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Landau-Fokker-Planck equation for hot electrons in semiconductors
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In this paper we derive the Landau-Fokker-Planck (LFP) equation for the energy distribution function of
a nondegenerate hot electrons in bulk semiconductors with strong electron-electron (e-e) interaction by the
screened Coulomb potential described by a static dielectric function (the effect of dynamic screening is also
analyzed qualitatively). The e-e scattering rates are calculated quantum-mechanically using the first Born approx-
imation. The LFP equation was derived employing two different approaches: (i) a direct general transformation
of the integral Boltzmann scattering operator; (ii) using the Chapman-Kolmogorov integral equation (CKE) for
conditional transition probability densities. The screened potential allows to avoid any ad hoc cutoff procedures
for tackling the problem of the Coulomb divergence of the matrix element in the scattering probability rates.
However, the screening at the same time brings to the theory another problem, namely, that increase of the
screening strength changes the character of the e-e scattering when it eventually becomes strongly inelastic.
This corresponds to large energy transfer between the scattering electrons, which in turn, prohibits in principle
considering the electron scattering process as a diffusion in the energy space (the necessary condition for the LFP
approximation). We show that the screening effect must be explicitly included into the kinetic theory to correctly
address the above two problems, and the cases of a weak and a strong screening need to be analyzed in detail. The
LFP approximation is physically justified only for a weak screening. The obtained screening function coincides
with the Brooks-Herring screening function. We have established general relationships between the kinetic
coefficients in the LFP operator obtained by the above two approaches. The explicit expressions for the dynamic
friction and the diffusion coefficients in the energy space are also obtained. Although, both approaches lead to
the same solutions, we demonstrate that the CKE method is more universal approach, and the obtained here
general relationships can be applied for any other scattering mechanism, provided that the required conditions
are satisfied. We discuss the necessary validity conditions for the LFP equation, and show that for typical
physical situations, e.g., for high-energy photoexcitation of the carriers, the LFP equation can be used up to
the densities ~10'® cm~>. However, for higher densities the screening energy becomes too large, which results
in an increase of the minimum energy transfer in the scattering events, and the required for the LFP conditions are
violated. In this case, one must use the integral e-e scattering operator, which we obtained in the form suitable for
numerical solution. Dynamic screening extends the LFP validity range. As an example of the application of the
LFP equation, we discuss the perovskite solar cells, which are characterized by relatively low and comparable
energies of the optical and acoustic phonons, and the generated carrier densities of the order of 10'8 cm=3.
In this case, the LFP equation can be applied for each of these interactions (electron-phonon and the e-e
scattering). This allows to find correct distribution function of the hot electrons, and calculate the electron
power loss, to which the e-e scattering makes the direct contribution through the corresponding energy relaxation
channel in the kinetic equation.
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I. INTRODUCTION

The problem of the electron-electron (e-¢) scattering is one
of the most complex and challenging problems in condensed
matter statistical physics. Its complexity stems from the two
facts. The first issue is due to nonlinearity of the problem
in terms of the distribution functions, as two interacting par-
ticles (electrons and/or holes) are described by their own
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distribution functions. The second issue is due to absence
of a universal small parameter, which describes strength of
the e-e interaction. In addition, the Boltzmann’s scattering
operator in such systems has an integral form, which implies
that the corresponding kinetic equation for a nonequilibrium
system in presence of the external fields or optical excitations
is a nonlinear integrodifferential equation. Solution of such
equations presents a formidable mathematical challenge for
both analytical and numerical handling.

Most efforts in this area were invested into consideration
of a nonequilibrium kinetics of plasmas and ionized gases, in
which the interparticle interaction (typically, by the Coulomb
inverse-square force) is the main scattering mechanism, and
the particles’ motion is described by classical mechanical
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equations. The particle scattering probability rate is expressed
through the effective scattering cross-section, which in turn is
given by the well-known Rutherford formula. The first math-
ematical breakthrough in kinetics of systems with Coulomb
interactions was made by Landau in his seminal work [1].
Using the idea that due to the long-rage action of the Coulomb
forces, the velocity (or momentum) distribution of the scat-
tering particles is mainly affected (in an integral sense) by
many small-angle deflections produced by the long-distance
interactions between the particles, Landau has derived the
differential form of the Boltzmann integral scattering operator
valid at the small-angle scattering conditions. The obtained
differential operator has a universal Fokker-Planck (FP) form
[2,3], which manifests the diffusion-like (Brownian) motion
of the particles in the momentum space. For this reason, it
is usually called the Landau-Fokker-Planck (LFP) operator.
It is necessary to note that the derived LFP operator is in
general a nonlinear operator, since the friction and diffusion
coefficients, which describe the particle flux in the momentum
space, are the functionals (integrals) of the unknown dis-
tribution functions, thus, without further approximations the
corresponding kinetic equation still remains of the integrod-
ifferential type. Later, Spitzer and coworkers [4,5] applied
the LFP equation to investigation of transport phenomena in
ionized gases. (It is interesting to note that the authors of
Ref. [4] pointed out that the key conjecture of the Landau
theory about dominance of the small-angle scattering events
over the rare large-angle scattering for the inverse-square in-
teraction force was first suggested by Jeans in 1929 [6].) The
derived in Ref. [1] LFP differential operator was presented in
general form, but without explicit calculation of the drift and
diffusion coefficients. Due to the use of classical description
of the e-e scattering dynamics, the latter problem required
quite involved further calculations. This problem was solved
by Rosenbluth and coworkers in the highly cited paper [7].
They essentially rediscovered the LFP differential form of the
scattering operator (it looks like the Authors of Ref. [7] were
not aware about the Landau’s earlier work [1]). The obtained
in Ref. [7] expressions for the friction and diffusion coeffi-
cients in the velocity/momentum space were of a very elegant
and general form, using the so-called Rosenbluth potentials.
These potentials allow relatively straightforward calculation
of the friction and diffusion coefficients for various symme-
tries of the problem, as well as for using them for numerical
solution of the electron transport problem in ionized gases
and plasmas. Particularly interesting and important case of
an angularly isotropic distribution was considered in Ref. [8]
using the results from Ref. [7], where the distribution func-
tions in the LFP operator depends only on the electron energy.
Similar results were obtained by Ginzburg and Gurevich [9]
using expansion of the distribution function in a series of
Legendre polynomials and exploiting the small-angle (and
small-energy) change in the scattering events. The results of
Refs. [8] and [9] for isotropic distribution functions coincide
with each other.

The works discussed above, have essentially laid the
ground for applied investigations of nonequilibrium kinetics
in plasmas and ionized gases in which the Coulomb interpar-
ticle scattering plays the key role. Later, there were also works
devoted to further generalization of the LFP theory to include

the terms which allow to treat the large-angle scattering events
[10], and on development of numerical schemes for solution
of the LFP equation [11], including constructing the efficient
Monte Carlo algorithms [12].

Although, the main progress in developing the LFP theory
was achieved in considering its utilization for plasmas and
ionized gases, it was also realized that similar approach can
be applied to electrons in semiconductor materials. However,
in semiconductors the Coulomb interaction between carri-
ers (electron-electron, hole-hole, and electron-hole) and with
the charged impurities is only one type of the interaction.
The other important scattering mechanisms include interac-
tion with various types of phonons. The first applications of
the FP equation to investigation of a nonequilibrium energy
transport in semiconductors were actually used for electron
systems interacting with phonons [13,14], without taking into
account the interparticle Coulomb interactions. In this case,
there exists a small parameter, in the form of the ratio of the
energy exchange in the process of the scattering, the phonon
energy, and the free carrier energy (the so-called quasielastic
scattering approximation). As a result, the carrier motion in
the energy space becomes analogous to the Brownian motion
with small energy changes at each scattering event, and this
justified the application of the FP formalism. Nonetheless,
for the case of a quasielastic electron-phonon scattering in
semiconductors, the FP equation brings little new, and actually
gives no advantage in comparison with a direct solution of
the Boltzmann equation under the same conditions, as was
demonstrated in Ref. [15].

At the same time, it is obvious that when the free carrier
density in a semiconductor increases, e.g., by doping or under
an external optical excitation, the role of the interparticle
Coulomb interaction cannot be ignored. In this case, most
of the published literature uses the e-e scattering operator in
the LFP form which is “borrowed” from plasma physics (see,
e.g., Ref. [15] and references therein) using the friction and
diffusion coefficients derived in Refs. [7-9]. There is, how-
ever, a well-known issue with this method, which stems from
a long-range character of the Coulomb interaction potential,
which in turn leads to a divergence of the effective integral
cross-section for small values of the scattering angle. To
circumvent this mathematical problem, it was necessary to in-
troduce some ad hoc cutoff procedure, which physically limits
the minimal allowed scattering angle. The actual estimate of
the minimal scattering angle depends on whether the scat-
tering is described classically or quantum-mechanically [16],
although the Rutherford formula is valid in both cases. Since
in plasmas and ionized gases the charged particle motion is
described classically, the cutoff parameter must be introduced
as an external parameter using the relevant physical reasoning,
for example, specifying the maximum impact parameter to
be equal to the average interparticle separation, or to the
Debye screening radius [16]. Although, it is necessary to
note, that there were various attempts [17,18] to introduce
some self-consistent schemes for calculation of the friction
and diffusion coefficients in which the cutoff parameter was
unnecessary, but this led to considerable complication of the
original LFP theory. For plasmas, the problem of removing
the Coulomb divergence was resolved [16] by Lenard [19] and
Balescu [20]. In Ref. [19] the problem was solved by an exact
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transformation of the integral Bogoliubov equation to another
equivalent form from which the LFP equation was obtained.
In Ref. [20], the diagram technique was employed for descrip-
tion of many-particle collective interactions in plasma. This
essentially led to incorporation of the dielectric permittivity
of the plasma into the derived kinetic equation, but it came
at a price. Although, the obtained equation had the FP form,
its actual structure, particularly the nonlinearity, was far more
complicated, since the dielectric permittivity itself depended
on the unknown distribution function.

In semiconductors the carrier scattering events are usually
treated quantum-mechanically, considering the scattering as a
transition of the scattered carrier and the scatterers (phonons,
ionized centers, other free carriers) between some given initial
state and one of the available final states in the momentum
space, taking into account the energy and the momentum
conservation. This has a particular advantage in the case of
the Coulomb e-e scattering, since the effect of the screen-
ing can be directly included into the interaction potential for
calculation of the transition probability using, e.g., the Born
approximation [21]. This in turn allows to avoid an ad hoc
cutoff procedure in the derivation of the LFP equation. It is
necessary to note that the latter approach was used before in
many publications, but mainly for analysis of the e-e scat-
tering times, see, e.g., Refs. [22-24], and not for analysis of
the nonequilibrium e-e scattering operator and nonequilibrium
kinetic equation.

In this paper, we derive the LFP equation in the energy
space using two different approaches. In the first approach,
the LFP e-e operator is derived directly from the Boltzmann
kinetic equation for the e-e scattering with the statically
screened Coulomb potential. The obtained friction and diffu-
sion coefficients differ from the standard expressions for these
coefficients. A different result is obtained for the Coulomb
logarithm. To establish the relationship between the fric-
tion and the diffusion coefficients obtained directly from the
Boltzmann equation and the standard expressions for these
coefficients in the LFP operator, we use completely differ-
ent second method, and derive the LFP equation for the e-e
scattering in semiconductors using the Chapman-Kolmogorov
equation [25]. The latter procedure is probably the most gen-
eral statistical approach to the solution of the problem, as it
can be applied in a universal manner to any scattering mecha-
nism under certain required conditions. From the obtained two
forms of the LFP operator, we derive the general relationships
between the kinetic coefficients, which enter each of these
expressions. We also examine in detail the necessary condi-
tions, which are required for validity of the LFP operator in
the energy space, and discuss physical systems where the ob-
tained expressions should be used. The obtained results are of
particular interest to highly excited nonequilibrium systems,
e.g., the hot-electron solar cells, in which the e-e scattering
can strongly affect the power loss of the carriers, and thus, the
efficiency of these devices.

II. SCATTERING RATE AND ELECTRON-ELECTRON
COLLISION OPERATOR

We consider interaction (scattering) of two electrons with
the momenta k and p, which after the scattering event change

their momenta to k and P, respectively. The law of the
e-e interaction is the screened Coulomb potential V(¥) =
(e?/kor)exp(—r/Rp), where e is electronic charge, ko is
static dielectric constant of the material, r = |F| = |F| — 2|
is the spacing between the two colliding electrons, and Rp =
(KokBT/47'[n€2)l/ % is the Debye screening radius (7" is the
carrier temperature, n is the carrier density, kg is Boltzmann’s
constant). The transition matrix element M,;, sk Can be
calculated in the first Born approximation [21] using either
the Bloch wave functions or plane waves. This gives for the
transition probability rate:

Wk p— K. 5)=—IMg ;5 P8 + 5 — £ =€),

ey

27r|
h

where the square of the matrix element is

2
, (4] W )
M e = wl) | +q2 gty @

Here =k —k=p— p is the electron momentum
change in the scattering event, go = i/Rp is a characteristic
Debye screening momentum, /i is Planck’s constant, and L is
the normalization volume. This is equivalent to assuming the
static dielectric function k.(§) = 1 + ¢/g* for description of
the free-carrier screening. (The effect of dynamic screening,
when the dielectric function (g, @) depends on the momen-
tum g and the relevant frequency w of the perturbation field
will be discussed later.)

With these definitions, we can write for the e-e scattering
operator, considering the electron in a given state k:

IF (k)
o )

This is the Boltzmann e-e scattering integral in the momen-
tum space, which manifests the balance between transitions
into a given state k from all other states, and the competing

L)y =Y WK, § — k, p)F (p)F (k)
K pp

— Wk, p— K, f)F(PF (i)]. 3)

transition out of a state k into all other available states. In this
form it enters the Boltzmann kinetic equation. Within the first
Born approximation [26], the transition probabilities satisfy
the detailed balance (DB) condition, which, for example, can
be obtained from the equation £, (k) = 0 for the equilibrium
distribution functions:

Wk, § -k p) =Wk, p—K,p). 4)

We will be interested in nonequilibrium systems, which
are isotropic in the momentum space, when the distribution
functions depends only on the corresponding carrier energies.
The collision operators can always be decomposed into a
symmetric part and an asymmetric part, so the calculations for
each part can be carried out separately. There is, however, a
large class of the problems, for example, the optically excited
nonequilibrium systems, where only the symmetric part of the
collision operator is needed to describe the nonequilibrium
kinetics in the energy space. In such cases, the asymmetric
part is exactly zero. For systems with anisotropy, e.g., in pres-
ence of external fields, the relaxation of the asymmetric part
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of the distribution function is usually governed by the inter-
action with the ionized impurities. The contribution of the e-e
scattering to asymmetric distribution can thus be ignored (the
contribution of the e-e scattering to the symmetric part of the
distribution remains the same as in completely isotropic sys-
tems). An exception is the case of a very high carrier density
when the e-e scattering controls both the electron energy and
momentum relaxation. However, again, in such systems the
degenerate electron gas is described by the so-called displaced
Fermi distribution [22], which follows directly from Eq. (3),
where the Pauli factors should be included in the right-hand
side of the expression.

In our case it is convenient to introduce the averaging of
the scattering operator fee(%) over the surface of the constant
energy e(k) =¢:

Iee(k) 3 (8]2 —é)

Z W', p' — k, p)F (e5)F (&)

(8)
— Wk, p— K, FF(ep)F ()18 (ep — ). (5)
|
1
Loe(e) = 2@ w(§)85—p gl (ep){Fle —
ki pp
—F(e)d ey, — & — (65 — e5)] 8(ep — &)}

Here g(e) = Y ;8 (g7 — &) = (v2m/?L3 /n*1)e!/? is the
electron density of states in parabolic bands taking into ac-
count two orientations of spin, m is the electron effective
mass. Using Eq. (1) and the DB condition from Eq. (3), and
interchanging the summation indices k = k' and p = j in
the first sum of Eq. (5), we can present I,.(¢) in the form,
which is more convenient for further transformation:

Le(e) = w(§)dp—p g (e5)F (e7)

1
()“

kk'pp

X 8(ep + ey — & —&p) X [8(eg, — &) — 8(g; — 9)],

(6)

where we introduced new notations:
2
27 [ 4w et i?
A\ wl® | ™

IIL. DERIVATION OF THE LFP FORM FOR 1, (¢)
OPERATOR FROM THE BOLTZMANN INTEGRAL

Wo

w(@G) = ——,
(@ +42)

Using § functions in Eq. (6), we can rewrite it as

(65 —ep)ldley — e+ (g5 — g5)] 6(ep — &)

®)

We now will make an important assumption that the energy change in each collision event is small in comparison with the

energy of the colliding electrons:

Ae = &y —

8]2=8’3—

gy K €. C))

It is necessary to note that for the e-e scattering there is no small parameter, which would guarantee that the above condition
is satisfied in general case. This will be discussed in detail later, when we will analyze the limits of the validity of the obtained
equations. Using Eq. (9), we can expand the functions in Eq. (8) in series:

dF 1 d’F
Fle—(e5—ep)] =F(e)— (g5 — s,ao% + 5 (65— 25’ df), (10)
d 1 , d?
ez —e) Lt (ep—ep)l =d(ep — &) F (g5 — eﬁ/)gc‘i(e,; —&)+ E(Sﬁ —&p) ES(@,; —&). (11)

Substitution of Eq. (10) and Eq. (11) into Eq. (8) eliminates the terms with F'(¢)d(ep, —

grouped as follows:

1 2
+ _(gﬁ —&5) [F(S)S(S,;, —&)

d*F (&)

d2
————3(ep, —&)d(ep — &) — F(e)d(ep — S)E(S(s;, — 8)i| }

d2

The term ~ (g5 — ¢ ,;/)2 needs further transformation. For this, we interchange the summation indices k

d
PR

£)8(er — €), the other terms can be

d
w(§)8y—paF (e5) x { (5 — 51/) [F(S)S(sk, £)d(ex — ¢)]

s)+2

F(¢) d
Te E(S(s,; —8)

d(ep — &)
12)

= k' in the last term

in the square brackets. This will also change the sign of § — —¢, but this will not affect w(g), as it is an even function of §.

The sum over p, ' 3 55 (85 —

e5)°F (5)85—5.+7 is not affected by the sign of G. As a result, the first and the last terms in the

square brackets cancel each other. Similarly, using the interchange k = k' in the summations > i i the intermediate term is

033201-4



LANDAU-FOKKER-PLANCK EQUATION FOR HOT ... PHYSICAL REVIEW RESEARCH 7, 033201 (2025)

transformed as

d d d
28(5,;,—8)%8(5E—8)—>6(8 —s) 8(8k &)+ 8 (e —8) S(Sk,—) %[5(8;{',—8)5(87{*—5)].

(Here the change (k = K is used only in the second term in the above expression.)
With this, the /,.(¢) operator in Eq. (12) becomes

d
ee( )= ( ) w(§)dy—paF () {—(85 — Sﬁ/)E[F(S)S(S;/ —&)d(e; — &)l
kK pp'
1 ,d [dF(e)
+ z(s,, 8,,) 76 d(ep —e)d(eg — &) } (13)

It may appear that the linear term ~(g3 — €5 ) can change its sign, as we sum it up over j' for a given value of ¢5. To show
explicitly that this does not happen, we can present it in a more symmetric form, using the invariance property of I,.(¢) with
respect to change k=k, p = P/, and that the distribution function F(e;) is in general a decreasing function of &5 (this is the
necessary condition for normahzat1on of F(ep)):

. 1 - 1

Iee(8)=@m w(Q)aﬁ’—ﬁ,q{z(Sp ep)lF (e5) — Fep)] o= [F(S)S(Sk, €)d(eg — )l
'pp

dF(¢)

de

1 d
+ E(Eﬁ - Sﬁ’)zF(Sﬁ)E |: S(ep —&)d(eg — 8):| } (14)

This expression allows to present the f,.(¢) operator in the final differential LFP form:

Lee(8) = Li[ (8)( (e)F (&) + Be(e )dF(8)>] ——L—[ (&) ee(£)], s)
ee g( )d 8 ee ee - g( )d 4 ee

dF(s)i|

Jee(€) = [ ce()F (€) + Bee(g) (16)

where J,.(¢) is the carrier flux along the energy axis. The coefficients A..(¢) and B..(¢) are defined according to Eq. (14) as
follows:

1
Ale) = 705 > w(@dy-pales — e5)F (ep) — Fep)l 8(ep, — )8(ez — ), (17)
Kk pp
1
Bele)= 7.5 ) 2 w(ci)aﬁf,ﬁ,m—eﬁ/>2F<eﬁ)a<e,;, —£)8(e; — €). (18)

The derived expressions for the coefficients A..(¢) and B,.(¢) differ from those reported in Refs. [8,9] which were based on
fully classical picture of the e-e scattering. Also, here the screening effect is self-consistently included in the function w(g),
which is given by Eq. (7).

IV. CALCULATION OF THE KINETIC COEFFICIENTS A..(¢) AND B, (¢)

As is seen from Eqs. (15)—(18), the e-e scattering operator L. () in the LFP form is still a nonlinear expression with respect
of the distribution function F (¢). In calculating the coefficients A..(¢) and B,.(¢), we will first try to proceed as far as possible
without any restrictions on the distribution function F'(¢5), which enters Eqs. (17) and (18). For the coefficient A..(¢) we obtain
after summations over p’:

1 _
Aee(e) = G ) w(f])sq d(ep, —e)d(eg — &) ZF(E,;)- (19)
P

The last sum allows us to use the normalization condition to obtain

ZF(sﬁ)zfo g(ep)F (e5)dey = nL, (20)
P

without any assumptions about F'(¢j), n is the electron density.
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Although, the summations in Eq. (19) over k, K is straightforward, using § functions and the expression &; = q*/2m =

lep + &5 — 2(8,;8,;,)1/ 2 cos 0], where 6 is the scattering angle between k and 1?, it is instructive to show an intermediate expression
for A..(g), which will help to understand the obtained final result:

wonl? " )/“ E(0)d(cosf)  wonl? 8() /48 §(0)d [8(0)]
2 (2 amy® [2(0) + &> (4m)? [80) + el

Here £(0) = g5le; = ¢, e = ¢] = 2e(1—cos0), g9 = q(z,/Zm. After integration in Eq. (21) over the scattering angles, we
finally obtain

ee( ) = (21)

_ wonL? g(e)
Ace(€) = amy A(e), (22)
Aoy —1n (1 4e _ de /ey 3
(8)—n< +g) T+ 4e/eq. (23)

The function A (¢) is responsible for removing the Coulomb divergence from L,.(¢). (In the absence of screening, &9 = 0, and
A(e) diverges logarithmically to infinity, then one will need to introduce some ad hoc cutoff parameter to make the logarithm
finite.) It is interesting to note that A(e) here has exactly the same form as was obtained in the Brooks-Herring theory [22,23]
for the electron momentum relaxation time due to the electron elastic scattering by the screened charged impurity. It seems
this coincidence is mathematically accidental. In the case of the momentum relaxation time, the additional weighting factor
(1—cos @) (which stems from the asymmetric part of the distribution function) is introduced in the corresponding integral for
the momentum relaxation time. In our case the same factor originates internally from the energy &(6). The coefficient A..(¢)
contains large logarithm, as typically, particularly for the hot electrons, we have that (¢/g9) > 1.

For the coefficient B,.(¢) we obtain after summation over p’:

1
Be.(¢e) = %) ) w((j)F(sﬁ)[48p-8qcos2X + 83]8(8;, —&)d(ep — &)

_ ! 7)esd 8 4e5F 2
= % 2 w(§)ezé(ey, — €)d(ep — €) Z epl (e5)cos”
ke P

1 o 2
+ % ) w(g)ez8(ep, — €)é(ep —€) ZF(SP-), 24)
Kk P
where x is the angle between the p and g vectors. The summation over k, K in the second line in Eq. (24) is exactly the same as
in Eq. (19), the sum over j gives (4/3)&nL?, where £ is the average energy of the electron gas:

1 o0
E=— g(e)eF (e)de. (25)
}'lL3 0

Therefore, this term is equal to (2/3)&A..(¢). The last term in Eq. (24) differs from A..(¢) in Eq. (19) (except for the factor
of 1/2) that here we have sé instead of &5 in Eq. (19). As a result, we obtain the integral over the scattering angle similar to
the one in Eq. (21), except that in the numerator in the integrand we now have &2(6). This in turn makes this integral finite (not
divergent) even for ¢y = 0 (no screening). This essentially means that retaining this term is an exaggeration of the accuracy of
our approximation, and thus, it should be neglected in comparison with the first term. We can calculate this term explicitly, and

see that the corresponding factor is of order unity:

1
—— Y w(@eld(ep — 8)8(€k—€)z (g5) =

wonlL? " )/“ §2(0)d(cos6)

2¢(e) 2 (2 7e [8(0) + £0]*
U)()I’ng &o 4e D(e)
+———In(1+— Ape(e) X 286 —— 26
B )[ I+ @e/en) 20 ( 50)] 23y 20
[
where term, and we ﬁnally obtain for B,.(¢):
1 £ 4e 2 wonL3 g(e)
)=+ — ——In[1+— )| 27 ANde
() |: +7 T@ee) 2 n ( + o >:| (27) Bec(e) = 8Aee(€) 38 e A(e). (28)
As is seen from Eq. (27), for hot electrons with (g/g9) > 1, Note, that since the coefficient B,.(¢) depends on the un-

we have ®(¢) & 1, as was evaluated above. Therefore, the last known function F (¢), so we do not know the average energy &
term in Eq. (24) can be neglected in comparison with the first of a nonequilibrium electron gas in Eq. (25). At the same time,
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the coefficient A,.(¢) does not depend on F'(¢), since the value
nL? (total number of the electrons) in the normalization inte-
gral in Eq. (20) does not depend on the form of the distribution
function F(¢). Also, the relationship in Eq. (28) between
Be.(¢) and A,.(¢) for the case of thermodynamic equilibrium,
when & = (3/2)kgTy (Tp is the equilibrium temperature) gives
Be.(¢) = A (€)kgTy. This ensures that the equation L.(e)=0
with the e-e operator from Eq. (15), gives the correct equilib-
rium Maxwellian solution Fy(e) = Aexp(—e/kgTy), A is the
normalization constant. [The equation L.(e)=0is actually
satisfied by the Maxwellian function with any electron tem-
perature T # Tp. In this case we should use (2/3)g = kgT in
Eq. (28).]

It is useful to modify the obtained kinetic coefficients
A..(¢) and B,.(¢) in Egs. (22) and (28), and present the LFP
operator I,.(¢) in physically more transparent form. For this,
we introduce the so-called elementary e-e scattering rate [22]:

1 2/2we*n 1
Tee(€) - /cgml/Z mA(S). 29)

Vee (8) =

Using Egs. (7) and (29), the coefficients can be presented
as

1
Aee(s) = - (8)7
2 2 ¢
B..(¢) = §8Aee(8) = 581' (8) (30)

This gives for L.(¢)

. _ Li g(e)e %_dF(s)
Le.(8) = g(e)dg[%(g)(F(e)Jr 3 e )] (31

The obtained expressions in Egs. (15), (16), (22), (23), and
(28) for the LFP e-e scattering operator are valid only if the
key condition given by Eq. (9) is satisfied. The only way to
check that the obtained LFP equation for the e-e scattering
gives correct solution, is to substitute it into the exact integral
form of the £ () operator in Eq. (6) and compare the values
given by the exact and the approximate expressions.

Also, our coefficients A..(¢) and B,.(¢) differ from the
corresponding coefficients obtained in Ref. [9] for the e-e
scattering in plasma, where the scattering is treated classi-
cally (see Egs. (2.18) and (2.18a) in Ref. [9]). The compared
coefficients becomes the same only if in Ref. [9] the addi-
tional condition ¢ > £ is imposed. However, here, in deriving
Egs. (30) and (31), we did not use this condition.

It is necessary to note that although we have calculated
the LFP operator I..(¢) and the kinetic coefficients A,. (&) and
B..(¢) in the energy space, the approach that we used did not
require calculating explicitly the transition rates W,.(¢ <> &’)
of the scattered electrons in the energy space between the
states with energies e(k) = ¢ and e(k') = &’. This would re-
quire the direct calculation of the corresponding transition
probability rates W,.(¢ <> &) and the following integration
over the states d¢’ in the corresponding expressions for A, (g)
and B.(¢). As will be seen, it is difficult to accomplish
such calculations analytically due to complexity of the ex-
plicit form of the functions W,.(¢ <> ¢). In our approach, we
have circumvented these calculation challenges by using the
averaging of the e-e scattering operator over the constant

energy surface in Eq. (5). At the same time, derivation of the
explicit expressions for the probability rates W, (¢ <> ¢’) can
shed a light on the validity of the LFP approximation for the
e-e scattering, as will be shown later.

We will derive later the explicit expressions for the transi-
tion rates W,.(¢ <> &’). However, this will be done as a part
of a more general problem of derivation of the LFP equation
from the Chapman-Kolmogorov equation (CKE). The reasons
and justification for derivation of the LFP equation from the
CKE are as follows. First, using the CKE is the most general
mathematical approach for derivation of the FP equations.
Secondly, the CKE equation is a linear equation, so in the case
of the e-e scattering it needs some generalization to include
the nonlinearity due to the two-particle e-e interaction, and
this will be done in this paper. Thirdly, as will be shown, the
derived LFP equation has differences in definitions of the par-
ticle flux along the energy axis and the corresponding kinetic
coefficients in comparison with our expressions obtained in
Egs. (15)—(18), so for practical reasons it is important to es-
tablish general relationships between these quantities obtained
from different approaches.

V. THE CHAPMAN-KOLMOGOROV EQUATION AND THE
MASTER EQUATION FOR CASE OF THE e-e SCATTERING

We consider statistical behavior of the electrons which
change their states in the momentum space due to interac-
tion with each other, assuming that the random transitions
between the states can be considered as a Markov process. The
standard Chapman-Kolmogorov equation [3,25] is an integral
relationship between the conditional transition probabilities
V(k, t|l?, t') which describe transition of a particle from the
state k' which particle occupies at the moment ¢’ to the new
state k at the moment ¢. However, for our purposes, it is
more convenient to use an equivalent form of the CKE [27],
which directly involves the probability density w (k, 1) of the

occupation of the state with a given momentum k at some
moment #. These probability density is directly related to the
corresponding distribution functions F (k, t). However, due to
different normalizations, w; (l_é, t) is normalized to unity, and
F (%, t) is normalized on the total number of the electrons
according to Eq. (20), it is more convenient to use in the CKE
the one-particle probability densities w (k, 1), and later make
a transition to the distribution functions F (k, t). For generality
of the derivation, it is assumed that the distribution function
depends also on time; this condition will be relaxed later. The
starting CKE is

wi @, 1) = / VE O, ow @, 0dl, (32)

where V (K, t|k’, 7) is the transition probability density of the
electron from the state with momentum kK’ which electron
occupies at some moment 7 into the state with momentum
k at the time 7. Strictly speaking, we should use in Eq. (32)
summation over a discretized momentum l_c", but this can be
replaced by the integration over a quasidiscontinuous momen-
tum (for simplification of notations, we have included here the
factor 2(2m / L)} intod I?). Since for the e-e scattering there are
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two interacting particles, we need to generalize Eq. (32) for
this case by introducing the two-particle transition probability
density V (K, p, t|k’, P, T), which describes random interac-
tion (scattering) of two electrons, which have the momenta K
and p’ at the moment 7, with transition into the states with
the new momenta k and p at the moment ¢. The occupations
of the states before the scattering transition event takes place,
are given by the one-particle probability densities wi (K, )
and w; (P, t), respectively. These probability densities are
directly related to the corresponding distribution functions
F(k',t)and F (P, 7). We can then write the CKE for the e-¢
scattering case:

wy (K, 1) = /f/vu?,ﬁ,rv?,ﬁ’,r)wl(ié’,r)

x wy(F, t)dk'dpdp. (33)

Next, we need to derive from this CKE the so-called master
equation. For this we calculate the time derivative of wl(lz, 1)
as dwy(k,1)/9t = lima,olwi (K, 1 + Ar) — wy(k,1)]. For
the first term wl(lz, t + Ar) we use Eq. (33) in which we
change t — ¢ + At and t — ¢. For the second term, we use
the identity [28]:

wl(ié,t)szf wy (K, Pt + At k, p,t)dk'dpdp

= //f VK, P, t+ Atlk, p,Hwi (K, t)

x wi (P, 1)dk' dpdp. (34)

Here wz(k/ Pt + At % p,t) is a two-particle two-
dimensional probability density, which is expressed in the
second integral via the product of the two-particle condi-
tional probability density V (k', 7/, t + At|k, j, 1) and the two
one-particle probability densities wl(l_é, t) and w;(p, t). Sub-
stituting these expressions into the derivative dw, (1?, t)/ot, we
obtain the master equation for the e-e scattering:

dw; (k, t - . .
% =// W®, 5 — & B, Oywn (@, ywi (7, 1)

W&, p— K, P, Dw k, O)yw (P, 1)dK' dFdp,

(35
where we have introduced the transition probability rates:
> o Vk, Bt + Atk B, 1)
= lim

WE.p — ko) = lim ~ . (6)

. . . VW, Pt + ALk, p,t)
kp—>kK,p,r)=1 . 37
Wk, p—k,p,0)= lim A (37

For stationary Markov random processes, we can use that
the one-particle probabilities do not depend on time, and the
conditional probabilities are time-homogeneous, i.e., they de-
pend only on the time difference Ar. Thus, the probability
densities w; in Eq. (35) and the transition probability rates
W in Egs. (36) and (37) do not depend on time. (In this
case the time derivative in the left-hand side of Eq. (35) has
a symbolic meaning that it represents the rate of change of
the probability density of the electron in a given state k due
to the e-e scattering, so we can keep this symbolic notation

even if w; does not depend on time.) After specifying these
conditions, we can notice that the master equation, which was
derived from the CKE equation, is actually the Boltzmann
equation for the e-e scattering. However, for deriving the LFP
form of the above master/Boltzmann equation, here we will
proceed using different approach [25,27-29] than we used
previously in Secs. III and IV.

We now consider the master equation for a symmetric
part of a one-particle probability density w; (k). For this, we
present wl(l_é) as a sum of a symmetric and an asymmetric
parts, wy (k) = w, (e7) + wasym(k) [and similarly, in the inte-
grand of Eq. (35)], and, assuming that |w}™™ (k)| <« wi(ep),
we will retain only the main symmetric part of the equation:

Bwl(s,;)

= W F =k pwiepwne)

Kpp
~ Wk, p— K, Frwiep)wi(ep)].  (38)

Here we have also switched from the integration to the
summation over k', jp, j (this is just a change of the no-
tations). To completely exclude the angle dependence from
the above equation, we will average it over the surface of
constant energy &; = ¢ by applying to both sides the sum
21;8(81-( —¢)/g(e). In addition, in the right-hand side of
Eq. (38), we use the equality [~ 8(e — &' )de’ = 1. This
gives the following equation:

IF (2)

= ieeF
” (&)

= /OO g(ENW (e, e)F () — W(e, e)F(e)lde'.
’ (39)

Here, we have replaced w;(¢) — F(¢), and introduced the
transition rates in the energy space:

W, &)= Wk kP
(.60 = g(/)g();/”’* 7)
X F(85)8(8;, —¢&)8(ep — &), (40)
WeE, e)=—— S W&, § -k,
) g(s’)g(e) 2 WE P~ kP

k/ S5

X F(ep)8(ey, — €)(ep — ). 41

Note, that the expression for I.F(g) in Eq. (39) differs
from I.(¢) in Eq. (5). Also, since here we included into
the scattering rates in Eqs. (40) and (41) the distribution
functions of the second scattering electron, F'(¢5) and F (g5 ),
respectively, the DB conditions for W (e, &’) and W (¢, ¢) are
different from those in Eq. (4). We will discuss this later,
after further calculations of the above transition rates. The e-e
collision integral in the form as given in Eq. (39) was used
in Ref. [30], but without its derivation.

The next step is to apply the standard procedure to derive
the differential form of the master equation. For this, we
multiply both sides of Eq. (39) by [g(¢)R(¢)], where R(¢)
is an arbitrary differentiable function, and integrate the ob-
tained expression over ¢. Note, that contrary to usual similar
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derivations for the linear scattering operators [29], here, for
the case of the e-e scattering operator, we need to use the
product of R(¢) and the density of states g(e). Otherwise,
we will not obtain the intended result. In the left-hand side
of Eq. (39), the function R(¢) is expanded in a Taylor se-
ries using the standard expression R(¢) = R[¢' + (e—¢")] =
R + anozl (1/m")(e—&')"3™R(g)/de™, and the assump-
tion that the energy transfer satisfies the condition |e—¢'| K ¢,
¢’. With this, the first term in the integrand of Eq. (39) is
canceled, and the master equation is transformed to

X 9F (g)
/ 3—8( &)R(e)de
0

™R
—Z/ g(e)F () Cule) a,(,f) )

where the coefficients C,,(¢) are defined as
1 o0
Cu(e) = — / ge)e —&)"W(e' e)de.  (43)
m' 0

We then integrate each term m in the right-hand side
of Eq. (43) by-parts m times, and using that the product
[g(e")F (¢')] = 0 for &’ = 0 (due to g(¢")) and for ¢’ = oo (due
to F(&')), we obtain

> 9F (e
/ %g( R(e) de
0

00 o0 gm
= / R(s/)[z (—1>"’87[g<s’>F<e’>cm<e’>]} de'.
0 m=1
(44)

Changing the variables in the right-hand side integrand
g’ 2 ¢, and taking into account that R(g) is an arbitrary
function, we obtain the final differential form of the master
equation:

1 o m

BF(e)
ot (8)

Sam LCm(E)8(E)F (£)]- (45)

Here we redefined the coefficients C,,(¢) in Eq. (43) in such
a way that (—1)" is absorbed into it, and C,,(¢) has a minus
sign for all odd values of m (note, that this does not mean that
the corresponding coefficients are negative):

C,(e) = L /oog(e’)(s —&)Y"W(e, e)de'.  (46)
m‘ 0

The obtained Egs. (45) and (46) represent the generaliza-
tion of the Kramers-Moyal expansion (KME) [3,31,32] to the
case of the e-e scattering operator in the energy space. If we
retain in the KME only the first two terms with m = 1 and
m = 2, the KME then will take the form of the LFP equation
(we can use now the full derivative over 8)‘

0Fe) _ 1 d], - c .
= Ed_[ 1(e)g(e) (8)+—[ 2(e)g(e) (8)]}
1 d
_ B 47
g(e)de as L)) “

- d
Jee(€) = —[C1(8)g(8)F(8) + E[Cz(s)g(S)F(S)]], (48)

where J.(¢) is the carrier flux along the energy axis, and the
kinetic coefficients are

Ci(e) = / g(e) (e —€YW(e, &)de, (49)
0

[o.¢]
Cy(e) = % / g(e) (e — &)Y W(e, &)de'. (50)

0

The flux in Eq. (48) actually describes the drift (the first
term) and the diffusion (the second term) of the carrier density
n(e) = g(e)F (¢) in the energy space.

As can be seen from the derivation of the KME, although
the approach used is of the most general form, at the same
time, it was based on the key assumption that [e—¢'| < ¢, ¢’.
However, there is no general small parameter which ensures
that we can truncate the KME at some value of m = m,y,
and neglect all higher order terms. In addition, as was pointed
out in Ref. [29], retaining the terms of the order greater
than two, creates serious challenges, besides maintaining the
satisfactory accuracy. Since the KME is a differential op-
erator, retaining the higher order terms means that we will
obtain the higher order of the corresponding differential equa-
tions, which in turn will require to somehow specify the
additional boundary conditions, which is a challenge. The
analysis of Ref. [29] (known a Pawula Theorem) stipulates
some generic conditions when the KME can be truncated at
Mmax = 2 for case of the linear Boltzmann integral operator.
Obviously, due to the nonlinearity of the e-e scattering oper-
ator, the Pawula Theorem cannot be directly applied to this
case. As was already pointed out, in the latter case when
the LFP approximation is used, we will need to check the
accuracy of the obtained LFP solution by substituting it into
the initial exact e-e scattering integral operator in Eq. (39), and
evaluate in this way the accuracy of the LFP approximation.
It seems, there is no alternative to this procedure in the case of
the e-e scattering.

VI. ANALYSIS AND COMPARISON
OF THE OBTAINED LFP EQUATIONS

From a direct comparison of the LFP expressions in
Egs. (15) and (16), which were obtained from the Boltzmann
equation for the e-e scattering, with the corresponding ex-
pressions in Eqgs. (47) and (48), obtained from the CKE, it
can be seen that they differ. However, since these expressions
represent the same quantity, namely, the rate of the change of
the distribution function (dF (¢)/0t),,, they must be equal to
each other. This is only possible, if the following relationships
between the coefficients in these equations are satisfied:

1
Aee(e) = Ci(e) + ﬁd—[g(é?)Cz(S)]

Bee(e) = Co(e). 619}

These expressions have important practical implications,
as they establish general relationships between the kinetic
coefficients A..(¢) and B,.(¢) in the FP differential form of the
Boltzmann scattering operator, and the coefficients C;(¢) and
C>(¢) in the FP form of the same scattering operator obtained
from the CKE. Although, here our consideration was focussed
on the e-e scattering, however, similar analysis can be carried
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for the other scattering mechanisms under the assumption
that the scattering process satisfies the necessary condition
le—e'| K e, ¢ given by Eq. (9). The relationships between
the corresponding kinetic coefficients in the FP operator for
any scattering mechanism will be the same as is shown in
Eq. (51). The CKE approach is more universal in method-
ological and in computational senses in comparison with the
Boltzmann scattering integral transformation, although, both
methods lead to the same result. To calculate the coefficients
C,,(¢) using Eq. (46), what one needs is just to derive the
transition probability rate W (¢, ') in the energy space using
the general expressions of the form given in Egs. (40) and
(41) for the case of the e-e scattering. (Note, that one only
needs to calculate the probability rate W (e, ¢’), the reverse
transition rate W(g’, ¢) can be obtained from the DB con-
ditions, however, this requires some additional analysis. We
will demonstrate this later). We also want to point out that
that there is a certain computational asymmetry between the
above two approaches for deriving the differential FP form of
the scattering operator. It is actually quite difficult to derive
directly from the Boltzmann scattering operator the neat FP
form, which is shown in Egs. (45) and (46), while it is straight-
forward to obtain these equations using the CKE approach for
the corresponding scattering mechanisms.

To check that the relationships in Eq. (51) are valid, we
need to carry out the explicit calculations of the coefficients
Ci(e) and C,(¢), and then, using A..(¢) and B..(e) from
Egs. (22) and (28), to check the validity of Eq. (51). For an

|
ep)] = 8(e;

S[SE — & + (g5 —

we obtain, after some algebra, the relationship for C; (¢):

: 8(e) 2

w(67)3,3'7ﬁ,q’(8,3' -

=Aee(8) ( )d

where in the last expression we used Eqs. (17) and (18).

1
— [g(S)Bee(S)]

explicit calculation of C;(¢) and C,(¢), we have two options.
We could calculate first the scattering probability rate W (e, €’)
using Eq. (40), and then substitute it into Eqgs. (49) and (50) to
obtain the coefficients C;(¢) and C,(¢). However, as we will
see later, the exact expression for W (e, ¢’) is quite complex
for a direct integration in Egs. (49) and (50). In addition, for
the overall consistency of the theory, we need to calculate the
coefficients with the same accuracy as was used for derivation
of the LFP equation. It turned out, that the latter can be
achieved, if we substitute W (e, ¢’) into Eqs. (49) and (50)
in its general form as given in Eq. (40). This gives for the
coefficient C; (8):

Ci(e) = Z / (e = WK j— K. P)F (e5)
kk 7

x 8(ep, — &')8(ep — e)de’. (52)

Using in the above integrand the expressions from Eqgs. (1)
and (7), and integrating over &', we obtain the exact expression
for C;(e):

Ci(e )—— > (e — e)w@F (65)85- 5.4
kk’pp

X 8(ep —&)d(ep — &3 — €5 + €5). (53)

Replacing now (& —&;,) by (ey — &5), which follows
from the last § function in Eq. (53), and expanding this §
function in a series:

— &) — (g5 — eﬁ)diﬁa(s,; — &), (54)
ep)F (e5)8(ep, — €)8(ep — &)
s — e5)°F (e5) 8(eg, — €)8(ep — €)
(55)

To see that Eq. (55) agrees with the first Eq. (51), we need to prove that B,.(¢) = Cy(¢), i.e., to prove the second Eq. (51).
This result follows straightforward after we substitute W (¢, &) from Eq. (40) into Eq. (50), and use only the zero-order term
in the expansion of § function in Eq. (54) (that only the zero-order term should be retained is clear, since the contribution to

G (¢) from the next term in the expansion will be ~ (&5
account Eq. (18):

1
Cz(S)_E ( )

The results in Egs. (55) and (56) prove both expressions in
Eq. (51).

Since we have already calculated A..(¢) and B..(¢) in
Egs. (22) and (28), we can use these results to obtain Cj(¢)
and C,(¢) from Eq. (51). [Otherwise, one will simply need

Z (g7 — ek/) w(@F (e5)05—p G8(ep, — &)8(e; — €) = B.(e).

— 8,3)3, which is small). We obtain from Egs. (40) and (50), taking into

(56)

(

to complete calculations of C;(¢) and C,(¢) in Egs. (55)
and (56) using the same method as was used in Sec. IV for
calculations of A..(¢) and B,.(¢).] The physical meaning of
these coefficients according to Egs. (49) and (50), is that C, (¢)
is a dynamic friction coefficient, which represents the power
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loss Ci(e) = Q5. (¢) of the test electron with the energy &
due to scattering on the other field electrons. The coefficient
Cy(g) = D,.(¢) is the diffusion coefficient of the electron with
the energy ¢ in the energy space due to the e-e scattering.
Using Eq. (51) and taking into account Eq. (30), we obtain

for C}(¢) (the power loss):

5 3D,L() 1 d
Ci(e) = Qoss (&) = 3T @%[g(S)Dee(S)]
__¢% 21 d|esg)
T T.e) 3 gle)de [ms)]' ©7

In the case of the e-e scattering, the product in the square
brackets does not depend on ¢, it is a constant, as it follows
from Eq. (29) if we ignore a weak energy dependence of A(¢).

This finally gives from Egs. (51), (57), and (30):

Ace(e) = Ci(e) = Ol (6) =

£
Tee(e)’

2

Bee(g) - CZ(S) = Dee(g) = 3 & |: ng(g):| .
In addition to Eq. (51), we can also derive another impor-
tant general relationship between the kinetic coefficients C| (&)
and C,(¢) [or, equivalently, between Qf¢ (¢) and D..(¢)].
Using the Maxwellian function with an arbitrary temperature
T (including the equilibrium case, when T = Ty), we obtain

from Eq. (48) the condition J,.(¢) = 0, which gives

d
Qie(6) = —Din(e) 7 [m (Dee(s)g@) exp (—,@%))}
(59)

This general relationship between the dynamic friction
coefficient Ci(e) = Q¢ (¢) and the diffusion coefficient
Cy(e) = D,.(¢) is an analogue of the fluctuation-dissipation
theorem for the e-e scattering. For the case of a quasielastic
electron scattering on acoustic phonons it was derived in Ref.
[22] [in this case T = Ty in Eq. (59)]. However, to apply this
relationship to a nonequilibrium system with the e-e scat-
tering, it is necessary to make an additional assumption that
the high-energy hot electrons scatter mainly on the ensemble
of thermalized field electrons with the distribution function
F(g3) = Aexp(—¢p/kgT) [the function F(e3) enters the ex-
pressions for the coefficients C;(¢) and C,(¢), see Eqs. (53)
and (56)]. This is also equivalent to imposing the condition
Ae =¢p —ep =¢5 — ey KT on the energy exchange be-
tween the scattering electrons. The latter condition is stronger
in comparison with the condition in Eq. (9), which we used
in all previous derivations. As a result, in this case we obtain
g = (3/2)kgT, which in turn gives the following relationships
between Cy(¢) and C;(¢), and between Qf¢ (¢) and D, (¢):

Ci(e) = Cy(e)/kpT,
Oloss(€) = Dee(8) /kpT, (60)

which agree with Egs. (51) and (59).

It is necessary to stress that the relationships in Eq. (60)
are valid only for the case of the e-e scattering, since only in
this case the second term in Eq. (57) is equal zero. However,
all general equations and the corresponding expressions for
the kinetic coefficients derived from the CKE remain valid for
any other scattering mechanism under the condition that we

(58)

can utilize the assumption in Eq. (9) for diffusivity of the elec-
tron scattering in the energy space. To demonstrate general
character of the relationships obtained here from the CKE,
we considered in Appendix their application to the case of a
quasielastic electron scattering on acoustic phonons. The main
reason for this consideration is that this will demonstrate some
modifications of the fluctuation-dissipation relationships be-
tween D(¢) and Q7 (&) in comparison with the case of the
e-e scattering. The latter can be of interest for experimen-
tal investigation of these parameters for different scattering
mechanisms.

VII. THE EXPLICIT EXPRESSION FOR THE e-e
SCATTERING RATE W (¢, &)

In the previous part, we have transformed the integral e-e
scattering operator in Eq. (3) to the LFP differential form
using different approaches. However, this transformation de-
pends on the condition of a small energy transfer in the
e-e scattering events, as required by Eq. (9). In the absence
of screening of the e-e interaction, it is straightforward to
show from kinematics of the electron motion that the en-
ergy exchange of the scattered electron can approximately be
estimated as [22] Ae = 2e(1— cos6) + esin’6, which for a
small-angle scattering (§ < 1) gives Ae = 2602 < ¢, i.e., in
this case the small-angle scattering also corresponds to the
small-energy exchange. The Landau’s conjecture about the
dominance of the small-angle scattering for an unscreened
Coulomb interaction will also support the assumption of the
small-energy transfer, and thus, it justifies in this case the
LFP differential form of the e-e operator in the energy space.
However, to self-consistently resolve the issue of divergence
of the scattering rate in the LFP operator, we have to include
screening into the e-e interaction potential. Then, the question
is whether the above estimate for Ae will still remain valid in
the presence of screening. As was discussed in Ref. [30], the
answer depends on the strength of screening. Some insight
into this can be obtained from the explicit expression for the
scattering rate W (¢, ¢’). However, instead of using the approx-
imate expression from Ref. [30], we will further transform
the integral operator I.F(¢) in Eq. (39) with the scattering
probability rates W (e, ¢’) in the energy space without mak-
ing any approximations. Substituting w(g) from Eq. (7) into
Egs. (40) and (41) and carrying out summation over k, K, and
over p, P, we obtain for these scattering probability rates the
following expressions:

W(sg’e)—”(L>3 i :
e 4\27h) ome*(e;+ &)
o0
y / Flep)dey, (61)
&
I 3
W' e.0) n( L) wo 1
g,e,0)=——
4\27h) 2me!*(ez+ &)
[e ]
x/ F(ep)dey, (62)

el

g(?:g—{—g/—Z\/ECOSQ
= (V&' — ve) +4ee’sin?(0)2), (63)
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where 0 is the scattering angle, and the energies g and s]l
are defined by the projections of the momenta k and ¥,
respectively, on the direction of the scattering momentum
g=kK —k:
> 2
kﬁ 1 (kw?) [8—\/88/0089]2
ENr=— = —\| — = .
"= om T 2m q & +¢& —2+/e8' cosB
2 > 2
) 1 (k-G [/ — /ee cos O]
g =—> =5 = . (65)
2m 2m q &+ & —24/e€’ cosO
The scattering rates in the energy space are then obtained
from the angle averaging:

(64)

+1
Wie, &', 0)d(cos9),

-1

+1
W', &,60)d(cos9). (66)

-1

W(e es’)—l
)

1
W', &)= =
(¢, ¢) 7

As is seen from Eqs. (61), (62), and (66), these probabilities
in general do not satisfy the DB condition. Therefore, in an
integral form of the e-e scattering operator I..F (¢) we should
use both probabilities. It is only under some additional con-
ditions, which we will discuss later, the probabilities W (¢, &)
and W (¢', &) will satisfy the DB condition (actually, in this
case the probabilities W (e, ¢’,0) and W(g', g,0) will also
satisfy the same DB conditions).

Using in Eq. (39) the results from Egs. (61) and (62),
we then obtain the exact expression for the integral operator
L. F(¢):

3
I F(s):z Ly wo
e 8 \27h/) Jom

[e’e) +1 1
x/ de’g(e’)/ d(cos 0)—7
0 -1 £

i &g+ &)’

X |:F(8’)/ F(ep)dey —F(s)fmF(sﬁ)dsﬁ].
e el

(67)

This is how far one can go in transforming the integral
e-e scattering operator without making any approximations.
Note, that this operator does satisfy the equilibrium condi-
tion [,F (¢) =0, as it should be. Using for all distribution
functions in Eq. (67) the Maxwellian functions with the cor-
responding energy variables, we obtain after the integrations
the following equilibrium condition:

e+ & &+ 8‘/‘
— = — ) 68
=P |: kpTy i| P |: kpTy (68)

Using the expressions for energies ¢ and 81‘ in Egs. (64)
and (65), it can be shown straightforward that these energies
satisfy the following relationship:

g, —e =¢ —¢, (69)

which then proves that the Eq. (68) is valid, i.e., that the
integral e-e operator I, F (¢) satisfies the DB condition at the
equilibrium.

If the screening is neglected in Eq. (67), then both integrals
over the energy ¢ and the scattering angle 6 will diverge,
when 6 — 0 and ¢’ — ¢, (i.e., for a small-angle scattering
and a small-energy transfer), since in this case &5 — 0 in the
denominator. The screening removes this divergence. How-
ever, if the approximation of the small-energy transfer given
by Eq. (9) cannot be used for the screened e-e interaction, then
one will need to use the integral equation for [,.F (¢) given by
Eq. (67). This is a very challenging task even for a numerical
treatment. Thus, having even an approximate solution for
using the LFP differential operator, as we have considered
in this paper, will at least provide a good physical insight
into the behavior of a nonequilibrium system with strong e-e
scattering, provided that the conditions in Eq. (9) are satisfied.

There exists an important physical situation which allows
to transform further the integral operator I,.F (). This is the
case when one is interested in the distribution function of the
hot electrons at high energies ¢, which are considerably bigger
than the mean energy of the electron gas &, ¢ >> &, at the
nonequilibrium conditions. Such situations were discussed for
plasmas [16,20] and for semiconductors [30]. In both cases it
is assumed that there is another interaction process, with some
characteristic threshold energy, which is physically important
at high energies. For plasmas, this may be, e.g., an excita-
tion of atoms into the higher energy states, or their impact
ionization by the high-energy electrons; for semiconductors
this also can be an impact ionization, or, more realistically,
the interaction of hot electrons with the high-energy optical
phonons, or the intervalley phonons. Both these mechanisms
are strongly inelastic, and, importantly, they usually dominate
at high energies (above the threshold), in a sense that the
related inelastic interaction rate is considerably higher than
the e-e scattering rate. This allows to assume that at the
lower energies (below the threshold), where the e-e scattering
dominates, the distribution function is given by the equation
I,.F (¢) & 0, which gives the Maxwellian distribution function
with the electron temperature 7. At the high energies this
solution is not applicable, as one has to take into account both,
the inelastic scattering (e.g., due to interaction with the optical
phonons) and the e-e scattering of the high-energy electrons
on the lower-energy field electrons. The e-e scattering pro-
vides the additional channel of the electron flux from the
sub-threshold energies to the energies at or above the thresh-
old. Both these scattering mechanisms must be considered
in the kinetic equation for the distribution function F'(¢) of
the high-energy electrons. However, specifically in this case
for the e-e scattering it is sufficient to assume that the high-
energy hot electrons [with an unknown distribution function
F(e)] interact mainly with the thermalized electron gas with
the energies below the threshold energy, i.e., in this case the
distribution functions F'(¢3) and F(gy) are the Maxwellian
functions with the electron temperature 7. The e-e interaction
between the high-energy electrons can be ignored at not very
high carrier densities, since the scattering rate ve.(g) ~ & ~>/2,
and it decreases when the electron energy increases, accord-
ing to Eq. (29). Here we discuss this case to obtain some
additional physical insight into the conditions, which are
necessary for derivation of differential LFP operator for the
hot electrons. Under these conditions, we have a considerable
simplification of the initial problem of the e-e scattering,
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since the assumption about the Maxwellian functions F(¢p)
and F(ep) means that we actually obtain the linearized e-e
operator L.F(¢)in Eq. (67) for the hot electrons:

i piey T (L woksTA
eeF (8) = §<ﬁ> J2m
o0 +1 Xp (_%"‘)
X A dS g(é‘ )f d(COSQ)T_ﬁZ)2
(8'1>F( )~ F(e) (70)
X |:exp kT &)—r(e i|,

where Eq. (69) was used. The normalization constant
A can be obtained from Eq. (20), which gives A =
(n/2)2 12 JmksT)""”. From the comparison in Eq. (70) the
terms with F'(¢) and F (¢'), we obtain the DB condition for the
transition rates:

W', e)=W(e, s)exp< ];_T8> 71

The anisotropic transition rates W (&', g, 0) and W (e, €', 6)
in Egs. (61) and (62) also satisfy this condition. From
Egs. (61) and (66) [or directly from Eq. (70)] we obtain the
scattering probability rate W (e, &’):

AN 2L
W e)==-(=) — "
(e,8") 2<L) Kgmz(kBT)l/z

+1 exp (— AL
x/ d(cos ) 1/2 ( k”T)

i (5 +0)*

The integral over the scattering angles can be calculated by
switching to the new integration variable ¢; using Eq. (63):

d(cos0) = —dez/2+/€¢’, which gives

W(g 8/)_1<E>3 7'[5/264}1 1 exp <_A+|A|>
’ 4\L) iZm2(kgT)'* \/ee’ 2kgT

o 2

/(J?+¢E)2 exp (— (‘Z’kulTAED )

x dejg—H—-", (73)
W e e/ (65 + £0)’

(72)

where A = ¢ — ¢ is the energy transfer. This is the exact
expression for the scattering probability rate W (e, &’). The
only assumption, which was used for its derivation, is that the
test electron with the energy ¢ (and an unknown distribution
function) is scattered by the other field electrons, which are

described by the known (Maxwellian) distribution function.
No other assumptions, like the small energy transfer specified
by Eq. (9), were used. This observation regarding Eq. (73) has
an important implication for correct calculation of the kinetic
coefficients C;(¢) and C,(¢) using Egs. (49) and (50). As was
discussed in Sec. VI, for overall consistency of the theory,
these coefficients in the LFP e-e scattering operator in Eq. (48)
should be calculated with the same accuracy and approxima-
tions as it was used in derivation of the LFP operator. Note
also, that A in Eq. (73) can be either positive or negative.
As a result of this, the scattering rate W (e, ¢’) displays an
asymmetric dependence on &’ with respect to the line ¢’ = ¢,
i.e., for A = 0. However, W (¢, ¢’) for different signs of A are
related to each other by the DB condition, as it follows from
considering the ¢ <> ¢’ transition rates for the upward, A > 0,
and for the downward, A < 0, transitions. Therefore, one only
needs to obtain W (g, &) for one sign of A, and then use the
DB condition to obtain it for the opposite sign of A.

The new integration variable ¢; contains information about
the scattering angle 6 and the energy transfer A in the scat-
tering event. Using Eq. (63), &; can be presented as g5 =
(WVe+ A — ﬁ)z + 4./e(e + A)sin?(6/2). This dependence
affects the order of the integration in calculating the energy
dependence of the e-e scattering rate for hot electrons, which,
after using Eq. (73) with some transformations, is given by the
expression:

- / ” g(eW (e, £))de’
0

\/—en
T2 g ./2kaTa

/(J?+¢E)2 exp (—
X —_—
e—e) 8;/2(8(7 + &0)?

As is seen, due to a quite complex dependence of the
integrand on the energy ¢, which is present in A, and it also
enters the integration limits of the internal integral, one has
to integrate first over deg, i.e., over the scattering angles, and
only after this one can complete integration over d¢’ (or, over
the energy transfer d A = d¢’, with the corresponding change
of the integration limits). This also points out to difficulties in
evaluating the necessary conditions for a small-angle scatter-
ing and for a small-energy transfer.

The above expressions also allow to present the operator
I.F(¢)in Eq. (70) in the final (integral) form:

Tee(£)

f A+ IAI
exp ds'
2k3
(eg—1AD? )
4kpTeg

deg. (74)

2 (eg=1A1)
Jmen _A+A| WeH/E)  exp <_ WesTe; )
IeeF(S) eXp de' d&‘q‘ﬁ
2 KO «/2kaT8 2kBT (ﬁ_ﬁ)z (Sq + 50)
x |ex £-¢ F(h—-F(e)| = /ooda’ (W (e, ') ex ¢ F(&) Fe) (73)
P kgT o § ’ P kgT Toe(e)

This exact integral form of the e-e scattering operator
I,.F (¢) for high-energy electrons should be used in all cases
when its transformation to the differential LFP form is not
possible [i.e., when the conditions in Eq. (9) are not satisfied].

(

For example, as will be shown later, this takes place if the
screening effect is strong. In these cases, due to complex-
ity of W(e, &), the numerical solution for I,.F(g) will be
necessary.
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The exact expression for W (e, ¢’) given by Eq. (73) is
very convenient for general analysis. It is clear that for the
scattering with very large energy transfer, when & > ¢ or
¢ « e(ie,when|A| > ¢, &)wehaveW(e,e') — 0, since
both integration limits become equal. However, this still does
not mean that the e-e scattering events with small energy
transfer, when ¢’ ~ ¢ or |A| K ¢, &, or with a moderate
energy transfer, when |A| ~ ¢, ¢/, are dominant, particularly,
in presence of screening. The function W (e, ¢’) has a peak at
A = 0 when the integration range is maximal:

exp (_ 4kEzT )

1 (h)* 7Pe*n 1 4e
W, x=—-| - ———— X / deg—m—"——.
" T ANL) G Pe T o TP e 1 e

(76)

For scattering of the high-energy electrons, for which
&> T, the upper limit in Eq. (76) can be replaced by oo, and
the integral can be calculated analytically:

NN

=N 0]
X exp (4kBT)erfc< ,4kBT)j|' (77)

As is seen, the maximum probability rate is defined by the
ratio g9/kgT. In the limit of a weak (g9 <« kgT) or a strong
(€0 > kpT) screening we obtain, respectively:

17\ 772 1
Wmaxz_ - ﬁ_
8\L/ 12m2(ksT)*

()"

BT
-2
=)

1/R\° #"2e*n 1 kgT| 1 2—eo/ksT
Wmax =35\ 7 ﬁ_ X —| —F=
8\ L kgm*(kgT )~ € &0

(For g9 < kgT),

>~

X (78)

~

(For &g > kgT).

For any given electron energy ¢, the peak scattering rate
Whax 1 @ monotonically decreasing function of the parameter
€o/kgT. This means that with increasing of the screening
parameter, the probability of the scattering events with small
energy transfer |A| < e, & decreases, and at a sufficiently
strong screening this probability will have a very weak max-
imum, which in turn means that the conditions of Eq. (9),
which are required for the validity of the LFP approximation
in the energy space, will be violated (since the probability
of such transitions becomes too small). Therefore, although
the inclusion of the screening effect into the e-e scattering
resolves the singularity problem for the scattering proba-
bility rates, however, at the same time, the same screening
phenomenon brings into consideration another problem—for
sufficiently strong screening it will violate the conditions of
a small energy transfer which are necessary for the LFP ap-
proximation. It seems, that the only physically safe situation
takes place at a week screening, when the screening does not
lead to violation of the conditions of Eq. (9), and at the same

time it also allows to remove the singularity of W (e, ¢’) for
the e-e scattering with small-energy transfer. In this case, the
differential form of the LFP operator for the e-e scattering is
physically and mathematically justified.

For the unscreened e-e¢ interaction, the situation looks com-
pletely different. In this case we can put ¢y = 0 in Eq. (73).
The analytical integration in Eq. (73) can be carried out with-
out any approximations, i.e., with the exact integration limits,
and we obtain

A+|A
W, &) = <E>3 nen 1 ew(C5r)
’ L /cgmz(kBT)l/2 Jee' [AJ3
(e, |A])  (f A> 0),
“Nwe, |A])  Gf A< 0),

X |A]
W(x, |A]) =|Alx2exp (—ﬁ) + (kBT)3/2(2 + ﬁ>
B B

x/kgT
X / u'? exp(—u)du. (79)
0
In the limit of large carrier energies, &, & > kgT (very

hot electrons), the second term in W(x, |A|) dominates, and
this gives the scattering rate for the no screening case:

W) 11\ me*n kyT
&)=<+ 5=——7—
2\ L K(%ln2 vee
A+|A]
exp (- 2kpT ) [A|
T el (o I20) 0 (80
“ap Clr) @0

As is seen from Egs. (79) and (80), the scattering rate
W (e, ¢') has an asymmetric dependence with respect to the
line &' = e, and it has a singularity W(e, ') ~ 1/|A|*® for
small energy transfer A — 0. The latter indicates that the
small-energy transfer strongly dominates the e-e scattering in
the absence of screening, and thus the condition in Eq. (9) is
well satisfied in this case. Also, since according to Eq. (66),
the scattering rate W (g, ¢’) is obtained after integration over
all scattering angles, the expressions in Eqgs. (79) and (80)
show that in the absence of screening, the small-angle scat-
tering singularity is now “transferred” to the small-energy
change singularity. Similarly, as this was necessary for the
small-angle scattering, for the unscreened interaction poten-
tial one will also need to introduce some ad hoc cutoff
parameter, the minimum energy transfer, which will remove
the small-energy transfer singularity from the scattering prob-
ability and the related kinetic coefficients, such as the dynamic
friction coefficient and the diffusion coefficient in the energy
space. This reveals the fundamental physical importance of
inclusion of screening into the e-e interaction, which thus
allows to tackle both the small-angle scattering singularity and
the small-energy change singularity on the same footing.

However, we want to stress that the introduction of an ad
hoc cutoff parameter only partially (and spuriously) resolves
the problem. One of the widely used physical models, which
provides such parameter is the model of the screened inter-
action potential, and the corresponding ad hoc parameter is
the Debye’s screening radius Rp (or the related screening
momentum qo = i/Rp). The use of the Debye’s screening
momentum as a cutoff parameter in the model which does not
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include screening explicitly, resolves the singularity problem
mathematically, but it also brings physical inconsistency into
the situation. The problem is that with the ad hoc introduction
and use of the cutoff parameter to resolve the singularity
problem in the scattering rate W (e, ¢’), we at the same time
are excluding the explicit effect of the screening on the energy
exchange in the e-e collisions. As we show here, when the
strength of the screening increases (e.g., when the carrier
density increases), this also modifies the energy exchange
between the scattering electrons, the latter changes from a
quasielastic scattering (when |A| < kgT, ¢€) to an inelastic
scattering (when |A| ~ kgT, ¢€). As aresult, in such situations
if the screening is not included explicitly into the e-e operator,
then it is impossible to correctly take into account the effect
of screening on the energy exchange in the e-e scattering and
its impact on the e-e kinetics. The screening effect must be

J

explicitly included into the theory, and the cases of a weak
and a strong screening need to be analyzed in detail.

For a weak screening, when g¢/kpT <« 1, its effect on the
energy exchange in the e-e scattering can be estimated by the
direct comparison of the expression in Eq. (80) with the first
expression in Eq. (78), assuming that both these expressions
are of the same order of magnitude. This gives the estimate for
the energy exchange as |A| ~ 2(eoksT)?, or |A| ~ ﬁha)p,
where w, = (4 ne® //cokBT)l/ % is the plasma frequency [30].
It is important that for a weak screening we also obtain the
small energy transfer |[A| < kgT, e.

For a strong screening, when go/kgT > 1, the analytical
calculation of W (g, &) in Eq. (73) is not possible, if the exact
integration limits are used. However, the exact Eq. (73) can be
transformed to the form which then allows further approxima-
tion:

W(e 8/) _ <E>37[5/2e4n exp (— AJ{'[J]%\) ® (e, |A]) Gf A> 0).
S\ g O, [AD (G A<0),
4kpT|A| 2
1 Vx/ksT [—2u +1
A = s / (A PR .
0 0 kgl g0 o, + 1]

(1A]+80)

The integral ®(x, |A|) can be calculated analytically only if €, & > kgT, i.e., for a very high-energy electrons. In this case
we can replace the upper integration limit by oo and carry out the integration. The result for W (e, £’) is

3 A+[A]
W(e, &) :1@)% n'etn_exp (=7 )
’ 8\L/) «Zm2(kpT)* ee’

kgT 1 —|Al/eo

2 —eo/kgT + Az/SokBT

X?X|: \/E

2\/ 80/kBT

(|A] + &) [A] + &9
exp |: ek T :|erfc< 4—80k3T>:|. (82)

This is the general expression for W (e, ¢’), which is valid for any strength of the screening under the above approximations.
[For a weak screening, Eq. (80) can also be obtained from Eq. (82).] For the case of strong screening &9/kgT > 1 we can obtain
from Eq. (82) a suitable expression for W (g, ¢") which is applicable for any value of the energy transfer A:

1 exp(— Yy T

AHAI)

, 1/h\ m3e*n
W({;‘,&'):E Z

This expression shows that at strong screening the large
energy transfer is of the order of |A| ~ &p. The obtained
estimates demonstrate that with increasing of the screening,
the energy change A of the electron in the scattering event also
increases, initially as |A| ~ 2(eokgT)"/? for a weak screening,
and then as |A| ~ g for strong screening. These results for
dependence of |A| on the screening strength can also be
deduced using simpler qualitative arguments by considering
kinematics of the e-e scattering, which gives a clear phys-
ical insight into the issue. Due to the momentum and the
energy conservation, the electron energy change in the scatter-
ing event can be presented as Agp = &p, — & = g — & =
&7 + 2, /&5 cos ¢, where ¢ is the scattering angle between k
and g. Using Eq. (2), which gives the cutoff scattering mo-
mentum g ~ ¢qo (or for the energy g; ~ &), we can estimate
the energy change as |A| ~ & + 2,/e¢g (here, for consistency
with the previous formulas, we made an obvious change of
the notations). For a weak screening, when the second term

Kgm? Jee! (IA] + €o)

= % (|A| +2ksT + &) (83)

(

dominates (i.e., for (¢9/)'/?/2 <« 1), we obtain |A |~ 2./€€.
For a strong screening (i.e., for (80/8)1/2/2 > 1), the first
term dominates, and we obtain |A| ~ gy. These rough esti-
mates are in agreement with the previous accurate results.

It is obvious that with increasing of the strength of
screening, the necessary conditions in Eq. (9) for the LFP
approximation of the [, F (¢) scattering operator can be vio-
lated at sufficiently strong screening, and thus the diffusion
form of the LFP operator given by Egs. (47)—(50) will cease
to be valid. In this case, one has to use the integral form of
the 1,.F (¢) operator given by Eq. (75) [and use W (¢, ¢’) from
Eq. (73)]. However, taking into account that &y = g3/2m =
27 l?e®n/mkoksT, such situations occur at quite high elec-
tron densities, at or above of n ~ 10" cm™3. For example,
for GaAs at n = 10'® cm—3 and a moderately heated electron
gas at T =400 K, we obtain gy = 24 meV. For high-energy
electrons with ¢ > T and at the densities below this estimate,
one can safely use the LFP form of the [.F(e) operator
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with the screened interaction potential and all corresponding
expressions, which were obtained in this paper. The screened
Coulomb potential self-consistently resolves the problem of
convergence of the scattering rates W (g, ¢’) and it also sup-
ports the required condition for diffusivity of the e-e scattering
in the energy space with small energy transfer.

So far in our consideration of the e-e interaction/scattering,
we used the static dielectric function k,(§) for the free electron
gas. The direct inclusion of dynamic screening effects in the
dielectric function «.(g, @) will bring some computational
difficulties into calculation of the LFP operator, but it will
not change the theory. However, we can evaluate qualita-
tively the effect of a dynamic screening. According to Ref.
[33], the origin of this effect for the free interacting carriers
is in the mobile nature of the Coulomb scattering centers
(electrons, in our case). As a result, the dynamic dielectric
function (g, @) should be evaluated at a particular frequency
w= c}~f’c.m./hm (instead of at w = 0, as it is in the case
of a static screening), where P = (1? + p)/2 is the center
of mass momentum of the two colliding electrons with the
momenta k and p, respectively. The expression for the dielec-
tric function «.(g, w) for free electrons is well-known and
can be obtained using the Lindhard’s formula or the other
methods (see, e.g., Refs. [34,35]). For scattering of a test hot
electron with the momentum & on one of the field electrons
with the momentum p, the field electrons are described by
a nonequilibrium Maxwellian distribution function with the
electron temperature 7. The distribution of the field electrons
is responsible for formation of the dielectric function «,.(g, ).
This allows to decouple calculation of «.(g, w) and the e-e
scattering probability rates W (k, p — k', p') from solution of
the kinetic equation with the e-e scattering operator f,.(¢) for
the unknown nonequilibrium distribution function F'(¢) of the
hot test electrons. The important for our theory observation
is that taking into account the mobile nature of the scattering
electrons in «,.(§, w) makes the screening effect weaker, i.e.,
the carrier-carrier scattering rates increase in comparison with
the case of static screening. As was shown in Ref. [33] and
in the other subsequent publications, typical change in the
scattering rate due to dynamic screening is of order of 1.5-5.
In Refs. [33,36] it was also suggested to use a physically
elegant way to incorporate dynamic screening effects into
the static screening theory. One needs to analyze the rele-
vant kinetic parameter [in our case, it is the e-e scattering
rate v,.(¢) in Eq. (29)] which should be calculated using the
rigorous dynamic screening theory, and then introduce the “ef-
fective” static screening momentum ggif in the static screening
function «,.(§), which gives the same value of v, (¢). (This
essentially means that the screening momentum g in Eq. (2)
is replaced by the “effective” momentum ¢, which in this
case can be considered as a fitting parameter). Although, the
reported contributions of the dynamic screening to kinetic co-
efficients, like increase of the scattering rate or the energy loss
rate, are typically of a factor of 2, however, at the same time,
this means that the corresponding decrease of the “effective”
static screening momentum ¢g* is considerably bigger. This
can be understood from Eq. (23), in which the related “effec-
tive” screening energy e = (qgff)2 /2m is present under the
Coulomb Logarithm [the second term in Eq. (23) is usually

smaller]. Obviously, if the logarithm changes (increases) by
a factor of 2, the change of the ratio &o/&f is considerably
bigger. This means that using the dynamic dielectric function
k.(g, w) makes the screening effect weaker in comparison
with the purely static case. Or, in the other words, contribution
of the dynamic screening expands the region of validity of the
necessary condition |A| < kgT, ¢ for diffusive e-e scattering
in the energy space, and thus the validity of the differential
form of the LFP operator derived here.

It is also necessary to note that in the case of a weak
screening (e9/kgT < 1), when the problem of singularity of
W (¢, ') and diffusivity of the e-e scattering (|A| <K ¢, €’) are
resolved consistently, still the derivation of the LFP equation
and, particularly, the calculation of the corresponding kinetic
coefficients of the dynamic friction and the diffusion coeffi-
cient presents a challenging nontrivial task. As was pointed
out in Sec. IV, our approach and the methods which we used
allow to circumvent the problems in computing the kinetic
coefficients. The aforementioned challenge can be seen ex-
plicitly, if one will try to calculate the kinetic coefficients
given by their general formulas in Egs. (49) and (50) using
the expression for W (g, &) from Eq. (82). It is not easy to see,
how one can obtain in this approach our neat expressions for
these coefficients given by Eqgs. (57) and (58).

We want now to comment on possible applications of our
results. The most straightforward case is the optically excited
semiconductors, e.g., the hot-electron solar cells. The key
question for such devices is the power loss which defines
the solar cell efficiency. Typically, the electrons are excited
to high energies, around 2.0-2.5 eV with a sufficiently wide
energy distribution in the conduction band. It is usually as-
sumed, that the e-e scattering is strong enough to maintain the
Maxwellian (or the Fermi-Dirac distribution) with the electron
temperature T > Ty for all electron energies [37-39]. This
function is used for calculation of the electron power loss
due to interaction with various phonons, particularly, with
the high-energy optical phonons. However, in the high-energy
region interaction with optical phonons is faster (typically,
~0.1 ps) than the e-e interaction (typically, ~1 ps). This is
true even for a moderately high generated carrier densities,
since the rate of the e-e scattering decreases when the energy
increases [see Eq. (29)]. Therefore, the assumption about the
Maxwellian or Fermi-Dirac distribution function for the high-
energy (hot) electrons is not justified. The obtaining of the
correct distribution function requires solution of the kinetic
equation which includes all relevant scattering mechanisms.
The high-energy excited electrons emit a cascade of the op-
tical phonons and eventually they arrive at the energy region
around the optical phonon energy. The electrons which end up
below the optical phonon energy will mainly interact via the
e-e scattering and will establish the Maxwellian distribution
with the electron temperature. The electrons above the optical
phonon energy will mainly interact with the optical phonons.
The e-e scattering plays important role in establishing the
hot-electron distribution at the energies in the vicinity of the
threshold energy, and it will affect the power loss of these
electrons. The e-e interaction opens the new channel for some
of the electrons below the phonon energy to be pushed to the
higher energies, and thus they will be able to emit the optical
phonons. To calculate these losses, one needs to calculate the
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corresponding distribution function at these energies by solv-
ing the corresponding kinetic equation, which includes both
the e-e and the electron phonon scattering. The e-e interaction
in this region can be described by the LFP equations as derived
in this paper. The presence of this new channel of the energy
relaxation will contribute to thermalization of the electrons in
solar cells, which in turn can strongly affect the conversion
efficiency [40].

Even more physically interesting situation takes place in
the hot-electron solar cells based on perovskite materials
[41-44]. These materials and the related solar cell devices
are currently at an intensive investigation worldwide, since
their show a superior performance in terms of the conver-
sion efficiency. In spite of the considerable research efforts,
the physical mechanism behind the enhanced conversion ef-
ficiency is not fully understood yet [45]. Practically in all
published works it is postulated that the Maxwellian (or
Fermi-Dirac) distribution function describes the electron gas,
without actually solving the kinetic equation for correct eval-
uation of the power loss. The most interesting feature of
these materials from a point of view of the electron kinetics
is that they have very close energies of the optical phonons
(~8 meV) and the acoustic phonons (~2.5 meV), and both
these energies are considerably lower than the room tem-
perature energy (~25 meV). This means that at the room
temperature all three interaction mechanisms, with the optical
and acoustic phonons, and the e-e scattering, must be con-
sidered together on the same footing. The above numerical
parameters indicate that one can use in the kinetic equation
the FP approximation for the first two interactions, and the
obtained LFP operator for the e-e scattering. This approach
will produce the distribution function which will be different
from the Maxwellian function for all energies. This function
should then be used for correct calculation of the power loss.
It was also recently reported [46,47] that the effect of screen-
ing of the electron-phonon interaction in perovskites plays
important role in cooling of the photoexcited carriers. As we
shown here, the screening also plays a crucial role in the e-e
scattering, and thus will also affect the power loss. There are
other physically interesting and practically important systems
where our equations can be applied.

VIII. CONCLUSION

In this paper we presented a comprehensive general analy-
sis of the e-e scattering operator [,.F (¢), using the screened
Coulomb potential with the static dielectric function and
a quantum-mechanical calculation of the transition matrix
elements (in the first Born approximation). We have consid-
ered the case of the electron transitions between different
states in the energy space for an isotropic distribution func-
tion, and obtained differential LFP form of the e-e scattering
operator with the explicit expressions for the dynamic fric-
tion coefficient and the diffusion coefficient. Two different
approaches were used in the paper: the direct transformation
of the Boltzmann scattering integral to the LFP form, and the
derivation of the LFP operator using a nonlinear CKE. Since
for each case the form of the LFP operator and the kinetic co-
efficients have different expressions, we have established the
relationship between the kinetic coefficients for both cases.

Incorporation of the electronic screening of the interaction
potential allows to avoid divergence of the transition proba-
bility rates W (e, ¢’) for a small energy transfer. At the same
time, the screening affects the character of the e-e interaction,
when at strong screening the e-e scattering becomes strongly
inelastic. When this happens, the LFP approximation cannot
be used in principle.

We argue that the CKE approach is more universal, as
the obtained equations and the expressions for the kinetic
coefficients have a universal form which can be used for vari-
ous scattering mechanisms under condition of a small energy
transfer in the scattering process. This was demonstrated by
considering the cases of the e-e scattering and the electron-
acoustic-phonon scattering. The obtained LFP operator has
a Kramers-Moyal form with an infinite number of terms.
However, if only two terms are retained in the KME, then
there are two coefficients, the dynamic friction coefficient
and the diffusion coefficient for description of the nonequi-
librium electron kinetics. In general, the LFP operator is still
a nonlinear integrodifferential operator, however, only the
diffusion coefficient contains the additional nonequilibrium
parameter (the mean energy € of the electrons) which depends
on the unknown distribution function F'(¢). The dynamic fric-
tion coefficient does not depend on the unknown distribution
function. The dependence of the diffusion coefficient on the
parameter & can be very useful for a numerical solution of the
LFP equation, where & can be used as a fitting parameter in
the numerical simulations.

It is also shown that the LFP operator can be linearized
in the physically important case, when one is interested in a
correct asymptotic of the distribution function for high-energy
(hot) electrons, where the e-e scattering compete with another
strongly inelastic scattering process with some threshold en-
ergy, e.g., the interaction with high-energy optical phonons
or the intervalley phonons, or it takes part in the impact
ionization process. In this case, for the e-e scattering we can
consider the interaction of the high-energy electrons (with an
unknown distribution function) with the rest (majority) of the
field electrons with the energies below the threshold energy.
The latter electrons are described by the known Maxwellian
distribution function with the electron temperature 7', which
linearizes the LFP operator.

We have analyzed the required conditions for the validity
of the LFP differential forms. It is shown that for a weak
and an intermediate screening, i.e., for the electron densities
below 108 cm™—3 the necessary conditions are satisfied, and
one can safely use the obtained differential LFP forms. How-
ever, at higher carrier density the minimum energy transfer in
the e-e scattering increases, the scattering becomes inelastic,
and the necessary conditions of a small energy transfer are
not satisfied. In this case, one has to use the integral form
of the I.F(¢) operator. We have obtained general form for
this operator suitable for numerical analysis. The influence
of the screening on the e-e interaction is weakened when
one considers the dynamic dielectric function in the transition
matrix element. It follows from a qualitative physical analysis
that although typical effect of dynamic dielectric function
on the e-e scattering rate increase is substantially less than
an order of magnitude (about a factor of 2), however, since
the e-e scattering rate depends on the screening energy &

033201-17



N. A. ZAKHLENIUK

PHYSICAL REVIEW RESEARCH 7, 033201 (2025)

logarithmically, thus the decrease in gy is large. The strength
of the screening decreases, and thus it expands the range of the
validity of the LFP theory for hot electrons in semiconductors.

We also suggested few physically interesting and practi-
cally important systems where our derived equations and the
other relationships can be used for investigation of the power
loss. Particularly interesting case are the hot-electron solar
cells based on perovskite materials. Due to comparable values
of the energies of the optical phonons and acoustic phonons in
these materials (which are also small in comparison with the
room temperature energy), and the relatively high photoex-
citation densities ~10'8 cm™3, it is physically clear that the
electron interactions with the optical and acoustic phonons,
as well as the e-e scattering can be described by the same set
of differential FP operators (for interaction with the phonons)
and the LFP operator for the e-e interaction, all of which
were derived in the paper. Obviously, the nonequilibrium
distribution function obtained from this kinetic equation will
not be of a Maxwellian form. This function should be used
for calculation of the related kinetic coefficients, in particu-
lar, for calculation of the hot-electron power loss. There are
many other physical systems where the obtained equations
can be used for physical analysis of a nonequilibrium electron
kinetics.

It is necessary to note, that usually in an absolute majority
of publications which consider the e-¢ scattering, the operator
I,.F(g) is used in a very limited way. If the contribution
from the e-e scattering dominates in comparison with con-
tributions from the other scattering mechanisms, then, as a
zero-order approximation to the solution of the Boltzmann ki-
netic equation, the equation ,.F (¢) ~ 0 is used. The solution
of this equation is either the Maxwellian, or the Fermi-Dirac
distribution functions with the electron temperature 7 as
the only unknown parameter. To obtain this solution, one
does not need to do any transformation of the initial inte-
gral nonlinear scattering operator I.F (¢) to the LFP form,
as was discussed in this paper. One simply needs to solve
a functional equation, which stipulates that the integrand in
the I,.F (¢) operator is equal zero. This functional equation
gives the above Maxwellian or Fermi-Dirac solutions with
the electron temperature 7. To find the parameter 7 in the
obtained distribution function, the next order approximation
of the kinetic equation is used. This energy balance equation
includes all other scattering operators, except the e-e operator.
With the known distribution function, which is substituted into
the scattering operators, the problem of finding 7 is reduced
to solution of the energy balance equation. This situation is
completely different from the physical situations for which

J

Waeltk — K) = wa o @I(N; + D ;_6 (e
q
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wac(q) = 72,015ng3 s

N; = [exp(iwg/kgTy) — 117",

our LFP differential operator was derived. In the discussed
cases we are interested in the distribution function of the hot
electrons at high energies where these electrons are subject
to the other scattering mechanisms which compete with each
other, so they all must be considered on an equal physical
footing in the kinetic equation. We have shown that in this
case the main contribution to the e-e scattering operator is
the interaction of the high-energy electrons with the majority
of the thermalized field electrons which occupy the lower
energy region. The involvement in this interaction of the
electrons with high-energy ¢ means that the necessary con-
dition for the validity of the LFP differential operator integral,
A = ¢’ —¢| < g, is well justified. The involvement of the
lower energy thermalized field electrons means that in this
particular case we can linearize the I,.F(¢) operator. The
latter means that we can use for calculation of the kinetic
coefficients (the dynamic friction coefficient and the diffusion
coefficient) the known Maxwellian distribution function with
the electron temperature, thus this results in a physical lin-
earization of the e-e scattering operator for the hot electrons.
Although, our derivation of the LFP differential operator is
more general, and it does not rely on this linearization (until
we need to calculate explicitly the dynamic friction coefficient
and the diffusion coefficient), however, the actual value of
LFP operator is that it can be used for description of the hot
electron kinetics in semiconductors at high energies, where all
actual scattering mechanisms, particularly, the e-e scattering
and electron-optical-phonon scattering, equally compete with
each other, and thus define the distribution function of hot
electrons.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX

As an example of utilization of the general relationships
obtained in Sec. V from the CKE approach, we consider
the quasielastic scattering of electrons on acoustic phonons.
In this case we need to remove from Eq. (40) the summations
over p, p, since there is only a single electron in the state
k, which scatters on the phonon with the momentum ¢ into
the new state k’. We also should replace in Eq. (40) the term
Wk, p— k', p)F (g5) by the corresponding acoustic phonon
scattering rate Wie(k — K') for the electron-phonon interac-
tion (see, e.g., Refs. [22,23]). This gives for the scattering
probability rate

— ,5‘];, — fla)g) + Ngalz,.z+q8(8; — 8];, + fla)q)],

(AD)

where N is the average number of phonons with the energy /iw; = sqg, s is longitudinal sound velocity in semiconductor material,
¥ is deformation potential, p is the material density. After this, it is straightforward to calculate the scattering rate W, (e, €') in
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the energy space using Eq. (40) with the above modifications:

. wEr 1 (e — &)’ , =2, ,
Wm-(e,S)—pszhL3 S Vo {N(le — &']) Ol(Ve + V2ms?) —£'10 (' —¢)

+IN(e — &) + 11Ol — (Ve — v2ms?) 10 (¢ — &)}, (A2)

Here ©(x) is the Heaviside step function [it essentially defines the integration limits in the integrals over &’ in Egs. (49) and
(50) from the main text]. Since the expression for W, (g, &’) in Eq. (A2) is relatively simple in comparison with the corresponding
expressions for W, (¢, ¢') in Eq. (73) and Egs. (79)—(82) for the e-e scattering, we can use it for the direct calculation of the kinetic
coefficients Cj(¢) and C;(¢) from general Egs. (49)—-(50). We have carried out such calculations (not shown here), however, it is
instructive to deploy here another approach to calculation C;(¢) and C,(¢), namely, using Eqs. (52) and (53), as we did for the
e-e scattering, with the above modifications to the case of the acoustic phonon scattering. This will also prove that both ways
of the calculation of the coefficients lead to the same result for each scattering mechanism, respectively. An interesting feature
of the electron-phonon kinetics is that due to the spontaneous (sp) and the stimulated (st) phonon scattering processes, there are
two distinctive contributions to the coefficient Cy(¢) and the power loss Qi (&) from each of these processes. This is different
from the e-e scattering case. Substituting Eq. (A1) into Eq. (53) we obtain

Ci(e) = Qi (e) = QP (&) + 0 (e), (A3)
1
QP (g) = “© > w(@) hogy 1, e — & — hog)d(ey — &), (A4)
1
0 (g) = el w(§Nghwz8y, 1, (ep — e — hop)8(ez, — &) — 8(eg — €)1, (AS)
kg

These are the exact expressions. We now need to use for the calculations the same approximation and the accuracy as it was
used for derivation of the differential FP equation from the CKE. The FP differential form of the electron-phonon scattering
operator has a strong justification, as in this case there is small parameter Ae/e = hw;/e ~ /8ms*/e < 1 which ensures
diffusivity of the electron motion in the energy space with the electron-acoustic-phonon scattering practically for all electron
energies above 1° K. We will now use the expansion in Eq. (54), where we also need to replace (¢ — €5) by the acoustic phonon

energy /iwg. For calculation of the spontaneous power loss Qf(fs(:p)(s), it is sufficient to keep only the zero-order term in Eq. (54).
This gives
ac(s| 1 N
Qlos(sp)(g) = @ w(q) howg 8,;,’,;+q.8(8,;, —&)d(ep — ¢8). (A6)
kk'g

In calculating the power loss Qfgs(‘:t)(e) due to the stimulated scattering, we found that the zero-order term in the expansion in

Eq. (54) gives exactly zero. Physically, this is explained by a complete compensation effect [22] of the stimulated scattering with

the emission of the acoustic phonon, which gives a positive contribution to Qfocs(‘:t) (&), and the scattering with the absorption of
C

the acoustic phonon, which gives a negative contribution to Qi“os(:t)(a). Since these contributions are equal in magnitude but have
opposite signs, the total result is zero. As a result, we need to use the next order term in the expansion in Eq. (54). After some

algebra, this gives a neat result:

ac(s 1 d -
0¥ (e) = ~ s Z w(§ING(hwg) 8 1,28 (e — )8(ex — €) | (A7)

(

Note, that for the e-e scattering case the situation with the
calculation of Cy(¢) = Oy . (¢) was very different. As it can be
seen from Egs. (53) and (57), the contribution from the second
term in the expansion in Eq. (54) turned out to be negligible in
comparison with the zero-order term contribution and it was
neglected.

For calculation of the diffusion coefficient C;(¢) = D,.(¢)
in the energy space due to the electron-phonon scattering us-
ing Eqgs. (50) and (56) with the corresponding modifications,
we need to retain only the zero-order term in the expansion
in Eq. (54). This is because the compensation effect in the

diffusion coefficient is absent. This gives after some algebra

1
Cale) =Duce) = 5 > @M +1/2) (hwy)”
& kk'g
X 8 12g(ep — €)3(e; — £). (A8)

To complete calculations in Egs. (A6)—(AS8), we assume
that iw; < kgTp, i.e., that ~/8ms?e < kgTy. Although, for hot
electrons this condition is stronger than our main condition
for derivation of the differential FP equation form from the
CKE, however, taking into account that the energy ms? is very
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small (in typical semiconductors, ms? /kp < 1°K), this condi-
tion holds well for hot electrons. This gives for the number
of active phonons N; ~ kgTy/hw; > 1. Using this result in
Eq. (A7) and Eq. (A8), we obtain the following relationships:

Qioa(®) = Qo) + Q)
_ Dyc(e) 1 d

— ———[g(&)Dyc(e)],

keTo ~ gle) de (A9

ac(s 1 N
Qi (e) = 2@ w(hog by, 48(ep — €)d(eg — &)

) kk'G
Dyc(¢)
e (A10)
ac(st) 1 d
Oloss (8) = —————[8(e)Dyc(e)]. (A1)

g(e)de

These relationships essentially show that one only needs
to calculate the diffusion coefficient D,.(¢) = C,(¢), then the
coefficient Ci(e) = Qjs..(¢) can be obtained using Eq. (A9).
The coefficients Dy.(¢) and Qi () also satisfy the general
relationship in Eq. (59), where we should put T = Ty. All
the above relationships can be useful for experimental inves-
tigation of the power loss and the energy diffusion of the
hot electrons in semiconductors due to the acoustic phonon
scattering.

Here we derived these relationships using the FP differen-
tial form of the CKE. In Ref. [22] similar relationships were
proven using analysis of the electron-phonon scattering rates.
However, if for the electron-phonon scattering one derives the
FP form of the Boltzmann equation as is given in Egs. (15) and
(16), then the corresponding coefficients A,.(¢) and B,.(¢) can
be obtained from the general relationships given in Eq. (51)
using C;(¢) and C,(¢) from Egs. (A9)—-(A11):

Ane(e) = O (e),

Bac(g) = Dac(g)' (A12)

‘We can observe the difference between the first relationship
in Eq. (A12) and the equivalent relationship in Eq. (58) for
the e-e scattering. The dynamic friction coefficient A,.(g)
is defined by the power loss QI<P )(¢) due to spontaneous
emission of the acoustic phonons, while the dynamic friction
coefficient A, (¢) is defined by the total power loss Oy (&)
due to the e-e scattering. The physical reason for this is that
for the e-e scattering the second term in Eq. (51) is exactly
zero [see Egs. (57) and (58)], while for the acoustic-phonon
scattering the corresponding term [which in this case is equal
to Qﬁf::t)(e), see Eq. (A9)] is not zero, as can be seen from the

direct calculations. Using in Eq. (A10) w(g) from Eq. (Al),
we obtain the final result for the diffusion coefficient:

2

Ducle) = Cale) = 218 ekpTy = ——kgTy, (A13)
T T G te(e) T Taele) T
1 2ms® 1 1 V2Cm* kg Ty
= s — & s
Tac(€) kpTy Tuc(e) Tac(€) 7T,Ofl4S2
(A14)

where T,.(¢) is the energy relaxation time, and t,.(¢) is the
momentum scattering time for the electron-phonon interac-
tion.

Substituting the obtained D,.(¢) into Eq. (A11), we see that
Qf(fs(:t)(s) # 0. The result in Eq. (A13) allows also to calculate
explicitly the coefficients Ci(¢). and C;(¢). Using them in
Eq. (48), we can transform the carrier flux in the energy space
for the electron-acoustic-phonon scattering to the standard FP
form:

= ege)
fe®) =2 %)

(A15)

|:F(8) +kBTodF(8)].
de

This completes the analysis of the FP equation for the
electron-acoustic phonon scattering.

[1] L. Landau, Kinetic equation for case of a Coulomb interaction,
Phys. Z. Sowjet. 10, 154 (1936).

[2] S. Chandrasekhar, Stochastic problems in physics and astron-
omy, Rev. Mod. Phys. 15, 1 (1943).

[3] H. Risken, The Fokker-Planck Equation: Methods of Solution
and Applications, 2nd ed. (Springer, Heidelberg, 1996).

[4] R. S. Cohen, L. Spitzer, and P. McR. Routly, The electrical
conductivity of an ionized gas, Phys. Rev. 80, 230 (1950).

[5] L. Spitzer and R. Harm, Transport phenomena in a completely
ionized gas, Phys. Rev. 89, 977 (1953).

[6] J. H. Jeans, Astronomy and Cosmology (Cambridge University
Press, London, UK, 1929).

[7]1 M. N. Rosenbluth, W. M. MacDonald, and D. L. Judd, Fokker-
Planck equation for an inverse-square force, Phys. Rev. 107, 1
(1950).

[8] W. M. MacDonald and M. N. Rosenbluth, Relaxation of a
system of particles with Coulomb interactions, Phys. Rev. 107,
350 (1957).

[9] V. L. Ginzburg and A. V. Gurevich, Nonlinear Phenomena
in a plasma located in an alternating electromagnetic field,
Sov. Phys. Usp. 3, 115 (1960).

[10] C.-K. Li and R. D. Petrasso, Fokker-Planck equation for mod-
erately coupled plasmas, Phys. Rev. Lett. 70, 3063 (1993).

[11] A. Medaglia, L. Pareschi, and M. Zanella, Particle simulation
methods for the Landau-Fokker-Planck equation with uncertain
data, J. Comp. Phys. 503, 112845 (2024).

[12] A. V. Bobylev and K. Nanbu, Theory of collision algorithm for
gases and plasmas based on the Boltzmann equation and the
Landau-Fokker-Planck equation, Phys. Rev. E 61, 4576 (2000).

[13] I. B. Levinson, Relaxation time, warming function, and escape
effect of hot electrons in semiconductors, Sov. Phys.—Solid
State 6, 1665 (1965).

[14] T. Kurosawa, Notes on the theory of hot electrons in semicon-
ductors, J. Phys. Soc. Japan 20, 937 (1965).

[15] E. M. Conwell, High Field Transport in Semiconductors
(Academic Press, London, UK, 1967).

[16] E. M. Lifshitz and L. P. Pitaevskii, Physical Kinetics, Landau
and Lifshitz Course of Theoretical Physics (Pergamon Press,
Oxford, UK, 1981), Vol. 10.

[17] W. B. Thomson and J. Hubbard, Long-range forces and the
diffusion coefficients of a plasma, Rev. Mod. Phys. 32, 714
(1960).

033201-20


https://doi.org/10.1103/RevModPhys.15.1
https://doi.org/10.1103/PhysRev.80.230
https://doi.org/10.1103/PhysRev.89.977
https://doi.org/10.1103/PhysRev.107.1
https://doi.org/10.1103/PhysRev.107.350
https://doi.org/10.1070/PU1960v003n01ABEH003261
https://doi.org/10.1103/PhysRevLett.70.3063
https://doi.org/10.1016/j.jcp.2024.112845
https://doi.org/10.1103/PhysRevE.61.4576
https://doi.org/10.1143/JPSJ.20.937
https://doi.org/10.1103/RevModPhys.32.714

LANDAU-FOKKER-PLANCK EQUATION FOR HOT ...

PHYSICAL REVIEW RESEARCH 7, 033201 (2025)

[18] J. Hubbard, The friction and diffusion coefficients of the
Fokker-Planck equation in a plasma, Proc. Roy. Soc. London
Ser. A 260, 114 (1961); 261, 371 (1961).

[19] A. Lenard, On Bogoliubov’s kinetic equation for a spatially
homogeneous plasma, Ann. Phys. 10, 390 (1960).

[20] R. Balescu, Irreversible processes in ionized gases, Phys. Fluids
3, 52 (1960).

[21] L. D. Landau and E. M. Lifshitz, Quantum Mechanics:
Non-relativistic Theory (Pergamon Press, Oxford, 1977),
Vol. 3.

[22] V. F. Gantmakher and Y. B. Levinson, in Carrier Scattering
in Metals and Semiconductors: Modern Problems in Con-
densed Matter Sciences, edited by V. M. Agranovich, and A.
A. Maradudin (North-Holland, Amsterdam, 1987), Vol. 19.

[23] B. K. Ridley, Quantum Processes in Semiconductors, 4th ed.
(Clarendon Press, Oxford, UK, 1999).

[24] D. K. Ferry, S. M. Goodnick, and K. Hess, Energy exchange in
single-particle electron-electron scattering, Physica B 272, 538
(1999).

[25] C. Gardiner, Stochastic Methods: A Handbook for the Natural
and Social Sciences (Springer, Berlin, 2009).

[26] B. I. Sturman, Collision integral for elastic scattering of elec-
trons and phonons, Phys.—Uspekhi 27, 881 (1984).

[27] R. Balescu, Equilibrium and Non-Equilibrium Statistical Me-
chanics (Wiley, New York, NY, 1975), Vol. 2.

[28] J. Keilson and J. E. Storer, On Brownian mottion, Boltzmann’s
equation, and the Fokker-Planck equation, Quart. Appl. Math.
10, 243 (1952).

[29] R. F. Pawula, Approximation of the linear Boltzmann equa-
tion by the Fokker-Planck equation, Phys. Rev. 162, 186
(1967).

[30] S. E. Esipov and Y. B. Levinson, The temperature and energy
distribution of photoexcited hot electrons, Adv. Phys. 36, 331
(1987).

[31] H. A. Kramers, Brownian motion in a field of force and
the diffusion model of chemical reactions, Physica 7, 284
(1940).

[32] J. E. Moyal, Stochastic processes in statistical physics, J. Roy.
Stat. Soc. 11, 150 (1949).

[33] J. R. Meyer and F. J. Bartoli, Dynamic dielectric response to
electron-hole and electron-electron interaction, Phys. Rev. B 28,
915 (1983).

[34] J. M. Ziman, Principles of the Theory of Solids, 2nd ed.
(Cambridge University Press, Cambridge, UK, 1979).

[35] G. D. Mahan, Many-Particle Physics, 3rd ed. (Kluwer
Academic/Plenum Publishers, New York, NY, 2000).

[36] J. R. Meyer and F. J. Bartoli, Dynamic dielectric response to
carrier-carrier interaction in narrow-gap semiconductors, J. Vac.
Sci. Tech. A1, 1752 (1983).

[37] C. Y. Tsai, Theoretical model and simulation of carrier heating
with effects of nonequilibrium hot phonons in semiconductor
photovoltaic, Prog. Photovolt. Res. Appl. 26, 808 (2018).

[38] C. Y. Tsai, The effect of intraband and interband carrier-carrier
scattering on hot-carrier solar cells: A theoretical study of
spectral hole burning, electron-hole energy transfer, Auger re-
combination, and impact ionization generation, Prog. Photovolt.
Res. Appl. 27, 433 (2019).

[39] L. Tesser, R. S. Whitney, and J. Splettstoesser, Thermodynamic
performance of hot-carrier solar cells: A quantum transport
model, Phys. Rev. Appl. 19, 044038 (2023).

[40] Y. Takeda, T. Motohiro, D. Koéning, P. Aliberti, Y. Feng, S.
Shrestha, and G. Conibeer, Practical factors lowering conver-
sion efficiency of hot carrier solar cells, Appl Phys. Exp. 3,
104301 (2010).

[41] M. B. Price, J. Butkus, T. C. Jellicoe, A. Sadhanala, A. Briane,
J. E. Halpert, K. Broch, J. M. Hodgkiss, R. H. Friend, and
F. Deschler, Hot-carrier cooling and photoinduced refractive
index changes in organic-inorganic lead halide perovskites,
Nat. Commun. 6, 8420 (2015).

[42] J. Fu, Q. Xu, G. Han, B. Wu, C. H. A. Huan, M. L. Leek, and T.
C. Sum, Hot carrier cooling mechanisms in halide perovskites,
Nat. Commun. 8, 1300 (2017).

[43] M. Li, S. Bhaumik, T. W. Goh, M. S. Kumar, N. Yantara, M.
Gratzel, S. Mhaisalkar, N. Mathews, and T. C. Sum, Slow cool-
ing and highly efficient extraction of hot carriers in colloidal
perovskite nanocrystals, Nat. Commun. 8, 14350 (2017).

[44] 1. Ahmed, L. Shi, H. Pasanen, P. Vivo, P. Maity, M. Hatamvand,
and Y. Zhan, There is plenty of room at the top: Generation
of hot charge carriers and their applications in perovskite and
other semiconductor-based optoelectronic devices, Light: Sci.
Appl. 10, 174 (2021).

[45] W. Lin, S. E. Canton, K. Zheng, and T. Pullerits, Carrier cooling
in lead halide perovskites: A perspective on hot carrier solar
cells, ASC Energy Lett. 9, 298 (2024).

[46] H. Zhu, K. Miyata, Y. Fu, J. Wang, P. P. Joshi, D. Niesner, K. W.
Williams, S. Jin, and X. Y. Zhu, Screening in crystalline liquids
protects energetic carriers in hybrid perovskites, Science 353,
1409 (2016).

[47] V. A. Hintermayr, L. Polavarapu, A. S. Urban, and J. Feldmann,
Accelerated carrier relaxation through reduced Coulomb
screening in two-dimensional halide perovskite nanoplatelets,
ASC Nano 12, 10151 (2018).

033201-21


https://doi.org/10.1016/0003-4916(60)90003-8
https://doi.org/10.1063/1.1706002
https://doi.org/10.1016/S0921-4526(99)00335-X
https://doi.org/10.1070/PU1984v027n11ABEH004122
https://doi.org/10.1090/qam/50216
https://doi.org/10.1103/PhysRev.162.186
https://doi.org/10.1080/00018738700101022
https://doi.org/10.1016/S0031-8914(40)90098-2
https://doi.org/10.1111/j.2517-6161.1949.tb00030.x
https://doi.org/10.1103/PhysRevB.28.915
https://doi.org/10.1116/1.572209
https://doi.org/10.1002/pip.3021
https://doi.org/10.1002/pip.3116
https://doi.org/10.1103/PhysRevApplied.19.044038
https://doi.org/10.1143/APEX.3.104301
https://doi.org/10.1038/ncomms9420
https://doi.org/10.1038/s41467-017-01360-3
https://doi.org/10.1038/ncomms14350
https://doi.org/10.1038/s41377-021-00609-3
https://doi.org/10.1021/acsenergylett.3c02359
https://doi.org/10.1126/science.aaf9570
https://doi.org/10.1021/acsnano.8b05029

