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Modeling ex post variance jumps: implications for
density and tail risk forecasting
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This paper focuses on modeling ex post variance jumps including several time-dependent arrival
specifications to assess their importance to forecasts of daily returns and variance measures. The
benchmark specification for variance measures includes two autoregressive components that cap-
ture the persistent and transitory elements. To this we add a jump process with either independent
arrival rates, autoregressive conditional jump intensities, or a stochastic autoregressive jump arrival
specification. Results from four major markets and four stocks show that ex post variance jumps are
frequent and persistent. Modeling time-dependent variance jumps strongly improves ex post vari-
ance density forecasts for multiperiod forecast horizons and improves forecasts of the return density.
There are economic benefits to modeling variance jumps as well. Models with time-dependent ex
post variance jumps improve tail risk forecasting of value-at-risk and expected shortfall.

Keywords: Realized variance; Realized kernel; Bipower variation; Variance jumps; Tail risk;

Density forecasts

1. Introduction

Financial asset prices present unexpected and large discon-
tinuities defined as jumps, due to unexpected news flow in
the market. In this paper, we focus on modeling jumps in ex
post variance measures and investigate their importance to
both forecasts of returns and variance measures. We develop
bivariate models of daily returns and ex post variance in
which we model contemporaneous and time-varying jumps
in the ex post measures of realized variance (RV), realized
kernel (RK), median realized variance (MRV) and bipower
variation (BPV). Results show frequent and persistent ex post
variance jumps. We test the ability of jumps in variance mea-
sures to improve forecasts of returns and variance densities
over horizons of up to 60 days out-of-sample. Time-dependent
variance jumps provide improvements in returns density fore-
casts including tail risk measures and strongly improve ex
post variance density forecasts.

The development of realized variance estimators pro-
vides consistent and model-free ex post measures of the
latent variance process. The importance of jumps in return
volatility forecasts has been documented by Andersen
et al. (2007, 2011). Their work and others, Chan and

Corresponding author. Email: e.nikolakopoulos @essex.ac.uk

Maheu (2002), Maheu and McCurdy (2004), Lee (2012),
Maheu et al. (2013), Maneesoonthorn et al. (2017), and Jeon
et al. (2022), indicate significant time variation and clustering
in jump arrivals in daily returns.t

While there is strong evidence for return jumps, vari-
ance jumps are found in Chen et al. (2024), Todorov and
Tauchen (2011) and Eraker (2004). Caporin ef al. (2015)
use the autoregressive jump intensity (ARJ) framework of
Chan and Maheu (2002) to estimate jumps in bipower real-
ized range. In addition to jump clustering they find that ex
post variance jumps can be explained by the credit default
swap rates and the variance risk premium. Time variation in
variance jumps is found in Maneesoonthorn et al. (2017) for
S&P 500. Chan and Gray (2018) estimate volatility jumps and
show that these coincide with news announcements.

How important are ex post variance jumps to forecasts of
variance measures and returns? The answer is missing in the
literature and is the purpose of this paper. Similar to Andersen
et al. (2011) and Maheu and McCurdy (2011) we construct
empirically realistic bivariate models to capture the dynamics
of ex post variance measures and returns. Our main focus is

T Additional evidence for return jumps is Johannes et al. (1999), Due
et al. (2000), Eraker (2004) and Lee and Mykland (2008).
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on the importance of a jump process in ex post variance to the
density forecasts of variance measures and returns.

We estimate a range of different jump models for the log-
arithm of daily realized variance measures (RM) from four
markets and four individual firms. Our benchmark specifi-
cation for log(RM) uses a two-component model of Maheu
and McCurdy (2011) to capture the smooth autoregressive
changes. To avoid jump dynamics being a proxy for GARCH
effects we include a GARCH specification for log(RM) inno-
vations. To this model we add various jump specifications.
The simplest is an independent arrival jump process that is
common in the literature. We also consider a version of the
ARIJ model of Chan and Maheu (2002).

The more sophisticated new model for log(RM) has
the two-component structure, with GARCH effects, but
features the latent autoregressive process of Maheu and
McCurdy (2008) to direct jump arrivals. This stochastic
autoregressive jump model allows for jump clustering, like
the ARJ model, but unlike that model, it has a random jump
event conditional on last day’s data. Jumps impact the condi-
tional mean and volatility as well as higher order conditional
moments of variance measures. We show how to estimate this
model and infer jump times and jump sizes.

We test empirically four ex post variance measures: real-
ized variance, a realized kernel estimator, median realized
variance and bipower variation. Jumps in the two latter ones
are undoubtedly variance jumps from integrated volatility,
while for the former measures jumps could be from integrated
volatility or from return jumps. To complete our models and
account for return jumps all our specifications include a sim-
ple independent return jump process. Hence, only the ex
post variance jump processes are different among the mod-
els tested. Including return jumps can also act as a correction
to cases of noisy measures of variance.

We find large and persistent jumps in all realized measures
for all four markets (SPX, DJI, FTSE, TSX) and four individ-
ual stocks (AAPL, AXP, IBM, NKE) considered. The ex post
variance jumps are essentially time-dependent non-Gaussian
dynamics that are not captured by standard conditional mean
and variance frameworks. Predictive densities of the loga-
rithmic realized measures indicate non-Gaussian distributions
with fat-tails and evidence of asymmetry. The stochastic jump
specification contributes to fat-tails in both the variance and
return distribution.

We examine the predictive performance of the proposed
models by multiperiod density forecasts over horizons of up to
60 days out-of-sample of both returns and log(RM). We find
uniformly strong evidence for jumps in ex post variance mea-
sures. Modeling jumps in one form or another almost always
leads to better multiperiod density forecasts of variance mea-
sures and returns. Of the jump specifications considered, those
with time-varying arrival rates are preferred. Frequently the

+ This specification is similar to the Heterogeneous Autoregressive
(HAR) model of Corsi (2009). Related extensions of this model
are Andersen et al. (2007), Bollerslev et al. (2009), Andersen
et al. (2011), Corsi (2009), Corsi and Reno (2012) and Caporin
et al. (2015). Maheu and McCurdy (2011) find that their two-
component model, which uses long- and short-run conditional vari-
ance components, forecasts RV better than a HAR model and
provides improved returns density forecasts.

best density forecasts come from the the stochastic autoregres-
sive jump specification. The stochastic autoregressive jump
framework also stands out in forecasting the return density.
The choice of the realized variance measure is also important
to return density forecasts. Generally for the markets data, RV
is preferred coupled with a time-varying arrival rate of jumps
but there are important exceptions where RK and BP are pre-
ferred.i For the individual stocks, BPV or MRV are preferred
coupled with a jump specification.

The importance of modeling ex post variance jumps is fur-
ther reinforced by their economic benefits in value-at-risk
(VaR) and expected shortfall (ES) of returns. There are strong
improvements in jointly forecasting VaR and ES with jumps
in the model of ex post variance. We find that models with
time-varying arrival of jumps in ex post variance are the best
performers in forecasting return tail risk.

The rest of the paper is organized as follows: Section 2 is
a brief introduction to the ex post variance measures used,
Sections 3, 4 and 5 present the specifications of the proposed
models and their estimation steps. The forecasting process
is detailed in Section 6. Section 7 presents the empirical
application results and Section 8 concludes. A supplemental
file contains details of posterior simulation steps and collects
additional estimation results.

2. Ex post variance measures

The ex post variance of an asset’s return is estimated with
the nonparametric realized measures. Realized variance is the
simplest measure. The important papers that provide theoret-
ical foundation and applications of RV are from Andersen et
al. (2001a), Andersen et al. (2001b), Barndorff-Nielsen and
Shephard (2002a), Barndorff-Nielsen and Shephard (2002b)
and Andersen et al. (2003). The baseline is a continuous-
time stochastic volatility model. Including a jump component,
as Press (1967), then the logarithmic asset price at time ¢, p;,
evolves under the following process

dp, = p, dt + o, dW, + &, dg, (1

where i, and o,(o, > 0) are the stochastic drift and diffusion
processes, W, is a standard Brownian motion, ¢, is a Pois-
son process, uncorrelated with W,, with Prob[dg, = 1] = A,
Prob[dg, =0] =1 — X and & is the jump size. Under (1)
jumps are finite, rare and their frequency depends on A. The
daily continuously compounded logarithmic return at time ¢,
1+, 1s defined as

t t
rtEpt_ptflzf //erf+/ O-rdWr+ Z Et
t—1 t—1

t—1<t<t|dg=1

2

and the quadratic return variation is defined as the summation
of integrated variance (IV) and the cumulative squared return

i Peiris et al. (2024) show that combining several volatility measures
in a model can be beneficial for tail risk forecasting.
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jump (RJ) term

t
QV,:IV,+RJt=f o2dr + Z g2 (3)
t—1

—1<t<t|dg=1

For day ¢, given intraday returns r;;, i = 1,...,n, Barndorff-
Nielsen and Shephard (2002a) and Andersen et al. (2003)
show that QV, can be approximated by the realized variance
estimator defined as

RV, = Z 17— QV,, asn— oo. 4)

i=1

RV, is a consistent estimator of QV, under no market
microstructure noise. In practice, high-frequency returns con-
tain market microstructure noise which makes RV, biased
and inconsistent, as Zhang et al. (2005), Hansen and
Lunde (2006) and Bandi and Russell (2008) document.

One way to minimize the effect of market frictions in RV
is the use of kernel functions. In the general framework of
Barndorff-Nielsen et al. (2008), the realized kernel estimation
of QV, is of the form

H

—1

RK[ZRV;"‘ZIC(T]T) {yr’—i_yfr’}y (5)
n=1

where k(x), x € [0,1] is a weight function and y, is the
nth realized autocovariance, y,; = Y i, ryifti—y. They pro-
vide detailed results on the choice of function k(x) and the
number of lags H.

RV, and RK; are not robust to return jumps. To estimate IV,
in (3), Barndorff-Nielsen and Shephard (2004) introduced the
measure of bipower variation (BPV) which is robust to return
jumps and is defined as

n
T
BPV, = ) E [reillrei—1]l = IV, asn— oo.  (6)
i=2

Ex post return jumps in (3) are typically estimated by sub-
tracting BPV, from RV,.

The last measure we consider to approximate IV, is the
jump-robust Median RV (MRV) of Andersen et al. (2012),
which is defined as

MRV, = ” ( & )
T 6—434+n \n—2
n—1
Y med(lriial, Il st ). (7)
i=2
2.1. Data

We consider two datasets. The first one is four markets
consisting of daily open-to-close (log) returns, r,, and their
ex post variance measures of RV, two-scale RK and BPV

T See Zhang et al. (2005) and Ait-Sahalia and Mancini (2008) for the
use of subsampling for realized measures robust to market frictions.

from Oxford-Man Institute’s Realized Library} (Heber et
al. 2009). The four markets are: the Dow Jones Industrial
Average Index (DJI), the Financial Times Stock Exchange
100 Index (FTSE), the S&P500 Index (SPX), and the Toronto
Stock Exchange Index (TSX). RMs have been calculated from
5-minute returns using subsampling.

The second dataset contains individual stocks. It consists of
daily open-to-close (log) returns and, their robust ex post vari-
ance measures of Parzen RK, MRV and BPV.§ RMs have been
calculated using 5-minute returns obtained from Kibot.J We
consider the following four stocks that are currently included
in the Dow Jones 30: Apple Inc. (AAPL), American Express
(AXP), International Business Machines (IBM), and Nike,
Inc. (NKE).

Summary statistics are in supplemental file C, table 8. The
returns have been converted to percentages while RV, RK,
MRV and BPV data have been scaled by 100?.

In the following we use RM; as a generic term for either
RV,, RK;, MRV, or BPV, and we denote the information sets
as ryy = {F], . ,r,}, RM];, = {RM], . ,RM,} and It_] =
{riu—1, RMp;1}-

3. Return equation

There are good reasons for moving beyond pure return
based models and focusing on joint models of returns
and RM. From both the forecasting side (Maheu and
McCurdy 2011, Maneesoonthorn et al. 2017, Liu and
Maheu 2018, Jin et al. 2019) and financial decision side
(Fleming et al. 2003, Callot et al. 2017, Bollerslev et
al. 2018, Liu and Maheu 2018) significant improvements
can be obtained. Therefore we focus on bivariate discrete-
time model specifications of returns and ex post variance.
The integrated framework enables model comparison based
on both the variance and returns distribution through multi-
period forecasts. This allows us to see the importance of the
ex post variance jump dynamics and how they impact both
distributions.

We begin with the specification for daily returns which are
assumed to follow,

e =+ Jr +
Er,t ~ N(/'Lr’ U,«Z)v

RM;e;, € ~N(,1), (8)

S €{0,1}, PUri=D=x. ()

Equation (8) is a discrete-time version of (2). J,, is the
return jump indicator at time ¢ which is a Bernoulli ran-
dom variable with probability A,. The return jump size,
&, follows a normal distribution with mean u, and vari-
ance o?2. This return specification is common to all of
our models and the main distinguishing feature of the
bivariate models is how log(RM;) is modeled as well as

what ex post measure is chosen for RM,. We decompose

1 The Oxford-Man Realized Library was discontinued in 2022. MRV
was available but we had concerns about the data quality and omitted
it for the indices.

§ For individual stocks we used Parzen RK for our main results over
plain RV as it had a lower bias.

 https://www.kibot.com/.
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the conditional density as follows, p(r,,log(RM,)|Z,_;) =
p(rlog(RM;), Z;_1)p(log(RM;)|Z;_1). We now turn to the
specifications for log(RM;).

4. Benchmark models for ex post variance

4.1. Two-component model with GARCH (C-GARCH)

The benchmark model for RM has no jumps but captures the
strong persistence through a two-component structure, allows
for potential thick-tailed innovations and includes GARCH
effects for the conditional variance (Corsi et al. 2008). The
specification draws from the work of Andersen ef al. (2007),
Corsi (2009) and Maheu and McCurdy (2011) amongst oth-
ers. The model C-GARCH-t is an extension of Maheu and
McCurdy (2011) and along with (8)—(9), features two compo-
nents to capture volatility’s conditional mean persistence,

2
log(RM[) =w + Z ¢ici,t + pulfl + ef’ et ~ t(O» 0[27 V),

i=1

(10)

o} =w +ael | +bo?,, (11)
ciy = (1 —a;) log(RM;_1) + oici—1,

O<ao;<1,i=1,2,0; > as. (12)

RM,; is the realized variance measure at time ¢, =1,...,T.

The conditional mean of log(RM;) is based on two compo-
nents c;, with different decay rates «; with «; > o,. Innova-
tions to log(RM;) follow a Student-t distribution with scale
parameter o/ that follows a GARCH(1,1) specification and
degrees of freedom parameter v. To ensure positivity of o
we assume w > 0,a > 0,b > 0.

The model is parsimonious and can produce mean-
reverting forecasts for log(RM;) but still displays a slow
autocorrelation function with «; close to one. Maheu and
McCurdy (2011) show that multiperiod forecasts from this
specification outperform other models, including versions of
Corsi (2009) in the realized measurement equation, for returns
density forecasting.

Parameter p captures the feedback due to return shocks,
which is often called a leverage effect. The return shock is
defined as,

uy = (r; — M)/v RM;.

The parameter p is expected to have a negative sign. This
implies that a return drop will cause an increase in future vari-
ance and vice versa. This allows for a correlation between
r—1 and log(RM;) and is consistent with Yu (2005) and no
arbitrage.

The benchmark C-GARCH-t model is fully defined with
equations (8)—(12). We also test a second benchmark model
referred to as C-GARCH in which the Student-t innovations
in (10) are replaced by normal innovations.

The models C-GARCH and C-GARCH-t serve as the main
benchmark specifications which feature no RM jump com-
ponent. The return jump arrivals and sizes are unobserved

13)

and are estimated with the use of Markov chain Monte Carlo
(MCMC) techniques. The model estimation algorithm is a
hybrid of Gibbs and Metropolis-Hastings steps. See the sup-
plemental file for details. All of the following models augment
the benchmark specifications with RM jump dynamics of one
form or another.

4.2. Autoregressive conditional jump intensity
(C-GARCH-AR])

A natural benchmark is the autoregressive conditional jump
intensity framework of Chan and Maheu (2002) which has
been used by Caporin et al. (2015) to model variance
jump dynamics. Compared to the stochastic autoregressive
jump model introduced below the following C-GARCH-ARJ
model assumes the conditional jump intensity is measurable
with respect to the information set Z,_;. The C-GARCH-ARJ
model is defined with (8)—(9) and

2 ny
log(RM)) = @ + Y icis + ptti—1 + Y Evic + Vi,
i=1 k=1
v, ~ N(0,07), (14)
Ut2 =w + aeil + batal,
2
e, = log(RM,) — (w + ) icii + pu,_l) : (15)
i=1
. exp(—AX ))ci
Evp ~ Ny, 02), P(n, = JITi1) = pj—,
j=0,1,2,..., (16)
A =ro+ k1 + V&, (17)

with ¢;, defined in (12).

A key component of the model is the jump intensity error
in (17), &—1 = E[n,—1|Z;—1] — As—1. This is an ex post innova-
tion since the term E[n,_|Z,_,] is the inference on the average
number of jumps at £ — 1 based on 7 — 1 information while
A1 1s the ex ante expected number of jumps using informa-
tion up to ¢ — 2. By the definition of Poisson distribution, for
time ¢, E[n,|Z;] = Z;io JjP(n; = j|Zy). To infer this probabil-
ity, after observing RM;, we use the following filter from the

Bayes rule

Pl — 17y — NOOZRM |, = . T, )Py = jIT,-)
t =Ji) = P(log(RM))|Z,—1) ’

ji=12,...

(18)

where P(n; = j|Z;—;) is from (16). The error term ¢, is a
martingale difference sequence, E[¢/|Z;—;] = 0 so that the
unconditional value of the jump intensity, given that |§| < 1,
is E[A,] = £%.

The C-GARCH-ARJ, similar to the C-GARCH-SARIJ
model that follows, can generate asymmetry in the distribu-
tion as well as thick tails in realized measures. See Chan
and Maheu (2002) for conditional skewness and conditional
kurtosis values.
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For the models posterior estimation we use a hybrid of
Metropolis-Hastings and Gibbs steps. See the supplemental
file for details.

5. Stochastic autoregressive jumps (C-GARCH-SARY))

In this section we introduce the main new model that com-
bines elements of the last model with the stochastic autore-
gressive jump (SARJ) model of Maheu and McCurdy (2008)
to jointly model returns and ex post variance measures. The
RM jump intensity is governed by a latent and stochastic
autoregressive process. This can capture jump clustering and
nests non-persistent (iid) jumps. As above a second compo-
nent of the conditional variance follows a GARCH(1,1).

The new model nests several of the previous specifications.
It can capture asymmetry and thick tails in the ex post vari-
ance distribution as well as volatility and jump clustering. The
C-GARCH-SARI is specified with (8)—(9) and,

2
10g(RM)) = @ + Y _ dicis + pty—1 + Joikus + Vi,

i=1

v, ~ N(0,07), (19)
o} =w +ae* | +bo?,,

2

e, = log(RM;,) — (co + Z dicis + ,0111—1) ) (20)
i=1

£~ N(wy,0d), 1o, €{0,1}, PU,, = 1lz) =& (21)

= SR 22)

1 +exp(z)
=Yoo+ V-1t &, &~ N(, 1). (23)

Jy, is the jump indicator and &, is the RM jump size which
follows an independent normal distribution. The true J,;, &,,
and ), are unobserved. They are estimated using observed
data. If the data indicate a jump, then J,, would be estimated
close to 1. If there is no jump, J,, would be approximately 0.
If there is considerable uncertainty on the jump signal from
the data then E(J,,|Zr) would lie between O and 1.

A; is the time-varying RM jump intensity, independent of
jumps in returns, and governed by the latent autoregressive
process z;. Conditional on z; a jump occurrence follows a
Bernoulli distribution with probability A,. The logistic func-
tion in (22) ensures that z, is mapped in the interval (0, 1)
for A,. z; can be interpreted as the unobserved news flow
into the market that impacts variance jumps. The parameter
y) captures the jump persistence and lies inside the unit cir-
cle, |y1| < 1. The innovations in (23) have a unit variance
for identification. The error term ¢, in (20) contains the con-
temporaneous jump component and allows it to affect future
volatility through the GARCH factor.

This model has two main differences compared to the
C-GARCH-ARJ. First, at most one jump can occur in the
C-GARCH-SARIJ model while the jump intensity in the C-
GARCH-ARIJ is governed by a Poisson distribution and can
have more than one jump per day. The second and most

important difference is in the time-varying jump intensity.
The conditional jump intensity of the C-GARCH-ARIJ has
an ARMA functional form in (17) while the jump intensity
in C-GARCH-SARJ model is directed by a latent stochastic
AR process. Both can capture jump clustering but the SARJ
allows for time-¢ shocks to affect A, while the ARJ does not.

Jumps in the C-GARCH-SARJ model will affect the whole
distribution of ex post variance but some insight into the
impact on the conditional moments are from

2
E(ogRM)IZi-1,2) = 0 + Y ¢icic + pus—1 + hepte, (24)

i=1

Var(logRM)|Z,_1.2,) = 0] + A,0¢, (25)
which shows the variance of log(RM;) to be directed by the
two components, GARCH and SARIJ. In addition, jumps will
cause conditional skewness and kurtosis.

The choice of RM as ex post measure of return variance
will impact the nature of detected jumps. From (2) and its
discrete-time version (8), when RV or RK are used as RM,
ex post variance jumps are due to both price and variance. So
one would expect little or no return jumps detected in (8), as
they would be captured through the jump process in the RM
equation. When MRV or BPV is used as RM, ex post variance
jumps are solely due to volatility while the price jumps are
likely to be captured by the jump process in (8).

We also consider several restricted versions of this model.
The first, C-SARIJ, sets a = b = 0, which omits the GARCH
component while the second, C-IJ setsa =b =0and A, = A,
so that jumps are independent over time and have a constant
jump probability.

5.1. Estimation

Since this model is new we present a brief overview of estima-
tion. To estimate the model, we need to augment the parame-
ters © = {O,M,M,,orz,kr, ,uv,avz, y}, where y = {y0, 1} and
0 = {w, p1, $2, 1,00, p, @, a, b}, with the latent vectors of
the Jump sizes &, = {gr,la e ’Sl‘,T}’ § = {sv,l’ ) sv,T}’ the
jump indicators J, = {J,.1,...,.Jr7}, Sy = {1, ..., Sy} and
the jump intensities z = {zi,...,zr}. Following Bayes rule,
the model parameters have the following posterior

p(®, gr’ Jr, nglva Z|IT) & p(®)p($r"]l‘7 '§V7 J\N Z|®)

T
< [ [NGilw + i, RM)

t=1

2
o+ Z iciy + pus_1

i=1

x N (log(RM),

+ Joioss af) : (26)

By augmenting the parameter space with the auxiliary vec-
tors &,,J,,&,,J, and z, we can obtain smoothed estimates of
them through posterior simulation. Since there are no analyt-
ical results for the posterior in (26), we use MCMC methods
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to obtain a set of posterior draws from a series of conditional
distributions. This allows a straightforward estimation with a
set of conditional steps. By collecting a large sample (M) of
posterior draws, {@™ g jm g jm mM - gimyla-
tion consistent estimates of various posterior quantities can
be computed.

The posterior draws of {®,§&,,J,,&,,J,,z} are obtained
through conditional distributions using the following steps:

(1) Sample (a) p(ul&.J-Tr), (b) p(u,lo}.&) and (c)
P71 ).

(2) Sample (a) p(& /it 02 Jrr. Ir) and (b) p(Jy4l&r0. Ar,
IT), t=1,...,T

(3) Sample p(2,|J;).

(4) Sample p(01© _g, r1.7,10g(RM1.7), 2).

(5) Sample (a) p(uy|0;, &) and (b) p(o7 |14y, &)

(6) Sample (a) p(&luy, 072y, RM,,02,0) and (b)
p(Jv,,|$v,t,zt,RM,,UtZ,O), t=1,...,T

(7) sample p(z/|z—, v, Jve), t=1,...,T.

(8) sample p(y|©_,,2).

Details of the sampling steps are in supplemental file B.

6. Density forecasting

In Bayesian forecasting, the main focus is on the predictive
density. We compare the various models through density fore-
casts as jumps will affect the whole distribution and measures
based on point forecasts can miss the importance of modeling
them. We conduct model comparison with the predictive like-
lihood, as suggested by Geweke (1994). In the following, we
discuss the C-GARCH-SARJ model but the computations can
easily be modified for the other specifications.

Given the posterior draws W = {@ ™M _  condi-
tional on the information set Z,, the predictive likelihood of
log(RM;) can be approximated as

p(log(RMyy1)|Z;, W)

= /p(log(RMt+1) 1Z:, ©,20) p(©,z|Z,) dO dz;

M
1 m m
~ 7 Lp (loe®Mp 0™ 20,57, 7) @D

m=1

where m is the mth posterior draw from (26), m =1,...,M,
and 7z, is a simulated value. The density of log(RM,,) is

» (log (RM,41)|@™ 2, 2™, Iz)
2
_ (1 ,\5;";) N <log(RM,+1)’a)('") + ) el
i=1
+ p(’”)ut,a,ﬁ'l")>

2
+ AN <1og(RM,+1> 0 4+ 3 el +

i=1

+ M(m) 2(171) + UVZ(m)) ,

with

0t2+('1n) = ™ 4 g et2(m) + pm UtZ(m)7

2
;" = log(RM,) — (a)(”‘) +y "

oo (1)

(m)
iy + p™ )

(m) __
)‘t+1 - (m)
o (42)
2 =y 4+ e+ e,

&1 ~ N(O, 1),

™M= (1 —a™)logRM,4 1) +«™c™, i=1,2, and
w = (r,— ™) /VRM,. (28)

Similarly, the predictive likelihood of returns can be approxi-
mated as

]A’ 1112, W) = /P(Vt+1 [RM;41,Z;, ©)

x p (log(RMy11), ©, z111Zy)
d log(RMH,l) de dZ[+1 N

&

M

1 m m

S NI CHI G RLES NeD
m=1

with returns density being

p(ralo.22.47.7)
= AN (1™ + 0 RN + 02

(= AN (™ RV ) (30)

where ﬁ.l\\/[f?l = exp(x) and x is drawn as

(m)

2
wm<w+zww%+pu+u

Z(m) 2(m)
Y )

2
(1A (o S+ ).
i=1

€1y

Future returns can be simulated from its mixture distribu-
tion as

Vi 2
R~ AN (1 4 R + 07

+ (- ,\gm>)N( om) RMﬁ’j_”l) . (32)
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The above are used to step-by-step simulate returns and RM,
and for likelihood evaluations for horizons longer than a
period ahead.

The log-predictive likelihood for a block of data is the
summation of individual log-predictive likelihoods of each
estimation. The predictive likelihood of a model provides an
out-of-sample forecast record of a model and naturally allows
for model comparison. Two models can be compared using
their log-predictive likelihood values with the larger value
being favored and strongly favored if the improvement is
more than five.

Here, for different forecast horizons h,h=1,...,H, the
density forecasts are evaluated over an identical set T of out-
of-sample realized measures log(RMzr_;41),...,log(RMr)
and returns rr_r41.7. The cumulative log-predictive likeli-
hood for log(RM), for a forecast horizon i (logPL,,), is
calculated observation-by-observation as

logPL, ,(log(RM7_; 11.7) | Z7, W)
T—h
= Y log (pu(log(RM,1)|Z,, W),

t=T—t—h

(33)

where the predictive likelihood on the right-hand side for 1 =
1 is given by (27). Similarly, the cumulative log-predictive
likelihood for returns, for a forecast horizon A (logPL,,h), is
calculated observation-by-observation as

T—h
10gPL, ,(rr—cqr.rZr. W) = > log (Pu(rialZ. W) .
t=T—t—h

(34)

where the predictive likelihood on the right-hand side for & =
1 is given by (29).

7. Empirical application

7.1. Selection of priors

We assume that return jumps are infrequent with a jump
intensity following a beta distribution, A, ~ B(0.01,2). The
other parameters in the return equation have priors: u ~
N(0,100), u, ~ N(0,0.1) and o ~1G(4/2,1/2). For the
independent ex post variance jumps we use an uninformative
beta prior, A, ~ B(1, 1). The variance jump parameters have
the following priors: i, ~ N(0,0.1), 02 ~ 1G(4/2,1/2), y ~
N([0,0.97, D1y, <1y, for y = [y, y1] with y; being inside
the unit circle. For each of the parameters in 8 we use
the uninformative independent prior N(0, 100) with various
constraints as defined by the model or stationarity condi-
tions imposed. The detailed list of priors is found in the
supplemental file.

7.2. Posterior estimation results

Results from 50000 MCMC posterior draws, after 20000
burn-in, for SPX using log(BPV) and AAPL using log(MRV)

are in table 1. These model estimates are broadly represen-
tative of estimates for the other indices and stocks, with
additional results provided in supplemental file C tables 9-16.

As expected table 1 shows the component model has
one large parameter value («; = 0.93 — 0.96) that captures
the long-run movements of log-variance and a small value
(op = 0.31 — 0.49) that directs the transitory part. Significant
GARCH effects are present in both of the ex post measures.

Estimates from the C-SARJ, C-GARCH-SARJ and C-
GARCH-AR]J all indicate a significant time-varying jump
process in all variance measures. In these models, ex post
variance jump arrival is highly persistent and the jump-size
variance, o7, is relatively large. The jump-size mean, f,, is
uniformly positive meaning that average jumps increase the
variance.

The estimated ex post variance jumps (size, occurrence,
intensity) are displayed in figures 1(a) for SPX and 1(b) for
AAPL. These are variance shocks that are not captured by
the conditional GARCH specification. Due to the flexible
stochastic jump intensity z, process, the models can capture
non-persistent jumps as well as jump clusters. The AR(1)
parameter yj, that captures the jump persistence in the C-
GARCH-SARIJ, is estimated as 0.724 in BPV and 0.766 in
MRYV. The frequent and persistent variance jumps are not only
due to a volatile market. Although u, is positive in each series,
many jump size declines are estimated in figure 1(a,b)(ii),
indicating that jumps can provide a relief valve in dropping
variance levels. Nevertheless, this positive relatively large w,
will result in a conditionally skewed distribution for log(RM).
This is a feature omitted in the pure GARCH models.

The inclusion of jumps has a noticeable impact on the con-
ditional heteroskedasticity. As it is shown in figure 2, the
GARCH in C-GARCH-SARJ framework mostly captures the
persistence of RM’s conditional variance while the transitory
effects are captured by the stochastic jump process.

In the case of SPX, BPV is used to approximate the IV and
there are frequent return jumps. In the case of AAPL, results
indicate almost zero probability, (1, =~ 0) of return jumps.
This is observed for all the individual stocks data and the
measures we examine as we discuss in the following section.
The question of which variance measure to use and the role of
return jumps is an empirical question which we turn to later
when we discuss the forecasts of returns which is common to
all model specifications.

7.3. Source of jumps

In this section, we present empirical insights into the esti-
mated ex post variance jumps. As discussed in Section 5, one
would expect more frequent ex post variance jumps when RV
or RK is used as RM, since these measures capture jumps
arising from both volatility and price movements. Few to no
jumps are expected in the return equation under these mea-
sures. When BPV or MRV is used, any detected jumps in
the variance equation should, in theory, be attributed solely
to volatility, while more frequent price jumps are expected
in the return equation (8). Therefore, we anticipate more fre-
quent ex post variance jumps under RV and RK than under
BPV and MRV.



Table 1. Posterior estimation results for SPX-BPV and AAPL-MRV.

SPX-BPV AAPL-MRV
Cc-I C-GARCH-ARJ C-SARJ C-GARCH-SARJ Cc-II C-GARCH-ARJ C-SARJ C-GARCH-SARJ
Mean 95% D.1. Mean 95% D.1. Mean 95% D.1. Mean 95% D.1. Mean 95% D.I. Mean 95% D.1. Mean 95% D.I. Mean 95% D.1.
i 0.092 [0.07, 0.12] 0.089 [0.06, 0.11] 0.087 [0.06, 0.11] 0.089 [0.06, 0.11] 0.094 [0.09, 0.10] 0.095 [0.09, 0.10] 0.094 [0.09, 0.10] 0.094 [0.09, 0.10]
I 0.054 [—0.07,0.18] 0.059 [ —0.05,0.18] 0.071 [ —0.04, 0.20] 0.062 [ —0.05,0.18] 0.034 [ —0.58,0.67] —0.128 [ —0.74, 0.50] —0.089 [—0.62,0.47] —0.012 [ —0.67,0.62]
o 0.266 [0.16, 0.43] 0.247 [0.14, 0.38] 0.246 [0.15, 0.37] 0.253 [0.16, 0.38] 0.498 [0.09, 2.00] 0.390 [0.083, 1.26] 0.453 [0.09, 1.55] 0.306 [0.09, 1.01]
Ar 0.272 [0.18, 0.38] 0.287 [0.19, 0.42] 0.284 [0.19, 0.40] 0.280 [0.19, 0.40] 0.002 [0.00, 0.01] 0.002 [0.00, 0.02] 0.001 [0.00, 0.014] 0.001 [0.00, 0.02]
5} —0.076 [—-0.10,— 0.05] —0.063 [—0.09,—0.04] —0.062 [—0.08,—0.04] —0.069 [—0.10,—0.05] —0.082 [—0.12,-0.05] —0.091 [—0.13,—0.06] —0.095 [-0.13,-0.071 —0.082 [ —0.10, — 0.06]
o1 0.241 [0.18, 0.32] 0.205 [0.15, 0.27] 0.208 [0.16, 0.27] 0.224 [0.17, 0.30] 0.298 [0.22, 0.38] 0.322 [0.24, 0.40] 0.320 [0.26, 0.39] 0.329 [0.23, 0.43]
o3 0.729 [0.65, 0.79] 0.775 [0.71, 0.83] 0.771 [0.71, 0.82] 0.751 [0.68, 0.81] 0.630 [0.54, 0.70] 0.610 [0.53, 0.69] 0.609 [0.54, 0.67] 0.607 [0.50, 0.70]
ag 0.929 [0.89, 0.96] 0.957 [0.93, 0.98] 0.956 [0.93, 0.98] 0.946 [0.92, 0.97] 0.930 [0.88, 0.96] 0.928 [0.89, 0.96] 0.944 [0.92, 0.97] 0.935 [0.88,0.97]
a 0.436 [0.38, 0.49] 0.489 [0.43, 0.53] 0.485 [0.43, 0.53] 0.475 [0.42, 0.52] 0.330 [0.24, 0.41] 0.316 [0.22, 0.40] 0.339 [0.27, 0.41] 0.334 [0.21, 0.45]
P —0.104 [—0.12,—0.09] —0.101 [—0.11,—-0.09] —0.101 [—0.11,—0.09] —0.100 [—0.11,—0.09] —0.034 [—0.05,—0.01] —0.037 [—0.057,—0.02] —0.033 [—0.051,—0.02] —0.035 [ —0.06, — 0.01]
o2 0.223 [0.20, 0.25] 0.171 [0.16, 0.19] 0.233 [0.21, 0.26] 0.219 [0.19, 0.24]
@ 0.057 [0.02, 0.11] 0.004 [0.001, 0.01] 0.004 [0.001, 0.01] 0.003 [0.001, 0.01]
a 0.091 [0.06, 0.13] 0.032 [0.001, 0.06] 0.008 [0.003, 0.01] 0.006 [0.002, 0.01]
b 0.544 [0.19, 0.79] 0.944 [0.90, 0.99] 0.971 [0.94, 0.99] 0.982 [0.96, 0.99]
Wy 0.223 [0.13, 0.34] 0.057 [0.01, 0.11] 0.097 [0.04, 0.15] 0.191 [0.10, 0.30] 0.764 [0.45, 1.17] 0.601 [0.36, 0.98] 0.614 [0.39, 0.90] 0.699 [0.47, 0.97] §'j
o2 0.403 [0.31, 0.54] 0.206 [0.14, 0.33] 0.333 [0.29, 0.38] 0.365 [0.27, 0.60] 0.387 [0.19, 0.59] 0.317 [0.11,0.51] 0.401 [0.26, 0.55] 0.397 [0.24, 0.58] =
Ay 0.212 [0.11, 0.32] 0.114 [0.05, 0.20] N
Ao 0.007 [0.001, 0.02] 0.081 [0.02, 0.14]
) 0.990 [0.98, 1.00] 0.468 [0.12, 0.87]
v 0.205 [0.04, 0.43] 0.101 [0.01, 0.26]
Y0 —0.021 [ —0.06, 0.01] —0.527 [ — 1.50, — 0.08] —0.422 [—0.73,—0.20] —0.655 [—1.28,—0.36]
Vi 0.978 [0.97, 0.99] 0.724 [0.23, 0.95] 0.835 [0.72, 0.92] 0.766 [0.51, 0.89]

Notes: Results are from 50 000 MCMC posterior draws, after 20 000 burn-in sweeps. For each model are reported the parameter posterion mean and the 95% density interval. C-SARIJ is a restricted version of the C-GARCH-SARIJ with a = b = 0. C-1J is a restricted version
of C-SARJ with A; = A,, V. The C-GARCH-ARJ and C-GARCH-SARJ are defined as

r=u+Edn+VRMe, € ~NO,1), &,~Nu,o2), Jn {01},

C — GARCH — ARJ :
2

n

logRM) = @ + Y dicis + pur—1 + Y _ vk +vi, v ~N(O,07),
i=1 k=1
cip = (1 —a)logRM;—1) + ajcip—1, O<a; <1, i=12, o >ay,
2
012 =w + ae,{l + bo,{l, e; = log(RM;) — (a) + Z(bic,-,, + pu,_l)

i=1

Eoke ~ Nuw,07),
P(n; = jlZi-1) = , J=012...
=20+ (8 —Y)h—1 + YE[1|Ti—1]

exp(—A)A
il

PUrs=1)=xr, u = —p)/vRM;.
C — GARCH — SARJ :
2
102RM)) = 0+ Y diciy + pitr—1 + &nidve + v v~ N©O,07),
i=1
cip=(1 *ai)logl(RMr—l) +aicii—1, O<eoi<l1, i=12, a5 >a,

0,2 =w + ae,{l + ha,{l, e; = log(RM;) — ((u + Z(j)ici‘, + pu,_l)
i=1
Er0 ~ N(ys0)), Jog € (0,1}, PUy = 1z) =y,
_ e

T ltexpa)’
=Y +V1z-1+é&, & ~NQO,1).
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(a) Posterior estimated jumps in SPX-log(BPV).
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(b) Posterior estimated jumps in AAPL-log(MRV).

WM

2020 2022

2014 2016 2024

2.0
1.5 [§ I

1.0 ‘ .
05 :
0.0

(iii) 10

0.8 [

2014 2016 2018 2020 2022 2024

0.6 |
0.4
02§
0.0

2074 2076 2078 2020 2022 2024

(iv) 10 - - : . .
08

0.6 |- \
0.4} | ' [ ’ \ \ | ‘
f |
02 ( ‘\l ’J“"lll('i‘ ‘..:“..,‘.‘.\ “;\ | y“\ ‘/A i) ) <,“'w,‘ ‘\V\J. LA ‘L‘\ \‘!“\,}1 u,."\‘,,‘, " I "L\»_‘A._;"“_ S }l“
0.0

2014 2016 2018 2020 2022 2024

Figure 1. Posterior estimated ex post variance jumps from C-GARCH-SARJ model. From top to bottom: (i) log(RM), (ii) estimated jump
size £(&,,|Z7), (iii) estimated jump indication E(J,|Z7), and (iv) jump intensity E(A;|Z7). (a) Posterior estimated jumps in SPX-log(BPV)

and (b) Posterior estimated jumps in AAPL-log(MRV).

(a) SPX-log(RV)

(b) SPX-log(RK)

(c) SPX-log(BPV)
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Figure 2. Estimated conditional heteroskedasticity, E(atleT), of (a) SPX-log(RV), (b) SPX-log(RK) and (c) SPX-log(BPV), from the
GARCH(1,1) framework. (a) SPX-log(RV). (b) SPX-log(RK) and (c) SPX-log(BPV).

The implied unconditional jump intensity from the jump
models is reported in table 2. When RV is used as RM, there
are no return jumps in SPX, DJI and FTSE markets. For
TSX the return jump probability is around 0.15, possibly as a
correction to noise in RV data. Interestingly, as we already dis-
cussed for SPX, we see that RK gives frequent return jumps
and BPV gives the most frequent ones in general, as expected.

In the case of BPV and MRV, what we see in figure 1(a,b)
in (ii) are pure variance jumps and in (iii) are the variance
jump arrivals. As discussed, in the case of RV and RK,
the estimated ex post variance jumps may have a source in
the variance or returns as seen in (3). This suggests that

more jumps might be detected when RM = RV or RK com-
pared to RM = BPV or MRV, which aligns with the trends
observed in table 2, though notable exceptions exist. Of
course jump frequency depends on the model specification or
misspecification.

In the indices data, the C-1J model gives less frequent jumps
in BPV than in RV. In SPX, the time-dependent jump models
estimate more frequent jumps in BPV than in RV and RK.
Jumps in SPX-log(RV) occur approximately one every three
days from the C-SARJ model with unconditional jump proba-
bility being 0.3541. For BPV the probability is 0.4246. These
values are halved in the C-GARCH-SARJ model, where
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Table 2. Unconditional jump intensity.

C-1J C-GARCH-ARIJ C-SARIJ C-GARCH-SARIJ
RM Returns RM Returns RM Returns RM Returns RM
Panel A: Indices
DIl RV 52e—5 0.1805 42e—5 0.2967 6.2e—5 0.3131 24e—5 0.1221
RK 0.0992 0.1084 0.0935 0.1557 0.0999 0.2044 0.0916 0.0877
BPV 0.2745 0.0991 0.2708 0.5542 0.2678 0.2757 0.2696 0.1054
FTSE RV 7.6e —5 0.1885 9.8e—5 0.2967 l.le—4 0.1835 1.2e—4 0.1473
RK 0.5681 0.1883 0.4672 0.3375 0.3497 0.1842 0.3763 0.1712
BPV 0.5334 0.0917 0.5152 0.1223 0.5211 0.1141 0.5172 0.0972
SPX RV 2.5e—5 0.2302 7.8e—5 0.3818 44e—5 0.3541 39e—5 0.1633
RK 0.1559 0.1788 0.1634 0.1861 0.1594 0.3878 0.1611 0.1451
BPV 0.2722 0.2116 0.2865 0.6490 0.2842 0.4246 0.2795 0.2244
TSX RV 0.1525 0.2221 0.1537 0.4599 0.1567 0.2572 0.1484 0.1458
RK 0.3918 0.2063 0.3957 0.3045 0.3934 0.2195 0.3944 0.2043
BPV 0.4489 0.1486 0.4556 0.2146 0.4614 0.1340 0.4593 0.1240
Panel B: Stocks
AAPL RK 1.7e —4 0.1872 2.7e—4 0.2249 l.le—4 0.1887 59 -5 0.1970
MRV 0.0014 0.1144 0.0015 0.1525 0.0010 0.1579 0.0012 0.1170
BPV 49e —4 0.1373 0.0010 0.2486 3.5¢—4 0.2033 49e —4 0.1617
AXP RK 8.1e—5 0.1547 1.5e—4 0.1957 9.8e—5 0.1641 9.6e—5 0.1704
MRV 92e—4 0.0975 4.5¢ —4 0.1079 l.4e —4 0.1246 8.9¢e — 4 0.1036
BPV 23e—4 0.1123 6.9e —4 0.2288 7.8e—5 0.1419 2.0e—4 0.1298
IBM RK 4.6e — 5 0.3164 1.5¢ —4 0.3450 49e—5 0.4779 99 -5 0.3518
MRV 6.le—5 0.1044 3.0e—4 0.1528 1.3e—4 0.1356 0.0010 0.1334
BPV 1.3e—4 0.1040 l.le—4 0.1742 93e—4 0.1397 1.8e—4 0.1276
NKE RK 3.6e—4 0.0683 8.6e — 5 0.0086 2.5e—4 0.0773 1.5e—4 0.0953
MRV 0.0096 0.1721 0.0046 0.3480 0.0049 0.1733 0.0014 0.2217
BPV 0.0023 0.1772 3.9e—4 0.2984 0.0015 0.2085 2.5¢e—4 0.2021

Notes: The unconditional jump intensity E();) from the C-SARJ models is calculated by averaging {k,(m)}thl for all

posterior draws m. For the C-GARCH-AR] is calculated from the posterior means as: E(A;)

the GARCH component captures some of the volatility but
average A,s are still large with values 0.0877 — 0.2244.

In the individual stocks and for all the measures consid-
ered, the models give strong evidence of variance jumps and
almost no evidence of return jumps. All the return jump
intensities are below 1%. For AAPL, AXP and IBM, fre-
quent variance jumps in MRV and BPV occur with probability
ranging from 0.0975 to 0.2486. RK jumps on average arrive
more frequently with probability in values 0.1641 — 0.3518,
indicating the presence of price jumps within them. Interest-
ingly, for the case of NKE, there are frequent variance jumps
in MRV and BPV with occurrence probability higher than
0.17, while RK jumps are infrequent with probabilities of
occurrence less than 0.1.

Figure 3 displays the posterior ex post variance jump prob-
ability from C-GARCH-SARIJ. For DJI, FTSE and TSX the
jumps in RV are clearly more frequent than the variance jumps
in BPV but, this is not true for SPX. There are even periods
that BPV has higher probability of jump occurrence than RV,
for instance, in SPX from 2020 until the end of 2021.

Table 3 presents the regression of the estimated variance
jump probability with RV onto the estimated variance jump
probability with BPV for the C-GARCH-SARJ model. The
variance jumps in BPV explain 53.4-70.3% of RV jumps.
This suggests that the majority of jumps in RV are variance
jumps and not return jumps.

It is difficult to fully disentangle where jumps are coming
from. Nevertheless, we have found strong evidence of jumps
in ex post variance measures and some evidence of jumps in

— M
- 1-5"

Table 3. Regression results of RV and BPV jumps probabil-

1ty.
DJI FTSE SPX TSX
const. 0.027 0.071 —0.042 0.040
(0.001) (0.002) (0.003) (0.002)
By 0.906 0.784 0.915 0.853
(0.008) (0.010) (0.010) (0.010)
R? 0.703 0.534 0.604 0.613

Notes: This table reports the regression results of the poste-
rior probability of jumps in BPV on the posterior probability
of jumps in RV, from the C-GARCH-SARJ model:

P(J,; = 1|Z7,RV) = const. + B;P(J,; = 1|Zr,BPV) +

e, e; ~ N(0, JJZ). Standard errors are in parentheses.

returns. Next we consider which of these models and choice
of RM are best for forecasts.

7.4. Forecasting results

The accuracy of predictive mean point forecasts from differ-
ent jump models for RM = RV, RK, MRV or BPV is reported
in table 4 for all indices and stocks. Out-of-sample forecasts
are computed for the last 500 daily observations of each data
from December 2019 to the end of sample on December 31st,
2021, for the indices, and from January 5th, 2023 to December
31st, 2024, for the individual stocks. We perform from 2 = 1
step ahead forecasts up to & = 60 step ahead. In each case



Feature 11

(a) DJI

RV Jump Indication
1.0 ‘
08 | ‘ ‘ e
06 [ | s
04 ‘ H} Lh H lJl h ﬁ“ -]
22 I “".J[M UJM | ‘« 'lu ]w“ “ |
2000 2005 2010 2015 2020

BPV Jump Indication
1.0 = T T T T
0.8 - i ‘ N
06 |- | | ‘ | M 'ﬂ “ |
0.4 |- | Il
g.i L A me J J“‘ MLM )l | ! .L{W“ld 'MMU!W |
2000 2005 2010 2015 2020

(c) SPX

RV Jump Indication
1.0 T
0.8 |
Ty
0.4 [0 E
oz Mﬂ L MJ lu M M‘ W
: 2000 2005 2010 2015 2020

BPV Jump Indication
1.0 — i T T T
EZ I i i : i
0.4 |- ’ u u m \ : ‘ u ‘ | |
o2 - T ‘ | ‘ -
e 2o|oo 2005 20110 2(;15 2020

(b) FTSE

RV Jump Indication

1.0 T T T T T T T
0.8 - I “‘ | | N
0.6 e ‘ | \i (i i
Ul L

I | | [ | | |
= L‘ ) ‘ Mn d 1‘ l )
e 2000 2005 2010 2015 2020

BPV Jump Indication

3

2000 2005 2010 2015 2020
(d) TSX

RV Jump Indication
1.0 T
0.8 - ‘ ‘ -
0.6 ‘ ‘ -
0.4 - Mt l “ ' m o
g'i i LJ ! }‘L u u w.) J( |
™ 2000 2005 2010 2015 2020

BPV Jump Indication
1.0 T T T
0.8 |- ;
0.6 |- \ .-
0.4 |- \ m m M e
02 | *‘
- AJI \ \J,au J‘JJ
’ 2000 2005 2010 2015 2020

Figure 3. Posterior estimated jump indication, P(J,; = 1|Z7), from the C-GARCH-SARIJ model for RV (top) and BPV (bottom) measures.

(a) DII. (b) FTSE. (c) SPX and (d) TSX.

the model is re-estimated at each point in the out-of-sample
period to produce the forecasts for each of the 4 periods
ahead. We report the daily (2 = 1), weekly (2 = 5), monthly
(h = 20) and 3-months (h = 60) forecast horizons results.
Overall, there is not a great deal to distinguish between the
models. In the case of indices, when RM = RK having no
jumps is preferred, while RM = RV or RM = BPV having
jumps in the specification helps to improve forecasts, mostly
for the daily and weekly horizons. In the case of stocks, a vari-
ance jump model specification in most cases favors the daily
(h = 1) forecasts. For the longer horizons there does not seem
to be a strong improvement of jumps. Although jumps do not
have a large impact on predictive mean forecasts they have an
important role for density forecasts which we consider next.
Multiperiod out-of-sample density forecasts results for
log(RM) measures are in table 5. The table reports the cumu-
lative log-predictive likelihood for all models for the four
indices and the four stocks. Log-predictive Bayes factors
(Kass and Raftery 1995) can be formed by subtracting two
entries of a column in a subpanel with a common RM. A
general result is that jumps improve log(RM) density fore-
casts. Overall among the models, a jump specification is

preferred in 87 out of the 96 cases. The most sophisticated
jump specification, C-GARCH-SARIJ stands out, delivering
the best density forecasts in 36 out of 96 cases. The second
best is the C-GARCH-ARJ model with 28 out of 96 cases.
In the 51 cases that either C-GARCH-SARIJ or its restricted
version C-SARIJ are the best model, their log-Bayes factor
with the second best model is mostly higher than 3, indicat-
ing strong preference for stochastic jump arrivals in ex post
variance modeling.

Table 6 reports multiperiod out-of-sample return density
forecasts for all the data. In these it is possible to make com-
parisons among all the three realized measures and the six
models. In these joint models, returns are common but the
choice of RM differs.

In the FTSE market, the C-GARCH-SARJ and C-SARJ
models clearly stand out across all forecast horizons while
for the DJI, SPX and TSX they are very competitive. For
the AXP and NKE stocks, the C-GARCH-SARJ and C-SARJ
models along with C-1J deliver the best forecasts. For AAPL
and IBM the C-GARCH benchmarks mostly stand out. The
C-GARCH-SARIJ model delivers the best return density fore-
casts in 10 out of 32 cases. The restricted version C-SARJ



Table 4. log(RM) RMSFE for different forecast horizons h.

Panel A: Indices DIJI FTSE SPX TSX

RM =RV h= h= h =20 h =60 h= h=>5 h =20 h =60 h= h=>5 h =20 h =60 h=1 h= h =20 h = 60
C-GARCH 0.6617 0.8909 1.1685 1.3253 0.7512 0.8781 1.0634 1.1800 0.6994 0.9679 1.2630 1.4198 0.6472 0.8784 1.2302 1.5925
C-GARCH-t 0.6631 0.8978 1.1863 1.3686 0.7441 0.8806 1.0748 1.2376 0.7016 0.9728 1.2798 1.4676 0.6528 0.8748 1.2281 1.6887
C-1J 0.6631 0.8984 1.1855 1.3624 0.7446 0.8794 1.0662 1.2151 0.7004 0.9746 1.2856 1.4703 0.6305 0.8450 1.1368 1.2692
C-GARCH-ARIJ 0.6613 0.9026 1.2140 1.4526 0.7522 0.8760 1.0839 1.2787 0.6985 0.9760 1.3118 1.5522 0.6265 0.8496 1.1468 1.2930
C-SARJ 0.6618 0.8920 1.1777 1.3585 0.7428 0.8796 1.0638 1.2093 0.7008 0.9724 1.2827 1.4715 0.6313 0.8454 1.1581 1.3157
C-GARCH-SAR]J 0.6580 0.8891 1.1749 1.3431 0.7452 0.8796 1.0620 1.2093 0.6973 0.9632 1.2731 1.4353 0.6269 0.8412 1.1444 1.2606
RM =RK

C-GARCH 0.5592 0.8206 1.1326 1.2880 0.5868 0.7419 0.9651 1.1032 0.6231 0.9026 1.2225 1.3830 0.5411 0.7815 1.0876 1.2198
C-GARCH-t 0.5619 0.8273 1.1588 1.3602 0.6054 0.7791 1.1004 1.5477 0.6282 0.9136 1.2511 1.4633 0.5479 0.7887 1.1003 1.2513
C-1J 0.5610 0.8284 1.1598 1.3507 0.5912 0.7530 0.9853 1.1404 0.6267 0.9150 1.2595 1.4841 0.5506 0.7845 1.1143 1.3024
C-GARCH-ARIJ 0.5588 0.8260 1.1655 1.3976 0.5902 0.7502 0.9908 1.1818 0.6244 0.9063 1.2644 1.5467 0.5523 0.7759 1.0565 1.3726
C-SARJ 0.5584 0.8222 1.1502 1.3425 0.5876 0.7480 0.9800 1.1391 0.6283 0.9159 1.2541 1.4689 0.5413 0.7837 1.0979 1.2662
C-GARCH-SARIJ 0.5594 0.8257 1.1546 1.3435 0.5889 0.7439 0.9790 1.1246 0.6239 0.9096 1.2471 1.4389 0.5478 0.7840 1.0929 1.2627
RM = BPV

C-GARCH 0.6496 0.8966 11717 1.3092 0.5995 0.7843 1.1776 1.8361 0.7274 0.9824 1.2672 1.4135 0.6119 0.8391 1.1422 1.2575
C-GARCH-t 0.6517 0.9002 1.1854 1.3387 0.6002 0.7794 1.1423 1.6782 0.7289 0.9861 1.2780 1.4349 0.6506 0.9604 1.6466 2.1273
C-IJ 0.6500 0.8995 1.1918 1.3621 0.5969 0.7528 0.9900 1.2007 0.7257 0.9931 1.2909 1.4795 0.6277 0.8570 1.1912 1.4039
C-GARCH-ARIJ 0.6562 0.9026 1.2101 1.4243 0.5939 0.7560 1.0465 1.4060 0.7246 0.9919 1.3101 1.5401 0.6192 0.8308 1.1184 1.3706
C-SARJ 0.6510 0.9010 1.1993 1.3442 0.5880 0.7411 0.9777 1.1008 0.7171 0.9796 1.2619 1.4177 0.6150 0.8487 1.1590 1.3143
C-GARCH-SAR]J 0.6490 0.8954 1.1874 1.3441 0.5891 0.7419 0.9754 1.1115 0.7283 0.9848 1.2804 1.4516 0.6341 0.8535 1.1591 1.3152

(Continued)
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Table 4. Continued.

Panel B: Stocks AAPL AXP IBM NKE

RM = RK h=1 h=5 h =20 h =60 h=1 h=5 h =20 h =60 h=1 h=5 h =20 h =60 h=1 h=5 h =20 h =060
C-GARCH 0.6273 0.7048 0.7194 0.7608 0.6786 0.7230 0.7210 0.7089 0.7524 0.7917 0.7776 0.7768 0.6574 0.6639 0.6580 0.6481
C-GARCH-t 0.6268 0.7015 0.7174 0.7521 0.6805 0.7247 0.7222 0.7167 0.7535 0.7907 0.7824 0.7866 0.6550 0.6635 0.6589 0.6510
C-IJ 0.6275 0.7044 0.7232 0.7679 0.6784 0.7235 0.7243 0.7101 0.7509 0.7888 0.7780 0.7760 0.6573 0.6639 0.6572 0.6445
C-GARCH-ARJ 0.6303 0.7059 0.7284 0.7759 0.6805 0.7154 0.7235 0.7277 0.7547 0.7919 0.7813 0.7876 0.6617 0.6639 0.6621 0.6448
C-SARJ 0.6318 0.7053 0.7290 0.7887 0.6817 0.7254 0.7239 0.7136 0.7534 0.7908 0.7763 0.7794 0.6601 0.6657 0.6598 0.6511
C-GARCH-SAR]J 0.6252 0.7076 0.7303 0.7907 0.6764 0.7241 0.7217 0.7183 0.7508 0.7882 0.7798 0.7796 0.6548 0.6636 0.6593 0.6474
RM = MRV

C-GARCH 0.4944 0.5954 0.6145 0.6501 0.4822 0.5694 0.5985 0.5697 0.4950 0.5695 0.5894 0.5755 0.4765 0.5224 0.5430 0.5162
C-GARCH-t 0.4936 0.5928 0.6146 0.6540 0.4839 0.5737 0.6093 0.6035 0.4946 0.5745 0.6020 0.6086 0.4750 0.5235 0.5458 0.5279
C-1J 0.4929 0.5964 0.6195 0.6656 0.4835 0.5721 0.6025 0.5695 0.4941 0.5734 0.5914 0.5725 0.4753 0.5218 0.5415 0.5150
C-GARCH-ARIJ 0.4952 0.5981 0.6186 0.6794 0.4829 0.5697 0.6050 0.6081 0.4955 0.5888 0.6822 0.8718 0.4821 0.5241 0.5697 0.6065
C-SARJ 0.4954 0.6017 0.6336 0.6777 0.4844 0.5726 0.6001 0.5822 0.4969 0.5756 0.5943 0.5755 0.4815 0.5238 0.5424 0.5223
C-GARCH-SAR]J 0.4943 0.6009 0.6336 0.6852 0.4841 0.5730 0.6011 0.5860 0.4962 0.5736 0.5885 0.5795 0.4768 0.5226 0.5435 0.5179
RM = BPV

C-GARCH 0.4903 0.5931 0.6158 0.6522 0.4710 0.5619 0.5876 0.5579 0.4873 0.5648 0.5874 0.5706 0.4709 0.5140 0.5306 0.5050
C-GARCH-t 0.4905 0.5909 0.6145 0.6555 0.4717 0.5646 0.6003 0.6025 0.4879 0.5690 0.6012 0.6059 0.4717 0.5123 0.5363 0.5227
C-IJ 0.4905 0.5918 0.6187 0.6603 0.4708 0.5624 0.5923 0.5607 0.4872 0.5660 0.5856 0.5701 0.4693 0.5117 0.5281 0.5058
C-GARCH-ARJ 0.4928 0.5940 0.6221 0.7195 0.4732 0.5600 0.5865 0.6095 0.4896 0.6169 0.8254 1.2916 0.4772 0.5115 0.5561 0.6154
C-SARIJ 0.4917 0.5946 0.6277 0.6916 0.4722 0.5657 0.5924 0.5775 0.4896 0.5706 0.5897 0.5774 0.4756 0.5115 0.5310 0.5093
C-GARCH-SAR]J 0.4906 0.5978 0.6389 0.7065 0.4701 0.5622 0.5877 0.5690 0.4886 0.5688 0.5872 0.5806 0.4688 0.5109 0.5296 0.5111

Notes: The RMSFE are out-of-sample calculated for the last 500 days of each data set. Bold indicates the lowest value among the models.
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Table 5. log(RM) cumulative log predictive likelihoods for different forecast horizons A.

Panel A: Indices DJI FTSE SPX TSX

RM =RV h=1 h=S5 h =20 h =60 h=1 h=5 h =20 h = 60 h=1 h=S5 h =20 h =60 h=1 h=5 h =20 h = 60
C-GARCH —502.28 — 658.06 — 826.65 — 878.04 —595.67 —683.23 — 801.05 — 865.24 —533.39 —706.37 — 870.99 —927.93 —497.18 —686.03 —1061.73 — 1256.78
C-GARCH-t — 506.60 —658.21 —795.33 —875.54 —564.01 —657.35 — 750.39 — 849.69 —534.72 —706.31 — 850.20 —924.64 —478.17 —626.27 —828.10 —1111.00
C- —503.89 — 658.18 —804.18 — 888.64 —572.13 —661.42 — 746.22 — 834.67 — 544.10 —725.12 — 887.36 — 965.08 —461.96 — 600.76 —766.59 — 848.62
C-GARCH-ARJ —496.39 —673.96 —863.81 —1029.97 —561.07 — 652.86 —787.21 —941.30 —526.35 —723.67 —938.97 —1087.10 — 44947 — 607.40 — 782.68 —892.37
C-SARJ —506.43 — 657.83 —793.18 — 862.84 —561.29 — 652.51 —734.15 — 819.94 —535.71 — 71043 — 867.52 —924.07 — 456.78 — 596.65 —772.14 — 859.38
C-GARCH-SARJ —495.25 — 642.79 —777.40 — 853.97 — 553.30 — 641.86 —723.94 — 816.48 —529.16 —693.59 —838.25 —904.43 —461.54 —596.80 —772.64 — 848.43
RM =RK

C-GARCH —419.38 — 620.27 — 821.38 —907.84 — 449.81 —570.59 —729.44 — 803.58 —479.62 —677.30 — 865.09 —945.08 —391.76 — 588.96 — 861.66 —936.74
C-GARCH-t — 42231 —619.63 — 783.37 — 885.51 —431.71 —572.74 —746.09 — 107291 —483.50 —677.72 —839.14 —936.23 —387.74 — 565.66 —723.63 — 850.18
c-n —425.13 —623.42 —795.92 — 887.54 —425.44 — 559.52 —693.80 —814.95 —500.61 —707.77 —905.14  —1004.06 —401.89 —590.55 — 844.83 —976.33
C-GARCH-ARJ — 415.06 —618.76 —845.64 —1038.23 —413.46 —559.14 — 722.88 —909.02 —478.35 —677.32 —931.84 —1243.95 —397.45 — 57575 —796.34  —1059.86
C-SARJ —417.62 —609.38 —769.44 — 849.26 —415.92 — 540.35 — 658.89 —772.81 —484.72 —683.22 —875.32 —953.35 —388.73 — 580.68 —797.05 — 888.28
C-GARCH-SARJ —415.77 — 609.73 —773.58 — 851.07 —416.24 — 538.68 — 658.45 — 768.99 —478.92 —671.02 — 838.40 —916.41 — 386.89 — 556.15 —723.88 —853.43
RM = BPV

C-GARCH — 494.86 — 665.52 —825.75 —903.14 —463.13 —605.61 —931.82 —1375.53 —558.12 —719.34 — 876.62 —942.59 — 465.97 — 656.49 —929.98 —958.34
C-GARCH-t —501.46 — 668.70 —813.47 — 890.64 — 440.07 — 582.99 —781.34  —1145.80 —562.23 —718.21 — 866.95 —942.04 —491.03 —71892 —107520 —1134.04
(eS1) —513.60 —680.43 — 828.34 —911.32 — 452.36 —565.55 —692.24 — 834.62 —595.76 — 780.07 —967.04 —1032.61 — 477.89 — 647.08 — 859.27 —991.15
C-GARCH-ARJ — 49551 — 662.02 —854.18 —1053.31 —431.67 —561.08 —750.98 —1033.23 —548.33 — 708.96 —897.75 —1101.79 —462.82 —629.29 —841.21 —1033.19
C-SARJ —503.30 — 672.02 — 817.05 — 884.12 —433.24 — 540.71 —654.93 —744.02 — 565.60 — 728.26 — 897.60 —987.18 — 478.69 —675.53 —946.06 — 1006.34
C-GARCH-SARJ —497.38 — 659.77 — 800.00 — 867.81 —432.67 — 544.60 —649.38 —741.40 —561.79 —717.83 — 872.56 —942.39 —483.84 — 676.15 —956.83 —1026.31

(Continued)
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Table 5. Continued.

Panel B: Stocks AAPL AXP IBM NKE

RM =RK h=1 h=5 h =20 h =60 h=1 h=S5 h =20 h =60 h=1 h=5 h =20 h =60 h=1 h=S5 h =20 h =60
C-GARCH —475.30 —534.70 —553.77 —583.45 —517.78 —550.59 —562.13 —578.80 —568.15 —593.29 —595.71 — 606.16 —497.66 —506.05 —518.43 —528.13
C-GARCH-t —471.48 —529.95 — 546.00 —578.20 —510.79 — 543.69 — 557.37 — 578.66 —562.20 —590.67 —594.93 —608.41 —487.07 —499.85 —513.01 —523.73
C-1J —472.00 —533.04 —554.55 —591.06 —507.95 — 543.00 —556.51 —574.95 —559.96 — 588.63 —590.12 —601.02 —489.07 —504.05 —515.77 —525.77
C-GARCH-ARJ — 472.66 —529.94 —552.61 —589.30 —509.46 —538.17 —549.14 —564.12 — 560.56 — 587.26 — 587.47 —597.58 —490.72 —500.83 —515.78 —525.43
C-SARJ —476.51 —535.15 —558.35 —604.31 —509.92 —545.84 —559.16 —579.78 —564.87 —590.32 —591.37 —602.40 —492.26 —506.10 —517.17 —526.95
C-GARCH-SARJ —471.47 —532.17 —553.35 —595.09 —509.65 —544.43 —555.17 — 570.67 —560.97 — 588.50 —590.44 — 600.34 — 489.08 —499.32 — 512.56 —519.22
RM = MRV

C-GARCH —364.22 —458.01 —492.45 — 528.81 —351.04 —433.94 —473.55 —494.91 — 358.66 —432.10 —464.13 — 476.67 —338.59 —392.41 —429.13 —438.28
C-GARCH-t —357.48 —449.30 —480.43 —523.73 —335.75 —427.40 —473.40 —504.25 —345.53 —428.12 — 464.66 —487.28 — 33047 —385.47 —420.19 —431.01
C-IJ —356.28 —454.11 —483.85 — 525.28 —328.99 —419.22 — 466.72 —490.96 —337.37 —423.50 —454.72 —470.28 —327.76 —381.45 —415.87 —421.95
C-GARCH-ARJ —352.26 — 44572 —473.98 — 520.58 —329.17 —415.87 —458.71 —484.10 —342.98 —437.09 —521.72 — 682.94 —330.07 —376.41 —422.69 —459.78
C-SARJ — 351.88 —452.34 —485.76 —528.23 — 327.65 —416.15 —459.29 —483.83 —339.84 —421.92 —451.37 —465.71 —330.84 —380.79 —411.51 —418.82
C-GARCH-SARJ —354.38 —449.11 — 487.06 —532.10 —331.34 —419.44 —463.40 —490.83 —338.05 —422.10 — 450.50 —469.36 —329.74 —379.59 —412.56 —420.12
RM = BPV

C-GARCH —358.95 —453.73 —488.77 —527.08 —338.57 —427.22 —465.05 —486.37 —351.76 —427.07 —460.95 —473.69 — 33246 —384.13 —421.63 —434.02
C-GARCH-t — 353.00 —447.01 —479.41 —524.33 —320.53 —419.11 —465.25 — 500.87 — 336.36 —421.91 —460.02 — 482.88 —318.32 = 3207 —411.19 —425.14
C-1J —351.93 —449.94 —482.21 —523.86 —315.18 —411.46 —459.35 —485.95 — 326.96 —416.19 —447.98 —463.71 —314.26 —366.66 —403.02 —412.01
C-GARCH-ARJ — 348.88 — 445.00 —475.46 —569.26 —315.13 —407.45 —443.4 —487.75 —335.99 —471.58 —707.17 — 1290.04 —314.87 —361.63 —410.19 —468.48
C-SARJ — 348.57 —446.49 —482.76 —535.50 —314.04 —407.96 —450.78 —480.15 —329.23 —416.94 —443.78 —460.89 —316.37 —363.99 —399.32 —409.36
C-GARCH-SARJ —357.63 — 450.66 —490.10 —550.16 — 308.47 — 404.06 —445.78 —475.01 —330.22 —417.00 —444.16 —462.74 — 308.85 —363.73 —398.15 —404.27

Notes: The predictive likelihood evaluations are for the last 500 days for each data set. Bold indicates the best value among the models.
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Table 6. Returns cumulative log predictive likelihoods for different forecast horizons /.

Panel A: Indices DJI FTSE SPX TSX

RM =RV h=1 h=5 h =20 h =60 h=1 h=5 h =20 h =60 h=1 h=5 h =20 h =60 h=1 h=5 h =20 h =60
C-GARCH — 620.88 — 665.57 —729.08 — 758.44 —749.91 —767.70 — 805.25 — 838.17 —592.46 —654.51 —717.39 — 744.98 —471.83 —513.59 —702.50 —712.49
C-GARCH-t —621.25 — 667.47 —731.03 — 769.75 — 745.38 —766.30 — 802.67 — 860.79 —591.98 — 656.92 —1721.32 — 755.44 —471.15 —507.48 — 654.08 — 742.75
Cc-I — 620.26 — 667.56 —729.99 — 765.83 — 744.17 —763.39 —797.65 — 849.36 —590.57 — 658.44 —724.70 —761.79 —469.37 — 505.57 —598.07 —605.51
C-GARCH-ARJ — 620.49 —671.94 —762.22 — 845.80 —745.71 — 765.03 — 832.84 —933.74 —591.95 — 663.86 —764.95 — 828.64 —467.34 —511.12 — 662.83 — 660.97
C-SARJ —621.05 — 664.32 —722.57 — 756.40 — 742.96 —761.12 — 789.64 —838.23 —591.23 — 655.38 —713.93 — 745.05 —468.04 — 503.65 — 588.80 — 618.08
C-GARCH-SARJ —619.27 — 665.11 —1721.71 — 756.32 — 744.29 —759.75 —791.28 — 835.30 —592.00 —651.63 — 712.95 —736.33 — 466.22 — 501.66 —597.50 — 591.08
RM =RK

C-GARCH —613.56 — 665.86 — 736.17 —770.99 —774.52 — 789.11 —835.93 — 874.25 —590.14 — 656.61 — 728.38 — 756.02 —475.27 —520.17 — 659.14 — 630.85
C-GARCH-t —615.38 — 668.85 —741.22 —789.44 — 780.12 —805.01 — 882.75 —1020.54 —590.48 — 657.35 —732.48 —774.58 —474.99 —518.82 — 600.16 — 625.05
c-n —614.25 —667.31 — 738.69 —777.96 —763.92 —780.11 — 827.16 — 873.38 —590.91 — 664.27 — 745.90 —787.84 —474.01 —515.38 —628.15 —629.35
C-GARCH-ARJ —613.36 — 668.38 —764.16 — 837.87 —772.21 — 800.88 —924.60 —1019.01 —590.10 — 663.23 —776.79 — 893.90 —477.44 —509.89 —561.84 —562.60
C-SARJ —612.78 — 665.67 — 726.62 — 763.87 —762.93 —773.35 — 811.08 — 855.71 — 589.01 — 657.81 —722.29 —754.35 —471.10 —513.10 — 625.04 —623.12
C-GARCH-SARJ —614.07 — 664.69 —731.10 —765.04 —762.52 —775.99 —819.40 — 845.18 —589.33 — 656.74 — 723.85 —751.50 —471.36 —510.46 —590.99 —622.74
RM = BPV

C-GARCH —619.34 — 668.10 —731.18 —763.38 — 766.44 —792.35 —909.34 —1103.93 —592.95 —649.98 —714.12 — 738.36 —479.51 —517.79 —647.18 —633.38
C-GARCH-t — 620.15 — 669.13 —735.48 —769.42 — 767.81 —794.55 — 887.03 —1045.12 —592.39 — 649.65 —718.04 —742.18 —478.73 —519.63 —816.51 —992.44
Cc-I —619.31 —670.36 — 732.00 — 770.80 —757.62 —772.84 — 818.69 — 880.53 — 589.67 — 658.55 — 726.36 —779.64 — 480.63 —521.93 — 653.82 —651.55
C-GARCH-ARJ —618.04 — 666.68 —754.73 — 854.58 — 76191 — 788.37 —891.85 — 1034.99 —591.53 — 648.62 —729.33 — 811.69 —477.74 —504.50 — 557.15 — 552.06
C-SARJ —619.84 — 666.19 —723.54 —749.94 —750.18 —765.20 — 804.69 — 850.13 —590.27 — 648.89 —714.63 —751.13 —477.08 —519.51 — 654.20 —632.07
C-GARCH-SARJ —619.97 — 667.04 — 727.95 — 760.20 —753.93 —764.21 — 803.60 — 849.82 —592.19 — 648.99 —712.87 — 740.66 —480.28 —516.88 —647.43 —631.44
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Table 6. Continued.

Panel B: Stocks AAPL AXP IBM NKE

RM =RK h=1 h=5 h =20 h =60 h=1 h=S5 h =20 h =60 h=1 h=S5 h =20 h =60 h=1 h=S5 h =20 h =60
C-GARCH —694.04 —700.42 —705.71 —710.09 —771.04 —771.68 —770.46 —772.21 —636.08 —639.35 —638.38 —640.33 —782.29 —777.89 —1779.97 —779.09
C-GARCH-t —693.63 —700.11 —705.13 —707.33 —771.34 —772.50 —771.81 —773.36 — 636.44 —639.21 —638.53 — 640.81 —780.91 —771.27 —779.57 —778.61
C-1J —694.83 —701.24 —707.60 —711.86 —769.60 —771.54 —771.09 —771.22 —635.94 —639.79 — 638.57 —640.31 —781.33 —777.80 —1779.25 —778.28
C-GARCH-ARJ —695.74 —700.28 —705.79 —711.79 —770.94 —772.11 —771.82 —772.37 — 638.02 — 640.00 — 637.89 —638.44 —781.61 —778.02 —779.78 — 778.94
C-SARJ —695.61 —701.58 —710.31 —714.36 —770.11 —771.73 —770.30 —772.22 —637.20 — 640.46 —638.61 —641.16 —781.92 —777.32 —778.90 —779.37
C-GARCH-SARJ —693.51 —701.45 — 706.45 —714.25 —769.76 — 772.08 —770.81 —771.90 —635.70 —639.63 —639.54 — 640.76 — 782.04 —777.31 —779.72 — 77827
RM = MRV

C-GARCH —693.00 —701.51 —707.48 — 708.98 —768.57 —772.41 —771.17 —770.55 — 635.40 —635.98 — 634.87 —636.49 — 783.80 — 77591 —777.23 —776.01
C-GARCH-t —692.75 —700.55 —706.01 —705.65 —768.55 —773.49 —1772.78 —773.58 —635.17 —636.25 —634.84 —636.54 —782.41 —776.23 —778.26 —776.54
C-IJ —693.82 —701.94 —708.91 —709.74 —766.58 —771.50 —771.35 — 770.01 —634.71 —635.44 —636.16 —637.95 —1779.83 —775.85 —776.85 —774.67
C-GARCH-ARJ —694.15 —701.48 —707.84 —710.66 —769.06 —774.28 —772.96 —1775.50 —635.23 —638.07 — 642.68 —670.50 —782.32 —775.92 —783.17 —785.19
C-SARJ —694.78 —703.36 —710.45 —713.73 —767.18 —771.13 — 769.90 — 77248 —635.41 — 636.03 — 636.66 —638.12 — 781.94 —774.70 — 77742 —774.74
C-GARCH-SARJ —693.28 —701.87 —710.08 —714.95 —767.30 —773.13 —771.30 —770.64 —634.95 —636.00 —635.99 —638.48 —781.36 —774.64 —778.98 —1774.51
RM = BPV

C-GARCH —692.28 —701.52 —707.90 —1709.91 —769.93 —1772.30 —770.92 —1770.45 —634.01 —636.17 —635.29 —636.25 —783.71 —1776.01 —1771.55 —775.74
C-GARCH-t —692.39 —700.71 —705.54 —705.24 — 769.69 —773.50 —773.51 —774.63 — 634.00 — 636.20 —634.97 — 636.26 — 782.93 —775.72 — 778.08 = 77177
C-I —693.29 —701.59 —708.58 —710.71 —767.32 —771.64 —1770.73 —769.88 —633.30 —636.71 —635.76 —637.90 —780.07 —774.80 —771.37 —1774.07
C-GARCH-ARJ —692.73 —701.43 —707.72 — 713.86 — 769.39 —773.83 —771.60 —773.32 —634.99 — 642.50 — 666.03 —775.57 — 784.63 — 776.86 —783.73 — 785.61
C-SARJ —693.99 —703.13 —710.73 —715.16 — 768.96 —771.95 —769.09 —770.95 —634.10 —637.88 —637.10 —639.92 — 780.59 —774.22 —777.39 —776.19
C-GARCH-SARJ —692.67 — 702.96 — 711.50 — 715.96 —767.13 — 77112 —770.33 —770.41 —634.30 — 636.58 —635.98 —638.44 — 780.81 —773.21 —776.58 —775.16

Notes: The predictive likelihood evaluations are for the last 500 days for each data set. Bold indicates the best value for each forecast horizon among all models and RMs.
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is the second best with 7 out of 32 cases. The benchmarks C-
GARCH-AR]J and C-1J models are the best in 3 and 6 out of 32
cases, respectively. In the indices cases that either C-GARCH-
SARJ or C-SAR]J are the best model, their log-Bayes factor
with the second best model is higher than 1 and mostly higher
than 5. For the individual stocks, all the models seem to per-
form very close and the best ones emerge marginally. Overall,
with 26 out of 32 cases where an ex post variance jump
specification is the best, highlights the importance of mod-
eling the variance jump dynamics for predicting the returns
distribution.

Regarding the choice of ex post variance measure for fore-
casting return density, the jump-robust MRV and BPV provide
the best forecasts in 19 out of 32 cases while RV and RK
are the best in 13 out of 32 cases. For the indices, RV is
usually preferred, while the jump-robust BPV is preferred for
the individual stocks.

To understand the model differences we turn to plots of log-
predictive distributions. Figure 4 displays the one-step ahead
out-of-sample log-predictive densities from the full sample.
For the three realized measures, there are similar trends. The
C-GARCH-t gives a very fat-tailed shape, perhaps too fat
tailed based on density forecast comparisons above while the
C-GARCH-ARIJ produces thinner tails for both returns and
RM. The C-GARCH-SARIJ shows clear asymmetry by putting
more probability mass to the right-hand side of the distri-
bution of log(RV), log(RK) and log(BPV). These findings
support previous literature results that empirically RV is not
log-normally distributed.

7.5. Tail risk forecasting

This section considers the importance of ex post variance
jumps to return tail forecasts. The models are compared based
on the tail risk measures of value-at-risk (VaR) and expected
shortfall (ES).

VaR is a quantile measure based on a confidence level €.
Given an investment time interval the VaR is the least poten-
tial loss that could happen to an investment €% of the time.
For a one period investment, VaR;,, is defined as P[r.4| <
VaR;, | |Z;] = €. VaR does not consider the magnitude of the
potential loss. This is better accessed by ES which is the
measure of expected loss conditional on exceeding the VaR
value. For a one-period horizon, ES is defined as ESj, | =
E[riy1lrr < VaRy, |, Z;].

To estimate these values we take a large number of simu-
lated draws from each model’s predictive density {r,(f':;Z M,
from (32) for A = 1,7 and compute the empirical quantile
for the associated VaRj, ;. The ES is estimated from these
simulations as

M M
€ _ § A (m) §
ESH—] = I’H_l 1 ;‘,(f:: <VaR¢ }/ 1{?011) <VaR¢
i=1

N 1+1 t+1 r+]}
i=1 =

+ We only consider the daily tail risk forecast since for longer hori-
zons it would be better to consider the cumulative return distribution
from close-to-close daily returns. This would not allow us to use the
MRYV and BPV measures.

To compare models we use the joint loss function of Patton et
al. (2019) defined as

(VaR¢, | — ris1)

L(re41, VaR7, |, ESy ,€) = — ¢ESC,, {1 <VaRf, }
t
VaR[
+ —+1 —ES¢ — 1.
Bs;,, 0 (FS)
(35)

Smaller average L(r;41, VaR;, |, ES;_ |, €) values over the out-
of-sample data

indicate more accurate tail
measures.

Table 7 reports the models out-of-sample performance in
jointly forecasting VaR and ES at the 1% and 5% levels, based
on the average loss function from (35), across both equity
indices and individual stocks. Although our analysis is from
a Bayesian perspective, a referee suggested the Model Confi-
dence Set ranking (MCS) of Hansen et al. (2011) for the best
models at the 95% confidence level. The results are included
in the table.

For equity indices (Panel A), the SARJ models tend to
outperform alternatives in both levels across most indices
and realized measures. The C-SARJ model, for instance,
frequently achieves the lowest loss and is included in the
MCS for DIJI, FTSE, and TSX, especially when using RK
and BPV as realized measures. The C-GARCH-ARJ model
also shows strong performance, particularly for DJI and
TSX.

For individual stocks (Panel B), the SARJ models again
perform competitively. In particular, C-SARJ and C-GARCH-
SARJ achieve low losses and strong MCS inclusion for
stocks like AXP and IBM. The results suggest that incor-
porating stochastic jump dynamics significantly improves
tail risk forecasting for both indices and individual assets.
The benchmarks C-GARCH(-t) are strong performers for
AAPL and in a handful of occasions for the rest of
series.

Like the density forecasts in table 6 there is no dominant
RM for tail risk forecasting. This is consistent with Jin et
al. (2021) who show that the method of realized covariance
construction has important implications for forecast accu-
racy and financial decisions. This suggests the need for either
pretesting for the optimal RM for an asset or the use of
more sophisticated approaches that average or pool different
models over different RM specifications.

Figure 5 provides more information about the impact of ex
post variance jumps in tail risk forecasting. It displays the dif-
ferent in period-by-period values of (35) for the C-GARCH-
SARJ (jump) model minus the C-GARCH (no jump) model.
Positive values favor the C-GARCH-SARJ model. Through-
out the out-of-sample forecasting period the models perform
similarly. However, the jump model records large gains over
the no jumps model in a handful of occasions where the daily
stock return plummets.

In summary, models with sophisticated ex post variance
jump processes improve return tail risk measure forecasting
for the markets and most of the stocks we consider.



Table 7. Tail risk forecasting results.

DIJI FTSE SPX TSX
1% 5% 1% 5% 1% 5% 1% 5%

Panel A: Indices RM Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS
C-GARCH RV 1.202 17 0.806 11 2.050 5 1.215 10 1.342 6 0.784 1.281 0.627
C-GARCH-t 1.143 11 0.822 14 2.073 6 1.198 3 1.320 8 0.784 7 1.251 0.640

C-IJ 1.135 10 0.824 15 2.086 9 1.218 9 1.425 14 0.833 1.009 5 0.580 13
C-GARCH-ARJ 1.136 16 0.802 10 2.003 4 1.178 2 1.434 0.777 5 0.995 2 0.551 3
C-SARJ 1.180 13 0.807 6 1.904 1 1.161 1 1.416 12 0.726 1 1.015 4 0.578 12
C-GARCH-SAR]J 1.073 5 0.783 3 2.030 3 1.192 5 1.260 2 0.768 1.014 3 0.562 5
C-GARCH RK 1.064 4 0.795 7 2.678 1.396 1.261 4 0.789 6 1.075 8 0.561 7
C-GARCH-t 1.110 7 0.802 9 2.747 1.459 1.359 7 0.828 1.127 10 0.576 9
C-IJ 1.108 9 0.808 12 2.362 10 1.327 8 1.416 11 0.848 1.183 11 0.579 10
C-GARCH-ARIJ 1.039 2 0.800 8 2.699 1.363 1.431 13 0.855 1.139 12 0.595 15
C-SARJ 1.005 1 0.772 2 2.367 1.356 1.371 10 0.822 1.045 7 0.533 1
C-GARCH-SARIJ 1.071 6 0.792 5 2.370 7 1.289 7 1.336 9 0.812 1.052 6 0.557 6
C-GARCH BPV 1.149 14 0.815 16 2.650 1.362 1.278 5 0.744 4 1.200 0.571 8
C-GARCH-t 1.131 12 0.836 2.546 1.363 1.212 1 0.741 3 1.375 0.644

C-IJ 1.124 8 0.825 13 2.238 8 1.262 6 1.490 0.813 1.181 13 0.581 11
C-GARCH-AR]J 1.250 0.771 1 2.260 11 1.301 1.413 15 0.728 2 0.970 1 0.555 2
C-SARJ 1.079 3 0.782 4 1.995 2 1.208 4 1.668 0.868 1.134 9 0.558 4
C-GARCH-SARIJ 1.174 15 0.815 17 2.198 12 1.266 11 1.255 3 0.775 1.203 14 0.577 14

(Continued)
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Table 7. Continued.

AAPL AXP IBM NKE
1% 5% 1% 5% 1% 5% 1% 5%

Panel B: Stocks RM Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS Loss MCS
C-GARCH RK 1.062 8 0.748 9 1.576 7 1.061 11 1.118 8 0.703 6 1.175 10 0.884 4
C-GARCH-t 1.063 6 0.744 5 1.554 5 1.057 8 1.110 4 0.722 15 1.195 14 0.872 1
C-1J 1.049 5 0.741 3 1.514 2 1.040 2 1.104 2 0.694 2 1.182 13 0.890 13
C-GARCH-ARIJ 1.110 12 0.780 17 1.570 3 1.062 10 1.114 7 0.733 1.182 11 0.892 9
C-SARJ 1.074 13 0.745 4 1.504 1 1.034 1 1.137 15 0.695 3 1.216 16 0.892 14
C-GARCH-SAR]J 1.059 9 0.745 7 1.621 13 1.059 6 1.086 1 0.709 9 1.167 12 0.883 3
C-GARCH MRV 1.087 11 0.742 12 1.635 10 1.062 4 1.138 16 0.710 12 1.140 3 0.901 12
C-GARCH-t 1.055 7 0.744 13 1.685 16 1.082 17 1.139 14 0.715 16 1.161 8 0.899 10
C-IJ 1.055 16 0.742 11 1.683 15 1.082 18 1.113 9 0.704 10 1.163 9 0.883 2
C-GARCH-ARJ 1.081 15 0.752 14 1.715 18 1.064 3 1.111 6 0.689 1 1.195 15 0914 17
C-SARJ 1.119 0.760 16 1.597 4 1.070 5 1.143 13 0.697 7 1.143 7 0.892 7
C-GARCH-SAR]J 1.045 4 0.740 6 1.697 14 1.074 14 1.120 12 0.698 8 1.145 2 0.905 16
C-GARCH BPV 1.019 1 0.733 1 1.601 9 1.070 15 1.141 11 0.712 14 1.158 6 0.889 6
C-GARCH-t 1.053 3 0.735 2 1.674 12 1.086 16 1.185 17 0.711 13 1.196 0.904 15
C-1J 1.065 10 0.739 10 1.577 8 1.075 12 1.109 5 0.697 5 1.142 4 0.891 11
C-GARCH-ARJ 1.097 0.756 15 1.711 17 1.067 7 1.226 0.724 17 1.225 0.941
C-SARJ 1.066 14 0.775 1.589 6 1.077 13 1.107 3 0.696 4 1.114 1 0.889 8
C-GARCH-SARIJ 1.027 2 0.740 8 1.598 11 1.065 9 1.116 10 0.705 11 1.138 5 0.886 5

Notes: The table reports the average out-of-sample losses, in the columns Loss, calculated as: %

data set.

T-1

t=T—-1—-1

L(ri+1,VaRS, | ESE, |,

t+1°

€), for e = 1% and 5%. The MCS columns report the rank of models
in the 95% model set. Models without a rank are not included in the set. Bold indicates the top ranked model, among all the models and realized measures. The results are for the last 500 days of each
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Figure 4. Daily out-of-sample log-predictive densities for SPX returns (top row) and log-variance (bottom row) from models with log(RV)
in (a), log(RK) in (b) and log(BPV) in (c). The densities are calculated by evaluating grids with the full sample posterior draws. (a)

SPX-log(RV). (b) SPX-log(RK) and (c) SPX-log(BPV).
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Figure 5. Tail risk forecasting comparison between C-GARCH-SARJ (jumps model) against C-GARCH (no jumps model), with the measure
MRV. Top: realized returns. Bottom: EC_GARCH(r,+1,VaR1% ES!% 1%) — [,C_GARCH_SARJ(r,_,_l,VaRI% ES!% 1%). Values greater

t+1°
than zero are gains of C-GARCH-SARIJ against C-GARCH.

8. Concluding remarks

This paper considers the importance of jump dynamics in
ex post variance measures through an empirically realis-
tic discrete-time joint model framework of returns and their
ex post variance measure. To this we add a jump process
in the variance equation. We consider a number of popu-
lar jump specifications as well as time-dependent versions.
These latter versions allow jump arrivals to cluster. We also
include a jump process in the return equation to capture price
jumps.

Applied to data from four markets and four stocks we find
evidence of time dependent ex post variance jumps. Depend-
ing on the realized measure, these are either pure variance
jumps or a mix with return jumps. In all individual stocks, we
find no evidence of return jumps, for the three realized mea-
sures we examine. Jumps strongly improve density forecasts

t+1°

t+1° t+1°

of realized variance measures and returns. However, they
have minimal impact on point forecasts. We find that mod-
els with more sophisticated time-varying jump arrivals are
preferred.

The choice of the realized variance measure is also impor-
tant to return density forecasts. Generally for the indices,
RV is preferred coupled with a time-varying arrival rate of
jumps but there are important exceptions where RK and BPV
are preferred. For the individual stocks, BPV or MRV are
preferred coupled with a jump specification.

We also consider the impact of ex post variance jumps in
returns tail risk forecasting. Our proposed models with sophis-
ticated ex post variance jump processes improve the jointly
forecasts of value-at-risk and expected shortfall.

Our work on ex post variance jumps could be expanded
into a multivariate setting. Modeling correlated jumps as well
as spillover effects from one jump process to another would



22 Feature

be a good way to capture tail risk dynamics amongst several
assets. We leave this for future work.
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