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Transfer-matrix approach to the Blume-Capel model on the triangular lattice

Dimitrios Mataragkas , Alexandros Vasilopoulos , and Nikolaos G. Fytas *

School of Mathematics, Statistics and Actuarial Science, University of Essex, Colchester CO4 3SQ, United Kingdom

Dong-Hee Kim †

Department of Physics and Photon Science, Gwangju Institute of Science and Technology, Gwangju 61005, South Korea

(Received 19 June 2025; accepted 28 July 2025; published 10 September 2025)

We investigate the spin-1 Blume-Capel model on an infinite strip of the triangular lattice using the transfer-
matrix method combined with a sparse-matrix factorization technique. Through finite-size scaling analysis of
numerically exact spectra for strip widths up to L = 19, we accurately locate the tricritical point improving
upon recent Monte Carlo estimates. In the first-order regime, we observe exponential scaling of the spectral gap,
reflecting the linear growth of interfacial tension as the temperature decreases below the tricritical point. Finally,
we validate our tricritical point estimate through precise agreement with conformal field theory predictions for
the tricritical Ising universality class. Our results underscore the continued utility of the transfer-matrix approach
for studying phase transitions in complex lattice models.
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I. INTRODUCTION

The Blume-Capel model, originally introduced in
Refs. [1,2], describes a spin-1 Ising system with a single-ion
uniaxial crystal-field anisotropy. Despite its apparent simplic-
ity, the model has been extensively studied in both statistical
and condensed matter physics due to the richness of its phase
diagram and its broad theoretical appeal. Its relevance is
further highlighted by its applicability to a variety of physical
systems, including multicomponent fluids, ternary alloys,
and 3He-4He mixtures [3]. More recently, the Blume-Capel
model has found renewed interest in diverse contexts such
as the study of ferrimagnetism [4], wetting phenomena, and
interfacial adsorption [5], as well as investigations into the
scaling behavior of the zeros of the partition function [6] and
the energy probability distribution [7].

The zero-field model is described by the Hamiltonian

H = −J
∑

〈i, j〉
sis j + �

∑

i

s2
i , (1)

where the spin variables si take on the values {−1, 0,+1},
〈i, j〉 indicates summation over nearest neighbors, and J > 0
is the ferromagnetic exchange interaction. The parameter
�, known as the crystal-field coupling, controls the den-
sity of vacancies (si = 0). For � → −∞, vacancies are
suppressed and the model maps onto the simple Ising
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ferromagnet. The phase diagram of the Blume-Capel model
in the crystal field-temperature (�, T ) plane features a bound-
ary separating the ferromagnetic and paramagnetic phases.
At high temperatures and low crystal fields, this boundary
corresponds to a continuous phase transition in the Ising
universality class. In contrast, at low temperatures and high
crystal fields, the transition becomes first order [1,2]. As a
result, the model provides a canonical example of a system
exhibiting a tricritical point (�t, Tt ), where the line of contin-
uous transitions meets the first-order segment [3]. For a recent
high-precision determination of the phase diagram of the two-
dimensional square-lattice Blume-Capel model, we refer the
reader to Ref. [8]. For the triangular-lattice version studied
in the present work, an overview of the phase diagram—
based on both our results and the computations reported in
Refs. [9,10]—is presented in Fig. 1. A detailed compilation of
transition points in the first-order regime, extending up to the
tricritical point, is provided in Table I.

Since it was first proposed, the Blume-Capel model (1)
has been investigated through mean-field theory, perturba-
tive expansions, and numerical simulations on a variety of
lattices, primarily in two and three dimensions; see, e.g.,
Refs. [9,11–13]. The vast majority of studies have focused on
the two-dimensional square lattice, employing a broad range
of methods. These include real-space renormalization [14],
Monte Carlo simulations and Monte Carlo renormalization-
group approaches [15–26], ε-expansion techniques [27–30],
high- and low-temperature series expansions [31–33], and
transfer-matrix calculations [20,34–37].

In the present paper, we investigate the tricritical prop-
erties of the Blume-Capel model on the triangular lattice.
For this particular lattice geometry, Mahan and Girvin
[38] were the first to apply position-space renormalization-
group methods, estimating the tricritical point at (�t, Tt ) =
(2.686, 1.493). Many years later, Du et al. [39] performed
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FIG. 1. Phase diagram of the two-dimensional spin-1 Blume-
Capel model on the triangular lattice in the (�, T ) plane. Transition
points obtained in the present work are shown alongside data
from previous numerical studies using Wang-Landau and mul-
ticanonical simulations [9,10]. An excellent overall agreement
is observed between the different estimates across both seg-
ments of the phase boundary. The tricritical point (�t, Tt ) =
[2.938 568(1), 0.984 7240(2)], as determined in this study, is high-
lighted by a red circle. The dashed line serves as a visual guide,
indicating the first-order transition regime. For brevity, we set J = 1
and J/kB = 1 as the unit of energy and temperature hereafter.

a more sophisticated analytical treatment using an ex-
tended Bethe-Peierls approximation, obtaining the estimate
(�t, Tt ) = (2.841, 1.403). A further refinement, based on
Monte Carlo simulations and an approximate scaling analysis
of the specific heat, yielded (�t, Tt ) = [2.925(8), 1.025(10)]
[9]. Most recently, Mataragkas et al. [10] employed Wang-
Landau simulations to determine the joint density of states,
in combination with histogram reweighting and field-mixing
techniques based on the Metropolis algorithm. This approach
led to a high-precision determination of the first-order tran-
sition line and the tricritical point, now located at (�t, Tt ) =
[2.9388(2), 0.9850(8)].

Methodologically, we employ the transfer-matrix method
with large strip widths. As will become evident below, this
approach enables direct estimation of the phase diagram along
multiple directions and, to the best of our knowledge, has not
previously been applied to the triangular-lattice Blume-Capel
ferromagnet. It proves particularly valuable in exploring the
first-order transition regime, leveraging the deterministic and
numerically stable nature of the transfer-matrix method to
compute the free energy of strip systems without the compli-
cations arising from energy barrier issues that often challenge
even advanced Monte Carlo methods. In addition to its effec-
tiveness in the first-order regime, the transfer-matrix approach
enables precise determination of the tricritical point and sup-
ports detailed comparisons with exact results from conformal
field theory. However, a well-known limitation of the transfer-
matrix method lies in its poor scalability: Finding the largest
eigenvalues becomes computationally demanding as the strip
width increases. This limitation underlines the importance
of efficient matrix algorithms and significant computational
resources. Given the recent advances in Krylov subspace

TABLE I. Transition points along the phase boundary of the
spin-1 Blume-Capel ferromagnet on the triangular lattice in the
first-order transition regime, extending up to the tricritical point.
The upper section of the table presents results from the transfer-
matrix (TM) method obtained in the present work (second column),
compared—where available—with previous estimates from two-
parameter Wang-Landau (WL) (third column) and multicanonical
(MUCA) (fourth column) simulations [10]. The lower section sum-
marizes the most recent tricritical point estimates, emphasizing the
superior numerical precision of the present transfer-matrix calcula-
tions. Numerical uncertainties in the TM results, on the order of 10−7,
are omitted in the upper section for clarity and to avoid repetition.

Transitions points

�∗

T TM WL MUCA

0.5000 2.998 704 2.998 691(8)
0.5500 2.997 496 2.997 482(6)
0.6000 2.995 666 2.995 600(5)
0.6500 2.992 861 2.992 852(4)
0.7000 2.989 060 2.989 055(4)
0.7500 2.984 024 2.984 020(4) 2.984 06(3)
0.8000 2.977 551 2.977 568(3) 2.977 58(7)
0.8500 2.969 455 2.969 520(2) 2.969 60(3)
0.8750 2.964 857
0.9000 2.959 711 2.959 721(4) 2.959 72(1)
0.9250 2.954 137
0.9500 2.948 08(1) 2.947 95(3)
0.9600 2.945 53(1)
0.9650 2.944 22(2)
0.9700 2.942 90(2)
0.9750 2.941 464 2.941 57(2)
0.9800 2.940 21(2)
0.9841 2.938 909
0.9842 2.938 881
0.9843 2.938 853
0.9844 2.938 825
0.9845 2.938 796
0.9846 2.938 768
0.9847 2.938 740

Tricritical point
References Tt �t

[9] 1.025(10) 2.925(8)
[10] 0.9850(8) 2.938 8(2)
Current work 0.984 724 0(2) 2.938 568(1)

algorithms [35] and the availability of much greater computa-
tional power, it is timely to revisit and update transfer-matrix
calculations. In particular, this study reassesses the practical
applicability of the transfer-matrix method around the area
of the tricritical point through direct comparison with recent
high-accuracy Monte Carlo results [10].

In the transfer-matrix analysis, phase transitions are sig-
naled by the asymptotic degeneracy of the largest eigenvalues
of the transfer matrix. Within this framework, we closely
examine the behavior of both the correlation length (ξL) and
the persistence length (ξ̃L). Using the persistence length, we
construct a detailed phase coexistence curve and analyze ther-
modynamic properties in the first-order regime. Notably, we
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observe that the interfacial tension along the coexistence line
increases linearly with the temperature as the system moves
deeper into the first-order region, in agreement with previous
results for both the square- and triangular-lattice Blume-Capel
models [10,35]. We accurately determine the location of the
tricritical point, finding excellent agreement with the most
advanced Monte Carlo results to date [10]. Furthermore, we
perform a stringent test of conformal field theory predic-
tions by extracting the central charge and scaling dimensions
from the transfer-matrix spectrum at our estimated tricrit-
ical point. These results strongly support the identification
of the tricritical point with the Ising tricritical universal-
ity class and align closely with theoretical expectations
[40].

The remainder of this paper is organized as follows.
In Sec. II, we outline our implementation of the transfer-
matrix method for the Blume-Capel model on an infinite
strip of the triangular lattice. Section III presents a detailed
finite-size scaling analysis of the persistence and correla-
tion lengths, including a characterization of the first-order
regime and a highly accurate determination of the tricritical
point, corroborated by precise verification against confor-
mal field theory predictions. Finally, Sec. IV summarizes
our main findings and discusses potential avenues for future
research.

II. TRANSFER-MATRIX METHOD

In this section, we present our implementation of the
transfer-matrix method for the Blume-Capel model on an
infinite strip of the triangular lattice. To construct a sym-
metric transfer matrix, we adopt the three-row geometry
of double-layered triangles, as illustrated in Fig. 2(a), and
impose periodic boundary conditions along the transverse
direction. For a strip of size L × M, the partition function
is expressed as Z = Tr TM , where the transfer matrix T
has dimensions 3L × 3L in the spin-1 case. This exponential
scaling quickly renders full diagonalization computationally
prohibitive. However, since only the largest eigenvalues of T
are needed in the limit M → ∞, we avoid full diagonalization
by employing sparse-matrix factorization combined with the
thick-restart Lanczos algorithm [41]. This approach allows
us to reach strip widths up to L = 19 within our available
computational resources.

Our sparse-matrix factorization builds on the scheme in-
troduced by Blöte, Wu, and Wu for the Ising model on the
honeycomb lattice [42], which we reformulate here for the
triangular-lattice Blume-Capel model. In the chosen three-row
geometry of double-layered triangles, the transfer matrix T
can be factorized as

T = R(V1/2TLTL−1 · · · T2T1V1/2)2, (2)

where V is a diagonal matrix that encodes intra-row interac-
tions and local crystal-field contributions, and each Tk is a
sparse matrix responsible for transferring the spin state at the
kth site. The full transfer through two stacked triangle layers is
achieved by applying this sequence twice. Because the succes-
sive local transfers proceed along the diagonal direction, they
introduce a one-site shift in the top row; the final operation, R,
performs a cyclic rotation of the spin configuration, restoring

s2,1

s1,1 s1,2 s1,L s1,1

s1,1s1,Ls1,2 ⋯

⋯

s1,ks2,k−1 s1,k+1

s2,k−1 s2,k s1,k+1

s2,Ls2,L−1s2,L−2

(b)

(c)

(d)

⋯

⋯

⋯

⋯
⋯

⋯

x

y(a)

s1,L s1,1s2,L−1

⋯

⋯

⋯ ⋯

FIG. 2. Lattice geometry and sparse-matrix factorization.
(a) Schematic of the symmetric transfer-matrix setup for an
infinite strip oriented along the y axis. The sparse-matrix–vector
multiplication begins with (b) T1, which transfers the leftmost spin
and introduces an auxiliary spin. It proceeds through (c) Tk · · · T1,
sequentially transferring the first k spins, and concludes with
(d) TL · · · T1, completing the transfer of all spins across the
row.

symmetry between the top and bottom rows, as depicted in
Fig. 2(a).

To define the matrix elements, we represent the spin con-
figuration of a row of length L using the basis ket |s〉 ≡
|s1s2s3 · · · sL〉, where s j ∈ {−1, 0, 1} denotes the spin at the
jth site, counted from the left. The index s corresponds to
a ternary encoding, given by s = ∑L

j=1(s j + 1) · 3 j−1, which
maps each configuration to a unique integer in 0, . . . , 3L − 1.
A general vector in the L-spin Hilbert space can be written
as |ψL〉 = ∑3L−1

n=0 cn|n〉, which is repeatedly acted upon by the
transfer matrix in the eigenvalue solver: T|ψL〉. The diagonal
matrix V encodes the intra-row Boltzmann weights and is
defined as

〈s|V|s〉 = eβJ (sLs1+
∑L−1

j=1 s j s j+1 )−β�
∑L

j=1 s2
j , (3)

where the first term accounts for nearest-neighbor interactions
with periodic boundary conditions, the second term incorpo-
rates the single-ion anisotropy, and β ≡ 1/T is the inverse
temperature. The symmetric form of T in Eq. (2) is achieved
by inserting V1/2 on both sides of the transfer sequence
TL · · · T1.

Special care is required to correctly implement periodic
boundary conditions in the first (T1) and last (TL) transfer
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operations, which correspond to the leftmost and rightmost
sites of the row, respectively. For the first transfer at site j = 1,
the matrix element of T1 is given by

〈s|T1|s′〉 = eβJs1(s′
1+s′

2 ) δsL+1,s′
1

L∏

j=2

δs j ,s′
j
, (4)

where the spin s′
1 from the newly inserted row is stored in an

auxiliary position sL+1 to ensure correct interaction tracking.
This effectively extends the spin configuration by one site,
making the matrix T1 of size 3L+1 × 3L. This step is illus-
trated in Fig. 2(b), where the transition from the initial state
|s1,1s1,2 · · · s1,L〉 to the intermediate state |s2,1s1,2 · · · s1,Ls1,1〉
is shown, accompanied by the Boltzmann weight encoding the
inter-row interaction at s2,1.

The subsequent operations TkTk−1 · · · T1 incrementally
build the intermediate state |s2,1s2,2 · · · s2,ks1,k+1 · · · s1,Ls1,1〉
as illustrated in Fig. 2(c). For k = 2 to L − 1, the matrix
element of Tk is given by

〈s|Tk|s′〉 = eβJsk (s′
k+s′

k+1 )
k−1∏

j=1

δs j ,s′
j

L+1∏

j=k+1

δs j ,s′
j
, (5)

where s′
k and s′

k+1 represent newly added spins in the sec-
ond row. The Kronecker deltas ensure that spins outside the
update region remain unchanged. The matrix Tk acts on an
extended spin configuration of size L + 1; hence, its dimen-
sion is 3L+1 × 3L+1. The auxiliary spin sL+1 = s′

L+1 is retained
throughout the process to pass the stored value of s1,1 to the
final operator TL.

The auxiliary spin storing the initial state s1,1 is finally
utilized in the transfer of the rightmost spin site. The matrix
element of TL is given by

〈s|TL|s′〉 = eβJsL (s′
L+s′

L+1 )
L−1∏

j=1

δs j ,s′
j
, (6)

where s′
L+1 corresponds to the retrieved value of s1,1. This

operation completes the transformation to the full second-row
configuration |s2,1 · · · s2,L−1, s2,L〉, as illustrated in Fig. 2(d).
The matrix TL has dimensions 3L × 3L+1, reflecting that the
auxiliary spin is discarded after use, thus restoring the original
configuration size.

Since our geometry includes two layers of triangular
plaquettes, the full transfer requires repeating the above op-
erations to propagate spin configurations from the middle to
the top row. This second set of transfers proceeds along the
diagonal, as shown in Fig. 2(a), which introduces a one-site
shift to the right in the top row. To compensate for this shift
and restore the intended geometry, we exploit the periodic
boundary condition by applying a cyclic rotation operator R,
defined as

R|s1s2 · · · sL〉 = |sLs1s2 · · · sL−1〉. (7)

This rotation maps the state to the configuration depicted
at the top row of Fig. 2(a), thus ensuring that the resulting
transfer matrix is symmetric. By incorporating this sparse-
matrix factorization into the eigensolver [41], our matrix-free

implementation takes full advantage of fast, on-the-fly sparse-
matrix–vector multiplications. These are parallelized using
shared-memory computing and do not require explicit storage
of the matrix elements.

We conclude this section by recalling that, in transfer-
matrix analysis, phase transitions are signaled by the asymp-
totic degeneracy of the leading eigenvalues. It is important to
emphasize that the structure of the transfer-matrix spectrum
depends on the choice of boundary conditions, and that the
number of quasi-degenerate eigenvalues reflects the nature
of the low-temperature phase. In the present study of the
triangular-lattice Blume-Capel model with periodic bound-
ary conditions, we focus on the three lowest eigenvalues,
as the tricritical point is characterized by the coexistence
of three different states. In particular, the spin correlation
length in the y direction along the infinite strip is de-
fined as ξL ≡ 1/ ln (λ1/λ2), where λ1 and λ2 are the largest
and second-largest eigenvalues, respectively. At a continu-
ous phase transition, ξL diverges due to the near-degeneracy
λ1 ≈ λ2. In tricritical systems, the third-largest eigenvalue λ3

also becomes important. At the tricritical point and along the
first-order transition line, the largest three eigenvalues may
become nearly degenerate [20,34,43–46]. To capture this, the
so-called persistence length (also known as the second cor-
relation length [44,45]) is defined as ξ̃L ≡ 1/ ln (λ1/λ3). This
quantity was introduced to detect the presence of metastable
or coexisting phases [43–46]. It is interpreted as a characteris-
tic length scale of disordered domains along the infinite strip.
The scaling behavior of ξ̃L is directly related to the interfacial
tension between coexisting phases [43].

III. RESULTS

We start with a brief review of the finite-size scaling
analysis of the correlation length, a widely used method
for identifying critical points. The finite-size scaling ansatz
for the correlation length can be expressed along the tem-
perature axis as ξL ≈ L Q(tLyt ), where the scaling variable
t ≡ (T − Tc)/Tc quantifies the reduced temperature, yt = 1/ν

is the thermal renormalization-group exponent, and Q is a
universal scaling function [34]. Similar expressions can be
written for the case of analysis along the crystal-field axis as
ξL ≈ L P (δLyt ), where the scaling variable δ ≡ (� − �c)/�c

quantifies now the reduced crystal field and P is another uni-
versal scaling function. One can thus probe the system along
the temperature axis T at a fixed crystal field � (or along the
crystal-field axis � at a fixed temperature T ), estimating the
critical value Tc (or �c) by identifying the universal crossing
point of the curves of ξL/L plotted for different strip widths
L, provided that L is sufficiently large. In practice, however,
the crossing points obtained from finite systems—especially
those with relatively small L values typical of transfer-matrix
studies—do not coincide exactly due to finite-size corrections.
This discrepancy is commonly addressed by performing a
power-law extrapolation of the crossing temperatures, allow-
ing for an accurate estimation of the critical point as well as
the universal value of the ratio ξL/L in the thermodynamic
limit [45,47–54].

We determined the crossing point between two curves cor-
responding to strip widths L and L′ by numerically finding a
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root in T for a given value of � in the equation

ξL(T,�)

L
= ξL′ (T,�)

L′ , (8)

where L′ is typically set to L + 1 or L + 2 throughout this
work. The resulting crossing temperatures T ∗

L can be extrapo-
lated using the well-known finite-size scaling relation [55]

T ∗
L = Tc + bL−ω̃, (9)

where ω̃ ≡ ω + yt combines the leading irrelevant scaling
exponent ω and the shift exponent yt [47,48,51]. A similar
analysis applies to the crossing points in the crystal field, �∗

L,
which follow an analogous scaling form to Eq. (9).

It is worth noting that the finite-size scaling analysis of
the correlation length given above implicitly assumes the
presence of a second-order phase transition. One may strictly
say that such a scaling ansatz is not applicable to first-order
transitions. However, it has been witnessed that the same
extrapolation strategy with crossing points between the curves
of adjacent system sizes still provides a reasonable estimate of
transition in the vicinity of the tricritical point [34,43].

A. Free-energy level spectrum

The free-energy levels are defined as fi ≡
−(T/

√
3L) ln λi, where λi denotes the ith largest eigenvalue

of the transfer matrix and the geometrical prefactor√
3 accounts for the strip orientation and the three-row

double-layer construction shown in Fig. 2(a). These levels
provide a powerful diagnostic tool for examining the
behavior of equilibrium and metastable phases across a
first-order phase transition. In tricritical Ising-like systems
[20,34,43,56], the coexistence of two ordered phases and one
disordered phase manifests as an abrupt rearrangement in
the leading eigenvalues, resulting in distinct features in the
corresponding free-energy levels. Such spectral signatures
have been previously observed in two-dimensional lattice
gas models [43,56], where they reveal the underlying
phase coexistence. More recently, the expected exponential
system-size scaling of spectral degeneracy—a hallmark of
first-order transitions—was explicitly demonstrated in the
square-lattice ferromagnetic Blume-Capel model [35]. Here,
we extend this understanding by providing direct evidence for
this scaling behavior in the triangular-lattice version of the
model.

Figure 3 shows the behavior of the three lowest free-energy
levels at T = 0.5 as a function of the crystal field � across the
first-order transition regime. A pronounced avoided crossing
in the equilibrium free energy, corresponding to the low-
est level, is observed at � = �∗ = 2.998 703 74, signaling a
first-order phase transition. For � > �∗, the system resides
in the disordered phase, characterized by a nondegenerate
ground state well separated from the next two excited levels.
In contrast, for � < �∗, the two lowest levels become nearly
degenerate, indicating the coexistence of two ordered phases.
As the strip width L increases, this change in the free-energy
level structure at � = �∗ becomes increasingly sharp, en-
abling precise determination of the transition point.

Although the free-energy level crossing appears evident
at L = 18, the gap between levels remains finite for any fi-

FIG. 3. The lowest three free-energy levels corresponding to
λ1 > λ2 > λ3, plotted at T = 0.5 for L = 18 around the determined
transition point �∗ = 2.998 703 74. Notably, for � < �∗, the levels
f1 and f2 are nearly degenerate, reflecting the standard ferromagnetic
phase. In contrast, for � > �∗, the hierarchy changes to f1 < f2 ≈ f3,
indicating a disordered, vacancy-dominated phase.

nite system size. This avoided crossing can be quantitatively
characterized by examining the system-size scaling of the
difference between f1 and f3, as shown in Fig. 4. We find
that this gap at �∗ decreases exponentially with increasing L,
indicating that while the levels do not become exactly degen-
erate at finite L, a kink in the free-energy landscape emerges
and sharpens exponentially with system size. Identifying the
value of �∗ at which this gap is minimized provides a reliable
estimate of the first-order transition point. This exponential
closing of the spectral gap is directly related to the diver-
gence of the correlation and persistence lengths, ξ and ξ̃ ,
respectively.

At very low temperatures, the location of �∗—identified
via the minimum gap—turns out to be almost independent of
the strip width L, as exemplified in the case of T = 0.5 in
Fig. 4. For T � 0.5, the finite-size correction is very much
suppressed in �∗, varying by less than 10−8 across the range
of system sizes considered. As the temperature increases to-
ward the tricritical point, the finite-size correction becomes

FIG. 4. Spectral gap illustration of the difference between f1 and
f3 at T = 0.5 with increasing system size.
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FIG. 5. Interfacial tension σ as a function of temperature. The
value decreases to below 2.5 × 10−6 at T = 0.9847, approaching the
tricritical temperature Tt , indicated by the vertical dashed line.

visible. However, a simple power-law extrapolation provides
a reliable estimate of a transition point in the entire first-
order area. Compared to the Wang-Landau method, which
demands careful treatment of the field-mixing analysis, this
minimum-gap approach offers a straightforward and highly
reliable alternative to construct the phase coexistence curve.
Notably, for the specific case of T = 0.5 considered here, the
value �∗ = 2.998 691(8) obtained from Wang-Landau simu-
lations with refined field mixing [10] is in excellent agreement
with the value �∗ = 2.998 703 74 determined in this work.

B. Interfacial tension and the tricritical point

In our free-energy level calculations, for � < �∗, the dif-
ference ( f1 − f2) decays exponentially with increasing strip
width L, while ( f1 − f3) saturates to a finite value. In contrast,
for � > �∗, the gap ( f2 − f3) decays exponentially, whereas
( f1 − f3) remains finite. Exactly at the transition point � =
�∗, all three level differences decay exponentially with the
system size. This simultaneous exponential behavior is used
to locate the first-order transition points. On the other hand,
exactly at the tricritical point these level differences converge
to a fixed value that can be predicted from conformal field
theory, a strategy we also adopt in the present work. When
rephrased in terms of the previously introduced length scale,
this spectral behavior directly reflects the exponential scaling
of the persistence length ξ̃ ∗ with L. It is well established that
the asymptotic growth of the persistence length is closely
related to the interfacial tension between coexisting phases
at a first-order transition (see Refs. [43,51] and references
therein). The relationship is formally given by

ξ̃ ∗
L ∼ L exp [βσL], (10)

where σ denotes the interfacial tension.
Along the phase coexistence curve—identified either by

the peak value of ξ̃ ∗
L or equivalently by the minimum gap

between the free-energy levels—we extract the temperature
dependence of the interfacial tension, as shown in Fig. 5.
The values of σ are deduced from the exponential growth
behavior of ξ̃ ∗

L , exemplified in Fig. 6. An interesting fea-

FIG. 6. Exponential scaling behavior of the scaled persistence
length, ξ̃ ∗

L /L, across the first-order and second-order transition
regimes, with the tricritical temperature Tt indicated by the dashed
horizontal line.

ture of the interfacial tension is its almost linear increase
with the temperature as the system moves away from the
tricritical point into the first-order regime. This trend is consis-
tent with previous transfer-matrix studies of the square-lattice
Blume-Capel model [35], as well as with multicanonical sim-
ulations of the triangular-lattice model [10]. As the interfacial
tension σ grows, the corresponding length scale diverges more
rapidly with increasing strip width L. This accelerated diver-
gence not only accounts for the precise determination of the
transition field �∗ using relatively modest strip widths, but
also implies that signatures of discontinuity in thermodynamic
quantities become more evident even in small systems. In
particular, the enhanced rate of divergence leads to a sharper
development of a kink in the free energy, providing a clear
indication of first-order behavior.

This trend is corroborated by a finite-size scaling anal-
ysis around the tricritical region [see Fig. 7(a)], where the
rescaled ratio ξ̃ ∗

L /L is plotted as a function of the temper-
ature for the whole range of strip widths considered. In
Fig. 7(b), we present the extrapolation of the crossing tem-
peratures using the scaling form (9). A best fit to the data,
fixing ω̃ = 3, yields Tt = 0.984 724 0(2). A similar analy-
sis along the crystal-field coupling direction [see Fig. 7(c)]
yields �t = 2.938 568(1), where in this case ω̃ ≈ 2.8 (in
particular ω̃ = 2.847 for N = L and 2.793 for N = L + 1).
Note that since yt = 1/ν = 9/5, corresponding to the Ising
tricritical universality class [10,26,35], the above fit results
for ω̃ suggest an empirical value of ω ≈ 1.0. We thus ar-
rive at a final estimate for the tricritical point: (�t, Tt ) =
[2.938 568(1), 0.984 724 0(2)]. This improves by several or-
der of magnitude in accuracy the most advanced Monte Carlo
estimate (�t, Tt ) = [2.9388(2), 0.9850(8)] [10].

C. Conformal field theory validation

We demonstrate the accuracy of our tricritical point
estimate by confirming its consistency with the predictions
of conformal field theory for the tricritical Ising universality
class [40]. Remarkably, such theoretical validations were
first carried out nearly four decades ago by Alcaraz et al.
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FIG. 7. Finite-size scaling analysis for determining the tricrit-
ical point. (a) The maximum persistence length ξ̃ ∗

L is shown as
a function of temperature T for various system sizes L. (b) The
crossing temperatures T ∗

L between successive pairs of system sizes
(L, L + 1) are extrapolated to estimate the tricritical temperature Tt

in the thermodynamic limit. (c) The corresponding pseudo-transition
fields �∗

L (T ∗
L ) and �∗

L+1(T ∗
L+1) are used to extract the tricritical field

�t via a power-law extrapolation.

[57], within the time-continuum formulation of the model.
While it is well established that the tricritical point of the
two-dimensional spin-1 Blume-Capel model belongs to this
universality class, most previous numerical studies have
focused on the square-lattice version to test conformal field
theory predictions and to aid in locating the tricritical point
[20,36,37,58–60]. In what follows, we present conformal
field theory consistency checks for the triangular-lattice
Blume-Capel model. Specifically, we provide a precise
verification of the central charge and scaling dimensions
using the transfer-matrix spectrum evaluated at our estimate
of the tricritical point.

The central charge c can be extracted from the finite-size
scaling behavior of the free energy. For a cylindrical
geometry—specifically, an infinitely long strip with
periodic boundary conditions in the transverse direction—the
free-energy density f , expressed in units of kBT , approaches
the bulk value f∞ as the strip width L increases, following the
well-known scaling relation

f (L) = f∞ − πc

6L2
+ O(L−4), (11)

where c is the central charge characterizing the underlying
conformal field theory. By tracking this finite-size dependence
numerically, one can accurately determine c from the com-
puted values of f (L). In our implementation for the triangular-
lattice Blume-Capel model [see Fig. 2(a) and the relevant
discussion in Sec. III B], the free-energy density is obtained

FIG. 8. Conformal field theory verification of the tricritical Ising
universality class. (a) The central charge c, (b) the thermal scaling
dimension xε , and (c) the magnetic scaling dimension xσ are ex-
tracted from the transfer-matrix spectrum at T = 0.984 724 0 and
� = 2.938 568 for strip widths up to L = 19. Linear extrapolations
(arrows) are compared against the exact conformal field theory val-
ues: c = 7/10, xε = 1/5, and xσ = 3/40.

from the largest eigenvalue λ1 of the transfer matrix as

f (L) = − 1√
3L

ln λ1. (12)

To extract the central charge, we first estimate the bulk
free-energy density f∞ using the Bulirsch-Stoer extrapolation
algorithm [61] with the control parameter ω = 2. This enables
us to construct the finite-size estimator

c(L) = 6L2

π
[ f∞ − f (L)], (13)

from which the central charge is obtained by extrapolating
c(L) to the thermodynamic limit L → ∞. Figure 8(a) shows a
linear fit to the form c(L) = c + aL−1 for system sizes L > 12,
yielding an estimate of c = 0.700 016 7(2). The uncertainty
in parentheses denotes the standard deviation obtained from
jackknife resampling, where each fit omits a single data point
to assess the robustness of the extrapolation. For comparison,
applying the Bulirsch-Stoer extrapolation with ω = 1 gives
a closely matching estimate of c = 0.700 000(1), where
the error is defined as twice the difference between the last
two approximants in the sequence. Both estimates are in
excellent agreement with the exact value c = 7/10 predicted
by conformal field theory for the tricritical Ising universality
class.

033240-7



MATARAGKAS, VASILOPOULOS, FYTAS, AND KIM PHYSICAL REVIEW RESEARCH 7, 033240 (2025)

The thermal and magnetic scaling dimensions, xε and xσ ,
are related to the universal ratios involving the persistence
length ξ̃L and the correlation length ξL, respectively, through
the finite-size scaling relations

2πxε = L√
3 ξ̃L

and 2πxσ = L√
3 ξL

(14)

in the limit of large system size L. As already noted above,
the geometric factor

√
3 accounts for the effective unit length

along the cylindrical axis, determined by our choice of a
double-layered structure in the transfer-matrix construction.

The estimates of the scaling dimensions obtained from the
extrapolations shown in Figs. 8(b) and 8(c) show excellent
agreement with the exact values xε = 1/5 and xσ = 3/40.
For the thermal scaling dimension xε , the data points for
L > 12 exhibit a nearly perfect L−2 behavior, yielding an ex-
trapolated value of xε = 0.200 000 2(1) in the thermodynamic
limit. This result is consistent with the Bulirsch-Stoer extrap-
olation using control parameter ω = 2, which provides xε =
0.200 002(2). In the case of the magnetic scaling dimension
xσ , the finite-size behavior appears to follow an approximate
L−1 form. A linear extrapolation using data for L > 12 yields
xσ = 0.075 010 8(3). The Bulirsch-Stoer extrapolation with
ω = 1 results in xσ = 0.0749(1), where the slightly larger
deviation suggests the presence of stronger finite-size correc-
tions. To further verify the robustness of our estimate, we
also performed a power-law fit without assuming a specific
correction form, which produced xσ = 0.075 035(1), demon-
strating consistency across different extrapolation methods.
The excellent agreement with the conformal field theory
predictions—namely, c = 7/10, xε = 1/5, and xσ = 3/40—
provides strong support for the accuracy of our tricritical point
estimate, given by (�t, Tt ) = [2.938 568(1), 0.984 724 0(2)].

IV. SUMMARY AND OUTLOOK

In this work, we conducted a high-precision transfer-matrix
analysis of the spin-1 Blume-Capel model on the triangular
lattice. Implementing the sparse-matrix factorization for a
symmetric strip geometry with periodic boundary conditions,
we extended our computations to strip widths up to L = 19.
This enabled a detailed mapping of the phase diagram—a
summary of transition points is provided in Table I—with
particular emphasis on the accurate determination of the tri-
critical point at (�t, Tt ) = [2.938 568(1), 0.984 724 0(2)]. We
confirmed the accuracy of the tricritical point by validating the
central charge and scaling dimensions with the transfer-matrix

spectrum, achieving excellent agreement with conformal
field theory predictions for the tricritical Ising class. In the
first-order regime, we analyzed the scaling behavior of the
spectral gap to determine the interfacial tension, revealing
its linear increase as temperature decreases—consistent with
theoretical expectations and prior results. Our construction of
the phase coexistence curve and rigorous finite-size scaling
analysis further bring out the power of the transfer-matrix
method to resolve fine thermodynamic structure. Notably, our
tricritical point estimate aligns remarkably well with the most
precise Monte Carlo results to date, providing a compelling
cross-validation between distinct numerical methodologies.

Altogether, this study reinforces the transfer-matrix
method as a robust and versatile tool for probing both con-
tinuous and first-order phase transitions, especially in models
with complex geometries. By integrating sparse-matrix tech-
niques with meticulous scaling analysis, we deliver results of
benchmark-level accuracy that advance our understanding of
critical phenomena. Looking forward, we are extending this
framework to more intricate systems, such as models with
nonreciprocal interactions introduced through asymmetric
coupling matrices, relevant to active-matter-inspired dynam-
ics, where conventional simulation methods often struggle.
These ongoing efforts aim to expand the applicability of
transfer-matrix approaches to a broader class of challenging
problems in statistical and condensed matter physics.
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