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Abstract

We study permutations on n elements that are even on every subset
of size t. We describe all groups of these permutations. Unexpectedly,
these groups (except for some special cases) are either trivial, cyclic or
dihedral. In this context, we define and study monoids that generalize
both monoids of order-preserving mappings and monoids of orientation-
preserving mappings.
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1 Introduction

For a positive integer n, notation [n] will stand for {0,1,...,n — 1}. We will
use letters a, b, ¢ for elements of [n] and lower-case Greek letters for mappings
on [n]|. The following three mappings will be used repeatedly.

e (,,, which is the identity mapping on [n];

e 0, which is the cyclic shift a — (a + 1) (mod n);

® py,, which is the permutation a — (n—1)—a reversing the order of elements
in [n].

We will denote the cyclic group generated by o, by Z, and the dihedral
group generated by o, and p, by D,. As usual, S, is the symmetric group on
[n], and T, is the symmetric semigroup on [n].

The notation Dom « stands for the domain of . A (partial or full) mapping
a on [n] is called order-preserving [respectively, order-reversing| if © < y implies
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a(z) < ay) [respectively, a(z) > a(y)] for all z,y € Doma. The set of full
order-preserving mappings is closed with respect to composition and contains
Ln, therefore, it is a monoid, which is denoted by O,,. The monoid O, is one
of the most frequently studied semigroups in semigroup theory since the 1960s;
its research originated in [Aiz62, How71l, GH92, Hig93, VV95, McA00] and led
to hundreds of other publications. Many natural generalizations of O,, have
been considered, including the monoid of partial order-preserving mappings,
see for example [Fer02, FGJO05]. One generalization we will use in this paper is
M,,, the monoid of all full monotone mappings, that is, full mappings that are
order-preserving or order-reversing.

Another important way in which semigroup theorists have generalized the

monoid O, is the following. Let s = (a1, as,...,a:) be a sequence of ¢ (t > 0)
elements of [n]. We say that s is cyclic [respectively, anti-cyclic] if there exists
no more than one index ¢ € {1,...,¢} such that a; > a;41 [respectively, a; <

ai+1], where as11 denotes a;. Notice that the sequence s is cyclic [respectively,
anti-cyclic] if and only if s is empty or there exists i € {1,...,t} such that
aiy1 < Gip2 <0 < ap < ap < -o- < gy [respectively, aip1 > ajp2 > o0 >
a; > a; > -+ > a;] (the index i € {1,...,t} is unique unless s is constant
and t > 2). We say that s is oriented if s is cyclic or s is anti-cyclic. Given a
(partial or full) mapping a on [n] such that Doma = {a; < -+ < a;}, we say
that « is orientation-preserving [respectively, orientation-reversing, oriented) if
the sequence of its images (a(aq),...,a(as)) is cyclic [respectively, anti-cyclic,
oriented]. The set of orientation-preserving full mappings is a monoid, which is
denoted by OF,,. The monoid OP, was introduced 25 years ago [CH99, Fer00]
and has been repeatedly studied since then. Some relevant recent publications
on OP, are [HV22, FP23, Fer23]. One generalization of OP,, we will use in this
paper is OR,,, the monoid of all full oriented mappings.

The rank of a mapping is the size of its image. Unless the rank of « is 2, being
orientation-preserving can be expressed in a language of triples of elements of
[n]. Let us stress this because this is an important theme in this paper. Instead
of defining mappings in OP, as being, in a certain sense, ‘cyclic’ (as per the
definition above), one can redefine them as preserving the parity of subsets of size
3 (as generalized and discussed in more detail in the following sections). To be
more specific, the following result is true; see [HV22, Fer23, HV24, Fer24, LM06].

Lemma 1. A mapping o € T,, whose rank is not 2 is orientation-preserving if
and only if from a < b < ¢ it follows that a(a) < a(b) < afc) or ab) < a(c) <
ala) or alc) < a(a) < a(b).

As one compares the monoid of order-preserving mappings O, and the
monoid of orientation-preserving mappings O P,,, one can ask the following ques-
tions.

e O, is defined using a condition on pairs of elements of [n], and the map-
pings in OP,, can be described (with the exception of rank 2 mappings)
using a condition on triples of elements of [n]. Are there natural general-
izations of these conditions for ¢-tuples that would produce new interesting



monoids?

e The only permutation belonging to O, is ¢,. In other words, the set of
permutations belonging to O,, is the one-element group {¢,}. As to OP,,
the set of permutations belonging to it is the cyclic group Z,,. How will
this generalize if we consider conditions on ¢-tuples of elements of [n]?

The aim of this article is to explore these questions. For one-to-one map-
pings, we introduce a property which generalizes the properties of being order-
preserving and orientation-preserving. We successfully describe all groups of
permutations satisfying this generalized property. Then we define and study
monoids that can be seen as generalizations of monoids of order-preserving map-
pings and orientation-preserving mappings.

2 The generalized definition for groups

Consider a one-to-one partial mapping « on [n] whose domain and image both
have size t. By an inversion we mean a pair a, b such that ¢ < b and a(a) > «(b).
We will say that « is even (odd) if the number of its inversions is even (odd). It
is useful to note that if ¢ = n then this definition of being even (odd) coincides
with the usual definition of an even (odd) permutation.

Lemma 2. Consider one-to-one partial mappings a and 8 on [n] such that the
domain of B coincides with the image of a. If a and B are both even or both odd
then the composition B(a(-)) is even. If one of o and B is even and the other
is odd then the composition B(a(-)) is odd.

Proof. We will denote the size of the domain and the image by ¢, as in the
definition above. Define a matrix M of a one-to-one partial mapping p as
follows. The size of M is ¢ x t. Suppose the domain of p consists of elements
d; < --- < d; and the image of p consists of elements e; < --- < e;. The entry
in M at the position ¢, 7 is 1 if p(d;) = e; and 0 otherwise.

It is a well-known fact that a permutation is odd (even) if and only if the
corresponding permutation matrix has the determinant equal to —1 (equal to
1). This fact obviously generalizes to the matrices defined above; namely, u is
odd (even) if and only if the determinant of M is equal to —1 (equal to 1).

Now notice that the matrix of S(«(+)) is the product of the matrix of a and
the matrix of 5. Hence, the result follows. O

When we speak of a restriction of a mapping o € T, to a t-element subset
of [n], we call it a restriction of width t. We define I'!,, where t = 1,...,n, as
the set consisting of those permutations on [n] whose every restriction of width
t is even. Due to Lemma 2, the set I'Y, is a group.

Before we explore groups I'l, in detail in Sections 3 and 4, we present a
brief overview of these groups. When ¢ = 1, since partial mappings with one-
element domains cannot have inversions, every permutation belongs to group

I'L; therefore, I'L coincides with the symmetric group S,,. At the opposite end



of the spectrum, if ¢ = n, group I')" is the alternating group A,,. As we remarked
in the previous section, the set of permutations belonging to O,, is I'2 = {1, },
and the set of permutations belonging to OP,, is I'2 = Z,,.

As an illustration, the table below shows values of ¢ in the top row and values
of [Tt | in the bottom row for n = 11.

1 213 (4] 5|67 |8|9 10 11
[Spl [ 1] 11 | 2221 |11 |2 22| 43,200 | |A,]

As you can see, the values of |T'f| oscillate between 1, n, 2 and 2n on the
whole range ¢t = 2,...,n — 2; we will explain this behavior in Section 3. The
values t = 1 and ¢ = n are special cases described above. The value t =n — 1
is a special case which we will explore in Section 4.

When n = 2, the table above shrinks to just its first and last columns, with
I'} = S5 and I'} = Ay. The results in Sections 3 and 4 below assume that n > 3.

3 Groups ! fort=2...,n—2

Let R be a subset of [n] (the mnemonic for R is ‘restriction’). Let o € S,,.
Denote the restriction of o to R by « [ R. Denote the number of inversions of
the restriction of a to R by inv(a [ R).

Let o € Sy, and let a € {0,...,n — 2}. We will split the set [n]\ {a,a + 1}
into two parts, as follows. The sets Z(«, a) and II(«, a) consist of those elements
b € [n]\ {a,a + 1} for which inv(a | {a,b}) # inv(a [ {a + 1,b}) and for which
inv(a[{a,b}) = inv(a|{a+1,b}), respectively. In other words, II(c, a) contains
elements b € [n] \ {a,a + 1} such that a(b) < a(a) and a(b) < afa + 1) or
aa) < a(b) and a(a+1) < a(db). As to Z(«, a), if a(a) < ala+ 1) then Z(«, a)
consists of elements b € [n] \ {a,a+ 1} such that a(a) < a(b) < a(a+1), and if
ala+1) < a(a) then Z(«, a) consists of elements b € [n] \ {a,a + 1} such that
ala+1) < ald) < a(a).

Lemma 3. Let a € [n]. Consider pairwise distinct by, ..., b, € E(a,a) and
pairwise distinct ¢, ...,cs € (e, a). Let R={by,...,br;c1,...,¢5}. Let R =
SuU{a} and R”" = RU{a+ 1}. Then inv(a|R') =inv(a[R") + r (mod 2).

Proof. Note that each of inv(a [ {a,b}) and inv(« [ {a + 1,b}) has value 0 or 1,
so the inequality in the definition of Z(a, a) can be rewritten as an equality

inv(al{a,b}) =inv(a|{a+1,b}) + 1 (mod 2).
Hence, the lemma immediately follows. O
Lemma 4. T C D, for everyt=2,...,n— 2.

Proof. Tt is obvious that a permutation a € S, belongs to D,, if and only if
for each a € {0,...,n — 2} either a(a) = a(a + 1)+ 1 (mod n) or aa) =
a(a+1) —1 (mod n). In terms of Z(«, a) and I(a, a), this observation can be



reformulated as @ € D,, if and only if for each a € {0,...,n — 2} either =(a, a)
is empty or II(«, a) is empty.

Suppose a permutation « € S,, does not belong to D,,. Then there is a #
n — 1 such that both Z(a,a) and II(«, a) are nonempty. Denote |Z(«, a)| by p
and |II(a,a)| by ¢g. Note that p+¢ =n — 2 and p,q > 1. The number ¢ — 1

is in the range 1,...,n — 3. Represent ¢ — 1 as a sum of an odd integer r in
the range 1,...,p and an integer s in the range 0,...,q. Choose r elements
b1,...,br € Z(aya). Choose s elements cq,...,cs € II(a,a). Like in Lemma 3,

consider R = {b1,...,b.;¢c1,...,cs} and define R = SU{a} and R” = SU{a+1}.
Since r is odd, by Lemma 3, we have inv(a | R') # inv(a [ R”) (mod 2). That
is, the restriction of o to R’ is even if and only if the restriction of a to R” is
odd. Thus, o ¢ T%. O

Lemma 5. Lett =2,...,n— 1. Ift is odd then Z, C Tt. Ift is even then
It NZ,={}

Proof. Let k be a number in the range 1,...,n — 1. Note that o* acts on [n] by
mapping elements of P = {0,...,n—k —1} to {k,...,n — 1}, respectively, and
elements of Q@ = {n —k,...,n— 1} to {0,...,k — 1}, respectively. Consider a

t-element subset {ai,...,a;} C [n]. Denote by p and ¢ the number of elements
of {aj,...,a;} that belong to P and @, respectively. Then t = p + ¢. The
number of inversions of the restriction of a to {aq,...,a:} is pq.

If ¢t is odd then for every t-element subset either p or ¢ is even, hence pq is
even. Therefore, o% € T.

If ¢ is even then it can be presented as a sum of two odd numbers ¢t = p + g,
where p < |P| and ¢ < |Q|. Choose a t-element subset of [n] containing p
elements of P and ¢ elements of Q. Then pq is odd, therefore, o ¢ T . O

Lemma 6. p, € I'l, if an only if t =0 (mod 4) or t =1 (mod 4).

Proof. As p,, acts on a t-element subset of [n] consisting of elements a3 < -+ <
ag, it reverses their order, a(a;) < --- < a(ay). Thus, inv(p, | {a1,...,a:}) =

@. The number expressed by this fraction is even if and only if ¢ = 0 (mod 4)
or t =1 (mod 4). O
From Lemmas 4, 5 and 6 our main result follows.
Theorem 7. For everyt=2,...,n—2,
o ift =2 (mod 4) then Tt is the one-element group {t,};
o ift =3 (mod 4) then Tt is the cyclic group Z,;
e ift =0 (mod 4) then T, is the two-element group {pn,in};
( )

e ift =1 (mod 4) then T% is the dihedral group D,,.



4 Group !

In this section we will use a type of permutations called parity-alternating per-
mutations [Tanl0b, Tanl0a]. A permutation « € S,, is called parity-alternating
if for every a = 0,...,n — 2 (we do not consider a = n — 1) we have a(a) #
a(a + 1) (mod 2). Denote the set of all parity-alternating permutations in S,
by PAP,. It is not difficult to find a formula for the size of PAP,, and that has
been done in [Tan10b]. The size |[PAP,|is 2-(2)!? if n is even or (251)!- (2H)!
if n is odd. We will prove that every permutation in I'?~! is parity-alternating.
To be more precise, the permutations belonging to I'"~! constitute exactly a
half of PAP,; therefore, [~ = 1. |PAP,|.

Each (n — 1)-element subset of [n] can be expressed as [n] \ {a} for some
a € [n]. In this section we will denote this set by R,.

Lemma 8. For each a € {0,...,n — 2} we have inv(a [ R,) = inv(a | Rgt1) +
ala) + ala+1) + 1 (mod 2).

Proof. Consider a permutation « € S,,. Fix a € {0,...,n—2}. Refer to Lemma
3, using {b1,...,b,} = E(a,a) and {c1,...,cs} = H(a,a). We conclude that
inv(a | Ry) = inv(aw [ Raq1) + |E(ev,a)| (mod 2). Recall from the definition
of Z(a, a) that « | Z(a,a) is a one-to-one correspondence between Z(«, a) and
the set of elements of [n] that are greater than a(a) and less than a(a 4 1) or
greater than a(a+1) and less than a(a). Hence, |E(a, a)| = |a(a) —a(a+1)|—1.
Therefore, inv(a | R,) = inv(a [ Rqt1) + a(a) + a(a+ 1) + 1 (mod 2). O

Lemma 9. If a« € PAP, then inv(a | R,) = inv(a | Rp) (mod 2) for any
a,b € [n].

Proof. Since o € PAP,, the difference between «(a) and a(a+ 1) is odd; there-
fore, by Lemma 8, inv(a [ R,) = inv(a [ Re41) (mod 2). This equality is true
for every a € {0,...,n — 2}. Hence, either inv(a [ R,) is even for every a € [n],
or inv(a [ R,) is odd for every a € [n]. O

Recall that T7~! consists of all permutations on [n] such that for every
a € [n] the size of inv(« | R,) is even. It will be useful to consider a set of all
permutations on [n] such that for every a € [n] the number inv(a | R,) is odd
(instead of even). We will denote this set by —T'7~1.

Lemma 10. PAP, is a disjoint union of I"~' and —I'"~1.

Proof. Consider « € PAP,,. By Lemma 9, either for every a € [n] the number
inv(a [ Rg) is even, or for every a € [n] the number inv(a [ R,) is odd. In the
former case, o belongs to I'~1, and in the latter case, a belongs to —I'"~1.
Conversely, consider a permutation a@ € I~ or @ € —I'"~!. Consider
a€{0,...,n—2} Ifa e I'" ! both inv(a | R,) and inv(a | Ryt1) are even.
If « € —T7~1 both inv(a | R,) and inv(a | Ret1) are odd. Hence, in both
cases, by Lemma 8, the difference between a(a) and a(a + 1) is odd, and « is
parity-alternating. O



Theorem 11. I~ =1.|PAP,| forn > 3.

Proof. On the set PAP,, consider an involution © induced by applying the cycle
(0 2) before the permutation. That is, let # be a permutation on [n] swapping 0
and 2. For each « € PAP,, the mapping © maps a to a(d(-)). Since § € PAP,
and PAP, is a group, it is clear that if « € PAP,, then O(a) € PAP,,. Thus, ©
is, indeed, an involution on PAP,. Note that since a(0) # «(2), the involution
has no fixed points, that is, for every permutation o we have O(a) # a.

Now we will prove that © always maps an element of I ! to an element of
—I'"=1 and vice versa. Compare the set I’ of inversions of the restriction of «
to [n]\ {0} and the set I" of inversions of the restriction of a(6(-)) to [n] \ {2}.
Since 6 swaps 0 and 2, the set I’ contains an inversion 1,2 if and only if the
set I" does not contain an inversion 0, 1. All other inversions in I’ and I” are
the same (subject to changing notation from 2 to 0 when comparing I’ and I").
This means that either |I’| is odd and |I”| is even, or |I’| is even and |[I”| is
odd. By Lemma 9, we conclude that either « € —I'"~! and O(a) € I, or
ael” 1 and O(a) e I 1.

The existence of the involution © proves the result. O

As one compares the sizes of I~ and I'" = A,,, one can notice that [T7 | is
much smaller than ||, and one can be tempted to conjecture that T~ C T'".
This is not true if n is even; indeed, we have o,, € T"~! and o,, ¢ I'". However,
it is true that I'"=1 C T if n is odd, as the following result shows.

Proposition 12. If n is odd then IT7~! = PAP, NT7".

Proof. For any permutation « on [n], obviously there are exactly a(0) elements
i in [n] such that «(i) < «(0). Hence, by the definition of an inversion, we have
inv(a) = inv(a [ Rp) + a(0).

Suppose a € I'"~1. Hence, by Lemma 10, « € PAP,. Since n is odd and
a € PAP,, we conclude that a(0) is even. By the definition of I'" ™1, inv(a | Rp)
is even; therefore, using inv(a) = inv(a [ Rp) + «(0), we conclude that inv(«) is
even, that is, o € I'}\.

Conversely, suppose a € PAP, NI'}'. Since n is odd and @ € PAP,, we
conclude that a(0) is even. Since a € I'??, inv(«) is even. Applying the argument
in the previous paragraph in the opposite direction, we conclude that inv(« [ Rp)
is even, therefore, o € 71, O

5 A generalized definition for monoids

Now we proceed to considering monoids of mappings which generalize monoids
of order-preserving mappings and monoids of orientation-preserving mappings.

Fort =1,2,...,n, we define X! as the monoid consisting of those mappings on
[n] whose all injective restrictions of width ¢ are even.
Suppose S is a set of mappings on [n], and let k = 1,...,n. We will denote

by S(r = k) (by S(r < k), by S(r > k)) the subset of S consisting of those



mappings whose rank is equal to k (is less than or equal to k, is greater than or
equal to k).
We can immediately make the following easy observations.

Proposition 13. 1) X! =T,.

2) T = Ty(r<n—1)UA,.

3) Tt =%t NS, that is, Tt is the group of units of ¥, fort =1,2,...,n.
4) 3t (r<t—-1)=T,(r<t—1) fort=2,...,n.

The definition of O,, and the description of OP, given in Lemma 1 use
restrictions of width 2 and 3, respectively. The following statement redefines
O,, and OP, using only injective restrictions of width 2 and 3.

Proposition 14. 1) A mapping o € T, belongs to O, if and only if each
injective restriction of a of width 2 is order-preserving. Therefore, 2 = O,,.
2) A mapping o € T,, with rank not equal to 2 belongs to OP, if and only if
each injective restriction of a of width 3 is orientation-preserving.

Proof. 1) is obvious. As to 2), recall from Lemma 1 that a mapping o € T,
with rank not equal to 2 belongs to OP, if and only if each restriction of « of
width 3 is orientation-preserving. Notice that if a restriction of width 3 is not
injective then it is orientation-preserving. Hence, one only needs to consider
injective restrictions of width 3. 0

The following statements redefines OR,, and M,, via injective restrictions.
In comparison with the previous statement, the proof is unexpectedly fiddly.

Theorem 15. Consider o € T,, with rank at least 4.
1) a € OR,, if and only if each injective restriction of o of width 4 is oriented.
2) a € M,, if and only if each injective restriction of o of width 4 is monotone.

Proof. Part 2 follows from Part 1 if we notice that monotone mappings are
oriented mappings. Now we will concentrate on proving Part 1.

A restriction of an oriented mapping is an oriented partial mapping. So, it
remains to prove the converse implication.

From now on, we assume that each injective restriction of « of width 4 is
oriented. Let X be any transversal of Ker o. Then « [ X is an injective partial
mapping on [n] and so any restriction of o [ X is injective and also a restriction
of a. Hence, each restriction of o [ X of width 4 is oriented. Since it is known
[Fer23, Theorem 2.6] that a partial mapping on [n] is oriented if and only if
any of its restriction of width 4 is oriented, it follows that a [ X is an oriented
partial mapping on [n].

Denote the rank of o by k; recall that k& > 4. We will construct recursively
a transversal {cy,..., ¢} of Kera. For each ¢;, we will denote a(c;) by d; and
a~1(d;) by C;. Let ¢; = 0. Then for i € {2,...,k}, let

¢; = min ([n] \ (CtU---uU 01;1)) .



It is easy to verify that ¢; < co < -++ < ¢, ¢, = minC; for 1 <4 < k, and
X = {c1,...,cx} is a transversal of Kera. Since o [ X is oriented, then the
sequence (dy,dz, ..., dy), consisting of k distinct elements of [n], is oriented. Let

n otherwise.

{ min{i € [n] | {i,...,n—1} CC4} ifn—-1€C
Ck4+1 =

Observe that by this definition, c41 is greater than every element in Cy.

Consider one of classes C; and an element b € C;. Note that ¢; < b. If
i = k then ¢ < b < cgr1- Now suppose i < k. Then ¢y < b < n-—-1
(and, necessarily, b € Cy) or b < ¢;1. In fact, if ¢;41 < b < cgy1, then
g < <Gl <G <o < < b < Cit1 < -+ < € < Ck+1 for some j
and {c1,...,¢i—1,Cit1,...,¢j,b,¢jq1,..., ¢} is a transversal of Ker o, whence
the sequence (di,...,d;—1,di41,-..,dj,di,djy1, ..., dy) is oriented, which is a
contradiction. Therefore,

Cy={0,...,c0 — 1} U{cky41,...,n— 1}
(here, if ¢;y1 = n then {cgt1,...,n — 1} stands for the empty set) and
Ci={ciy...,cix1 — 1} for 2 <i <k.

Hence it is easy to conclude that o € OR,,. O
Proposition 16. For allt=2,...,n, O, CXt. Also, forallt=2,...,n—2,

e ift =3 (mod 4) then OP, C Xt ;

e ift =0 (mod 4) then M, C Xt ;

e ift =1 (mod 4) then OR,, C 3¢,.

Proof. Tt follows from the definitions of O,, and X¢ that O,, C Xf. Tt is well
known that O, is generated by O,(r = n — 1) and t,, whereas M,, OP,
and OR,, are generated by O, U {p,}, O, U Z, and O, U D, respectively;
see [Aiz62, FGJ05, CH99, McA00]. Combining these facts and Theorem 7, we
obtain the results in the bullet points. O

We might add that if one wishes, it is possible to reword Proposition 16 in
a form which looks parallel to Theorem 7, as follows.

e if t =2 (mod 4) then O, = M, NOP, C %t;

e if t =3 (mod 4) then OP, C Xt ;

e if t =0 (mod 4) then M, C 3%;

e if t =1 (mod 4) then OR,, = (M,, UOP,) C X,

Proposition 17. ¥2 =T, (r <2)UOP,.



Proof. We have ¥3 D T,,(r < 2) by Proposition 13, part 4). We have ¥3 D OP,
by Proposition 16.

Now consider a € 33, If the rank of « is 1 or 2 then a € T),(r < 2). Now
suppose a has rank greater than or equal to 3. Let T = {i < j < k} C [n] be
such that a [T is injective and suppose that «(T) = {a < b < ¢}. Then o |T is
presented by one of the following 6 cases.

(a2e)-(28)-(hae)-(a3).GGia) . (Ede)

Inspecting these cases, we notice that [T is orientation-preserving if and only
if a[T is even, namely, in the following 3 cases.

(ape)(e2b).Goa)

Using part 2 of Proposition 14, we can conclude that if « € ¥2 and « has
rank greater than or equal to 3 then a € OP,. O

Comparing the equality X2 = O, in Proposition 14 and a description of
Y3 in Proposition 17, one can ask whether X3 = OP,. The answer is that for
n >4, OP, S %3; for example,

(61877 "1") € X0\ OPn.
This example frequently features in the study of OP,, including [HV22, Fer23,
Fer24, HV24].
Comparing Propositions 17 and 16, one might conjecture that %2 = T;,(r <
3) UM, and X5 = T,(r < 4) UOR,. Both these equalities are false. For
instance, for n > 4,

_ (0 n—4n-3n—2n—1 4
a= (g rtrgtntryt) esy

but a« € T,,(r < 3) and o & M,,; and, for n > 5,
B — (g n§5 n24 nIB n§2 nal) c ZZ

but 8 & T, (r <4) and 8 € OR,,.

6 How the monoids embed into one another

It is natural to ask if some of the monoids Y2, ..., X" are equal to one another,
like some of the groups I'2, ..., ' are equal to one other, as described in Theo-
rem 7. In this section we will show that the monoids 2, ..., 3" are not equal to
one another, but some of them are submonoids of others, in a periodic fashion
somewhat similar to Theorem 7.

Consider o € Ty(r = k). Let X be a transversal of Kera. Let ar be the
unique order-preserving bijection from [k] to X. Let ag be the unique order-
preserving bijection from Im « to [k]. Consider a mapping apaag, that is, the
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composition agr(a(ar(.))); we will denote this mapping by avX. Note that
avX is a permutation on [k].

The following result enables us to exploit our knowledge about groups I'}
when we explore semigroups X,.

Lemma 18. «a € X% (r = k) if and only if avX € Tt for every transversal X
of Ker a.

Proof. Suppose a € X! (r = k). Let Y be a t-element subset of [k]. Then we
have

(@VX) Y = (ap IY)(alar(Y))(aralar(Y))).

Since ay,(Y) is a t-element subset of [n] and « € Xf, we conclude that o [ ar(Y)
is even. At the same time, both ar, [Y and agr [ a(ar(Y) are order-preserving
injective mappings, thus, have no inversions. Therefore, by Lemma 2, (aVX) [Y
is even. Applying this argument to Y being every t-element subset of [k], we
conclude that avX € I'%.

Now suppose a ¢ Xf (r = k). Then an injective restriction « | Y is odd
for a certain t-element set Y. Consider a transversal X of Kera such that
Y C X. Then proceeding like in the previous paragraph, one can conclude that
avX ¢Ti. O

Lemma 19. Let p,q € {2,...,n}. If p,q < n—2 then T2 C T'Y if and only if
p=2(mod4) org=1(mod4) orp=g(mod4). Ifp>n—1orqg>n—1
then I'P C I'? if and only if p < q and at least one of the following conditions is
true, p =2 (mod 4) or ¢ =1 (mod 4) or p = g (mod 4).

Proof. For values of p,q < n — 2 the result follows from Theorem 7. If one or
both of p,q is n — 1 or n, refer also to the following facts:

on € A, if and only if n is odd;

pn € Ay, if and only if n = 0 (mod 4) or n =1 (mod 4);

By Lemma 5, 0, € I"~1 if and only if n is even;

By Lemma 6, p, € "~ if and only if n = 1 (mod 4) or n = 2 (mod 4). O

Theorem 20. Let p,q € {2,...,n}. Then X2 C X2 if and only if p < q and at
least one of the following conditions is true, p = 2 (mod 4) or ¢ =1 (mod 4) or
p =g (mod 4)

Proof. Suppose ¥F C 34. Assume that ¢ < p (this assumption will lead to a
contradiction). Consider

As to a ] [g], it is injective (recall that ¢ < p — 1) and odd (it has only one
inversion). Hence, a ¢ £%. At the same time, « € T,,(r < p—1) C ¥P C X4.
This contradiction proves that p < q.

Also, from XP C ¥4 it follows that '}, C I'?; hence, referring to Lemma 19,
we have p = 2 (mod 4), or ¢ = 1 (mod 4), or p = ¢ (mod 4).

11



Figure 1: Hlustrating Theorem 20

To prove the reverse implication of the theorem, consider o € X2, then by
Lemma 18, aVX € I'?, where k = | X/, for every transversal X of Ker a. Hence,
by Lemma 19, we have aVX € I'{ for every transversal X of Ker o. Hence, by
Lemma 18, we have o € 9. 0

The following result describes elements of X! with ranks greater than or
equal to t + 2. This complements part 4) of Proposition 13, which described
elements of Xf, with ranks less than or equal to ¢ — 1. Describing elements of
¥! with ranks equal to ¢ or ¢ + 1 is a problem for future research.

Proposition 21. Fort <n —2,
e ift =2 (mod 4) then 3t (

(1mod 4) .
e ift =3 (mod 4) then 3 (r
o ift =0 (mod 4) then =t (r
e ift =1 (mod4) then 3 (r =OR,(r > t+2).

Proof. The reverse inclusions (D) follow from Proposition 16. To prove the
direct inclusions (C), consider « belonging to X! (r = k), where k > ¢ + 2.
Consider a transversal X of Ker a.

Then by Lemma 18 and Theorem 7, we have the following cases.

e if t =2 (mod 4) then aVX = 1y;
e if t =3 (mod 4) then avVX € Z;
e if t =0 (mod 4) then avX € {pg,tx};
o if t =1 (mod 4) then aVX € Dy.

Recalling the definition of av X, the four cases above can be reworded as
shown below.

e if t =2 (mod 4) then a | X is order-preserving;

12



e if t = 3 (mod 4) then o[ X is orientation-preserving;
e if t =0 (mod 4) then o[ X is monotone;

e if t =1 (mod 4) then o | X is oriented.

Combining these observations with Proposition 14 and Theorem 15, we ob-
tain the result. O

One might ask if it is possible to generalize the above result so it also includes
Yi(r=t)and Xf(r = ¢t+1). As to X (r = t), mappings o and 3 from the
counterexamples at the end of Section 5 serve as counterexamples here. As to
¥t (r =t+ 1), consider a mapping

We have v € X8 (r = 7) but v € O,,.

7 Another generalized definition for monoids

As we reflect on Proposition 16 and Theorem 20, this motivates us to consider
the following alternative family of monoids. For ¢t = 1,2,...,n, we define Af as
the monoid generated by all mappings on [n] whose rank is at least n — 1 and
whose injective restrictions of width ¢ is even. In other words, Af, is generated
by Xt (r >n —1).

The groups of units of the new monoids A! are the groups I'f,, for t =
1,...,n, in the same way as it was for the family of monoids %! considered
above. We have AL = X1 =T, (since T,, is generated by its mappings of rank
greater than or equal to n — 1) and A = X7 = T,(r < n—1)UA,. More
interesting is the fact that the monoids A2, ..., A?~3 demonstrate a periodic
behavior similar to the one described by Theorem 7 for the groups I'2, ..., "2,
as described in the following theorem.

Theorem 22. For everyt=2,...,n—3,
e ift =2 (mod 4) then AL, = O,;
e ift =3 (mod 4) then AL, = OP,;
e ift =0 (mod 4) then Al, = M,;
e ift =1 (mod 4) then AL, = OR,,.
Proof. The theorem follows from Propositions 16 and 21. O

One can ask if the above theorem generalizes to the case t = n — 2. For
n = 4,5 we have A7 = Oy and A} = OPs, in accordance with the above
theorem. However, this is not true for n > 6; for example, we have

_ (01234 - n—2n-—1 n—2
a= (93014 nana) €A



but a € OR,,.
Similarly, the theorem does not generalize to the case t = n—1. For example,

012345 n—1 -1
B=(920432" n1) €Ay

but 3 ¢ OR,.

8 Possible future research

In Sections 5 and 7 we introduce monoids of full mappings on [n] that extend
the groups T'L,...,T™. One can conduct further research by introducing either
monoids of partial mappings on [n] or inverse monoids of partial one-to-one
mappings on [n], instead of full mappings.

As discussed in Section 6, describing sets Xf (r = t) and X% (r = t + 1)
remains an open problem, and this is a missing part in describing the monoids
xt.

As discussed in Section 7, describing monoids A”~2 and A”~! remains an
open problem, along with obtaining a description of ¥7~2 and X1~ 1.
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