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Abstract—In orthogonal time-frequency space communica-
tions, the performance of the uniform grid channel estimation
(CE) is generally determined by the delay-Doppler (DD) grid
density. A finer grid interval is needed to reduce modeling errors,
but this could result in a significantly higher CE complexity when
traditional methods are used. Although the grid evolution (GE)
method can achieve a good trade-off between complexity and CE
performance, there are still many redundant DD grid points that
incur additional computational complexity. To address this issue,
a new GE method based on cluster fusion for doubly fractional
CE is proposed. Simulation results show that our proposed
method leads to improved computational efficiency, and achieves
a good trade-off between CE performance and complexity.

Index Terms—OTEFS, grid evolution, channel estimation, sparse
Bayesian learning, fractional delay-Doppler.

I. INTRODUCTION

HE next generation communication systems must support

reliable information exchanges in highly dynamic envi-
ronments, e.g., low-earth-orbit satellites, vehicle-to-everything
sytems, unmanned aerial vehicles, etc. In these environ-
ments, the legacy orthogonal frequency division multiplexing
(OFDM) may become infeasible as its orthogonality could be
destroyed by large Doppler. As a solution, orthogonal time-
frequency space (OTFS) modulation has emerged in recent
years due to its excellent and robust error rate performance in
high mobility channels [1]-[3].

Channel estimation (CE) plays an important role in OTFS
system design as it has direct impact to the detection perfor-
mance. A number of OTFS CE schemes have been proposed.
An embedded frame structure and a threshold method are
proposed in [2] to estimate the channel. In [4], [5], the
authors leveraged the sparsity in the delay-Doppler (DD)
domain via orthogonal matching pursuit (OMP) and sparse
Bayesian learning (SBL) for CE. It is noted that these works
assume that the real-life channel response is exactly on the
DD grid points. However, this assumption may not be valid in
practice due to the fractional delay and Doppler values in real-
world transmission. To address this problem, off-grid sparse
Bayesian inference (OGSBI) [6] was proposed in [7], leading
to one-dimensional (1D) and two-dimensional (2D) off-grid
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CE schemes. The 1D scheme demonstrates a good perfor-
mance, but with high complexity. In contrast, the 2D scheme
strikes a balance between complexity and performance. A
2D off-grid scheme was developed in [8] to eliminate errors
caused by interference between delay and Doppler. Yet it still
suffers from a high complexity. Inspired by the grid evolution
(GE) method in [9], a GE method for doubly fractional CE is
proposed [10]. Different from the method in [9], the GE is a
2D method, whereby the fission and adjustment of grid points
are performed separately to avoid unnecessary calculations.
Compared with the GE scheme in [11], the number of DD
grid points in the GE scheme [10] is adjustable and hence it
is generic and more flexible. The GE method [10] achieves
a trade-off between complexity and performance by evolving
the initial uniform grid into a non-uniform locally dense grid.
However, there are still many redundant grid points in the
locally dense grids, thus leading to unnecessary calculations.

Against the above background, this work investigates grid
evolution based on cluster fusion (GE-CF) CE schemes in
doubly selective channels for OTFS systems. Specifically, our
proposed GE-CF scheme adaptively evolves from an initial
uniform coarse grid to a non-uniform coarse grid without a
fixed interval. The GE-CF framework contains four processes,
i.e., the learning, the fission, the fusion and the adjustment.
The learning process estimates the channel response at the
grid points. The fission process adds new grid points along the
delay or Doppler dimension to form grid point clusters. The
fusion process fuses the grid point cluster determined by the
cluster selection criterion into an equivalent grid point to more
accurately represent the channel response. The adjustment
process combines the off-grid parameters into the current grid
for decreasing the modeling error. Compared with the GE
schemes [10], the proposed GE-CF scheme yields improved
trade-off between complexity and CE performance due to
smaller number of grid points.

II. SYSTEM MODELS

A. Signal Model

The DD channel response can be expressed as [1]-[3]

P
h(VaT) = Zhné (nyn)a(T*Tn)v (D

n=1

where P is the number of paths, h,, 7, € (0,Tmax) and
Vn € (—Vmax, Vmax) are the channel coefficient, delay, and
Doppler of the n-th path, respectively. The symbol duration



and bandwidth of OTFS system are N7 and M Af, respec-
tively. N, M, T and Af are number of time slots, number of
subcarriers, slots duration and subcarrier spacing, respectively.

In this letter, a single pilot x, with Doppler index k]’g
and delay index [}, in the DD grid is considered. To reduce
interference between data and pilot, both the guard interval
and the CE region in [7] is used. The sizes of the CE region
are Ny = (2kmax +1) and M1 = (lnax + 1) respectively,
where kpax = Vmax VT and lpax = TmaxMAf. According
to [2], [3], [7], the OTFS input-output relationship is

(K, K k) wit (1,101,
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where ypp [k, 1] is the received signals in the DD domain,
ko€ (k) — ke oK)+ Fmax ) L€ {10+ 1)+ Lo )
z[k,1] ~ CN (0,A71) is the noise and A~' is the variance,
By = hpe 2™k, =y, NT, I, = 7, MAf, w, (-) =
wy () = F (). In [7], [8], F (+) is denoted by

P
YDD [k, l] =Tp Z hnwy,

n=1

F(n,&v) = 1 eI (@Q-1)m =5 sin (m(n — & — 7)) |
@ sin (W)
3)

where Q = N for w, () and @ = M for w, (-).

B. Off-Grid Model and GE Model

A finer grid is usually used for sparse representation
as that of [7]. In this case, the grid points of the

initial uniform DD grid are {{k Px{l;}} €
RLVXL77 EV = [*kmax; te 7kmax] € RL Xl
I: = [“lnax o lmax]” € RE7XL Therefore, the
initial delay and Doppler resolution are r, = ZL’“V—_‘“{
and r, = %, respectively. Let the number of grid
points in the sampled DD grid be L = L,L,. After

vectorizing the DD grid, all DD grid points can be expressed

as S - {,;:V;ZT}’ ZT = [ZOvlla v 'lia to 7lL*1}T’ ’;:V =

[ko, ki, - ki --- ,k‘Lfl]T. Let ¢ € {17 .- L}, w,, (kl) =
T

[wu (k;_kmax»k;wki) ytr Wy (k;;'i_kmaxak;;vki)] GT

CVO o, (1) = [w, (I, 10 0) o+ s wy (I 4 L, Uy i) ]

€ CMrx1 Then, the on-grid model based on Eq. (2) is

y = 1z, Py (S) htz, @)

where y,z € CNtMrx1 ¢ = vec(Y), Y € (CNTXMT is
the matrix form of ypp [k,1], h € CL*1, &; =Y
[¢I (ko, lo) R ’d)I (kaly lLfl)] € CNTMT XL jg the on-grid
part of the measurement matrix corresponding to the current
DD grid, ¢y (k;,1;) = vec (w,, (k;) wi (lz)) e CNtMrx1
¢ = (g, 7501,—1] c (CNTMTXL’ o, = e*]’i]fﬂ’;ﬂil’
1 € CNtMrx1 5 the all-ones column vector, vec () is the
vectorization operation, ® is the dot product.

Since in practice the channel response generally does not
fall exactly on the sampled DD grid points, an off-grid CE

scheme was proposed in [7], [8]. Denote by ( k; € I;:l,7 l; € ZT

the 4-th grid point which is closest to (k,, , (., ) in the discrete

DD plane. Then a linear approximation in [7] can be obtained
by first-order Taylor expansion, i.e,

ds(kl/yu ) ¢I (klal )+¢V (ki7li) Ki'i_d)‘r (ki7li) 23 (5)
+o (ki) +o0(L),
where x; = ky,, — ki, v, = 1, — l;, o(k;) and

o(t;) are Doppler and delay modeling errors, respec-
tively, ¢, (ki,l;) = vec(w;, (ki) wi (1;)), ¢, (kili) =
vec (w, (k;) (wl. N, w!, (k;) and w’, (I;) are the partial
derivatives with respect to k; and [; respectively. Here, «; and
¢; are assumed to follow uniform distributions
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Nu|:_ TV 72T1/+:| ;LiNu|:_2TT72TT+:| ) (6)
where 7, and 7, respectively represent the Doppler and delay
resolutions between a grid point and its adjacent grid points,
+ and — denote positive and negative directions respectively.
Let & = [Ko,K1, " ,ffL,l]T e Cxt 1 =

L =
[0, L1, € CE*!, Similar to & (s) b, (ki 1)

and ¢, (k;,[;) can be arranged in order to obtain &, (S‘)

T
7LL71]

and &, (5‘), respectively. Then the measurement matrix

@ (S‘, K, Z) € CNtMrxL can be expressed as
& (S, i, z) — & (S) vy (S) diag [ )+, (S) diag {8} ,
(7
where diag {-} is the diagonal matrix operator. After absorbing
the approximation error into the noise, the observation model
can be written as
Y =x,P (S,F:,,Z)HJrz. ()
Note that S is constant in both the on-grid and off-grid
models, meaning that r, and r, are constants. As mentioned
before, the performance of the on-grid and off-grid models
will deteriorate when multiple real-life channel responses are
located in the same DD interval. Therefore, the proposed GE
scheme uses a varying S to decrease the modeling error, where
S = Slm, SGE , the Siy; is the S with r, =7, = 1, SGE
represents the added grid points in the GE scheme. Therefore,
the model in GE is,

(S,k,0) b+ 2, ©))

Yy =z,P

where the sizes of k, ¢ and h are corresponding to S.

ITI. GRID EVOLUTION BASED ON CLUSTER FUSION
CHANNEL ESTIMATION

To get the grid points S and estimate h in Eq. (9), GE
method is adopted to increase the local resolution for a more
accurate representation of the sparse channel responses in
the DD domain. After the fission process, grid point clusters
will be generated around the true responses by decreasing
the off-grid gaps to distinguish the close paths. A grid point
cluster can sparsely represent a true channel response. Ideally,
a grid point is sufficient to represent the channel response of
a path. Therefore, there are many redundant grid points in the
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Fig. 1: The procedure of GE channel estimation.
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grid point cluster. To avoid unnecessary computational load,
a more accurate grid point is needed to replace the grid point
cluster. Therefore, in the GE-CF scheme, an appropriate fusion
algorithm is employed to fuse the grid point cluster into a new
equivalent grid point.

The GE-CF method consists of the learning, the fission,
the fusion and the adjustment processes, as shown in Fig. 1.
The fission process can distinguish multiple channel responses
within the same initial DD interval. The fusion process fuses
a grid point cluster into an equivalent grid point to more
accurately represent the channel response. The adjustment
process combines the off-grid parameters into the current grid
to reduce the off-grid gap. The learning process estimates the
channel response at the grid points by SBL. These processes
are performed sequentially to reduce modeling errors. To
strike a trade-off between modeling error and computational
workload, stop criteria are proposed for fission and adjustment.

A. Learning Process

OGSBI in [6] is used to estimate the channel parameters
in the learning process. According to [6], [7], the posterior
conditional distribution of h is assumed to be

p(hly;a,k,0,A) =CN (h|p, ), (10)

where « is the hyperparameter that models the sparsity of h
and follows a Gamma distribution controlled by the parameter
p, A follows a Gamma distribution determined by a and b, The
mean p and covariance X for the (¢)-th iteration are

() — A0 30 gt (S(t),li(t),l,(t)) Y, (11)

T T
5O — diag (a<t>)<a<t>@(a<t>@c) ) 2

where C = &% (SO g0 0 2;1@ S® k® 0]
3 =& (S(t)’,@u),b(t)) (a(t) © o (5(t)7ﬁ<t>7b<t))) +

AOT, a®C is the dot product of the elements of the column
vector o« with the corresponding rows of C. Different from
the traditional update formulation of X, the diagonal matrix
property is considered here to reduce the complexity.

The expectation—maximization algorithm is used to update
each hyper-parameter for the (¢ + 1)-th iteration, i.e.,

\/1 +4p <2 (6,9 + ‘u(i)“) 2) —1

a @ = N . (13
20 — 2+ MTNT
(¢+1) =22 2T 717D

A W+ Ay (14

where i € {1,---,L}, Ay = ()\(t))71 SE1- fj&;?ﬁf) +

2
Hyfsﬁ (S(t),m(t),l,(t)) u(t)H ,A>0,a>0,b> 0. For
updates of off-grid parameters, please refer to [6], [7]. The

att+D _a(]|

[l
number of iterations K is reached, where § is a tolerance.

iteration will stop if | < ¢ or the maximum

B. Fission Process

Three fission conditions are used like that of [9], [10] to
decide whether a fission of a grid should happen. When these
three conditions are met, the fission needs to be carried out
simultaneously in both the delay and the Doppler dimensions
based on estimated off-grid parameters. Assume that the cho-
sen grid point x is (k;,1;), ¢ € {1,---, L}, and the estimation
result of corresponding off-grid parameter is (%, Z;). The off-
grid parameters can indicate that the channel response is in
a certain direction of grid point x. Thus two new grid points
Xk = (kfissions i) and x; = (K4, lassion) Will be generated after
fission, where kfesion and lgssion are

B ki—‘rl?:l,+,:%i>0

kﬁssmn - { kz _ ny,yl‘%i <0’ (15)
L+ 3,5 >0

lﬁssmn - { lz _ 5,’;"_7 7 Zi <0 (16)

If a grid point fissions, it will be necessary to add 1 or 2
elements corresponding to the grid point for x, ¢ and h in
Eq. (9). Owing to the OGSBI method we used for estimation,
the fission of prior of h, i.e., «, is needed. Assume that the «
value corresponding to grid points x, xf, X% and x; are a,
Qx> Oy, and oy, respectively, where ;¢ is the grid point x
version after fission. To keep the prior p () unchanged after
fission, p () should be a constant [9]. Therefore,

1

Qxy = Qxy, = Qg = gam (17

where o, is estimated by Eq. (13).

In addition, the fission stop criterion is introduced that no
more fission will happen if the maximum number of iterations
Ky for fission process is reached. K; may be larger than
logy(1/7min), which refers to the average iteration number
for reaching a satisfying resolution.

C. Fusion Process

After the fission process, the fusion process needs to find
an equivalent grid point of the grid point cluster. Fusing
different clusters generally results in different equivalent grid
points, leading to varying CE performance. Such differences



are manifested in the positions of the equivalent grid points
on the DD grid, as well as in the corresponding hyperpa-
rameter «. Therefore, based on the grid point (k;,1;) with
| (7)] > eV A~1, the proposed cluster selection criterion is
given by

Z = {(kj, i) [|kj — kil <d,|l; =Ll <d},  (8)

where (k;,l;) € S, j € {1,---,L}, S denotes the set of
existing grid points, € is a weight related to miss detection
or false-alarm probabilities, d > 7, is a parameter related
to the size of the DD dimension of the cluster. This criterion
determines a cluster by d. If d is larger, there will be more
grid points in the cluster. However, this may include grid points
from another cluster. Therefore, it is necessary to set a suitable
d.

After a cluster is determined, the cluster is fused into an
equivalent grid point through a fusion algorithm. Assume that
the G grid points in a selected cluster are {Xy,---,Xg},
with corresponding DD indices, mean, and hyperparameter «
represented by {(k-’ful?ﬁ) ) (kXG7 lXc;)}’ {:ulﬂ T 7MG}’
and {a1,- - ,ag}, respectively. The simplest fusion method
is average fusion (AF), i.e,

PO kx,

kap = % (19)
SO lx,

lar = =25 (20)

Although this AF method is simple, there may be a large off-
grid gap between the obtained equivalent grid point and the
real-life channel response.

The AF method considers the true channel responses to be
located at the center of the cluster. However, this assumption
is usually invalid. Generally, the larger the mean value of a
grid point, the closer it is to the real-life channel response.
To achieve a more accurate equivalent grid point, a weighted
fusion (WF) strategy can be employed. The weight 3, of each
grid point in the cluster can be determined by the mean, i.e,

|1g|
G )
Zg:l ‘Iu9|

where 1 < ¢ < G. Therefore, the position of the equivalent
grid point can be calculated as

G
kwr = Zg:1 Bgkx,,

G
lwr = ZFl Bylx,.-

After fusion, the hyperparameter a corresponding to the
equivalent grid point can be calculated as

By = 2y

(22)

(23)

G

« = Qg.
WF gg:l g

The equivalent grid point (kar,lar) or (kwr,lwr) will
replace the grid point cluster {X7, -+, Xc}. In the following
discussion, these two methods are referred to as GE-CAF and
GE-CWEF, respectively.

(24)

TABLE I: Simulation parameters

Parameter Value
DD grid size N =DM =32
Carrier frequency fc = 4GHz
Subcarrier spacing Af = 15 kHz
Number of channel paths P =5
The channel coefficient hi ~CN (O, %)
Maximum delay Tmax = 8.3 X 1076 s
Maximum relative velocity 500 km/h

D. Adjustment Process

For the GE-CF scheme, after the fusion process, a non-
uniform DD grid with better CE performance will be obtained.
However, the off-grid gap of the current DD grid cannot be
ignored. This is because the CE performance may be affected
by the fractional channel. Therefore, adjustment process is
required to further reduce the approximation errors.

For the grid point (k;, ;) with |u(2)] > eV A~1, the
adjustment process is given by
When the adjustment process is completed, the off-grid pa-
rameters k; and [; will be reduced, leading to decreased
Taylor approximation errors o (x;) and o(t;). Since k; and
L; are integrated into the delay and Doppler values of a grid
point, ¢ (S, k,t) should be recalculated but this incurs a
higher complexity. In this case, an adjustment stop criterion is
required. The iteration of the adjustment process will stop if
|[£*),¢®)]|| < 4 or the maximum number of iterations K,
for the adjustment process is reached, where d, is a tolerance.

IV. COMPLEXITY ANALYSIS AND SIMULATION RESULTS

12

=)

©

computation complexity
£ (=]
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Fig. 2: Accumulated computational complexity comparison.

The proposed GE-CF scheme is compared with GE [10].
Table I presents the simulation parameters. The pilot pattern
and guard interval in [7] are used. The power of single pilot is
30 dB higher than the average power of data. In GE, a =0 =
1074, p=10"2,6 = 1073, 6, = 107, d = rmin, K¢ = 5,
K, = 50, K = 200. If not stated otherwise, the resolution
of the uniform grid scheme is r = r, = r, = %. The initial

resolution in the GE scheme is 1, and r;, = % or %.
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The accumulated complexity comparison at different num-
bers of iterations is shown in Fig. 2. The main complexity of
the GE and GE-CF schemes is the same as that of the scheme
in [7]. For the GE-CF scheme, the fusion process reduces
the number of grid point clusters, resulting in a significant
reduction in complexity.

Fig. 3 shows the comparison of NMSE for different r,;, at
SNR = 20 dB. It is found that the NMSE of GE-CAF and GE-
CWEF is smaller if r,,;, is smaller. In addition, The GE-CWF
scheme has the best performance when 7., is large.

The NMSE comparison of different inter-path Euclidean
distances at SNR = 20 dB and r.;, = 0.25 is shown in
Fig. 4. The larger the Euclidean distance between paths, the
smaller the interference between paths and the more accurate
the cluster selection, resulting in better CE performance.

The NMSE comparison between different methods is given
in Fig. 5. When rp;, = 0.25, the NMSE of the proposed
GE-CF scheme is similar to that of the GE scheme. When
min = 0.5, the NMSE of the proposed GE-CWF scheme is
significantly better than that of the GE scheme. Considering
all simulation results together, the GE-CF scheme achieves a
better trade-off between CE performance and computational
complexity compared with the GE scheme. In addition, the
GE-CWF scheme provides a better trade-off in terms of
performance and complexity than the GE-CAF scheme.
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Fig. 5: NMSE comparison

V. CONCLUSIONS

An improved GE-CF method for doubly fractional CE has
been proposed in this letter. The proposed GE-CF method
consists of four processes, i.e., learning, fission, fusion, and
adjustment process. The learning process estimates the channel
response at the current grid points, the fission process adds new
grid points, the fusion process obtains the equivalent grid point
of the grid point cluster, and the adjustment process employs
off-grid parameters to adjust the DD grid. Simulation results
show that the proposed GE-CF scheme achieves an excellent
trade-off between the CE performance and complexity.
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