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Abstract. The paper deals with affine 2-dimensional Toda field theories related to simple
Lie algebras of the classical series D,. We demonstrate that the complexification procedure
followed by a restriction to a specified real Hamiltonian form commutes with the external
automorphisms of g. This is illustrated on the examples Dilﬁl — B and Dfll) — G(zl)
using external automorphisms of the corresponding extended Dynkin diagrams.
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1. Introduction
It is well known that with each simple Lie algebra g of rank r one can relate a 2-dimensional

affine

where

where

Toda field theory (ATFT) [42, 7, 8, 44, 45, 2, 3]. Their Lagrangian densities are given by:

(0o 9°0a) ~ (Dr,1- 07 q) = Sy (e20x) 1) (1)
k=0

Sla] = 5

the field q(x,t) is an r-dimensional vector. The equations of motion are therefore:

9%q - 2oy ala,t
Faar = D Moy e, @
=0

t= %(3:1 —1xp) and x = %(xl +2). The important results that mattered for the derivation

of ATFT were: 1) the work of A. Zamolodchikov [50] on deformation of conformal field theories
preserving integrability and 2) the discovery of Mikhailov’s reduction group which allowed one
to derive their Lax representation [41, 42]. Here r is the rank of g, ax’s (k = 1,...,n) are the
simple roots of g and ag is the minimal root.
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The notion of real Hamiltonian forms was introduced in [27] and used to study reductions
of ATFTs in [22, 23, 26]. Real Hamiltonian forms (RHF) are another type of “reductions” of

Hamiltonian systems. First one complexifies the ATFT and then applies an involution € which
is compatible with the Poisson structure of the initial system. This is similar to the obtaining
a real forms of a semi-simple Lie algebra. that is why the RHF have indefinite kinetic energy
quadratic form.

The structure of the paper is as follows. Section 2 contains some facts about the ATFT
and simple Lie algebras. Section 3 describes the complexification procedure and Section 4
specifies the RHF of ATFT for which the involution is the external automorphism of g. Thus we
demonstrate that the complexification procedure commutes with the external automorphisms of
g. This is illustrated on the examples D7(»21 — Bg»l) and DS) — Ggl).

2. Preliminaries
The Lax representations of the ATFT models widely discussed in the literature (see e.g.
[41, 42, 44, 39, 40] and the references therein). Most of the results on it are related mostly
to the normal real form of the Lie algebra g, see [37, 6, 9, 38, 47, 48, 21]. Below we use the
following Lax pair:

d
Ly = <id — gy (z,t) — )\J0> vz, t,A) =0, (3)
x
wy = (i~ L1(e8) ) vl t.) = 0 (4)
=(i——<I(z x =
dt )\ ) »Y )
whose potentials take values in g. Here g(z,t) € b - the Cartan subalgebra of g, and
q(z,t) = (q1,...,qr) is its dual r-component vector. The potentials of the Lax operators take
the form
Jo=Y_ Ea, I(z,t) =Y e (®a@DE . (5)
aeT aem
Here 7y stands for the set of admissible roots of g, i.e. my = {ag,a1,..., o}, with aq,..., 0,
being the simple roots of g and g being the minimal root of g. The Dynkin graph corresponding
to the set of admissible roots my = {ag,1,...,0,} of g is called extended Dynkin diagram

(EDD). The equations of motion are of the form (2) where n; are the minimal positive integer
coefficients ny that provide the decomposition of ag over the simple roots of g:

—Qp = anak. (6)
k=1

It is well known that ATFT models are an infinite-dimensional Hamiltonian system. The
(canonical) Hamiltonian structure is given by:

Hy = /Oo dz Hy(z,1), Hg(z,t) = %(p(w,t),p(%t)) + 2 me(em e - 1), (7)
s k=0
QQ - /_Z dxwg(x7t)v wg(x7t) = (5p($,t) A 6q(x7t))’ (8)

where H, is the canonical Hamilton function and €, is the canonical symplectic structure.
Here also p = dq/dz are the canonical momenta and coordinates satisfying canonical Poisson
brackets:

{Qk(xvt)apj(yvt)} = Jké('r - y)' (9)
The infinite-dimensional phase space M = {q(z,t),p(z,¢)} is spanned by the canonical
coordinates and momenta.



1st Workshop on Soliton Theory, Nonlinear Dynamics and Machine Learning IOP Publishing
Journal of Physics: Conference Series 2719(2024) 012004 doi:10.1088/1742-6596/2719/1/012004

Remark 1. In what follows we shall need the coefficients ny, for the Df}ﬁl and Bgl) algebras,
which are equal to [37, 6, 9]

1
Dilli np=1,nyg=ng=--=n;_1 =2, ny =npy1 =1, (10)
Bgl): n=1,n=ny3=--=n,_1=n, = 2.

3. Complexification of ATFT
The starting point in the construction of real Hamiltonian forms (RHF) is the complexification
of the field functions q(z,t) and p(z,t) involved in the Hamiltonian (7):

q“=q"+iq',  p“=p’+ip".
Next we introduce an involution € acting on the phase space M = {qi(x), pr(z)}}_; as follows:

1) C(F(pr,ar)) = F(C(px), Clax))s
2) C({F (x> qx), G(pr> ) }) = {C(F),C(G)}, (11)

Here F(pg,qr), G(pk,qr) and the Hamiltonian H(pg,qr) are functionals on M depending
analytically on the fields gx(x,t) and pg(x,t).

The complexification of the ATFT is rather straightforward. The resulting complex ATFT
(CATFT) can be written down as standard Hamiltonian system with twice as many fields

q*(z,t), p*(z,t), a =0, 1:

p“(z,t) =p°(z,t) +ip'(x,t),  q°(x,t) = a’(z,1) +iq' (x,1), (12)
{@2(a, 1), 0} (v, )} = —{ai (2, ), 0} (y, )} = Gj6 (2 — y). (13)
The densities of the corresponding Hamiltonian and symplectic form equal
Hirer = ReHarer(p®+ip',q° +iq')
1 0 .0 1 1 .1 - —(a%,a%) 1
- = _Z , 14
2( P ) 2(p P )+];nk:e COS((q ,Oék)), ( )
Wt = (dp° Aidq®) — (dp' A dqh). (15)

The family of RHF then are obtained from the CATFT by imposing an invariance condition
with respect to the involution € = € o * where by x we denote the complex conjugation. The
involution € splits the phase space M€ into a direct sum MC = ME & ME where

MS = Mo ® My, ME = My & —iMy, (16)
Clg" +ig7)=(q" —ig7), Clp"+ip7)=(p" —ip").
Each involution € on M induces an involution €# on g. Thus to each involution € one can relate
a RHF of the ATFT. Due to Property 3), €# preserves the system of admissible roots of g (and
thus the extended Dynkin diagrams of g).
Indeed, the condition 3) above requires that:

(€(g), @) = (q,€%(a)), o € mg, (17)
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and therefore we must have €(my) = 7.

The relation (17) defines uniquely the relation between € and €#. Using C# we can split the
root space E" into direct sum E” = E, @ E_ of two eigensubspaces of C#. Taking the average
of the roots a; with respect to C*# we get:

1 . .
8, = 5(% + e (ay)), j=0,...,ny =dimE,. (18)

By construction the set {fo, 81, .., B, } will be a set of admissible roots for some Kac-Moody
algebra with rank n. Graphically each set of admissible roots can be represented by an extended
Dynkin diagrams. Therefore one can relate an automorphism C# to each Zy symmetry of the
extended Dynkin diagram.

The splitting of E™ naturally leads to the splittings of the fields:

p=p"+p, a=q"+q7, (19)
where pT,qT € E; and p~,q~ € E_. If we also introduce:

1 . .
v = 5(0@- — e#(ay)), j=0,....,n_ =dimE_. (20)

The Hamiltonian along with the terms related to the simple roots, contains also the minimal
root ag given in (6). The RHF of ATFT are more general integrable systems than the models
described in [13, 14, 15, 39, 40] which involve only the fields g*, p* invariant with respect to C.

4. RHF of ATFT from external automorphisms
Let us now outline the RHF obtained from the algebras D, using the external automorphisms.
The set of admissible roots D, are:

ap = e1—e, OQg=e€2—€3, ..., Qp =€ —€ryl, Oryl1=¢€ +ery1, Op=e€]+e.
. 1 . ..
Here ay,as9...,a,41 form the set of simple roots of D£J21 and «q is the minimal root of the

algebra. The extended Dynkin diagram of Dg}l is shown on the upper panel of Figure 1. Here

also ey, k=1,...,7 + 1 are the basic vectors of the dual Euclidean space E™*!, i.e. any vector

q € E™t! can be written as
r+1

a=> e
k=1

The components gi, Kk =1,...7 + 1 are the coordinates in the phase space.

The fundamental weights of D,(nl) are

W = 61+"‘+€k7 1§k§7’71,
1
wy = 5(61+62+“'+€r—1+6r*er+1)ﬂ
1
Wry1 = 5(61+€2+"'+€r71+6T+€T+1)'

The corresponding Hamiltonian has the form

00 " 2 T
Ho = / dz (Z % + anGZ(Qk—Qk—l) + e2(ar+1=ar) 4 o=2(qr+1tar) 4 e2(z11+qz)> (21)
’ - k=1 k=1
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Figure 1. Extended Dynkin diagrams of the complex untwisted affine Kac-Moody algebras Dgll and

BQ) (upper and lower panels respectively).

4.1. From Dgl to B,(ol)
Let us choose g ~ D£1421 and fix up the involution € acting on the phase space as follows:
Claw) = ar, Clox) =pk, k=1,....15 Clgr+1) = —@rs1, C(Pri1) = —Pri1.
Then introducing on My new coordinates by
G =a  PE=Dh G =4 Dp=pn k=17
Qi1 = Gr+1, DPri1 = Pr+ls

ie. dimMy = 2r and dimM_ = 2.
This involution induces an involution €# of the Kac-Moody algebra D£1421 which acts on the
root space as follows (see the upper panel of Fig. 1):
C*(er) = e, k=1,...,r; C*(ery1) = —€ry1,
e#(ak) = O, e#(ar+1) = O, e#(ar) = Op41,

The involution €# splits the root space E"+! into a direct sum of eigensubspaces: E'*! = E, @E_
with dimE; = r and dimE_ = 1. The restriction of 7 onto E; leads to the admissible root

system 7 = {Bo,...,Br} of BY.

1
Bk:akv kZO?"'aT_l; Br:§|:O[T+€#(Oér)i|,

The subspace E_ is spanned by the only nontrivial vector

1

=g [047“ - @#(ar)} = ~er1

The reduced RHF is described by the densities HE, w=®:

1 1 _ - + gt + _
o = 2 ZP;Q - EPTHQ + anGQ(qurl %) 4 e cos gy, (22)
k=1 k=1
-
Wk = Z Spi Noqi — Op g N Sa . (23)
k=1
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o1 Qg B1
a) DY — BY: ] et =
Q2 B2 " Bs
Qg Qy 5o
WH#
(e%) AT Qg
b) D — cl: ] w# = O—(ﬁ)
a2 Bo B2/ B
@0 ay
WH#

Figure 2. Reductions of Dil) affine Lie algebra: (a) DS) — Bgl); (b) Dfll) — Gél).

The restriction on E (i.e. setting g\, = 0 in (22)) gives the canonical Hamiltonian of B"

ATFT:
00 r p2 r—1
HBSI) = / dz ?’C =+ Z nge2( @ —ak-1) 4 90=2ar 4 2Aanta2) | (24)
- k=1 k=1
as expected.

4.2. From Dfll) to Bél)
If we take now a particular case od Example 1 with r = 3, the Hamiltonian (21) will reduce to
the generic ATFT Hamiltonian related to Dz(ll):

3 2
HDU) = /00 dz (Z Pk + +e2(a2—a1) =+ 2e2(a3—a2) 4 ¢2(9a—03) 4 e~ 2(a3+q4) + 62(111+q2)> . (25)
4

The corresponding extended root system is

1
T (Dz(l )) = {e1 +e2,e1 —ez,e2 —e3,e3 —eq,€3 + ea},

and the extended Dynkin diagram is given on Figure 2(a). This algebra has 4 outer Zs
automorphisms and one Zy automorphism [6, 46]. Here we will take C# to be the outer Zo-
automorphism, swapping a3 and a4 (See Figure 2(a)). The action of C*# on the root space E*
is then given by:

e#(el) = €1, e#(62) = €2, e#(€3) = €4, G#(64) = €3;
6#(a1) = 1, G#(az) = 2, G#(Oég) = (O4, @#(a4) = (3.

The involution €# splits the root space E'! into a direct sum of eigensubspaces: E'! = E, @F_
with dimE; = 3 and dimE_ = 1. The restriction of 7 onto E, leads to the admissible root

system 7' = {8, 81, B, B3} of BY:

1

Bo = ayp, B1=oq, B2 = ag, B3 = 3 az + C*(ag)| = es.
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The subspace E_ is spanned by the vector

1
B=5 [043 - (3#(a3)} = —eq.
As a result, the densities of the reduced RHF become:
1 1 1 1
9 = 2 ()" 4 5 (05)" + 5 (3)” = 5 (1) + 2% 1) 262075 4 2e 7 cos g[26)
WE =) oph NS — Opy Adar. (27)
k=1
The restriction on Ey (i.e. setting p; = ¢, = 0in (26)) gives the canonical Hamiltonian of B:(,})
ATFT:
> 1 +)? 4 o205 —ai) 2(a3 —a3) —2q3
HB(31): dz 52(]9]) + et Th) 4 26583 T2 ) 4 2740 | | (28)
o =

4.3. From DS) to Gg)
If we take again the Dfll) Hamiltonian (25) and use the Zs outer automorphism of Dfll) sketched

on Figure 2(b), then we will get the induced action W# on the root space E*:

1 1
W#(e1) = 5(61 +estez—er), Whie)= 5(61 + e —e3 +eq),

1 1 (29)
W (e3) = Sler—extes+eq), W (es4) = Jler—e2—e3 —eq),
ie.
W#(el +e9) =e1 + eo, W#(eg —e3) = ey — e3, W#(el —eg) =e3 — ey, (30)
W#(€3*€4) =e3+ ey, W#(eg+e4) =e1 — eg,
and
Bo = —(e1+e2), B2 = (e2 —e3),
fi= 2 [on + WH@) + WF01)] = 261 — o2 + 205,

This is the extended root system of Gél) (see Figure 2(b)). This results to a RHF related to
Gél) with Hamiltonian given by

> 1 1 1
HGéU = / dx (2 (pf)z + 5 (p;“)Q + 5 (p;)2 + e*Q([?)OJ?l) + 26*2(51,‘1) + 362(52#1)) ;

where the three component vectors q and p are restricted by ¢1 +g2+¢3 = 0 and p1 +p2+p3 = 0.
The above results establish the following

Proposition 1. Let us consider the RHF of ATFT using the external automorphisms of the
algebras D£1+)1- If we use the second order external automorphisms, then
R _ R
HDi‘Ql - J-CBS)’ }CDELU = }CBgl). (31)
If we use the third order external automorphism of Dy, then we obtain

HR];in =Hgm- (32)
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The next step would be to analyze the more general situation when the RHF is generated by
Cg o C# where g is a generic suitable automorphism and C# is an external automorphism. Our
hypothesis is that the above Proposition will hold true also for this more general case.

5. Conclusions
We presented here real Hamiltonian forms of affine Toda field theories related to the untwisted

complex Kac-Moody algebra Dil). We outlined the construction of the RHF and studied Zo

and Zs symmetries of the extended Dynkin diagrams. Thus resulted in reductions to Bgl) and

c.

The spectral properties of the Lax operators of the real Hamiltonian forms of ATFTs can be
studied in the frame of the ISM [16, 43]. This will lead to the construction of Jost solutions
and scattering data for Lax operators with complex-valued Cartan elements [4, 5, 29]. The
continuous spectrum of the Lax operators will consist of 2h rays intersecting at the origin and
closing angles 7/h.

The interpretation of the ISM as a generalized Fourier transforms [1, 17, 29] allows one to
study all the fundamental properties of the corresponding nonlinear evolutionary equations
(NLEE’s): i) the description of the class of NLEE related to a given Lax operator L(\)
and solvable by the ISM; ii) derivation of the infinite family of integrals of motion; iii) their
hierarchy of Hamiltonian structures [28]; and iv) description of the gauge equivalent systems

[ ) ) I i ) ]

Some additional problems are natural extensions to the results presented here:

e The complete classification of all nonequivalent RHF of ATFT.

e The description of the hierarchy of Hamiltonian structures of RHF of ATFT (for a review of
the infinite-dimensional cases see e.g. [12, 19] and the references therein) and the classical
r-matrix. It is also an open problem to construct the RHF for ATFT using some of its
higher Hamiltonian structures.

e The extension of the dressing Zakharov-Shabat method [19] to the above classes of Lax
operators is also an open problem. One of the difficulties is due to the fact that the Z
reductions requires dressing factors with 2k pole singularities [18, 20].

e Another open problem is to study types of boundary conditions and boundary effects of

ATFT’s and their RHF [10, 11].

The last and more challenging problem is to prove the complete integrability of all these
models. The ideas of [1, 28] about the interpretation of the inverse scattering method as a
generalized Fourier transform holds true also for the Z;, reduces Lax operators [29, 30, 31, 32].
This may allow one to derive the action-angle variables for these classes of NLEE.
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