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Abstract—Parameter uncertainties and unknown distur-
bances always exist in the trajectory tracking control of
a deep-sea hydraulic manipulators (DHMs), significantly
reducing tracking accuracy. To address these issues, a
practical finite-time observer-based adaptive backstepping
super-twisting sliding mode control method (PFTO-ABSTC)
is proposed for precise DHM tracking control. First, a
projection-type adaptive law is constructed to handle the
parameter uncertainties. In addition, Levant’s Differentiator
is employed to obtain velocity of the DHM and construct
the adaptive law regression vector, minimizing system
noise from differentiation and filtering operations. Second,
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a practical finite-time observer (PFTO) strategy is proposed
to estimates lump disturbances and compensates them
in the controller, avoiding high-gain phenomenon of the
controller effectively. Then, the PFTO-ABSTC controller is
proposed by integrating the backstepping technique, which
chattering-free property can be achieved. In addition, the
uncertainties and disturbances of the DHM dynamics are
well addressed in the closed-loop system, and asymptotic
tracking performance can be guaranteed by Lyapunov the-
ory. Finally, comparative experimental results validate the
effectiveness of the proposed control strategy. Experimen-
tal results show that the proposed method can achieve
smaller control errors and better control performance than
the ESO-ABSTC, ABSTC, and PID control methods, and the
maximum control errors are improved by at least 41.30%,
50.76%, and 66.67%, respectively.

Index Terms—Backstepping technique, deep-sea hy-
draulic manipulator (DHM), finite-time observer, nonlinear
systems, sliding mode control.

[.  INTRODUCTION

EEP-SEA hydraulic manipulators have gained consider-
able attention in recent decades because of their numer-
ous advantages, including high power-to-density ratio, rapid
response characteristics, and significant loading capacity [1],
[2]. These manipulators are commonly used as actuators on
various types of deep-sea submersibles to carry out heavy-
load operational tasks. Therefore, achieving precise control of
DHM is crucial in specific scenarios such as deep-sea explo-
ration, cable laying, and subsea rescue operations. However,
conventional PID control methods face significant challenges
in achieving motion control of DHM in the presence of uncer-
tain model parameters, as there are high levels of nonlinearity
[3], strong coupling [4], [5], and time-varying parameters [6]
inherent in hydraulic systems. These factors include variations
in the oil temperature affecting the effective bulk modulus of
the hydraulic fluid and changes in transmission efficiency due
to wear in mechanical transmission structures, among other
factors. Furthermore, the precise motion control for DHM is
further complicated by the presence of multiple sources of
unknown disturbances [7].
With the rapid development of the modern control theory,
nonlinear control methods have emerged as a focal point of
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research. Various nonlinear control methods, such as adaptive
control (AC) [8], [9], adaptive robust control (ARC) [10], [11],
sliding mode control (SMC) [12], [13], and neural network
control (NNC) [14], [15], have been proposed to address the
high-precision control challenges of complex electromechan-
ical systems. In particular, adaptive control methods, which
leverages the effectiveness of adaptive principles in address-
ing time-varying system parameter, have been developed to
achieve precise control of electrohydraulic servo systems [16].
Moreover, discontinuous mapping adaptive control methods
were proposed in [17] and validated through experiments on
hydraulic actuators. However, DHM inevitably encounter un-
known disturbances from both the internal and external envi-
ronment in practical applications, making it difficult to predict
disturbance bounds and posing a greater challenge for controller
design. Although adaptive control methods typically rely on
sufficiently large controller gains to mitigate the negative effects
of system disturbances [5], [17], this approach can lead to un-
desirable dynamic and steady-state performance of the system.
Thus, to minimize the adverse effects of disturbances, an
effective approach is to estimate the unknown lump dis-
turbances and incorporate disturbance compensation in the
controller design process. This method has the potential to
enhance robustness and tracking performance without the need
for excessively large controller gains. In [18], an extended
state observer-based composite state controller was proposed
to limit performance degradation of the system in the presence
of external disturbances. Another study [19] proposed an active
disturbance rejection control method to achieve precise motion
control of continuous wave pulse generators in the presence
of multiple disturbances. However, these studies rely only on
proportional terms as feedback signals for the controller, which
indicates the need for improvement in disturbance rejection
performance and pose challenges in applying it to DHM facing
multiple disturbances. Given the advantages of SMC, such as
strong robustness, fast convergence, and ease of implementa-
tion, the combination of observer with SMC has gained signif-
icant research attention in the control of electrohydraulic servo
systems. In [20], Zhang et al. designed a global integral SMC
to increase the trajectory tracking accuracy of electrohydraulic
servo systems by integrating a global integral sliding mode
surface design with an improved extended state observer (ESO).
Won et al. proposed a high-gain observer-based integral SMC
strategy to achieve position tracking control of electrohydraulic
servo systems, reducing the control gain of the controller and
effectively suppressing system chattering phenomena [21].
Although the integration of ESO can mitigate the chattering
phenomena commonly associated with traditional SMC, the
presence of discontinuous terms still leads to residual chat-
tering in the system. To increase the disturbance estimation
capacity and further eliminate chattering phenomena in SMC, a
novel approach that combines the super-twisting SMC method
with ESO has been proposed [12]. Ding et al. proposed a
synthesized super-twisting SMC method based on disturbance
estimation to enhance the control performance and disturbance
rejection capability of permanent magnet synchronous mo-
tors [22]. Another study [23] proposed a super-twisting SMC

method combined with disturbance compensation to achieve
precise trajectory tracking control of electrohydraulic servo sys-
tems by estimating system disturbances via a state observer and
compensating for them in the controller. Although traditional
ESO-based methods have achieved certain control effects, their
estimated errors exhibit only asymptotic convergence charac-
teristics, which inevitably lead to lower estimation speed and
accuracy. Additionally, if model uncertainties become the major
influencing factor of system disturbances, observers designed
on the basis of nominal system models may suffer from se-
vere performance degradation, thus affecting the overall control
performance of the controller. Therefore, it is crucial to design
an effective control strategy that can achieve precise motion
control of DHM under the influence of unknown disturbances
and model parameters uncertainties, which is an important issue
that requires further investigation.

Inspired by the aforementioned problems, this article pro-
poses a practical finite-time observer-based adaptive back-
stepping super-twisting sliding mode control (PFTO-ABSTC)
method to further address the precise trajectory tracking control
of DHM with parameter uncertainties and unknown external
disturbances. The contributions of this article can be summa-
rized as follows:

1) Unlike the ESO in [12], [23], the PFTO strategy is pro-
posed to estimate and compensate the lumped disturbances,
which can be guaranteed the practical finite-time convergence
of the estimated error.

2) A PFTO-ABSTC controller is developed for the DHMs,
which can be achieved chattering-free property. The parameter
uncertainties and disturbances of the DHM dynamics are well
addressed in the controller, which enhances the disturbance
rejection ability.

3) The asymptotic tracking performance of the controller
can be guaranteed in theory. The experimental validation was
conducted, which demonstrate the excellent performance of the
proposed control strategy.

The remainder of this article is organized as follows. Sec-
tion II establishes the dynamic model of the DHM. Section III
designs the PFTO-ABSTC controller and provides a stability
proof for the system. The experimental results and analysis
are presented in Section [V. Finally, conclusions are drawn in
Section V.

II. DYNAMICS MODELING AND PROBELMS FORMATION
A. Dynamics of the Manipulator

Considering an n-DOF DHM in Fig. 1(a), the dynamics of
the manipulator are considered as follows:

M(q)i+C(q,q)i+H(¢)g+Gl@)=7+D (D

where ¢, ¢ and ¢ represent the position, velocity, and accelera-
tion of the joint angle of the manipulator, respectively. M &€
R™™, C € R™", and G € R™*! represents the symmetric
positive definite inertia matrix, coriolis and centrifugal force
matrix, and gravity matrix of the manipulator, respectively.
H € R™™" represents the hydrodynamics, including viscous
drag and added mass effects [1]. 7 represents the torque vector
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Fig. 1. Architecture of the deep-sea hydraulic manipulator system.
(a) Deep-sea Hydraulic Manipulator. (b) Hydraulic Actuator.

of the manipulator; D represents unmodeled disturbances such
as friction force and interference during the movement of the
manipulator.

Remark 1: Due to the constraints in manufacturing costs and
internal installation space, DHMs typically has only position
sensors and pressure sensors. The Levant’s differentiator (LD),
which have the simple and noise amplification free structure
[24], thus it is chosen for obtain the velocity signal of the
system. Its specific structure is as follows:

’I”h() =V
v =t |mg — q'*sign(mo — q) +my
my = —Lysign(m; — v) 2)

where ¢ is the input signal of the LD, that is, the position signal
of the manipulator; mg and m; are the status signal; ¢; and ¢,
are the designed parameters; v is the output signal, that is, the
velocity signal obtained by the LD.

Lemma 1 [25]: Assuming that the input signal of the LD sat-
isfies |y — q| <&, and the appropriate £; and ¢, are selected,
then in finite time ¢7p, the LD will satisfy:

\mo—Q|SC151Zfla|v—fﬂ§<25}/2=€2 3)

where ¢j, ¢ > 0 and which are constants that depend on the
design parameters of the LD.

B. Dynamics of the Hydraulic System

As shown in Fig. 1(b), the joint of the manipulator studied
in this article realizes the rotation motion of the joint by con-
trolling the servo valve. Define y = diag[y, v», - - - , Yn| repre-
sents the move distance of the hydraulic cylinder at different
joints. Assuming that there is no internal leakage in the whole
hydraulic system, the dynamic equation of the hydraulic system
can be modeled as follows:

Vor + Ay - oy .
3 1 aqé]—i—Ql
Voo — Ay - dy .
3 o) 8qq Q> 4)

where V(;, Vp represents the initial volume of the oil inlet
chamber and the oil return chamber of the hydraulic cylinder,
respectively; Se represents the effective bulk modulus of hy-
draulic oil; Pi=[Pi;, Ppa, ..., Pia]", P)=[Py1, P, ..., Pia]"
represent the pressure of the oil cylinder inlet chamber
and return chamber, respectively; P], PZ represents the

pressure change rates of the P, and P, respectively;
A=diag[A;, Az, ..., A,] represents the effective stamping
area of the oil inlet chamber and the oil return chamber of
cylinder; (Qy/0q) represents the complete differential matrix
between cylinder movement and joint angle can be written as

Oyi .. Ou

ay dqi 9qn,
q OYn R OYn
oqi Iqn

and )1, @, represents the fluid flow rates of the oil inlet cham-
ber and the oil return chamber of the hydraulic cylinder, the
relationship between it and the servo valve input signal can be
established as follows:

Q1 = kqg1 (P, u)u

Q2= kg2 (P, u)u (6)
where k4 represents the proportional coefficient between the in-
put signal of the servo valve and the flow rate. The relationship

91(Py,u), g2( P2, u) between the control signal and the flow rate
can be established as follows:

91(Pr,u) =n(u)\/Ps — P + n(—u)\/P, — P
R (Pr,u) =n(u)\/P, — P+ n(—u)\/Ps — P, (7

where P and P, represents the oil supply pressure and return
pressure of the hydraulic system, respectively. The function
n(Z) in (7) is defined as follows:
— _J1Lif=E>0

“(“)_{o,¢f5<o ®)

Through the above process, the torque 7 of the manipulator
can be written as

dy

T=_

dq

C. State Space Model

(AP, — AP). ©)

According to the above dynamic modeling process, the con-

trol goal of this article is to make each joint of the manipulator
. . T

track the desired trajectory xq = qq = [qa1,qaz;---,qdn] as

accurately as possible by designing a controller. Define the

T
state vector z = [z], 27, x?]T =|q",4q7, (AP, — APZ)T‘:| .
According to (1), (2), (4), and (9), the state space model of
DHM dynamics can be established as follows:

i‘l =T
Iy = —¢1xy + 013 — P3 + fi
3 = —bhpsxr + O3¢50 + f> (10)

where ¢1 = M(q) = (C(q,v) + H(v)), po =M, 3= M""
G(q), ¢4=[(1/Vor + Ay)+(1/Voo—Ay)], és5=[(g1(P1,u)/
Vo + Ay) + (92(Py,u) Voo — Ay)l, 61 = (dy/dq), 2=
A(0y/0q)Be, 6= Peky, fi=M'D—Cl(q,(¢d—v))g§—
H(¢—wv)4]+1II; and f, =11, which II; represents
disturbances during modeling process.

Assumption 1: The uncertain disturbances f; and f;, are both
bounded and their change rates are bounded.

Assumption 2 [7]: The parametric uncertainties is bounded
by the known range, i.e., 0 € Qg = {6 : Opin <0 < Opnax}-



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS

Sliding Mode

Surface(Eq.22) d/dt+ki

6,

— Virtual Control
—  Law(Eq.24) ‘_{
v

[

Control signal o
‘ Fictitious System(Eq.16

Sliding Mode
s Surface(Eq.27)

VT T Xt
m Differentiator(Eq.2) _! [

Al X
[Adnp!lvanw(quu | —

» Manipulator
Joint Angle

v
|
I-
|
|
|

_____ r————

Fig. 2. Block diagram of the PFTO-ABSTC.

I1l. PFTO-ABSTC CONTROLLER DESIGN

In this section, an PFTO-ABSTC controller is established for
precise motion control of DHM, including three main compo-
nents: projection-type adaptive law, PFTO and controller de-
sign. The overall structural diagram is shown in Fig. 2

A. Projection-Type Adaptive Law

Define e as the estimated value of e and define estimate
error @ = e — o. Define © = [0, 05, 93]T, and a projection-type
adaptive law is designed as follows [26], [27]:

6 = Projs(I'N) (1)

where T' = diag{I';,T2,T';} represents the positive definite
adaptive gain matrix; N € R is the adaptive vector, which will
be designed in the following chapters. The projection mapping
is defined as follows:

é = emax
é = emin
e, otherwise

=

>0
o< (.

and

and

=

Projg(e) = (12)

B. Practical Finite-Time Observer

In this part, PFTO strategy is constructed to estimate lumped
disturbances and achieves practical finite-time stability. To
maintain generality, the state space model of system (10) is
reconstructed and can be express as

where ¢; represents the polynomial matrix of known form, ;
represents the known formal equation and f; represents the
disturbance, ¢ = 1, 2. To estimate the disturbance f;, a fictitious
system is constructed according to (13) as follows:

Zip1 = xilT (13)

Tiv1 = Xi(T, ) + Op; + Uy (14)
where 2,4 represent the state of the fictitious system, u; rep-
resents the input signal of the fictitious system. According to
(13) and (14), the following expression for the estimated error

can be obtained as follows:

Zip1=Op; + fi — ;. (15)
Thus, if HLHH =0 and ||Z;41]| =0 is satisfied, we can
consider that the control signal «; of the fictitious system

is the disturbance value of the practical system, that is,

‘L(:)goi + fi — u;|| = 0. Therefore, the process of constructing

the estimation strategy is transformed into the control signal ;
of the fictitious system in the subsequent part. Thus, the control
signal 4; of the fictitious system is designed as follows:

i =1+ kg Zigr + k@]
M = wWiTip1 — wWal

,Sign(ii-‘rl) (16)
where kyy, ks, wi and w, both are positive definite diagonal
matrices; r is the positive constant which satisfied r > 2; n;
is the adaptive term. In addition, define 7, =1; — 7); = (:)goi +
fi — M. According to (16), the rate of change of the estimated
error is expressed as follows:

= 7 (9901 + fi) — 1 = 1 — WiEip1 4w — wati. (17)

Lemma 2 [28]: For any p; >0, 0<:<1 and 0 < g <
00, an extended Lyapunov condition with practical finite-time
stability can be given as V(x) + V' (x) < gy, where the
settling time can be estimated by T, <o+ (1/p1p3(1 — 1))

V174 @(0) = (p2/pn(1 = )" and 0 < 3 < 1.

Lemma 3 [29]: For any variables ¢1 and /s, |¢1 |’>\1 |€2|X2 <
PYPWVALEREE / (g + Xo)FAA 21 e gy P He / (Ai+X2) can
obtained, which Xy, X2 and A3 are all positive constants.

Theorem 1: According to assumptions | and 2, if the lumped
disturbance Ogp; + f; of the system satisfies |n;| < D; and
(d/dt) |n;| < Dy, then the state estimated error #;; and the
disturbance estimated error 7); of the observer is practical finite-
time stable.

Proof: See Appendix A.

Remark 2: Since the DHM always lacks velocity feedback
signal, the input signal of the PFTO is v when the unmatched
disturbance f| is estimated, and it is not difficult to conclude
that the convergence time of estimating the unmatched dis-
turbance f; through the above PFTO is max{t.p,tprro}-
Therefore, by combining LD, the convergence time of the
PFTO strategy proposed in this part is further written as T =
max{tLp,tprro}.

C. Controller Design

Define trajectory tracking errors z; = x| — r1q and o) =
T1q — k121, where x4 is the expected tracking signal of the
manipulator joint; k; is a positive definite diagonal matrix; « is
a virtual control law about ;. Define filter error z; to facilitate
subsequent analysis and calculation as follows:

=2 +kizi =22 — (18)

Authorized licensed use limited to: UNIVERSITY OF ESSEX. Downloaded on February 27,2025 at 19:48:49 UTC from IEEE Xplore. Restrictions apply.
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Stepl: Position Tracking. Taking the derivative of z; in (18)
yields the following:

Zh = Xp — (g
= =122+ 012z — P3 + f1 — &y

and integral-type sliding mode manifold is defined as follows:

19)

t
S1 =2 —|—/ a1zdT (20)
0

where a; is a positive definite diagonal matrix. Combined with

(19), the derivation of the sliding mode manifold (20) can be
obtained as follows:
é] = 2:’2 + a1z

=—¢122 + 010273 — @3 + f1 — 1 + a1 2. (21)

According to (21), the virtual control law «; is designed
as follows:

Qp = Ai(OLZa + s + a2aum)
0102
Qg = Q1U + ¢3 — Uy + G — a1z
12 .
ans = —kiis1 — kialsi] / sign(s)
daur + %laaux = *kl?asz‘gn(sl) (22)

and kyy, ki, k13, and | both are positive definite diagonal
matrix.

Step2: Pressure Tracking. Define z3 = 23 — ap and taking
the derivative of 23 can yield the following:

B=143— = —0r0400 + 30u+ fr — . (23)

Due to the unmeasurable velocity signal z, was existed in
the ay, thus it cannot be directly calculated and brought into
the controller design process. In order to solve this practical
problem, the derivative of the virtual control law «; consists of
the following two parts [5]:

Qp = Q¢ + Qrpy

& — Oay  Oop n o i
2¢c ot (9,(61 2d ] 2d
. Oa
Gou = 5 2 [—d1(z2 —v) + 019223 — a1
s

- Jar ~
+ 0 + Cngus + O1pms + f1 — ] + 5220 (24)

where ¢, represents the computable part of the ¢, and dy,,
represents the undifferentiable part caused by disturbance, un-
measurable state and other factors, which will be processed by
the sliding mode controller.

The integral-type sliding mode manifold is defined as
follows:

where a; is the positive definite diagonal matrix. The derivation
of the sliding mode manifold (25) can be obtained:
$2 = —bhguzs + O350 + fr — o + azzs. (26)

According to (26), the the control law w can be obtained
as follows:

u=+—(Uqg + Us + Uguz)
03¢5
Uq = 024V — Uy + G2 — 223
Ug = —k2152 — k22|52|1/23ign(32)
7v.Lau:c + %2uauz = _k238ign(82) (27)

and kyy, ka2, k23, S both are positive definite diagonal matrix.

Theorem 2: Assuming that |d(¢1§1 + f1+ é223)/dt] < Ds
and ‘d(ézqn{l + fz) / dt| < Dy are satisfied, according to the
design of the virtual control law o, and the control law u, choos-
ing large enough gain of the controller to make the following
matrix Y; and matrix Y,; ((29), shown at the bottom of the
page) are positive definite:

wlik“ 0 0
YT = 0 ZWQikZ‘]Jrk:?l — (wZiﬁLk%lJrkl%%i)
0 - (w2i+k,121_|_7k711237:) 203 S+ ki +3;
(28)

where D € max{Ds, Ds}. Then, the system converges to the
sliding mode manifold in finite time.
Proof: See Appendix B.
Theorem 3: The gain and parameters are controlled by
appropriate adjustments to make the following matrix

Ay 0 Ay A3 0
0 diag[kflwl,wz}L; 0 0 0
A= Ay 0 QiR [, k (])r 0
A0 0 JemlgiL 0
0 0 0 0 Amin (d))
(30)
is the  positive  definite matrix, where A=
ko —(1/2) 0 0 0 0
—(1/2) aq 0 N A2 = —(k;12/2) —k” (1/2) N A3 =
| 0 0 ap 0 0 0
0 0 0
0 0 0 , Iy represents a positive
| —(k2/2) —(k2/2) —(1/2)
definite matrix of dimension 4. In addition, the adaptive law

in (11) is obtained by using the following adaptive equation:

t
Sy =23+ / arz3dT 25) T A
0 N =|p1a3za —¢avzs ¢suzz | — YO (31)
ki k2 +kikis+ki D o ki — D D—
wiikiz + kgz + kipkp — kpD —2=2 ; 3Rl 2w3i ki3 wu+2k:13 2¢53; D—D
— kitk>,+kikiz+ki D S
Toi = — iy bethn B 2wyikia — ki ki kiki + 23t 29)

2
2wsikis—wiitkiz—2w3; D—D
2

kinSi
kitkip + =35>

2 _kiZ
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Fig. 3. Experimental platform.

where ¢ = diag[¢), 12, 13] is a positive definite matrix. Thus,
the PFTO-ABSTC controller can ensure that all signals of the
closed-loop system are bounded and that the tracking error can
asymptotically converge, that is, ¢ — oo, z; — 0.

Proof: See Appendix C.

IV. EXPERIMENTAL VERIFY
A. Experimental Steup

The experimental setup, as shown in Fig. 3, primarily consists
of a 2-degree-of-freedom (2-DOF) DHM platform, a control
system, and a signal conversion system. The experiments were
conducted at the rotary joint and pitch joint, as depicted in
Fig. 1. The manipulator joints provide position and pressure
feedback to the PC host. The PC host uses the controller pro-
posed in this article to compute the control signals. These digital
signals are then converted into analog signals for the servo valve
through the signal conversion system. By controlling the servo
valve’s opening, the manipulator joints are driven. The entire
experimental platform operates with a sampling period of 5 ms,
and the hydraulic system is supplied with a pressure of 13 Mpa.

The effectiveness of the proposed method is verified by com-
paring the four controllers in three sets of experiments:

C1: PFTO-ABSTC proposed in this article. The
controller parameters are tuned as: ki = diag[50,45], ki, =
diag[500, 300, k1, = diag[200, 170], k;3=diag[100, 100], & =
diag[30,20], ky = diag[2000,1500], k,, = diag[770, 650],
ko3 = diag[500,400], S, = diag[50,45], T' = diag[5.0 x 1074,
4.2x1074,0.08,0, 05,20, 35]; k s =diag[100, 80, 50, 55], k yo=
diag[50, 60, 35,35], r =diag[3,2,2,4], w; = diag[110, 100,
65,70], and w, = diag[225,210,175,190]. Parameter adjust-
ment guidelines can be seen in [12].

C?2: ESO-ABSTC, which is integrated the ABSTC control
method with ESOs proposed in [18], [26]. The controller values
were set the same as those of C1, and the ESOs parameters are
set as: w,; = diag[100, 150], w., = diag[120, 115].

C3: ABSTC without any disturbance compensation.
The controller gains were set as: kj = diag[50,45], kj; =
diag[1500,2000], k> = diag[500,430], k3 = diag[100, 100],
= diag[30,20], ky; = diag[11000,9800], ky, = diag[1000,
1120], ky3 = diag[1000, 600], I, = diag[50, 45].

C4: PID: proportional-integral-derivative controller with
k, = diag[75,225], k; = diag[25, 10], and kp = diag[0, 0].

Furthermore, the following three performance evaluation
metrics are introduced: 1) Absolute maximum error (AME):

Fig.
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4. Trajectory tracking results of

the four controllers in Case 1.
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Fig. 5. Trajectory tracking errors of the four controllers in Case 1.
(a) Rotary Joint. (b) Pitch Joint.

AME =max{|z(i)|}; 2) Mean squared error (MSE):
MSE = (1/n) 321, (21(i) — z(i))*; 3) Standard Deviation:

(SD): SD = \/Z?:l (21(i) — 2)*/n, where i is the sampling
point, z; is the trajectory tracking error, and z; is the mean
trajectory error.

B. Experimental Result

Casel: Low-speed sine trajectory 2114 = 0.35sin(0.6t)rad
and x5 = —0.35sin(0.6¢)rad are employed to verify the ap-
plicability of the PFTO-ABSTC. The trajectory tracking re-
sults of different control methods are shown in Fig. 4, and
the tracking errors generated during the tracking process are
shown in Fig. 5. In addition, the performance indices of tracking
errors generated by different control methods are shown in
Table I. Due to controller C4 ignores the dynamics of the DHM
completely, it generates the largest tracking error during the
tracking process. The controller C3 is designed based on the
dynamic model of the DHM, and the influence of the parameter
uncertainty of the system is further considered, the maximum
tracking accuracy generated is improved by about 30% com-
pared with C4. However, the above improvement is still difficult
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Cl 1.41 x 1077 1.57 x 107° 4.01 x 10~ 2 .02 °=
Rotary o) 244 %1072 470x107°  6.90 x 107 > 04 0 105 > o5
C3 2.97 x 1072 6.81 x 107° 8.35 x 1073 0 10 20 30 0 10 20 30
C4 4.23 x 1072 4.99 x 107* 2.03 x 1072 500 5 75
Cl 1.27 x 10772 9.37 x 10~ ° 3.10 x 10~ z = 50
Pitch Cc2 2.26 x 1072 3.76 x 107° 6.15 x 1073 < v 2
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Fig. 6. Parameters adaptive results in Case 1.

to meet expectations, which is due to the inevitable existence of
lots of internal and external disturbances, such as pressure shock
disturbance and internal friction. Thus, in order to compensate
for the above disturbance, controller C2 is constructed based
on C3 controller by integrating ESOs. It can be seen from the
data in Table | that all data performance indices of tracking
error have been improved. However, because these ESOs can
only achieve asymptotic convergence and easily amplify system
noise, only limited performance improvement can be achieved.
It is worth noting that controller C1 achieves the minimum
trajectory tracking error by integrating PFTO strategy, which is
atleast 42.21%, 52.53%, and 66.67% smaller than other control
methods, respectively. In addition, the MSE and SD indices of
the C1 are significantly improved compared to other control
methods. The results of the parameter adaptive law can be seen
in Fig. 6. The state estimation results obtained by PFTOs and
ESOs are shown in Figs. 7 and 8. It can be seen that both
strategies can converge to the bounded neighborhood of the
system state. However, according to the subfigures and error
analysis, compared with ESO, PFTO strategy can make the
estimator converge better to the state through the design of a
disturbance adaptive term and a fractional-order term in the
presence of multiple source disturbances, so that controller C1
can obtain better control performance.

Case2: The high-speed sine trajectory zj1q =0.35
sin(1.25t)rad and 124 = —0.35sin(1.25¢)rad is used to
further test the performance of the different controllers. The
trajectory tracking results and errors obtained by different
controllers are shown in Figs. 9 and 10, respectively. The
performance indices of trajectory tracking errors are shown in
Table I1. It can be seen from the above results that the trajectory
tracking error obtained by controller C1 is still smaller than

Pressure Error
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()] a O
o O O O

30 0 10 20 30

Time (s) Time (s)

Fig. 8. State estimation results of Pitch Joint in Case 1.

)
=

1
N

Rotary Joint(Rad
S S
e N o

o
(5]
-y
o
-
(9]
N
o
N
(6]
w
o

o
~

Pitch Joint(Rad)
o
= N

s o
')

o
(&)}
=
o

15
Time (s)

Fig. 9. Trajectory tracking results of the four controllers in Case 1.

that of other controllers, and the maximum trajectory tracking
error is increased by at least 41.30%, 50.76%, and 71.66%
respectively. As can be seen from Figs. 11 and 12, the PFTO
strategy proposed in this article still achieves better state
estimation effect than the ESO strategy, and converges to the
bounded neighborhood of the system state with a smaller state
estimation error. In addition, the controller C1 obtains smaller
MSE and SD compared with other controllers according
to the Table II. By comparing controllers C1 and C2, the
difference is only in the ESOs and PFTOs strategies, while
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Fig. 10. Trajectory tracking errors of the four controllers in Case 2.
(a) Rotary Joint. (b) Pitch Joint.
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Fig. 12. State estimation results of Pitch Joint in Case 2.

TABLE I
PERFORMANCE INDICES OF THE FOUR CONTROLLERS IN CASE 2
Joint Methods AME MSE SD
Cl 1.89 x 1072 2,65 x 107° 5.10 x 1073
Rotary 2 3.29 x 1072 7.85 x 107° 8.92 x 1073
C3 3.96 x 1072 1.14 x 10~* 1.12 x 1072
C4 6.12 x 1072 1.52 x 1073 3.90 x 1072
Cl 1.62 x 1072 1.76 x 1073 420 x 1073
Pitch 2 2.76 x 1072 6.51 x 1073 8.10 x 1073
3 3.67 x 1072 9.89 x 107 1.05 x 1072
C4 7.78 x 1072 1.41 x 1073 3.64 x 1072

the MSE and SD of C1 controller have been greatly improved,
which also proves the effectiveness and excellence of PFTO
strategies.

V. CONCLUSION

This article addresses the trajectory tracking control of a
DHM with unknown disturbances and parameter uncertain-
ties. An PFTO-ABSTC method was proposed to ensure the
asymptotic stability of the tracking error. First, a projection-type
adaptive law was employed to estimate the system’s uncertain
parameters. Second, the PFTO was developed to estimate and
compensate for disturbances. By integrating the PFTO and the
adaptive law, the PFTO-ABSTC controller was constructed.
The stability of the closed-loop system was proven via Lya-
punov stability theory. Finally, the control performance of the
proposed controller was demonstrated through experimental
results performed on a 2-DOF DHM. In future work, we plan
to conduct experiments with more degrees of freedom and to
further consider the actual physical constraints of the system.

A. Proof of Theorem 1
Define ¥ = [531_;,.1 s ﬁz]T
tion as follows:

,4=1,2. And choose Lyapunov func-

. Wi 1 W1 .o 1 )
Vi =9 diag | =, - | 9 = =7 —i)? Al
' lag{z’z} 3 Vi T (A1)
Derivative the (A.1) can obtain
Vi = w1 @1 @i + T,
= w1 Zi1 (7 — kpZin — kgl |77 sign(@i11))

+ 7 (1 — w1 i1 + wan — wat)i)

~(2r—

< —kpwd?,| — kpw 20T 4w F i

+ (w2Dy + Do)1ji — wi &1 — wzﬁf
= —kf1w1£f+] — kfzwligi’l’fl)/r - wzﬁf + (w2 Dy + Do)y
= —"diag[k 1w, wo]9—k 201 227"+ (wy D1+ Dy )iy
(A2)

By Lemma 3, we have

. drk rw s r—1)/r
Vs~ (Gt k) el

4rw,

C(2r—x

|ﬁi|(2r—l)/r
kf1w1 wy

+ (wa Dy + Do) +
(w2 D1 + Dy )i 42T T g2

<— g‘/l(erl)/%‘ +V

where XA =(m—1)/2m, X=1/2m, (=1, ¢=
min{((4rkpiwi/(2r — A1) + kpwi), (drwa/(2r — 1)X)}
and V = (w2 Dy + D)7 + (kf1w1/4r7\%rfl) + (wz/47“X§T71).

According to Lemma 2, the state estimation error ;4 of the
observer can converge to zero in practical finite-time ¢ pprro.
Since then, the finite-time convergence of the observer has been
proven.

(A.3)

B. Proof of Theorem 2

Substituting «, and u into (22) and (27), we can obtain
as follows:

51 = —k?l]S] — k12|81|1/25ign(51) + Aqgux + d]
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Caur + S10quz = —ki3sign(sy) (A.4) Then, (A.10) can be further rewritten as
9 = —ky180 — ko |sa| 2 sign(s + Ugue + d . 1
2= —hnss = kler| T sign(s) & aus + ds Vai < = Amin(T0) [1l13 = — 5 Awin (T20) 1} (A12)
Uguz T+ (\}ZUauz = _k23829n(52) (AS) ‘Sz|
where dj = 6,6 + fi + br23, do = O264€2 + fo. To maintain According to (A.7), we can obtain as follows
generality and facilitate subsequent ane.llysis, the above formu- Amin (®2) [175]]5 < Vai < A (®2) [|75]15
las are rewritten in the following form: 1 /2
. . 12 < g E— Al
53 = —kj18; — kiz|Si|1/2szgn(S¢? +m; i 17 /\L{fn(q, ) (A-13)
n; + Sim; = —kizsi i)+ d; A.
s + S isign(si) +di (A-6) where the positive-definite matrix ®; is given by
where 7 = 1, 12/,;@ = Qgquz + di, sz: Uguz + c'iz. Define vec- 1 2o + ké Ktk ki
;or hl = [‘Sif| Hszgr.z(si) s; m; ]*, and consider Lyapunov o, — 5 i1 i 2y + K —k; (A.14)
unction as follows: — ki — ki D + 1
Thus,
Vai = @i |8i| + 28] + waim; 12
1 1/2 . ) V < )\min(’rli)v Amin(q)i))\min(TZi)Vl/Z
(ki s s, N — ) i < — i — i (A.15)
+ 2(]41“81 + Eilsil “sign(s;) —m;) (A7) Ao (@7 Amae () 2
where w@;; >0, j=1,2,3. Obviously, the Lyapunov According to Lemma 15 in [28], the sliding mode manifold
function above is continuous and differentiable in converge to zero in finite time. Thus, Theorem 2 is proven.

Vai € {Vai(s;,m;)|s; #0}. Therefore, differentiating (A.7)
yields the following:

T8 1 2w28:8 + 2wo3mni;

|5l

2
—|—(k“si—i—kiz\si|1/2sign(si) 1)(’%18 +k22| |1/2 ml)

(A.8)

Vaoy = w5

Substituting (A.6) into (A.8) gives as follows:
Vai < (kitk} + kitki — ki + ki D) |s4]

— (k@i + kj + kiokis + kizD)|Si\l/2
+ (w13 + 2kpws; — kiz 4+ 2ws3, D + D) |my|

(

(

— (ki + k3)s® — ki — kiki)|sil
+ (2w + 2k4 + ki Si) |si] [ml

= (

283 — ki — Si)m?
+ (2k;1 ki + k’iz%i)‘sz‘ \ml| + Im‘ |12/2 (A.9)
Thus, (A.9) can be rewritten as
Vai < —hI Yk — |1/2 —— I (A.10)

|si

According to the assumption in (28) and (29), both T y;
and Y,; are positive definite matrices. Therefore, according
to the properties of positive definite matrices, we can obtain

as follows:
) ||h ||2 hTTllh < )\max(

)\min(
Amin(Y2;) ||hi||2 < h?Tziﬁi < Amax(T

2
1i) |7l

20) Ill;  (A1D)

C. Proof of Theorem 3

The Lyapunov function is as follows:

1~ -

E@TF”@ + Vi+Var+Va
(A.16)

Combined with (10), (19), (23), (28), (29), (A.1), (A7),
(A.11), and (A.15), the derivative of V3 can be obtained as

1
72?23 +

1
fzszer )

1
ngleTzlJr 5

2

Vi< = killal? = ar|lz2)® — a2l s
+ a1l 2] + oy |22l [s1] + Ko |2l 1|2
o]+t
+ | 22| [ma | + kar |23] |s2] 4 F22 |23] |$2|1/2
+ |z3| ma| + Vi + Vay + Voo + ‘éz¢4x2‘ + 172

(A.17)
Define vectors z=[lz1] |2l |zl]%, hy =
Usa'> Jsil mal)™s ha=[ls:|'"* [sa |maf)7, and
x=[z 9 h 0 h ©]T. With the definition of A, the

above equation can be further rewritten as

Vi< —xTAx + A
S _)\min(A)VvS + A (AIS)

WhereA:|()\]/.2 ((I)]))\min(TZI)/)\max(q)l))‘/zl/2 ()\]/2 (®2)

min min

/\min(Tzz)/)\maX(‘I)z))Vglz/z + ‘éz¢45€2 + |p122] + Amax ()

OTO|| + kpwiE2=D/" 4 (wy Dy + D,)ij;|. Obviously, A
1s bounded and V5 is also bounded; thus, the error z is also
bounded. Then, according to the assumption, the state = of the
closed loop system is also bounded, so all the signals of the
whole system are bounded.
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