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Abstract—In this paper, we develop a generalized construction
framework of zero-correlation zone (ZCZ) sequence sets based
on para-unitary (PU) matrices. We show that any square PU
matrix with unimodular sequences can generate ZCZ sequence
sets by perfectly controlling its expanded product form, thereby
improving upon existing results. The key idea is to impose specific
conditions on the expanded product forms of PU matrices to
enable accurate computation of periodic correlation functions.
In addition, each constructed ZCZ sequence set is a PU column
vector and hence it represents a Golay complementary set (GCS).
In this work, we call them Golay-ZCZ sequence sets. The lengths,
set sizes and ZCZ widths of the constructed Golay-ZCZ sequence
sets are all flexible with the form of non-power-of-two. These
Golay-ZCZ sequence sets can be directly applied to practical
training-based channel estimation schemes in multiple-antenna
systems.

I. INTRODUCTION

A Golay-ZCZ sequence set refers to a set of multiple
sequences which represents both Golay complementary set
(GCS) and zero-correlation zone (ZCZ) sequence set [1].
In [2], Tseng and Liu extended the idea of Golay com-
plementary pairs to GCSs with two or more number of
constituent sequences. GCSs have found applications in or-
thogonal frequency-division multiplexing (OFDM) schemes to
reduce the peak-to-mean envelop power ratio (PMEPR) [3],
and code-division multiple access (CDMA) to mitigate the
interference [4]. Two distinct GCSs are said to be mutually
orthogonal GCSs (MOGCSs) if the aperiodic cross-correlation
sums between them are zero for any time-shift [2]. So far,
several construction methods of GCSs and MOGCSs have
been proposed with various lengths and set sizes [5]-[8]. In the
literature, ZCZ sequence set was first introduced as spreading
sequences to obtain interference-free performance in quasi-
synchronous CDMA (QS-CDMA) communications [9]. ZCZ
sequence sets have also been applied for channel estimation
in multi-input and multi-output (MIMO) systems [10], radar
[11], and pilot design [12]. In the literature, constructions
of ZCZ sequence sets can be divided into the construction
methods based on generalized Boolean functions [13], [14],
perfect sequences [15], [16], perfect non-linear functions [17],
mismatched filtering [18], and MOGCSs [19]-[22].

In [23], Vaidyanathan introduced the concept of para-unitary
(PU) matrices in the study of filter-bank theory. A PU matrix
refers to a matrix with polynomial entries in z~! which

is unitary on the unit circle (ie., |z2| = 1). By using z-
transforms of sequences, PU matrix becomes an effective
tool to simplify the derivations of unimodular sequences with
good aperiodic correlation properties. To construct Golay
complementary pairs (and GCSs) based on PU matrices, a
compact formulation written in z-domain is derived in [24].
Consequently, the applications of PU matrices have been
extended to g-ary GCSs [25] and QAM GCSs [26]. To
obtain g-ary sequences, [25] studied the utility of Butson-
type Hadamard (BH) matrices. Later, it is shown in [27]
that the use of equivalent BH matrices can increase the
number of constructed complementary sequences from PU
matrix approach. There has been tremendous research interest
on the construction of MOGCSs based on PU matrices [7],
(8], [27]-[29].

In contrast to the design of GCSs/MOGCSs, the application
of PU matrices to the construction of ZCZ sequence sets is not
straightforward. To obtain ZCZ sequence sets from PU matri-
ces, all the constituent sequences in a PU column vector are
to be unimodular, and the periodic auto-and cross-correlations
have to be zero within the ZCZ width Z, conflicting with the
feature of a PU column vector which has zero aperiodic auto-
correlation sum property. This becomes a barrier to directly
apply any PU matrix to obtain ZCZ sequence sets. Towards
this, two natural questions arise:

1) What is the precise way to control the periodic auto-and
cross-correlation properties of all the sequences from a
PU column vector?

2) How can we directly construct Golay-ZCZ sequence sets
from PU matrices without constructing CCC in advance?

These two fundamental research questions will be addressed in
this work. We are interested in PU matrix approach due to its
compact cascading structure. We first extend our earlier work
[30] to obtain ZCZ sequence sets with flexible parameters. We
draw out an important connection between ZCZ sequence sets
and PU matrix. The key idea is to apply the intrinsic periodic
auto-and cross-correlation properties of the row sequences
of a specific unitary matrix C. We show that a larger class
of ZCZ sequences with more flexible parameters can be
obtained by employing equivalent forms of BH matrices and
new block delay matrices. The resultant sequences form an
asymptotically optimal ZCZ sequence set with respect to the



Tang-Fan-Matsufuji bound [9]. The constructed Golay-ZCZ
sequence sets can be used to offer optimal channel estimation
performance in MIMO systems based on the framework from
[10].

The remainder of the paper is organized as follows. In
Section II, we introduce background and notations on GCS,
ZCZ, PMEPR and PU matrices. We present a generalized
construction framework of Golay-ZCZ sequence sets in Sec-
tion III. In Section IV, we briefly review and compare the
parameters of the proposed Golay-ZCZ sequence sets with
those of the existing methods. Finally, we summarize our work
in Section V.

II. BACKGROUND AND NOTATIONS
A. Golay Complementary Sets (GCSs)

Let x = (2[0],z[1],---,z[L — 1]) and y =
(y[0],y[1],- - ,y[L —1]) be two length-L complex sequences
with z[l],y[l] € C for I = 0,1,---,L — 1. The aperiodic
correlation function of x and y at the time-shift 7 is denoted
by Ry y[7]. It is called an aperiodic cross-correlation function
(ACCF) if x # y; otherwise, it is called an aperiodic
auto-correlation function (AACF). The AACF of x is simply
denoted as Ry[7]. Also, the periodic correlation function of x
and y at the time-shift 7 is defined by

Ryylr] = Ruylr] + Ry (L — 7. (1)

Then, Rx,y [7] is said to be periodic cross-correlation function
(PCCF) of x and y at the time-shift 7 if x = y; otherwise, it is
called a periodic auto-correlation function (PACF). The PACF
of x is simply denoted by Ry[7]. The z-transform of the AACF
R, [7] can be written as R.(z). Let x = {x0,%1, - ,Xpm_1}
be a set of M sequences with identical length L.

Definition 1 (Golay Complementary Sets (GCSs)): The set
X is said to be an (M, L)-GCS [2] if

M-1 M-1
Z Ry, (2) = Z Tm(2) - x), (zil) = ML. )
m=0 m=0
B. ZCZ Sequence Sets
Let x(z) = [z0(2), 21(2), -+, zp—1(2)]" be a set of

M complex valued sequences of equal length L. The zero
periodic auto-correlation zone Z ¢z and the zero periodic
cross-correlation zone Zccz of this sequence set x(z) are
defined as

Zaoz =mwax{Z: Ry, 7] = 0,¥ m,0 < |r| < 2}

Zocoz :max{Z : Rxm,x, Jrl=0,Ym#£m/ 0 < |7| < Z}.

m

For the sequence set x(z), the interference free window (IFW)
is defined by Z = min{Zacz,Zccz}. Here, Z is called
zero-correlation zone (ZCZ) width of PACFs and PCCFs. The
set x(z) with IFW of Z is called a ZCZ sequence set of M
sequences of equal length L and is denoted by (M, L, Z)-
ZCZ sequence set. For an (M, L, Z)-ZCZ sequence set X(z),
the upper bound, called the Tang-Fan-Matsufuji bound, on
ZCZ width Z is given by [9] Z < ﬁ — 1. The performance

parameter 7 with respect to the Tang-Fan-Matsufuji bound can
be defined by
M(Z+1)

n=—7 3)

which can be used to evaluate the efficiency of the construction
method. We observe that 0 < 7 < 1. The sequence set X(z)
is called an optimal (M, L, Z)-ZCZ sequence set if the Tang-
Fan-Matsufuji bound is obtained with equality (i.e., n = 1).
Definition 2 (See [1]): A set x(z) of M sequences of equal
length L is called an (M, L, Z)-Golay-ZCZ sequence set if it
is both an (M, L)-GCS and (M, L, Z)-ZCZ sequence set.
A Golay-ZCZ sequence set x(z) is called an asymptotically
optimal Golay-ZCZ sequence set if n — 1 with respect to the
Tang-Fan-Matsufuji bound when the length L increases.

C. Peak-to-Mean Envelope Power Ratio (PMEPR)

For a given q-PSK modulated sequence
(z[0], £[1],- - - , &[L — 1]), the time-domain complex baseband
OFDM signal can be written by

L—1 1
_ &) 27/ —1(fe+lAf)E
Sx[t]—ggq[]e V=1(f f)7 OStSFf’ 4)

where f. denotes the carrier frequency, Af refers to the

subcarrier spacing, and L denotes the number of subcarriers
L-1

in OFDM system. Here, we can write x = (g§ U . The

instantaneous envelope power ratio (IEPR) of the SequlEIOlCC xis
given by P,[t] = % Note that L is the peak amplitude of
an OFDM signal with L subcarriers. Then, the peak-to-mean
envelope power ratio (PMEPR) [3], [31] of the sequence x can

be defined by
PMEPR (x) = SuPogtSﬁPx[t} (5)

D. Para-unitary (PU) Matrices

A PU matrix is defined by a matrix of polynomials over z~!

which is unitary on the unit circle, i.e., |z| = 1 [23]. A matrix
X(z) of polynomials with size M x K is defined as X(z) =
[1,m (%)], where z; ,,,(2) is a polynomial representation over
2~ 1 of the sequence Xy, and 0 < I < M - 1,0 < m <
K —1. For a polynomial matrix X(z) over 271, we define the
tilde operator as follows X(z) = X" (271), where H is the
Hermitian operation.

Definition 3 (See [23]): An M x K matrix X(z) of poly-
nomials is said to be a PU matrix if

X(2)-X(2) = ¢ Ig, ©)

where c is a real positive constant.
For a PU matrix, the degree is defined as the minimum number
of delay elements needed to implement it. The connection
between a PU matrix and complete complementary codes
(CCC) is given by the following lemma.

Lemma 1 (See [28]): An M x M polynomial matrix X(z)
represents a polyphase (M, M, L)-CCC if and only if it is an
M x M unimodular PU matrix of degree L — 1.



III. GENERALIZED CONSTRUCTION OF GOLAY-ZCZ
SEQUENCE SETS WITH FLEXIBLE LENGTHS

To achieve more sequence candidates, Ma et al. discussed a
new class of delay matrices by defining (mN)! different delay
permutations instead of N! in [7]. We will show that we can
utilize (mN)! different delay permutations instead of N! in
the PU expanded form [28] by properly defining a new class
of block delay matrices.

Let M = p™*! for some positive integers p and m. For the
ease of presentation, we consider the case when M = gmtl
with p = 3 for some positive integer m. Forn =0,1,--- , N—
1 with N € N, we define the n-th block delay matrix of size
3+l % 3m+L as follows

w(mn) w(mn
Do(2)=LoDy () epi " () e
®Dg7r(7nn+7n—1) (2)7 (7)

where D3(z) = diag([1l z7' z72]) and 7 is a permuta-
tion of integers {0,1,---,(mN — 1)}. Note that D§(z) =
diag([ F z’za]) for some positive integer a.

Let M = 3™T! for some positive integer m. Let Us,
and U é(,),)LH be BH matrices (formal definition of BH matrix
can be found in [6]) of size 3™ x 3™ and 3™*t! x 3m+l
respectively, for n = 0,1,2,--- | N — 1. We take the n-th
block delay matrix D,,(z) as defined in (7). We now construct
the n-th block BH matrix of size 3™*! x 3™*! as follows
u, =1Is <§§>U(n+1 , where n € {0,1,2,--- | N — 1} for any
positive integer N € N. Then, a new recursive PU generator
is defined by

gn,-l—l(z) = unDn(z)Pngn(Z)an (8)

where P,, and Q,, are two arbitrary 3™ ! x 3™+1 permutation
matrices with the initial matrix Go(z) = U ;(),?2+1~ According to
(8), the expanded product form is given by

0

H (u"D"() ) 3,m+1Q0 9

n=N-—1

(n+1)

Gn(z) =

Theorem 1: Let Gn(z) be a generating matrix with the
expanded product form (9). Then, each entry of Gx(z) rep-
resents a unimodular sequence of length 3™V,

Proof: Let M = 3™%1, Based on (9), the j-th column
vector of G (z) can be expressed as Xy j(z) = Gn(z) - €],
where e; denotes the j-th row vector of the identity matrix Iy,
with j = 0,1,--- , M — 1. The j-th column vector is given by

U, D,(z) P, Xpn_1,(2), (10)

U(O)HQO ejT. Let x,;(z) =

Xn,j(2) =
where Xo;(z) =

29,62, a0

n,j\#)s T, »n,j
with US) = [ufy)|
3m x 3m
th iteration. Then, the sequence elements constructed by (10)
can be written as
3m—1

Z ulm

be constructed by (10)

such that ‘upq ’ = 1 at the n-

(p+l3'") (pn(q-ﬁ-l?f"))( ) -

Tn 1,5

Z*fmn(q)’ (11)

where p = 0,1,---,3™ — 1,1 = 0,1,2 and p, is the
permutation corresponding to P, and fy,, () is

,_.

m—
fmn Zj 37 anrj)»

Jj=0

(12)

where z; denotes the j-th bit of the ternary representation of

x given by x = Z?:(f xj3j forx=0,1,---,3™ — 1. In the
time-domain, we have
+13™ n pn(k n—1 +13m)
ZPT ] = o) e ) g (),
(13)

where k= 327" " k; - (3™)" with the i-th digit k; of k in the
3™-ary representation. [ ]

By employing the expanded PU product form, we con-
struct the j-th sequence set X;(z) consisting of p™*! length-
pWN+2)+2 sequences for j = 0,1,--- ,p™tt — 1.

Theorem 2: Let M = p™*! for some positive integers
m and p. Then, the generalized PU-based construction of
unimodular Golay-ZCZ sequence sets is given by

0
x;(z) = H {unDn(Z)Pn}Uz(:?')LﬂQo Dyt (ZPMN)
n=N-—1
. Fpm+1 . me+1 (me’(N+1)+1> . f,]T, (14)
where Dpm+1(2) = diag (l,z—l, e ,z—(Pm“—l)) and f; is

the j-th row vector of a p™*! x p™*! DFT matrix Fjm+1.
The proposed Golay-ZCZ sequence sets have the set size M =
p™ 1 length L = pWN+2)42 and ZCZ Z = (p™m*+1—1)p™ V.
Proof: We omit the proof due to space constraint. [ ]
Example 1: Let M = 3**! = 27 and N = 2 with m = 2.
We have mN = 4. The sequence length is given by 3™V =
3% = 81. For n € {0,1}, the n-th block delay matrix of size
27 x 27 is given by

Do) = I5 @ Ds (ZBW(zn)) © Ds (231(2n+1)) ’

where 71 = [2,0,3,1] is a permutation of the integers
{0,1,2,3} and D3(z) = diag([1 =z~ 272]). In the delay
matrix D3ﬂ(2") (2) ®D§W(2n+l)( ), the delay elements are given
by Z 73#(2n+1) p 2_377(2n+1) 37\'(271) Z_(gﬂ(?n)+31(2n+1))’
; (37r(2n)+2 37r(2n+1)) ; (2'37r(2n)+37r(2n+1))
Z_(2‘37T(2n)+2.37\'(2n+1)) ’

15)

37\'(271)

for the permutation mand n = 0,1.
In (15), we can use 4! = 24 permutations to obtain different
block delay matrices. Let U:(;fnﬂ) = Fy, Ug?3+1 = For
and P, = Q, = Iz; for n = 0,1. Based on the recursive
construction method (8), an 27 x 27 unimodular PU matrix
of length 3™ = 3% = 81 is given by

Ga(z)

Let fy be the 1-st row vector of BH matrix Fo7 with 7 = 0. By
applying the expanded product (14), we construct a sequence
set given by

= uIDI(Z)PluODO(Z)POU:(ﬁr)LJrlQO (16)
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Fig. 1: The PACF of x; and PCCF between x; and x5

xo0(2) = (13 ® (Fg (1)33 (2) ®D§(z))F9

: (D§2 (2) ®D§(Z)))>F27 Doz (2'34) - Fa7 - Doy (2’37) ¥
(17)

where Doz (z) = diag (1,271,--+,272¢). Based on (17), the
m-th sequence z{™ (z) of length 31 from the set xo(z) is

26 26 80
i (2) = Z Z Z FrifioGmnll]z~ (7HWBHD - (18)
n=0i=0 1=0

where 0 < m < 26. One can observe that Xo(z) is a
PU column vector of size 27 and length 3'°, and hence
it is a (27,3'9)-GCS. In Fig. 1, we plot the PACFs of
xéo)(z) and PCCFs of xéo)(z) and xél)(z) for the time-shifts
7=0,1,---,(26 - 3* + 3). We observe that the ZCZ width
is 26 - 3%. The performance parameter 7 for (27,319, 26 - 3%)-
Golay-ZCZ sequence set is given by n = %W = 0.963.
In Fig. 2, we plot the IEPRs only for the first six sequences of
the set Xo(z). Through numerical analysis, it is verified that the
maximum value of the IEPRs for all the sequences in xq(z) is
5.29. Thus, the PMEPR of x((z) is 5.29, which is much less
than the theoretical upper bound of 27.

IV. COMPARATIVE STUDY WITH EXISTING WORKS

We illustrate a detailed comparison of our proposed PU
design method with the existing constructions in Table I.
From Table I, we can see that our proposed construction
method can generate Golay-ZCZ sequence sets with more
available sequence lengths for a given set size. The advantages
of our proposed construction method based on PU matrices
are twofold: Firstly, it offers more choices in Golay-ZCZ
parameter values compared to the existing works [1], [13]-
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Fig. 2: The IEPRs of xg,x1,x2, X3, X4, and x5

[171, [32], [33]. Secondly, it provides a compact formulation'
in matrix forms of Golay-ZCZ sequence sets with performance
parameter 7 > 1/2. For example, a (9,243, 24)-Golay-ZCZ
sequence set cannot be generated by the existing works [1],
[13], [14], [15], [16], [17], [32], [33]. On the other hand, our
proposed construction method based on PU matrices has an
advantage over [19], [20], [21], and [22] given the fact that
we can directly construct Golay-ZCZ sequence sets without
generating MOGCSs (and CCCs) in beforehand.

Remark 1: Based on [27], an efficient implementation of
Theorem 2 can be obtained with only adders.

V. CONCLUSIONS

In this paper, we have derived a connection between Golay-
ZCZ sequence sets and PU matrix theory. We have shown
that the periodic auto-and cross-correlation properties of the
constructed sequences are completely governed by the last two
unitary matrices in the expanded product form of a PU matrix.
The proposed Golay-ZCZ sequence sets of length p™(N+2)+2
have PMEPR at most p™*!. The constructed Golay-ZCZ
sequence set can be used in the training design for MIMO
system. In addition, the proposed Golay-ZCZ sequence sets
can directly be utilized in a QS-CDMA system to interference-
free multi-user transmission.
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Table I: Summary of Existing Construction Methods on ZCZ Sequence Sets

Methods Refs. Set Size Length ZCZ Width Constraints Based on
[13] 2RI 2 FRF2 2" nk>2 Reed-Muller Codes
Boolean [32] 2F 2m gm—k _gm=k=z z2<km>k+z Boolean Functions
Functions [14] d” am "D d—1)+d"1(d - 2) d,q>2,d|qg,v <m— 1,7 is permutaion Extended Boolean Functions
1] 2F om 2721 m > 2,k <m — 1,7 is permutaion Generalized Boolean Functions
[33] Iy iy (1— 2)11”l L=1gl,1 <ly,l <1 Length-I Perfect Sequence
Perfect [15] 2M 2N L L = min{minesscp(2dy, 2dy), mine jep(2ds + 1,2d3 + 1)} | E is the set of shift sequences
Sequences [16] M N N/M -1 N = ]_[:'7:0 M,,,0<n<M Length-M Perfect Sequence
[17] P p? P p is prime Perfect non-linear functions
[19] PN QNL N,L Q>2P=Q/(N;+1),Nz <N —1,L = Seed Seq. Length (N, N, L)-CCC
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or CCC [21] M 2MN N CCC exists for length NV (M,M,N)-CCC
[22] M M?N (M -1)N CCC exists for length N (M, M,N)-CCC
PU [30] M M?P (M —1)P" M>2,P>1,P|[M,NeN M x M PU Matrix
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