X) →
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TABLE IV: The adopted similarity measures/overlap indices
Indentifier AF REF/O Indentifier AF REF/O

Comp1 Fuzzy Disp. Original Comp17 GMd ODIV
Comp2 AM Sim. Measure Comp18 GB PROD
Comp3 PS PROD Comp19 GB MIN
Comp4 PS MIN Comp20 GB GM
Comp5 PS GM Comp21 GB OB
Comp6 PS OB Comp22 GB ODIV
Comp7 PS ODIV Comp23 GDIV PROD
Comp8 MAX PROD Comp24 GDIV MIN
Comp9 MAX MIN Comp25 GDIV GM
Comp10 MAX GM Comp26 GDIV OB
Comp11 MAX OB Comp27 GDIV ODIV
Comp12 MAX ODIV Comp28 AM PROD
Comp13 GMd PROD Comp29 AM MIN
Comp14 GMd MIN Comp30 AM GM
Comp15 GMd GM Comp31 AM OB
Comp16 GMd OB Comp32 AM ODIV

[0, 1], given, for all A,B∈FS(X), by OO
Gn(A,B) =

Gn(O(A(x1), B(x1)), . . . , O(A(xn), B(xn))), is an overlap
index.

By Cor. 4.1, we combine the functions from Tables II and III
to construct different overlap indices. If Gn = MAX and
O = MIN , then we obtain the Zadeh’s index (Eq. (6)).

In the following, we introduce our approach for measuring
the overlapping between clusters through overlap indexes
based on RE aggregation functions:

Definition 4.2: Let O : [0, 1]2 → [0, 1] be an overlap
function and M : [0, 1]n → [0, 1] be a RE aggregation
function, satisfying the constraints required by Theorem 4.1.
Then, the function OO

M obtained by the construction method
in Theorem 4.1 is called a cluster overlap index (COI).

By Cor. 4.1, any n-dimensional grouping that is RE may
act as the function M in Def. 4.2, with the advantage that,
by Prop. 3.2, they can be obtained by duality from RE n-
dimensional overlap functions.

Example 4.3: In this paper, we analyze the overlapping
between FMiCs using the COI defined by Def. 4.2, adopting
as the function M , RE n-dimensional grouping functions
Gn (Def. 3.3), as the ones discussed in Ex. 3.5, and the
overlap functions of Table II, obtaining the COI OO

Gn
. In

particular, consider the RE n-dimensional grouping function
GBn (Ex. 3.5 (a)) and the overlap function OB (Table II).
Then, in this case, to calculate the overlap index recursively,
as each example is processed, besides storing the current value
of GBn and n, it is also necessary to keep the current values of
MINn(1−x1, . . . , 1−xn) and PRODn(1−x1, . . . , 1−xn).

V. EXPERIMENTAL FRAMEWORK

Our last objective posed in the Introduction is to study, by
means of experiments, the behaviour of a set of CMs of the
types proposed in the previous section, within the scope of the
d-FuzzStream clustering algorithm.

Both phases - online and offline – have been evaluated. We
have studied and evaluated in detail the online phase since our
focus is to get insights into the behaviour of the clustering
method during the online process, as we change the CM
between clusters. The evaluation of the offline phase includes
comparisons with similar approaches. In the following, we
establish our experimental framework:

1) Datasets: A summary of each dataset employed in this
paper is shown in Table V, showing its synthetic or real origin,
with the number of instances, classes and attributes, besides a
column Noise? indicating whether the dataset contains noisy

TABLE V: Dataset Description
Dataset Synthetic/Real Instances Attributes Classes Noise? EM
Bench1 11k [46] Synthetic 11.000 2 2 Y 1.000
RBF1 40k [46] Synthetic 40.000 2 4 Y 1.000
4C2D800Linear [47] Synthetic 800 2 2 Y 100
PowerSupply [48] Real 29.928 2 24 N 1.000
NOAA [49] Real 18,159 8 2 N 1.000

data and a column EM showing the number of instances in
each Evaluation Moment (see the Item 2 below). For the
analysis of the online phase, two synthetic datasets were
considered: Bench1 11k and RBF1 40k. For the offline phase,
in addition to the two previous datasets, we also tested the
synthetic Gaussian 4C2D800Linear dataset and the real-world
datasets Powersupply and NOAA Wheater dataset.

2) Evaluation Moments: In both phases, online and offline,
the validation indexes were applied at specific points during
the stream, which we call Evaluation Moments (EM), more
precisely after processing a certain number of instances. These
moments were defined specifically for each dataset and depend
on their size, as can be seen in column EM of Table V. To
facilitate the clarity and understanding of the analyses, we
used, in each of the three groups of experiments with the
online phase and the experiments with the offline phase, only
some selected EMs and indexes, which are those that support
the highlights that are worth pointing out.

3) Validation: For the analyses of the online phase,
we used incremental versions of well-known fuzzy clus-
tering validation indexes: Xie Beni (XB) [50] and Parti-
tion Coefficient (PC) [34], defined, respectively, as: XB =
1
n

∑c
i=1

∑n
j=1 µm

ij∥ci−xj∥2

mini̸=j∥ci−cj∥2 and PC = 1
n

∑c
i=1

∑n
j=1 µ

m
ij ,

where c is the number of clusters, n is the number of instances,
µi,j is the membership degree of instance i in cluster j and
cj is the center of j.

The XB index evaluates the quality of fuzzy partitions
considering the concepts of intra-cluster cohesion and inter-
cluster separation, ranging in the interval [0, 1], and the better
partitions are the ones with lower values. The incremental
version used here is similar to the one presented in [51].
PC is one of the most traditional fuzzy clustering evaluation
indexes, having values in [1/c, 1] and the better partitions are
the ones with higher values. In the analyses of the offline
phase, we used the external validation measure Adjusted Rand
Index (ARI) [52] as the average of the results of each EM.

4) Comparison Measures: Experiments with the online
phase were run using 32 different CM, which are listed
in Table IV. The first one (Comp1) is the dispersion-based
similarity proposed in [41] adopted in the original version of
d-FuzzStream, described in Sect. II-A. It has been included
in the experiments for comparison purposes. The second CM
(Comp2) is a cluster similarity measure (Sect. IV-A, Def. 4.1)
and the other 30 CMs are cluster overlap indices (Sect. IV-B,
Def. 4.2). In Table IV, the columns Identifier contain an
identifier for the CM, columns AF and REF/O contain the RE
aggregation function and REF/overlap function, respectively,
used in the definition of the CM.

5) Merging Threshold: The algorithm merging threshold
is the value defined to decide, in the online phase, whether
two FMiCs should be merged. Two FMiCs are merged when
the value of the applied CM is above the merging threshold.
Since different CMs give different results for the same pair of
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FMiCs, the online clustering can be sensitive to the definition
of such parameters. Thus, the threshold value cannot be a fixed
value for all CM. The choice of the appropriate threshold for
each CM was made empirically, as a result of the search for
a balance between some criteria, such as:
a) Improvement of the clustering validation index: the number
of FMiCs tends to increase and the number of merges to de-
crease with the increase of the threshold value. The threshold
might be a good choice when it leads to better results than the
previous values;
b) Number of merges: if the number of merges is too close
to the number of creations of new FMiCs, then a merging is
done almost every time a new example arrives, which is not
compatible with the idea of allowing merges. On the other
hand, too few or no merges do not allow the analysis of the
merging impact. Values that allow fewer merges than creations
of FMiCs are preferable;
c) Number of removals: a low number of removals (or even
no removals) means that the model takes too much time to
”forget” past information and the online clustering might not
be able to capture the real structure of the data as new data
arrive and the distribution changes. On the other hand, a high
number of removals means that FMiCs include too few data
points. Thresholds that lead to a number of removals of FMiCs
that is about half of the number of creations are preferable.

6) Algorithms used in the comparison analysis: The com-
parison analysis for the offline phase was done against classic
online clustering algorithms CluStream [38], DBStream [53],
DenStream [54], Stream K-Means [55] and Incremental K-
Means [56]. The implementation used was obtained from
the river library 1. Besides these traditional algorithms, we
also included five recent stream clustering algorithms in the
comparison analysis, namely TSSRC [3], EvolveCluster [54],
OSRC [55], ACSC[56], and TFS-DBSCAN [32], all men-
tioned in Section II.

For the fairness of the comparison, we tested a reasonable
range of the parameters of each algorithm selecting those that
provided the highest average ARI value. In the case of the
fuzzy algorithms, the resulting fuzzy clusters were converted to
hard clusters based on the highest membership degree. For the
algorithms with a k-means base (Incremental K-Means, Stream
K-Means, and CluStream), we tuned the clusters’ initialization
parameters and the inertia towards the new observation. For
the CluStream algorithm, we also studied the effect of the
maximum number of microclusters. For the DBStream algo-
rithm, we vary the clustering parameters (r, α, and wmin),
as well as the fading factor λ which controls the importance
of historical data. For the DenStream algorithm, we tuned the
decay factor λ which controls the importance of historical data
and the microclusters maintenance parameters (ϵ, β, and µ).
Additionally, we studied the number of samples to initialize
the online process. For the TSF-DBSCAN algorithm, we vary
the distance thresholds (σmin) and (σmax) and the weight
threshold (θw) which determine the belonging of a point to
a cluster. For the TSSRC algorithm, we tuned the parameters
µ and ρ.

1https://riverml.xyz

TABLE VI: XB values and Indicators

(1) Bench1 11k
Comp04 EMs 0.25 0.5 0.65 0.8 0.9

1 0,001440 0,000002 0,000002 0,000003 0,000224
2 0,002392 0,000603 0,000549 0,002223 0,000528
3 0,001199 0,000002 0,000002 0,000002 0,000002
4 0,000224 0,000202 0,000202 0,000202 0,000202
5 0,000021 0,000001 0,000001 0,000001 0,000001
6 0,000041 0,000005 0,000005 0,000005 0,000005
7 0,000033 0,000001 0,000001 0,000001 0,000001
8 0,000083 0,000004 0,000004 0,000004 0,000004
9 0,001830 0,000016 0,000016 0,000016 0,000017
10 0,000016 0,000602 0,000478 0,000422 0,000422
11 0,000396 0,000005 0,000012 0,001469 0,000736
Mean 0,000698 0,000131 0,000116 0,000395 0,000195
Indicators
#Creations 8122 8058 7830 7515 7375
#Absorptions 2878 2942 3170 3485 3625
#Removals 2727 6274 6422 6293 6837
#Merges 5346 1734 1358 1172 488

(2) RBF1 40k
Comp27 EMs 0.25 0.5 0.65 0.8 0.9

1 0,021056 0,021056 0,001557 0,001517 0,001520
2 0,029803 0,029803 0,000023 0,000051 0,000044
3 0,056950 0,056950 0,000027 0,000070 0,000049
4 0,100723 0,100723 0,000102 0,000095 0,000095
5 0,124408 0,124408 0,000023 0,000026 0,000027
6 0,112338 0,112338 0,000485 0,000075 0,000059
7 0,230202 0,230202 0,000517 0,000072 0,000434
8 0,331319 0,331319 0,000031 0,000187 0,000124
9 0,204900 0,204900 0,000065 0,000026 0,000030
10 0,223155 0,223155 0,000060 0,000121 0,000060
Mean 0,143485 0,143485 0,000289 0,000224 0,000244
Indicators
#Creations 33090 33090 32791 32219 32047
#Absorptions 6910 6910 7209 7781 7953
#Removals 0 0 23773 31352 31907
#Merges 33086 33086 8918 767 40

7) Methodology: For each dataset, the analysis of experi-
ments was done separately for the online and offline phases
with different purposes. In the online phase the experiments
were divided into 3 parts to analyse the impact of the CM
on the quality of the micro-clusters: (1) selection of the best
threshold for each CM; (2) overall results for all CM; (3)
analysis of the most representative behavioural patterns and
CM with the best results. In the offline phase, the objective
is to evaluate the quality of the offline clustering results and
compare them with other traditional and state-of-the-art stream
clustering algorithms found in the literature.

VI. RESULTS AND ANALYSIS OF THE ONLINE PHASE

In the online phase, the analyses are discussed according to
the three parts mentioned in the previous section for datasets
Bench1 11k and RBF1 40k. We remark that, although the
values of the validation indexes obtained in the online phase
are generally low, the focus of the analysis is the relative value
between different merging thresholds and different CM.

Part 1 - Selection of the best threshold for each CM

Experiments were run setting different merge threshold
values for each CM, with the objective of evaluating the impact
of the threshold on the quality of the summary structure. Using
the criteria described in the previous section, the most suitable
threshold was selected for each of the CMs. The clustering
evaluation index used in this part was the XB index.

We present detailed results for one specific CM for each one
of the datasets to illustrate this selection process. For dataset
Bench1 11k, the chosen CM is the overlap index formed by
PS(Min) (Comp04). For dataset RBF1 40k, the chosen CM
is the overlap index formed by GDIV (ODIV ) (Comp27).
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(a) Comp07 - PS(ODIV ) (b) Comp27 - GDIV (ODIV )

Fig. 2: Xie-Beni values for Bench1 11k (left) and RBF1 40k (right) datasets, except for thresholds 0.25 and 0.5

(a) Best CMs (b) Best CMs

Fig. 3: Xie-Beni values of the best CMs for Bench1 11k (left) and RBF1 40k (right) datasets

In Table VI(1) one can see the XB values for thresholds
0.25, 0.5, 0.65, 0.8, 0.9, and for each EM set at every 1,000
examples of dataset Bench1 11k. The best values for each
EM are in bold. We also show the indicators of the number of
FMiCs that were created/absorbed/removed from the structure
and the number of merges that occurred, which are part of the
criteria to select the most suitable merge threshold.

The XB values for all thresholds in Table VI(1) are shown
in Fig. 2a. Observe that for most thresholds, the index values
become higher at EMs 2 and 10, meaning that, in these specific
EMs, the clusters become fuzzier. For the threshold 0.25, the
results are clearly worse than those of the others. On average,
threshold 0.65 presents the best result and 0.5 is the second
best. Considering only the index values, 0.65 would be the best
choice, but since with threshold 0.5, the number of merges is
higher and the number of removals is lower than for 0.65, we
decided to select 0.5 as the best threshold for Comp04.

Next, we present the CMs chosen to illustrate the process
of selecting the best threshold value for dataset BRF1 40k.
Since this dataset has 40,000 examples, the EMs were set at
every 4,000 examples, forming 10 EMs. The XB values and
indicators for this case are in Table VI(2).

The XB values for all thresholds in Table VI(2) are in
Fig. 2b. The best values are for thresholds 0.8 (1srt), 0.9 (2nd),
and 0.65 (3rd). Although 0.65 is in the 3rd position considering
the validation index, it allows a higher number of merges and
a lower number of removals. Thus, we selected 0.65 as the
most appropriate threshold for Comp27 in dataset RBF1 40k.

Part 2 - Overall results for all CM

The results presented here aim to provide a global view
of the experiments. For each CM and its respective threshold
value selected in Part 1, the values of indexes XB and PC
are shown in Table VII. For simplicity and clarity, only the

mean values of 5 EMs were included, namely the ones at the
processing of 2,000, 4,000, 6,000, 8,000, and 11,000 examples
for dataset Bench1 11k and of every 8,000 examples for
dataset RBF1 40k. The table contains 4 columns for each
dataset with the XB and PC validation indexes (XB and PC)
and the rankings of the CMs according to XB and PC indices
(Ranking XB, Ranking PC, respectively).

The CMs in Table VII with the best results vary substantially
depending on the dataset and the chosen validation index. The
rankings for both indexes are different and one explanation for
this is that they are based on different components. While XB
considers both the membership degrees of the examples in
each cluster and the distance between cluster centres, PC is
based only on the membership degrees.

The CM of the overlap index type using the maximum
(Comp08 to 12), the Geometric Mean (Comp13 to 17) and the
Arithmetic Mean (Comp28 to 32), despite appearing among
the first positions in the two rankings for both datasets, did
not present results of greatest interest for this study, since the
merges either did not occur or occurred in a very low number.
In these cases, the model is ”forgetting” older data very fast,
leading to well-separated clusters that contain only the most
recent data, which explains the good index values. However,
discarding older data too quickly is not what is expected from
DS learning, where the new information should replace the
older one gradually, instead of suddenly.

Despite providing different rankings with conflicting cases
in some positions, confronting these two indexes, it is possible
to extract useful conclusions that help to understand the
obtained structure: for both indexes and datasets, most CMs
presented better results than the one used in the original
version of the algorithm; and considering the top 10 positions
(disregarding the 15 CMs that did not allow merges mentioned
above), 7 CMs appear in both rankings for Bench1 11k
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TABLE VII: Overall results for all CMs in Bench1 11k (left) and RBF1 40k (right) datasets
Bench 11k RBF1 40k

Comp XB Ranking XB PC Ranking PC Comp XB Ranking XB PC Ranking PC

Comp01 0.000376 25 0.003938 27 0,000855 31 0,006417 30
Comp02 0.004659 32 0.001711 32 0,067770 32 0,001243 32
Comp03 0.000253 22 0.004547 26 0,000232 4 0,009072 19
Comp04 0.000131 4 0.005633 20 0,000227 2 0,008977 20
Comp05 0.000344 24 0.002820 29 0,000433 30 0,006553 28
Comp06 0.000031 2 0.004880 22 0,000288 23 0,007674 23
Comp07 0.000029 1 0.004667 24 0,000399 28 0,006618 27
Comp08 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp09 0.000189 19 0.009175 14 0,000238 6 0,008930 21
Comp10 0.000404 26 0.005455 21 0,000307 25 0,006512 29
Comp11 0.000181 17 0.009150 15 0,000242 19 0,010083 15
Comp12 0.000181 18 0.009212 13 0,000242 18 0,009985 17
Comp13 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp14 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp15 0.000179 6 0.009503 1 0,000240 7 0,010243 2
Comp16 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp17 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp18 0.000208 20 0.009451 12 0,000234 5 0,009841 18
Comp19 0.000179 5 0.006909 17 0,000273 22 0,010676 1
Comp20 0.000252 21 0.007827 16 0,000228 3 0,010233 13
Comp21 0.000743 30 0.004695 23 0,000244 20 0,010124 14
Comp22 0.000586 28 0.005649 19 0,000249 21 0,010047 16
Comp23 0.000415 27 0.006289 18 0,000222 1 0,008642 22
Comp24 0.000847 31 0.001845 31 0,000348 26 0,007549 24
Comp25 0.000605 29 0.002113 30 0,000368 27 0,006870 26
Comp26 0.000312 23 0.004578 25 0,000292 24 0,007204 25
Comp27 0.000083 3 0.003377 28 0,000414 29 0,006334 31
Comp28 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp29 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp30 0.000179 6 0.009503 1 0,000240 8 0,010243 3
Comp31 0.000179 8 0.009503 3 0,000240 8 0,010243 3
Comp32 0.000179 8 0.009503 3 0,000240 8 0,010243 3

TABLE VIII: Best CMs according to Xie-Beni values for Bench1 11k (left) and RBF1 40k (right) datasets
Bench1 11K RBF1 40k

EM Comp04 Comp06 Comp07 Comp19 Comp27 EM Comp03 Comp04 Comp18 Comp20 Comp23

2 0.000603 0.000007 0.000007 0.000581 0.000008 8 0.000037 0.00004 0.000032 0.000034 0.000038
4 0.000202 0.000215 0.000221 0.000202 0.000224 16 0.000096 0.000095 0.000095 0.000095 0.000097
6 0.000005 0.000005 0.000005 0.000005 0.000005 24 0.000067 0.000049 0.000059 0.000059 0.000072
8 0.000004 0.000004 0.000026 0.000004 0.000032 32 0.00011 0.000172 0.000087 0.000124 0.000159

11 0.000005 0.000004 0.000005 0.000005 0.000007 40 0.00006 0.000061 0.000067 0.000082 0.000060
Mean 0.000131 0.000031 0.000029 0.000179 0.000083 Mean 0.000232 0.000227 0.000234 0.000228 0.000222

Creations 8058 7995 8198 7653 8169 Creations 32144 32497 31971 32126 32017
Absorptions 2942 3005 2802 3347 2831 Absorptions 7856 7503 8029 7874 7794

Removals 6274 6129 5518 4829 5107 Removals 31439 27398 31116 30294 31361
Merges 1734 1816 2630 2774 3012 Merges 605 4999 755 1732 745

(Comp04, 06, 07, 18, 19, 20, 26) and 9 CMs for dataset
RBF1 40k (Comp03, 04, 06, 18, 19, 20, 21, 22, 23).

Part 3 - Analysis of the most representative behavioural
patterns and CM with the best results

The results obtained allow the identification of three patterns
of behaviour of the CM. The first pattern is observed with
overlap indexes using the Maximum (Comp08 to 12), the
Geometric Mean (Comp13 to 17) and the Arithmetic Mean
(Comp28 to 32) that, as already pointed out in Part 2, generate
very low comparison values, which lead to a very low number
of merges as well. The second pattern is presented by the
similarity measures based on Arithmetic Mean (Comp02) that,
as opposed to the previous case, generate high comparison
values, making the number of merges also high while the
number of removals is low. The third pattern of behaviour
is presented by the remaining 3 groups of CMs, formed by
Probabilistic Sum (Comp03 to 07), GB (Comp18 to 22) and
GDIV (Comp23 to 27), that share a similar behaviour, with the
decrease of the number of merges and increase of the number
of removals as the threshold increases. CMs with such pattern
lead to different balances among merges/creations/removals
with the definition of different thresholds.

Table VIII(left)/Fig. 3a and Table VIII(right)/Fig. 3b show
the CMs in the 5 top positions (excluding Comp08 to Comp17,
Comp28 to Comp32) in the XB rankings of Tables VII(left)
and VII(right), respectively. The best XB values for each one
of the 5 EM and for the mean are in bold in both tables.

We observe that these best CMs are not necessarily the ones
that should be chosen for any data stream. We emphasize that

the selection of a specific CM must take into account, besides
the values of the index, the balance between the numbers of
merges/removals. In cases where the CM leads to a much
greater number of removals than merges, the older examples
are discarded faster. On the other hand, when the number of
merges is higher, the older examples are kept in the structure
for a longer period of time.

To complement the numeric analysis of the CMs that pre-
sented the best results according to XB, we use a visual anal-
ysis, confronting the XB values with the plot of the structure
obtained by the algorithm for some selected CMs. Consider
the CMs Comp24 and Comp07 for dataset Bench1 11k, which
are in the 31st and 1st position, respectively, in the ranking
of XB in Table VII(left). Figs. 4a, 4b, 4c and 4d show the
plots of the FMiCs during the execution of the algorithm using
Comp24 and Bench1 11k for 4 EMs, namely after 4,000,
6,000, 8,000 and 11,000 examples, respectively. Figs. 4e, 4f,
4g and 4h show the plots of the FMiCs during the execution
using Comp07 and Bench1 11k for the same EMs.

In these figures, the circles represent the fuzzy ratio of
the FMiCs, and the point of the same colour at the centre
is the prototype. The colours (red/blue) identify the labels
of the examples and grey represents the outliers, which are
noise data that do not belong to any class. This set of figures
illustrates that using Comp24, the FMiCs are more spread
out and overlapped than using Comp07, where the FMiCs are
better separated and with less overlapping. Besides that, with
Comp24, several outliers (points in grey) were absorbed by the
FMiCs representing the two classes (points in red and blue),



12

(a) EM4 - 4,000 data points (b) EM6 - 6,000 data points (c) EM8 - 8,000 data points (d) EM11 - 11,000 data pts

(e) EM4 - 4,000 data points (f) EM6 - 6,000 data points (g) EM8 - 8,000 data pts (h) EM11 - 11,000 data pts

Fig. 4: FMiCs plots of Dataset Bench1 11k using Comp24(top) and Comp07(bottom)

(a) EM16 - 16,000 data pts (b) EM24 - 24,000 data pts (c) EM32 - 32,000 data pts (d) EM40 - 40,000 data pts

(e) EM16 - 16,000 data pts (f) EM24 - 24,000 data pts (g) EM32 - 32,000 data pts (h) EM40 - 40,000 data pts

Fig. 5: FMiCs plots of Dataset RBF1 40k using Comp01 (top) and Comp23 (bottom)

while with Comp07 they remain separated. The visual analysis
corroborates the results obtained with the XB index, for which
Comp07 has better values than Comp24.

Regarding dataset RBF1 40k, consider the CMs Comp23
and Comp01, which are in the 1st and 31st position, respec-
tively, in the XB ranking of Table VII(right). Fig. 5(top) shows
the plots of the FMiCs during the execution of the algorithm
using Comp01 and RBF1 40k at 4 EMs: EM16, after 16,000
points (Fig. 5a), EM24, after 24,000 points (Fig. 5b), EM32,
after 32,000 points (Fig. 5c), EM40, after 40,000 points
(Fig. 5d). For the same EMs and dataset, Figures 5e, 5f, 5g
and 5h show the plots of the FMiCs during the execution of
the algorithm using Comp23. In these figures, the circles have
the same meaning as in the previous ones, except that now
there are 3 classes, coloured in red, blue, and green.

The visual analysis with respect to outliers and FMiCs
shows that Comp01 tends to keep the FMiCs corresponding to
noise longer and makes the clusters that represent real classes
more blurred. However, using Comp23, it can be seen that

there is a smaller number of FMiCs representing outliers and
that those corresponding to real classes are more defined, i.e.
they have higher membership degrees.

VII. RESULTS AND ANALYSIS OF THE OFFLINE PHASE

The results obtained in the offline phase, in which we
compare our proposal with other benchmark algorithms, are
in Table IX. For each algorithm and dataset, we show the ARI
index values obtained with the best combination of parameters
found in preliminary experiments. The row identified by d-
FuzzStream shows the results of the original version of the
algorithm – the one that uses the density-based CM Comp01.
The last row, identified by RE-FuzzStream shows the index
values for the FuzzStream with the CMs that obtain the best
result for each dataset. For d-FuzzStream and RE-FuzzStream,
the values shown are the mean of the ARI values for each of
the EMs, which is different for each dataset (see Table V).

The last two rows of the table show that RE-FuzzStream
outperforms, in all cases, for at least one of the CMs, the
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TABLE IX: Offline Clustering Quality. Average ARI Index for all the Evaluation Moments

Benchmark1 11000 RBF1 40k 4C2D800Linear PowerSupply NOAA
CluStream 0.2362 0.1174 0.4241 0.0220 0.0281
DBStream 0.7538 0.7997 0.9037 0.1160 0.0804
DenStream 0.7673 0.7136 0.9605 0.1127 0.0260

Stream K-Means 0.0073 0.2333 0.9638 0.0383 0.0007
Inc K-Means 0.6898 0.5916 0.9666 0.0594 0.0000

TSSRC 0.4950 0.5325 0.4253 0.0075 0.1366
TSF DBSCAN 0.8549 0.7629 0.9461 0.0881 0.0261
EvolveCluster 0.0902 0.0212 0.7079 0.0157 0.0549

ACSC 0.7148 0.7275 0.9669 0,1127 0.0194
OSRC 0.5948 0.5045 0.4384 0.0068 0.1624

d-FuzzStream 0.7099 0.7988 0.9510 0.0659 0.0203

RE-FuzzStream Comp22 Comp21 Comp19 Comp24 Compo02
0.7163 0.8132 0.9703 0.0783 0.0273

original d-FuzzStream algorithm. In terms of performance with
respect to the other algorithms, RE-FuzzStream performs very
well on datasets with noise, being the best in the cases of
RBF1 40k and Gaussian2C4D800Linear, and the 4th in the
case of Bench1 11k. The performance on real datasets is
somewhat lower, ranking 5th for Powersupply and 6th for
NOAA. Only DBStream performs better in both cases, being
the 1st and the 3rd, respectively. DenStream, TSF-DBSCAN
and ACSC outperform RE-FuzzStream in the Powersupply
dataset, but their results are worse for the NOAA case, the
former moving from 2nd to 8th position, the second from 4th
to 7th, while the latter from 2th to 10th. CluStream, TSSRC
and OSRC perform better than RE-FuzzStream for the NOAA
dataset, ranking 4rd, 2nd and 1st, respectively, but worse for
Powersupply, ranking 9th, 11th and 12th, respectively.

It is important to note that the results obtained in the
experiments do not allow us to evaluate an eventual relation-
ship between the CMs with best results in the online phase
and those with best results in the offline phase since the
validation indices used in each phase are different. We can
state, however, that the CMs excluded from the rankings in the
online phase, because they do not allow merges, are not those
that produce the best result in the offline phase for each dataset,
corroborating our assumption that the merge is beneficial for
the final result. Nevertheless, the experimentation showed that
our proposal provides balanced results in the different datasets,
showing better performance in the cases with noise compared
to the other alternatives.

VIII. CONCLUSION

In this paper, we have introduced the concept of RE aggre-
gation functions, which are operators that may not be associa-
tive and can incrementally aggregate information. Then, we
have applied them to incrementally calculate the similarity or
overlap between clusters to decide on when to merge pairs of
clusters in the context of stream clustering. Such CM can take
the form of either similarity measures or overlap indices. We
have used the d-FuzzStream clustering algorithm to evaluate
the effects of the proposed CMs analysing both its online and
offline phases. A set of 32 CMs have been evaluated in the
experiments.

Regarding the online phase, different values of thresholds
have been tested to define which one works better for each
CM. The CMs have been ranked according to two clustering
validation indexes and the most important characteristics of
the ones with better results were analyzed. The results for this

phase have shown that most CMs present better behaviour
than the one used in the original version of the algorithm. The
experiments in the offline phase have shown that the revised
d-FuzzStream algorithm, in which we apply some of the
proposed CMs, achieves better or similar performance when
compared to other traditional and state-of-the-art algorithms,
especially in noisy datasets.

The main contribution of this paper, in addition to the
experimental results and their analyses, is to offer a solid
theoretical framework, by means of RE aggregation functions,
to support information fusion processes in which the data
cannot be stored in the system. This can aid the aggregation
process in different types of applications, such as incremental-
concurrent fusion checking in context consistency [57], incre-
mental data fusion for smart societies [58] or extracted from
several external sources for online data integration [59]. In the
context of DS clustering, they allow the choice of different
constructed similarity measures or overlap indices, among a
wide variety of options with different characteristics. Such
choices can meet different user goals, which might consider
the suitability of the CMs to specific data sets and the speed
of response to changes in the data stream.

These benefits of the proposed algorithm, however, require
higher memory usage and computing power. This is due to
the need to store the partial values for the recursion and
its computation each time it evaluates whether a merge is
necessary or not. Parameter selection is also more complex,
as it adds to the requirements of the basic algorithm the need
to select and tune the comparison function to be used.

We let for future work the study of properties of different
groups of similarity measures and/or overlap indices, with the
application to datasets with specific characteristics, such as
incomplete data and real datasets with higher dimensions.
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