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Abstract—This paper proposes a novel multi-carrier modulation
framework for high-mobility communication scenarios. Our
key idea lies in spreading data symbols across the delay-
Doppler (DD) domain through orthogonal chirp-Zak transform
(CZT). To enable efficient signal multiplexing, the proposed
modulation scheme employs a transmitter signal that maintains
orthogonality with the inherent resolution characteristics of the
DD plane. Termed as Orthogonal Chirp Delay-Doppler Division
Multiplexing (CDDM), we demonstrate a synergistic integration
of chirp waveform properties with the channel structure of
the DD domain, thereby achieving advantages with both lower
computational efficiency and improved detection performance.
We introduce a novel CZT-based superimposed sparse pilot
structure to enable simultaneous estimation of delay-Doppler
shifts and channel coefficients. For enhanced performance, we
further develop an embedded pilot scheme that demonstrates
channel estimation performance comparable to that of Orthogonal
Delay-Doppler Division Multiplexing (ODDM) systems. Simulation
results demonstrate that CDDM achieves significant bit error
rate (BER) improvements over existing modulation schemes ,
under perfect channel state information (CSI), as well as superior
out-of-band emissions (OOBE). Further, for the imperfect CSI
case, the proposed CZT-based superimposed pilot scheme leads
to significantly reduced normalized mean square error (NMSE),
whilst attaining equivalent estimation accuracy to that of ODDM
with lower computational complexity.

Index Terms—High mobility communication, delay-Doppler
domain, orthogonal chirp, channel estimation, data detection.

I. INTRODUCTION
A. Background

High-mobility communications play an important role in the
upcoming sixth generation (6G) mobile systems [1]. In 6G, a
challenging target is to provide reliable communications for
moving speeds of 1000 km/h or higher in various dynamic
environments (e.g., high-speed railways, vehicle-to-everything
networks, flying drones, low-earth-orbit (LEO) satellite sys-
tems). The legacy Orthogonal Frequency Division Multiplexing
(OFDM), while widely adopted, may suffer from poor error rate
performance in high-mobility channels due to the orthogonality
loss caused by large Doppler [2].

Chirp signals [3], characterized by a linearly varying
instantaneous frequency over time, exhibit inherent robustness
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against severe channel impairments commonly encountered
in high-mobility wireless environments. First, their excellent
Doppler resilience ensures that the signal energy remains
well-localized in the delay-Doppler domain, enabling reliable
detection even under high-speed movement. Second, chirp
signals enjoy low or zero autocorrelation sidelobes, which
are helpful for mitigating inter-symbol interference caused
by multipath reflections. Third, their inherent time-frequency
diversity facilitates efficient exploitation of doubly selective
channels, thus leading to improved link reliability. These
properties make chirp waveforms particularly attractive for
emerging applications such as vehicular-to-everything (V2X)
communication, UAV swarms, and high-speed rail systems,
where traditional orthogonal waveforms struggle to maintain
good performance. In Orthogonal Chirp Division Multiplexing
(OCDM) [3], for example, data symbols are modulated using
mutually orthogonal chirps via the Discrete Fresnel Transform
(DFnT). More recently, Chirp-Convolved Data Transmission
(CCDT) [4] and Affine Frequency Division Multiplexing
(AFDM) [5] have been proposed as two representative chirp-
based modulation schemes. CCDT allows one to adjust
the coefficients of the quadratic term to achieve improved
ambiguity function, thereby meeting diverse velocity and
distance detection requirements of various scenarios. AFDM, in
contrast, selects the coefficients of the quadratic term coupled
to the maximum Doppler shift and is capable of achieving full
diversity in doubly selective channels.

Besides, high-mobility communications can also be achieved
in the Delay-Doppler (DD) domain. A prominent example is
Orthogonal Time Frequency Space (OTFS) [6], which offers
excellent channel diversity and relatively static channel state
information (CSI) [7]. However, OTFS may not be backward-
compatible with OFDM as it requires a two-dimensional DD
transform. Moreover, ideal OTFS modulation relies on pulses
that satisfy the biorthogonal robustness condition, which is
unattainable due to the uncertainty principle. Rectangular pulses
are commonly employed in OTFS, often resulting in significant
out-of-band emissions (OOBE).

To address the challenge of designing realizable orthogonal
pulses for the DD plane, Orthogonal Delay-Doppler Division
Multiplexing (ODDM) was introduced in [8]. ODDM is a
staggered, upsampled-OFDM-based modulation scheme that
enables multi-carrier modulation in the DD domain, thereby en-
hancing signal alignment with DD channels. The transmission
pulse proposed in ODDM, referred to as the Delay-Doppler
Orthogonal Pulse (DDOP), is designed as a pulse train that
preserves orthogonality with respect to the resolution of the DD
plane. In comparison, ODDM exhibits superior performance



compared to OTFS in terms of both OOBE and bit error rate
(BER).

B. Related Works

A plethora of waveform studies have been conducted, aiming
to achieve reliable communications in high mobility scenarios.

Similar to OFDM, it was shown in [3] that chirp-based
waveforms may suffer from poor OOBE performance. Such
an issue can be mitigated by windowing techniques, as
pointed out in [9]. By properly tuning the chirp rate, AFDM
generally outperforms OCDM, where the latter may only
achieve partial diversity [9], [10]. Compared to OTFS, AFDM
enjoys a lower training overhead whilst achieving comparable
BER performance [11], thanks to its one-dimensional signal
generation structure. For improved backward compatibility
with OFDM systems, [12] demonstrated that AFDM can be
efficiently implemented as a Discrete Fourier Transform (DFT)
precoded OFDM scheme. The integration of AFDM with sparse
code multiple access (SCMA), called AFDM-SCMA, was
proposed in [13] to support massive connectivity over high
mobility channels. Utilizing the redundant information in the
chirp periodic prefix of AFDM symbols, synchronization can be
effectively implemented for AFDM using maximum-likelihood
criteria [14].

DD domain waveforms are attractive due to efficient channel
estimation [15], full-diversity data transmission [16], excellent
coded system performance [17], and low-complexity precoding
for MIMO transmissions [18]. [19] demonstrated its unique
advantages for integrated sensing and communication (ISAC)
systems, while [20] provided crucial insights into MIMO-
OTFS implementations with non-orthogonal multiple access
(NOMA). [21] showed its effectiveness for LEO satellite
links, whereas [22] suggested OTFS as a leading waveform
candidate for future networks. OTFS also inspired Orthogonal
Time Sequency Multiplexing (OTSM) as reported in [23].
[24] discussed the relationship of DD domain modulation
schemes, attempting to establish an unifying framework by
introducing the transformation relations between different
domains. New pilot sequences can be developed by exploiting
the representation of orthogonal chirp in the DD domain for
more accurate channel estimation [25].

C. Motivations and Contributions

Despite numerous research attempts in DD domain wave-
forms, the existing state-of-the-art researches have not syn-
ergistically exploited the advantages of DD channel by fully
taking advantage of the properties of chirp signal. Although
[25] utilized the chirp in the DD domain as pilot sequence,
the channel estimation at the receiver suffers from significantly
increased complexity by fully taking advantage of the properties.
Inspired by this observation, this paper proposes to transmit data
symbols via chirp signals in the DD domain. It is found that or-
thogonal chirp signals can be transformed into DD domain with
partial orthogonality that facilitates data separation in DD plane.
It is also shown that pulse-shaped DD domain multicarrier
modulation can simultaneously preserve the inherent advantages
of chirp waveforms while effectively suppressing OOBE. At the

receiver, after multicarrier demodulation, the sparse structure

of the DD channel enables rapid data processing by exploiting

the correlation of DD-domain chirps. Therefore, our proposed

scheme can fully utilize the DD channel properties and chirp

signal advantages, whilst achieving significant OOBE reduction.
The main contributions of this paper are as follows:

e The Chirp Zak Transform (CZT) and its inverse are
proposed to efficiently transform data symbols into the
DD domain by spreading over DD chirps, thus enhancing
the signal detection in high mobility scenarios.

¢ Building on CZT, orthogonal chirp delay-Doppler division
multiplexing (CDDM) is proposed. It is shown that the
proposed CDDM leads to reduced OOBE via pulse shap-
ing, and enables efficient DD-domain channel estimation.

o By exploiting the correlation of DD chirps, we present
novel CDDM channel estimation and data detection
schemes to enable accurate channel estimation and reliable
data recovery.

e A superimposed pilot scheme and an embedded pilot
scheme are designed for CDDM. The superimposed pilot
scheme, based on IDAFT, ensures fast and accurate
channel estimation using threshold. The embedded pilot
scheme, implemented within the CDDM system based on
CZT, provides more precise estimation.

o The BER of data recovery and the normalized mean
square error (NMSE) of channel estimation for CDDM
are evaluated through simulations and compared against
several existing waveforms. It is shown that the proposed
CDDM demonstrates superior performance in both BER
and NMSE, with more effective superimposed pilots and
comparable embedded pilot performance.

D. Organization of This Work

The subsequent sections are organized as follows: Section II
introduces the CZT, Section III presents the CDDM modulation
and demodulation scheme, Section IV discusses the DD domain
input and output of CDDM, Section V covers the channel
estimation and data detection methods for CDDM, Section VI
introduces the new superimposed pilot scheme and embedded
pilot scheme for CDDM, Section VII provides a performance
analysis comparison, and Section VIII concludes the paper.

II. CHIRP-ZAK TRANSFORM

A chirp signal is a waveform with time-varying frequency,
which can be transformed into its DD domain representation
via the Zak transform. Denote by Af and T the subcarrier
spacing and the symbol duration, respectively, let us con-

sider a DD plane I' = [0, 5or] = [%,ﬁ] for
m=0,1,...Mp —1and n = 0,1,..., Np — 1, with Mp

representing the number of delay indices and Np representing
the number of Doppler indices. Denote by N = MpNp the
total number of DD grids. Further, assume that Mp = LNp,
where L is an integer. One can see that MLD represents the delay
resolution and -+ represents the Doppler resolution. Consider

NpT
N data symbols x = [z(0), z(1), ..., x(4), ...,z (N — 1)].



Real (blue) and Imag (red) part of ¢;(w)

Fig. 1: The real and imaginary parts of ¢,(w) when N = 16.

Let o;(w) denote to the i-th discrete orthogonal chirp of
o . (w—1i)2
x(4), which is formally defined as ¢;(w) = % emim T

with w =0,1,..., N — 1.

Fig. 1 demonstrates that p;(w) are mutually orthogonal in
the chirp dimension, and both the amplitude and phase of each
chirp can be exploited for modulation through the Inverse DFnT
(IDFnT) [3]. Moreover, the linearly increasing frequency of
chirp signals enhances their robustness in complex transmission
channels, while their favorable perfect correlation properties
further facilitate efficient data processing.

By applying the IDFnT to x, the discrete orthogonal chirp
signals s.(g) can be obtained

. M

Applying the discrete Zak transform (DZT) to s. yields its
DD domain representation
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In this context, the DD domain data symbols can be viewed
as the superposition of individually precoded data symbols,
where the precoding matrix is the DD domain representation
of orthogonal chirp signals. We define this process as the CZT
of x, which transform x into DD domain data symbols while
spreading them across the DD chirp. Then, the CZT coefficient

of the i-th data symbol z(i) can be defined as
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operator. Therefore the CZT of x is Z CZZ( )- In this
case, z(i) can be recovered by the followmg Inverse CZT
(Iczrm),
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where 7 (-) represents the conjugate of ¢;(-). One can readily
show that CZ ;) is a sparse matrix, whereby each row contains
one non-zero entry only. For example, when Mp = Np = 32,
> i CZ.(;) is shown in Fig. 2, where i = 0, 1, 5, 10, 31, 32, 33.
From (3), it can be observed that when Mp and Np are fixed,
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Fig. 2: The distribution of ), CZ,(;) when Mp = Np = 32
and 7 =0,1,5,10,31, 32, 33.

the non-zero entries in CZ,(;) remain unchanged for given 4,
and thus can be computed in advance. Based on this, the fast
implementation of CZT has been present, and the CZT for
x () can be rewritten as

CZy &)

where ®; pp = ﬁq’iFND’ Fnp is Np x Np DFT matrix,
®; is defined as

(@) = z(1)®i pD,

B, —
©:(0) ©i(Mp) ¢i((Np —1)Mp)

wi(1) wi(Mp +1) (6)
oi(Mp—1) @:2Mp—1) .. @i(NpMp —1)



For example, when Mp = Np = 6, the ®¢ pp is given by

0 0 0 (0) © 0
0 0 wo(l) 0 0 0
B 0 (2 0 0 0 0
QO,DD - \/6 @0(3) 0 0 0 0 0 ) (7)
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Clearly, when the DD domain dimension is determined, the
matrix ®; pp does not contain random elements, and it can be
precomputed. On the other hand, the CZT for « requires only
summing N sparse matrices with the complexity of O(2MpN)
when Compressed Sparse Row (CSR) format is used to store
sparse matrices [26].

Performing the ICZT to recover o from CZ,, requires Inverse
DZT (IDZT) followed by an IDFnT, leading to a computational
complexity of O(N log N + 2N + N log Np) which may not
be affordable for practical implementations.

From (3), it is evident that after the CZT, the non-zero entries
of DD-domain chirps corresponding to z(i) and x(i + ¢Np),
where ¢ € {0,1,..., Mp —1}, share identical distributions. At
the same time, they exhibit a form of orthogonality. In contrast,
the same cannot be achieved by non-overlapping symbols. This
property facilitates a fast ICZT for data symbol recovery.

Since the CZT matrix can be precomputed, one can determine
the DD domain positions of each data symbol’s non-zero entries.

Define
)a (m;,lvng,l)a AR (mg,MD—lvng,MD—l)}

- {( m;, O’
(@)

denote the set of positions corresponding to non-zero entries of
(i) after the CZT, where (m; ,,,n; ,,) represents the position
at the m-th delay index. For 1nstance in (7), we have

Ag = {(07 3)v (17 2)’ (25 1)7 (3’ O)a (47 5)’ (574)} 9

Let A = {Ag,Aq,...,Ax_1} be the distribution set for
all data symbols. Then, one can achieve fast implementation
of ICZT by

Mp—1

1
— CZ4i(m
TP Z:O i(m)

where CZ4 ;(m) = CZ4[m] ,,,n} ] denotes the non-zero en-
try associated with z(z) under the m-th delay index, retrievable
via A;. This approach reduces the complexity of recovering x
to O(2MpN) by restricting computation to symbol-relevant
non-zero entries only.

2(i) = gim),  (10)

III. CDDM MODULATION

Let us assume that there are N data symbols which
are grouped to be a vector (e.g., via QPSK), = =
[2(0), (1), ..., 2(i),...,2(N — 1)]. In our proposed CDDM
modulation, as shown in Fig. 3, the data symbols x is firstly
transformed into DD domain Xpp by CZT in (5) as follows:

N—-1Np—1 .’E(Z) omak
Xpplm,n] =) m¢i(m +kMp)e 7T b
11[2701 k=0 (11)

As shown in the Fig. 3, CZT in the CDDM system can
be viewed as pre-coding for the DD domain data symbols.
x[k] in Fig. 3 represents the time domain discrete transmission
sequence which is obtained via IDFT as follows:

NDZI X [k/Mp ||’ 55
pollklmp, DJl€ " (12)
k= o, 1, ...,MDND 1,

where |-| represents the floor operation. At the receiver, after
the multi-carrier demodulation, ICZT is applied to convert DD
domain data symbols to =’ = [2/(0), 2'(1), ..., 2/ (i), ..., &' (N —
1)] for data detection, whereby z'(¢) is the i-th recovered data
symbol. Denote by i,,,, the index of the data symbols located
in the grid [m, n]. It follows from (3) that

M
b = [m—&-n + D} +¢Np,
Np

2 (13)
C:O,L...,MD—L
Based on (3) and (13), Xpp can be defined as
MD 1
Xpplm,n] Z VNpx(im.n %mn m). (14)

Suppose that g(t) is a DD domain pulse which is orthogonal
according to the DD resolutions [8]. Let us write g(¢) as
follows:

Np-1

gt) = 3" alt—nT),

n=0

15)

where a(t) stands for a time- symmetric real-valued square-
root Nyquist pulse, satisfying f (t)|%dt = 1D. Then, the
CDDM waveform can be expressed as

Mp—1Np—1Mp—1

=VNp 3 > D a

m=0 n=0 =0

g (t ;\ZT> ]%NDT(t_ﬁg)
D

In the proposed CDDM scheme, each data symbol is mapped
to the DD domain through DD chirp spreading. Despite the
superposition of different data symbols in the DD domain,
they remain effectively distinguishable due to the correlation
of the DD chirps. At the receiver, multi-carrier demodulation
is performed first, followed by the estimation of the delay
and Doppler shift for each path based on the sparsity of
the DD channel. Subsequently, the path gains are accurately
estimated by exploiting the correlation properties of the DD
chirps, enabling reliable data recovery.

The DFT employed in the CZT and the IDFT used to
generate the time domain samples result in a waveform that
resembles an orthogonal chirp waveform during transmission.
As a consequence, CDDM can be viewed as a filtered
orthogonal chirp signal when transmitting, with the filter being a
Nyquist square-root pulse, typically a square-root raised cosine
(SRRC) pulse. Unlike conventional orthogonal chirp waveforms,
CDDM not only retains the robust transmission characteristics
of chirp signals but also leverages the SRRC pulse to effectively

Zm n ‘sz n (m)
(16)




e T
/ o | Doppler : Doppler ! 0 \
Dho | = = e
= | g ,
o] g lD S e Time domain | lD £ W
N channel L INN= NI
£ | Dela point piS [ 1] Ppulse O ()| Matched [] P point || Dela 52
O E:Tl DD domain IDFT Shaping Filtering DFT  |i DD domain 5} 2 ()
5 5
. 2 ! 2 .
( -1 § ! S b -1
_ g L -
| i
________ R— e
1
B
| - !
0] " o T [ 1
1
| ——-— 1
- w o
(€] I>< i - - [} 75777 4800 6922 94641 3.4841 1
| ' -_—— 14 :
| N 10.9545 - 27004 [0.0545 |
12
2 o2 1
I 5 p3 9.4641 2.5359 4.899 2.4495 . 9.798 10 :
N & |
(©)] :x 3, “‘ - Y occ41 ssses 7746 94641 109545 978 8 :
1
I A £y 3.5863 3.4641 4.899 4.899 2.5359 6.9282 6 1
1
- |
| 69282 7.3777 25359 4899 |
| ™ 0 1 2 3 4 5 :
1
\_ ettt S teteteleletstteteteteletstststetetetetetetststtetetetetetststtetetetetetetstut -

Fig. 3: CDDM system model. In X pp, the value within each grid is the superposition of multiple random complex values. As
a result, random constructive or destructive interference may occur, leading to large differences in the values within each grid.
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Fig. 4: PSD comparison, Mp = 512, Np = 32, QPSK.

suppress the OOBE of the chirp signal, as illustrated in Fig. 4.
The power spectral density (PSD) of OCDM, DFT-WR-OCDM,
and CDDM are compared in Fig. 4. Benefiting from SRRC
pulse shaping, CDDM achieves reduced OOBE, its OOBE
performance is comparable to that of DFT-WR-OCDM in [9].
Additionally, the SRRC pulse significantly reduces interference
in the DD domain, improving the accuracy of correlation
computations. Thus, CDDM integrates the advantages of chirp
signals and DD channel.

IV. INPUT-OUTPUT RELATION OF CDDM

Suppose that a doubly-selective channel is composed of P
pathwhich can be expressed as

P
h(r,v) = Z hpd (T — )0 (v — vp), a7
p=1
where hy,, 7, v, denote the channel gain, delay, and Doppler
of the p-th path, respectively. Due to the band-pass filtering
and sampling, the observed h(7,v) is usually modeled by a
discrete equivalent channel with
LT kp
= My P T NpT
where [, and k, represent the delay and Doppler indices in
the DD domain for the p-th path, respectively.
From (16), the received CDDM signal at the receiver is

(18)

hpx(im,n)@im,n (m)

D)
D

19

. k
VLD 4 4(t).

After the matched filtering using ¢(t), the signal in DD
domain can be obtained, the signal at the n-th subcarrier of
the m-th CDDM symbol is

kp(m—Ip)

MpNp~ 4 z[m, n], (20)

P
YDD[m, n] = Z thDD[T/r\L7 ﬁ}ej%r
p=1



where i = m—1,, 7t = [n—kp]np, Xpp[i, 7] = Xpp[i, 7l
for m > 0, and X pp[i, 7] = Xpp[Mp +m,dle 7> %o for
m < 0. Without loss of generality, lets define the sets of
normalized delay and Doppler shifts by £ = {ly,ls,....lp}
and K = {k1, ks, ..., kp}. Here, this paper assume that each
path only possesses integer delay and Doppler shifts. Then,
the DD channel can be written as

Bl k] = {hp L=l k=l

. 2D
0 ,otherwise

where [ € £ and k € K. To facilitate understanding, it can be
expressed in matrix form. Let x,,,, y,,, be the transmitted and
received symbol vectors at the m-th delay index. Then, Xpp
and Y pp can be vectorized as xpp = {x{,x], ..., x5, _1}7,
yop = ye,v¥, .., yf/ID_l}T. Similarly, the noise matrix is
zpp = {z8,2{,...,25;, _,}". After matched filtering, the
DD domain input-output relation of the CDDM system can be
expressed as a linear system

Yop = Hxpp +zpp, (22)

where H € CMpNpxMbNp ig the effective DD channel matrix
which is combined of sub-channel matrices H,, ; € CNpxNp
The sub-channel matrices can be expressed as

. k(m—1)
Ykex bl KT CF - if i > 0

Hm,l = iopklm=b
Swex hll, ke o8 CFDif i < 0

» (23)

where C is an Np x Np cyclic permutation matrix.

Due to the CP, there is an additional phase rotation when
m < 0. For the n-th subcarrier, the additional phase rotation
is e 7" Nb . Then, this paper define D which refers to the
Np x Np additional phase rotation matrix below:

1 0 e 0
0 e ... 0
D= (24)

o Np-—1
e j2m Np

0 0

Let £ = max{L} be the maximum delay shift, and define
. k(m—1)
U™ = Ypcx hll, Kle’*" %0 CF. Then, the effective DD
channel matrix H can be written as

- 0 0 0 B
uy o .- 0o UYD .- u{D
UgT) Uyt UgT'D
H=|ys ur 0 (25)
0
: oo . 0
L o -~ o ulr! uyp

For example, when Mp = Np = 8, and £ = 3, the DD
domain input-output relation is shown in Fig. 5.

In practical physical channels, achieving integer delay and
Doppler shifts is challenging [27]. Although this study focuses
on integer delay and Doppler shifts, the power of off-grid
interference can be effectively managed by adjusting the roll-
off factor of the transmitted pulse. Specifically, increasing the
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Fig. 5: DD domain input-output relation when Mp = Np = 8
and £ = 3.

[

roll-off factor of the SRRC pulse significantly mitigates the
power of off-grid interference caused by fractional delays and
Doppler shifts [28]. However, this enhancement comes at the
expense of a substantial increase in the bandwidth requirement.

V. CHANNEL ESTIMATION AND DATA DETECTION METHOD
FOR CDDM

A. DD chirp based Channel Estimation Scheme

In CDDM, the advantages of chirp signals and the DD chan-
nel are combined, allowing efficient exploitation of the sparse
nature of the DD channel. This facilitates rapid estimation of
delay and Doppler shifts, followed by accurate channel gain
estimation through the correlation properties of DD chirps,
achieving low-overhead and precise channel estimation.

The pilot scheme is illustrated in Fig. 6. Let us assume
the i,-th element of the x is designated as a pilot with
value z(p). After CZT, each CDDM frame can be viewed
as a DD frame that contains diagonally placed delay-wise
superimposed pilots. Although the continuous arrangement of
multiple pilots offers better performance, it requires cyclic shifts
of the pilot sequence for delay and Doppler shifts estimation
during channel estimation, resulting in higher computational
overhead compared to the threshold-based channel estimation
with a single pilot. In Section VI, an optimized threshold-based
superimposed multi-pilot scheme based on CZT is proposed.
For ease of understanding, this section uses a superimposed
single pilot in this section to explain the channel estimation
scheme.

Let i,-th CZT transformation matrix ®;, pp retains only one
non-zero element, with all others set to zero. Here, this paper
defines the number of non-zero elements in matrix @im DD 1S
A. For example, when Mp = Np = 6, the pilot is set at the
position with index 2 in @, which means i, = 2. Then, the
modified CZT matrix @f‘p’ pp With A =1 is shown in Fig. 6
(b), which is shown below:

000 0 00
000 0 00
A 0000 ¢ (2) 00
®.op=V61g o 0 "0 0 0 (26)
000 0 00
000 0 00
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(c) The distribution of pilots in the transmitted and received symbols.

Fig. 6: The pilot scheme of CDDM. Here, Xpp = x(p)‘IZ'f‘mDD + 2 iz, (1) ®i, DD

After passing through the DD channel, let us assume that
there are 3 paths. The distribution of the pilot in the received
signal Y pp is shown in Fig. 6 (c). We define a threshold e,
and when Y [m, n] > ¢, a pilot can be considered locates in this
grid after a certain path. The delay and Doppler shift of this
path can be quickly estimated by comparing the difference with
the original pilot positions. At this point, the phase rotation
introduced from this path can be obtained. The phase rotation
of the p-th path in m-th multi-carrier symbol and the n-th
sub-carrier is denoted as (3,(m,n), which is given by:

o kp(m—ip)
32T N i
€ DND Jifm > 1,
Bp(m,n) = o Ep(m=ip) L, [nFplnp (27)
" MpNp ¢ 7 ND Jif m < 1,

Subsequently, based on the correlation between DD chirps,
the channel gain for the p-th path h, can be determined
according to (10):

Mot Y B (m)er ([m = Lpy,)
hp= Y (28)
= =(P)VNpbp,(m)
Recall that  the distribution of all data
symbols in the DD domain have been saved,
represented as A = {Ag, Ay, Angh A =

{(m;,ov n;,O)v (m;,lv n;,l)v i (m;,MD—lv n;,MD—l)} represent
the distributions of all the non-zero entries associated to
x(i) after CZT. Therefore, Y57, represents Mp elements,
derived from Aip, l, and k,, used for correlation computation
following the delay and Doppler shifts introduced by p-th
path. The m-th element of Y/ is given in (29). In a similar
manner, 3, , denotes Mp phase rotations derived from Aip,

l, and k. For the i-th element in x, the m-th element of 5, ;
is given by

Bp,i(m) =
o kP"L;,[m—lp]MD )
e MpNp Jif m>1, (30)
kpm; [m—1p] n - :
. ) plM . i Im—lplp
2m D _j2rm D .
e’ MpNp e ! Np Jifm <,

Due to the doubly selective channel, non-orthogonal data
symbols experience delay and Doppler shifts, causing interfer-
ence during correlation calculations, as shown in Fig. 7. For
instance, when estimating path 2’s channel gain, interference
arises from paths 1 and 3 due to non-zero correlation. While
large x(p) values provide inherent anti-interference capability,
additional mitigation remains necessary.

In (3), the non-zero elements of each DD chirp are merely a
segment of the complete chirp sequence, since the number of
non-zero elements of each DD chirp is Mp, while the length of
the full chirp sequence is MpNp. Given that all the DD chirp
are known based on the precomputed, this paper considers
completing the chirp at the receiver and performing correlation
computation over a longer sequence, as shown in Fig. 7. In
Fig. 7, the extended chirp sequence ¢; of length Mp(Np — 1)
can be expressed as

¢i(m?) =\/Npgi(m?),

(€29
m¥ = Mp,Mp+1,...,MpNp — 1.

The extended pilot chirp sequence is ¢;,(m¥). With inter-
ference power evenly distributed across the MpNp-length
sequence, longer sequences exhibit reduced interference fluctu-
ations. After calculation, the extended sequence’s contribution
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Fig. 7: The strategy for extending the chirp sequence in
correlation calculation to reduce the impact of interference.
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Fig. 8: Correlation between %-th data symbol and others
in DD domain after spreading on DD chirps, with Mp =
512, Np = 32.

will be subtracted for more accurate channel estimation. The p-
th path’s channel gain is then estimated via (32). Extending the
DD chirp sequence reduces correlation between non-orthogonal
chirps by 15 dB, as shown in Fig. 8. This lower correlation
decreases interference from non-orthogonal symbols, enabling
more accurate data recovery via correlation calculations.

B. Data Detection Scheme

As discussed, data symbols are recoverable via ICZT.
However, doubly selective channels introduce interference
during recovery. In high mobility scenarios (e.g., EVA channel
[29]), path gains exhibit notable variations. The power delay
profile (PDP) differences become pronounced after fading,
creating distinct pulse variations in the DD channel matrix.
Once the channel estimation is completed, data recovery can
be achieved based on the DD domain channel information
and the correlation between the DD chirps. Based on the DD
domain channel matrix, the delay and Doppler shift of a certain

path can be obtained, and determine the position of each data
symbol under this path using A;.

Assume that the i-th data symbol, after passing through the
p-th path, is distributed over the grids Y7/, in the received DD
signal, and Y’ (m) = Y pp[mj ,, +1p, 0} ,, + kp]. At this
point, the method for recovering the i-th data at the position
corresponding to the p-th path based on the correlation of DD
chirp is given by

Mp—1
Z(i)= )

m=0

Y 5 (m) 5 ([m — b))

hpﬁp,i(m)MD\/ND ’

where 2/(i) is the recovered i-th data symbol. Y, is the
grids where ¢-th data symbol located in after p-th path, which
includes orthogonal data symbols from the p-th path, non-
orthogonal data symbols from other paths and noise. We neglect
the orthogonal components, the Y}, is expressed in (34).

Recovering data using the path with maximum channel
gain amplitude maximizes the denominator in (33), reducing
interference impact. However, this approach offers limited
improvement unless one path dominates significantly, which is
a rare scenario even in high mobility cases. To better mitigate
interference, CDDM employs extended chirp sequences for
correlation calculations over longer sequences using (35).

When transmit under equal paths, one needs to perform
equalization before ICZT. For example, with the aid of channel
estimation, algorithms such as least square (LS) can be used to
reduce the impact of multipath. Recall that xpp is the vector
representation of Xpp, and yp is the vector representation
of Y pp, then, the recovered x’D pis

-1
Xpp = (HHH) H"ypp.
Subsequently, x,, can be reshaped into a matrix to obtain
X'5p. Then, based on the correlation between DD chirps in
the recovered X, ), accurate recovery can be achieved with
ICZT. Evidently, this approach increases the complexity of the
receiver, as it requires adding an additional ICZT step to the
equalization algorithm.

(33)

(36)

VI. PILOT SCHEME FOR CDDM BASED ON THE CZT

In Section V, the channel estimation techniques have been
discussed, whereby using a superimposed single pilot was
considered, as it simplifies the process of estimating delay
and Doppler shifts. While a single pilot allows for simple
and fast channel estimation, it may lead to poor performance.
In conventional systems, superimposed pilots and embedded
single pilot schemes represent two prevalent and effective pilot
configurations.

This section presents CZT-based implementations of su-
perimposed pilots (SP) and embedded single pilot (EP) for
CDDM.
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Fig. 9: The distributions of non-zeros entries of CZi(i) when Mp = Np = 32.

A. CZT with chirps generated by DAFT

The DAFT allows us to obtain orthogonal chirp sequences
that contain parameters in their quadratic terms [5]. The ¢-th
orthogonal chirp sequence of length M pNp generated from
DAFT is defined as

j2m (pyu? +mu1+yﬂ 2)

§i(u) =e ;
u:O,l,...,MDprl,

where 11; and po are the DAFT parameters. Then, the CZT
coefficient of x(7) based on & (u) can be written as

(37

. Np—1
CZ5 ;) [m,n] = ( Z &(m + kMp)e " ¥b. (38)
Here, parameters ju; and pig are set as 3 ]%IO‘DJr]\l,D and 5 M; N

respectively, where « is the maximum integer Doppler shift.
Then, (38) can be further simplified to (39).

In (39), ff (200 + 1)m + 2% M p + i — n, similar with
CZ.a)» sz(i) is also a sparse matrix shown in Fig. 9. We
can also achieve CZT quickly through pre-computation, the
fast implementation with &;(u) can be defined as

CZ5 ;) = =(i)8ipp, (40)
where E; pp = ﬁziFNm =, is defined as
& (0) &(Mbp) - &((Np —1)Mp)
Ei _ 51(1) &(MD + 1) . (41)

&(Mp —1) &(2Mp —1) ... &(MpNp —1)

From (39), it is evident that the distribution of non-zero
entries of CZi(i) also exhibits cyclic shifts along the Doppler

axis, resulting in overlap. Likewise, the overlapping regions still
maintain orthogonality. Therefore,the distribution position A;
of each DD chirp can also be stored and efficiently implement
the ICZT.

B. Improved Superimposed Delay-Wise Multiple Pilots for
CDDM based on CZT

As shown in Fig. 9, when CZT is applied based on orthogonal
chirp from DAFT, the non-zero elements of each DD chirp
are more sparsely distributed. In this distribution, within a
limitation of delay offset, the non-zero elements are sufficiently
spaced to prevent interference between them, which can be
considered as a certain form of guard interval between pilots.

When the parameters of the orthogonal chirp generated
by DAFT are set based on the maximum Doppler shift, if
Mp = Np, the E, pp inherently has a Doppler guard interval.
Therefore, by setting pilots in this way, the pilots do not
interfere with each other within a specific delay range, allowing
for direct estimation of delay and Doppler shift through the
threshold method. For example, in Fig 10, the black boxes
represent the guard interval between pilots.

Since the delay interval in this strategy is not based on the
maximum delay, pilot symbols may still interfere under high
delay. To mitigate this, the number of non-zero elements X in
matrix E.ip, pp can be reduced to increase the delay interval.

Based on the orthogonal chirp generated from DAFT, the
transmitted symbols in the DD domain with pilots for CDDM
can be expressed as X% p» Which can be written as

zpDD+ Z

iFi,

XfDD = «T —'z DD- (42)
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Subsequently, the distribution positions of each data and
pilots can be stored in A, followed by DD domain multi-
carrier modulation. At the receiver, channel estimation and data
detection are performed using the correlation of DD chirps.

The formula of channel estimation is shown in (43), where
qu is the extend chirp sequence of &;, i.e.,

5 (m€) =v/Np&(m?),

(44)
’I’TL'f = MDaMD+17 ---aMDND —1.

In this case, delay and Doppler shifts can be rapidly estimated
using threshold within such a guard interval. However, this
approach has limitations, as shown in Fig. 10, the fixed pilot
spacing, which is not based on maximum delay shift, permits
inter-pilot interference at very high delays. While setting
some of the non-zero elements in E;, pp can increase the
delay guard interval, this compromises both NMSE and BER
performance.
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Fig. 11: NMSE and BER comparison with different o, at
Eb/No of 12 dB.

C. Superimposed pilot Power Design

There is no doubt that the low power of pilot symbols can
lead to a degradation in channel estimation performance, which
subsequently results in a deterioration of BER performance. As
mentioned in [30], for superimposed pilot schemes, increasing
pilot power is not always beneficial. While higher pilot power
improves channel estimation performance, it can paradoxically
degrade BER performance.

In CDDM, each grid value is a superposition of multiple
complex numbers, which may lead to random amplification or
cancellation. Additionally, pilot symbols, being complex values
after CZT, are also subject to amplification or cancellation, as
shown in Fig. 6 (a). Therefore, the definition for pilot power
proportion in this paper differs from that in [30]. In CDDM,
the proportion of pilot power in the total power is defined as
o4, and the proportion of data power in the total power is
defined as o, which are given by

Mp—1 Np—1 o\ —
ZmZO njo | Zi;eip z(i1)E; pp[m, 71”2
o4 = e - ,(45)
Zm:O n=0 |XDD [mv n”
Mp—1 Np—-1 —\ 2
m= n= r\p)=; m,n
Yom=o 2an—o |%(P)E;, pplm,n]l 46)

Op = Mp—1~~Np—1
YomZo  onZe X plm, ][



N
(@] | x D‘U/\‘f{j’/(/<< o '\\ I
l ~ e
© : x ‘g e : 4641
- | - I Superposition
| | 13.854 [
| - e _»i‘; | 14.2527
l ‘//"—_V I [ 7.3777
____aal .
| — I [ 12.49 4.899 6.9282 6.9282 6.9282 9.798
\_ e I
Fig. 12: CDDM with EP.
CZf( [m, n] = 2 (GRS (M4 Mp)*+ s (me+ kM it xrbys i) —i2m
() oot o O et [Nl =0
_ =zt 6]27r(2MDNDm +araky tarowg) Z IV — pa()&(m) Lif [fi]vp =0
Np k=0 0 , otherwise
Mp—1 Y55 (m)Er ([m Iplnp) Mn N 1 .
hy = 2o D)t Lméont, O, (MOE, (m) ~ Mp(Np—1) 43)
’ VNo (A + (Mp(Np — 1)) T O (Np D))
Mp—1 * MpNp—1 N
o) = Zmzo Kol 2 (m — bpandito) + 522, m)ei(m?) _ Mp(Np — 1) @)
\/ND(MDND—Qi) MDND—Qi.

In Fig. 11, when E; /Ny is equal to 12 dB, the NMSE and
BER performances under different values of o, and A are
compared. Fig. 11 (a) compares the NMSE performance under
different values of \. As expected, with the increase of o, the
performance of NMSE improves progressively. For the same o,
increasing the number of pilot symbols results in better NMSE
performance due to the stronger anti-interference capability of
longer pilot sequences. As seen from Fig. 11 (b), although a
larger value of o, improves NMSE performance, excessively
large o, actually degrades the BER performance. Based on
the results in Fig. 11 (b), the optimal BER performance is
achieved when o, is approximately 0.3 when the ICZT is used
for data recovery. This aligns with the findings in [30], which
suggest that the performance is optimal when the power of
superimposed pilots account for 30% of the total power.

D. Embedded pilot scheme for CDDM based on CZT

Embedded pilots (EP) generally demonstrate superior per-
formance compared to superimposed pilots [31] with spectral
efficiency loss. While CDDM superimposes DD domain matri-
ces for data generation, the precomputable CZT matrices permit
guard interval insertion for EP through targeted modifications.
We first select the pilot position (typically at the center of
the DD matrix), then calculate the guard interval range based
on the maximum velocity and maximum delay. In the CZT

matrices ®; pp for i =0,1,..., N — 1, all the elements in the
guard interval are set to zero. After superimposing, the |Xpp|
with EP can be get, as shown in Fig. 12.

Through precomputation, the nullified non-zero elements
Q; in ®; pp can be counted, yielding the modified DD chirp
matrix ®;",, in Fig. 12

This scheme enables efficient threshold-based channel esti-
mation [31], though it alters DD chirp correlations due to the
change of non-zero elements. Therefore, while EP improves
channel estimation accuracy, subsequent equalization before
ICZT remains essential for reliable data detection. Given the
equalized DD domain received symbol matrix X, ), the i-th
recovered data symbol is expressed in (47).

VII. PERFORMANCE EVALUATION AND DISCUSSIONS

In this section, the proposed CDDM is compared with several
classical and emerging waveforms, including OFDM, OCDM,
CCDT, AFDM, OTFS, and ODDM.

In Table I, the SFFT stands for Symplectic Finite Fourier
Transform. Further, b represents the number of iterations, S
denotes the number of non-zero elements per row in the channel
matrix, and A refers to the modulation alphabet. From this
comparison, it can be observed that the CDDM exhibits a
relatively high transmitter complexity. Although the complexity
expression appears tractable, practical implementations involve



TABLE I: Comparison with other various modulation waveforms

Modulation Transform Domain Core Transformation Modulation Complexity Detector and Complexity

OFDM TF DFT O(N log N) MMSE, O(N?)
OCDM [3] TF DFnT O(Nlog N 4+ 2N) MMSE, O(N?3)
CCDT [4] TF DFT O(2Nlog N + N) MMSE, O(N?)
AFDM |[5] TF DAFT O(Nlog N 4+ 2N) MMSE, O(N?)
OTES [6] DD DZT or SFFT O(Nlog Np) or O(N log N) MP, O(bNSJA|)
ODDM [8] DD DFT O(Nlog Np) MP, O(bN S|A])

CDDM(Proposed) DD CZT and DFT O(2MpN + Nlog Np) ICZT, O(2MpN)

*In this table, b represents the number of iterations, S denotes the number of non-zero elements per row in the channel matrix, and A is the

modulation alphabet.

additional overheads. Specifically, DD multicarrier modulation
requires upsampling before domain conversion to preserve
symbol interval [8], leading to non-negligible cost. Moreover,
pulse shaping with g(t) introduces extra computational bur-
den. Finally, the fast implementation of CZT relies on pre-
computation. While the CSR strategy substantially reduces the
complexity of CZT, extra computations remain and hardware
memory is needed to store pre-computed data.
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Fig. 13: BER comparison with perfect channel estimation at
500 km/h.

We also compare the NMSE and BER performance of
CDDM with OFDM, OCDM, CCDT, AFDM, OTFS, and
ODDM. Simulation parameters are detailed in Table II. Mean-
while, for the ODDM modulation, a SRRC pulse with a roll-off
factor of 0.1 is employed as a(t), therefore, the bandwidth of
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Fig. 14: BER comparison with perfect channel estimation at
120 km/h.

CDDM is about 8.45M Hz. We select four paths from the EVA
channel for simulation, with delays of 0, 310, 710, and 1090
ns, and corresponding PDP values of 0, —3.6, -9.1, and —7.0
dB, respectively.

In Fig. 13 (a), waveforms operating in the DD domain exhibit
an advantage in EVA model, thanks to the high diversity gain.
For data recovery, MMSE detector is adopted for OFDM,
OCDM, AFDM, CCDT, OTFS and ODDM. For AFDM, its
excellent path independence in channel matrix allows for
effective mitigation of off-grid interference, thus achieving
comparable performance to OTFS. Both ODDM and CDDM
perform multi-carrier modulation in the DD domain and utilize
SRRC pulse for pulse shaping, leading to improved signal-



TABLE II: Simulation Parameters

Parameter Value
Number of CDDM symbols Mp 512
Number of subcarriers Np 32
Symbol duration T 66.67 us
Carrier frequency 5 GHz
Moving Speed 500 km/h and 120 km/h
Modulation scheme QPSK

channel coupling and better BER performance. As seen in the
figure, at the BER of 10~%, CDDM achieves approximately 1
dB performance gain compared to ODDM with only ICZT. This
improvement is attributed to the DD chirps, allowing different
data symbols to be well separated based on the correlation. Pre-
ICZT MMSE equalization enhances BER performance through
interference cancellation to improved calculation accuracy. In
equal channel, standalone ICZT fails to achieve satisfactory
data recovery due to correlation interference, as shown in
Fig. 13 (b). Equalization prior to ICZT becomes essential
for attaining good performance in such scenarios. Fig. 14
compares the BER performance at 120 km/h. In the EVA
model, although the performance of other waveforms improves,
CDDM still achieves about 0.5 dB gain. Moreover, under the
channel with uniform PDP, CDDM maintains approximately a
1 dB improvement with additional MMSE assistance.
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Fig. 15: NMSE comparison with different DD pilot schemes.

Fig. 15 presents the NMSE performance of the proposed
CDDM channel estimation scheme in comparison with AFDM,
OTFS and ODDM. To ensure Doppler interval between pilots
using DAFT-based DD chirps, the DD domain dimensions
are set as Mp = Np = 128. CDDM, OTFS, and ODDM
employ EP with guard intervals [31], and AFDM uses EP
in [5]. Superimposed pilots scheme (SP) for AFDM uses the
scheme in [32], while OTFS and ODDM use the SP scheme
in [33]. In the SP power setting, CDDM uses o, = 0.3 and
A = Mp, while SP in AFDM, OTFS and ODDM occupies 30%
of the total transmit power. The EP power is set to SN R, = 60
dB [31] for all waveforms, where SN R,, denotes the pilot SNR.
Channel estimation for CDDM-SP is based on the ICZT, while
AFDM-SP, OTFS-SP and ODDM-SP adopt the orthogonal
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Fig. 16: BER comparison for different pilot schemes at (a) 500
km/h and (b) 120 km/h.

matching pursuit (OMP) algorithm. For fairness, all EP-based
estimations are performed using threshold method. Although
the SP in AFDM from [32] can also quickly estimate the shifts
using threshold, its performance is relatively poor due to the
limited number of pilots. In the SP case, the sparse distribution
of DAFT-based DD chirps in CDDM enables fast estimation
of delay and Doppler shifts via threshold. Moreover, CDDM
leverages the correlation of DD chirps for channel estimation,
achieving superior performance compared to the OMP-based
approaches under high mobility channels. In the EP scheme,
both CDDM and ODDM, benefiting from orthogonal pulses
and multicarrier modulation in the DD domain, demonstrate
superior performance compared to OTFS. Given the same pilot
power, the EP in CDDM and ODDM are nearly identical,
resulting in almost equivalent channel estimation performance.

Fig. 16 compares the BER performance under imperfect
channel estimation for AFDM, OTFS, ODDM, and CDDM
at high-mobility scenarios of 500 km/h and 120 km/h. Both
EP and SP are employed for AFDM, OTFS and ODDM. The
configuration of pilots is the same as that for Fig. 15. For data
recovery, MMSE algorithm is adopted by AFDM, OTFS, and
ODDM. For the proposed CDDM, MMSE algorithm followed
by ICZT is employed. As shown in Fig. 16, the EP scheme
with guard intervals demonstrates improved performance. In



the SP scheme, CDDM outperforms by exploiting the chirp
correlation.

VIII. CONCLUSION

This paper is devoted to a novel 6G waveform, called CDDM,
to support future high-mobility communications. With the
aid of CZT, we have proposed to spread the data symbols
onto the DD chirps by exploiting the resilient chirp signaling
properties and the quasi-static feature of the DD domain in
high mobility channels. Our study has shown that the proposed
CDDM waveform 1) exhibits superior OOBE performance
after passing through the SRRC pulse shaping; 2) enables
efficient pilot schemes based on the correlation of DD chirps;
3) leads to excellent transmission robustness in terms of the
BER and NMSE performances. Although the introduction of
CZT requires additional complexity, this is affordable as one
can carry out pre-computation for waveform generation. Finally,
it is pointed out that the proposed CDDM waveform holds
significant potential for new ISAC development by studying the
chirp signaling aided sensing. Therefore, further investigation
into ISAC-enabled CDDM constitutes a promising direction
for our future research.
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