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Abstract: Determining the ‘best-fitting” distribution for data is an important problem in
data analysis. Specifically, observing how the distribution of data changes as values below
(or above) a threshold are omitted from analyses can be of use in various applications, from
animal movement to the modelling of natural phenomena. Such truncated distributions,
known as hazard functions, are widely studied and well understood in survival analysis,
although rarely widely used in data analysis. Here, by considering the hazard and reverse-
hazard functions, we demonstrate a qualitative assessment of the ‘best-fit" distribution of
data. Specifically, we highlight the potential advantages of this method when determining
whether power-law behaviour may or may not be present in data. Finally, we demonstrate
this approach using some real-world datasets.
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1. Introduction

Truncated datasets are widely encountered in data analysis, such as in mathematical
biology, when determining between purposeful and non-purposeful movement [1-3]; in
economic theory, when modelling risk of insurance data [4]; and in medical sciences, when
considering infection and incubation time in infectious diseases [5] (see Ch.1 of [6] for more
examples in various fields). In general, truncated distributions are well understood in
how they relate to the initial distribution [7-9], with much work focused on methods for
simulating such distributions [8,10,11] and understanding the properties of distributions
after truncation [10,12-14].

A major aspect of data analysis involves inferring the distribution which most accu-
rately describes a given dataset. In particular, there has been much debate regarding the
presence of power-law (PL) behaviour in datasets [15-21]. Whilst recently many advances
have been made in developing techniques for identifying PL behaviour [22-24], there are
still occasions when it is difficult to establish whether data are best described by a PL. Specif-
ically, determining between data which are drawn from a PL and that from a log-normal
distribution is often intractable without a large number of data points [18,21,22,25,26].

The importance of being able to obtain the best descriptive distribution for modelling
data is clear, as different but similar distributions can lead to large differences in predicted
outcomes. For example, when considering random walk models in animal movements,
the distributions describing the underlying characteristics of step lengths and turning
angles have been shown to give observably different qualitative and quantitative results,
which have large impacts in the use and predictive power of such models [27,28].

Here, we consider the hazard and reverse-hazard distribution function of a given dis-
tribution, which is found by continually truncating a distribution (from either the left or the
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right) to produce a characteristic curve which is unique to the initial distribution. We show
that, given this characteristic curve, the initial underlying distribution can be obtained. We
derive expressions relating this characteristic curve to the initial distribution and demonstrate
how this links the exponential, uniform, and PL distributions. Finally, we give examples of
where calculating this characteristic curve is beneficial for data analysis and, in particular,
highlight how this can help determine between a PL and log-normal distribution.

2. Background Information
2.1. Review of Hazard and Reverse-Hazard Functions

The hazard function is a well-understood and widely used property of distributions,
which gives information regarding the probability of events above a certain threshold
happening, given that the threshold value has been reached. As such, hazard functions
have widespread applications in fields such as medical data [29] and insurance/risk man-
agement [30], among many others. The reverse-hazard function considers the probability
of events happening below a given threshold, given that threshold has been reached [31],
and has found applications in fields from astronomy to psychology [32].

Essentially, the hazard function considers data that have been truncated from the left,
where values below a threshold have been removed from the dataset, whereas the reverse
hazard considers right truncated data, where values above a threshold have been removed.
Here, we briefly introduce the hazard and reverse-hazard functions, as well as an important
property connecting these functions with the initial probability function.

Definition 1. Let f(x) be a continuous probability density function (PDF) on the interval [a, b]
(note, we allow a = —oco and b = o), define fk{R} (x) as the distribution found by truncating f on

the right at the value k, and fk{L} (x) as the distribution when f is truncated on the left at k, for all
x,k € (a,b).

Using Definition 1, it can be easily seen that distributions f,fL} (x) and f,;{R} (x) are
given by

T

A0 = —

where F(x) is the CDF of f(x) with F(b) = 1 and F(a) = 0.
If we now consider how the value of the truncated distribution changes at the point of
the truncation, k, we can define the hazard, h{L}, and reverse-hazard functions, RiR},

Definition 2. Let f be a continuous PDF on [a, ], define the hazard and reverse-hazard functions
forall x € (a,b), respectively, as

WL (x) = 15(13-5()@ (1)
Wi (x) = /;8 )

Essentially, h{L}, 1{R} describe the curve found by considering the value of the distri-
bution, f, as it is continuously truncated from either the right or the left, at the point of
truncation, x. Note, the reverse hazard, h{R}, is often denoted as r(x); however, we use the
hiR} notation throughout to make it clear when we are truncating from the right.
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Equations (1) and (2) show how the characteristic curves, WL} and KR}, can be
found when the initial distribution f is known; however, a potentially beneficial question
when attempting to discern ‘best-fit” distributions from datasets would be “Given that we
have the form of the curve found by truncating some distribution, can we determine the
initial distribution?”

We now show how this can be carried out by deriving commonly used expressions
for f(x) which depend only on h{L} (x) and h{R}(x), showing that any function can be
uniquely defined by its hazard or reverse-hazard function.

Theorem 1. Let f(x) be a PDF defined on [a, b] and hiL}, hiR} be defined as in Definition 2; then,
forall x € (a,b), we have

Fx) = () exp (— [0 (3) ), @)
F(x) = bR} (x) exp(— /x "R () dx). @)

Proof. We start by considering {1}, found by taking the left truncation. Writing f(x) = F’(x)
in Equation (1) and using the anti-derivative, we obtain

Pl (x) = f_’gf‘()x) _ —j—xlog\l ~F()|. 5)

As F(x) is the CDF for f defined on the domain [4,b], then 0 < F(x) < 1 for all

€ (a,b); hence, we can ignore the absolute sign in the logarithm. Now, we define the

integrated hazard function (also known as the cumulative hazard function), H{!} (x), by
%H{L}(x) = hiL} (x). Therefore, we have

HiL}(x / il (z
noting that H{} (a) = log (1 — F(a)) = log (1 — 0) = 0. This implies that

WL (x) = d HLH(x /h{L}

X

Using this and Equation (5) gives

o[ ) dx = - g (1- F(x)

= - / ni (%) d% = log (1 — F(x))

— exp ( /jh{L}(f) df) — 1 F(x)

Finally, substituting this expression for 1 — F(x) back into Equation (1) and rear-

) = b8 (5 exp ([ lH) () ), ©)

ranging gives

as required.
We can now apply similar reasoning for h1{R}, found by truncating the distribution
from the right. Starting with Equation (2), this gives

R () = '((;‘)) _ %10g|1:(x)|. 7)
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Denoting H{R} (x) as the integrated reverse-hazard function for h1{R}(x), we have

R} (x) = {TH{R} 4 / R} (5

noting that H{R} (b) = log (F(b)) = log (1) = 0. Using this and Equation (7) gives

—7/ WR} (%) dx = —log( (x))

= /h{R} ) di = log (E(x))

= exp (- / R} (%) df) - F(x)

Finally, substituting this back into Equation (2) gives

) =08 () exp ([ "hR (5) i), ®)

as required. O

This demonstrates that whatever the given form of h{} (x) or h{R} (x), we can find the
initial corresponding distribution by using Equations (3) and (4).
We now consider some examples and possible applications.

2.2. Examples

The following section demonstrates the connections between the exponential distribu-
tion, uniform distribution, and the simple PL through the truncation of data.

Let us consider that after right-truncating some unknown distribution, f(x), a simple
PL curve is found on the interval (a,b], 1{R} (x) = c(x — a)~! where ¢ > 0. Then, we can
calculate the initial distribution using Equation (4)

f(x) = xiaexp( /jfi/ﬂf)

= xia explclog (x —a) — clog (b — a)]

x—a(b—a)}  (b—a)

considering the case for ¢ = 1 and b as a finite real value, then we have f(x) = blfu the
uniform distribution on the domain [g, b].

Now, let us consider the function, g(x), which returns the uniform distribution when
truncated from the left on the domain [a, b]. We have

X
g(x) = biaexp(—/u biadf)
1 a X
B b—aexp(b—ab—a)
1 1
= b_aexp(b_a[a—x]>.

Letting A = ;1 € R a constant, we see g(x) is of the form g(x) = Aexp(A[a — x]),
which is the exponential distribution with rate A and minimum value a.




Analytics 2025, 4,2

50f12

Hence, we have a path from the exponential distribution to a simple PL by first
truncating the exponential distribution from the left to give the uniform distribution, then
truncating the uniform distributions from the right to obtain the PL (Equation (9)).

{L} {R}
Exp ~— Unif “— (x—a)! )

Table 1 shows some examples of the general form of the resulting distributions when
truncated from the left (hazard) and from the right (reverse hazard), for selected initial
distributions [31].

Table 1. Showing the form of the curves found by truncating various distributions from both the left
and the right, where ¢ and ® are the PDF and the CDF for the normal distribution, respectively. Note
the PL case gives the general qualitative behaviour of the hazard and reverse-hazard curves, not the
precise formulations.

Initial distribution, f(x). Ril} RiR}
Exponential, Exp(x; A) =A — #
exp (Ax) —1
Power law,
o < x )_(“‘H) ~ x— 1 ~ x—(@t1)
o >1
Xmin \ ¥min
Uniform, U(x;a,b) =(b-x)"! =(x—a)!
log x—u log x—u
log-normal, LN (x; u, o) _ 1 4’( v > _ 1 ‘P( g )
= Tog x— = Tog x—
x‘Tl—cb( 0B V) chp( 0B V)

3. Applications

As discussed in the introduction, determining the distribution which best describes
observed data is often important, as differing underlying distributions can have profound
qualitative and quantitative differences. Specifically, accurately determining PL behaviour
is important, as its properties, such as being scale-free, can be used or assumed in subse-
quent analyses and predictions [21]. Whilst there are many methods to ascertain the likely
presence of PL behaviour [21,22,33], there are still occasions when it is difficult to decide
between PL and other distributions. Here, we outline two such examples, and demonstrate
how calculating the hazard and reverse-hazard functions can be beneficial in these cases.
In all cases, the curves for i1{L} (x) and h{R} (x) were found by removing data points above
(below) the value x from the initial dataset and using the denisty() function in ‘R’ [34] to
estimate the value of the distribution of the remaining data points at the value x.

3.1. Tails of Distributions

One of the most common methods for determining PL behaviour is the log transform
method (LTM), which considers whether a linear relation exists in the log-log plot of the
distribution [22,33,35-38]. However, this is not infallible as other distributions can give
straight line behaviour in log-log plots (Chapter 2 in [33]). Similarly, linear relationships
can appear when only the tail of data or data points beyond a threshold value are used in
the analysis. This truncating of data is often a necessity, and is seen in various areas of data
analysis from risk modelling [4,39] to movement ecology [1,3].

Figure 1A demonstrates the log-log plot for an exponential distribution with rate
A = 1 when only considering data points above 5. The log-log plot appears to demon-
strate a linear relationship (R?—0.9895), which could therefore indicate PL behaviour.
However, Figure 1A shows the results of calculating the hazard and reverse-hazard func-
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tions. The hazard function (left truncation—red) gives an almost flat, horizontal curve,
and the reverse-hazard function (right truncation—blue) describes a curve of the form,
WRY (x) o x7K,
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Figure 1. (A) log-log plot of data formed by drawing 100,000 data points from an exponential distribution
with the rate A = 1 after a threshold value of x,,;;, = 5 was used. The line of best fit was calculated by
minimising the sum of squares, with an R2 value of 0.9895 indicating a good linear fit. (B) shows the
density curve of the data after thresholding (black), with the hazard function given in red (truncation
from the left), niL} , and blue for the reverse-hazard function (truncation from the right), hiRY,

For a PL, we would expect a curve of the form h{L} (x) o x~ for truncating from the
left, and 1R} (x) o« x~(@+1) for truncating on the right (Table 1). As this is clearly not the
case, one can infer that the PL here is not a good fit for the data, and hence, other distribu-
tions should be considered, despite the indication form the LTM that a PL does potentially
fit the data. Indeed, by considering Table 1, we note that an exponential distribution is
a likely candidate, given the uniform distribution found from the left truncation and the
inverse power in the right truncation.

3.2. Determining Between Power-Law and Log-Normal Distribution

The log-normal and PL distributions are known to closely resemble each other for
certain parameter values and distinguishing between them is generally difficult [22].
Figure 2A shows the PDFs of a PL with « = 2.5 (red) and a log-normal distribution
with mean = 0.3 and s.d. = 2 (black); both distributions have x,,;, = 1. These were com-
pared in [22], where it was noted that a large number of data points would be required to
distinguish between them. Here, we consider datasets consisting of 300 random variables
drawn from each distribution and compare the curves given when truncating the data from
the left. Figure 2B depicts the expected shape of these characteristic curves depending on
the distribution from which the data was drawn. The results indicate that despite only
using a relatively small dataset of size 300, there is a noticeable difference in the observed
curves when considering truncating the data from the left, particularly for values less than
10. Here, the truncated log-normal distribution gives a curve shallower than the initial
distribution, whereas the truncated PL curve is much closer to the initial dataset.

This demonstrates that calculating the hazard function (truncating data from the left)
could help give a indication of the better descriptive distribution when comparing between
alog-normal and PL distribution even when the number of data points is small; an problem
which is known to be a hard task.
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Figure 2. (A) PDFs of a PL with & = 2.5 (red) and a log-normal distribution with mean = 0.3 and
s.d. = 2 (black); both distributions have xp,i, = 1. (B) The shape of the hazard function curves when
datasets consisting of 300 random variables are truncated from the left. The results were found by
running 1000 simulations, with dashed lines depicting the mean values and the shaded areas indicating
95% Cls.

3.3. Real-World Data

We now provide examples for when this qualitative method for determining the likely
presence of PL behaviour in data can be used in real-world observed data. Each of these
examples have been analysed previously, with a focus on determining whether a PL model
is appropriate for the data.

3.3.1. Geophysical Data

Here, we consider three datasets which were analysed in Clauset et al. [22] and chosen
as their properties all could indicate power-law behaviour. The three datasets as described
in Clauset et al. [22] correspond to: (i) the acreage of wildfire on Federal Land between
1986 and 1996; (ii) earthquake intensity occurring in California between 1910 and 1992;
(iif) the intensity of solar flares between 1980 and 1989, measured by the peak gamma-ray
intensity. In all cases, more information about the datasets is provided in Newman [40].

In Clauset et al. [22], by deriving maximum likelihood estimators for both the scaling
parameters, &, and the xni, value of a PL distribution, along with deriving a goodness-
of-fit test based on the Kolmogorov—Smirnoff test, it was determined that neither the
wildfire data nor the earthquake data displayed power-law behaviour (p = 0.05 and
p = 0.00, respectively—Table 3 in Clauset et al. [22]), whereas the intensity in solar flares
did demonstrate power-law behaviour (p = 1.00). Although, it should be noted that the
authors did report support for a power law with cut-off for wild fires.

Instead, by truncating these data and considering the form of the (reverse-) hazard
function curves, we can quickly qualitatively determine whether a power law could poten-
tially be a good fit to the observed data. Specifically, if we consider the hazard function
(truncation from the left—red dotted line) for each dataset as shown in Figure 3, then
for wildfires and solar flares (panels Figure 3A,C), the resulting curve gives something
approximating a power law, which therefore indicates that the initial dataset (black solid
line) could also be described by a power law. However, for the earthquake data (Figure 3B),
the curve does not qualitatively resemble a power-law curve, appearing closer to a uniform
curve, which indicates that the initial data are not well described by a power law (Table 1).

This corresponds to the findings in Clauset et al. [22]; however, this was achieved
through a more simple and straight-forward approach.
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Figure 3. Plots of the geophysical data as detailed in Section 3.3.1, with (A) presenting the acreage of
wildfire, (B) the intensity of Californian earthquakes, and (C) the intensity of solar flares. In each case,
the blue dashed line corresponds to the right truncated distribution (#{R}(x)), the red dotted line is
the left truncated distribution (#{L} (x)), and the solid line is the initial distribution of the data.

3.3.2. Butterfly Movement

Here, we consider data describing the movement behaviour of butterflies, which
was presented in Breed et al. [19]. The authors consider the step-length (distance between
successive locations in recorded telemetry data) distribution of three datasets (Figure 4A),
formed from the movement of populations of two species of butterfly: Euphydryas editha
taylori and Euphydryas phaeton, featuring movement trajectories of one E. e. taylori colony
from Corvallis, Oregon and two colonies of E. phaeton from Stevens—Coolidge Place (SCP)
and Bullitt Meadow (BUL), respectively.

In their analysis, Breed et al. [19] highlighted that these data can be incorrectly identi-
fied as exhibiting power-law behaviour. They considered six distributions to model the
step-length distributions: power law, exponential, bounded power law, bounded exponen-
tial, mixed distribution (formed of two exponentials), and Weibull. Using numerical MLE
approaches following Edwards et al. [15,41], the authors identified that a power law was
not as appropriate as the exponential-based distributions (either a mixture of exponential
or Weibull) for all three datasets.

Similarly, by considering the truncated data distributions (Figure 4B1-B3), we note
that the resulting distributions formed by truncating from the left (red dotted line) are not
similar to the required power-law distribution, as would be expected (Table 1), therefore
indicating that a power law is not apposite in these cases. Rather, given that in all cases the
left truncation gives a distribution that is relatively flat and close to a uniform distribution,
with the right truncation (blue dashed line) giving a PL-type distribution, Table 1 indicates
that an exponential distribution may be most suitable for the observed data. In this case,
this was also the finding of the authors in Breed et al. [19].

3.3.3. Moby Dick

Finally, we consider the dataset consisting of the number of times individual words are
repeated in Herman Melville’s Moby Dick. This data are available as part of the poweRlaw
package in ‘R’ [23] and has been widely analysed and used as an example when analysing
power-law or potential power-law behaviour [22,40,42]. In Clauset et al. [22], the authors
demonstrated that there is evidence for the power law being a “good” fit (Table 4 in [22]);
however, it has also been demonstrated that the data are best described by a log-normal
distribution [40,42]. This confusion between a log-normal and power law is described in
Section 3.2, with the hazard function for log-normal data giving a shallower curve than would
be expected for a power law (Figure 2). Figure 5 demonstrates that the reverse-hazard function
(blue dashed line) gives behaviour qualitatively similar to a power law, but the hazard function
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(red dotted) gives a curve that could be a power law but appears as a much shallower curve,
from Section 3.2. This could indicate that a log-normal is a better fit than a power law (as was
found to be the case in Limpert et al. [42]), and that further analysis to directly compare the
two distributions should be considered.
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Figure 4. Plots showing the distribution of step-lengths (straight-line distance between succes-
sive locations) for butterfly data (see Section 3.3.2). (A) shows the distributions for all populations.
(B1-B3) show the results found by calculating the hazard and reverse-hazard function distributions
for each population. In each case, the blue dashed line corresponds to the right truncated distribution
(h{R} (x)), the red dotted line is the left truncated distribution (411} (x)), and the solid line is the initial
distribution of step-lengths.

Moby Dick

Density
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Figure 5. Plot showing the distribution of the occurrence of unique words in the novel Moby Dick.
The figure depicts the distribution of words with a frequency of below 200. The blue dashed line
corresponds to the right truncated distribution (iR} (x)), the red dotted line is the left truncated
distribution (#{}(x)), and the solid line is the initial distribution.
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4. Discussion

Here, we have demonstrated how the truncating of data and the employment of
the hazard and reverse-hazard function can be used to help identify the distribution
which best describes data, specifically aiding in the complex task of identifying the
potential presence of power-law behaviour. Our results show that using this simple
approach, a qualitative result can be provided as to whether observed data may be well
described by a power-law-type distribution, including when datasets feature relatively
small number of samples.

Whilst it should be noted that no statistical test has been derived, and the method
discussed here is purely indicative, we have however shown examples of how the haz-
ard and reverse-hazard functions could be used in data analysis and demonstrated their
benefits in specific examples such as when comparing between the similar distributions
of a PL and log-normal when only a small number of data points is available.

As has been discussed, there are many approaches for statistically testing for the
presence of a power law; however, they often come with a variety of caveats that need
to be considered both a priori and in post hoc tests ([22,23]). The identification of
power-law behaviour has been fraught in recent times, with various datasets analysed
and reanalysed, either confirming or debating the proposed presence [19,20,43]. Due
to this, a simple qualitative method to give researchers an indication as to whether
the more statistically advanced and robust methodologies should be explored is a
useful tool.

Opverall, we have shown that using standard indicative features of datasets to identify
PL distributions is not always sufficient, and that using a simple qualitative check concern-
ing the truncation of data can give an indication as to when a deeper analysis should be
carried out when attempting to ‘best-fit’ data to distributions.
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