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A seller with commitment power sets prices over time. Risk-averse buyers arrive to the market
and decide when to purchase. We show that it is optimal for the seller to choose a constant high price
punctuated by occasional episodes of sequential discounts that occur at random times. This optimal price-
path has the property that the price a buyer ends up paying is independent of his arrival and purchase
times, and only depends on his valuation. Our theory accommodates empirical findings on the timing of
discounts.
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1. INTRODUCTION

Durable goods prices at many retailers exhibit a distinct pattern that might seem difficult to
square with much of the theory on dynamic pricing. Prices tend to remain constant at the
highest level—often termed the “regular price”—apart from when they are occasionally dis-
counted. Such patterns have been noticed across a range of empirical work; e.g. Warner and
Barsky (1995), Pesendorfer (2002), Eichenbaum et al. (2011), Kehoe and Midrigan (2015) and
Chevalier and Kashyap (2017).

A key reason these patterns seem difficult to reconcile with much of the theory is as follows.
If the sellers in the theoretical models do choose to reduce their prices at some dates, then
the price discounts are predictable. Strategic and forward-looking buyers therefore become less
willing to purchase at high prices as the date of a price discount approaches. In a range of models
with flexible prices, this means that the seller gradually reduces prices as the date with the
steepest discount draws near. Stokey (1979), Conlisk et al. (1984), Sobel (1991), Board (2008),
and Garrett (2016) are but a few instances.

The editor in charge of this paper was Andrea Galeotti.
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Ilustration of typical price and quantity patterns (Figure 1 from Février and Wilner, 2016) for two albums—*“Brothers
in arms” by Dire Straits, and “Greatest hits” by Janis Joplin—featuring two focal prices (a high price and a discounted
or sale price). The rights to the material in the figure belong to a third party, Elsevier. Appropriate permission must be

obtained for any further reuse.

For an example of common empirical price patterns, consider Février and Wilner’s (2016)
analysis of a French music retailer in the early 2000s. They observe that price discounts are typ-
ically abrupt rather than gradual and that purchases do not decline immediately before sizeable
price reductions (see Figure 1). The latter observation might be interpreted as indicating that
buyers are unable to foresee the timing of discounts. Février and Wilner find that demand at
the regular price is nonetheless sensitive to the frequency and size of price reductions, which is
taken as evidence consumers are forward-looking. The view of consumers as forward-looking
but uncertain about future prices is in common with much of the literature on dynamic demand
estimation (see the discussions in Gowrisankaran and Rysman, 2012, who consider camcorders,
and in Hendel and Nevo, 2013, who consider soft-drinks).

In this paper, we propose a novel theory of buyers’ failure to predict the timing of price
reductions based on optimal price discrimination by sellers. We show that setting random dis-
counts is optimal for a seller with commitment power who faces buyers that are forward-looking
and risk averse, and who arrive to the market over time.' This contrasts with the optimality of
constant prices in important benchmarks with risk-neutral buyers (see Stokey, 1979 and Conlisk
et al., 1984). That our approach assumes full commitment is in contrast to the received work
on Coasian dynamics, but is in line with a number of other papers studying intertemporal price
discrimination in durable goods markets.

While risk aversion has been studied in other allocation problems such as auctions, its role
has been given less attention in relation to dynamic pricing. Aversion to small risks has often
been observed. Among the evidence on aversion to small-scale risks is that relating to durable
goods markets. One example is the sale of warranties for electronic goods at worse than fair

1. While not all price reductions are difficult to predict in practice (e.g. Black Friday and Christmas specials),
many retailers discount products throughout the year but do not inform customers about the timing in advance. Since
timely advance information could be made available at little cost, it may be reasonable to infer that its absence is often
part of a deliberate policy.

2. Some of these papers are reviewed in Section 7 at the end of the paper. The assumption of full commitment
seems useful for shedding light on pricing patterns adopted by sellers. Our view is in line with Board and Skrzypacz
(2016) who suggest that commitment “is reasonable with applications such as retailing, online ads, and concerts in which
the seller automates the pricing scheme and uses it repeatedly.”
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prices (see Chen ef al., 2009). Possibly another is the presence of “buy-it-now” prices in online
auctions on platforms such as Yahoo and eBay which has often been associated with buyer
risk aversion (see Budish and Takeyama, 2001 and Reynolds and Wooders, 2009). A prominent
interpretation is that small-stakes risk aversion is reflective of agent loss aversion and Section 6
discusses how we can adapt our theory when viewing buyers as loss averse.

The seller’s problem is to choose the price-path offered to buyers who arrive over time. We
show that there is a virtually optimal price-path involving a constant regular price, with short-
lived episodes of discounting that are randomly timed, and which buyers find unpredictable.’

Within each discounting episode, the initial discount is small, and after each further discount
there is a positive probability that the price goes back to the regular price. The stochastic process
for prices we construct is a stationary Markov process in which future prices depend only on the
current price (and not, for instance, on calendar time).

An important feature of our pricing policy is that it implies virtually all the buyers with a
given valuation purchase at the same price, independently of their arrival time. For instance, all
highest valuation buyers have the same incentive to accept the constant regular price indepen-
dently of their arrival time because the distribution of the arrival of the next discounting episode
is history independent under the optimal policy. Similarly, buyers with intermediate values pur-
chase at intermediate prices within discounting episodes because delaying purchase to obtain a
lower price involves the risk that the discounting episode ends and the price returns to the reg-
ular level. Buyers with the lowest values obtain no rents and only buy if the price reaches their
valuation in a discounting episode. Hence, each type of the buyer arriving at a time where the
regular price is offered ends up buying at a predictable price but at a random time. The impor-
tance of buyers with the same valuation purchasing at the same price is that this is efficient given
buyer risk aversion. In essence, buyers are protected from pricing risk associated with their time
of arrival to the market, increasing the surplus the seller can extract.

Our analysis of the seller’s problem proceeds in two main steps. The first step (in Section 3)
involves analysing a static allocation problem with a single (representative) buyer, with payments
made only in case the buyer receives the good. This analysis is closely connected to work on
auctions with risk-averse bidders such as Matthews (1983), Maskin and Riley (1984) and Moore
(1984), although a key difference is the restriction to “winner pays” which necessitates separate
analysis. The unique optimal mechanism involves a type-dependent probability of receiving the
good and a nonstochastic payment for allocation.

The second step (in Section 4) is to consider a setting where buyers arrive over time, and
where the profits from the static mechanism provide a natural upper bound on the available
profits per buyer. We show that this upper bound can be attained—or approximated arbitrar-
ily closely—by a stochastic price-path. As we explain below, these stochastic price paths can
be understood in terms of a dynamic implementation of the optimal static allocations. The
properties of the dynamic format are therefore intimately related to those of the optimal static
mechanism. For instance, the above result that all buyers with the same valuation purchase at
the same price in the dynamic format follows from the same result for the static mechanism.

A further part of our analysis (in Section 5) relaxes the assumption that buyers observe the
prices posted before their arrival. We show that when buyers only observe prices after their
arrival to the market, there is a range of optimal stochastic processes for prices, with this range

3. The reason for considering price-paths that are only “virtually optimal” relates to the impossibility of offering
different price discounts “within the same instant of time.” We show that this means there are cases where no optimal
price-path exists, and we look at virtually optimal policies in these cases.
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determined by an incentive compatibility condition for buyers. This condition requires that buy-
ers do not become more pessimistic about the arrival of new discounts the longer they wait, so
a price discount becomes more likely the longer since the last discount. Thus, under an optimal
stochastic process for prices, price discounts may be somewhat predictable to an econometri-
cian with access to historical price data, but not to an arriving buyer with no access to previous
prices. We argue that this permits the theory to better accommodate observed discount patterns,
as several empirical studies find that the arrival of price discounts has an increasing hazard rate.
The analysis is therefore relevant to empirical investigations of the topic in the macroeconomics
literature on price stickiness (see, e.g. Nakamura and Steinsson, 2008; Eichenbaum et al., 2011
and Kehoe and Midrigan, 2015), and in industrial organization (e.g. Pesendorfer, 2002; Berck
et al., 2008 and Février and Wilner, 2016).

The ideas above connect to a range of work on price discounts discussed further in Section 7.

2. SET-UP

In this section, we introduce the environment of our static model. Section 3 will study seller-
optimal mechanisms in this environment. The dynamic setting is introduced in Section 4.

There is a seller and a buyer. The seller can produce one unit of a good at cost zero and
the buyer has unit demand. The buyer’s enjoyment of the good depends on his private “type,”
labelled {6, |[n =1, ..., N}, withOy > --- > 6; > 0. The probability that the buyer’s type is 6,
is 8, > 0.

An outcome of our model is a production decision and a price in case the good is produced.
If the good is not produced, both the buyer and the seller obtain 0. Alternatively, if the buyer’s
type is 6,, the good is produced, and the price is p € R, then the seller obtains p and the buyer
obtains v (p; 6,) € R. We generally use the alternative notation v, (p) to denote v (p; 6,,).

We assume that, for each n, v,(-) is a strictly decreasing, strictly concave, and twice con-
tinuously differentiable function. We normalize v, (6,) = O for each ,, which means that types
have the interpretation of maximum willingness to pay. We also make the following additional
assumptions.

Condition A.

_”;,1+1(l’) =0, (p)

Op41(P) ou(p) ~
v,41(P) < v,/ (p)
v1(p) — vp(p)°

A1 Condition on price sensitivity: Foranyn =1,...,N — l and p < 6,,

A2 Higher types are less risk averse: Foranyn =1,...,N —land p € R,

Assumption Al is a single-crossing condition: it ensures that at any given price, a higher-type
buyer has a relatively lower sensitivity to price than a lower-type buyer. Assumption A2 says that
higher types are less risk averse. Assumptions Al and A2 together will ensure that higher types
are more likely to receive the good and pay higher prices in the optimal mechanism. A natural
interpretation of higher types (see, for instance, Maskin and Riley, 1984) is that they represent
wealthier individuals, since risk aversion is generally believed to be decreasing in wealth.

A natural special case is where we restrict v, so that buyer types have an equivalent monetary
value, that is to set v, (p) = u(6, — p) for some function # : R — R. If v,(p) = u(6, — p), the
above restrictions on preferences require that u is strictly increasing, strictly concave, twice
continuously differentiable, and satisfies #(0) = 0. Assumption A1 is then met because % is
strictly decreasing over y > 0.* Assumption A2 is the requirement that the coefficient of absolute

’ " / 2
4. Assumption Al follows, in particular, because % = ((g:;’)) =Y (671’)":?01’2;2” ©=p)

<0forf > p.
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—u"(y)
u'(y)
preferences, where u(y) = 1 — e~® for a coefficient of absolute risk aversion R > 0.

risk aversion is weakly decreasing in y. An example for u is given by specifying CARA

3. ANALYSIS OF THE STATIC MODEL

This section considers static mechanisms for the environment presented in Section 2, where the
buyer pays only if he gets the good. This anticipates the relevance for dynamic pricing in Section
4.

By the revelation principle, it will be without loss of generality to consider direct mecha-
nisms. These mechanisms allocate a unit to each type 8, with probability denoted x,,. In addition,
they stipulate a potentially random and non-negative price conditional on assignment, with
cumulative distribution function H, for each type 6,. To ensure finiteness of expected payoffs,
we assume that H, has a bounded support. In case x,, = 0, we might as well set the payment
conditional on award to zero and we do so below. A static mechanism can then be written as
M = (x,, Hn)flv:l.

To define incentive compatibility, note that type 6,’s expected payoff when reporting 6y is

Uni = % / on(p)dH, ().

An incentive compatible direct mechanism is one where, for all n and k, U, , > U, . Apart from
being incentive compatible, the static mechanism should be individually rational, which requires
Uy, > 0 for all n. We say that a mechanism has deterministic payments if H, is degenerate at
some p, for each n. In this case, with an abuse of notation, we may write the mechanism as
MP = (x,, pn)fl\’:]. The following result implies monotonicity of the allocation in mechanisms
with deterministic payments.

Lemma 1. Consider any two types 6y and 6 with k < I, and consider two allocation probabil-
ities and (sure) prices (x', p’) and (x”, p”) with x' < x" and p" < 0. If x" v, (p") = x'vi(p"),
then x"v;(p") > x'v;(p").

Lemma 1 (shown in the Appendix together with the other proofs) follows from a combination
of the fact that higher types have higher maximum willingness to pay and Assumption Al,
which limits the price sensitivity of higher types. The result implies that if some type 6; would
not accept a specified reduction in the probability of getting the good in return for a discount
on the price, then any higher type 6, would not accept this reduction either. Note that the result
uses deterministic payments. Our next result is that this is the relevant case for seller-optimal
mechanisms, where we use now both Assumptions Al and A2.

Lemma 2. Any optimal mechanism has deterministic payments.

Note that Matthews (1983), Maskin and Riley (1984) and Moore (1984) find similar results.
However, their settings feature a payment also in case the buyer is not awarded the good, so
their results do not apply (especially consider Theorem 1 in Moore, 1984). Another point of
comparison is provided by Bansal and Maglaras (2009) in a model where buyers have CRRA
utility and only pay if they get the good. However, their work assumes each type pays a sure
price, rather than deriving the implication.

Lemmas 1 and 2 permit further characterization of the optimal mechanism. We show the
following result.
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Proposition 1. The optimal mechanism is unique. It is fully characterized by a weakly increas-
ing sequence (x,', py ,’1\’:1 of allocation probabilities and prices for each type such that x5, = 1.
Downward incentive constraints bind: for alln =1,..., N, xiv,(p}) = x}_,0,(p}_,), where

we put x5 = pg = 0.

While Proposition 1 follows closely from the above lemmas, it is worth drawing atten-
tion to the proof of uniqueness, which appears new to the literature. Uniqueness is of interest
here because it will be important for our discussion of optimal price-paths in the dynamic
environment of Section 4.

Optimality of random mechanisms. We do not attempt a full characterization of the optimal
allocations (x¥)_,, but it is important to demonstrate that concavity of the buyer’s preferences
v, can imply the optimality of random allocations: that is, it may be that x; € (0, 1) for some n.
We first establish this in the case where N = 2 before discussing the case with many types.

In the two-type model, we refer to 65 as the “high type” and 8, as the “low type.” By Proposi-
tion 1, it is optimal to set the probability of allocation to the high type equal to one. Also, letting
x1 denote the probability of allocation to the low type and p, the price charged to the high type,
we may assume vy (py) = x102(61) (i.e. indifference of the high type to the low type’s option).
We then have that 0; is the price charged to the low type, and v, Y(x102(6))) the price charged to
the high type, where v, Uis the inverse of v,. We can therefore write the seller’s expected profits
as:

Bix161 + Bavy  (x102(0))). e

The optimal mechanism is then determined by maximizing the expression in equation (1) with
respect to x;.

Proposition 2. Suppose N = 2 and consider the allocation probability to the low type in the
optimal mechanism, x{, which is the value maximizing the expression in equation (1). There is
an interval (B, ), with 0 < f < f < 1, such that x{ isin (0, 1) if and only if p> € B, p). If
Bo < B, thenx{ =1, and if f > ﬁ_, then x{ = 0.

Note that it is the concavity of v,(-), or equivalently the concavity of v, '), that explains
why we find an interior solution for a range of probabilities S, of the high type, different to the
case where v,(-) is linear.” Intuitively, when the probability of allocation to the low type (i.e. x;)
is low, the price charged to the high type is high, and so the high type is more price sensitive.
Therefore, raising x; above the lower bound of zero requires reducing the price of the high type
relatively little, suggesting the profitability of the change. Conversely, when x is high, the price
charged to the high type is low, and so the high type is less price sensitive. Lowering x| below
the upper bound of one permits increasing the price to the high type by a relatively large amount,
which suggests the profitability of the change. Indeed, for intermediate values of the probability
of the high type (namely £, € (8, f)), both the above adjustments are profitable, explaining why
the optimal choice of x; is interior.

Many types. We now show that random allocations can be a robust feature of the optimal
mechanism also with a large number of types. We consider sequences of discrete-type models
that, in the limit, approximate settings with a continuum of types. We can provide conditions
under which the probability of types receiving random allocations (i.e. the probability of types
6, with x,, € (0, 1)) remains bounded away from zero in this limit.

5. That is, when payoffs are linear in prices, we obtain the usual “no-haggling” result that it is optimal to make
a take-it-or-leave it offer to the buyer (see Riley and Zeckhauser, 1983, for this result in a dynamic setting with many
buyers).
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In the main text, we specialise to the case of CARA utility mentioned above, where v, (p) =
1 — e RG:=p) with R > 0 the coefficient of absolute risk aversion. More general preferences
are considered in the proofs in the Appendix. We consider type distributions that approximate a
twice continuously differentiable distribution F with density f and support on an interval [0, 6]
with0 < 6 < 6.

We impose a regularity condition on F, namely that p(1 — F(p)) has a unique maximiser
p* e (8,0).° Note that p(1 — F(p)) represents the seller’s expected profit from posting price
p to get the good for sure in a model with types continuously distributed according to F (using
that types are equal to the maximum willingness to pay). We then consider a sequence of mod-
els with evenly spaced types, where the number of types is given by the increasing sequence
(Nm)oo_,. Foreach m e N, and each n € {1,2,...,N,}, welet 0" =0 + (n — 1)% and let
Bl =F©O),) — F(6)), where we set Oy | = 6. Here, B is the probability of type 0.

Foreachm € N, we let E”™ represent the environment with the above specified types, payoffs,
and distribution over types. Taking m large closely approximates a model with a continuum of
types distributed according to F. For each environment E™, we let the corresponding optimal
mechanism be given by (x), p,’:’)flvgl. We then have the following characterization of optimal
mechanisms.

Proposition 3. Suppose the buyer is sufficiently risk averse that the following inequality holds:

- f”Qf)p*4-2f(p*)

K - F(p")

@

Then there exists ¢ > 0 and K sufficiently large that, for all m > K, the following is true: There

exist adjacent types 0,/ , 0.7, ..., 00 with x,;, x X € le, 1 —¢eland 0], — 0)) > e.

m
Y10 n410

We thus find that, when the buyer is sufficiently risk averse, the fraction of types that are
assigned a random allocation does not vanish as the number of types N,, becomes large. Alter-
natively stated, the probability of these types (as given by f') does not vanish. The sufficient
condition on the coefficient of absolute risk aversion R depends on the distribution of types. For
instance, if F is the uniform distribution on [0, 8], so that each environment E™ has N,, equally
likely types, it is enough that R > 4/6. Figure 2 depicts the price and probability of allocation
under the optimal mechanism for ~,, = 100,68 = 0, 0 =10,and R = 1.

The key idea of the proof is to show that, when Condition (2) is satisfied, the optimal deter-
ministic mechanism can be slightly perturbed to increase expected profits. The perturbation
involves augmenting the deterministic mechanism by including a single additional option to get
the good probabilistically. This option is made attractive only to an arbitrarily small set of types.

It is worth noting there are some antecedents to our results. In Liu and Ryzin (2008),
Proposition 9 implies the optimality of random allocations in a model with CRRA utility
and a continuum of types. The literature on auctions with risk aversion also finds random
allocation; for instance, see Theorem 1 of Matthews (1983). However, we require a separate
analysis because we restrict attention to settings where the buyer pays only when receiving the
good.

6. The derivative of profit with respect to p is —f(p)p + 1 — F(p), so a sufficient condition that implies
our assumption is that (i) —p + (1 — F(p))/f(p) is strictly decreasing, while (ii) lim, ¢ f(p)_1 > 0, and (iii)

lim,, 5 £ ()~ (1 = F(p) < 6.
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FIGURE 2
Numerically determined optimal mechanism for a CARA utility function with R = 1. We assume that there are 100
types evenly spaced between 0 and 9.9, each with the same probability. In particular, 6, = (n — 1)/10 and f, = 1/100
forn=1,...,100

4. PRICING WITH DYNAMIC ARRIVALS

This section aims at understanding stochastic price-paths in the dynamic environment of interest
where buyers arrive over time. Time is continuous and the horizon infinite, with time indexed by
t € [0, 00).

There is a seller and a continuum of buyers. The seller faces no capacity constraints and
zero production costs, while each buyer has a unit demand. Both the seller and buyers have a
common discount rate r > 0. Buyers arrive to the market at a fixed rate y > 0 and we therefore
refer to this set-up as the model with dynamic arrivals. The parameter y simply scales demand
and hence will scale the realised profits. It is convenient to normalize by setting y = r, implying
that fooo y e "'dr = 1. We can then conveniently understand the seller’s expected profits as a per-
buyer (weighted) average over the profits from all arrival times ¢ > 0.7 We assume that buyers
observe the entire history of past prices upon arrival (Section 5 relaxes this assumption).

As in Section 2, buyers’ enjoyment of the good depends on their types, labelled {6, |n =
1,...,N}, with 8y > --- > 6, > 0. For each arrival time, a fixed proportion S, > 0 has type
6,, where 25:1 B = 1. Each buyer can transact at most once with the seller; that is, allocation
of the good and payment must occur on the same date. If a buyer of type 8, obtains the good at
time ¢ at price p, his payoff in date-zero terms is e ~""v, (p), where v, satisfies the same properties
as in Section 2. The seller’s profit from selling to this buyer (again in date-zero terms) is e "' p.

There is naturally a close connection between the dynamic model specified here and the static
model of Section 3. In considering the dynamic model, we sometimes refer to the corresponding
static model. This is simply the static model with the same type distribution (i.e. the same set of
types and type probabilities £3,,), and with the same utility functions v, (p). We denote the seller’s
optimal profits in the static model by IT*. These static profits will be shown to be an upper bound
on the expected discounted profits attainable in the dynamic environment. Our main question

7. While a constant arrival rate is a convenient simplification, all our arguments and results extend also to settings
with time-varying arrival rates.
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will be whether and how random price-paths can generate expected discounted profits equal or
close to this bound.

Price-path mechanisms: We take a mechanism design approach to defining the seller’s
choice. This means that we specify not only the random price-path to which the seller commits,
but also view the acceptance decision of buyers as being determined by the seller subject to
incentive compatibility. We introduce the notation that 4 represents the Borel sigma algebra on
aset A C R, while A; ® A, is the product sigma algebra associated with two sigma algebras
A; and A,. Then we have:

Definition 1. A price-path mechanism is a pair (P,7t) and a filtered probability space
(Q, F, (F))ier, , P) satisfying that:

(1) P = (Ps)ier, is anon-negative valued, bounded, and progressively measurable stochas-
tic process defined on (Q, F, (F;):er,, P), where the filtration (F;);cr, is the one
generated by P.

(2) © = (Tu,)nef1,2,..,N},er, is a collection of stopping times. For each pair (n,t), 7, is
a stopping time with respect to the given filtration and satisfying that 7, ,(w) > ¢ for
all w € Q. A stopping time may be finite or infinite valued. We impose the additional
restriction that, for each 8,, 7, ,(®) is Br, ® F measurable as a function from R, x
into the non-negative extended real numbers.

A price-path mechanism prescribes a random price-path P, and a buyer acceptance strategy
7, with the acceptance strategy specifying the stopping times 7, ;. The filtered probability space
is generally left implicit. A realization of P consists of the path of prices posted by the seller.
For each n and ¢, the realization of 7, is the time at which a buyer of type 8, arriving at time ¢
purchases the good. A realization equal to 400 indicates that he never purchases the good.

We say that (P, 7) is incentive compatible if, for all n and all ¢,

E[e_””'lvn(Pf )] > E[e_rfn.lvn(met)] (3)

for all stopping times 7, , with respect to the given filtration satisfying that 7, ,(w) > ¢ for all
o € Q.3 The left side of equation (3) corresponds to the expected payoff of a buyer of type 6,
who arrives at time ¢ and purchases according to the prescribed stopping time 7, ;, while the right
side corresponds to his expected payoff if he deviates and purchases according to the stopping
time 7, ,. The assumption that buyers observe the past prices is encoded by the requirement that
the stopping times are with respect to the filtration (F;);cr, , which is the filtration generated by
P.

We say that the price-path mechanism (P*, t*) is optimal if it maximizes the seller’s
expected discounted profits

o N
E [ / > Bue P,Mrdt:| )
0 n=1

among all incentive compatible price-path mechanisms (P, 7).’
Analysis of Price-Path Mechanisms. We now present one of the paper’s central results,
which pertains to our model with dynamic arrivals as described above.

8. Throughout, we define e ~°°, ¢ P4 o0 (w), and e~ v, (P00 (®)) to be zero for all w € 2. Measurability

of the integrands on each side of equation (3) is established in the proof of Proposition 4.
9. Measurability of the integrand in equation (4) is established in the proof of Proposition 4.
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Proposition 4. Consider the model with dynamic arrivals. The seller’s expected discounted
profits are no greater than I1*. For any ¢ > 0, there is a price-path mechanism such that the
seller’s expected discounted profits are at least IT* — &.

The first part of the result bounds expected discounted profits by the optimal profits in the
static model and thus establishes that the dynamic environment does not provide any screen-
ing advantage to the seller. Our finding here follows from a mathematical equivalence between
allocation probabilities and discount factors. Dynamics introduces the possibility of delayed
allocation, but delay has an analogous effect on expected discounted payoffs as a reduction in
the allocation probability. This observation is familiar from the literature. For instance, Rochet
and Thanassoulis (2019) write (p 953), “the discount factor in the intertemporal pricing problem
can be interpreted as a probability of delivery [in a static problem].” They attribute this idea to
Salant (1989).

Now consider the second part of Proposition 4: price-path mechanisms can at least approach,
or possibly exactly attain, the seller expected discounted profits IT*. In fact, whether expected
discounted profits of IT* can be attained turns on the number of distinct prices that occur in
the optimal mechanism of the corresponding static problem. Let J denote the number of dis-
tinct prices at which purchase occurs with positive probability in the optimal static mechanism;
equivalently, this is the number of distinct positive values of x;. For instance, J = 1 indicates
that the optimal static mechanism is deterministic. For the two-type model of Proposition 2, for
parameters such that allocation to the low type is random, we have J = 2. Expected discounted
profits of IT* can be exactly attained when J is equal to 1 or 2, but—as we show in the Online
Appendix—not exactly attained when J > 3.

To start understanding the argument behind the second part of Proposition 4, recall that
(x¥, p¥)N_, denotes the optimal static mechanism. Let x(’)‘ = 0, and let (nj)jj.:l be the (unique)
increasing sequence containing all indices satisfying x _, < x; . This means that, for each

J=1,...,J, type 6,, is the smallest type receiving the good w1th the positive probablhty Xy
(the price pald when purchasmg with this probability is pnj) Hence, forall j € {1,...,J} and
nefn;,...,njp — 1}, we have p} = p;fj and x =xjfj,where njy =N+ 1.

Now, consider the case of J = 1. The seller can attain expected discounted profits IT* in the
model with dynamic arrivals through a constant price-path with price equal to p;; = 6,,. All buy-
ers with type weakly above §,, buy upon arrival, and all buyers with type strictly below 8, never
buy. Considering the date-t value of the payoffs associated with buyers arriving at date 7, this
replicates the outcome in the static problem. For instance, buyers with types 8, > 6,, earn pay-
off v, (py,,) while generating profit of p; for the seller. We can note that the absence of delayed
purchase in the dynamic model corresponds to the sure allocation in the static model. The opti-
mality of a constant price-path here is familiar, for instance, from Conlisk er al. (1984) who
show in a setting with risk-neutral buyers arriving over time that the seller optimally commits to
a constant price-path.

If J = 2, the seller can attain expected discounted profits IT* with a stochastic process for
prices (or price process) consisting of a constant “high” price p;, , punctuated by random reduc-
tions to price p;, = 0,, arriving at a constant Poisson rate 4,, = rx, /(1 — x;; ) and which last
only an instant before the resumption of the high price. In this case, all buyers with type weakly
above 6,, buy upon arrival at the high price, all buyers with type strictly below 6,, and weakly
above §,, wait and buy at the reduced price, and all buyers with type strictly below ,, never
buy. Note that the arrival rate of price reductions A, is calculated so that, when the price is high,
the expected discount factor associated with the time to the next price reduction is x,; (i.e. we
have 4,,/(r + 4,,) = x;; ). Incentive compatibility of the stopping times described above fol-
lows from incentive compatibility of the static mechanism. For instance, for any type 6, > 6,,,
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we have from the static incentive compatibility constraints that v,(p;;) > x, va(p; ), which
ensures 6, prefers to purchase immediately at the high price rather than wait for the arrival of
the reduced price.

Now, consider the case where J > 3. Our approach to show the approximation of expected
discounted profits IT* is, in essence, to spread episodes of sequential discounts over intervals
of short duration. We construct price-path mechanisms where the price process is a stationary
Markov process with J states. In each state J, the price is p*j In state J, the state transitions to
state J — L atrate 4,, , =rx,, /(1 —x; ) (note the similarity with the case J = 2). In each
state j, with 2 < j < J — 1, the state transitions at a high rate to either state j — 1 or to state J.
Thus, when the state is in state j with 2 < j < J — 1, the state quickly transitions to either state
J (and the sequential discount episode ends) or to state j — 1 with a more discounted price. In
state j = 1, the state transitions at a high rate to state J.

The proof of Proposition 4 shows that the transition rates can be constructed so that, con-
ditional on state J, the expected discount factor associated with stopping only once reaching
state j is x; . We can then show that, as a consequence of incentive compatibility in the static
Inechanlsm each type 6, finds it optimal to follow an acceptance strategy that specifies a high-
est purchase price equal to p;;. Expected discounted profits from buyers of type 6, arriving in
state J are then x p*, the same as the expected profits in the optimal static mechanism. Then, by
choosing high enough transition rates, the seller’s expected discounted profits are close to the
static profits IT*. Expected discounted profits are less than IT* only because, for some values of
n, buyers of type 6, who arrive during a discounting episode (i.e. when the state is not J) may
purchase at a price lower than p}.

It is worth commenting on the price patterns generated by the price processes that approx-
imate profits IT* as the transition rates between states increase. As we increase the transition
rates out of state J — 1 and below, the transition rate from J to J — 1 is held fixed at rx,;, /(1 —

x,, ). Prices therefore hold in state J at p, except for occasionally being d1sc0unted at first
instance, to p, . But once a price reduction has occurred, further price reductions follow in
quick succession over a short period, with the episode of price discounting terminating ran-
domly as the process returns to state J. Note that a buyer of type 6,,, 1 < j < J, finds it optimal
to purchase when the price reaches pn rather than waiting for further discounts even though
these may occur very soon. The reason the buyer optimally chooses not to wait is the threat of
the price returning to the nondiscounted price p;;

The price patterns exhibited by the process can be described in lay terminology. It is common
to refer to a retailer’s “regular price” as the price before any discount has been applied. Our price
processes can then naturally be thought of as consisting of a regular price p; , interrupted by
short-lived episodes of price discounting, where the depth of the price discount reached in each
episode is uncertain. Figure 3(a) provides an example of a sample price-path with N = 3 types
and 0 < x{ < xJ < xj = 1, where the regular price is p3. Figure 3(b) provides an example with
N = 100 types and parameters as in Figure 2. Note that in the price-paths in the figures, there are
several discounting episodes, each of them involving a price decline that stops at a random time.

We have demonstrated that price-path mechanisms can either attain or approach the static
profits IT* in the model with dynamic arrivals. We can show that randomness in the price-path is
necessary for this end whenever J > 2. Towards this goal, we consider deterministic price-path
mechanisms, with the natural interpretation that the price-path (P;),cr, that the seller commits
to is deterministic. Formally, a pair (P, 7) is a deterministic price-path mechanism if there is
some bounded function p : R, — R, such that P;(w) = p, forall w € Q2.

G20z Jequianop /0 Uo 1s8nb Aq £88€128/720kep/pPnisal/Sa01 "0 1 /10p/a0Ie-a0uBAPE/PN]Sal/Woo dno-olwepese//:sdiy wolj papeojumoq



12 REVIEW OF ECONOMIC STUDIES

(a) (b).
price o price o
p3 — —
p; o o ) o
pik L) 0
time time
FIGURE 3

(a) Example of a realization of a price-path for N = 3 when 0 < xi" < x;‘ < x;‘ = 1. In the example, there are four
discount episodes from the regular price p%‘. In the first and the last, only p§ is offered before pé‘ is offered again. In
the other two discount episodes a second discount at price p’l" occurs after the first discount. (b) Example of a
realization of a price-path for the parameters used in Figure 2

Proposition 5. Consider the model with dynamic arrivals and suppose the optimal static mech-
anism involves random allocation, i.e. J > 2. There exists ¢ > 0 such that no deterministic
price-path mechanism achieves seller expected discounted profits greater than IT* — &.

The reason for this result can be understood by comparing outcomes in the dynamic setting
with those in the static model. For a deterministic price-path mechanism to achieve discounted
profits IT* for some cohorts, the seller must drop the price to p; = 6,,, say at some date * > 0.
But then higher buyer types entering the market shortly before have the opportunity to purchase
at a low price with little delay. The outcome for these buyers is a lower purchase price than in
the unique optimal static mechanism, and this represents a loss in expected discounted profits.

We have concluded that, with J > 2, there is a loss in discounted profits from a restriction to
deterministic price-path mechanisms. This loss turns out to be the result of dynamic arrivals. To
see this, suppose a unit mass of buyers arrive to the market at a fixed date, say zero, and no buyers
arrive thereafter. For each j with 1 < j < J, the seller can set a price pjf at a date t;‘j satisfying

—rt*. . . .
e i =x, . Prices at other times can be set at @y (so no buyer has a strict preference to purchase

J
at these prices). Then a buyer who purchases at price pjf in the optimal static mechanism can be
asked to purchase at the same price pjj under the price-path, and the discount factor associated

with this purchase is e = x;f,- This is enough to conclude that the seller’s discounted profits
are IT*.

5. TIMING OF DISCOUNTS

As mentioned in the Introduction, work in macroeconomics and industrial organization has been
interested to understand patterns of price discounts. For instance, Pesendorfer (2002), Février
and Wilner (2016) and Lan et al. (2022) find an increasing hazard rate for discounts: a long spell
without a price discount predicts that one will occur relatively soon. In this section, we examine
what our theory implies for the timing of discounts. We do so by focussing on the case where
N = 2 and where 8, € (8, f), the interval identified in Proposition 2 (hence, the probability of
allocation to the Hl—buyer_in the optimal static mechanism, x, is interior). Our findings extend
readily to the case of N > 2 but J = 2.
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As explained in Section 4, an optimal price-path mechanism exists when N = 2, generat-
ing expected discounted profits IT*. As demonstrated in the proof of Proposition 4, attaining
expected profits of IT* requires that for almost all cohorts # (i) high types 6, purchase imme-
diately and at a price p; almost surely, and (ii) low types 6; purchase almost surely at a
price p} = 0, and with delay to purchase such that the associated expected discount factor is
E[e (0] = xf.

Motivated by these observations and to avoid technicalities, we focus throughout this section
on price-path mechanisms with the following Regularity Conditions. First, sample paths of the
price process (P;);cr, are constant at p; except at isolated points (“sales”) when the price is
pi = 6. Also, the stopping times for high types are given by 7, ;(w) = ¢ for all 7 and all w. To
specify stopping times for low types, we assume for each w and each ¢ that either (i) there is a
minimum date s > t such that the price P;(w) is equal to 6y, or (ii) the price is never 0, after ¢.
In the first case 7,;(w) is equal to the minimum date, and in the second 7, ;(w) = +oo0. It then
makes sense to describe the low type 6 as purchasing on the next sales date if there are any
future sales.

Optimal price-path mechanisms satisfying the Regularity Conditions exist: the case where
sales arrive according to a Poisson process with parameter A; = rx{ /(1 — x{) is considered
above and in the proof of Proposition 4. When sales are optimally determined according to a
Poisson process, at any ¢ and irrespective of the history of past prices, the time until the next sale
at date s > ¢ is exponentially distributed with parameter A;. Thus, buyers are not able to use the
price history to better predict future sales. We can show that this property is in fact shared by
any optimal price-path mechanism satisfying the Regularity Conditions in the following sense.

Proposition 6. Consider the model with dynamic arrivals and number of types N = 2, and with
x{ € (0, 1). Fix any optimal price-path mechanism satisfying the Regularity Conditions. For any
date t > 0, any positive probability event A € F,, the distribution of the time to the next sale is

exponential with parameter A; conditional on A. That is, for any s > t, P(t;,(w) < s|A) =
1 — e b0,

An explanation for this result is that maximising profit from (almost) every cohort of buyers
requires treating buyers who arrive at different times, or at different price histories, symmet-
rically. The exponential distribution achieves this as the only distribution with the memoryless
property ensuring that the distribution of the waiting time to the next sale is the same irrespective
of the price history.

The analysis to this point views buyers as observing the entire history of past prices: purchase
times are stopping times with respect to the filtration generated by the entire price history. We
now argue that the findings are quite different to the one in Proposition 6 if buyers are unable to
observe prices before their arrival to the market. This is arguably realistic and allows us to better
reconcile empirical price patterns as we argue below.'?

To capture the limited observability of prices, price-path mechanisms (P, 7) are now modi-
fied by changing the filtration for the stopping times 7. In particular, each 7, ; is now a stopping
time with respect to the filtration generated by P~ = (PJ"),cr, defined by

0 ifs <1,
s P, ifs>t.

10. Tt is worth comparing our analysis to Ory (2017), who considers a model where buyers do not observe prices
before or after their arrival and also are uncertain about their arrival time.
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(We still require that 7, ;(w) > ¢ for all @ € Q as well as Br, ® F measurability of 7, ,(w).) We
refer to these mechanisms as price-path mechanisms with unobserved pre-arrival prices. Note
that now, (P, t) is incentive compatible if, for all n and all ¢, condition (3) holds for all stopping
times 7,, with respect to the filtration generated by P>’ and satisfying that 7, ,(w) > ¢ for all
w € .

An initial observation is that it remains optimal for the seller to determine sales according to
a Poisson process with rate 4;. Specifying that high types stop immediately and low types stop
at the next sale date, as described above, satisfies the new restrictions on stopping times. The
seller obtains what is still an upper bound on expected discounted profits, IT*.

A range of patterns of sales is now consistent with optimality. The reason is that, because
buyers cannot condition their deviations on prices before arrival, the incentive compatibility con-
straints are easier to satisfy. To understand these patterns, we consider price-path mechanisms
with unobserved pre-arrival prices satisfying the Regularity Conditions as well as the require-
ment that E[e ") = x| for all «. This last requirement is necessary for obtaining expected
discounted profits of IT* from the cohort arriving at 7. We show the following result that provides
a condition for incentive compatibility and thus defines a class of price-path mechanisms with
unobserved pre-arrival prices that achieve optimality.

Proposition 7. Consider the model with dynamic arrivals and number of types N = 2, and
with x{ € (0, 1). Consider a price-path mechanism with unobserved pre-arrival prices subject
to the Regularity Conditions, and satisfying that E[e™ ("] = x{ for all t. Such a price-path
mechanism is incentive compatible if and only if, for all t and all s > t such that 7\, > s with
positive probability,

E [efr(""fs) |71, > s] > xj. 5)

To understand Condition (5), consider the incentive compatibility condition for high
types (incentive compatibility for low types is straightforward). Note that the assumption
Ele 0] = x; implies that a high type arriving at date f expects the same payoff either from
purchasing immediately or waiting and purchasing at the next sale. That is, there is no profitable
deviation for high types to simply waiting and purchasing at the next sale. Next, because high
types always find it optimal to purchase at sales, only one other kind of deviation needs to be
checked. This is where the buyer waits and purchases after a fixed amount of delay, or at the
next sale if one comes earlier. Such strategies, however, do not generate higher payoffs under
Condition (5). Indeed, for any ¢ and s > ¢ such that Pr(z;, > s) > 0,

v2(p3) = Pr(ri, € [t, sDE[e "™ | 7y, € [t, s]102(61)
+ Pr(zy, > s)e_’(s_’)]E[e_’(”’_s) |71, > s]va(6))
> Pr(r1, € [t, sDE[e ™™™ |71, € [t, s]]v2(61) + e "7 Pr(zy, > s)0a2(p3).

The equality follows from the condition that v, (p3) = x{v2(6)) = Ele " @=D]0,(6,). The
inequality follows from the fact that Condition (5) holds. Because the expression on the right
side of the inequality is the payoff the high type obtains by deviating by purchasing at the first
sales date in [z, s) or at s if there is no discount in [¢, 5), such deviation is not profitable for the
buyer. If, instead, Condition (5) does not hold, the inequality is reversed, and then the price-path
mechanism with unobserved pre-arrival prices is not incentive compatible.

To further interpret Condition (5), suppose it is satisfied for a buyer arriving at a given date ¢.
If he delays purchase until s > ¢ and observes no sale (i.e. in case of the event {7; ; > s} ), then
this absence of a sale is effectively “good news” in that he expects the next sale relatively sooner
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at date s than at date ¢ (as measured in terms of expected discounting). Hence, the condition
accommodates discount patterns where the hazard rates for sales are increasing with time since
the last sale, as found in the empirical work mentioned above. That is, we can anticipate a rich
multiplicity of optimal discount patterns, some of which may coincide with the ones found in
practice.

To further illustrate, consider the following example where the time between sales is constant.
Suppose that the first sale is uniformly distributed on [0, A] and then sales occur a fixed time
A apart, where A > 0 is determined below. Buyers arriving at any date ¢ with no information
on past prices then believe the next sale is uniformly distributed on [¢, ¢t + A]. The appropriate

choice of A satisfies
A —rs
e
ds = xi.
Jy =
It is easy to check that Condition (5) is satisfied: i.e. a buyer who delays purchase becomes more

optimistic about the wait time to the next sale in the relevant sense. This price process is then
part of an optimal price-path mechanism with unobserved pre-arrival prices.'!

6. LOSS AVERSION

We have used expected utility theory to capture the trade-offs faced by consumers averse to risk
and therefore the problem of the seller. In doing so, we have been able to demonstrate random
discounts in a dynamic pricing model while remaining close to existing literature on auctions
(e.g. Matthews, 1983; Maskin and Riley, 1984 and Moore, 1984).

In this section, we show that our results are robust to replacing expected utility by loss aver-
sion. Our motivation for doing so is that the stakes involved in individual markets are often
small. Rabin (2000) shows how risk aversion with respect to small-stakes gambles considered at
arange of wealth levels implies implausible levels of risk aversion for modestly larger gambles.
This observation, and the fact that aversion to small risks is often observed, is sometimes viewed
as favouring loss aversion instead of expected utility.!> While we concur with the view that
expected utility models with risk-averse agents are illuminative even in settings with small risk
(as these models capture economic forces in a simple and canonical manner; e.g. see Rubinstein,
2002), that our theory can be couched in a model of loss aversion is reassuring.

Model of loss aversion. We now present a model that adapts ideas in work such as Kahneman
and Tversky (1979) and K&szegi and Rabin (2006) to our economic environment. We first con-
sider the static model with one seller and one buyer. Our starting point is to posit gain-loss utility
for each type of buyer 6, > 0 that depends on a type-specific reference point p, > 0. For sim-
plicity, we focus on the case of two consumer types: the low type 8; and the high type 8,, with
0, < 0,. The probability of each type 8, is B,. We specify the payoff of type 8, from purchasing
at price p € R, tobe

0(p; On, pn) =0y — p+ u(pn — p),

11. Stopping times are as described above. The measurability conditions can be verified by similar arguments as

for the Poisson price-path mechanism in the proof of Proposition 4.
12. Evidence from experimental settings includes Read et al. (1999), Fehr and Goette (2007) and Géchter et al.

(2022).
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where

{/lnx ifx <0,

u(x) = :

nx  ifx >0,

and where # > 0 and A > 1. That 4 > 1 captures the idea that losses, i.e. paying a price about
the reference point, are experienced more intensely than gains. We specify the payoff in case not
purchasing to be zero; as in the earlier models, the buyer makes no payment if not receiving the
good. The seller has no cost of providing the good.

We now consider the seller’s problem when reference points are fixed to be determinis-
tic scalars p; = 6, for type 6, and p, € (6;, 6») for type 6,. For now, these reference points
are exogenous; we later argue that these choices can reflect consumer expectations about mar-
ket prices. We find an optimal static mechanism with random allocation to type ¢, whenever
parameters satisfy

(6

by [91(1+ﬂ) (1 +n+na—1)) i|
O+ npy” 0+ npy +Op(A—1)

(an interval of positive length). In particular, we establish the following result.

Proposition 8. Consider the model of loss aversion with two types and reference points 6,
for the low type and p, € (61, 6,) for the high type. Then if Condition (6) is satisfied, there
is an optimal static mechanism in which the low type has a random allocation while the high
type receives the good for sure. The prices paid by each type are equal to their reference
points.

To understand the form of the optimal mechanism described in Proposition 8, suppose that
Condition (6) holds and the seller offers an optimal direct mechanism as described in Proposition
8. Let the probability of allocation to the low type in this mechanism be x; (with value derived in
the appendix). We want to explain why x; € (0, 1). Note that, given this allocation probability
to the low type, the high type is just indifferent to mimicking the low type when charged a
price equal to his reference point p, to receive the good for sure. Consider reducing the low
type allocation probability x; below x; while increasing the price to the high type to maintain
indifference to mimicry. Because the price increase is above the high type’s reference point, the
high type experiences this as a loss. This means that the high type is particularly price sensitive,
and so the price increase permitted by the reduction in x; is relatively small. Similar logic applies
to increases in x; above x;. There, maintaining the high type’s indifference to mimicking the
low type calls for a reduction in the high type’s payment, which the high type experiences as
a gain. Because the high type is less sensitive to gains, the price reduction needed for the high
type not to mimic the low type is relatively large. This explains why, for some parameter values
(those indicated in Condition (6)), there is an interior “sweet spot” allocation probability x;
that maximizes seller profits. This is the allocation probability such that the high type, made
indifferent to mimicry, experiences neither gains nor losses.

Dynamic analysis with an inflow of buyers. Now consider a dynamic environment
where buyers arrive over time. Here, we view v(p;6,, p,) as type 6,’s instantaneous util-
ity of a purchase at price p, so that intertemporal payoffs from a purchase after delay ¢
are given by e "v(p; 0,, p,) where r > 0 is the common discount rate. We assume a con-
stant inflow of buyers at rate r. Proportion S, of arrivals are high types, with the remainder
low types. Reference points are fixed at p, € (6, 6,) and 6, respectively, and also therefore
do not depend on the arrival time to the market. The seller has no costs and no capacity
constraints.
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Suppose that parameters satisfy the condition in equation (6). We can define price-path mech-
anisms analogously to in Section 4 to be a price process and stopping times subject to incentive
compatibility constraints. There is then an optimal price-path mechanism in which the seller
sets a constant price p,, while a Poisson process determines instantaneous discounts to price
6, that target the low type. The Poisson arrival rate for discounts is 1’_5;1 . This is the rate that
ensures that the expected discounting until the price is €, is x;. Given this price process, high
types purchase immediately on arrival at price p,, while low types purchase at discounts at
price 6.

Reference point determination. For the parameter values where the condition in equation
(6) is satisfied, we have seen that there is an optimal static mechanism and also an optimal price-
path mechanism in the dynamic environment where both types of buyer purchase at prices equal
to their reference points. If reference points are formed by anticipating (as “lagged rational
expectations” in the terminology of Heidhues and K&szegi, 2008) the prices to be paid when
purchasing in equilibrium, then there is a natural sense in which reference points can be self-
fulfilling. Suppose that high types anticipate paying p, € (1, 6») in case of a purchase, while low
types anticipate paying ; in case of a purchase, and that these expectations determine buyers’
reference points.'*> Then the seller, taking these reference points as given, determines an optimal
mechanism (in either of the static or dynamic environments described above) that induces each
type to obtain the good paying prices equal to the reference points as shown above. This idea
is closely related to the concept of “market equilibrium” introduced by Heidhues and K&szegi
(2008). In the Online Appendix, we explain in more detail the sense in which reference points
are determined in a market equilibrium of the static model.

7. ALTERNATIVE THEORIES FOR DISCOUNTING AND FURTHER DISCUSSION

We conclude by comparing our theory of price discounting with several others in the litera-
ture, highlighting possible advantages of our own. An early explanation for price discounting
is mixed-strategy pricing by competing firms, as for instance in Shilony (1977), Varian (1980)
and Rosenthal (1980). Such theories are generally developed in a static framework, and rely on
the assumption that not all consumers in the market can access all competing price offers on
the same terms (especially, due to search frictions). The models can be extended to dynamic
settings by considering nondurable goods sold in every period with sellers redrawing prices in
each period. Varian seems to see this idea as integral to his theory, writing for example (p. 651)
“because of intentional fluctuations in price, consumers cannot learn by experience about stores
that consistently have low prices.”'*

One reason it can be difficult to reconcile these theories with price data is that equilibrium
prices are drawn from a continuous distribution. In practice, it is often the case that retail prices
spend most of the time at their highest level, often termed the “regular price,” and are then only
occasionally discounted (see the references in the first paragraph of the Introduction). In this
sense, the models of price fluctuations based on competition and search frictions fail to explain
the “mass point” in prices at the regular price.

An important related point is that extending the static models with search frictions to dynamic
settings by assuming prices are redrawn in each period (as seems to be suggested by Varian,

13. In the static model above, the low type purchases with probability less than one. Assume the reference point
is based on the price to be paid conditional on purchase.

14. Note that Fershtman and Fishman (1992) do consider an explicitly dynamic model of durable goods pricing
where firms re-choose prices in every period. Consumers cannot recall prices and firms are viewed as choosing prices
independently in every period.
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1980) means that the amount of price variation over a given interval depends crucially on the
frequency with which prices are redrawn. This approach does not provide a way to determine
how often prices are redrawn and therefore has little to say about the number of occasions on
which the lowest prices are offered in a given time interval.'> In contrast, we have provided clear
predictions on the frequency of price discounting. For instance, see Section 5.

The popularity of theories of price discounts based on competition and search frictions can,
however, be partly explained by the observation that many of the relevant markets have several
sellers. What the ingredients of our theory imply when introduced to settings with more than
one seller is likely to depend on the details of the model. For instance, we would expect the
forces examined in our paper to remain relevant with many sellers in the presence of collusion.
Another possibility is that search frictions are sufficiently strong that most consumers consider
only one among many sellers, or perhaps one seller at a time subject to infrequent switching.
The predictions of such a model could well be similar to the ones in our paper. The fact that
our theory only requires a monopolist seller could also perhaps be viewed as broadening its
applicability (e.g. to explain price discounts that occur even in markets with little competition).

Another theory of random price discounts that does not involve competition is Heidhues
and Kd&szegi (2014). This considers a monopoly model with loss averse consumers, where loss
aversion is specified in both the payment dimension and the quantity dimension. This theory
captures the empirical regularity of a mass point in the distribution at the highest price, and
also a gap below the highest price. Again this model is static and extending it to make dynamic
predictions about sales seems to require a view on how often prices are redrawn.

As described in the Introduction, our theory is closest to work on intertemporal price dis-
crimination which has presented a range of reasons why prices may fluctuate. For instance, it
could be that buyer values change deterministically over time as in Stokey (1979), or they could
change randomly over time as in Garrett (2016). Another idea is that different cohorts of buy-
ers have different demand elasticities as in Board (2008). Or, it could be that buyers are more
impatient than the seller as in Landsberger and Meilijson (1985). None of these papers, how-
ever, point to the seller profiting from random price discounting. Some of the work contains
arguments why randomisation is not a feature of the optimal price-path. In Garrett and Board,
the optimality of deterministic pricing can be seen from the maximisation of virtual surpluses
which are linear in the probability of allocation.

As explained in the Introduction, because the dynamic pricing models with intertemporal
price discrimination do not predict random discounting, prices fall gradually when prices are
lowered to sell to low value buyers. This is not the case, however, if high-valuation buyers are
simply myopic. In this case, sellers occasionally reduce prices to sell to low-value consumers
and can do so without affecting the willingness of high-value consumers to purchase at other
times. While this idea can be expressed in a monopoly setting, its first expression appears to
be Sobel (1984) in a model with competition. A difficulty with this theory is that the myopia
assumption can seem too strong in many markets; for evidence that buyers are forward-looking
see Chevalier and Goolsbee (2009) and Février and Wilner (2016).

It is worth pointing out that there are other papers on dynamic pricing to risk-averse buyers,
in particular Liu and Ryzin (2008) and Bansal and Maglaras (2009). Liu and Ryzin show that
price discrimination can be optimal in settings with risk-averse consumers, while Bansal and

15. A similar point is made by Myatt and Ronayne (2019) who argue that the usual models of price discounts
based on competition and search produce more price variation than encountered in real-world markets. They propose a
variation of the model that addresses this.
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Maglaras consider a related problem. Neither work considers models with dynamic arrival of
buyers.

The code used in this article is available on Zenodo at https://doi.org/10.5281/zenodo.
15658499

APPENDIX
Proofs of the formal results

A.1. Proof of Lemma I

Proof: Let k and [ satisfy the conditions in the statement. Suppose that x” v (p”") > x"v(p’). Note that, using that
higher types have higher willingness to pay, v;(p”") > 0. Hence, x"v;(p”) > x’v;(p’) is immediate if p” < p’ or if
x’ = 0. Hence, we may assume x’ > 0 and p’ < p” < 6. Then,

o (p") vi(p")
o (p”") v1(p")

PP vy (p)
=x/Dz(P/)ej”/ ((_”k(”) “uw )

> x'vi(p"), ©)

x"o(p") = X'y (p)

where the strict inequality follows from Assumption A1, and because v;(p’) > 0 (since v;(p”) > Oand p’ < p”). O

A.2. Proof of Lemma 2

Proof: Consider an arbitrary (incentive compatible and individually rational) mechanism M = (x,, H”)r}LV:l that
assigns a nondegenerate price distribution Hy, to at least one type 6. Then, for each n with x, > 0, let p, be the unique
(certainty equivalent) price satisfying

on(pn) = / on (P)dH (p).

This determines a mechanism with deterministic prices MP = (x,, Pn )flvzl. Note that (by Jensen’s inequality and
strict concavity of each v,) this is strictly more profitable than the original mechanism M if the buyer reports the
truth. However, truth-telling may not be incentive compatible. The remainder of the proof then involves constructing an
indirect mechanism which, when the buyer follows an optimal strategy, generates profits at least as high as if the buyer
were truthful in MP.

For each n, let @, = pyx, be the seller’s expected profit if type 6, reports truthfully in MP We can construct a set
of types J of cardinality J = || along which expected profit strictly increases. We begin by letting 6y, be the lowest
type assigned the good with strictly positive probability in MDP Then, having determined an , we let 0,,j+1 be the next
smallest type such that profits exceed those for Hn.,. That is, foreach j > 1, weletnj ) =min{n :n > nj, m, > nnj}
if the set is nonempty, and stop otherwise so that J = j. This determines J = {an :j=1,...,J}. We then denote

MR the “restricted” indirect mechanism which is the same as MP except that the buyer is permitted to choose only
among messages in 7.

Consider now the reporting decision of any type 6, j in MR, with 6, ;€ J . Because the original mechanism M
was individually rational, pnj = an . Because higher types are less risk averse in the sense of Assumption A2, type 0,1].

prefers message 6, j o 0,1], with j' < j. This implies two important observations. First, by asking type 6, j to send a
message at least his true type, such a type generates expected profit at least Tn in MX®. Second, because Tnj > Tn
for any j/ < j, we must have Xnj > Xn for all such j/.16

Finally, consider a type 0, with n 7 nj forany j. If n < n) then, whether 6, participates in ME ornot, profits are
higher for this type than in the original mechanism M. Suppose instead n; < n < n ;1 for some j, or thatn > n for

16. Note that Tnj > Tn requires that Xn; > Xn ;s OF Pn; > Pnj (or both). If Pnj > Pn then, given that type
6’,[/ prefers message 9"1' to Onj, , it must be that Xn; > x'nj,. Hence, in either case, Xn; > Xy
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j = J. Then we recall that for any j’ < j, we have Xnj > Xn and also 0,,]. prefers message H,,j to 0,,]., . Therefore, by
Lemma 1, 6, strictly prefers message Onj to 0,,7.,. Hence, 6, can be asked to report a message at least Hnj, generating
profit at least Tnjs which in turn is at least 7, by construction of 7. O

A.3. Proof of Proposition 1

Proof: Initial observations. Note that, following a “taxation principle” (see for instance Rochet, 1985), any mechanism
with deterministic payments can be viewed as presenting a choice to the buyer among pairs of strictly positive allocation
probabilities and payments.17 There is no loss in supposing that all combinations are chosen by some type, so there is
one price for each allocation probability. By Lemma 1, higher types choose weakly higher allocation probabilities. Also,
because all combinations are chosen by some type, the prices associated with allocation must be weakly increasing
in the allocation probability. Considering momentarily the corresponding direct mechanism, this shows that it can be
represented as a weakly increasing sequence (x;;, p,";)’llvzl.

Downward incentive constraints bind. Now consider why downward incentive constraints bind, and continue to
view the mechanism as a set of options of (strictly positive) allocation probabilities and accompanying payments. We
can first use our initial observations to show that the seller’s profits are strictly increasing with the allocation probability
for any optimal mechanism. Because prices are weakly increasing, it is enough to observe that, in an optimal mechanism,
every purchase is at a strictly positive price. In fact, we can show that no type pays a price less than 61. A mechanism that
does charge a price less than 6 to some types can be adjusted by revising upwards the price of every lower-priced option
to 61. Every type that chooses an option with a price higher than ¢ in the original mechanism remains willing to choose
the same option, while the other types can be taken to choose an allocation probability that is at least the highest one
associated with price ;. The seller then makes strictly higher profits for every type that obtained a price below € in the
original mechanism. That the adjusted mechanism is strictly more profitable contradicts the optimality of the original.

We now claim that, if 6 is the lowest type making some choice (x, p) in an optimal mechanism, then this type
must be indifferent to the alternative (x’, p) which has the next highest allocation probability, or to not participating if
there is no such alternative. Suppose for a contradiction this is not true for some choice (x, p) and lowest type choosing
this option, . The first case is where there is an alternative (x’, p’) with the next highest allocation probability relative
to (x, p). Then (x’, p’) is chosen by type ;_1, and 6 strictly prefers (x, p) to (x’, p’). Since 6;_1 prefers (x’, p’) to
any option with a lower allocation probability, 8y strictly prefers (x’, p’) to any such option by Lemma 1. Therefore, if
we raise the price of the option (x, p) to some p where type 6, is indifferent between (x, p) and (x’, p’), type 8, then
prefers (x, p) to any smaller allocation probability. Again by Lemma 1, any type higher than 6, then strictly prefers
(x, p) to any option with a smaller allocation probability. It follows that it is incentive compatible for any type choosing
the original option (x, p) to choose at least the probability of allocation x when the price p is changed to p. Because
profits are strictly increasing with the allocation probability, these types now generate strictly higher profits than before.
Also, types not choosing the original option (x, p) continue to make the same choice as before. Thus we arrive at a new
mechanism that is strictly more profitable than the original, contradicting the optimality of the original.

The second and remaining case is where there is no allocation probability lower than (x, p). By assumption, then,
p < O where 6 is the lowest type receiving the good with positive probability. Analogous to the previous case, we
consider raising this price to p = ). Any type willing to participate in the original mechanism remains willing to
participate. Because (x, p) represents the least profitable option for the seller in the original mechanism, it follows that
profits strictly increase in the adjusted mechanism. This again contradicts the optimality of the original mechanism.

Finally, note that we have shown each type is indifferent to mimicking the choice of the downward adjacent type,
or to not participating in the case of the lowest type, 6. This is either because the lower type makes the same choice, or
because of the indifference to the next highest allocation probability, or to nonparticipation, as shown above. Therefore,
considering the direct mechanism, we have foralln = 1, ..., N, x;vn(pyy) = xf_ jon(p};_,), where we put xj = p =
0.

Highest type receives allocation probability one. Now consider the highest allocation probability. If this is less
than one, the probability can be increased to one and the payment adjusted (weakly) upwards so that the lowest type
that chooses this option in the original mechanism remains indifferent to the next highest allocation probability. Since
this type prefers the highest allocation probability to all other options, all higher types also prefer the highest probability
by Lemma 1, and profits in the mechanism strictly increase. Considering direct mechanisms, this shows that optimality
requires x}, = 1.

Existence and uniqueness of the optimal mechanism. Existence of an optimal mechanism can be seen from the
following observations. Given that downward incentive constraints bind, profits can be determined simply from the

17. The buyer can also choose not to participate, which means zero allocation probability and zero payment.
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choice of allocations (x,,) and are continuous in these allocations. Also, the allocations themselves are from the

n=1I’
compact set {(x1,...,xy) € [0, I]N x) <---<xy}h
Let us therefore now show that the optimal mechanism is unique. Suppose for a contradiction that there are distinct

mechanisms (xn , Ph ) a1 and (xn , P ) 11— both of which are optimal.

We show first that there is a type 6 such that x/*, xB > 0 and p/* # pB. Suppose for a contradiction this is not
true that is, assume that for all types 6y, with x/*, xB > 0 we have p/! = pZ. Consider the smallest value n such that
xA A 0 and the smallest value n® such that xB > 0.1f n® > n® then, from the above characterization of an optimal

mechanrsm we have p” WA = =0 A > pB WA contradrctrng our previous assumption which implies pA WA = =pB A" Given that

a contradiction can also be reached for the case QA < g , it must be that Q = QB = n. Since downward constraints

bind in both mechanisms, for all n > n, we have

x,‘:’ _ Un([’,/?_l) _ “n([’f_l) _ x,lf

A A By ~ .B -
X vn(pn) on(pn') X,

Therefore, for all n > n,

= |=
\=>‘=>
==
\=Uu‘=ba

Since xlle, = x]l\i] =1, we have x,‘:‘

distinct.

Now, consider the mechanism determined as follows. The buyer reports his type 6, then the allocation probability
and payment is determined by one of the two distinct mechanisms according to a 50/50 randomization. This can be
described by the “reduced” mechanism that has allocation probability xC = le + le for report 6. For 6, such that

xJ for all n, but then the mechanisms (x, p;, )k | and (B, pk )k | are not

A

x,f > 0, it specifies an to put mass AX+ 7 on pn and the remaining mass on pn Incentive compatibility of the new
n n

mechanism is equivalent to the requirement that, for all n, &,

Xn T Xn Xn Xn

L a, 1 i A e B
> 5%k +§xk mvn(l’k)"‘m“”(pk)

la 1 X A xp B
5% T 5% mvn(Pn)'f‘mvn(Pn)

or

xon(p) + xBoa(pB) = xon(pf) + xBon(pP).

This inequality holds by incentive compatibility of (xn s pA)N 1 and (xn , P ByN _1, o) (xnc R an )flvzl is incentive com-
patible. Individual rationality similarly is inherited from (xn , P ) 1 and (xn , P ) 1- Moreover, it is readily checked
that the new mechanism (xn )N | attains the same optimal profit as (xn , P )N | and (xn , P )flvf However, it

does not have deterministic payments, which contradicts Lemma 2. g

A.4. Proof of Proposition 2
Proof: Because the expression in equation (1) is continuous and strictly concave in xq, it has a unique maximizer

x?‘ € [0, 1]. Using that f1 = 1 — B;, the derivative of this expression with respect to x| at x; = 0 is

02 (01)
0} (6h)

(1= 52)01 + B2
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Hence, strict concavity of the expression implies that xik =0ifandonlyif fr > B = % > %.18 Similarly, the
)

derivative of the expression in equation (1) with respect to x| at x; = 1 is

02(01)

(I = B2)01 + po———.

) ©n)

Strict concavity implies xi‘ =lifand only if f < B = % < %.19 It is then necessarily the case that x’l" €
) v501)

(0, 1) if and only if §> € (B, f). O

A.5. Proof of Proposition 3

Proof: The proof plan is the following. We first construct a model with a continuum of types, referred to as the “contin-
uum model.” Such a model can be seen as the limit of a sequence the models defined in the main text as N;; — co. We
first establish a sufficient condition for a deterministic mechanism not to be optimal in the continuum model (Proposi-
tion 9). We then establish that, under the sufficient condition, not only the optimal mechanism is stochastic for Ny, large
enough, but that such stochasticity does not vanish as N;; — oo (Proposition 10).

Continuum model. Our proof approach is to first provide conditions under which deterministic mechanisms are
less profitable than mechanisms with random allocations in environments with a continuum of types, and then extend
the finding to the nearby discrete-type models.

It comes at little cost to generalise preferences in the main text: here we denote the payoff of type 6 € [6, §] who
acquires the good paying p > 0 by v(p; #). As mentioned in the main text, type 6 is the buyer’s willingness to pay
(i.e. v(0; 0) = 0). We assume that v(p; 0) has the same properties as in the model set-up, except that we now impose
a continuous-type version of Condition A. We denote by v’(p; ) and v”(p; 8) the first and second derivatives with
respect to p. We then assume that, for any p > 0, —v’(p; 0)/v(p; 0) is strictly decreasing in @ for @ > p. Also, for
any p >0, 0" (p; 8)/v'(p; 6) is weakly decreasing in 6. We impose the additional condition that v (-; -) is continuous.
This additional continuity will be used to extend our finding for a continuum-type model to the discrete-type models
of interest. The CARA utility specification introduced in the main text (where v(p;0) =1 — e~RO=D) with R > 0)
satisfies all these restrictions.

The distribution F together with buyer preferences v (p; 8) define a continuum-of-types model. Under the regularity
condition on F in the main text, expected profits in the deterministic mechanism are uniquely optimised by posting a
price (for sure acquisition of the good) interior to the type space. We now refer to this price as * (equivalently, 8* is the
“marginal type” in the optimal deterministic mechanism for a continuum of types). We show the following.

Proposition 9. Consider the continuum-type static model and a unique optimal posted price 0* € (0, 0). Then there is
a mechanism with a random allocation that is more profitable than the optimal deterministic mechanism provided that

"0 0%) _ f1(0")0F +2f(0%)

V@%0%) T 1= F@) ®

Proof: Note that for 6%, the interior optimum price for the deterministic posted-price mechanism, we have
1—F@"-0*f0O*) =0.

Now consider perturbing the optimal posted-price mechanism by introducing mechanisms that will induce a small inter-
val of types to purchase with probability a € (0, 1). For ¢ € (0, 0* — 6), we consider mechanisms in which types 6 > 0*
obtain the good with certainty, types 8 € [6* — ¢, 0*) obtain it with probability a, and types 8 < 8* — & do not obtain
the good at all. To represent the original deterministic mechanism, we will set ¢ = 0.

18. The last inequality follows from the concavity of vy, which implies the inequality 03(92)092 —-01) <
02(6r) — v2(67), together with our normalization v (6,) = 0.

19. The last inequality follows from the concavity of vy, which implies the inequality ué(é)l)(ﬁz —-01) >
02(0p) — v2(01), together with our normalization v;(6p) = 0.
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Such a mechanism can be obtained by setting the payment for obtaining the good with probability a to 6* — ¢ and
setting the payment for purchasing with certainty so that type 8™ is indifferent between purchasing with probability a or
1. That is, the payment in case purchasing with certainty is p(¢) € (0* — ¢, 0*) satisfying

v(p(e); 0%) = av(0* — &: 0%). ©

Note that, when ¢ = 0, we have p*(g) = 0*.

Let us verify that these payments induce the purchasing strategy of the buyer as specified above. All types above
6* — ¢ prefer one of the options that involves receiving the good with positive probability to receiving it with probability
zero, while all lower types prefer not receiving the good. Types in [0* — ¢, p(¢)] prefer the option of acquiring the good
with probability «, using that the payoff from acquiring with certainty is nonpositive. That types in (p(¢), 8*) prefer to
acquire with probability a follows from Lemma 1. In particular, fix 6; € (p(¢), ™) and §; = 6*. By contraposition of
the claim in Lemma 1, because v (p(¢); 6)) < av(0* — ¢; 0;), we have v(p(¢); 6r) < av(0* — ¢; 6;), establishing the
result. That types 6 > 6* strictly prefer to obtain the good with certainty follows a direct application of Lemma 1.

Now let us write profits from the new mechanism as

I(e) = a(F(0") = F(0" = )(0" — &) + (1 = F(0)p(e).

We are interested in determining whether I1(¢) > I1(0) = 8*(1 — F(6*)) for some ¢ > 0; i.e. whether a small perturba-
tion in our class can deliver higher profits than the optimal deterministic mechanism. For this, it is useful to determine the
derivatives of p(¢) at ¢ = 0. Considering equation (9) and the implicit function theorem, we see that p(-) is differentiable
and

P (&) (p(e); %) = —av' (0* — &;6%).
Differentiating again with respect to ¢ yields
P (p(e); 0%) + P ()0 (p(e); 0%) = av” (0% — &: 6%).
Substituting the previous equation, we have

o' (0% — &;0%)

2
v/ (p(e); 0%) ) 0" (p(e); 0™) = av” (0% — &;6™)

P (e (p(e); 6%) + (—a
or

v/ (p(e);0%)
o' (p(e); 6%)

Now consider the derivative of profits with respect to ¢. This is

1% ¥\ 2
a0 (0% = &:0%) = (a 238 E00) 0" (p(e); 0%)
P = .

I'(e) = af (0" — &)(0* — &) — a(F(0*) — F(0* — &)) + (1 — F(0™))p'(e).
Note therefore that

I'(0) = af (0")6* + (1 — F(6®)p' (0)
= af @H0* — (1 — F(0"))a.

This is equal to zero by the optimality condition for 6*.
Next, consider the second derivative:

() = —af (0 — &) (0" — &) — af (0% — &) — af O — &) + (1 — FO*)p" ()
= —af'(0* —&)(0* — &) —2af (0 —¢)
’ * LO* 2
a0’ (0% —5:6%) — (a ST ) 0" (p(e): 0%)
v'(p(e); 6%) '

+ (1 - F(©%))

Therefore,

2\ (k. ok
I (0) = —af 00" — 2af (6%) + (1 — F(O*))W.
o/ (0% 0%)
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We then observe that, if IT”(0) > 0, then IT(¢) > IT(0) for ¢ > O sufficiently small. This condition can be written as

(1 —a)v”(ﬁ*;ﬁ*)) -0

o (=remor 250+ - Fon

for some a € (0, 1). There exists such an « if and only if

D//(g*; H*)

—= > 0.
o0 0%)

—f1O")0% = 2£OF) + (1 - F(6™))

This can be written as equation (8). O

(End of the proof of Proposition 9. The proof of Proposition 3 continues.)

Discrete approximation. We now extend the finding in Proposition 9 to discrete-type approximations of the con-
tinuum model. These approximations feature discrete-type distributions as introduced in the main text. Paired with the
utility functions v (p; @), these sequences of type distributions define a sequence of environments (E’")OO | as in the

N, m

main text. The (unique) optimal mechanism in environment E™ is denoted (x])’, p;l” . We now state and prove our

generalisation of the result in the main text.20

Proposition 10. Suppose Condition (8) holds. Then there exists ¢ > 0 and K sufficiently large that, for all m > K, the

following is true: There exist adjacent types 9n, ,om o, Hr’z}, with x::f, X xr'L",, ele, 1 —¢land 9;[’}, - (9”1’? >

m
n'+1° n'+1°
€.

Proof: First, note that we can use the allocation to define a function L, (-) on [, §) given for each § by Ly, (8) = xptif
6 elo), - +1) where recall that@”’ | = = . Note that since each L, (- ) is monotone and bounded, there is a pointwise
convergent subsequence (L, (+)) by Helly’s Selection Theorem. The following lemma concerns such a subsequence.

Lemma 3. Suppose there is 0 € 10, 0] such that: (i) for all § < 0, L, (8) — 0, while (ii) for all 6 > b, L, (0) — 1.

Then profits in the optimal mechanisms along the sequence of environments (E™k) converge to é(l - F (é)).

Proof: Step 1. Suppose the sequence (L, (€)) satisfies the assumption of the lemma. We want to show that for any
£ > 0, we can find K, large enough that, for all k > K, x,rlnk < ¢ for all 0,:”" <0—¢and x;l"k > 1 —¢ forall 0,:”" >
6 + ¢. Otherwise, there is some ¢ > 0 such that this is not the case. Then, using monotonicity of each L, " (), either
there is not convergence of Ly, (é — ¢) to zero where d—¢ > @, or there is not convergence of Ly, (é + ¢) to 1 where

o +e<0, contradicting the assumption of the lemma.

Step 2. We now show that for any # > 0 we can find 9 > 0 large enough that, for all k > Qy, if n is such that
ok >0+ 7 then k>0 — 11.21 Note first that, by Proposition 1, the claim must hold if6 =0 so suppose that >0
and suppose for a contradiction that the claim is not true. Then there is an 7’ € (0,8 — é) and a further subsequence of

environments (E’ k) (i.e. a subsequence of (E™k)) such that, for each k, there is a type G,I,I;k >0+ ' with pi{‘lk <H-— 7.
Then, pick € > 0 but small enough that

(1 —=2w@—1n':0—n'/2) > &0©0:0 — 7' /2). (10)

That such a value of  exists follows because v(@ — #'; @ — 5/ /2) > 0. From Step 1, we have that there is a value k’

! A A
large enough that we are assured of the existence of an 7 such that Hﬁk/ € (0 — n'/2,0) and such type is assigned the

. . . . . o ! .
good under the optimal mechanism for environment E v with a probability no greater than &, while type 9,,};// receives
k

the good with probability at least 1 — &.
First note that, by the inequality (10) and Lemma 1, we have

(1= 2)0@ — 13 0¥) > 200: 0.

20. Proposition 10 is more general than Proposition 3 because v (p; @) not restricted to be CARA and Condition
(8) is a generalization of Condition (2).

21. Recall that, as stated in the main text, p}’ represents the price paid by type 6, in the optimal mechanism for
environment E™.
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‘We therefore have

Ly /
5t ol 108 > o o 108

5 . [} _ 1 Ly _ [ o 1 .
after using that xn’j// >1—e, p,,kl// <fH-— 7, xf‘ < ég,and pﬁk/ > g if xﬁk/ > 0. Therefore, the assumed optimal mech-
k k

L . . . . . ! . . . !
anism in environment E'¥' is not incentive compatible, as type (Jﬁk, strictly prefers the option designed for type (7,,’;,,
k

This is a contradiction.

Step 3. We show that for any # > 0, there exists Q,, large enough that, for all k > Qy, all types in the optimal
mechanism for environment E™k pay no more than 6+ n. Note that this is clearly true when 6=0, by individual
rationality of optlmal mechanisms. So suppose that H <@ and suppose for a contradiction that the claim is not true.
Then there is an 4’ > 0 and a further subsequence of environments (Elk) along which there is some type paying more

than § + #'; without loss of generality let this be the highest type 011\]}'11( (recall that payments in the optimal mechanism
are increasing in the buyer’s type). By Step 1, there is a choice of types (6’,111;]() such that xi,l‘lk — 1 and H,Z,IEk — 6. Note
then that types (0,112) are assigned by the optimal mechanism a probability of allocation approaching one, and these
types pay no more than (7',1,’;1( .
Now note that
v(é; 0) > v + 17 0).

Using continuity of the function xv (y; z) in (x, y, z), for all & sufficiently large, we have

/ / /
xnlkv(ﬁl;k;HNklk)>x 0@+ 1'; 6’1‘ )

. lk

We conclude that, for all k sufficiently large, type OlNk] strictly prefers to mimic type 09,1,’;1( than to report truthfully,
k

implying a violation of incentive compatibility of the optimal mechanism.

Step 4. We have established that, for any # > 0, there is K large enough that the following hold for all k > K:
(1) types 0, "k above O + n make payments in the optimal mechanism for model E™ that are within # of 0, (i) types
6’ 'k above 6 + 5 acquire the good with probability at least 1 — 7, (iii) types 6, "k below § — n acquire the good with a
probability no greater than #. This permits us to conclude that an upper bound on revenues for the optimal mechanism
in environment E"k with k > K is given by

nF@ —n©@ —n+ @+ —F@ - ).

Now, take K large enough so that, in addition to points (i)—(iii), the probability of types above o+ n is at least 1 —
F(0 + 2n) for all k > K. Then a lower bound on revenue in the optimal mechanism in environment E"* with k > K
is given by

(1= F@+2m)(1 =@ — ).
This follows because, for k > K, types above 0+ 1, which have probability at least 1 — F @+ 21), acquire the good
with probability at least 1 — # and when doing so pay at least 6 — 7.

Finally, using continuity of F, both lower and upper bounds converge to b0 —F (é)) as 7 — 0, which shows that
profits converge to (1 — F(0)) considering optimal mechanisms along the sequence of environments (E"'k).

(End of the proof of Lemma 3. The proof of Proposition 10 continues.)
We now show that the convergence hypothesized in the previous lemma cannot occur.

Lemma 4. Suppose that Condition (8) is satisfied. Consider any subsequence (E mk_) of (E™) such that the correspond-
ing sequence of functions (L, (0)) converges pointwise. Then there is no 6 € [0, 0] such that Ly, (0) — 0 for 6 <0

and Ly (0) — 1for6 > b.

Proof: Suppose for a contradiction that there is such a d with L, (0) — 0 for 0 < 0 and L, (0) — 1 for 0 > 0.
Then, by Lemma 3, optimal profits along the sequence of environments (E™k) converge to a value no greater
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than 6*(1 — F(6*)), where recall that 6* maximizes 6(1 — F(0)). However, we argue that there exists 7 > 0
such that, for all large enough k, profits are at least 0*(1 — F (0*)) + 7.

This can be seen by adapting the proof of Proposition 9. In particular, pick a > 0 and ¢ > 0 small enough that the
perturbed mechanism in that proof generates strictly higher profits than the optimal deterministic mechanism which is a
take-it-or-leave-it offer with payment §*. This mechanism offers a probability of awarding the good a with a payment
6* — ¢ upon award, and a payment p(¢) € (0* — ¢, 0*) to receive the good with certainty. We saw that only types
above 6* — ¢ pick one of these options, with all types in (6% — &, %) picking probabilistic award, and types above 6*
choosing award with certainty. Now consider these mechanisms in the environments Ek. As k — oo the probability
that the probabilistic option is chosen converges to F(6*) — F(6* — ¢). The probability that the sure option is chosen
converges to 1 — F(0*). Therefore, using the same calculations as in the proof of Proposition 9, profits converge to a
level strictly greater than 8* (1 — F(6*)). In particular, for any k sufficiently large, we have that the specified mechanism
generates profits that are above 8*(1 — F(6*)) + 5 for some fixed # > 0. This contradicts the supposed optimality of
mechanisms in environments E™k for large k. O

(End of the proof of Lemma 4. The proof of Proposition 10 continues.)

We now conclude the proof of Proposition 10. In environment E™, attribute a property to a “sequence of types of
length at least &” if the property is satisfied for some adjacent types Qn, s Hn IRTREE On”f, with 0::}, - 9::} > ¢. Suppose
for a contradiction that the result in the Proposition is not true. Then, for any ¢ > 0 and any Z € N, we can findm > Z
such that, in the optimal mechanism for environment E™, there is no sequence of types of length at least & for which
the allocation probability is in [6 1 — ¢]. This means that there are three mutually exclusive possibilities: (i) there is

a smallest type 0'” for which x > ¢ and a largest type 0 for which x”} o <1-¢, and 0”}, 9;[’} < ¢, (ii) the
m m

allocation for all types is strictly below &, and (iii) the allocatlon for all types is strlctly above 1 —¢.

We can pick a subsequence (E"k) where, for each k, in the optimal mechanism of environment E™k, there is no
sequence of types of length at least 1/k for which the allocation probability isin [1/k, 1 — 1/k]. Along this subsequence,
one of (i)-(iii) occurs infinitely often, taking & to equal 1/k. That is one of the following occur inﬁnitely often: (i) there

is a smallest type 0 "k for which x ,k > 1/k and a largest type 0 for which x"}¥ < 1—1/k,and 0% — "% <

my ’”k my ”mk ’mk My,
1/k, (ii) the allocation for all types in the optimal mechanism of environment E"k is strictly below 1/k, and (iii) the
allocation for all types in the optimal mechanism of environment E™ is strictly above 1 — 1/k.

i

If (ii) occurs infinitely often, then pick a subsequence that we now denote (E /) along which it always occurs.

Then (L, (0)) converges pointwise to a constant 0. If (iii) occurs infinitely often, then pick a subsequence (Emk-f )

along which it always occurs. Then (L, . (9)) converges pointwise to a constant 1. In either case, we have a violation
J

of Lemma 4. So suppose (i) occurs infinitely often and pick a subsequence (E "k ) along which it always occurs. Recall

k .
that 0 is the smallest type for which the probability of allocation is at least 1/k ;. We can pick a further subsequence
nlk

of (E kj ), call it (E4!), such that GZ/’ — 6 for some € [6, A]. That such a subsequence exists follows from the

a1
Bolzano-Weierstrass Theorem. By Helly’s Selection Theorem, we may suppose this subsequence is such that (qu @)
is convergent pointwise. For any 6 < 8, we have Lg,(0) — 0and for any 6 > ,we have Lg,(0) — 1. Again we have a
violation of Lemma 4. This completes the proof of Proposition 10. ]

(End of the proof of Proposition 10. The proof of Proposition 3 continues.)

As we explain above (recall Footnote 20), Proposition 10 is a generalization of Proposition 3, hence the proof of
Proposition 3 is complete.

A.6. Proof of Proposition 4

Proof: Determining the upper bound on seller profits. We begin by showing the first part of the proposition: that the

seller’s expected discounted total profits in any incentive compatible price-path mechanism are no greater than IT*.
Measurability of payoffs. We begin by showing the measurability of the players’ payoffs so that the expressions

for expected payoffs are well-defined. First, we show that r Zrllv: | Pne” "1 Py, the integrand in equation (4), is

Br, ® F measurable. To do so, we extend the function P; (@) by setting Poo (@) = 0 for all w € € and recall e~ =0,

leaving the value of the integrand in equation (4) unchanged. We now note that, for each 6, e =" ®) g a Br, ® F

measurable function into the unit interval, which follows because (i) e "% is measurable as a function of z € ]R+ (where
R denotes the non-negative extended reals) by continuity of the exponential function and by our definition of e~%,

(ii) because 7p,;(w) is assumed Bg, ® F measurable, and (iii) because the composition of measurable functions is
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measurable. The result then follows (using the measurability of the product of measurable functions, as well as of sums
of measurable functions) if we can show that, for each 6,, P, 1.1 (@) (w) is also Br, ® F measurable.

We show the measurability of Py, ;(x) (w) by viewing it as the composition (¢, ) — (7;(w), ®) > Pr, (o) (w).
The first mapping is measurable from (R4 x €, Bg, ® F) into R4+ x Q, Bﬂ'h ® F) because the component

functions are measurable.?? Then, we want to show that (t, w) — P;(w) is measurable from (R+ x Q, Bﬂ-h ® F)
to (R4, Br, ). Considering the preimage A of any Borel subset B of R4, either A € Br, ® F if B excludes zero
(by the measurability of P; as originally defined), or otherwise A = A’ U ({oo} x Q) where A’ € Bg L ®F and
{oo} x Q € BH_{+ ® F. The result then follows because BR+ ®F C B]R.,_ QF2

Because r Z;V:] Pne Tnt Py, , is non-negative, and by the established measurability, we may apply Tonelli’s
Theorem to conclude the seller’s expected discounted total profits satisfy

0o N 0o N
E /O > pue” Py, rdt =/0 E| > e ™ Py, | rdt.
n=1

n=1

We view E[quvzl Pne nit Py, ;] as (the date-zero value of) expected per-buyer profits from arrivals at date r. We
will show that these profits are no greater than ¢ ~"/IT* for any incentive compatible price-path mechanism (P, 7), thus
establishing that expected discounted total profits over all buyers are bounded by IT*.

Now, consider briefly the measurability of the integrands in equation (3); take that on the left side for instance. Sim-
ilar to above, for given 7 and ;,, we have that e ™" i (@), (Py, ; (w) (@) is measurable with respect to F. For instance,
measurability of Pr (@) (w) can be seen by considering the corflposite mapping @ — (7n,: (), ) — an, /() (@). The
first map is measurable from (€2, F) to (R4 x Q, BR+ ® F). For the second map, we note Ps(w) is measurable (as a
function of s and w) from (R4 x €, BD’L ® F) to (R4, Br, ) as established above.

Necessary conditions for incentive compatibility. For a candidate price-path mechanism, incentive compatibility
requires that no type 60, arriving at ¢ strictly prefers to purchase according to the stopping time 7y, s, m # n, and also
that no such type 6, strictly prefers not to purchase. These requirements represent a subset of the incentive constraints,
allowing us to formulate a relaxed programme. The optimum in this programme represents an upper bound on the
principal’s expected profits.

Relaxed programme. The relaxed programme can be formally stated as maximising by random price path P and
stopping times {71 7, 724, .-, TN t}»

N
e Tt Z ﬁnE[e_r(T"”—I) PTn,t] (1)

n=1
subject to, for all 6, and 6,,,
Efe™" =00, (P, )] = Ele " mi =D, (Py,, )]

and to

Efe~" =00, (P, )] > 0,

where we have removed the factor e ~’7 from inside the expectations.

For any random price-path P and stopping times {7y ;, 7 s, ..., Ty ¢}, We specify, for each n € {1,..., N}, X =
Ele " (tn,1—t )]. There are then CDFs I:I,,, n=1,...,N,for bounded random variables, such that, for any 8, and 6,,,
E[e 0Py, ] = / pdHy(p), and (12)

22. This guarantees, in particular, that the preimages of “rectangular” sets C x D with C € Bﬂiq and D € F are
measurable; and this is sufficient because these rectangular sets generate By = ® F.

23. To see this, define the sigma algebraS = {EN (R4 x Q) : E € B]I_{_,_ ® F7}. It contains any set C x D with
C € Bg, and D € F asany suchsetC x D € Bﬂ_h ® F (since Br, C BRJr). Therefore, B, ® F C S. Also, Ry x
Qe BRJr ® F, so (using that B]liq ® F is closed under intersections) S C B]Ih QR F.
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B [e a0, (Pry )] = i [ 00(p)dFin (). (13)

Hence the objective and constraints are exactly the same as in the static mechanism design problem of Section 3. This
shows that, given satisfaction of the constraints in the relaxed programme stated above, (11) is no greater than e ~"/IT*
as required.

Verifying expected payoffs. We now show the equality in equation (13) and derive Hp (p). The proof for equation
(12) follows the same reasoning and is omitted. We may assume the event {r;;; < oo} has positive probability, as
otherwise the claim is immediate.

Note that

Efe™" =Dy, (Py,, )] = Pr({tm,; < co)Ele ™" m1 =00, (P, ) [T < 00]

= Pr({tm,r < 0)E[E[e™" ™t~ (Py,, )| Pryy  tm,e < 0.

The first conditional expectation conditions on the positive probability event {z;;,; < oo}. This allows us to define the
random variable ¢~ (Fm.r =0y, (Pz,, ;) on a restricted probability space ({rm,r < 00}, Fg,, ; <oo}> Plem., <oo}) such

that Fiz,, <o) ={A € F : A C {tm,;r < o0}} and, for any A € F(z, , <0}, P{,m,t@o}(A) = More-

P(A)
P{tm,r <o0})
over, given the boundedness of the stopped price Py, ,, the random variable e™" (Em1=0)y, (Pz,, ;) is bounded and hence
integrable on {z,;,,; < oo}. This allows us to define (see, e.g. p. 445 of Billingsley, 1995) an integrable random variable
E[e*’("’h'*’)vn(P,m),) | Py, .1 which is the conditional expectation on {z;;,; < 00}.

By Theorem 34.3 of Billingsley (1995), we have that E[e_r(rm”—t)un(P,m’t) | Pry 1= v,l(PTm,t)IE[e_r(T'"»’_t) |
PTm,,]. Since the conditional expectation E[e™" (@m,t=1) | me,,] is a measurable random variable on the sigma field
generated by Py, , on {rp,; < 00}, we may assume that there is a measurable function ¢, : Ry — [0, 1] such that

E[e™"mt=0 | Py, ] = g (Pr,,.,) and we will write E[fe ™" (@m=0 | P = p] = pu(p) (see Definition 8.24 of
Klenke, 2013). We have that

E o0 (Pry VL 00 [ Py Ve <00] = [ 0a(Pry @)0m (Pa @)y, <o) @)

{tm,t <00}

- / on (D)o (PG (p),
R4

where G, (p) is the conditional CDF given by Gy (p) = Py, , <co} ({ Pr, < PD-
After dividing and multiplying by Efe~" (7m,i=1) | Tm,r < 0o], we have shown that

Ele" @mi =0y, (Pey )]
Ele™"@mi=0 | P, = p]

E[e~" @m,t—1) | T, < 00]

=E[e ™"t | 7 4 < 001 P({tm,r < 00}) /]R on(p) dGm (p)
+

E[e~" mt=1) | Py, = D)

dG .
E[e~" @m,i—1) | T, < 00] m(P)

= E[e_r(r’"”_’)l/ on(p)
Ry
We are now in a position to specify ﬁm. First, define ﬁm Ry — Ry by

; Efe” "m0 | Py, , =]
Hp(p) = / L dGm(q).
m (P) 0,51 E[efr(fm,t*t) | tm.s < 00] m(q)

Note that limp— 00 Hp (p) = 1 by the law of total expectation and we can extend Hp by letting Hp (p) equal zero for
p <0. Hy is nondecreasing as the integrand is non-negative and G, is nondecreasing. We can show that Hpy is right
continuous by considering any sequence ( pk)]fil with pj approaching p from above. Then

]E[e*r(fm,I*t) | PTm,t =q]

Efe"(mt =1 | 7, , < 00]

Fin(pr) — Fim (p) = /R 0@ G (q)

-0
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Ele="ma=0 | P, =q]
Efe™"(m.1 =) |5, 4 <o0]
a CDF. To conclude the proof, it will then be enough to show that

— 0 almost everywhere.24 Hence Hy, is

by the dominated convergence theorem, as 1(p, 5,1(q)

]E[e—r(fm,t—f) | Prp s = Pl g .
: AGm(p) = dHp (p). 14
Jo o Gt o 4O P = [ en P (14)

For sets A € BR+, define

E[e—r(‘l'm,t—l) | Py, =4l
A) = R G .
:um( ) /A E[e*i’(fm,r*t) | Tt < OO] m(q)

]E[g*r(fm,tff) | PTm,t:p]
E[e™mt =0 | g, 4 <o0]
the support of Gy, the integral on the left side of equation (14) is equal to f]lh vn(p)dum(p) (see Billingsley, 1995,
Theorem 16.11).

We now show that equation (14) holds if the domain of integration on each side were restricted to (0, +00). To see
this, consider the Lebesgue-Stieltjes measure vy, obtained from I:Im; it is enough to show that v;; and u,, agree on the
Borel subsets of (0, +00). We can note that, for any interval (a, b] contained in (0, +00),

Note that yu,, is a measure (Billingsley, 1995, Theorem 16.9). Using that v, (p) is bounded on

- . Efe "m0 | Py, =]
v (@, b1) = Fn (b) — Fin (@) = / 2 =9 4G (g) = um (@ b).

(@.b) Ele™"@mi=0) | ¢ ) < 00]

‘We can then assume that v, ((0, +00)) = 1, ((0, +00)) > 0 as otherwise the result is immediate. Then and

Vm
vm ((0,+00))
% are probability measures on B, 4 o). Also, the collection of subsets (a, b] contained in (0, +00), together
m s ’

with the empty set, form a 7 -system. Theorem 10.3 of Billingsley (1995) then states that Um(((‘;”; <)) and m ((’6’[’% <)
are equal on B(g, 1.o0), and so vy, and u,y, are also equal. ' '
We can then note additionally that

E[e~" @mi=1) | Pr,,, = 0]

G (0) = Hyp (0) = vy ({0)),
Bl s o0 OO ©) = vm (10D

am({0h) =

and hence conclude (again using Theorem 16.9 of Billingsley, 1995) that equation (14) holds for the stated domain of
integration Ry .

Attaining or approaching expected profits IT*. We now show that there exist price-path mechanisms for which
seller expected discounted total profits at least approach the upper bound IT* in the sense of the proposition. Recall the
assignment of the J indices in the main text. In particular, we let x(’)“ =0 and let (n}) ]J.: | be the (unique) increasing
sequence containing all indices satisfying x;j_l < x,’fi , where each x;; is the probability of allocation in the optimal
static mechanism. Then, ( p;f’_ )1<j<J gives the prices in the static mechanism.

The main text describes price-path mechanisms achieving profits IT* for J =1 and J = 2, however we have
not yet verified the measurability conditions. We do this now for J =2 (they are immediate for J = 1). To for-
mally define the price process, we let (N;);cr, be a Poisson counting process defined on a filtered probability space
€, F, (Fi)tery > P), and with arrival rate A, = r)c,*;1 /(1 — x,;“l ). We follow Billingsley (1995, p 298) and associate
each outcome w with a sample path satisfying a certain Condition 0°. This states: “For each @, N;(w) is a [finite]
non-negative integer for r > 0, No(w) = 0, and lim;_, 5o N; (@) = oo; further, for each w, N;(w) as a function of 7 is
nondecreasing and right-continuous, and at the points of discontinuity the saltus N;(w) — sup, ., Ny (®) is exactly 1.”
We take (F7);eRr, to be the natural filtration.

We then define the price process (Pr);eRr, by

Op, ift =inf{s : Ny(w) > m} for some m € N\ {0},
Pi(w) =

P, otherwise.

24. This argument, and indeed the remainder of the proof, follows closely the proof of Lemma 1.16 in
Seppildinen (2012).
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The underlying probability space is the same, and note that the filtration (F);er,, introduced above is still the natural
filtration.2> This process is progressively measurable. To see this, we can define, for each # > 0, a process (Pt'7),E]RJr by

P _ On, ift € [inf{s : Ny(w) > m}, inf{s : Ns(®) > m} + n) for some m € N\ {0},
P[ () =

py, otherwise.

The underlying probability space is the same. The process is adapted to the same filtration (F;);er, and has right-
continuous sample paths, implying it is progressively measurable (see, e.g. Theorem 25.8 of Klenke, 2013). That is,
for any s > 0, Pt”(w) restricted to a function on [0, s] x € is measurable with respect to Bjg ) ® Fs. But, Pr(w) =
lim,, ¢ P[” () is similarly measurable as a pointwise limit (see, e.g. Theorem 13.4 (ii) of Billingsley, 1995), establishing
the result.

Now, consider the stopping times. We can write, for all 7 and o,

t if n > ny,
tn,i (@) = {inf(s € [t,00) : Ps(®) =6y} ifn; <n <ny,
+00 n<ni.

For any type 6, and positive integer m, we can define r,’,’ft (w) = T, Lmt] (w). Then, for any Borel set B of R, the
>m

. m
preimage under ;) is

U [a,a + %) X r,:;(B),

{a:a=1 for geNU{0}}

where 7, 4(B) = {® € Q : ty.a(w) € B). Each [a,a + &) X 7, 4(B), witha = g/m for g € NU {0}, is in Bg, ® F,
and so the above countable union is also in Br_, ® F showing the measurability of rm If n < ny, then 7, ;(w) =

T, ,(a)) +oo. For n > np, noting the left continuity of 7, ((w) in ¢ for given o, we have that limy, s oo 7, ,(w)

Tp,¢ (@) and s0 7, (w) is measurable with respect to Br, ® F as a pointwise limit (again, see Theorem 13. 4 (ii) of
Billingsley, 1995).

Assume from now on that J > 3. We consider price processes with J states {c; }J.:1 and parameterised by A > 0,

anticipating that our result will be shown by taking A — oo. The price when the state is j is p,’;j . Transitions of the price
process for each A are described as follows:

rxy
(1) In state o the state changes to state oy _1 atrate d,,_; = I*;n+;1]
(2) Instate o, for j = 1,...,J — 1, the state changes to state o7 at rate A and, if j > 1, the state changes to state

oj_1 atrate m?A, where mj\‘ is determined below.

A

Foreach j =2,...,J — 1, we choose m j so that the following equation is satisfied:

A * *
A A ((1 _xn-)AJ"r)xn',l
o= [ — T s md= / ZLoo. a5)
-t " A+m;\A+r -l A+mAA+r / A(x;',‘j —x;lk_,-_l)

For a given initial distribution of states (g1, ¢2, - . ., ¢ ), With Z{:l qj = 1, we have defined a finite-state continuous-
time Markov process that is irreducible and positive recurrent. There is then, for each A, a unique stationary distribution
(qf\, qé‘, .. q ?) (e.g. see p 396 of Beichelt, 2016). We take the date-zero distribution over states to be this stationary
distribution.

Consider now the acceptance strategy 7 of the buyers. Because the price process is time homogeneous, it is optimal
for buyers to follow a stationary strategy, described simply in terms of the set of prices (or states) at which purchase
occurs. We can then restrict attention to acceptance strategies that depend only on type and state (and not, for instance,
arrival date, nor calendar time).

25. For any o, the dates s at which Ps(w) =6y, for s <t contains the same information as the path
(Ns(@))se[0,:]- See Billingsley (1995, p 299).
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Below we only partially determine the strategy by specifying the highest price/state at which a buyer of each type
purchases; this is enough to determine buyer discounted payoffs in state J. Buyers’ decisions of whether to purchase
at lower prices must be chosen to be buyer-optimal so as to guarantee incentive compatibility. However, the effect on
the seller’s discounted expected profits will be negligible as A — oo and so the choice can be ignored in the analysis.
This follows, in particular, because the probability of state J approaches one as A — oo. To see this, note the balance
equation for state J is given by

J—1
OZAZCI,‘A_/II’!],I(I‘/]\’

i=1

where the first J — 1 terms represent flows into state J and the final term represents flows out of this state. As A — oo,
J—1 _A : : A
we must have Zi:l q; .—> 0 1mply1.ng that ¢/ —> 1. . . .
We now show that, if j is the highest state in which a buyer of type ), purchases, then his expected discounted
payoff in state J is x;; v, (p;; ). To see this we can write a system of Bellman equations for states j > j ', with V;j giving
J J

the expected discounted continuation payoff in that state. We have Vj/ =, (p} ). For j = JAHL 42, T =1,
J
er =A(Vy; — Vj) + mjA(ijl - Vj),

and

rVy=dn;_ (Vi1 =Vp).

x*

.
Using equations (15), the system is uniquely solved by V; = fo/vn(p;kl ).26 In particular, because x,’fj =1 by
Vlj J

,'/
Proposition 1, we have shown that V; = x,’l‘j/ on(py )

We now note that it is optimal for a type 6, to set the highest price at which he purchases to p;;. This follows
from the above expression for buyer expected discounted payoffs in state J together with incentive compatibility of the
static mechanism. We specify our price-path mechanism by taking a buyer-optimal acceptance strategy with p; being
the highest price at which purchase occurs for each type 6.7 Then, analogous to the argument for buyer expected
discounted payoffs, expected discounted profit from type 6, conditional on state J, is x,5 p,. Hence, the seller’s expected
discounted profit from a buyer arriving to the market in state J (with probability of each type 6, given by f) is IT*.

Now consider per-buyer expected profits at any date 1 whose date-r value (given stationarity of the price process
and buyer acceptance strategy) is independent of 7. Recalling that the probability of state J approaches one as A — oo,
per-buyer profits also approach IT*. It is then easily seen that expected discounted rotal profits also approach IT*, as
required.

It remains to consider the admissibility requirements. We can consider a filtered probability space
(€, F, (Fi)ter, » P) that associates outcomes with right-continuous sample paths taking values equal to the prices in
the optimal static mechanism, and the filtration can be taken as the natural one. As the process is adapted and sample
paths are right-continuous, the price process is progressively measurable.

For each 6y, let S, be the set of prices at which the buyer stops according to the above stationary strategy. We can
let, for each 6y, each t € Ry, and each w € Q, 7,1 (w) = inf{s € [t, 00) : Ps(w) € Sy}. Note that this stopping time
is right continuous in 128 We can define T,’,"’t (w) = T [mil (w) which, as in the case of J = 2, is easily shown to be

>m
Br L+ ® F measurable. Then, the right continuity of 7, ; () implies lim;;— 0o r,;'ft(w) = 7p,¢ (), showing that 7, s (@)
is Br, ® F measurable as the pointwise limit of measurable functions (again, see Theorem 13.4(ii) of Billingsley,
1995). O

26. To see uniqueness, initially let V; to be determined and consider solving for V; recursively, starting with
Viry1- By an inductive argument, for j > j’ 4+ 1 we have Vi =Aj+ BV, for constants A; € R and B € (0, 1)
that can be determined in the recursion. In particular, we have V; = A; + B;V; with By € (0, 1) and so Vj is given
uniquely by 11—47{3,'

27. This strategy can be determined as follows. First, fix the highest price at which purchase occurs to be p;.
Then let the decision whether to stop in state j = 1 be optimal and recursively determine an optimal purchase decision
for all higher states, up to the state immediately below the one with price p;;.

28. To define the topology on the extended real numbers, we take the base for open sets to be the open intervals
in R plus sets of the form [—o00, a) and (b, 00], a, b € R.
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A.7. Proof of Proposition 5

Proof: Suppose J > 2. Fix a sequence of deterministic price-path mechanisms determined by p™ : R4 — R4 and 7.
Assume for a contradiction that the payoff the seller achieves in the mth mechanism, denoted IT™, approaches the static
optimal payoff IT* as m — oo. For each ¢ > 0 and m, let )" be the set of times satisfying that

— m _
maxl\e e =D _ ¥, Pl — pil} <e
n n,t
That is, 7" is the set of times for which the price and discounting under (p", t"") is similar to the price and probability
of allocation under the optimal static mechanism for all types. By the uniqueness of the optimal static mechanism
(Proposition 1), we have that, for all ¢ > 0,

/ erdr > 1—¢ (16)
"

if m is large enough.
Fix some m € N, a small ¢ > 0, and some ¢ € TC’”. Define

—— * — *
ti=t— log(x,,ji1 +¢&)/r and tp:=t— log(x,zh1 —¢&)/r.
Note that ¢ < 7] <ty and, since t € T, we have that ‘[:l'.l] 1t € (11, 12) and p'T'ﬁ,, < p;;] | +¢. The incentive
- nj—1t -

compatibility of the type 6, ; implies that, for all ' € [t,11], we have

m.o m ’
Tn]’[/ t') 7r(7n171,t71 )

m m —r(ty—t’ *
e Unj(PTm )>e Unj(PTm )>e (&2 )Unj(PnJ71 +é).
ny.t ny_1.t
The second inequality holds because z,’l”J e t' <t —t' and p;"m <pi,_ ‘e
- ny—1st -

Let 7 satisfy

ey (i, ) = on, (0, — ).

*

Note that tp — 7 is independent of m, and it is close to — log(x; )/r if & is small enough (recall that, from Proposition

ny—1
* oy ok * / M
1, we have that vp (an) =Xp,_ Uny (Pnj,l))- Hence, for all ¢’ € (, 1) we have
—r@@™ 1) it —t
e M o (M ) > e 2T, (ph 4 e) > vny (P, — ).
nj,t’

m ! * B H m * !/ m
Note that, because Tnj,z’ — ¢t >0and Xp, = 1, this implies that Pim < Pp, —&s01 g1,

ny,t'

We have then shown that, for each ¢ € T)", there is an interval (t!, t1) satisfying that (7, ;) N T/" = . It is easy to
see that, if ¢ > 0 is small, 1, — 7 is close to — log(x,’l‘F1 )/r (as we argued above) and that #, — ¢ is close to O (note also
that, when ¢ is small, 7 — 7 is close to 0). Hence, for each small ¢ and ¢ € T;", there is a closeby inteval of approximate
size — log(x;¥ I )/r > 0not intersecting with T". This proves that equation (16) cannot hold, hence profits are bounded
away from the static profits IT* for all m, a contradiction. ]

A.8. Proof of Proposition 6
Proof: We begin by showing the following result.
Lemma 5. For all dates t > 0, any positive probability event A € F;, expected discounting to the next sale

E[e—f(fl,t_t)] is equal to xik.

Proof: We have argued in the main text that E[Zizl Bre " Tni=1) Py, 1= II* for almost all #. For any such ¢, this
conclusion can be extended to expected profits conditional on positive probability events A € F;. In particular, consider
the expected discounted profits 2121:1 BnEle™" (i =1) Pr, 1Al and note that the value that can be obtained is limited
by the following incentive constraints: for all 6, and 6;,, we must have

Efe™" (ni D0, (Pr, )| Al = Ble™ v, (Pr,, )| Al and  Efe™" (Do, (Py, )] A] 2 0.
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To see, for instance, that the first inequality is necessary for 7, ; to be an incentive compatible stopping time, suppose
that inequality fails for 6, # ;. Then, we can define the stopping time

tmy (@) ifweA,

n,t(w) otherwise,

"?n,t (w) = ’

which represents a profitable deviation (i.e. a failure of incentive compatibility).
Letting )?,f =Ele" (i1 | A] (where recall e~ = 0), we can follow the steps in the proof of Proposition 4 to
show that there is a collection of distributions (H,f) such that the objective can be rewritten as

2
vA 7 A
> puit [ parit o)
n=1 X
and the incentive constraints as

5 [onarit o) = 5 [onaide) a5 [oupariio =0

By reference to Proposition 1, the objective is then bounded above by IT* and attained only if, forn = 1, 2, )E,’,“ =x\
and I:I,f is degenerate at p;;. Therefore, if # is such that ]E[Z%:] ﬁne_r(’"v‘ =) Pr, 1= IT*, we must have in particular
i =

We now extend E[e ™" (r1, =) |A] = xi‘ to all t > 0 and positive probability events A € F;. To first show that
]E[e_r(rl»f_l) | Al > x{, note that for any s > 7, we have ]E[e_r(rl»f_l) |A] > e_r(s_t)IE[e_r(rlsS_S) | A] because
71,r < 71,5- The claim then follows because A € F; C Fy and we can take s arbitrarily close to 7 and such that
Efe™" 1579 | A] = x¥.

Now suppose for a contradiction that + > 0 and E[efr(fhf*r) |A] > xT for some positive probability event
A € F;. In case A has probability less than one, note that ]E[efr(”»f*’) | A€ > xi‘ where A€ € F; is the comple-
ment of A. Therefore, we can conclude using the law of total expectation that E[e ™" (rl,f_t)] > xT. Then, for s < ¢,
we have E[e " (TLs™9)] > o=r(=s)g[e=r (@1, =0)7] implying Ele"Ls=9)] > x} for s sufficiently close to 7. But this

contradicts that E[e ™" QW =] = xi" almost everywhere. O

(End of the proof of Lemma 5. The proof of Proposition 6 continues.)

Now, for any ¢ > 0, any A € F; with positive probability, and all s > ¢, we can define MtA $)=Pl@:114(®) <
s | A) to be the distribution of the time to next sale at # conditional on the event A. It is easy to see that MtA (s) <1 for
all s > ¢ and that MtA () = 0. We then have, for all s > 1,

Ele " (L7 [A] = / eTENAMPA ) + (1 = MA)EL ™ T 1A 1y, > 5],
(t,s]

which yields
x* :/(t Je*’(zf’)dM,A(z)ju(l — MA(s))e 60y, amn
.8

This equation can be used to show that MlA (+) is absolutely continuous on compact intervals and hence has a density,
call it mtA, on the restriction to R . Consider s” and s” with t < s’ < s”. Then,

X = / e ENAMA ) + / e ENAMA ) + (1 — MA(s"))e " xt
(t.5']

J(s' 5]

and indeed

xT > /( e—r(z—t)dM[A () + e—r(s”—t) (M[A " — MtA (S/)) + (1 _ MtA (S”)) e_r(b‘”—’)xT.
t,s']
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Moreover,
xj < /(t : e @ DaMA D) + e_r(s/_’)xf - e_r(s”_’)MtA (s")x¥.
.8
Subtracting the latter inequality from the former we obtain

x* N/
MAG") = MA) < @ .
1

This establishes the claim.
We can then write equation (17) as

x* = / efr(zft)m,A(z)dz +(1 - M,A(s))efr(sft)x’f.
(,5]

Differentiating in s yields a first-order linear nonhomogeneous ODE

dmt AT
=(1-M s
( ) 1—xf
X
which is solved by MA(s) = 1 — e~ 16 =0 with 2; = l’j‘;* . Because the right side of the ODE is Lipschitz in M,
1
the solution is globally unique by the Picard-Lindelof Theorem. This completes the proof. |

A.9. Proof of Proposition 7

Proof: Sufficiency. Incentive compatibility for low types is immediate so consider the stopping time of high types 75 ;
which prescribes stopping at ¢. It is always optimal for a high type to stop at the first sale, so the only deviations we
need to consider are to stopping times 7, ; where either (i) the buyer simply waits for a sale (i.e. 73 ;(w) = inf{s >
t: Ps(w) = 01}), or (ii) the buyer purchases either at some date s’ > ¢ or at the first sale, whichever is earlier (i.e.
7y (w) = min{s’, inf{s > ¢ : Ps(w) = 61}}). For the second specification of the stopping time to yield different expected
payoffs than the first requires the event 7 , > s’ to have positive probability; so assume this is true when considering
the second case.

In the first case, the high type’s expected payoff is E[efr(”,’*t)vz @)= xi‘vz (61). By Proposition 1, this is equal
to the expected payoff from immediate purchase, v; ( p%‘ .

In the second case, let A be the (positive probability) event that 71 ; > s/, so that its complement A€ is the event
Ty € [1, s"]. Then the high type’s expected payoff under Ty is

Ele™" ("0 (6)) | ATP(A) + ¢~ Doy (p3)P(A)
= E[e "0y (07) | ACTP(A) + ¢ D xfo (0)P(A)
< Ele™" L1700, (8)) | ATP(A) + Ele 1Dy (60)) | ATP(A)
= x{02(61)
=05(p5),

where v>2“ ( pz‘) is the expected payoff under 73 ;. The inequality follows by Condition (5).
Necessity. Now, consider a # and s > ¢ such that Condition (5) fails. Let A denote the event that 7; , > s, and let A€

be its complement. Then we have P(A) > 0 and E[e " (71179 | 4] < Xy

Since E[e_r(rlsf_t)] = xf, we have
xf = PAOE[e "7 | AT+ P(A)e " CDE[e " 71179 | A].

So, necessarily,

PAOE[e ™ LD | A > (1 = P(A)e 6Dk, (18)
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For a high type arriving at ¢, consider the deviation 7 ; defined by purchasing at the next price discount or at date s,
whichever comes first. This yields an expected payoff

PAO)E[e ™" TLe=D | A0y (0)) + P(A)e "Dy (p3). (19)

The first term of equation (19) is strictly greater than (1 — P(A)e™" (s *t))vaz (01) by equation (18), while the second
term is equal to P(A)e*’(“’)xi"vz(ﬁl). Therefore, the expression in equation (19) is strictly greater than xv5(601),
which is equal to v ( p%‘ ). This shows that purchasing immediately with probability one gives a strictly lower payoff than
the defined deviation. That is, incentive compatibility fails. g

A.10. Proof of Proposition 8

Proof: To characterize an optimal static mechanism, first the usual replication argument permits us to conclude that
it is without loss of generality to consider incentive compatible and individually rational direct mechanisms. As in the
baseline model, we may assume that the direct mechanism specifies, for each type 8;, an allocation probability x; and
a distribution over payments conditional on allocation, H;. We first show that it is optimal for the seller to specify
deterministic prices.

Lemma 6. It is optimal to set a payment equal to 61 for the low type and a deterministic payment p, € [0y, 65) for the
high type.

Proof: The utility of type 8, when reporting 6y, is

Uni = i / On — p+ 1(on — pP)AHL(p).

Incentive compatibility is the requirement that, for all 6, and 6, U, x < Uy, . Individual rationality is the requirement
that, for all 6,,, U > 0.

Consider an incentive compatible and individually rational mechanism. We want to show that there is a weakly more
profitable mechanism with the properties in the lemma.

If the probability of allocation to the low type is zero, the seller can (without sacrificing profits) specify a payment
for the high type equal to the high type’s willingness to pay.29 The payment specified to the low type is irrelevant since
it is never charged (so we can let this equal 8;). So, in this case, the statement of the lemma holds. We can then focus on
the case where the original mechanism allocates with positive probability to the low type.

Next note individual rationality implies that, in any mechanism, the low type does not make an expected payment
higher than ; for receiving the good. We may then assume that the high type makes an expected payment at least ; for
receiving the good, otherwise the seller could instead offer the weakly more profitable mechanism that has both types
purchase at price ¢ (say a take-it-or-leave-it offer for the good at price ;). This mechanism satisfies the properties in
the lemma.

We can take as given then that the low type is awarded the good with positive probability and the price distribution
conditional on purchase is given by Hj. We can replace the random payment with a deterministic payment which is
the certainty-equivalent payment for the low type, (weakly) raising the seller’s profits because the low type’s payoff is
concave in the payment. Because the low type earns a non-negative payoff in the original mechanism (by individual
rationality), this certainty-equivalent payment is no greater than 8. Denote this new payment py. It is given by

O - p(+n) =10y,
where
Oi= [ @ = p+ a0~ @)+ [ O p @~ p)ah ()
[0,61) [01,00)
is 61 ’s payoft in the original mechanism. We therefore have
P =01 —Ur/(1+n).

29. This is the price p that sets 6, — p + An(py — p) = 0. That is, the high type’s willingness to pay is

b +Anp
21+/1,72 € (p2,62).
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We now show that #,’s incentive compatibility constraint is satisfied in the new mechanism (¢ s incentive compati-
bility constraint is unaffected by the adjustment to the mechanism, and both individual rationality constraints are also
unaffected). Note that 8,’s payoff from mimicking €} in the original mechanism is

X (/ (62 — p +n(p2 — p))dH(p) +/ (62 — p + An(p2 — p))dH; (p))~ (20)
[0,p2) [p2,00)

After the adjustment to the mechanism (where we replaced 8;’s payment by p1), 6,’s payoff from mimicry is

x1(62 — p1 + nlp2 — p1))- 21

The decrease in payoff for type 6, when mimicking 8 due to the change in the mechanism is the expression in equation
(20) less that in equation (21). This is equal to

x ( / 1A= D)(p — 0)dH (p) + (1 — Hy(p2) (A — 1)(py — el)) > 0.
[601,p2]

We conclude that, given the original mechanism satisfied the high type’s incentive constraint, the new mechanism does
too. In addition, by the concavity of type 8;’s payoffs, the new mechanism is weakly more profitable for the seller. So
we have found a weakly more profitable mechanism that is incentive compatible and individually rational, and where
the low type makes a deterministic payment pj.

Next, noting p; < 6, consider further (weakly) raising the payment of the low type to 6. This relaxes the high
type’s incentive constraint, keeps individual rationality constraints intact, and raises the profits of the mechanism. To see
that the low type does not prefer to mimic the high type, recall we could assume that the high type makes an expected
payment upon receiving the good of at least . The low type therefore earns a nonpositive payoff from mimicking the
high type.

Now make a final adjustment to the mechanism by replacing the high type’s payment with its certainty-equivalent.
Because the high type has concave payoffs, this payment is again at least 6] . Again, the low type’s incentive constraint,
and hence all incentive and individual rationality constraints remain intact.

We have constructed, then, our weakly more profitable mechanism where the low type pays ¢ and the high type
pays at least §;. Because the high type obtains a non-negative payoff, the high type’s payment as determined above
is no greater than his willingness to pay, i.e. 32]1#’?2 (see footnote 29). This is strictly less than 6, as we assumed
p2 < 52. O

(End of the proof of Lemma 6. The proof of Proposition 8 continues.)

Now, to establish Proposition 8, consider maximizing seller profits among mechanisms where the payment distribu-
tion Hy is degenerate for each n. Among mechanisms in the class considered in Lemma 6, we only need to impose the
high type’s incentive constraint.30 This constraint can be written as:

x2(62 — p2 + 1(p2 — p2)) = x1(02 — 01 + n(p2 — 61)), (22)

where py € [0}, 6;) is the price charged to the high type 6,. Here, the left-hand side is the high type’s payoff from
truthful reporting, while the right-hand side is the payoff from mimicking €}, in which case the buyer makes a payment
61 when receiving the good. When the constraint (22) is satisfied, the high type earns a non-negative rent. Setting xy = 1
therefore relaxes the constraint. It does so without introducing any violation of the low type’s incentive constraint or in
either of the individual rationality constraints. Therefore, it is indeed profit maximizing to set xo = 1. Moreover, raising
P2, provided it does not lead to a violation of the constraint (22), increases profits. We can therefore assume that the
constraint binds. That is, p; is given by

0> — p2 + u(p2 — p2) = x1(62 — 01 + n(p2 — 61))-

30. The low type’s incentive constraint is satisfied whenever the high type pays at least 61. Because the low
type pays his valuation 8; for the good, the high type’s individual rationality constraint is then satisfied whenever his
incentive constraint is satisfied.
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Viewing p> now as a (decreasing) function of x1, there is a value of x1, call it X1, at which the high type’s payment
equals the reference point. This value is given by

5 = 0 —p2
0y — 01 + n(p2 — 01)

For x1 > X the high type’s payment is below the reference point and the high type experiences gains. For x| < X,
the high type’s payment is above the reference point and so the high type experiences losses. We can observe that, for
X1 > X1, we have

G+ mpy —x1(0 — 01 +n(p2 — 61))
p2= .
I+7

For x; < X1, we have

Dy = 02+ npy — x1 (02 — 01 + npa — 61))
2 1+ 74 '

We conclude that p, decreases in x at rate

0 — 01 + n(p2 — 01)
1+na

for x| below X1, and at rate
0 — 01 +n(py — 01)
1+7

above x1. Since the former is smaller than the latter, this shows that profits, as a function of x1, have a concave kink at x7.
It is then readily checked that x; = x| in the optimal mechanism if and only if

O — 01 +n(pp—0 0 — 01 + -0
_p, 2= 01 0 l)+01(17ﬂ2)§0§7ﬁ22 1 +n(p2 —61)

+61(1 — .
1+7 1+ i€ F2)

This is equivalent to Condition (6). g
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OA.1 Conditions for attaining IT*

This Appendix proves the statement after Proposition 4: there exists a price-path mechanism attaining IT*
if and only if there are no two values x”,, x), €(0, 1) with x*, #x", (or, equivalently, when J <3). The “if”
part follows from the arguments in the proof of Proposition 4. We state and prove “only if” part in the

following result.

Proposition OA.1. If there exist n and m such that 0<x <x; <1, there is no incentive compatible price-path
mechanism giving IT* to the principal.

Proof. The proof will be by contradiction. From now on, we assume with a view to contradiction that there
is a price-path mechanism (P, 7) that gives the principal a payoff equal to IT*; that is, f OOO E[Il,]e " 'rdc=T1*,

where

N
«o— —rT
Ht.—g Pne ~Pr .
n=1

(That we can take the expectation inside the integral is shown in the proof of Proposition 4.) We will
assume, without loss of generality, that (F,), is the filtration generated by P. We divide the proof into five

steps:

Step 1: In this step, we define the set 7 of dates t such that, for some n, either (i) there is A, € F, with
P(A;)>0 such that

E[e (DA, J£ X (OA.1)

or (ii) there is A, € F; with P(A;)>0 such that P(P; ,=p;|A,;)<1. The result to be established is that the
set 7 has Lebesgue measure zero. To see this, using P’roposition 1 (and the equivalence between allocation
probabilities of the static mechanism and expected discounting in a dynamic setting; see the proofs of
Proposition 4 and Lemma 5), for dates t €7 we can find A, € F, (chosen so that E[e_r(fﬂyt_t)lAt]yéx;’; or
P(P;, ,=pylA;)<1 for some n) for which E[II;|A,]<IT*. In addition, we know that, for all ¢, and any
B e}'t’ with P(B)>0, E[II,|B]<IT*. Therefore, taking B=\A,, we obtain

E[Ht] :P(At)E[Ht|At]+P(Zt)]E[Ht|Zt] <IT*



for all t € T, where A, =Q\A, is the complement of A,. It follows that, if the integral defining the seller’s dis-
counted payoff fooo E[I1,Je "'rdt is well-defined, it is strictly less than IT*. This contradicts our assumption
that the seller obtains IT*.

We then observe that, for any t ¢ T, any A€ F, with P(A)>0, we have

P(The<Tpme O Tp =Ty, =00 |A)=1

for all n and all m such that x} > x” . This is immediate when x} =0, since then P(7,, ,=00)=1. If instead
xy >0, we argue that P(7,, <7, or 7,,=7,,=09|A)<1 would imply that the type 6, buyer has a
profitable deviation to stopping time 7, AT, . The higher payoff for the 6, buyer under this stopping
time can be explained by observing that either there is positive probability that the buyer purchases at price
p;, <0, whereas he does not purchase under 7, ,, or there is a positive probability that the buyer purchases

. . * * * *
earlier and hence at price p; rather than at p;, where p’ <p-.

Step 2: In this step we introduce the following notation. For any t,t’,t” €R,, any n, let K,ij’tt” ={w|t'<
Tpe(@)<t”}, and let KL, ={wl|t’ <7, ()}

We now argue that for all t,t’€R,\7 with t<t’ such that P(K,ij’too)>0, then 7, /(w)=1, (w)
for almost all wEKﬁj’too. To see this, assume otherwise, and define 7:=7, A7,,. We then have that
E[e_rflel:’too]>min{]E[e_”":f |K£:;°°],E[e_”mf’IK,ij’too]}. This implies that either 7, , or 7, ., are subop-
timal, a contradiction (recall that P(K,i:’too)>0 and by the definition of T, the price paid by the 6, buyer
conditional on K,i:’too is p» almost surely).

Step 3: We now show the following result.

Lemma OA.1. Fix some n with x* €(0,1). Then, for t,t’,t"” €(R, U{+00})\T with t <t’' <t” < oo, we have
P50

Proof. The lemma will be a result of what we call Claim A: For ¢, t;, ty € (R, U{+00})\T with t <t; <ty <

t;—log(x*)/r and with P(Ktl’ )>0, we have P(Ktl’tz) P(KtZ’ )>0. Given t,t’,t”" €(RLU{+00})\T
with t<t’<t” <00, we then arrive at P(Kn,t )>0 by applying Claim A iteratively along a sequence of
dates ((t(l) (i)))ieN, requiring tgl)zt, tgi)= tgi_l) forall i>1, and t(i) < t(i)< t(i) log(x*)/r for all i. The

first iteration is with t; = t(l) (observing that then K|, tl’ =) and t2=t ; then the i’ h iteration is with
@) (@
ty,t

ty=t (l) and t,= t(l) This establishes that each event K, !,"* has strictly positive probability.

To show Claim A, consider any t;,t,€R,\7 with t <ty <ty<t;—log(x;)/r and with P(Ktl’ )>0.
Applying Step 1, after noting Kn,lg EFy,, We have:!

x: = E[e_r(fn,t_ﬁ) |Krt1,lt,oo :|

sty ty,00
w [e—T(Tn r—f1)| tl’t2]+@ —r(ty— fl)E[ —”(Tnt—fz){Klet’oo] . (OA.2)
PEK™) PKL) :

) (%x)

(k)

!Note that, in expressions such as equation (OA.2), if the conditioning event for a conditional expectation has probability
zero, we take the conditional expectation to equal zero.



Note first that, if P(K, tl’t2)> 0, then the term () is no smaller than e "(2=t1)_ It then follows that, because
ty<t;—log(x})/r, P(Ktl’tz)/P(Ktl’ )<1, so we have that P(Ktz’ )>0 in this case. Alternatively, if
P(Ktl’tz) 0, we have P(K )= P(Ktl’ )>0. Note also that, since Krtl,z,_iooe]-"t2 and since 7, (w)=

Tpt, (@) for almost all werZ’

(by Step 2), it follows that (+xx) is equal to x; whenever P(Krtlfgoo)>0
(from Step 1). Furthermore, given t,>t;, we have that (%) is strictly smaller than 1; hence it must be
that P(K,;

estabhshes the claim. O

;2)>0. We conclude that the probabilities of both K,i};tz and K,Sft’oo are strictly positive, which

(End of proof of Lemma OA.1, proof of Proposition OA.1 continues.)
Step 4: We then show the following result.
Lemma OA.2. Fix some n and m, with n>m and with x}€(0,1). Then, for t,t’,t" € (R, U{+00})\T with

t<t’'<t” <00, we have

xt, E[erm |
xx E[e~"Cn t—t’){Kt’ t” : (OA.3)

Proof. To establish the lemma let t,t/,t" €(RoU{+00})\T with t<t'<t”<oco. Note that, by Lemma
OA.2, P(K[ .t )>0 and P(K “°)>0. Observe that

x;kn =E[€_r(Tm’t/_t )lKrtl’,too]
:E[e_r(Tm,t_t/) |Krfl/;t°°]

t/,t” t",00
_ P(Kn/,t ) E[e—r(’rm —t )| t’ //:|+7)(K : )e—r(t//_t/) ]E[e_r(T - " Krtl//t,oo] ) (OA4)
P(Ky,i ™) P(Ky i :

(+)

/
The second equality holds because 7, ,(w)>t’ for almost all w EKfl,’too (since P(T, ¢ <Tp OF Ty ¢ =T =
/ 1"
00)=1), and so T,, ;(w)=1, (w) for almost all coeK,i,’too (by Steps 2 and 3). Since K,it’oo € F, and
1"
since T, =Ty, ON K,it’oo, we have that (xx) is equal to x; . Considering Equation (OA.4) for distinct
m and n as in the statement of the lemma, as well as m taken equal to n, generates two equations which

together imply Equation (OA.3). O

(End of proof of Lemma OA.2, proof of Proposition OA.1 continues.)

Step 5: We now assume that 0<x) <x*<1 and conclude the argument. For t,t’,t” €(R,U{+00})\T
with t <t’'<t” <00, we have

()
]E[e_r(,rm’t_t/) |Kr§/’tt//] :,P Kt/’t// |Kt/’t// [ —r(Tm’[_t/)|Krtl/’tt// mK‘rtr:’ttN]
fer(t"—t )7) =it {K I:e_r(Tm’[_t//)|K,€/,tt”mf;’i//] .
(%)



We now argue that P(K,f;’f” |Kfl:’tt”) >0. If P(K,ﬁj’tt” mi,ﬁ;ﬁ”)zo then P(K,tn/,’tt” |K,§:’ttﬁ) =1>0, so the result
holds (recall that, by Lemma OA.1, P(K, t/’t”)>0) Assume then that P(K, t/’t”ﬂl?t/’t”)>0 Since K, t/’t”ﬂ
fni € Fy», we have that (xx) is equal to x (by Steps 1, 2, and 3). Now, let 5==1 log(zx +2) and

suppose add1t1onally that t”—t' <5 so that e (" t)> Exn+§. Then, using Equat1on (OA.3) (to replace

(%)) and that P |K ) 1— P ’K , We obtain
> ﬂ(t”ﬂ’) <1
X, —r(t —t/) t't” —r(t”—t') * "_gt
et t/ t x_i E[e n,t \Kn,t ]_e xm X:;l e_r(t —t )_x;kl
P(Km:t Kn t )_ —r (T, —t") t't” t't” 24t _F 1— —r ("=t )y
E[e " Cnim KL nKyt —emr =ty Xy 1—e Xk
<1

The term on the right-hand side of this inequality is decreasing in t” —t’. Using the specification of &, given
t,t’, t" €eR\T with t”—t’€(0,5), we have

xp (1—x7)
xE2—(T+xk)xx)

P(Knt |Kni' )2 (OA.5)
Now let § €(0, §) and specify K®
t, lims_, P(Kn m, t) 0. Now, pick any t €R\7 and choose a strictly increasing sequence (t;).2, in R\T

with ty=t and such that t;.;—t; €(6/2, 6) for all k. Then

w|rmt(w)€(fnt(w) Tpt(w)+8] }for all t. Note that, for any

nmt

Ktk:tk+1)

n,t

oo
Pl 0102 30 e ) <00 P
k=0

xp (1=x7)
2= +x)xk) '

(0A.6)

The first inequality holds because K,/ *** NK,,' otk c g S . tﬂK,ift’t"“. The second inequality follows from
Equation (OA.5). Considering Equat1on (OA.6) as 6 —0, we obtain a contradiction to the previous obser-

vation that limg_,q P(Kfm t) =0. O

OA.2 Determination of reference points in a market equilibrium

In this section, we describe how our model of loss aversion in Section 6 can be formally analysed in the
framework of “market equilibrium” introduced by Heidhues and Készegi (2008). We focus on the static
model, but the ideas readily extend to the model with dynamic arrivals. Our objective is to show that the
reference points considered in Section 6 can arise in a market equilibrium.

The model is the same as the static model considered in Section 6. Let us briefly revisit the preferences
of each type 6, €{6,, 65}, where 0< 8; <6,. The probability of each type 6, is 3,,. We emphasise that our



set-up in Section 6 can accommodate random reference points. First, define

Anx if x <0,
plx)= .
nx  if x>0,

where >0 and A>1. Let M,,:R, —[0, 1] be a CDF representing the distribution of reference points for
type 6,,, and suppose that H:R, —[0, 1] is a price distribution. Then the expected payoff of type 6, from

purchasing at a random price drawn from H is

U(H; Gn,Mn)=J f v(p; 6,, p)dM,(p)dH(p)

where

v(p; 60,,0)=0,—p+ulp—p).

The payoff from not obtaining the good (and therefore not paying) is zero.

To follow Heidhues and Készegi (2008) as closely as possible, we first adapt the idea of “personal
equilibrium” (as introduced by Készegi and Rabin, 2006) to our setting. We consider mechanisms that
provide buyers with two options (according to their “reports”) M =(x;,H;, Xy, H,), where x,, is viewed as
type 6,,’s allocation probability and H,, is the price distribution for this type. For brevity, we do not examine
whether this entails any meaningful loss of generality in our notion of market equilibrium. However, note
that because the players take the reference points as given in their optimisations, and because the buyer’s
type completely characterises his private information on preferences (including about the reference point
distribution), the seller finds it optimal to offer direct mechanisms with two options. This means that, in
the market equilibria that we characterise, the seller will not have a profitable deviation to mechanisms
with more than two options.

A “reporting strategy” can then be defined as a probability distribution over reported types for each
type 6,,. This can be described as a probability o, taken to be the probability that type 8, reports to be
the high type 6, (type 0; is then reported with complementary probability). Given a mechanism M=
(3q,Hy,x5,Hs,), if type 6, places probability o,, on reporting to be a high type, then this determines a price

distribution conditional on acquisition of the good

(1—Un)X1H1(P)+(7nx2Hz(P).

H(p|o,, M)=
(plern, M) (1—0p)x1+o,x,

This conditional distribution is only well-defined in case 6,, receives the good with positive probability.
(Where it is used below, this will follow as a requirement of equilibrium.)
This brings us to the following key definition.

Definition OA.1. Consider a mechanism M=(xy,H;, X5, H,) that allocates with positive probability to both
types, i.e. x1,Xx5>0. Fix a reporting strategy (o1, 05) and define for each n€{1,2}, M,(p)=H(p|c,, M) to

be the reference point distribution for type 6,. Then (01,0,) is a “personal equilibrium” for the buyer if o,



solves, for each ne{1,2},

5 max. {(1=6,)xU(Hy; 65, M) +6,x2U (Hy; 6, M)}

Note that the above makes an important choice regarding reference point determination. We assume
that reference points are determined as the anticipated distribution of prices conditional on receiving the
good. Below, given a mechanism M =(xy,H;, x5, H,) and reporting strategy (o, 05), we simply refer to the
corresponding reference point distributions (M, M), meaning those determined by M, (p)=H(p|o,,, M).

It is worth noting here that the static mechanism derived as optimal in the main text (see Proposition
8) has a personal equilibrium in which the buyer reports truthfully: i.e., (c,05)=(0,1). This reporting
strategy, given the mechanism, implies a low-type price conditional on obtaining the good equal to 6,. It
implies a high-type price conditional on obtaining the good equal to p,, where p, is the value specified in
the main text (the exogenous reference point) as belonging to (6;, 8,), and where we assume the condition
in Equation (6) is satisfied. Given the putative reporting strategy, the buyer’s (endogenous) reference points
are M; degenerate at 6; and M, degenerate at p,. Given these reference points, the buyer finds the truthful
reporting strategy optimal.

We can now provide the second key definition.

Definition OA.2. A “market equilibrium” is a mechanism M=(x,,H;,x,,H,) and a reporting strategy
(04,09) such that (i) (0, 05) is a personal equilibrium for the buyer given M, with corresponding reference
point distributions (M7, M), and (ii) M, together with reporting strategy (o, 05), is an optimal mechanism

for the seller taking the reference point distributions (M, M) as given.

This definition encodes the idea that reference points are formed as “lagged rational expectations”
(as mentioned in the main text, taking the terminology from Heidhues and Készegi, 2008). While the
reporting strategy must be a personal equilibrium given the mechanism, with corresponding reference
points, the optimal design of the mechanism takes these reference points as given. The idea is that the
seller cannot influence reference points through the choice of the mechanism because they have already
been determined.

It is now clear that the mechanism designed in the main text for reference points 6, for the low type
and any p, €(6,, 65) such that the condition in Equation (6) is satisfied, together with a truthful reporting
strategy for the buyer, constitute a market equilibrium. That we have a personal equilibrium (Part (i))
is explained above. That the mechanism described in Proposition 8 is optimal for the seller is a result
already obtained in the proof of that proposition. This establishes already that there are often a continuum
of market equilibria with difference reference points for the high type. However, we have not generally

sought a full characterisation of the set of possible market equilibria.
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