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Abstract—This paper presents a novel training matrix design
for spatial modulation (SM) systems, by introducing a new class
of two-dimensional (2D) arrays called sparse zero correlation
zone (SZCZ) arrays. An SZCZ array is characterized by a
majority of zero entries and exhibits the zero periodic auto-
and cross-correlation zone properties across any two rows. With
these unique properties, we show that SZCZ arrays can be
effectively used as training matrices for SM systems. Addi-
tionally, direct constructions of SZCZ arrays with large ZCZ
widths and controllable sparsity levels based on 2D restricted
extended generalized Boolean functions (REGBFs) are proposed.
Compared with existing training schemes, the proposed SZCZ-
based training matrices have larger ZCZ widths, thereby offer-
ing greater tolerance for delay spread in multipath channels.
Simulation results demonstrate that the proposed SZCZ-based
training design exhibits superior channel estimation performance
over frequency-selective fading channels compared to existing
alternatives.

Index Terms—Sparse zero correlation zone (SZCZ) arrays,
spatial modulation (SM), training matrix design, restricted gener-
alized Boolean function (RGBF), restricted extended generalized
Boolean function (REGBF).

I. INTRODUCTION

Zero correlation zone (ZCZ) sequence sets were initially
introduced in [1]. These sequences are characterized by their
zero periodic auto- and cross-correlation functions for cer-
tain time-shifts around the in-phase position. Throughout the
years, numerous research attempts have been made on ZCZ
sequence design [2]–[7]. From the application standpoint, ZCZ
sequences can be employed as training sequences for optimal
channel estimation performances in multi-input and multi-
output (MIMO) systems [8]–[10], spreading sequences in the
quasi-synchronous code-division multiple-access (QS-CDMA)
system [11], as well as pilot sequences for frequency synchro-
nization and interference avoidance in multi-cell systems [12],
[13].

Index Modulation (IM) has emerged as an innovative tech-
nique that exploits the indices of transmission resources, such
as antennas [14]–[18] and subcarriers [19], [20] to convey
additional information without consuming extra energy. Fur-
thermore, IM offers key advantages, including high spectral
efficiency and high energy efficiency, making it a strong
candidate for next-generation wireless communication systems
[21]. Among IM techniques, spatial modulation (SM), which
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applies IM in the spatial domain, has gained attention as a
promising multiple-antenna technique due to its unique feature
that only one transmit antenna (TA) is activated per time-
slot [14]–[18]. Thanks to this feature, SM enjoys a number
of advantages, such as zero inter-antenna interference over
flat-fading channels, reduced complexity, and enhanced energy
efficiency. Since only one TA is activated per time slot,
channel estimation in SM systems requires sparse training
matrices with each column containing only one non-zero entry.
This contrasts with the traditional dense matrices used in
conventional MIMO systems. A number of studies on channel
estimation for SM systems over flat-fading channels have
been conducted [22]–[25]. For SM channel estimation over
frequency-selective channels, Liu et al. introduced the cross
Z-complementary pairs (CZCPs) [26] each having 1) front-
end and tail-end ZCZs for their aperiodic autocorrelation sums
and 2) tail-end ZCZ for their aperiodic cross-correlation sums.
Due to these sequence pair properties, it is demonstrated that
inter-symbol interference (ISI) and inter-antenna interference
(IAI) can be mitigated when the delay spread is smaller than
the relevant ZCZ widths of the CZCPs. Since then, various
constructions of CZCPs have been developed [27]–[33]. As
a further generalization, the CZCP concept has also been
extended to the cross Z-complementary set (CZCS) [34], [35].
However, the existing state-of-the-art primarily follows the
training framework proposed by [26], where several kernel
CZCPs (or CZCSs) are arranged in a specific pattern to gen-
erate SM-compatible regular sparse matrices. Consequently,
the ZCZ widths of these training matrices are limited by the
kernel CZCPs or CZCSs.

Motivated by the aforementioned background, this paper
presents a novel training framework for SM systems by
introducing a new class of two-dimensional (2D) arrays called
the sparse ZCZ (SZCZ) array. Our goal is to go beyond
the existing kernel based approaches so as to offer a greater
flexibility in SM training design. Formally, each SZCZ array
is dominated by zero elements, and any two rows of such
an SZCZ array exhibit the zero periodic auto- and cross-
correlation zone property. By fully exploiting the sparsity and
correlation properties of SZCZ arrays, we show that these
SZCZ arrays can be directly used as training matrices for SM
systems, thus referred to as SZCZ training matrices. It is worth
mentioning that the ternary ZCZ arrays [36]–[38] may not be
feasible for the SM training matrices as they cannot guarantee
the requirement of having only one non-zero entry per column.
In this paper, we introduce the concept of 2D restricted
extended generalized Boolean functions (2D REGBFs). By
carefully restricting certain variables in 2D REGBFs, we
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demonstrate that the positions of non-zero entries in each
column of the corresponding 2D arrays can be controlled,
which is crucial since only one non-zero entry is allowed
for every SM training matrix column. Following this idea,
we present direct constructions of SZCZ training matrices
characterized by large ZCZ widths and controllable sparsity
levels, utilizing 2D REGBFs. Compared with existing CZCP-
based and CZCS-based training matrices, the proposed SZCZ
training matrices possess ZCZ widths that are twice as large,
providing greater tolerance for delay spread over frequency-
selective channels. The simulation results demonstrate that
the proposed SZCZ-based training design outperforms the
performance of existing alternatives in channel estimation over
frequency-selective fading channels.

The subsequent sections of this paper are organized as
follows. In Section II, we introduce some notations and
preliminaries, including the SM systems and the definitions
of the SZCZ array. In Section III, we propose a novel training
framework for SM systems based on the SZCZ array and
present the constructions of SZCZ arrays. Section IV provides
the simulation results. Lastly, we provide the conclusion in
Section V.

II. PRELIMINARIES AND DEFINITIONS

Throughout this paper, the following notations will be used:
• Zq = {0, 1, . . . , q − 1} represents the set of integers

modulo a positive integer q;
• ξ = e2π

√
−1/q is a primitive q-th root of unity;

• we consider even integer q in this paper;
• (·)∗ denotes the complex conjugation;
• (·)b represents the modulo b operation where b is the a

positive integer;
• (·)T denotes the transpose;
• (·)H denotes the Hermitian of the matrix;
• Tr(·) represents the trace of the matrix;
• “+” and “−” denote 1 and −1, respectively;
• 0L stands for an all-zero vector of length L.
Let {C0,C1, . . . ,CN−1} denote a set of N complex-valued

sequences of length L where Cg = (Cg,0, Cg,1, . . . , Cg,L−1)
and |Cg,i| ∈ {0, 1} for 0 ≤ g ≤ N − 1. The periodic cross-
correlation function (PCCF) of sequences Cg and Ck at the
time-shift u is defined as

θ(Cg,Ck;u) =

L−1∑
i=0

Cg,(i+u)LC
∗
k,i, |u| ≤ L− 1. (1)

It is noted that θ(Cg,Ck;u) = θ(Ck,Cg;−u)∗. When g = k,
it is referred to as the periodic autocorrelation function (PACF)
of Cg denoted by θ(Cg;u). Additionally, the aperiodic cross-
correlation function of sequences Cg and Ck at time-shift u
is defined as

ρ(Cg,Ck;u) =


L−1−u∑
i=0

Cg,i+uC
∗
k,i 0 ≤ u ≤ L− 1;

L−1+u∑
i=0

Cg,iC
∗
k,i−u, −L+ 1 ≤ u < 0.

(2)
Likewise, the aperiodic autocorrelation function of Cg is
denoted as ρ(Cg;u).

Definition 1: [34] For positive integers N and Z with Z ≤
L, denote two intervals as

R1 ≜ {1, 2, . . . , Z} and R2 ≜ {L−Z,L−Z+1, . . . , L−1}.

Then, a set of N polyphase sequences {C0,C1, . . . ,CN−1}
of length L is called an (N,L,Z)-CZCS if it satisfies the
following conditions.

N−1∑
i=0

ρ(Ci;u) = 0, for all |u| ∈ (R1 ∪R2) ∩R;

N−1∑
i=0

ρ(Ci,C(i+1)N ;u) = 0, for all |u| ∈ R2

(3)
where R ≜ {1, 2, . . . , L− 1}.

By setting N = 2, a CZCS is reduced to a CZCP [26],
referred to as a (L,Z)-CZCP where Z ≤ L/2 when L is
even. An (L,L/2)-CZCP is also known as a perfect CZCP.

Next, we formally introduce the concept of an SZCZ array.
Definition 2: Denote the 2D array C of size N × L as

C =


C0

C1

...
CN−1

 =


C0,0 C0,1 · · · C0,L−1

C1,0 C1,1 · · · C1,L−1

...
...

. . .
...

CN−1,0 CN−1,1 · · · CN−1,L−1

 ,

(4)
where each row sequence Cg has M non-zero entries. The
array C is said to be an (N,L,Z,S)-SZCZ array if the
following conditions hold:

θ(Cg,Ck;u)

=


M, u = 0, 0 ≤ g = k ≤ N − 1;

0, 1 ≤ |u| ≤ Z, 0 ≤ g = k ≤ N − 1;

0, |u| ≤ Z, 0 ≤ g ̸= k ≤ N − 1,

(5)

where Z represents the width of the ZCZ and S = (L−M)/L
indicates the sparsity level. If S = 0, the array C is reduced
to the traditional dense ZCZ array.

In Section III, we will show that the SZCZ arrays play a
crucial role in SM training design.

A. 2D Restricted Extended Generalized Boolean Functions

In this subsection, we introduce the concept of the 2D
REGBFs, which serves as a useful tool for constructing the
SZCZ array. To this end, let us first introduce the 2D EGBF.
A 2D EGBF f : Zn+m

b → Zq comprise n + m variables
y1, y2, . . . , yn, x1, x2, . . . , xm where yg, xi ∈ Zb for b ≥ 2,
1 ≤ g ≤ n, and 1 ≤ m ≤ m. The 2D array f associated to
the 2D EGBF f is represented by

f =


f0,0 f0,1 · · · f0,bm−1

f1,0 f1,1 · · · f1,bm−1

...
...

. . .
...

fbn−1,0 fbn−1,1 · · · fbn−1,2m−1

 , (6)

where fg,i = f((g1, g2, · · · , gn), (i1, i2, · · · , im)), g =∑n
h=1 ghb

h−1, and i =
∑m

j=1 ijb
j−1. The corresponding

complex-valued array is provided by ξf = (ξfg,i) for g =
0, 1, . . . , bn − 1 and i = 0, 1, . . . , bm − 1.
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Fig. 1: Generic transmitter structure of SC-SM systems.

Remark 1: If taking b = 2, the 2D EGBF f : Zn+m
2 → Zq

is reduced to the 2D GBF [39].
Example 1: Considering q = 2, b = 2, n = 2, and m = 3,

let f = x1x2 + y1x3 + y2. The associated complex-valued
array ξf is given by

ξf =


+ + + − + + + −
+ + + − − − − +
− − − + − − − +
− − − + + + + −

 .

Denote a set of p indices by W = {w1, w2, . . . , wp} ⊂
{1, 2, . . . , n}. Let x = (xw1

, xw2
, . . . , xwp

) and y =
(y1, y2, . . . , yp) where yl ∈ Zb. A 2D REGBF f |x=y is
defined by restricting variables x in the f to the certain
known y. To simplify, consider the associated array f |x=y

as the complex-valued array with component equal to ξfg,i if
iwα

= gα for α = 1, 2, . . . , p and equal to zero otherwise.
Therefore, the associated 2D array f |x=y is a sparse array of
size bn × bm.

Remark 2: In a sparse array f |x=y of size bn × bm, the
number of non-zero entries is bm+n−p. Thus, the sparsity is
given by

S =
bm+n − bm+n−p

bm+n
=

bp − 1

bp
. (7)

Example 2: Using the same notations as provided in Ex-
ample 1, let p = 2 and {w1, w2} = {1, 2}. Then we set
x = (x1, x2) and y = (y1, y2). The associated array f |x=y

is given by

f |x=y =


+ 0 0 0 + 0 0 0
0 + 0 0 0 − 0 0
0 0 − 0 0 0 − 0
0 0 0 + 0 0 0 −


with the sparsity S = 3/4.

Example 3: If taking p = 1 and w1 = 1 in Example 1, the
associated array f |x1=y1

is expressed as

f |x1=y1
=


+ 0 + 0 + 0 + 0
0 + 0 − 0 − 0 +
− 0 − 0 − 0 − 0
0 − 0 + 0 + 0 −

 (8)

with the sparsity S = 1/2.

B. Spatial Modulation

Consider a broadband single-carrier spatial modulation (SC-
SM) system with Nt transmit antennas (TAs), Nr receive an-
tennas (RAs), and a QAM/PSK modulation scheme, where the
constellation size is denoted by q, operating over frequency-
selective fading channels, as shown in Fig. 1. The SM symbol
Sk, for 0 ≤ k ≤ K, comprises log2(Ntq) information bits.
Specifically, log2 Nt bits are used for activating one of Nt

TAs and log2 q bits are used to select a QAM/PSK symbol Sk

transmitted by the activated TA at time slot k. Let nk denote
the index of the selected TA at time slot k and hence the SM
symbol Sk can be expressed as

Sk = [0, . . . , 0︸ ︷︷ ︸
nk−1

, Sk, 0, . . . , 0︸ ︷︷ ︸
Nt−nk

]T . (9)

Further details on a broadband SC-SM system can be found
in [16], [17].

III. TRAINING FRAMEWORK FOR SM SYSTEMS

In this section, we begin by introducing the system model
and outlining the design criteria for the training matrix in SC-
SM systems. Subsequently, we propose a novel training matrix
design utilizing SZCZ arrays.

A. Training Matrix Design

For a generic training-based multiple-antenna transmission
structure, let us consider Nt TAs and Nr RAs. Before trans-
mitting the data payload, the training sequences C0, C1, . . . ,
CNt−1 are sent from Nt TAs for estimating the channel state
information (CSI) at the receiver. A cyclic prefix (CP) is added
before each training sequence for ISI mitigation in multipath
channels. These training sequences can be expressed as the
matrix form, referred to as the training matrix. Specifically,
the training matrix is given by

C =


C0

C1

...
CNt−1

 =


C0,0 C0,1 · · · C0,L−1

C1,0 C1,1 · · · C1,L−1

...
...

. . .
...

CNt−1,0CNt−1,1 · · ·CNt−1,L−1

 ,

(10)
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where Cg = (Cg,0, Cg,1, . . . , Cg,L−1) is transmitted over the
g-th antenna with equal energy

∑L−1
l=0 |Cg,l|2 = M for 0 ≤

g ≤ Nt − 1. Since only one TA is activated per time
slot in SM system, each column of the training matrix
contains only one non-zero entry. Namely, each column
(C0,i, C1,i, . . . , CNt−1,i)

T of (10) has one non-zero entry for
0 ≤ i ≤ L−1. Hence, for a given Nt, we have L = NtM and
the sparsity of the SM training matrix is S = (Nt − 1)/Nt.

The channel matrix with (λ+ 1)-multipath is denoted as

H = (H0,H1, . . . ,Hλ)Nr×Nt(λ+1) (11)

where Hl ∈ CNr×Nt denotes the l-th multipath channel sub-
matrix with its constituent entries drawn from CN (0, 1/(λ+
1)). A larger λ indicates a greater delay spread, which may
lead to higher amount of ISI and IAI. Besides, let

X =


C(0)

C(1)

...
C(λ)


Nt(λ+1)×L

(12)

where C(u) represents the u-th right cyclic shift of the matrix
C in (10). The received signal Y ∈ CNr×L is

Y = HX + V (13)

where V ∈ CNr×L is the complex additive white Gaussian
noise (AWGN) with each entry having a distribution from
CN (0, σ2

v). The signal-to-noise ratio (SNR) at each RA is
given as 1/σ2

v . By utilizing the least-square (LS) channel
estimator [9], the estimated channel matrix is given by

Ĥ = Y XH(XXH)−1. (14)

Since each channel coefficient follows a CN (0, 1/(λ + 1))
distribution, the normalized mean square error (NMSE) can
be formulated as

NMSE =
σ2
vNr

NrNt
Tr

(
(XXH)−1

)
=

σ2
v

Nt
Tr

(
(XXH)−1

)
.

(15)

From [26], the minimum NMSE can be obtained if and only
if

XXH = MINt(λ+1). (16)

That is,

θ(Cg,Ck;u) =


M, g = k, u = 0;

0, g = k, 1 ≤ u ≤ λ;

0, g ̸= k, 0 ≤ u ≤ λ.

(17)

Therefore, by applying (16) to (15), the minimum NMSE is
given as

minimum NMSE =
σ2
v(λ+ 1)

M
. (18)

Lemma 1: According to (17), one can attain the minimum
NMSE for the channel estimation if and only if the SM training
matrix is an (Nt, L, Z,S)-SZCZ array with Z ≥ λ and S =
(L−M)/L.

As only one TA is activated during each time-slot, for the
SM training matrix provided in (10), two design criteria are
outlined below:

Criterion (C1) Each column in the training matrix, i.e,
(C0,i, C1,i, . . . , CNt−1,i)

T for 0 ≤ i ≤ L − 1, contains only
one non-zero entry.

Criterion (C2) The training matrix must meet the condition
specified in (17).

Since the SZCZ arrays have already fulfilled criterion (C2)
according to Lemma 1, the primary objective is to design the
SZCZ array to fulfill criterion (C1).

Definition 3: The SZCZ array that fulfills criterion (C1) is
referred to as the SZCZ training matrix.

Remark 3: (18) can be rewritten as

minimum NMSE =
Ntσ

2
v(λ+ 1)

L
(19)

with M = L/Nt. Therefore, given Nt and λ, the
(Nt, L, Z,S)-SZCZ training matrix can achieves a lower min-
imum NMSE value as L increases. However, a larger L also
leads to a higher overhead.

Remark 4: In [26], the CZCP-based training matrix is
constructed by arranging CZCPs row by row. Specifically, for a
training matrix of size 2n×2m, each row consists of a CZCP of
length 2m−n−1 and 2m−2m−n zero entries. If taking Nt = 4
for example, the CZCP-based training matrix of size 4 × 2m

is given as follows:
D0 0 0 0 D1 0 0 0
0 D0 0 0 0 D1 0 0
0 0 D0 0 0 0 D1 0
0 0 0 D0 0 0 0 D1


4×2m

,

(20)
where (D0,D1) forms a (2m−3, Z)-CZCP and 0 represents
02m−3 . It can be observed that any two rows are cyclically
shifted versions of each other, ensuring that each column has
only one non-zero entry, thereby fulfilling the design criteria
for the SM training matrix. For different values of Nt, the same
logic as provided above can be straightforwardly applied.

Remark 5: For a CZCP-based training matrix of size 2n ×
2m, when the delay spread equals the length of the constituent
CZCP (D0,D1), the PCCF value of adjacent rows reaches its
maximum when u = λ, given by

θ(Cg+1,Cg; 2
m−n−1) = ρ(D0; 0)+ ρ(D1; 0) = 2m−n (21)

for g = 0, 1, . . . , 2n − 2, leading to the largest interference.
As a result, when λ ≥ 2m−n−1, the NMSE performance
of channel estimation in the framework of [26] deteriorates
significantly due to substantial interference between adjacent
antennas.

The training matrices currently in use follow the framework
proposed by [26] as stated in Remark 4, relying on existing
CZCPs or CZCSs as kernel sequences. These kernel sequences
must follow specific patterns to construct sparse training
matrices that meet criteria (C1) and (C2) in SM. However, the
delay tolerance is smaller than the length of the kernel CZCPs
or CZCSs since the NMSE of channel estimation may degrade
significantly when the delay spread is equal to or larger than
the kernel sequence length as stated in Remark 5. In fact, these
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training matrices can be considered specific instances of SZCZ
training matrices.

In contrast, this paper aims to directly construct SZCZ
training matrices with larger ZCZ widths, without relying
on any specific sequences as kernels. This will enhance the
delay tolerance of the proposed SZCZ training matrices and
effectively address the limitations of CZCP- or CZCS-based
training matrices discussed in Remark 5. In the following
sections, we may use “SZCZ matrix” to denote SZCZ training
matrix for simplicity.

B. Proposed SZCZ Training Matrix for SM System

By leveraging 2D REGBFs, we present direct constructions
of SZCZ matrices for the SM system. Furthermore, we will
show that the proposed SZCZ matrix exhibits a larger ZCZ
width compared to existing CZCP-based and CZCS-based
training matrices. First, we introduce the basic construction of
SZCZ matrices based on 2D RGBFs in the following theorem.

Theorem 1: Given positive integers m and n, de-
note π as the permutation of the set {1, 2, . . . ,m}.
Let x = (xπ(m−n+1), xπ(m−n+2), . . . , xπ(m)) and y =
(y1, y2, . . . , yn). The 2D RGBF is

f |x=y =
q

2

m−n−1∑
l=1

xπ(l)xπ(l+1) +

m∑
l=1

µlxl +

n∑
s=1

κsys + µ0

(22)
where µl, κs ∈ Zq , and µm ∈ {0, q/2}. If π(1) = m and
π(m − n + a) ∈ {m − n,m − n + 1, . . . ,m − 1} for α =
1, 2, . . . , n, then the matrix

C = f |x=y (23)

forms a (2n, 2m, 2π(2)−1,S)-SZCZ matrix where S =
(2n − 1)/2n.

Proof: The proof is given in Appendix A
Remark 6: The (2n, 2m, 2π(2)−1,S)-SZCZ matrix con-

structed from Theorem 1 can be directly employed as a training
matrix of size 2n×2m in the SM system since it fulfills criteria
(C1) and (C2).

Corollary 2: Taking π(2) = m−n−1 and π(m−n+α) =
m−n+α−1 for α = 1, 2, . . . , n in Theorem 1, the constructed
(2n, 2m, 2m−n−2,S)-SZCZ matrix is reduced to the training
matrix constructed from the perfect CZCPs of length 2m−n−1

in [26].
Proof: The proof is given in Appendix B.

Next, we use an example to illustrate that the proposed
SZCZ matrix can be reduced to the CZCP-based training
matrix.

Example 4: Considering q = 2, m = 5, and n = 2, the con-
structed training matrix is of size 4×32. Let π = (5, 2, 1, 3, 4),
x = (x3, x4), and y = (y1, y2). According to Theorem 1, the
2D RGBF is

f |x=y = x5x2 + x2x1

where µl = 0 and κs = 0 for all l and s. The matrix C =
f |x=y is a sparse (4, 32, 2, 3/4)-SZCZ matrix given by (24).
The PACF values of C0 and PCCF values of C0 and C3

are shown in Fig. 2 for shifts u = 0, 1, . . . , 16. Clearly, each
column has only one non-zero entry and the ZCZ width is

indeed 2. It can be observed that the constructed SZCZ matrix
is identical to the CZCP-based training matrix in [26], which
is composed of a perfect (4, 2)-CZCP ((+++−), (++−+)).

While the (2n, 2m, 2π(2)−1,S)-SZCZ matrix proposed in
Theorem 1 can be directly utilized as the training matrix in
the SM system, its largest ZCZ width is limited to 2m−n−2

when π(2) = m − n − 1. However, a larger ZCZ width is
desirable for the SZCZ matrix since it enables greater tolerance
for multipaths, as stated in Lemma 1. Therefore, we propose a
second construction of SZCZ matrices with larger ZCZ widths
in the following theorem.

Theorem 3: For positive integers m and n with m > n, let
nonempty set I1, I2, . . . In be a partition of {1, 2, . . . ,m}, πα

be a bijection from {1, 2, . . . ,mα} to Iα for α = 1, 2, . . . , n
where mα = |Iα|. Let x = (xπ1(m1), xπ2(m2), . . . , xπn(mn))
and y = (y1, y2, . . . , yn). The 2D RGBF is

f |x=y =
q

2

n∑
α=1

mα−1∑
β=1

xπα(β)xπα(β+1) + xπα(mα)yα

+

m∑
l=1

µlxl +

n∑
s=1

κsys + µ0

(25)

where µl, κs ∈ Zq , and µm ∈ {0, q/2}. If πα(1) = m−α+1
for 1 ≤ α ≤ n, the matrix

C = f |x=y (26)

is a (2n, 2m, 2π1(2)−1,S)-SZCZ matrix where S = (2n −
1)/2n.

Proof: The proof is given in Appendix C.
Remark 7: If taking π1(2) = m− n in Theorem 3, we can

obtain the SZCZ matrix of size 2n× 2m with the largest ZCZ
width Z = 2m−n−1.

In the following example, we show that the proposed SZCZ
matrix exhibits a larger ZCZ width compared to existing
CZCP-based and CZCS-based training matrices.

Example 5: For q = 2, m = 6, and n = 2, denote I1 =
{3, 4, 6} and I2 = {2, 1, 5} with π1 = (6, 4, 3) and π2 =
(5, 2, 1) according to Theorem 3. Let x = (x3, x1) and y =
(y1, y2). The 2D RGBF is

f |x=y = x6x4 + x4x3 + x3y1 + x5x2 + x2x1 + x1y2,

where µl = 0 and κs = 0. The matrix

C = f |x=y

is a (4, 64, 8, 3/4)-SZCZ matrix given by (27). The PACF
values of C0 and PCCF values of C0 and C3 are depicted
in Fig. 3. Clearly, each column has only one non-zero entry.
The ZCZ width is indeed 8 whereas the CZCP-based [26] and
CZCS-based [34] training matrices of size 4 × 64 have ZCZ
widths of 4 and 3, respectively.

Remark 8: The proposed SZCZ matrices from Theorem 1
and Theorem 3 can be directly utilized as the training matrices
in the SM system. In contrast, existing SM training schemes
primarily follow the training framework proposed by [26],
where CZCPs (or CZCSs) are employed as kernel sequences
and must be arranged in a specific pattern to generate sparse
training matrices for the SM system.
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TABLE I: Comparison of Different Frameworks for SM Training Matrices of Size 2n × 2m

Method Largest ZCZ width Based on Note
[26] 2m−n−2 CZCP of length 2m−n−1

[34] 2m−n−k − 1 CZCS of set size 2k and of length 2m−n−k k ≥ 2
Theorem 3 2m−n−1 2D RGBF m > n

C =


C0

C1

C2

C3

 =


+ + + − 0 0 0 0 0 0 0 0 0 0 0 0 + + − + 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 + + + − 0 0 0 0 0 0 0 0 0 0 0 0 + + − + 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 + + + − 0 0 0 0 0 0 0 0 0 0 0 0 + + − + 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 + + + − 0 0 0 0 0 0 0 0 0 0 0 0 + + − +

 . (24)
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Fig. 2: PACF values of C0 and PCCFs values of C0 and C3

in Example 4.

Remark 9: Although the parameters of the SZCZ matrices
constructed in Theorem 3 encompass those in Theorem 1, the
matrices constructed in Theorem 1 and Theorem 3 could be
distinct. For example, CZCP-based training matrices can be
regarded as special cases of the SZCZ matrices in Theorem 1,
as stated in Corollary 2. However, Theorem 3 cannot include
CZCP-based training matrices.

In Table I, taking the same sparsity and a training matrix
of size 2n × 2m, we compare the proposed SZCZ matrix
with the existing CZCP-based and CZCS-based training ma-
trices. Since the training matrix is of size 2n × 2m, we
use perfect CZCPs [26] and CZCSs [34] of power-of-two
lengths for comparison. Clearly, our proposed training design
exhibits larger ZCZ widths, indicating greater tolerance for
delay spread. This is because the types of training matrices
proposed by [26] and [34] follow specific patterns, requiring
the utilization of existing CZCPs and CZCSs, respectively,
to construct sparse training matrices. As a consequence, the
ZCZ widths of these training matrices are constrained by the
properties of the CZCPs or CZCSs. Moreover, when the delay
spread exceeds or equals the sequence length of the constituent
CZCPs or CZCSs, significant NMSE performance degradation
occurs in channel estimation. On the other hand, our proposed
SZCZ matrices based on 2D RGBFs can be directly used as
training matrices in the SM system without the help of any

kernel CZCPs or CZCSs, thereby offering greater flexibility in
designing SM training matrices to obtain larger ZCZ widths.

Although the proposed SZCZ matrices in Theorem 3 exhibit
larger ZCZ widths, their sequence lengths are restricted to
2m. Therefore, in the following theorem, we present another
construction of SZCZ matrices with arbitrary lengths using
REGBFs. We follow similar notations as given in Theorem 3.

Theorem 4: Given a positive integer b with b ≥ 2, let x =
(xπ1(m1), xπ2(m2), . . . , xπn(mn)) and y = (y1, y2, . . . , yn),
where x,y ∈ Zn

b . The 2D REGBF is

f |x=y =
q

b

n∑
α=1

mα−1∑
β=1

xπα(β)xπα(β+1) + xπα(mα)yα

+

m∑
l=1

µlxl +

n∑
s=1

κsys + µ0

(28)

where µl, κs ∈ Zq , and µm ∈ {0, q/b}. If πα(1) = m−α+1
for 1 ≤ α ≤ n, the matrix

C = f |x=y (29)

forms a (bn, bm, (b − 1)bπ1(2)−1 + (b − 2)bπ1(3)−1,S)-SZCZ
matrix where S = (bn − 1)/bn.

Proof: The proof is given in Appendix D.
Example 6: Given q = 3, b = 3, m = 4, and n = 1,

let π1 = (4, 3, 2, 1) with x = x1 and y = y1. According to
Theorem 4, the 2D REGBF is given by

f |x1=y1
= x4x3 + x3x2 + x2x1 + x1y1

where µl = 0 and κs = 0. The matrix C = f |x1=y1
forms

a (3, 81, 21, 2/3)-SZCZ matrix. The PACF values of C0 and
PCCF values of C0 and C2 are provided in Fig. 4. The ZCZ
width is confirmed to be 21.

IV. SIMULATION RESULTS

In this section, we evaluate the channel estimation per-
formance of the proposed SZCZ matrix over quasi-static
frequency-selective channels with (λ + 1)-multipaths, as de-
scribed in (11). First, we set Nt = 4, Nr = 4, and the training
matrix is of size 4×64 with elements drawn from the alphabet
{+1, 0,−1}. Let us consider the constructed (4, 64, 8, 3/4)-
SZCZ matrix as given in (27). For comparison, we utilize a
perfect CZCP of length 8 and a CZCS with set size of 4 and
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C =

+ 0+ 0 0 0 0 0 + 0+ 0 0 0 0 0 + 0− 0 0 0 0 0 + 0− 0 0 0 0 0 + 0+ 0 0 0 0 0− 0− 0 0 0 0 0 + 0− 0 0 0 0 0− 0 + 0 0 0 0 0
0 0 0 0− 0− 0 0 0 0 0 + 0+ 0 0 0 0 0− 0 + 0 0 0 0 0 + 0− 0 0 0 0 0− 0− 0 0 0 0 0− 0− 0 0 0 0 0− 0 + 0 0 0 0 0− 0 + 0
0− 0 + 0 0 0 0 0− 0 + 0 0 0 0 0− 0− 0 0 0 0 0− 0− 0 0 0 0 0− 0 + 0 0 0 0 0 + 0− 0 0 0 0 0− 0− 0 0 0 0 0 + 0+ 0 0 0 0
0 0 0 0 0 + 0− 0 0 0 0 0− 0 + 0 0 0 0 0 + 0+ 0 0 0 0 0− 0− 0 0 0 0 0 + 0− 0 0 0 0 0 + 0− 0 0 0 0 0 + 0+ 0 0 0 0 0 + 0+

 .

(27)
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Fig. 3: PACF values of C0 and PCCF values of C0 and C3

in Example 5.
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Fig. 4: PACF values of C0 and PCCF values of C0 and C2

in Example 6.

length 4 to construct 4×64 training matrices. The CZCP-based
training matrix [26] is given by


D0 0 0 0 D1 0 0 0
0 D0 0 0 0 D1 0 0
0 0 D0 0 0 0 D1 0
0 0 0 D0 0 0 0 D1


4×64

,

(30)
where 0 represents 08 and (D0,D1) = (+++−++−+,++
+ − − − +−) is the perfect (8, 4)-CZCP. The CZCS-based

training matrix [34] is given by
s0 0 0 0 s1 0 0 0 s2 0 0 0 s3 0 0 0
0 s0 0 0 0 s1 0 0 0 s2 0 0 0 s3 0 0
0 0 s0 0 0 0 s1 0 0 0 s2 0 0 0 s3 0
0 0 0 s0 0 0 0 s1 0 0 0 s2 0 0 0 s3


4×64

,

(31)
where (s0, s1, s2, s3) = (+ − ++,+ + +−,+ − ++,− −
−+) forms the CZCS of length 4 and 0 denotes 04. It can be
verified that the ZCZ widths of CZCP-based and CZCS-based
training matrices from (30) and (31) are 4 and 3, respectively,
as illustrated in Table I. Additionally, we can observe that
several CZCPs and CZCSs need to be arranged in specific
patterns, respectively, to generate regular sparse matrices.

3 4 5 6 7 8 9 10 11 12 13 14
-20

-18

-16

-14

-12

-10

-8

-6

-4

-2

CZCS-based (Length 4, Z=3) [34]

CZCP-based (Length 8, Z=4) [26]

(4,64,8,3/4)-SZCZ (Proposed)

Minimum NMSE

Fig. 5: NMSE comparison for different training schemes using
the training matrices of size 4× 64 at SNR of 12 dB.

In Fig. 5, we compare NMSE performance with varying
numbers of multipaths at the SNR of 12 dB. As stated in
Remark 5, the NMSE performance of CZCP-based or CZCS-
based training schemes degrades significantly when the delay
spread equals their respective sequence lengths, corresponding
to 9 for CZCP-based and 5 for CZCS-based, respectively. On
the other hand, the NMSE performance using our proposed
(4, 64, 8, 3/4)-SZCZ training matrix with a ZCZ width of
Z = 8 achieves the minimum NMSE when the number
of multipaths is 9 or fewer. Notably, when the number of
multipaths exceeds 9, the NMSE performance of our proposed
training scheme degrades slightly, in contrast to the significant
performance degradation observed in the curves of CZCP-
based and CZCS-based training schemes. This is because
our proposed SZCZ matrices are inherently designed in a
2D form rather than obtained by concatenating multiple 1D
sequences in specific patterns, thus leading to reduced inter-
ference between adjacent antennas. Fig. 6 illustrates NMSE
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Fig. 6: NMSE comparison for different training matrix sizes
under the delay spread of λ = 8.
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Fig. 7: Comparison of NMSE performance for different train-
ing schemes using the training matrices of size 4×128 at SNR
of 12 dB.

values across varying SNRs for different training sequence
lengths, assuming a delay spread of λ = 8. For a fair
comparison, all training sequences are normalized to have
identical energy. It can be observed that the NMSE per-
formance of the proposed training scheme aligns with the
curve of the minimum NMSE, outperforming the CZCP-
based and CZCS-based training schemes using sequences of
length 64, as well as the CZCS-based training sequences of
length 128. Notably, although the CZCP-based training of
length 128 achieves performance comparable to the proposed
SZCZ-based scheme, its training overhead is twice as large,
making the training design inefficient. Under the same training
length, the proposed SZCZ-based scheme outperforms both the
CZCS-based and CZCP-based schemes, as shown in Fig. 7.
Next, we compare the training sequences with non-power-
of-two lengths. For Nt = 3 and Nr = 3, we consider
the constructed (3, 81, 21, 2/3)-SZCZ from Example 6 and

compare it with the perfect CZCS of length 10 from [34]
and the perfect (20, 10)-CZCP from [26] in Fig. 8. Since the
training matrices constructed from the CZCP and CZCS are
of size 3 × 120, we normalize all the training sequences to
have identical energy to ensure a fair comparison. It can be
observed that the proposed (3, 81, 21, 2/3)-SZCZ matrix can
tolerate larger delay spreads while requiring a shorter training
sequence length.

Subsequently, using minimum MSE (MMSE) equalizer
[40], we analyze the bit error rate (BER) performance of
different training schemes with 9 multipaths in Fig. 9. Clearly,
the BER performance of our proposed SZCZ-based training
scheme outperforms the CZCP-based and CZCS-based train-
ing schemes and is closest to the perfect CSI curve. Compared
to the perfect CSI curve, the approximately 2 dB degradation
in the BER curve of our SZCZ-based training scheme is due
to channel estimation errors from the LS estimator.
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CZCP-based (Size 3x120, Length 20, Z=10) [26]

(3,81,21,2/3)-SZCZ (Size 3x81, Proposed)

Minimum NMSE

Fig. 8: Comparison of NMSE performance for various training
matrix sizes at SNR of 12 dB with Nt = 3.
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Fig. 9: BER Comparison for different training schemes with
9 multipaths.
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V. CONCLUSION

In this paper, we have proposed a novel training matrix
design for SM systems. First, we have introduced a new
class of 2D arrays, i.e., the SZCZ array, which consists of
several zero entries. Any two rows of an SZCZ array possess
the zero periodic auto- and cross-correlation zone property.
By fully leveraging the sparsity and correlation properties of
SZCZ arrays, we have shown that certain SZCZ arrays, where
each column has only one non-zero entry, can be used as
training matrices for SM systems, referred to as SZCZ training
matrices. Furthermore, we have introduced the concept of
2D REGBFs and proposed direct constructions of SZCZ
training matrices with large ZCZ widths and controllable
sparsity levels in Theorem 1, Theorem 3, and Theorem 4.
Note that CZCP-based training matrices can be regarded as
the special case of the proposed training matrices as stated in
Corollary 2. Compared with existing CZCP-based and CZCS-
based training matrices, the proposed SZCZ matrices exhibit
larger ZCZ widths, indicating greater tolerance for delay
spread, and do not require any CZCPs or CZCSs as kernel
sequences. The simulation results indicate that the proposed
SZCZ-based training design outperforms the performance of
existing alternatives in channel estimation over frequency-
selective fading channels. Future work includes constructing
SZCZ matrices with more flexible parameters. For example,
there are two non-zero entries in each column of the SZCZ
matrix in (8), which could be utilized as a training matrix
in generalized SM (GSM) systems [41]. Therefore, designing
SZCZ matrices based on 2D REGBFs for GSM systems will
be an interesting research direction.

APPENDIX A
PROOF OF THEOREM 1

Proof: For the SZCZ matrix

C = (CT
0 ,C

T
1 , . . . ,C

T
2n−1)

T

constructed from Theorem 1, where
C0

C1

...
C2n−1

 =


C0,0 C0,1 · · · C0,2m−1

C1,0 C1,1 · · · C1,2m−1

...
...

. . .
...

C2n−1,0 C2n−1,1 · · · C2n−1,2m−1

 ,

(32)
it is necessary to demonstrate that criteria (C1) and (C2) are
satisfied.

In the first part, we commence by verifying (C1). Denote
the i-th column sequence of the SZCZ matrix C as CT

i =
(C0,i, C1,i, . . . , C2n−1,i)

T where 0 ≤ i ≤ 2m−1. Based on the
concept of 2D RGBF, we have Cg,i = ξcg,i if iπ(m−n+α) = gα
for α = 1, 2, . . . , n or Cg,i = 0 if iπ(m−n+α) ̸= gα for some
1 ≤ α ≤ n. For the given i, since

i =

m−n∑
l=1

iπ(l)2
π(l)−1 +

n∑
α=1

iπ(m−n+α)2
π(m−n+α)−1, (33)

there exists only an integer ĝ with

ĝ =

n∑
α=1

ĝα2
α−1 =

n∑
α=1

iπ(m−n+α)2
α−1, (34)

where 0 ≤ ĝ ≤ 2n − 1. Hence, for the i-th column sequence
CT

i , we have Cĝ,i = ξcĝ,i and Cg,i = 0 for g ̸= ĝ, implying
(C1) holds.

Next, we examine (C2). Specifically,

θ(Cg,Ck;u) =

L−1∑
i=0

Cg,(i+u)LC
∗
k,i

=

{
0, g = k, 1 ≤ u ≤ Z,

0 g ̸= k, 0 ≤ u ≤ Z,

(35)

where L = 2m and Z = 2π(2)−1. Denote j = (i+u)L and let
(i1, i2, . . . , im) and (j1, j2, . . . , jm) represent binary vectors
of i and j, respectively. Besides, we also let (g1, g2, . . . , gn)
and (k1, k2, . . . , kn) be binary vectors of g and k, respectively.
We have Cg = (Cg,0, Cg,1, . . . , Cg,2m−1) where Cg,i = ξcg,i

if iπ(m−n+α) = gα for α = 1, 2, . . . , n or Cg,i = 0 if
iπ(m−n+α) ̸= gα for some 1 ≤ α ≤ n. Therefore, we only
consider the multiplications involving non-zero entries, i.e.,
Cg,jC

∗
k,i ̸= 0, implying jπ(m−n+α) = gα and iπ(m−n+α) =

kα for α = 1, 2, . . . , n. In what follows, three cases are taken
into account.

Case 1: u ̸= 0 and im = jm. In this case, we assume that
v is the smallest integer such that iπ(v) ̸= jπ(v). Then we let
i′ and j′ be integers distinct from i and j, respectively, in the
position π(v − 1), i.e., i′π(v−1) = 1 − iπ(v−1) and j′π(v−1) =
1− jπ(v−1). Then we have

cg,j − cg,j′

=
q

2
(jπ(v−2)jπ(v−1) − jπ(v−2)j

′
π(v−1)

+ jπ(v−1)jπ(v) − j′π(v−1)jπ(v))

+ µπ(v−1)jπ(v−1) − µπ(v−1)j
′
π(v−1)

≡ q

2
(jπ(v−2) + jπ(v)) + µπ(v−1)(2jπ(v−1) − 1) (mod q).

(36)
Likewise,

ck,i′ − ck,i ≡
q

2
(iπ(v−2) + iπ(v)) + µπ(v−1)(1− 2iπ(v−1))

(mod q).
(37)

Since jπ(v−1) = iπ(v−1) and jπ(v−2) = iπ(v−2), we obtain

cg,j − ck,i − cg,j′ + ck,i′ ≡
q

2
(jπ(v) − iπ(v)) ≡

q

2
, (38)

which means ξcg,j−ck,i + ξcg,j′−ck,i′ = 0.
Case 2: u ̸= 0 and im ̸= jm. Here, we have iπ(2) ̸= jπ(2).

Suppose not, assume that iπ(2) = jπ(2). Without loss of
generality, we consider jm = 1 and im = 0 and hence we
obtain

u = j − i = 2m−1 +

m−1∑
l=1,l ̸=π(2)

(jl − il)2
l−1

≥ 2m−1 −
m−1∑
l=1

2l−1 + 2π(2)−1 = 2π(2)−1 + 1

(39)
which contradicts the assumption that u ≤ 2π(2)−1. Therefore,
for iπ(2) ̸= jπ(2), let i′ and j′ be integers distinct from i and j,
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respectively, at π(1) = m, i.e., i′m = 1− im and j′m = 1−jm.
Hence, it leads to

cg,j − cg,j′ =
q

2

(
jmjπ(2) − j′mjπ(2)

)
+ µmjm − µmj′m

≡ q

2
jπ(2) + µm (mod q),

(40)
where µm ∈ {0, q/2}. Due to the fact that jπ(2) ̸= iπ(2), we
obtain ξcg,j−ck,i + ξcg,j′−ck,i′ = 0.

Case 3: u = 0 and g ̸= k. By invoking the proof provided
in the first part, we possess Cg,iC

∗
k,i = 0 for 0 ≤ i ≤ 2m − 1,

resulting in θ(Cg,Ck; 0) = 0.
From Case 1 to Case 3, we validate that (C2) holds, thereby

completing the proof.

APPENDIX B
PROOF OF COROLLARY 2

Before proceeding, we introduce the following lemma,
which is useful in the proof of Corollary 2.

Lemma 2: [26] For a positive integer m′, let π be the
permutation of the set {1, 2, . . . ,m′} with π(1) = m′. The
GBF is f = q

2

∑m′−1
l=1 xπ(l)xπ(l+1) +

∑m′

l=1 µlxl + µ0, where
µl ∈ Zq . The pair

(f ,f ′) =
(
f ,f +

q

2
xm′

)
(41)

forms a perfect q-ary (2m
′
, 2m

′−1)-CZCP.
Proof: We aim to demonstrate that by taking π(2) =

m−n−1 and π(m−n+α) = m−n+α−1 for α = 1, 2, . . . , n
in Theorem 1, any row of C, i.e., Cg for 0 ≤ g ≤ 2n − 1,
comprises a CZCP of length 2m−n−1, and 2m − 2m−n zero
entries as stated in Remark 4. The g-th row of the SZCZ matrix
C is given by Cg = (Cg,0, Cg,1, . . . , Cg,2m−1), 0 ≤ g ≤
2n − 1, where Cg,i = ξcg,i for (im−n, im−n+1, . . . ,m− 1) =
(g1, g2, . . . , gn) or Cg,i = 0 for (im−n, im−n+1, . . . ,m−1) ̸=
(g1, g2, . . . , gn). We first consider the case for C0, which can
be represented as

C0 = (D0,0,D1,0)1×2m , (42)

where

D0 = (ξd0) = (ξc0,0 , ξc0,1 , . . . , ξc0,2m−n−1−1),

D1 = (ξd1) = (ξc0,2m−1 , . . . , ξc0,2m−n−1+2m−1−1),
(43)

and 0 is a zero vector of length 2m−1 − 2m−n−1. Since

{π(2), π(3), . . . , π(m− n)} = {1, 2, . . . ,m− n− 1},

with π(2) = m−n−1, let π1(l) = π(l+1), l = 1, 2, . . . ,m−
n− 1, for ease of presentation. Hence, from (22), d0 and d1

can be expressed as

d0 =
q

2

m−n−2∑
l=1

xπ1(l)xπ1(l+1) +

m−n−1∑
l=1

µlxl + µ01,

d1 = d0 +
q

2
xm−n−1,

(44)

for the reason that π1(1) = π(2) = m − n − 1. It can be
seen that the pair (d0,d1) takes the same form as in (41) by
setting m′ = m− n− 1 in Lemma 2. Therefore, (d0,d1) is a
perfect q-ary (2m−n−1, 2m−n−2)-CZCP. Following a similar

line of reasoning, we can derive that any Cg is composed of
a perfect CZCP (d0,d1) and 2m−2m−n zero entries, thereby
completing the proof.

APPENDIX C
PROOF OF THEOREM 3

Proof: According to Theorem 3, we know Cg,i = ξcg,i

if iπα(mα) = gα for α = 1, 2, . . . , n or Cg,i = 0 if
(iπ1(m1), iπ2(m2), . . . , iπn(mn)) ̸= (g1, g2, . . . , gn). Initially,
we demonstrate that the criterion (C1) holds. Similarly, de-
note the i-th column sequence of the SZCZ matrix C as
CT

i = (C0,i, C1,i, . . . , C2n−1,i)
T where 0 ≤ i ≤ 2m − 1.

For the given i, it can be written as

i =

n∑
α=1

mα−1∑
β=1

iπα(β)2
πα(β)−1 +

n∑
α=1

iπα(mα)2
πα(mα)−1. (45)

Since iπα(mα) = gα for all α = 1, 2, . . . , n, there exists only
an integer ĝ satisfying

ĝ =

n∑
α=1

ĝα2
α−1 =

n∑
α=1

iπα(mα)2
α−1, 0 ≤ ĝ ≤ 2n − 1. (46)

Therefore, we have Cĝ,i = ξcĝ,i and Cg,i = 0 for g ̸= ĝ in
the i-th column sequence CT

i which means (C1) holds.
Subsequently, we check (C2). That is,

θ(Cg,Ck;u) =

L−1∑
i=0

Cg,(i+u)LC
∗
k,i

=

{
0, g = k, 1 ≤ u ≤ Z,

0 g ̸= k, 0 ≤ u ≤ Z,

(47)

where L = 2m. Similarly, let j = (i + u)L and
let (i1, i2, . . . , im), (j1, j2, . . . , jm), (g1, g2, . . . , gn), and
(k1, k2, . . . , kn) represent binary vectors of i, j, g, and k,
respectively. We only consider the multiplications involving
non-zero entries, i.e., Cg,jC

∗
k,i ̸= 0, implying jπα(mα) = gα

and iπα(mα) = kα for α = 1, 2, . . . , n. Three cases are
considered below.

Case 1: u ̸= 0 and jπ1(2) = iπ1(2). In this case, we will show
that jπα(1) = iπα(1) for all α = 1, 2, . . . , n. If we assume that
γ is the smallest integer such that jπγ(1) ̸= iπγ(1). Without
loss of generality, we examine jπγ(1) > iπγ(1) = 0, which
implies jm−γ+1 = 1 and im−γ+1 = 0. It leads to

u = j − i = 2m−γ +

m−γ∑
l=1,l ̸=π1(2)

(jl − il)2
l−1

≥ 2m−γ −
m−γ∑
l=1

2l−1 + 2π1(2)−1 = 2π1(2)−1 + 1,

(48)
thereby contradicting the assumption of u ≤ 2π1(2)−1. Hence,
we have jπα(1) = iπα(1) for 1 ≤ α ≤ n. Let α̂ be the largest
integer such that jπα(β) = iπα(β) for α = 1, 2, . . . , α̂− 1 and
β = 1, 2, . . . ,mα. Let v be the smallest integer with jπα̂(v) ̸=
iπα̂(v). Denote j′ and i′ as integers distinct from j and i,
respectively, in the position πα̂(v − 1). Following the similar
arguments as provided in Case 1 of Appendix A, we have

cg,j − ck,i − cg,j′ + ck,i′ ≡
q

2
(jπα̂(v) − iπα̂(v)) ≡

q

2
, (49)
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indicating ξcg,j−ck,i + ξcg,j′−ck,i′ = 0.
Case 2: u ̸= 0 and jπ1(2) ̸= iπ1(2). Likewise, let j′ and i′ be

integers distinct from j and i, respectively, i.e., j′m = 1− jm
and i′m = 1− im. By using the similar derivation as given in
Case 2 of Appendix A, we obtain ξcg,j−ck,i + ξcg,j′−ck,i′ = 0.

Case 3: u = 0 and g ̸= k. By invoking the proof provided in
the first part, we can derive Cg,iC

∗
k,i = 0 for 0 ≤ i ≤ 2m − 1,

resulting in θ(Cg,Ck; 0) = 0.
Combining Case 1 through Case 3, we confirm that (C2)

holds, thus completing the proof.

APPENDIX D
PROOF OF THEOREM 4

Proof: First, we examine the criterion (C1). Similarly, for
the i-th column of C, i.e., CT

i where 0 ≤ i ≤ bm − 1, there
exists only an integer ĝ satisfying

ĝ =

n∑
α=1

ĝαb
α−1 =

n∑
α=1

iπα(mα)b
α−1, 0 ≤ ĝ ≤ bn − 1 (50)

for the reason that iπα(mα) = gα for all α = 1, 2, . . . , n.
Hence, there is only one entry such that Cĝ,i ̸= 0 for every
i = 0, 1, . . . , bm − 1. Next, we will prove (C2). Specifically,

θ(Cg,Ck;u) =

bm−1∑
i=0

Cg,jC
∗
k,i

=

{
0, g = k, 1 ≤ u ≤ Z;

0, g ̸= k, 0 ≤ u ≤ Z,

(51)

where j = (i+u)bm and Z = (b−1)bπ1(2)−1+(b−2)bπ1(3)−1.
We also let (i1, i2, . . . , im), (j1, j2, . . . , jm), (g1, g2, . . . , gn),
and (k1, k2, . . . , kn) represent base-b vectors of i, j, g, and k,
respectively. We only consider jπα(mα) = gα and iπα(mα) =
kα for α = 1, 2, . . . , n. Since the SZCZ matrix C satisfies the
criterion (C1), we know each column has only one non-zero
entry; therefore, θ(Cg,Ck;u) = 0 for u = 0 and g ̸= k. We
consider u ̸= 0 and three cases are provided below.

Case 1: u ̸= 0 and iπ1(2) = jπ1(2). If iπα(1) = jπα(1)

for all α = 1, 2, . . . , n, let α̂ be the largest integer that fulfills
iπα(β) = jπα(β) for α = 1, 2, . . . , α̂−1 and β = 1, 2, . . . ,mα.
We assume v is the smallest integer with iπα̂(v) ̸= jπα̂(v)

and let i(τ) and j(τ) be integers which differ from i and j,
respectively, in the position πα̂(v−1), for τ = 0, 1, . . . , b−1.
Namely, i

(τ)
πα̂(v−1) = (τ − iπα̂(v−1))b and j

(τ)
πα̂(v−1) = (τ −

jπα̂(v−1))b. Then following similar arguments in Case 1 of
Appendix A, we obtain

∑b−1
τ=0 ξ

c
g,j(τ)−c

k,i(τ) = 0.

Case 2: u ̸= 0 and iπ1(2) = jπ1(2). If iπα(1) = jπα(1) for
some α ∈ {1, 2, . . . , n}, we should have iπ1(3) − jπ1(3) ≥ 2.
Suppose not, i.e., −(b−1) ≤ iπ1(3)− jπ1(3) ≤ 1. As πα(1) =
(m− α+ 1) for α = 1, 2, . . . , n, let η be the smallest integer

such that iπη(1) ̸= jπη(1). Without loss of generality, we take
jπη(1) > iπη(1) which means jm−η+1 > im−η+1, and possess

u = j − i

= (jm−η+1 − im−η+1)b
m−η

+

m−η∑
l=1,l ̸=π1(3)

(jl − il)b
l−1 + (jπ1(3) − iπ1(3))b

π1(3)−1

≥ bm−η − (b− 1)

m−η∑
l=1

bl−1 + (b− 1)bπ1(2)−1

+ (b− 1)bπ1(3)−1 − bπ1(3)−1

= (b− 1)bπ1(2)−1 + (b− 2)bπ1(3)−1 + 1,
(52)

which violates the assumption that u ≤ (b−1)bπ1(2)−1+(b−
2)bπ1(3)−1. Therefore, we have iπ1(3) − jπ1(3) ≥ 2. Then let
i(τ) and j(τ) be integers distinct from i and j, respectively, in
the position π1(2) for τ = 0, 1, . . . , b − 1. Likewise, we can
obtain

∑b−1
τ=0 ξ

c
g,j(τ)−c

k,i(τ) = 0.
Case 3: u ̸= 0 and iπ1(2) ̸= jπ1(2). Given τ = 0, 1, . . . , b−1,

let i(τ) and j(τ) be integers which are different from i and
j, respectively, in the position π1(1) = m, i.e., i

(τ)
m =

(τ − im)b and j
(τ)
m = (τ − jm)b. Then, taking the similar

argument as stated in Case 2 of Appendix A, we possess∑b−1
τ=0 ξ

c
g,j(τ)−c

k,i(τ) = 0.
From Case 1 to Case 3, we show that (C2) holds.
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