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Abstract

The generative adversarial networks (GANs) have recently been applied to esti-
mating the distribution of independent and identically distributed data, and have
attracted a lot of research attention. In this paper, we demonstrate the effec-
tiveness of GANs in estimating the joint distribution of stationary time series.
Theoretically, we derive a non-asymptotic error bound for the Deep Neural Net-
work (DNN)-based GANs estimator for the stationary distribution of the time
series. Our approach is based on the blocking technique and the M-dependence
approximation technique that divides the time series into interlacing blocks of
equal size and then constructs independent blocks. Based on the theoretical anal-
ysis, we propose an algorithm for estimating the position of the change-point
in a time series. Numerical results of Monte Carlo experiments and a real data
application are given to validate our theory and algorithm.

Keywords: time series, blocking technique, GAN, Wasserstein distance,
nonasymptotic error bounds, change-point estimation



1 Introduction

When considering a sequence of high-dimensional stationary time series, the estimation
of their joint distribution plays an important role in data analysis. Many traditional
methods of distribution estimation are based on nonparametric kernel methods and
suffer from the curse of dimensionality, see Ramdas, Reddi, Péczos, Singh, and Wasser-
man (2015); Reddi, Ramdas, Pdczos, Singh, and Wasserman (2015). In recent years,
machine learning algorithms such as generative adversarial networks (GANs) have
emerged as important techniques in distribution estimation and have shown excel-
lent performance on high-dimensional data, which provides a direction to analyze this
problem.

GANSs are a class of deep learning methods designed to estimate the distribution of
data (Goodfellow et al., 2014). The approach is usually implemented by training two
neural networks, a generator and a discriminator, which have conflicting objectives but
force each other to improve. The generator is designed to produce an estimator that
approximates the sample distribution, while the discriminator measures the distance
between generated samples and the real data.

In the research of GANSs, extensive theoretical and empirical analysis has been
established for independent and identically distributed (i.i.d.) data. Estimating the
joint distribution of time series data, which is important in many applications, is
attracting increasing interest. There have been a few results related to the GANs for
time series, but most of them only showed success in experiments without theoretical
support. The theoretical analysis of GANs for time series remains a largely unsolved
problem. See the literature review below for more details.

Our main result contributes to the theoretical understanding of GANs for esti-
mating the joint distribution of stationary time-dependent time series. We establish
the convergence rate of the proposed estimator measured by the integral probability
metric under the Hoélder evaluation function class. By considering the joint distribu-
tion of a “block” or a “group” of samples, we derive approximation error bounds for
DNN-based GANs. This result is of significant theoretical and practical importance.
In practice, a wide range of time series procedures are constructed based on ”block”s
or "group”s of time series observations. For example, blockwise bootstrap methods
use blocks of time series observations to capture the dependence structure in the orig-
inal data; see Gotze and Kiinsch (1996); Krampe, Kreiss, and Paparoditis (2021). Our
result has great potential in statistical applications in time series analysis. Theorems
4 and 5 below provide a theoretical validation for the application of GANs in time
series under appropriate regularity conditions.

We apply the DNN-based GAN method to study the problem of change-point.
Structural change is a very important topic in many empirical problems, and change-
point estimation has a wide range of applications. In addition, many empirical models
contain a large number of regressors. For example, an important question in economics
and finance is whether or not a structural change in the regression model is due to
a change in the marginal distribution of the regressors, and estimation of the change
point is important for accurate prediction. A practical issue is that high dimensional-
ity and structural instability may occur simultaneously in some economic and finance



problems, making estimating the change point in distribution challenging. Some meth-
ods can detect the existence of a change-point, yet accurately identifying their precise
positions remains difficult, particularly for high-dimensional data. Inspired by the abil-
ity of GANS to effectively learn the distribution of high-dimensional and complex time
series data, we propose a straightforward algorithm to estimate change-point posi-
tions. This estimation is achieved by monitoring variations in the distribution of the
time series as captured by GANs. Experimental results demonstrate the effectiveness
of this algorithm in handling high-dimensional data.

1.1 Literature review
1.1.1 GANs

Compared with the large number of theoretical results for neural networks used to
approximate functions, the use of neural networks to express distributions is much less
theoretically understood. Some literature focuses on how well GANs and their variants
can express probability distributions. Lu and Lu (2020) studied the universal approx-
imation property of deep neural networks for representing probability distributions,
Zhu, Jiao, and Tse (2020) studied a fundamental trade-off in the approximation error
and statistical error in GANs, Huang et al. (2022) studied the convergence rates of
GAN estimators under the integral probability metric with the Holder function class.
Liang (2021) established the optimal minimax rates for distribution estimation under
GANS in view of nonparametric density estimation. Zhang, Liu, Zhou, Xu, and He
(2018) explored the generalization capacity of GANs and extended the generalization
bounds for neural net distance.

The estimation of probability distributions of i.i.d. data using GANs has been
extensively studied with many theoretical analyses. Gao, K.Ng, and Zhou (2023) esti-
mated the error bound of the approximation of Wasserstein GANs using GroupSort
neural networks as discriminators. Y. Bai, Ma, and Risteski (2019) used GANs with
some special discriminators to learn distributions of i.i.d. samples in Wasserstein dis-
tance and KL-divergence. S. Liu, Yang, Huang, Jiao, and Wang (2021) introduced a
nearly sharp bound for the bidirectional GAN estimation error under the Dudley dis-
tance. We refer the reader to Chae, Kim, Kim, and Lin (2023); Taghvaei and Jalali
(2019) for more details.

For the estimation of the joint distribution using GANs, there are currently many
methods that have been empirically validated but lack theoretical support. Srinivasan
and Knottenbelt (2022) estimate the joint distribution and use it to generate synthetic
time series data. Pu et al. (2018) learn the joint distribution of multiple random
variables for the data sampled from the conditional distribution and the marginal
distribution. Yoon, Jarrett, and Van der Schaar (2019) estimate the joint distribution
via a learned embedding space with both supervised losses.

The research on the GANs architecture for sequential data has received more and
more attention. In recent years, many methods of modeling time series with GANs
have been proposed, such as continuous recurrent neural networks with adversar-
ial training (C-RNN-GAN) (Mogren, 2016), Recurrent Conditional GAN (RCGAN)



(Esteban, Hyland, & Rétsch, 2017), time seriessGAN (Yoon et al., 2019), Condi-
tional Sig-Wasserstein GANs (SigCWGAN) (Liao et al., 2023). We refer to the survey
Brophy, Wang, She, and Ward (2023) for more details about GANs in time series. How-
ever, they only showed the success of the GAN-based methods for realistic sequence
generation in experiments, but there is no theory to support their validity.

1.1.2 High-dimensional change-point estimation

The traditional high-dimensional change-point estimation is around two aspects:
model selection and testing. Tibshirani and Wang (2008), D. Li, Qian, and Su (2016),
Harchaoui and Lévy-Leduc (2010) utilized the Lasso-type regularization model to
estimate the change-points and improve the computational efficiency.

For the aspect of testing, Harchaoui, Vallet, Lung-Yut-Fong, and Cappé (2009)
used a regularized kernel-based test statistic to test the consistency of distributions
between time-series samples. Enikeeva and Harchaoui (2019) considered the hypothesis
test to test the change-point in a set of high-dimensional Gaussian vectors. H. Chen
and Zhang (2015) proposed a nonparametric approach based on the graphs to test
the similarity between observations. The aggregation technique, testing whether there
exists a gap between two-time regions, is also a popular way for change-point analysis.
For example, Jirak (2015) showed asymptotic properties by using the coordinate-
wise statistic to test the single change-point. J. Bai (2010) theoretically analyzed
the consistency of the single change-point in panel data. L. Chen, Wang, and Wu
(2021) improved the aggregation way of the data and explored to test the multiple
change-points in high-dimensional time series.

For the change-point estimation of complex high-dimensional data, Romanenkova,
Stepikin, Morozov, and Zaytsev (2022) considered the change-point estimation of the
complex sequential stream, video data, by representation learning for the deep model.
Chang, Li, Yang, and Pdczos (2019) combined the kernel two-sample test with recur-
rent neural networks (RNNs) to estimate the different types of change-points. They
introduced an auxiliary generative model to generate an approximate distribution and
use the maximum mean discrepancy (MMD) to conduct the two-sample test, but there
is no information about the position of the change-point. Recently, Cheng and Xie
(2024) analyzed a kernel-based two-sample test statistic related to the MMD in the
manifold data setting, Song and Chen (2024) proposed a new kernel-based framework
that makes use of an important pattern of data in high dimensions to boost power.
Wang and Samworth (2018) considered the change-point estimation by sparse projec-
tion for high dimensional data. Although there are various change-point estimation
techniques, fewer works directly focus on tracking the distribution of time series.

1.2 Our contributions and approaches

Our main contributions are summarized in the following two aspects.

The first contribution is the theoretical validation that GANs are effective for
estimating the joint distribution of /-tuple samples of a stationary time series. More
specifically, for the stationary time series whose dependence satisfies appropriate reg-
ularity assumptions, we show that DNN-based GANs can be applied to learn their



joint distribution, i.e, like the i.i.d. samples, the time series can be fed into the neu-
ral networks device of the GANs to obtain a stable generator whose distribution is
close to the joint distribution. We prove a non-asymptotic error bound between the
estimator of the joint distribution and itself, which demonstrates the effectiveness of
the DNN-based GANSs estimator. It is an extension of the work by Golowich, Rakhlin,
and Shamir (2018) and Jiao, Wang, and Yang (2023) from the i.i.d. data case to the
dependent time series case. However, their methods to estimate neural networks by
the ”"peeling” technique and the local Taylor polynomials cannot be directly applied
to address the dependent time series case.

Our approach is based on the blocking technique and the M-dependence approx-
imation technique, see W. Liu and Lin (2009); Wu (2007), which are powerful to
decouple mixing time series. The main idea behind this approach is to divide the
time series {X;}1<i<n into interlacing blocks of equal size. Using the M-dependence
approximation method, we can create new random variables {X}1<;<, that only
keep the information from time ¢ — M to i. Considering the blocks that are spaced
apart, we can thus construct independent blocks. This decoupling procedure will pro-
duce an error between the original time series and the newly produced independent
blocks, the error can be shown to be negligible as the block size is sufficiently large.

By the validity of GANs for estimating the joint distribution of stationary time
series, we next propose a procedure based on GANs for estimating the position of the
change-point in an observed time series with a structural break. The idea is straight-
forward. Since the observed data on different sides of the change-point follow two
different stationary distributions, there should exist a significant difference between
their DNN-based GAN estimators. Our second contribution is to develop an algo-
rithm that can efficiently capture this difference and thus obtain an estimation of
the position of the change-point. This algorithm is particularly effective in handling
high-dimensional data.

We conduct several Monte Carlo experiments to validate both our main result and
the change-point estimation algorithm. In the first set of experiments, we estimate
the joint distributions of a multivariate Gaussian autoregressive model and a logistic
autoregressive model to validate our theoretical result. For the change-point estimation
algorithm, we apply our approach to the Gaussian mixed processes and logistic to
Laplace mixed processes separately. This allows us to investigate the performance of
the algorithm on both Gaussian and non-Gaussian distributions. We also apply the
proposed algorithm to a real-world empirical application using the human activity
recognition dataset. This application enables us to estimate the volunteer’s change of
activities. In addition, we compare our algorithm with the offline scan B-statistic in
S. Li, Xie, Dai, and Song (2019) and method in Cao et al. (2024) to demonstrate the
effectiveness of this algorithm in handling high-dimensional data.

1.3 Organization of the paper

The paper is organized as follows. In Section 2, we provide some preliminary knowledge
and assumptions for our main result. In Section 3, we give the convergence rate of the
GANS estimator for time series and the algorithm to estimate the change-point in a
time series sequence. Some examples of simulation and real data analysis are given in



Section 4. The proof of our main result is deferred to Section 5. In the appendix, we
provide the proof of the lemmas in 5 and some details of the experimental setup.

1.4 Notations

We finish this section by introducing some notations that will be frequently used in
the sequel. Denote [n] := {1,---,n}. Given a vector w € R% ||w| will refer to the
Euclidean norm, and for h > 1,||w]| = (Z?Zl |w|")V/" will refer to the £, norm,
|W||eo Tefer to the largest elements of w. Given a matrix W € R% x R% and reals
hi,hy 21, we let [[W [, ny := (30,32 IWi j|")"2/m)1/h2 denote the hg-norm of the

hi-norms of the columns of W. The following defines the vectorization of the matrix

vec ((W”)}izifﬁ) = (W117 o aWd117W127 T 7Wd12a e aW1d2a T 7Wd1d2)T € Rd1d2~
For a real number z € R, we denote the integer part of z by |z] and the smallest
integer number greater than x by [z].

For a real-valued function f : & — R, we define ||f|loc := Supgex |f(x)]. Let
Lip(£, ¢) be all the real-valued Lipschitz functions from 2 to R with Lipschitz constant
¢, that is,

Lip(Q,¢) :={f: Q= R:|f(z1) — f(2z2)] < cllz1 — 22 for any z1, 25 € Q}.

For b > 0 with b = r 4 ¢, where r € Ny := NU {0}, ¢ € (0, 1], denote the Holder
class with smoothness index b as

HYRY) :={f: R > R, max [|0°f]le <1, max sup 0% /(@) = 0°/(y)| <1},

llaell <r alli=r gty |l — yl|

and we denote H = H*(R?) for simplicity. For any subset X C R?, we denote H(X) :=
[f:X >R feH (R,

Let X and )Y be two spaces, and let g : X — ) be a measurable function. For a
probability measure v on X, we can define a probability measure gxv on ) by

guv(A) =v(g'(A)) for any measurable A C ).
Let p1 and pe be a pair of probability measures on a space X', and F be a class of

functions f : X — R that are integrable with respect to p; and uo. Define integral
probability metric as

dF(p1, p2) = sup ‘/f(dﬂl —dpg)| = sup [Ex~p, [f(X)] = Ezp [f(2)]]
fer ferF

Wasserstein distance between two probability measures p and v is defined as

Wi pz) = in / e — yll dpu(z, ),
pel(p1,p2) Jxyxx



where I'(pu1, p2) denotes the collection of all measures on X x X with marginals p;
and po on the first and second factors respectively.
By the duality theorem of Kantorovitch and Rubinstein (1958), we have

Wi (1, p2) = diip(a,y (1, g2) = sup {/ f(z)d(u1 — po)(x) | continuous f: X — R}.
feLip(x,1)  Jx

2 Preliminaries

In this section, we introduce the preliminaries regarding the assumptions on the sta-
tionary time series, followed by the introduction of the method of DNN-based GANS to
estimate the joint distribution of this time series. In addition, we give the assumptions
on the architectures of DNNs.

2.1 Time series assumptions

Wu (2005) proposed a new framework for studying time series under a predictive
dependence measure, which provides a different way of looking at the fundamental
issue of dependence. It is easy to use and some classical asymptotic results are obtained
under appropriate conditions, see Berkes, Liu, and Wu (2014); Wu (2007) for more
details. In this paper, we will consider the time series in this framework.

Let the p-dimensional stationary time series { X, }nen in the form of

X, =G(- ,en_1,€n), (2.1)

where €,,n € Z are i.i.d. random variables and G is a measurable function such that
X, is well-defined. Denote &; = (--- ,&;-1,€;) and &; = (--- ,€,_;,€}) where €} is an
i.i.d copy of ;. The following assumption measures the dependence of the time series
{Xn}n€N~

Assumption 1. We assume that the time series {X,}nen in the form of (2.1)
satisfies geometric moment contraction, that is,

E| X, — G(&),e1, - ,en)||® < Cre= 2", (2.2)

where Cy and Cy are positive constants, n > 0, 3 > 1, &, = (-+- ,e_1,€0), & =
(---,€"1,ep) and {€}, }nez is an i.i.d. copy of {en}nez-

In addition to the dependence condition, we also need a moment condition for the
time series.
Assumption 2. The stationary measure 7 of time series { X, }nen satisfies one of
the following cases:

(i) Sub-Gaussian: there exist u € RP and v > 0 such that, for all a € RP,

Eg~rlexp{al (z — u)}] < elll®o®/2,

where T is the transpose operator. Without loss of generality, we assume u = 0.



(ii) Heavy tail: There exists some w with w > 2 such that
Eannll2]] < C..

2.2 DNN model assumptions
We consider the feed-forward DNN as the L-compositional function class indexed by
parameter

O=WyWi, - W), (2.3)

where W; € RP#+1xDi for 4 = 0,1,---,L, Dg,---,Dry; € N. L and N :=
max{Dy,---,Dr} are depth and width of the DNNs respectively. Denote the DNN
with the ReLU activation function, i.e.,

L
{Uj(z): (21 VO, 2p, \/0) for z := (zl,--- ,sz)T ERDJ}' o
j=

NN;,;(N, L) = {f(m, @) = WLO'L(' . W10'1(W0.’13) e ) S RDL'H ‘@}, (24)
for any * € RP. When the input dimension p is clear from contexts, we simply denote

it by NN(N, L).
Assumption 3. Assume NN (N, L, K) is the subset of NN (N, L) with

L
[[Iwi <k,
1=0
where K > 0, || - || s the operator norm of a matriz.

Remark 1. Since ReLu function is a Lipschitz function with Lipschitz constant 1, it
is easy to see that for any function f € NN(N, L, K), its Lipschitz constant is smaller
than Hszo IW || which is bounded by K, that is,

(=) = fF(W)l] < Kllz - yll.
For more details, see (Jiao et al., 2023, Section 3).

2.3 GANSs for estimating joint distribution of time series

Our observed stationary time series are {X;}1<;<n. To estimate the joint distribution
with length [, we use a length [ rolling window and consider

(X, Xig1,-, X)), 1<i<n—I+1



We denote X; = vec(X;, Xip1,- - , Xit@-1)), and the joint distribution of X; as
. Obviously, the stationary measure m of a time series is 7'. Here 7! can be a
high dimensional distribution, which is difficult to estimate with traditional methods.

Let G and D be the collections of neural networks as follows,

G={g e NN (Ny,L1,K;): g(R) C [—an,an]lp} , (2.5)

D ={d € NN (N, Ly, K>) : d is Lipschitz, d(R") C [-B, B]}, (2.6)

where g € G be the generator function from R to R’ and d € D be the discriminator
function from R to R, a,, and B are hyper parameters.
GANSs for time series can be formulated as the following optimal problem,

g" € argminmax {Eq i [d(x)] — Bz [d(g(2))]} (2.7)

where z is the noise to generate fake signals and v = N(0,1) is the one dimensional
standard normal distribution. For convenience, D is assumed to be in a symmetric
class, which means if d € D, then —d € D. For any subset X C R we denote
D(X):={f:X =R, feD(R"?)}. The empirical version of (2.7) is considered as

geargminmax{%i (X)) ——Zd (z:) } (2.8)

where n =n—1+1, {z;}i=1,... m are ii.d. N(0,1) distributed random variables. After

the training, we can use g, v to estimate the joint distribution wt.

3 Distribution Estimation and Its Application to
Change Point Detection

In this chapter, we introduce our main result, which is a non-asymptotic error bound
between the joint measure 7! of the time series and its estimator g4V, which is defined
above. Based on the theoretical result, the algorithm for estimating a single change-
point in the time series sequence is also presented.

3.1 Non-asymptotic bound for the estimator

Recall that 7! is the joint distribution of each small group with length [ of the time
series X, := G(--- ,€,-1,€,) in the form of (2.1). Our goal is to establish a non-
asymptotic error bound of the GANs estimator for the joint measure 7! based on the
integral probability metric,

d?‘-[ (ﬂla g#’/) = 21615 {Emrwrl [h(x)i - Ezwuih(g(z))i}a



where H = HP(R'P), recall §,v is the push-forward measure defined as §,v(A4) =
v(G~"(A)) for measurable set A C R. To ease notation, we use E,[f] instead of
Egz~p[f(2)] for any distribution p and function f below.

The following theorem is our main result, its proof is postponed to the last section.
Theorem 4 (Non-asymptotic bound for sub-gaussian time series). Let Assumptions
1, 2(i) and 3 hold true. Let (2.8) be the GAN under our consideration, where m >
nKiv Ly + Lo. Then, there exist a generator family G (2.5) and a discriminator family
D (2.6) where the parameters satisfy

an =log(lpn), Ny >7Tlp+1, Ly >2, Ky = Cnéprf“rw,fy = [logy(lp+ )],
B = (loglpn)®, Ny > ¢ (Ka/log? k) P/ G0t 1) > 4y 49,

such that as long as the following overfitting property holds:

Ny —Ip — —Ip—
b N TSt} TS PSR P
6lp 2

we have

b l
du(r',gyv) < O ((logn) g;ﬁn*%ﬂ(,;ﬁib))’

ip+1
—Cln2(p+1+b)

with probability at least 1 — 4le
(2.8).

Theorem 5 (Non-asymptotic bound for heavy tailed time series). Let Assumptions
1, 2(ii) and 3 hold true. Let (2.8) be the GAN under our consideration, where m >
nKiv/L1 + La. Then, there exist a generator family G (2.5) and a discriminator family
D (2.6) where the parameters satisfy

with some C' > 0, where § is defined in

(Ip+1)/2+b (Ip+1)(w+d)

U = n@NGIFTE Ny > Tlp+1, Ly > 2, Ky =n@nteinrse | v = [log,(Ip+ )],
B = (logn)™i1, Ny > c(Ka/log? Ky) PO/ ) > gy 4o,

such that as long as the following overfitting property holds:

Nl—lp—l N1—lp—1 L1
— 1+1>
s IEIR

forlp < 2w — 1, we have

b 1 (Ip+1) (w+b)
dru(x',g4v) < O ((logm) i~ * ¥ iy )

Ip+1
_Oln 2(pF1+0)

with probability at least 1 — 4le
(2.8).

with some C' > 0, where § is defined in

10



Theorems 4 and 5 provide a theoretical guarantee for the effectiveness of GANs in
estimating joint distributions of stationary time series under sub-Gaussian and heavy-
tailed assumptions, respectively. When the sample size n is large enough, we can build
a GAN model to approximate the probability distribution of the time series with high
probability.

Both theorems consider time series sequences that satisfy the classic geometric
moment contraction condition specified in Assumption 1, which characterizes the
mixing property of the sequences. Our neural network framework requires several
conditions, including sparsity assumption in Assumption 3 and constraints on the net-
work’s depth, width, and boundedness, which are essential for the estimation of the
generator and discriminator. Additionally, our results rely on an overfitting condition
to ensure the generator can effectively approximate the time series distribution.
Remark 2. These theorems estimate the minimax non-asymptotic error bound for
estimating joint probability distributions of time series data. Some similar bounds for
using neural networks to approximate the probability distribution with | = 1 of i.i.d.
samples are given in Huang et al. (2022); Liang (2021); Singh et al. (2018).

The optimal minimax convergence rate for estimating nonparametric probability
distributions with i.i.d. samples is n=%? v n=1/2logn, where b is the parameter in the
Hélder class, p is the dimension of the target distribution, and n is the sample size, see
Huang et al. (2022); Liang (2021); Singh et al. (2018) for more details. When p < 2b,
the optimal rate is n="/?logn and our result above is close to it. This discrepancy
arises due to the use of the blocking technique and M -dependent technique to analyze
the dependent samples in our approach, which introduces some additional errors.

3.2 Change-point estimation for time series

Let X = {X,---,X,} be a p-dimensional time series sequence with a structural
break in the distribution at time 7 € N. Thus, {X1,---, X} is stationary with
a stationary distribution w and that {X 41, --,X,} is also stationary but with a
distribution 7’. This form of time series is called the time series with a single change-
point (H. Chen & Zhang, 2015), and we would like to estimate the position of 7.
Considering the sample size n is usually very large, it is reasonable to assume that the
change-point 7 is bounded away from the beginning and the end. We also assume that
there are sufficient p-dimensional reference data that follow the distribution 7. Similar
assumptions are also required in the literature on change-point estimation (S. Li et
al., 2019).

Based on the theoretical result in Theorems 4 and 5 with [ = 1, we propose an
algorithm for estimating the change-point 7 in time series using GANs, see Algorithm
1 below. The key idea of the algorithm is that for a well-trained GAN neural network
based on the data from distribution 7, when samples from set B with distribution 7’
are input to this network, the corresponding loss value

c-L vy d(xylid(g(zv))
K VUK ’

X,eB Jj=1

11



will change significantly. Here K is the size of B and {z; }j:{l,...,f(} are i.i.d. random
variables with standard normal distribution.

The procedure for estimating the change-point 7 consists of three stages, as illus-
trated in Figure 1. The first line corresponds to Stage 1 and Stage 2, where the
potential range of the change-point is narrowed down to the interval G. The second
line represents the interval G, with the grey block indicating the rolling window mov-
ing across the entire interval. The change-point is detected at the green window. The
detailed steps are as follows.

Reference data to train the model

—~ Change Point
—_— G

—— Real Change Point: 5000 |

I
== Detected Change Point: 5000 | MWNN/VA,J\,/\I“\
. MW
|
1
|
1
|
1
1
1
I
1
I
1
I
I
1

WWJ
|

oS o o “ ) & o “ ) Nl o © ) o o o
W\ AN) 5 2\ O 9" S\ 9 o
S S A R U S

] 2000 4000 6000 8000 10000 1) o S Y )
&0 S GP S

() (b)
Fig. 2: Diagrammatic sketch of the Stage 2 and Stage 3 in Algorithm 1.

At Stage 1, a GAN model is trained on reference sample data. Specifically, we first
sample ¢ data from the reference data, denoted as Y = {Y1,...,Y;}. Then, we train
a GAN model using the dataset Y, obtaining a generator g and a discriminator d.

At the Stage 2, the time series X is divided into [n/K] groups, each containing
K samples, as follows,

By, ..., By, g, where B; = {X(;_1)g41,--» Xk} for each i.
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The loss value of each group B; is calculated as

K
Lo=z 3 dX) -2 D diglz), for i=1,..[n/K],

X,;eB; j=1

where z1, ...,z are i.i.d. standard normal distributed random variables.

When comparing loss values across different groups of samples, those groups that
follow the same distribution as the GAN training data will exhibit significantly lower
loss values than groups with different distributions. In particular, the loss value Ly, for
a group containing a change-point will show a marked difference from its neighboring
groups. Based on this property, we identify potential change-points by calculating
|L;+1 — £;] and find k such that By and By have the largest difference on the loss
values. These two candidate groups are merged into a single group

G= {Bk,Bk+1} = {X(k} — 1)K +1, -~-7X(k+1)K}~

This operation can help us narrow down the time series data set and further
facilitate the estimation of change-point. Figure 2 (a) shows the value of |£;| and
detects the set G, which is the red band.

In Stage 3, for the change-point 7, there is an obvious difference between the
average losses on both sides of X . Therefore, for each sample X ; € G, we construct
the rolling window H; = {X,_,..., X;,..X j 1w} centered on the sample X ; with
radius w(1 < w < K) to estimate the change-point. The H ; is split into two parts

HJL = {X, ), .., X;} and H? ={X;,.... Xjtw}

with loss values
w1 w1

L1 N W), R L N ,

L= 5 (3 dX) =Y daz). L= =5 (X X - Y dla(z),
XiGHJL =1 X,;GH? =1

for j = (k- 1)K +1, ey (B + 1)K The position of the change-point is estimated by

analyzing the difference D; = |£f - EJL| and 7 = arg max D;. Figure 2(b) below shows

the variation in loss values and the operation of rolling windows. The grey band shows

the set of H ]L and H f , it explores the set G and detects the change-point, which is

at the center of the green band.
Remark 3. It can be calculated that the time complexity of the whole algorithm is
O (max{n,wK}(N7Ly + NjL)) .

See B.1 for more details.

4 Monte Carlo and Empirical Applications

In this section, we present sufficient experiments to validate Theorems 4, 5 and the
algorithm of detecting the position of change-point for a given time series with a
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Algorithm 1 Change-point estimation

Input: n: sample size; K: the number of samples in each group; w: is the radius of
the rolling window in Stage 3;
Stage 1: Training a stable discriminator and generator
1: Initialize 64,0, < Gaussian;

2: Sample a stable p-dimensional time series sequence Y = {Y1,---,Y} from the
reference data;
3: Sample i.i.d noise z = {z1,--- , z;} from the standard normal distribution;

4: Train the discriminator d and generator g with the samples in Y and z.
Stage 2: Select the groups possibly including the change-point

5. Given an unstable p-dimensional time series sequence X = {X1, -+, X, };
6: Divide X into [n/K] groups, By, - - - s Br, g with B; = {X ;_1yg41,» Xig )
for each 4;
7. fori=1,---,[n/K] do
Sample K i.i.d noises {21, ,zz} from the the standard normal distribution;
: Input X; € B; into d and {z1,--- ,z%} into g;
10 Calenlate £; = £ Yy cp d(X;) — £ 310, d(g(2));
11: end for
12: Calculate the distances |L;4 1 — L fori =2,---  [n/K] — 1;

13: Calculate k& = argmin; [£;11; — £;]. Then merge By and By into one group

G ={Bi,Bit1} ={X(-1yr+1> " Xk -
Stage 3: Estimate the position of change-point

14: for j € [(k— 1)K +1,(k+1)K] do

15: Construct HJL ={X,_w, --,X,} and Hf ={X,, , Xjtu};

16: Input samples in HJL into d and sample w+1 i.i.d noises {21, -+ , 2,41} from
the standard normal distribution;

17 Calculate £F = TS ZXieH]L d(Xi) — 7 St d(g(z:));

18: Input samples in Hf‘ into d and sample w+ 1 i.i.d noises {z1, -+, Zy41} from
the standard normal distribution;

19: Calculate £f‘ = %ﬂ iner d(X;) — %ﬂ Z;”:ll d(g(z;));
20:  Calculate D; = ‘ﬁf - LJL‘

21: end for '
Output: 7 = argmax; D;.

change-point. Furthermore, we discussed the choice of the parameters K and w and
compared our algorithm with the existing effective methods.
4.1 Estimating the joint distribution of autoregressive series

We used GANs to estimate the joint distributions of autoregressive Gaussian and
autoregressive logistic processes, respectively, to verify the accuracy of the estimation
and the correlation between the generated samples. The construction and training
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of the GANs follow standard procedures, see (Arjovsky, Chintala, & Bottou, 2017,
Algorithm 1) and B.2 for more details.

4.1.1 Experiments on autoregressive (Gaussian processes

Considering the multivariate autoregressive Gaussian processes:
xy = xt—1 — 0.0lx;_o — 0.5%4_3 + vy, (41)

where x; € R?® and v; ~ IN(0,0.2I4). The initial values are set as ; = 2 = 0, and
each element of 3 is independently sampled from the uniform distribution U(0, 0.01).

We used GANS to estimate the joint distribution of 5-tuple observations of the time
series, i.e., {&s, -, @t14}. After training, fake data containing 5-tuple 20-dimensional
observations is generated according to the estimated joint distribution and is compared
with the real data. Figure 3 shows the correlations and autocorrelations of this sample.
Figure 3(a) shows that the correlations of the generated data closely match those of
the real data. We randomly selected two dimensions from the generated sample, the
second and fifth dimensions in this case, and plotted their autocorrelation. Figure 3(b)
reveals the autocorrelations in the generated samples. These results demonstrate that
GANSs can effectively capture the correlation of the joint distribution of stationary
time series data.

4.1.2 Experiments on autoregressive logistic processes

Considering the autoregressive logistic processes:
zZt = 0.1Zt_1 + €y, (42)

where the innovation process €; is a sequence of i.i.d p-dimensional multivariate logistic
distribution L(0, I,). The initial value is set z; = 0.

Here we also set | = 5 and generate a 5-tuple sample patch after feeding a random
Gaussian noise vector into the generator. To demonstrate the accuracy of the generated
samples with the real ones, we calculate the Hausdorff distance to measure how far
these two samples are from each other, which is defined as:

X Y, = i
h( fake; real) xg(?fke{yén}%?al{d($7y)}}7

where X qpe stands for the fake samples generated by GAN, Y., contains the real
samples, d(-) is the Euclidean distance. We generate 1000 sets of 5-tuple fake samples
and equivalent real samples and then calculate the Hausdorff distance between these
1000 sets of fake and real samples for dimensions p = 500, 1000, 1500, see Table 1. The
results show that the generated samples by GAN and the real samples are close in the
Hausdorff distance, which implies that GAN can learn the joint distribution of time
series well, especially in high-dimensional cases.
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Fig. 3: (a): The comparison of the correlations. (b): The autocorrelations of the second
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and fifth dimensions of the 5-tuple generated samples.

Table 1: Hausdorff distance between true and estimated samples
for various dimensions, calculated from 1000 5-tuple data points.

Dimension (p)

500

1000

1500

Hausdorff Distance

56.51

78.68

98.53

4.2 Experiments on the change-point estimation

In this subsection, we apply the Algorithm 1 to a specific example and an application
scenario. Then we compared our algorithm with the Scan B-statistic method (S. Liet
al., 2019). The selection of parameters K and w in the Algorithm 1 at the end of the

subsection.
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4.2.1 An example of the Algorithm 1

Considering the following time series {y,};2°° € R?3

where y,, is generated by

with a single change-point,

Yp, = 0.6y, 1 — 0.5y o + e, (4.3)

and € is a Gaussian noise N (0, I53) when k& < 5500, and N (2, Io3) for k& > 5500.
The initial values y; = 0 and y, = 0. We remove the first 500 observations to obtain
a sequence of stationary time series {g,}129°°, therefore the change-point exists at
7 = 5000.

Figure 4 shows the loss value of the Algorithm 1 of Stage 1 and Stage 2. Figure
4 (a) finds G that narrows the range of the change-point. Figure 4 (b) shows that the
Algorithm finds the change-point accurately.

—— Change Point
64— G

—— Real Change Point: 5000
6 —— Detected Change Point: 5000

o

2000 4000 6000 8000 10000 R N SRR O O & O H o o o o
0 AN Y VA M SN L) o A A
[ L S A I T

& @

S el O
5 &
& 9 &

(@) (b)

Fig. 4: (a): Loss values £; of stationary samples {g,}1%9°°. The samples located in
the interval [4750,5249] are set as the elements of G (in Stage 2). (b): Loss values of
each samples in G, the change-point is accurately estimated.

4.2.2 Real data applications

We apply our proposed algorithm to a real-world dataset, the human activity
recognition (HAR) dataset (Anguita, Ghio, Oneto, Parra Perez, & Reyes Ortiz, 2013).

The HAR dataset contains the activity recognition data of 30 volunteers over time
(sec) from the accelerometer, gyroscope, magnetometer, and GPS sensors when they
carry a waist-mounted smartphone. The recognition of activity includes six different
activities (walking, walking upstairs, walking downstairs, sitting, standing, and lying).
In our experiment, we only use the gyroscope data to analyze. The gyroscope data
records 3-axial angular velocity at a constant rate of 50Hz, which can be regarded as
three dimensions. We extract 10800 observations of one volunteer in the gyroscope
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data to estimate the change of activities, i.e., the variations of the volunteer’s activity
recognition from inactive to walking.

Figure 5 shows the extracted time series in three dimensions. It can be seen that
there exists an obvious change between the two activities at the sides of the 9468-th
observation. The observations before the 9468-th sample indicate that the state of this
volunteer is inactive. For the observations after the 9468-th sample, their distribution
is significantly distinct from the former ones, which represents that the state of activity
changes to walking.

Visualization of The Real Data
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Fig. 5: Visualization of the gyroscope data near the change-point.

Figure 6 shows the difference in the loss values of the Algorithm 1. Figure 6 (a)
shows that the Algorithm finds the set G. Figure 6 (b) shows that the Algorithm finds
the change-point accurately.

4.2.3 Comparison of the change-point methods

In this subsection, we compare our method with two representative methods in change-
point detection proposed in Cao et al. (2024) and S. Li et al. (2019).

The scan B-statistic method S. Li et al. (2019) is a kernel-based method, it splits
the data into n reference blocks and one test block and calculates an unbiased estimator
of the kernel maximum mean discrepancy (MMD) statistic between two pairs of blocks,
followed by taking an average. It has shown strong experimental performance in high-
dimensional change-point estimation. However, this method requires a large amount
of reference data, typically five to ten times the size of the test data. Collecting such
data can sometimes pose challenges for the practical application of the algorithm.

Isolation Distributional Kernel-based Change Interval Detection (iCID) method
Cao et al. (2024) focuses on identifying intervals where change-points may exist and
does not rely on reference data. It demonstrates high accuracy within a certain error
range. Another advantage of this method is its robust to outliers and can detect
multiple change-points in a dataset.
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Fig. 6: (a): Distances |L£;41— L] of the extracted gyroscopes data, the samples located
in the interval [9288,9719] are set as the elements of G (in Stage 2). (b): Loss values
of each samples in G, the change-point is accurately estimated.

The performance of these three methods is evaluated on logistic to Laplace mixed
processes. Specifically, the first type of samples are stationary autoregressive logistic
processes

zZy = O.].thl + €, (44)
where the innovation process €; is a sequance of i.i.d p-dimensional multivariate logis-
tic distribution L(0,I,) and the initial value is set to z; = 0. The second type is
autoregressive processes with Laplace marginal distribution, that is,

Uy = 0.36ut_1 + 7y, (45)

where r; is p-dimensional multivariate Laplace distributions La(5 - 1,,61,) and the
initial value is set to w3 = 0. These two time series are combined to form a new time
series with the change point at 5000.

We calculate the estimation accuracy of all methods applied to 50 sets of data with
size 10* for three different dimensions, p = 100, p = 500 and 1000 respectively. Table 2
presents the accuracy of detected change-point locations compared to the true values
under different error ranges: 0,5, 10, 20.

It can be observed that in a lower dimension case with p = 100, all three methods
perform well. However, as the dimensionality increases to p = 500 and p = 1000, our
method demonstrates superior performance. Although ICID performs better at an
error level of 20 when p = 500, it falls short of our algorithm at higher precision levels.
Furthermore, for p = 1000, our method performs better across different precision
levels.

We also compared our algorithm with the scan B-statistics method and iCID
method in the HAR dataset. Under the setting of section 4.2.2, our method accurately
identifies the change-point at the time 9468, while the scan B-statistics method detects
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Table 2: The estimation accuracy(%) for logistic to Laplace mixture with different
error ranges.

Error range 0 5 10 20
p =100

GAN-base  0.00 0.82 1.00 1.00
B-statistic  0.00 1.00 1.00 1.00
iCID 0.00 0.56 1.00 1.00

p =500

GAN-base  0.04 0.82 0.90 0.96
B-statistic ~ 0.00 0.66 0.80 0.94
iCID 0.00 0.20 0.82 0.98

p = 1000

GAN-base  0.06 0.86 0.94 1.00
B-statistic ~ 0.00 0.70 0.82 0.94
iCID 0.00 0.14 0.52 0.70

the change-point at 9472 with a slight error. The iCID method can identify the change-
point within an error range of 10 but fails to provide its precise location.

It is worth noting that in our experiments, we analyzed the 10800 observations
using only 800 samples as reference data to train the GAN model. In contrast, the
scan B-statistics method required nearly 50000 reference samples to analyze the same
data. Such a large quantity of reference data is often challenging to obtain in practical
scenarios where annotated data or long observation sequences are limited.

From the aspect of the running time and time complexity, our method has a time
complexity of O(nNZ), while both the Scan B-statistic method and iCID have a time
complexity of O(n), where n is the number of observations and Ny is the width of
the neural networks in the discriminator. It can be seen that our algorithm has a
slightly higher time complexity compared to the Scan B-statistic method and iCID.
At the same time, our training time is also much longer that of the other two meth-
ods. This difference arises because our algorithm leverages DNNs, whereas the other
two methods are kernel-based. The neural network training increases both the com-
putational time and memory usage for our algorithm. However, this results in more
precise change-point detection and improves accuracy, particularly in high-dimensional
settings.

4.2.4 Discussions of K and w

In the algorithm of change-point estimation, group-wise comparison is employed in
Stage 2 to narrow the scope of data detection, promoting computational efficiency,
so sample size K in each group plays a crucial role. Similarly, the radius of the rolling
window in Stage 3, i.e., w, is essential for testing whether there exists a significant
change in the average loss values on both sides of the samples in the candidate groups.

On the one hand, if K is small, the average loss in the algorithm would be sensitive
to local fluctuations in the loss values. This sensitivity may result in an incorrect
estimate of the candidate groups. On the other hand, K should not be very large. In
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our algorithm, Stage 2 finds with a low computation cost that the change-point is
located in two adjacent groups, while Stage 2 further determines its exact location
by rolling window and has a computation complexity heavily depending on K. So, a
choice of very large K will require large computation resources. For the size of the
rolling window w, it should be chosen such that it is not too large, to ensure the
validity of the rolling window, and not too small, to avoid larger local fluctuations
that might influence the average loss values for small sample sizes.

Apart from the special cases of K and w mentioned above, their values have little
impact on the estimation accuracy. We conjecture that after reaching a certain suffi-
ciently large number in a reasonable range, further increasing K and w will have little
impact on the estimation accuracy.

We experiment to validate this conjecture. We generate 50 sequences of 10000
time-series samples modeled by (4.3) in Section 4.2.1 and each time series has a change-
point. Their change-point positions are randomly assigned. To measure the effects of K
and w on the estimation, we apply our algorithm to these 50 time series and calculate
the estimation accuracy. Figure 7 presents the accuracy lines with 10-moment errors.
Notably, the accuracy remains above 80% for different K and w. This observation
suggests that the estimated results have little difference when both K and w are larger
than a certain threshold. Based on the analysis above and the large sample theory, we
can empirically define a range for the two parameters: K > 200 and 50 < w < K /2.

Impact of the Hyperparameter w on The Accuracy _ w

K 50 60 70 80 90
EES——a N 1000 | 1.0 1.0 0.98 0.96 094
Ew 714 |1 098 1.0 098 092 094
§ 555 | 096 096 094 92  0.88
g %% 454 1.0 098 1.0 096 0.96
. o so 384 | 098 098 1.0 098 1.0
g w=60 333 | 094 094 094 092 0.94
£ o] e 294 [0.96 0.98 0.98 0.98 0.96
w =90 263 1.0 096 1.0 1.0 0.96
00 102)0 714 535 45’4 3é4 333 254 263 238 2i7 238 0-96 0~96 0o98 0.96 0-98
The number of samples in each block: K 217 0.98 0.94 0.96 0.94 0.90

(a) (b)

Fig. 7: Impact of sample size K and radius of the rolling window w on accuracy. (a)
This figure illustrates the effect of varying K on accuracy for five different choices of
w. (b) This table presents the specific accuracy values corresponding to the choice of
K and w shown in Figure 7(a).

5 Proof of Theorems 4 and 5
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The strategy for proving Theorems 4 and 5, specifically the estimation of dy (', guv),

involves decomposing dy (7', gy v) and estimating each term in the decomposition. In
this section, we will first introduce some auxiliary lemmas and then prove Theorems
4 and 5. The proofs of these lemmas are provided in Appendix A.

5.1 Auxiliary lemmas

Lemma 6 (Error Decomposition). Suppose gyv is supported on [—an,an]lp for all
g € G and assume D is in symmetric class. Let § be defined in (2.8) and H® be function
class defined on R with h € H® and b =r + q.

(i). Suppose Assumption 2(i) is satisfied, there exists ¢ > 0 such that for any

D ={de NN (Ny, Ly, K>) : d(R'?) C [-B, B], B < oc},
with Ny > ¢(Ky/log? Ky)WwH0)/Cw+2) T, > 4y 1+ 4, v := [logy(Ip +1)], one has

do(r', G 4v) < 2(2a,)"(Ka/log” Kz) %1 +2(1 + B)lpe =" *+*"/?
s — . 1~
sup {Enild] = = > d(X) } + inf sup {= 3~ a(X5) ~ B, 1d]}
=1

S
deD 9€G 4ep et

+2 sup {Ep, [dog]—E,[dog|}.
dog€DoG

where i =n—1+1, Dy = =57 5.
(ii). Suppose Assumption 2(ii) is satisfied, there exists ¢ > 0 such that for any D
defined in (i) above,

dy (7', §uv) < 2(2a,)" (K2 / log” Ko) % + C,(1+ B)la;®

1<~ 1<~ —
E_ld - =S dX; inf N UX)-E, . ld
+Stelg{ i ﬁ; ( )}+;r€1g31€1g{n; (X:) — Eq,ld)}
+2 sup {]E,;m[dog]—E,,[dog]}.

dogeDoG

The following three lemmas estimate the terms in Lemma 6.
Lemma 7 (GAN approximation error). Suppose Assumption 1 and Assumption 2 are
satisfied and

D ={d € NN (Ny, Ly, K») : d(R"?) C [-B, B], B < o0},
then with probability at least 1 — 2le ™t — e=C25/28

sup izﬁ: (d(Xi) —En [d(X3)]) ’

n
deD o

< i (nlCll/'BKze*CZ(Sl“)/ﬂ/(l _ e—ca/ﬂ) + nlCll/’Bng*Cﬁl/(Qﬂ)*@/5/(1 _ 6702/5))
n
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1
+%C§ [l\/2sl +nkKsy - /Ly + 1+ log(lp) + B\/tlsnl} .

where n =n — 1+ 1 and t1 is a positive constant.
Lemma 8 (Generator approximation error). Suppose that G = NN (N1, L1) satisfies
Ny >Tlp+1,L1 > 2 and

Ny—lp—1|Ny—Ilp—1||L
n< 1P {161) {1J+2.

2 lp 2
For any D C {d € NN (N3, L, K>) : d(R"?) C [-B, B]} N Lip (R?,C),B,C < oo,

we have

inf sup{;i d(X;) g#y[d]}:O.

Lemma 9 (Statistical error for simulated sample). Suppose G = NN (Ny, L1, K;),
and
D ={d € NN (N3, L3, Ks) : d(R?) C [-B, B}, B < o0,

then with probability at least 1 — e~ for any to > 0,

8t
Ki\/Ly+ Ly +2 Emax |24l + 2B1/ =

5.2 Proof of Theorems 4 and 5

Proof of Theorem /4. By Lemmas 6(i), 7, 8 and 9, it is easy to see that, with probability
at least 1 — 2le~" — [e=C251/28 _ g—t2,

=N 2
dpog (Vm, V) E

dy (!, §uv) < 2(2a,)"(K2/log" K2) ™51 +2(1 + B)lpe*“n*'f/?
1 <& _
+sup{E [d — = d(X;)} + inf d(X,) Jld
sup {00 = & 3 dX0} + nfsup {13 0K) By

+2 sup {E;, [dog]—E,[dog]}
dog€DoG

< 2(2a,)" (K2 / log” Ko) 7 + 2(1 + B)lpe ¢t /2
+?1011/5K2 (e—cz(sl+1)/ﬂ/(1 _ 6—02/6) + e—Cgsl/(2B)—Cz/ﬂ/(1 _ 6_02/;3))
n

+%C§ {l\/Zsl +nKy /Lo + 1+ log(lp) + B\/tlsnl}

4 8t
+—KyK1\/Ly+ Ly +2-Emax || 2|, + 4B/ —.
m i€fm] m
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Since a,, = log(lpn) and when we choose s = n®, 0 < a < 1, it is easy to know that
with probability at least 1 — 2le~tt — Je=C2n"1/26 _ gtz

dy (74, §,v) < 2log®(Ipn) (K2 /logY Ko “H 4 2(1+ B lpeflog(lp")+”2/2
#

n Pk, n Pk,
7 eC2(n 1) /B(1 — ¢=C2/B) T i (1 — e=C2/B)eCan1/26+C2/B

2 a+1
+Cyl 7””‘71”” Lz + 1+ log(lp) + CLB \/tll”
4 8t
+—KyK1\/Ly + L1 + 2 - Emax || 2], + 4B/ —
m i€[m] m
=0 ((log Ipn)® (K5 / log” Kg)fll’%) +O0(B/n)+0O (lng_Cwal)
+0 (l\/1/mr(2~/L2 Flog lp) +0 (B ltl/nl—o‘)
+O (KQKl\/ L2 +L1/m+ \/tg/m)
=0 ((log Ipn)® (K5 / log” KQ)*ZP%> +0 (lng_CQ"al) +0 (B ltl/nl—a>

+0 (W/1/nkav/Lz +1oglp) + O (KaKi/Lo + Ly fm + /2 fm)

We further take t; = to = n®, a = 2(l3:t+11+b) as m > nK1/I1 + Ly, B = (logn)®

b
and Ky = Cn? ™ 21 , a straight calculation implies

+

(', .,40) < O ((logm) ¥4+ 50585 )

Ip41
with probability at least 1 — 4le—Cln2PH+2 O

Proof of Theorem 5. By Lemmas 6(ii), 7, 8, 9 and setting s = n® with 0 < a <

1, a, = nlgTa, similarly as the calculation above, one has with probability at least
1 —2le~tt — [e=Can"l/26 _ o=t

dy (', guv) < O ( (K log" Ka)~ %) 10 (zKQe—Czn‘”) 40 (BZW)
+0 (ZMKQW> +0 (KaKi/Lo + Lifm+ /tafm)

Ip+1) (wb
We further take t; = to = n%, a = m, as m > nKyv/Li+ Ls, B =
(Ip+1) (w+b)
ogn) w11 and Ky = Cn@ominemw . Since Ip < 2w—1, we have % <

(1
% a straight calculation implies

(Up+1)(w+b)
d?—l (7-‘-17 g#y) < O ((10g n) Lp+1 n 2+ Cw+b)(Ip+1)+2bw )
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_ptl
with probability at least 1 — 4lo—Cln2TPFIFE) -

6 Conclusion

In this paper, we theoretically prove that GANs are effective for estimating the
joint distribution of I-tuple samples from a stationary time series. By employing the
blocking technique and the M-dependence approximation technique, we establish a
non-asymptotic error bound between the estimator of the joint distribution and the
true distribution, thereby demonstrating the effectiveness of the DNN-based GAN
estimator.

As an application, we propose a novel algorithm for change-point detection in time
series with structural breaks. Leveraging GANSs’ ability to estimate joint distributions,
this algorithm identifies the change-point by capturing the differences between two
distributions and is particularly effective in handling high-dimensional data.

To validate our theoretical result and the proposed change-point estimation algo-
rithm, we perform several Monte Carlo experiments, confirming their effectiveness.
We compare our change-point detection algorithm with other methods to show its
superiority, especially when dealing with high-dimensional data. The algorithm is also
validated on real-world datasets to demonstrate its effectiveness.
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Appendix A Proof of Lemmas in Section 5

Proof of Lemma 6. (i). For any € > 0, it is easy to see that there exist an h. € H and
a d. € D such that

sup{Er:[h] — Eg ., [h]} < Ernifhe] —Eg,u[he] + ¢,
heH

and

e = delloe < it e = dllos +2.

Then, we have

sup {Eﬂ,z [h] - EQ#,, [h]}
heH

< Enfhe] — ]Eg#,,[hg} +e€
= ET(L [hs] —En [ds] + Enl [ds] - Eg#u[ds] + Eg#u[ds] - Eg#u[hs} +e
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= {Enlhe — de] + Eg,[de — hel} + {Eq[de] — Eg,u[de]} +e. (A1)

Step 1: We first deal with the first terms of (A1). Let A, = [—apn, a,]®, it is easy
to see that

Eqilhe —d.] + Eg,,[de — he] (A2)
= Eni[(he — do)lag] + Eq[(he — de)1a,] + Eg,o[de — he].

For the first term of (A2), the boundedness of h., d. and sub-Gaussian assumption
yield

S ||h6 - dsHooEqu[lAfl] (A3)
< (14 ldll + €)Pgrrt ([]loc = an)

lp
< (L+[ldloo +8) Y Pomt (2] > an)

i=1
2(1+ B+ 5)lpe_“"+“2/2.

IA

Since g(R) C A,,, one can get the estimate of last two terms of (A2)

E i [(he —de)1 + Eguy [de — he] <2 inf h —d||s + 2¢.
’[( € s) An] g# [s E} hei—tu(lx)éln)deg%A")” ” €

Jiao et al. (2023, Theorem 3.2) guarantees that, for any h € Hb([0,1)'),b = r +q,
there exists ¢ > 0 such that for any d € NN(N, L, K), N > ¢(K/log? K)(2p+b)/(2lp+2)
and L > 4y + 2, v := [logy(Ip +1)],

A 7] b
sup ~_ inf I1h — d|leo < (K/log” K)™ w+1.
he([0,1)ir) dENN(N,L,K)

Let h(z)1a, = (2an)bﬁ(ﬁ + 1), do(z)1a, = (2an)b§(ﬁ + 1), and
d(x)14, = (do(x) ANB)V (—=B) = o(do(x) + B) — o(do(x) — B) — B.

Then, we have

I 1
sup inf ||[h—d = sup inf 2a,)h(=— + =) —d(z
S Wl = 0 R )~ d@)
< (2a,)" sup  inf  ||h—d|e < (2a,)°(K2/log” Kz)’lpbﬂ7
ReH([0,1]tr) dED([0,1]'7)

where d € NN (Na, Lo, K5), with Ny > ¢(Ky/log? Ko)2P+0)/(R+2) and Ly > 4y + 4,
v := [logy(Ip + 7)]. Thus, we obtain

E [he - de] + EQ#V[de - ha} < 2(2an)b(Kv2/10g7 K2>7Lp% + 2(1 + B+ 5)lpe_an+vz/2 + 2e.
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Step 2: For the rest terms of (Al), that is En[d.] — Eg,,[d.], one considers the
empirical process and gets

Eﬂl [ds] Eg#u[d ] - ]E'n'l [da] = Zde(fz) + % st(fz) - %Zde(g(zl))
i1 i1 i1
3 d(@(=1)) - Bulde(8(2)
lem . 1 &

gdsgg{ 7—Zd }+;Ielf Sgg{ngd(Xi)m;d(g(zi))}

+ sup {E;, [d o g] —E,[dogl}

dog€eDoG

< g Bl = 35000} (15 00— o,

1 m
f Eg, . [d] —— ) d(g(z; Es,, [d - E,[d ;
+;gg;gg{ sl = 3 dlg(z) f+ sup (B, [dog] ~ Eildog])

where the first inequality follows the definition of § and &y, := L 3" | 4, is the empir-
ical measure. Combining the inequality above with (Al) and a straight calculation
implies
dyy (7', §yv) < 2(2an)"(K>/log” szﬁ +2(1+ B +e)lpe™ /2 4 3¢
1~ =
+sup{ - — d(X. }Jrlnfsup{ d(X;)—E Vd}
£ ACE + ufsup (13 0(K) By, ol

+2 sup {E; [do g] —E,[dog]}.

dog€eDoG

Let ¢ — 0 and the proof is complete.
(ii). The proof is similar with (i) except the calculation of (A3) in Step 1. For the
first term of (A2), Assumption 2(ii) and the Markov inequality imply

Eri[(he = de)lag] < [|he — dellocEri [Lag] (Ad)
< (L4 ldlloc + €)Porrt (I2lloo > an)
—w
< (L4 B + €)Egnm [max max |a;;[*]a,
<1 +B+€)Em~w[llmll Jan*

Combining equality (A4) and Step 2 above, we obtain

dﬂ(ﬂl,g#l/) < 2(2a,)b(K»/log” Kg)flp% +1C,(1+B+¢)a,” + 3¢

27



+ sup {Ewl [d] - % Z d(X; )} + inf sup { ! Zn:d(xi) - Eg#y[d]}

deD P 9€9 deD
+2 sup {E; [dog]—E,[dog]}.
dog€eDoG
Let € — 0 and the proof is complete. O

Since X; and X; are dependent for any 4,7, some classic results for indepen-
dent data cannot be used directly. Denote the sl-dependence form of X; by X} =

E[Xz‘f;_sl] where f:_i: U(eifsl, . 75‘1-)7 and X/i = UBC{X;, ;+1,; 7X;+(l71)}'
It is easy to see that X'; only depends on {&;_ 4, --,€&;}, and thus X'; is indepen-

dent on ?i,l(sﬂ). Let the stationary distribution of time series {X,} be 7, and the

joint distribution of {fl} be 7!. Without loss of generality, we choose n large enough
that for some s,/ € N, such that sl < n.
Divide {X;}1<i<n—i+1 into the following ! parts,

{ X5, Xpsto X (@ 1 1 <k <1
where Q. = [n/l],if k < (nmod 1)+ 1; Qr = [n/l] —1,if (n mod I)+1 < k <. The

following two lemmas pave a way to the proof of Lemma 7.
Lemma 10. Suppose Assumption 1 is satisfied and

D={de NN (Ny, Ly, K>) : d(R'?) C [-B, B], B < oc}.
(i) We have
Qk

sup Z (Enl [d (Ykﬂ(ifl))] —Exn {d (YkJrl(ifl))])

e et

< nCy/P KpemC2(HD/8 (1 — ¢=C2/F),

(ii) With probability at least 1 — e=251/28 we have

Qr Qr

2“113 { Zd X/c-i—l(z 1 _ Zd(ykﬁ-l(i—l))} < ncll/5K267C25l/(25)*02/5/(1 _ esz/B).
€ i=1

Proof. (i) For convenience, we denote G(§;,€i+1, - ,€;) as Gg, and
G(&,€i41, - ,€5) as (G')]. A straight calculation yields that

d(X;) - d(X";)
= d(UEC{]E[XA.FZ_OO], E[Xz_;,_l“/—"z_-";], .. 7]E[Xi+(l—1)|fi+(l_1)]})

7 7 i+ (1—
—d(vec{B[X | FL_ g BIXi | Fi_al - BIX o |G
= T 741 i+(1—1)
= Z (d(veC{E[Xﬂ}:j]aE[Xz‘+1|f_]+1] L E[X o) \f G- 1)]})
j=sl+1—i
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—d(vec{E[X|F ;)] E[X | FEL) - BIX o FEUTV)

oo

i i i+(1—1) i+(1—1
= Y (dwee{BIG,|FL ) EBIGT | FL] - EIGT D P
j=sl4+1—1
—d(vec{B[(G)|FL ) BI(G) S |F L) BUG) T IFE S D0).

Since D is set of Lipschitz function with Lipschitz constant Ks, combining equality
above with condition (2.2), we can get

Qr o
Esup | Y (d(Xkiii-1) — d(X tr16-1)] (A5)
deD
< ESHPZ Z ‘ (’U(:’C{E[ k+l (i—1) |]_-k+l i— 1)]7._ [Gk-;ﬁl 11‘]_-E;rizl 11]})
deD’L 1j=(s—i+1)l+1—k
k+1(i— k+1(i— 7 )
—d(vec{E[(G') D RO L RGO [FEY)
SKE[Y. 3 IeeclBIGHD - (@R

i=1 j=(s—i+1)l+1—k

k+1
BIGYEY T — (G5 P

IN

k
k+1(z—1 k+l(z—1 i— 7
Ky §j {EN|GEEY — (@) V| 4+ EIIGHEEY — (G)EEE L)
i=1 j=(s—i+1)l+1—k

Qk 00
1K> Z Z 011/,3676'2(k+l(i71)+j)/5 _ chll/BlKQefCQ(szH)/g/(l B efcg/g)
i=1 j=(s—i+1)l+1—k

IN

< nCP Kye=C26H0/8 j(1 — o=C2/B),
Since
Qk L
Zug|z o (A ka(im 1))~ Eae[d(X i 1))])|<]EZUP\Z (X ri(i-1)=d(X b 110-1))],
€ i=1 €D i=1

then the result in (A5) yields that

S“gIZEI (Kres1(6-1)] Bt X k)| < Oy Bgem PO/ (1—emC2/7),
€ i=1

(ii) The Chebyshev inequality and the result in (i) imply
Qk Qk

(bup { Zd Xitiii-1)) Zd(?mz(zel))} > I)

deb i=1
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Qk Qk 1

< Ebup{zd Xitiii-1)) _Zd(?kJrl(i—l))} <

- hCOMPK, e Casi+)/B
T gep — x(1—6_02/6>n 1 2€

We can obtain with probability at least 1 — e~C251/(25),

Qk Qk
4eb (D dXai1) = D AKX ki) } < Oy Kye 2/ @R=C2/8 (1 =C2/9),
€L =t i=1
O
Given a real-valued function class 1 and some set of data points x1,---, @, € R4,
the Rademacher complexity R, (H) is defined as
Ru(H) = By [sup L Yt (@)
n = sup — (L) |,
" hen M ] K
where m = (1, ,7y) is a vector uniformly distributed in {—1,+1}". Golowich et

al. (2018, Theorem 2) shows that,

Lemma 11 (Rademacher Complexity of Neural Networks). Let Hy be the class of
real-valued networks of depth L, where HWj”l,OO < M(j) for all j € {1,---,L}, and
o is a 1-Lipschitz activation function with o(0) = 0, applied element-wise. Then

L
2
< = L+1+1
n (ML) _nI;[ v/ L+1+1log(p) maxp}Z:c”,

je{1

where x; ; is the j-th coordinate of the vector ;.
Proof of Lemma 7. For j € {1,2,---,[Qr/(25)]}, let

k . . . .
ID ={i=k+2sl(j = 1),k +1+2sl(j —1),--- ,k+ (s = 1)l +2sl(j — 1)},

k . . . .
Ji={i=k+sl+2sl(j—1),k+1(s+1)+2sl(j —1), -+, k+ (25— 1)l + 2sl(j — 1)},
thus we can decompose [2sl[Qr/(2s)]] as a union of 2[Qx/(2s)] blocks. Let

Y, =Y a(Xh).vh, = > d (X))

zEIj zEJj

By the definition of YZ-, we know {Y’;Vj}lgngk/(gs)] is an i.i.d. sequence of random
variables, and {Y?)j}lSjS[Qk/(zsﬂ is the same.
By Lemma 10, it is easy to see that, with probability at least 1 — le~C21/(25)




(4 Rorren) B [d (Xw(il))])‘
k=1 i=1

| Qk Qk o o
Zlelgi Z (d (Xpti(i=1)) — Ext [d (X pti6-1))]) — Z (d (X/Hz(iq)) —Ex [d (X/k+z(¢1))})‘
k=1 [i=1 =1
1 I | Qr
+ sup —

=1

T w I (CATEUCAR))

IA

[Qu /251 L [1Qu/2s]
+su (Y’“.—I[«:,~r [Yk D + su (Y E. [Yk D .
deg n Z ; " l 1 deg n Z Z l 3

! ( 108 —Cg(sl-i-l)/ﬁ/(l _ 6—02/5) 4 nlcll/BK2e—czsl/(25)—cz/ﬁ/(l _ e—cz/ﬁ))
n

2s
Denote ZI = supdeD‘er/lﬂ Z(Qk/ ](Y

Fi — EalY} ) Since E(Y},) -
Ez {Yl,j] =0and for all 1 <j < [Qr/25]

k
Y7, -

Ezx {Y]f,j} | < Z ’d (Fk—o—Qsl(j—l)—t-(i—l)l) —Eu [d (Fk—&-Qsl(j—l)—&-(i 1) )”
=1
< Z(‘d <?k+2sl(j71)+(i71)l>‘ + Ex
i—1

d <?k+25l(jfl)+(ifl)l) ’) < 2sB,

by Massart’s concentration inequality (Massart, 2000, Theorem 9) for suprema of the
bounded empirical processes, we have for all ¢; > 0

2t
IP’{Z}“ >EZ} +4sB M} <e .
k

For the expectation, we

‘ consider the Rademacher random variables
{nf}izl’___’ljk 1 < j < [Qk/2s], that is ] equals to 1 and —1 with propability 1/2.
Then by using symmetrization theorem for empirical processes (van der Vaart &
Wellner, 1996, Lemma 2.3.1) and Lemma 11, we can get

[Qr/25]
22t = e 2 (VhimEa VL))
1 [Qr/25] — L
_ o 7w 7
T

o Tk
zte
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[Qr/25]

= Esup Qk/2sl Z Zd(X’) 2 [d]

deD = ierr
[Qr/25]
< oty X Z(X)
[Qr/2s]
< e VE LTI B | max 2 Z )

where fi,w denote the w th coordinate of fi.
Assumption 2 implies that stationary distribution 7 of time series { X, },en has
second order moment bound and thus

lp
E max 2 < E zw
ey (X 2 X
w=1
lp
E UeC{E X | i— l]a T ’E[Xi+l*1|f;ill:1173l]}12u]
w=1

M@

< ) (EXT, +EXT,, + +EXT ) S Gl
w=1
Jensen’s inequality implies
[Qu /251 Qi /251 1/2
E max 2<{E ma
pelax > D (X SOE max 3} (X
Jj=1 zEI’€ Jj=1 ze]"
1/2

[Qr/25]

IN

= zeIk we{l,-

Hence, it is easy to know that,

< et

Csl 2)
IP’{Z}“ZAL slls + Qu/2) o Ty ¥ T+ Tog(p) + 4B

[Qi/25] G }

Let Z’Jc = {Yﬁj , one can get similarly

’ }1§j§’—Qk/25-|

& VCsl(s + Qr/2) \/— 2tq _t
IP’{ZJ24 (0 /25] Ky -+/La+1+1log(lp) + 4sB [Qk/Zﬂ}Set'
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Since Q) < n/l, it is easy to know that, with probability at least 1 — 2le™ " —
le=C2s1/(28),

n

IS (@(X) B [d (X))

i=1

sup
deD

IN

i (nlcll/ﬂK2e—Cz(sl+l)/5/(1 _ e—Cz/ﬂ) + nlcll/ﬁK2e—CQSz/(2g)—02/6/(1 _ e—CQ/B))
n

l
3 [4\/031(3 F Qr/2)Ky - /Iz + 1 +log(ip) + 4sB\/2t1 [Qx /251}

>
Il
—

1
n
< 1 <n1011/5](2€—02(sl+1)//3/(1 _ 6—02//3) + nlcll/ﬁKze—CQSl/(zﬁ)—CQ/B/(l _ 6—02//8))
1

%Cé [Z\/Qsl +nKy - +/Ls + 1+ log(lp) + B\/tlsnl} .

O
Proof of Lemma 8. Suppose that G = NN (Ny, Ly) satisfies Ny > 7lp+1, L1 > 2 and

_ Nl—lp—l Nl—lp—l L1
2.
" 2 { 6lp 27

For any D C {d € NN (Ny, Lo, K>) : d(R'?) C [~ B, B]}NLip (]Rlp,C) ,B,C < oo,
we have

IN

IA

1 _
agoup {5 0% ~Bouldl} < jof, s [ 7 (s - dap)

9€9 geD

< inf C sup /f (d%lﬁ — dg#l/)
959 | flluip <1

= Cinf W (7;1—, u) ,
geg ! w9
where n =n—1+1, 7;lﬁ = % Z?:l Sz, is the empirical distribution of {X;}i—1,... &

Since Wi (711777(796#1/) — 0 for some g, as € — 0 by Lemma 3.2 of Yang, Li, and
Wang (2022).

T o
inf sup{%z: d(X;) g#u[d]} =0.
Proof of Lemma 9. Statistical error for simulated sample is defined as

dpog (Vm,V) = sup
dogeDoG

LS (@og) (2) ~Beru 0 9) 2 )])‘-
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Let Rpn(D o G; z) := Esup,gepog Ly mdog (zz)’ is the Rademacher com-
plexity of functional class Do G, and 7y, - -+ , 7, are independent Rademacher random
variables.

We can obtain Edpog (Vim,v) < 2R (D o G; z) by the symmetrization theorem.
Using assumption supgep ||d||oc < B, Massart’s concentration inequality for suprema
of the bounded empirical processes shows that

8t
P{dpog (Om,v) > 2Rm(D 0 G) + 2B 2}
m
~ ~ 8t2 —t
<P dDog (Vnu V) > IEdDog (Vnu ) +2B <e .

Next, we need to calculate R, (D o G).

Since the composition of two neural networks d € D = NN (N, Ly, K3) and
g € G = NN (N, Ly, Ky) is still a neural network with width max { N2, N1} and
depth Lo + Ly + 1. Lemma 11 implies

2
Edpog (Vm,V) <2Rm(DoG;2) < —KoKy\/Lo+ L1 +2 Emax |zl -

S

Thus, with probability at least 1 — e™*2,

/8t
Ki/Ly+ Ly +2 Emax | zill, + 2B/ —=.

. 2
dpog (Vm,v) < —
m

Appendix B Algorithm and experiment
B.1 Algorithm complexity

We choose the convolutional neural network to model the generator, and the fully
connected neural network to model the discriminator. According to He and Sun (2015),
the total time complexity of all convolutional layers and connected layers respectively
can be expressed as:

L L
i=1 i=1

Here i is the index of the layer, L is the depth, N; is the width in the ¢-th layer. s; is
the spatial size (length) of the filter. m; is the spatial size of the output feature map.
In our case, as we are dealing with a convolutional neural network designed for high-
dimensional data, we can assume that both m; and s; remain constant. Consequently,
the complexity of both the convolutional layers and connected layers can be simplified
to O(L(maxg<;<z, N;)?).
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Since the calculation amount of forward propagation and back propagation is
similar from a mathematical point, the time complexity of training a stable discrimi-
nator and generator in Stage 1 is O (t(Nle + N22L2)) according to the complexity
above. In Stage 2, the time complexity of selecting the blocks possibly including the
change-point is O (nN%Ll —|—nN22L2). In Stage 3, the time complexity of selecting
the change-point is O (wK'leLl + wKszLQ). Therefore, the time complexity of the
whole algorithm is O (max{n, wK}(N{Li + N3Ls)).

B.2 Setting of the experiments

The discriminator neural network in the GAN consists of nine linear layers, each uti-
lizing the LeakyReLU activation function. The generator’s architecture includes two
convolutional layers followed by five deconvolutional layers, with each layer also using
the LeakyReLU activation function. Specifically, the two convolutional layers first
convert the Gaussian input noise into latent variables. Subsequently, the deconvolu-
tional layers upsample these latent variables to generate fake samples that match the
dimensions of the real samples.

For the experiments in section 4.1, we set the length of the selected time series
to 10500. To ensure the stationarity of the training data, the first 500 observations
are removed due to their non-stationary nature. We then use the remaining 10000
observations to train the model and estimate the joint distribution.

For the experiments in section 4.2, we set ¢ = 1000, i.e. 1000 reference data are
used to train the GAN model. We take K = 250 and w = 60 in the experiment 4.2.1,
and K = 216 and w = 55 in experiment 4.1.2. More details on the discussion of the
choice of K and w can be found in section 4.2.4.
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