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Abstract

In this paper, we study the self-normalized Cramér-type moderate deviation of the empir-
ical measure of the stochastic gradient Langevin dynamics (SGLD). Consequently, we
also derive the Berry—Esseen bound for the SGLD. Our approach is by constructing
a stochastic differential equation to approximate the SGLD and then applying Stein’s
method to decompose the empirical measure into a martingale difference series sum and
a negligible remainder term.
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1. Introduction

For a non-convex stochastic loss function ¥ (w, ¢):R? x R" — R, where ¢ €eR” is a
random variable with probability distribution v, we consider the following optimization
problem:

w* =argmin, g P(@), P(w)=E ¥ (0, ).

To find the minimizer w*, in [30] the authors proposed the stochastic gradient Langevin
dynamics (SGLD) algorithm, which has been widely applied to optimization problems. The
iteration of the SGLD is given by

= 0k—1 — NV (@k—1, &) + v/ 18, (1)

where n > 0 is the step size, § > 0 is the inverse temperature parameter, (§;)x>1 is a sequence
of independent and identically distributed (i.i.d.) standard d-dimensional normal random
vectors and (g)k>1 are i.i.d. samples from v.
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2 H. DAI ET AL.

As the number of iterations k tends to infinity, [25] showed that (1) can find the approximate
global minimizer. See [4, 20, 31] for more details on the convergence of the SGLD. Unlike the
stochastic gradient descent (SGD) algorithm, which may converge to local minima in non-
convex optimization problems, the SGLD algorithm benefits from the inclusion of Gaussian
noise in its iterations. This added noise allows SGLD to more effectively explore the parameter
space, making it well suited for solving non-convex problems [4, 32].

It is natural to consider the iteration (1) as a discretization to a continuous dynamics
for a given step size 1. We consider the following stochastic differential equation (SDE) to
approximate the SGLD algorithm:

dX; = —VP(X,)dt + Oy s(X;)dB;, @3]

where B, is a d-dimensional standard Brownian motion and the diffusion matrix Q; 5(-) €
R?*4 will be defined later. Significant work has been done in [12, 17] on comparing stochastic
algorithms with their corresponding SDE approximations, and on establishing the diffusion
approximation bound of

suppey |1EA(wr) — EA(Xpy)| 3)

for a family H of test functions A. Different choices of H correspond to different distance
metrics, such as the Wasserstein-1 distance for the Lipschitz function / and the total variation
distance for bounded 4. The diffusion approximation provides valuable insights into algorithms
by viewing them as continuous dynamics. Acting as a bridge, it enables the application of
continuous dynamic analysis methods to study the properties of stochastic algorithms. See
[2, 21, 22] for more details.

Under suitable conditions on v, (1) and (2) are exponential ergodic with invariant measures
7y and 7, respectively. For the SGLD and its invariant measure 7,, we construct an empirical
measure [T, as a statistic of m;, where

1 m—1
My == buy ().
k=0

Here 8, (+) is the Dirac measure of wy. Since (3) converges to zero as k — oo and n — 0, given
a test function /2 : RY — R, it is natural to consider the asymptotic property of I1,,(h), namely,
[ hdI1,,.

The study of self-normalized Cramér-type moderate deviation (SNCMD) explores the devi-
ation properties of random variables and has been developed in recent decades; see [19, 26]
for the results for independent random variables. For dependent random variables, [5] studied
the moderate deviation under mixing conditions, [7] focused on the SNCMD for martingales,
and [8] analysed stationary sequences. We refer the reader to [18, 27, 33] for further details.
However, for the iterative output of a stochastic algorithm, such as (1), which is a sequence of
dependent random variables, there has been limited analysis of SNCMD. See [13, 28] for the
fluctuation analysis of stochastic algorithms.

In this paper, we analyse the SNCMD of I1,,(h) with Lipschitz test function 4. Specifically,
given a normalized term ), we compare the tail probability of H,](h)/\/JT,, after scaling
and centralization (i.e., /mn(I1,(h) — 7 (h))/ \/87,7) with the tail probability of a standard
normal distribution N(0, I;). Using the diffusion approximation and Stein’s method, we
have, for the first time, investigated the SNCMD of the SGLD algorithm, which provides a
novel approach to and perspective on the analysis of the asymptotic properties of the SGLD
algorithm. As a further extension, we also establish the corresponding Berry—Esseen bound.
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Self-normalized Cramér-type moderate deviation of SGLD 3

These non-asymptotic results quantify the finite-sample accuracy of the normal approximation
to the distribution of the SGLD algorithm, thereby enhancing the theoretical reliability of the
algorithm. In particular, they provide a quantitative guarantee for constructing confidence inter-
vals with controlled error when the sample size is limited. By constructing the corresponding
continuous-time dynamics as a bridge, the associated SDE offers a way to better understand
the dynamic behavior of the stochastic algorithms, such as their convergence properties and
the effects of hyperparameter choices. Related analyses can be found in [21, 22].

Within this theoretical framework, a broader class of stochastic algorithms based on
Langevin dynamics can also be analysed. For instance, algorithms such as stochastic variance-
reduced gradient Langevin dynamics benefit from their variance-reduction mechanism, which
leads to smoother updates and can be approximated by stochastic differential delay equa-
tions. Momentum-based accelerated stochastic algorithms, which exhibit faster convergence,
can be well approximated by an underdamped Langevin diffusion. See [3, 15] for related
approximation results.

Although [9, 23] carried out a similar analysis, examining the SNCMD of the Langevin
dynamics, their results are based on the relatively restrictive assumption that both the gradient
and test functions are bounded. In contrast, our results extend this assumption by replacing
the boundedness assumption with a Lipschitz condition. To relax this condition, we employ a
truncation technique in the proof. In addition, our work provides a new application of Stein’s
method within the realm of machine learning.

The approach to proving the main results relies on Stein’s method and a standard decom-
position of IT,,(h), with similar ideas found in [23, 28]. The strategy of the proof begins with a
diffusion approximation for the stochastic algorithm, constructing a corresponding SDE. Under
some mild conditions, the SDE has an ergodic measure , and its associated Stein’s equation
has a solution with good regularity properties. Using Stein’s equation, we decompose IT;(h)
into a martingale difference series sum H, and a remainder R,,. For H,, we apply the martin-
gale SNCMD theorem in [9] to compare it with the standard normal distribution. In addition,
we show that the remainder R, is exponentially negligible using concentration inequalities.

The paper is organized as follows. Diffusion approximation and our main results are stated
in Section 2. In Section 3, we provide some preliminary lemmas. In Section 4, we give the
proof of the SNCMD and the Berry—Esseen bound. The details of the proof of preliminary
lemmas are deferred to Sections 5 and 6.

We conclude this section by introducing some notation which will be frequently used in
what follows. The Euclidean norm and the inner product of vectors x, y € R? are denoted by |x|
and (x, y), respectively. The norm of higher-rank tensors is denoted by || - ||. For any two matri-

ces A, B € R¥*4, the Hilbert-Schmidt norm is denoted by |A[lus = /3¢ =1 Aj =/ Tr(ATA)

and their inner product by (A, B)ys := ijzl A;iB;j, where T is the transpose operator. The
symbols C and c represent positive constants whose values may vary from line to line. Let
Lipi(RY) be the family of Lipschitz function defined on R¢ with Lipschitz constant 1. We
denote the conditional expectation E[-|wy] and conditional probability P(-|wy) by Ex[-] and
Px(-), respectively. Finally, ®(x) represents the cumulative distribution function for standard
normal random variables.

2. Diffusion approximation and main results
We first construct the diffusion approximation. Rewriting (1), we have
o = wp—1 — NVP(@k—1) + nVP(@r—1) — NV (@r-1, 8 + v/n8&k
= wg—1 — NVP(wk-1) + /1Vy.5(@0k-1, &k, &), )
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where
Vi s(@k—1, &ks &) = NV P(@r—1) — /T (@k—1, &) + V&
As Eyr(+, ¢) = P(.), a straightforward calculation implies
Ee—1Vy,s(@wr—1, Sk, )1 =0

and

cov[Vy s(wr—1, Sk, &i)lwk—1]1 = nX(wik—1) + 814,
where

@ =E[VY(x OVYx O] = VP@VP)'

and I; is the d-dimensional identity matrix. Following the idea of [21, 22], it is natural to
consider the following SDE to approximate (1):

dX; = —VP(Xp)dt + 0y 5(X;)dB;, )
where
04,500 = (nT@) +814) "

is a positive definite matrix and By is a d-dimensional standard Brownian motion. For the cost
function and random variable ¢, we introduce the following conditions.

Assumption 1. There exist constants L, K1 >0 and K> >0 such that for every x,y € R,
ze R,
IV (x,2) = Vi (y, 2l <Llx —yl, (6)

(x—y, =VY(x, )+ V¥, 2) < —KiJx— y* + Ka. )
Assumption 2. The random variable Vv (x, ¢) is sub-Gaussian for any x € R%, that is, there
exist positive constants K and C such that

EexplK VY (x, O} < C.

Remark 1. For ease of proof, we assume that K; = 1.

Lemma 2 (see Section 3) implies that the SGLD algorithm (1) and its corresponding SDE (5)
are exponential ergodic with invariant measures 7, and 7, respectively. Then we have the
following Wasserstein-1 distance bound between 7 and 7.

Theorem 1. Suppose Assumptions 1 and 2 hold. Then one has

Wi, ) < Cy'/2, ®)
where

Wi, 7tp) = supyeip, 177 (h) — mp(h)|
is the Wasserstein-1 distance.
Let f be the solution to the following Stein equation:
h—m(h)y=Lf, )

where L is the generator of (5) given by

1
Lgx) = (= VP), Vg)) + 5{Q.5(x). Ve@ns. g€ DL). (10)
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Denote
1 I, (h) — 7 (h
V== 3 IVf@nl, W, =Y T®) an
m = 8YVy

We have the following SNCMD of the SGLD algorithm.
Theorem 2. Suppose Assumptions 1 and 2 hold. Let wy~ m, and h € Lip; (Rd, R), and set
m=o(n~2) with mn — oc. Then:

() asm < 7’]713/8879/8,

POV, > x)

I~ o) — 1’ < C()c3m_1/4 +(1 +x)m_1/4 Inm +x6771/28_1/2)

uniformly for 0 < x = o(n~1/1281/12) as y tends to zero and m tends to infinity.

(i) asm> 17713/8879/8,
POV, > x)

o 1’ < C()c3(mr)8)_1/2 + /mndx + m~ Y4 1n m)

uniformly for 0 < x = o((mn8)"/° A (V/mnd)~ Y as n tends to zero and m tends to infinity.
Moreover, the same results hold when VW, is replaced by —W,.

Remark 2. To the best of our knowledge, there are currently few SNCMD results for iterative
algorithms of this type, so the sharpness of the rate with respect to m is not yet fully understood.

Related and stronger bounds for algorithms or the Euler—Maruyama scheme can be found
in [9]. Specifically, their result can be written in a form comparable to ours, yielding the
upper bound C (xzm_l/ Y+ 0m A nmyl/ 2). While this bound is sharper, their analysis
requires substantially stronger regularity assumptions, including bounded second derivatives of
the test function 4 and the drift term. In contrast, our framework does not impose this bounded-
ness assumption, and under weaker conditions the term with respect to m remains comparable.
This is mainly due to martingale moderate deviation results combined with the concentration
inequalities for stochastic processes established in [6].

To handle the unbounded setting considered in this work, we employ a truncation method,
which introduces the additional error term involving 7. This term is the primary reason why
our bound is less sharp than that of [9].

Based on Theorem 2, we also derive the Berry—Esseen bound for the SGLD algorithm.

Theorem 3. Under the assumption of Theorem 2, we have
supyeg [POV, <x) — ®()| < Cm™/* Inm.
Further assuming m = Cn_2/| In |, we have
sup,eg POV, <x) — @(x)| < Cn'/? [ InyP/4.

Remark 3. Theorem 3 establishes the convergence rate, in the Kolmogorov distance, of the
iterate-averaged self-normalized estimator towards the normal distribution when either the
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number of iterations m or the step size 1 is fixed. In practice, given a prescribed m, this the-
orem guides the choice of the constant step size n with order (Inm/m)'/? under which the
convergence rate is of order n'/? with a logarithmic correction, which is close to the rate in
Theorem 1. This result also has the same order as that in [9] up to a logarithmic correction,
though their result is under stronger conditions. The resulting non-asymptotic bound offers a
quantitative guarantee for the accuracy of normal-approximation-based confidence intervals,
thereby improving the reliability of inference in finite-sample regimes.

In practical implementations, computing the normalizing factor ), defined in equation (11)
can be challenging. The main difficulty lies in estimating the derivative of the Stein solution
Vf in Lemma 3. A Monte Carlo approach may be adopted by simulating multiple trajectories
of the SDE (2) starting from x (i.e., X;(x)), together with their gradient Y; = V,.X;(x), and then
approximating Vf(x) via time-averaged integrals of VAa(X,(x))Y; along these simulated paths.
However, this simulation becomes computationally expensive in practice, especially in high-
dimensional settings. Moreover, the resulting approximation inevitably introduces additional
numerical errors, which may affect the accuracy of the SNCMD bounds. Addressing these
computational challenges in practical implementations will be an important direction of our
future work.

Remark 4. The assumption wg ~ 7, in Theorems 2 and 3 is not essential. Due to the expo-
nential ergodicity of the SGLD algorithm, one can extend it to the case in which wg has a
sub-Gaussian distribution. The advantage of taking wo ~ 1, is that in the calculation the terms
describing the difference between the distribution of wy and 7, will vanish, while in the general
case one has to use exponential ergodicity of wy to bound the difference. Since wy converges
to m, exponentially fast, the difference will not cause any great difficulty. For the ease of
calculation, we only considered the case of wg ~ ).

Example 1. (Linear quadratic regulator policy [16].) We illustrate our results with the linear
quadratic regulator (LQR) problem, a fundamental model in optimal control with extensive
applications in optimization and reinforcement learning. Practical implementations include
autonomous driving and medical treatment systems such as insulin-level regulation in diabetes
therapy. It concerns finding an optimal controller for a linear dynamical system

T—1
min E Z (xtTQ,x, + u?Rm,) +x¥QTxT , (12)
{Mt},T:_ol =0
subject to, forr=0,1,..., T —1,

Xry1 =Ax + Bus + Wy,

where A € R%4 B e R*P (0, € R4 and R, € RP*P are given positive definite matrices. The
variable x; € R¢ denotes the system state, u; € R” is the control input at time t, and W, are i.i.d.
random noise terms with zero mean and finite second moment.

The optimal control u; can be represented as a linear state feedback u; = —K}x;, where K/
denotes the feedback gain matrix. Consequently, the entire control sequence can be parameter-
ized by the feedback gain matrices K* = {K{j, K, ..., K7 _,}, and the optimization problem
can equivalently be written as

T—1
n%(in E[C(K)] = rr%(in E (xtTth, + u?R,u,) + x—TrQTxT .
=0
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More details of the LQR problem can be found in [1]. For a specific time index ¢, the opti-
mal vectorized gain matrix, denoted by vec{K;}, can be efficiently computed using the SGLD
algorithm,

vec{Ki T} = vec(K¥) — nV,C(K¥) + /nd& (13)

where V,C(K) is the gradient of C(K) with respect to vec{K;}. In [16, Lemma 3.5], the gradient
of the objective function has been explicitly derived, and it can be easily verified that it satisfies
Assumptions 1 and 2. Therefore, within the framework developed in this paper, we can verify
that the empirical distribution of vec{K;}, represented by % ZZ:OI h(vec{K,k}), satisfies a self-
normalized moderate deviation principle and a Berry—Esseen bound for some test function #,
after appropriate scaling. Moreover, these non-asymptotic results provide a theoretical founda-
tion for constructing reliable confidence intervals for the learned controller, thereby enhancing
the reliability of inference and decision-making in practical applications.

3. Auxiliary lemmas for the proof

The strategy for proving our main result is to decompose /mn/8(I1,(h) — 7 (h)) into a
martingale term and a remainder term as in (24), and show that the remainder is negligible and
that the martingale satisfies the SNCMD. In this section, we give the decomposition and some
auxiliary lemmas needed for the proof.

Lemma 1. Under Assumption 1, we have that VP and Qs are Lipschitz and satisfy the
dissipative condition, that is, for any x, y € R4,

|VP(x) — VP(y)| < Llx —yl, (14)
(x —y, =VP(x) + VP()) < —Ki|x — y|* + K2, (15)
1Q.5(x) — Qn.sMIl < Cy/7lx — y. (16)

We also have that Vr and V P have linear growth, that is,

VY (x, O < Lix| + |V (0, O, A7)
IVP(x)| < Llx| + |VP(0)]. (18)
Proof. The proof will be given in Appendix A. t

Lemma 2. Under Assumption 1, (wp)k>0 and the SDE (5) are both exponential ergodic with
invariant measures 1, and 7, respectively.

Proof. The proof will be given in Appendix B. (|

Lemma 3. Let h € Lipl(Rd, R). A solution to Stein’s equation
h—n(h)=Lf

is given by

Fo) = — /0 EIR(X, () — 7 (W)]dL, (19)
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where X,(x) is the solution of equation (5) with initial value x. Moreover; there exists a positive
constant C such that

f@) < A+ [x), (20)

V@) < C(1+ IxP), 1)

IVl < 1+ ), (22)

SUPy.lyxi<1 ||V2f(;|2 - ;zf O < e+ 1. 23)

Proof. The proof will be given in Section 5. O

We now introduce the decomposition. By Stein’s equation (9),

m—1
1
I, (h) — w(h) = P Z (h(wi) — 7 (h))

k=0
1 m—1 1 m—1
= > [Lf@n = (Florr) — fle)] + o D (f@rpn) = f@p)
k=0 k=0
m—1
1 1
= —[f(wn) = fl@)] + — ) [Lf(@on — (f(@r+1) = f(@r)].
g o

Equations (1), (10) and the Taylor expansion yield that
Lf(wn — (f(wi1) — f(@r))

= L n), nB @0+ Slahas — (VF@R), 0V P@x) = 1V @k, G1)
1 1
(V@) Ee) — fo fo (V2 (p + 85’ Awn), Ao Aoy ysds'ds,

where Awy = —nV ¥ (wk, Ck+1) + /MY &k+1- Thus we have the decomposition

@(Hn(h) —n(h)=H,+ Ry, (24)

NG

where, as we shall see below, H, is a martingale and R, is a remainder. A similar
decomposition can be found in [23, 28]. H, and R, are given by

m—1 4
1
Hy= - g (V@) Ecrr), Ry =-— ; R
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with
1
Rn,l W(f(wO) f(wm))
m—1
Rya= ana D (VF(@r). VP(r) — VY (k. Gr1)).

Rys=—— J_ Zf / (V2f(wr + 17 Awy) — V2 (1), AorAw] )gsds'ds,

1 m—1
Z\/Tn(S Z (V2f(wr), n* () + ndly — AkawkT)Hs}~
k=0

The estimation of H,, and R, depends on the following two lemmas.

Lemma 4. Suppose that Assumptions 1 and 2 hold. Let h € Lipy(R¢, R) and f : R? — R be the
solution of (9). Then the inequality

1/251/2,,1/2 " e7()2/551/5 1/5 " efcyz/%fz/oafz/o " e702/751/7 4/7)

Rn,4 =

P(R,| >y) = C(e7o"
holds for any y satisfying ¢y, <y < Cn~ 7287712, where Cmyy = c(nl28=12 v m1/2ys).
Proof. The proof will be given in Section 6. O

Lemma 5. [9, Lemma 3.5] Let (Bi, Fi);—;
Assume that the following conditions hold.

m be a finite sequence of martingale differences.

(A1) There exists a number €, € (0, %] such that
‘ (BX1Fi 1]) ek 218217 1), forallk>2and 1 <i<m;
(A2) There exist a number §,, € (0, %] and a positive constant C such that for all x > 0,

P(| Y EIBF ]~ BRI =) < Cexp {—252]

Then the following inequality holds for all 0 <x=o (mm {e 151 })

‘ | P, Bi/y i) BIB I Fioi] = x) ‘
n

1 — )

C (o (m+8m) + (142 (6 I 8ol + € [In ) )

4. Proof of main result

In this section, we present the proof of our main result. The proof of Theorem 1 is based on
the Stein method as developed in [11, Theorem 2.5]. For Theorems 2 and 3, we analyse the nor-
malized Cramér-type moderate deviations for martingales and demonstrate that the remainder
term R is negligible. See [9, 10] for more details.
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Proof of Theorem 1. Let (wy)r>0 be the Markov chain with initial value wg ~ ;. The Taylor
expansion implies that

0=E[f(w1) — f(wo)]
1 1
= E[(Vf(a)o), Awyp) +f / S(sz(a)() + rr/Aa)o), AwoAa)g}Hsdsds/]
0 0
1
= E[(Vf(@0), Ao}l + 5BV f(@0), Aoy ps]
1 1
+E[ / / s(V2f (w0 + 55’ Awp)) — VAf(wo), AwpAw )psdsds'], (25)
0 0

where Awg = w1 — wg. Following (1) and (4), one obtains

E[(Vf(a0), Awo)]=E[(Vf(w0). Eo[Awx])]
= E[(Vf(a0). —nVP(e))]
and
E[(V*f(w0), AwoAwy Yus] =E[(Vf(wo). Eo[AwoAw 1)ys]
=E[(V*f(w0). 1°VP(w0)VP(@0) " + n*E(wo) + nla)ps]-

Recall the generator of (X;);>0,

1
Lf (wo) = (— VP(wo), Vf(wo)) + 5(?72(0)0) + 814, Vf(@0))us-
Combining the equalities above with (9), for any Lipschitz test function %, we obtain

E[h(wo) — n(h)] = E[Lf(wo)]

1 1 1
=—_E |:/ / s(sz(a)o + ss’Awo) - VZf(a)o), AwkoJ>HSdsds/i|
n 0 JoO

1
— 5E[<v2f(wo>, NV P(w)VP(wo) ) gs]- (26)

For the integration term of (26), one has

1,1
E |:/ / s(sz(a)o + 55’ Awp) — V2f(wo), AwkoJ)HSdsds’]
0 0
1,1
=E / / s(sz(a)o + 55’ Awp) — V2f(wo), AwoAa)g)HSdsds’l{Mwmfl}
0 0

1 el
+E [/ / s(V2f (w0 + 55’ Awo) — V*f(wp), ACUOACU(—l)—)HSdeS/I{Aw0|>1}j|'
o Jo
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For the first term above, (23) implies that

1 1
E [/ / (V2 (w0 + s5' Awg) — Vf (o), AwOAw(T>HSdeS/1{Aw0|51}:|
0 0

|Aa)0|3dsds’1{|Aw0‘51}

[ f/ ) 21V (00 + 55/ Awp) = V2fwo)]

|ss’ Awo|
<CE [(1 + |wo + AonS)IAwol31{|Awo\sl}]

CE[(1 + oo + Awol®) Ljami<ny]’) /> (ElAwol®)/* < €12,

For the second term, (22) yields

1 1
E [/ / s(V2f (w0 + s5' Awo) — V2f(a0), AwkoJ>Hsd5ds/1{|Awo|>1}}
0 Jo

< CE[(1 + lwol* + [ Awo| )| Awo* 1 awy|>11]
< CE[(1 + |wol* + | Ao )| Aol * JE L s 13-
By the Markov inequality and (1), we obtain
El{a0p/>1) = P(|Awo| > 1) < B Awol* < Cr.

Since E [(1 + |wol* 4 | Awo|*)*| Awg|*] is bounded, we obtain

1 1
E[ / / (V2 (w0 + 55’ Awp)) — VAf(wo), AwpAw )psdsds’] < Cn¥/2. 27
0 0
For the second term of (26), similar with the estimation of (27), (22) implies
E[(VZf(0), nVP(w0)VP(w0) sl < Cn. (28)
Combining (26)—(28), we have

Wi, ;) < Cn'/2.

O
Proof of Theorem 2. According to the decomposition in (24), we have
/M
~—I1,(h) — (W) =H, + Ry.
N " Ul
Thus, for any x > 0 and 0 <y < x, we have
POV, > x) =P(Hy// Yy > x =) +P(Ry// Yy > y). (29)
Recall that
1 m—1 1 m—1
——= > (VF(@x), Er1), =— > Vi@l
N ; (Vf (@0, 1), Yy =~ § |V (@)l
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We denote
1 m—1
— A — )
Vi(wi) = V(@) <minzy,  Yn= P ]; [Vf(wp)|.

For the probability P(H,/,/),; > x —y), we have

P(’Hn/\/;)Tn>x—y)

1 — dx)

_ POy /Yy > x =y, |en <m!'12forany k€ [0, m —1]) 1 — d(x — y)

- I —®d(x—y) 1 — d(x)
S0y P(jwxl > m'/12)

1 — d(x) (30)

For the first term above,

P(H,/ /Yy >x—y, lox] <m!/'? for any k € [0, m — 1])
1—dx—y)

P <—\/17 Z:ol (V(@r), Es1) > x—y, |wp] <m"/'2 for any k € [0, m — 1])
mYy

1—dx—y)

P (ﬁ Yy (V@) €r1) > x — y)
= I —®(x—y

It is easy to see that (ﬁ(@\‘(wk), Ekv1), Fk+1)k o is a sequence of martingale differences
=

and ka;()l Ek[% (@‘(a)k), §k+1)2] = )7,7. As &1 is a normal random variable and satisfies the
Bernstein condition, condition (A1) of Lemma 5 is satisfied. For (A2),
> mx’ )

where the last inequality follows from [6, Theorem 2]. Thus the conditions of Lemma 5 are
satisfied with ¢,, = m~ Y4 and Sm =m~ Y4 therein. By Lemma 5, we obtain for all 0 <x=
o(m'/*),

m—1

Y (Vf(@)l? = EIVf(@)l?)

k=0

P(|3>,7—E3>,,|zx/)=P<

<2exp{—cm!'/?x?},

P (ﬁ " (VF (o), Eepr) > x— y)

1 —®x—y)

<exp{C((x —y)’m Y4 + (1 +x — yym~* In m)}.
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For the tail of the normal distribution, one has the estimation

1

2 1 2
e Pl - P = —=—e /2 x20,
V2 (1 +x) V(1 +x)
and
X —52/2
1— ®(x—y) Jo e %ds 2y ey ,
— <1 1 X7 /2—(x y)/2< CX).
[~ o [*eings = HAe =¢

Thus, for the first term of (30), we obtain for all 0 < x = o(ml/ 4),

P(Hy/ /Yy =>x =y, |kl gml/lzforanyke [0,m—1])1—Dd(x—y)
1 —®dx—y) 1 — d(x)

<exp {C(x—y’m™ " + (1 +x—ym™* Inm+xy)}.

For the second term of (30), Lemma 7 and the Markov inequality yield that for all 0 <x=
1/12
o(m/°%),

m—1 1/12y m=1 |
P ES
= 1<|w;|(>)m ' <3 Va4 vEexp(Clarfe O+
— X
k=0

< Cexp{—c(ms —2)).
Combining the above estimation for (30), we obtain for all 0 <x = o(m'/ 12),

P(’H,n/\/y»,,>x—y)
1 —®(x)

<exp {C()c3m_1/4 +(1 —i—)c)m_l/4 Inm +xy)} + Cexp{—c(ml/6 — xz)}. (32)

We now estimate the remainder term k),
1 1
P(Rn/\/ yr) Ey) = P (Rn/\/ yn 2}1, yr) zEyn - EEyr)> +P (yr] nyn - EEyn>

1
According to Lemma 4, we have

P(Ry > yEYy/2)

—en—1/551/5,2/5 —eml/2p1/251/2
§C(e <N Y Ly cm—s/6y-1/65-112) + € eme

YI{yszs/enJ/e(;fl/z}),
for ¢, < y. Similarly to the calculation of (31), we obtain

m—1

PEY, — ¥y = EV,/2) <P(EDy — Dy = EVy/2) + Y Pllax| = m"/12) < Ce=.
k=0
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This yields
P(Ry = y/EYy/2)
1 —d(x)

< Clexp{—c(m"/® — )} +expl—en™ 281 Py 1 PV esisy-1ies-12y
+ exp{—cml/znl/zél/zy + X2}l{yZm—5/6n—7/68—1/2}). (33)

For the case m <n~13/3579/8  combing (29), (32) and (33) with y=x>n!/26~1/2 4
n'/28=1/2|1n 5|, we have that

POV
1(+q>>())€) <exp [C(Pm™* + (A +x0)m™* Inm +x59"2671% 4 xn' 25712 Iny)) }
— O

+ C(exp{—c(x + [ 01} g p-1/6,-173) +exp{—c(m!/® —x?))
+ exp{—c(xsr]ml/z)}l{xzm,l/énfm})

<14+ C(x3m_1/4 +( —I—x)m_1/4 lnm+x6n1/28_1/2)

holds uniformly for 0 <x = o(n’l/ 1251/ 12). On the other hand, we similarly obtain

P
% = B(Hy /Yy > x4+2) = B(Ry/ Yy < =)

>1—C(Pm™ 4 (1 +0)m™* Inm+x8y'/2671/2).
Thus, we obtain

P
' Wy > x) _1 §C(x3m_1/4+(1+x)m_1/4lnm+x6n1/28_1/2)

1 — @)

uniformly for 0 < x = o(n~'/1281/12) as 1 tends to zero and m tends to infinity.
For the case m > n~13/8§7%/3 it is easy to verify that Cm,p = m=>/%7=7/65=1/2 Combing
(29), (32) and (33) with y = x*(mn8) "'/ + \/mns, we obtain

P
1(W+q>>(§) <exp {C(Fm™* + (1 +0)m™* Inm + xy) }
— P(x

+ C(exp{—cm'/*n'/281%y + 32} + exp{—c(m"'/® — x*)})
<1+ C(x3(mn5)_1/2 + /mndx+m~*1n m),
holds uniformly for ng:o((mn8)1/6A(ﬂn8)_1). On the other hand, using similar

arguments, we have

P
POY ) By T > 549~ PRy Ty <)

>14+ C(x?’(mné)_l/2 + /mndx + m~ /4 1n m)
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Thus,
POV, > x) 3
1—®(x)

1| < C(x:’;(mné)_l/2 + /mndx + m~ /4 1n m)

uniformly for 0 < x = o((mns)'/® A (ﬂn&)’l) as 7 tends to zero and m tends to infinity. [l

Proof of Theorem 3. For the case m < n~13/8§79/8  denote Cpup= n~1/2481/24 1t is easy to
obtain the following decomposition:

sup,cgr [POV, <x) — ®(x)]
= SUPx<—Cp.y [POV, <x) — ®(x)| + SUp_c,, ,<x<0 [POW), <x) — O(x)]
+ supy<i<c,,, IPWVy =x) = )| +sup,.. ¢, , [Py =x) — @)

=h+h+5+1.
For 11 and I4, Theorem 2 implies

1] = SupxS_C’m |P(Wn =< -x) - CD(.X)|
< SUP,<_c,,., PO, <x) + ®(—cym)

< (= Cpp)e + O(— Cpp) <Cm V4 Inm.
Similarly,

1/4

Iy <Cm™ /" Inm.

For I and I3, Theorem 2 and the inequality |e* — 1| < |x|e™ imply

L =sup_c,  <c<0 POVy =x) — @(x)|

<sup_, <z COO(Cm™* + (14 x)m™ " lnm 4 x09'/257172)

—1/4

<Cm Inm.

Similarly,

14 1nm.

I3 <Cm
Combining the estimations for the terms /1, . . ., I4, we have
sup,egr POV, <x) — ®()| < cm™"*1nm.
For the case m > n~13/85=9/8 taking C,,,., = (mn8)'/12 A (/mn8)~'/? instead of m'/?*, we
can similarly show that

sup,cg [POV, < x) — ®(x)| < Cm™/*1nm.

' < m=0(n~?), we have

sup,er POV, <x) — ®(x)| < Ccm Y4 Inm.

Thus, for any n~

Further assuming m = Cnp~2/| In 5|, we obtain

Sup,eg [PV, < x) — ®()| < Cn'/?| In /4.

https://doi.org/10.1017/jpr.2025.10065 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2025.10065

16 H. DAI ET AL.

5. Proof of Lemma 3

The proof of Lemma 3 follows from [14, Corollary 6.3]. For ease of reading, their result is
given below. Let 2 be an open subset of R ac (0, 1]. For any function defined on RY, denote

Ifllo:2 = supyeq IIF (I,

If () = fFl
llx — ylI¢

”f”O,a;Q = ”f”OQ + [f]a;SZ'

[f]0t§9 =SUDy yeQ, x£y

’

Let Ck(Rd), where k> 1, denote the collection of all kth-order continuously differentiable
functions on RY. Ck""(Rd), with « € (0, 1], refers to the collection of kth-order continuously
differentiable functions whose kth-order partial derivatives are «-Holder continuous. For the
case k = 1, we simplify the notation to C%(R%).

Lemma 6. [14, Corollary 6.3] Let f € C>%(Q2), h € C*(RQ) satisfy Lf = h in a bounded domain
Q where

Lf(x) = (a(x), VEF(@))ys + (b(), VX))

is strictly elliptic and its coefficients are in C*(Q). Then if Q' CC Q with dist(Q', Q) > d,
there is a constant C such that

dIVflloe +d*IV¥fllo.er + @ [V lue < CUfllo:e + 1hll0,e:2), (34)

where the positive constant C depends only on the ellipticity constant and the C*(Q) norms of
the coefficients of L.

Proof of Lemma 3. The existence of and the expression for the solution f can be proved
similarly to [11, Proposition 6.1]. We now show the regularities of it. According to (19),

8]

F00] < /0 IELACX, ()] — m(W)dr < /0 C(1 + xP)e4dr < C(1 + [xP),

where the second inequality follows from (54)

For any x € R?, define r(x) = 2(1+|x|) € (0, 2] and

Brn(x) ={z €R?: [x — 2| < r(x)}.
Consider § = B (y)(y) and Q' = B,(y),2(y) for any y € R? in Lemma 6. Then we have

ry 1

dist(Q', Q) > S
2 41 +1yD

Therefore, we take d = m. Taking @ = 1 in Lemma 6 and considering the operator (10),

1
Lf = (= VP, Vf) + 5(Qns, V2 f)us

The Qs notation implies that £ is strictly elliptic, thus (14) and (16) yield that its coefficients
are Lipschitz functions in 2 which satisfy the condition of Lemma 6. Then we have
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rMIVEllo.e < CUSf o + 12ll0,1;2)- (35)
r V¥l < Cf o + lIllo.1:2)- (36)
r)’ [V lie < Clflloe + I12ll0.1:0)- 37)

For equality (21), since
/ r(x)dx = oo,
]Rd
for any 0 < rg < 1, we have
Bywc |J Brm= |J @
)’eBro(x) }'EBrO(x)

Combining with (35), we obtain
IVF 03,06 <SPy, o) 1VF10:8,00,200 < SUPye, o CC1+ YD o + Il 1:0)-
Inequality (20) implies that
Fllo:2 < Sup-ep, ) F@] < sUP.ep, C(1 +121°) < C1+ [y1*).

Since £ is the Lipschitz function, we have

|h(z1) — h(z2)

<+ yP.
|z1 — 22|

172ll0.1:2 < SUP.ep, ., (y) M| +5UD;, 1m0
Thus,
197 l0:8, ) < SUPyes, vy CL+ DL+ y*) < C(1 + |,
which yields
IVF@) < €+ |x).
Similarly, (36) and (37) imply
1V?f 0,0 < CA + x|,

[V2f 118,00 < C(1+ [x).
Thus, we obtain (22) and (23). O

6. Estimation of the remainder R

We will give in this section several lemmas on R, which play a crucial role in proving
the main results. In order to estimate the tail probability of R,, we need the following four
lemmas, the first three lemmas paving the way for proving Lemma 4.

Lemma 7. For small enough y > 0, one has
Eexp{ylwl’} < C,
for any k.
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Proof. For small enough y > 0 and any constant k, (1) implies

Eexp(ylox1?) =E [exp { (oxl® + 10V (@, )P + 2008 —n Vi @k )}

Bkl expn8y 1 + 2 (@1 — VY @k, G, V861 Gk 1]

By a straightforward calculation of the conditional expectation with respect to the Gaussian
random variable &1, we have

Exl[ exp{ndy |&c11% + 2y (@r — nVY (@, Set1)s v/08Ek+1)} Ekr1]

! { 20y* | VY (k. & >|2}
= ex W — Wi
T—2n5y p 1= 258y k — 1 ks> Ck+1

2
<! exp{ MY o2+ 2V (wk,zk+1)|2>}.
V1 =2ndy 1 —2ndy

Here y is chosen to be small enough that 1 — 256y > 0.

E[ exp{y lw+11%)

s E[ exp {(1+ IV o (L 2y 2y op, )P
VI =2y 1 — 28y 1— 258y
+ 2y (wr, =nVilwx, §k+1)}]
<——E|exp{(1+ ———+20+ ———°L° —K
— J1=2néy p{( 1 —2n8y ( 1—2176)/))7 17))V|0)k|

2 4ndy Yn 2
@y )+ IV O, ) }]

1

Since wy and {41 are independent, and Vi (0, ¢x+1) is sub-Gaussian, we can choose small
enough y such that

N [ {< : ) 2”
Eex 2 <—E|ex 1-=-K
pivlors117} < =203, p S K | ylexl

4nsy y 21T
y <E [exp{(Zyn (1 + W) + E) VY0, Zes)l ”)

n

<—(Eex 2
=< 1_2775)/( p{y lex|?}

)1—1(177/2

)
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where the last line follows the Holder inequality. Inductively, we obtain

n
Eexp(y o117} < 1——2778;/(E exp{y |w|*}

C" e/n 20\ (1=K n/2)y+!
<| — Eex (] <C
_( - 27751/) (Eexp{ylaol’}) <

Thus the exponential moment of |wy|? exists for any k and small enough y. t

)1—Km/2

Lemma 8. Let Assumptions 1 and 2 hold, considering the martingale difference
(W (wk, Ok+1)s Frt1)k>0 with

Ei| W (wk, Ok )IF < CF(1 4 |ao|* + 1Y), (38)

where o > 0 and i is any positive integer. Then for \/m = o(x), we have

m—1
P ( (Vf(@r), ¥(@r, O1)) > x) < Cexp {c(®/m)!/ 9}, (39)
k=0
Similarly,
m—1
p (Z (V2 (1), W(or, 1)) s > x) < Cexp {c(x®/m)!/ T}, (40)
k=0

Here f is the solution of Stein’s equation given in Lemma 3.

Proof. Denote @ = wil{jw,<y) for large enough y to be chosen later, A= {|w| <y,
k=0,1,...,m— 1} and A€ as its complement. Then we have

m—1
P (Z (Vf(@r), W@k, Op1)) > x)

k=0

k=l

1 m—1

0
(Z (Vf (@), ®(@x, Ory1) > x) + Y P(lox| >y)
0

k= k=0

m—1
<P (Z (Vf(wi), ¥(or, Okt1)) > x, A) +P(A°)
<P 3

m—1 m—1

— ~ ~ _— 72

<e “Eexp{E:MVf(wk), W<wk,ek+1)>}+e 7S " Eexpiylexl). (41
k=0 k=0

where the last inequality follows from the Markov inequality, A is a positive constant to be cho-
sen later, and y is a sufficiently small positive constant. For the second term of (41), Lemma 7
implies
m—1
e Z E exp{y |lwx|*} < mCe™ """,
k=0

https://doi.org/10.1017/jpr.2025.10065 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2025.10065

20 H. DAI ET AL.

For the first term of (41), it is easy to see that

m—1
E exp {Z MVf(y), (b, 9k+1))}

k=0

m—2
=E [GXP {Z MV (@r), W (@, 9k+l))} Ep—1 exp{A{Vf(@m-1), ¥(Om-1, 0m)>}i|-

Noticing
AEn—1(Vf(@m-1), ¥(Om—1, Om)) =0,
by the Taylor expansion of the conditional expectation above, (21) and (38) imply
Ej—1 exp{AEn— 1 (Vf(@m-1), V(@xk, Om))}

o .

A . . ,

=1+ Bt (V1) W@k, On))
i=2

1+Z&(l+y)(1+yo”+z')

C)\,3+a2
<1 G
1—CAy3+“

if CAy>*® < 1. By induction, we obtain

E S 3+ay2
VF(@ A CA
CXP{ZM Fn), w(wk’9k+l)>} = (1+1(— —ék)}3)"“1) '

k=0

Thus, for (41), we have

m—1 (C)\’y3+a)2 m . )
—Ax _
p k§:0 (Vf(wr), W(wi, 9k+l)> >x| < (1 + m) € +mCe™ "7,

Let
X

= ch2y6+2a

x2 1/(842w)
Y=\ ez '

Then for large enough m and /m = o(x), one obtains

and

m—1 1
P <Z (Vf(or), ¥(wg, Ok11) > x) < Ceme/mTe.

k=0

We can show (40) similarly. The details are omitted here. U
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Proof of Lemma 4. Recalling the definition of R,, we have
: y
PRyl >0 =3P (1Rl > %)
=

and we shall prove below that the following estimates hold:
P(Ry.1| > y/4) < Ce™ eV,

—e8V/52/5,-1/5

P (|Ry2| > y/4) < Ce ™y

n2/962/9

P(|Rys| > y/4) < Cem” :

2/751/15-3/1 — o255 /5115

P (|Rp4| > y/4) < Ce™® + Ce

Combining these estimates, we immediately get
o 1/251/2, 172
PR,| >y) = Cemen ot 4

for c(n/26= 12 v m'/2n8) <y < Cn~7/2577/2. We now show (42)—(45).
(a) Control of R, 1. By the Markov inequality and (20),

(IR 1 > y/4) =P(y[f(@0) = f(@n)| > y/mndy/4)
<Eexp{Cy(1 + |wo|? + | [?))e ™7 Vrd/4

< (B exp{2Cy |wo|* )2 (E exp{2Cy |wy |*}) /e ™7 VImdy/4+Cy

—ey2/351/5,-1/5 n e_cy1/6n—5/125—5/12 " e_Cy2/751/7,f3/7>

21

(42)

(43)

(44)

(45)

)

where y is a positive constant. Lemma 7 implies that the exponential moments of wg and w,,

are finite for small enough y. Thus
P(|Ry.1| > y/4) < Ce V.

(b) Control of R, ». According to the definition of R, >, we have

m—1 \/—y
P (Ry2>y/4) = (Z (Vf(@0). VP(@0) — Vi (@k, 1) > f)
k=0

Since V(0 k1) is sub-Gaussian from Assumption 2, we have
E[VY(0, ger)l' < Ci.

By (17) and (18), we have

Ex|VP(wr) — V¥ (@k, Gl < Bi[2LIwx| + VPO)] + [V (0, §k+1)|]i

< C'(1 + Jaxl' + i),
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which satisfies the condition of Lemma 8 with o = 1. Thus, (39) yields
P (Rnl > }’/4) < Cexp{—C51/5y2/5n—1/5}’

under the condition y > /7/8. P (R;2 < —y/4) can be estimated similarly. Thus (43) is
proved.
(c) Control of R, 3. Let A= {|Awy| <y1 <1,k=0,1,...,m—1}. We have

P(Ry3 > y/4)

m-l .1 .1 2 / 2
\Y Awy) —V 5
=P > / f s J(wx 55 Awp) — VS (wk),Akaa)kT}H |55’ Awg|ds'ds > Y0¥

o 70 Jo |ss’ Awi| S 4

m=1 .1 .1 g2 ’ 2
A\ A -V /
<P|> / / VTt o5 Bex) f(wk)||Awkl3dS’dS> by LA ) +P@AO).
k=070 JO 4

|ss’ Awy|

For the first term, (23) implies

m—1 .1 .1 g2 ’ 2
Vf(wr + ss' Awy) — Vf(w vmné
P(Z// |Vf(wi + ss %) f( k)|| k|3ds’ds> 471 y’
i—o 0 Jo

|ss’ Awg|

m—1
<P (Z CA + ) Aok T awy <y = \/mn«sy)
k=0

m—1
<P (Z CA + x| Ak 1 aay <y} = V/mndy. |wx| <y, for any k)
k=0

+P( max |wi|>y2)
ke m—1}

10,,6

< exp | CO/mnby = mnd)*)?
B my,"yq

} + Cme*y%,

where the last inequality follows [6, Theorem 2] and the fact that E|Aa)k|3 < C(n8)3/ 2,
For the second term, a straightforward calculation implies

—

P(A) <)  P(Awk| > y1)

3

k=0

m—1 m—1
< D POV @k, GrDD) > y1/2)+ Y PG/ndlErl > y1/2)

k=0 k=0

m—1 m—1 m—1

Cyy Cyi Cyi

<>'P |w|>—)+ P(N (©, )|>—)+ P(|s |>—)

L ( k ;. ; ¥ (0, S+ ;. ; a8} s

< 2me= O/ 4 e /09,
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where the second inequality follows the iteration of wy, and the last inequality follows Lemma 7
and Assumption 2. Combining the calculations above, we obtain
C(y/mnby —m(u8)*/)*

P(R,3 > y/4) <exp { — — + Cme™2 + 2me= /M 4 e~/ (D),
my,-yy

Taking y; = y!/257/1857/18 and y, = y1/99=1/96=1/% we complete the proof of (44), that is,

~2/95-2/9

P (|Ry 3| > y/4) < ce™™n

for c(y/mnd v né) <y < Cn~1/2677/2,
(d) Control of R, 4. Following the notation X(wy) and Awy, we have

1 m—1 3
P(R,.4 > y/4)=P (2 - > V(@) Ik + 08l + 128" B+ 0 lak)us > y/4
k=0

(3
;
<

+P ( (V2f(@r), Lax)us > Cm”za”zn‘my) : (46)
k=0

[e2)

3

[

(Vf(or), I s > le/zsl/zn‘3/2y>

~
(==}

3

+P

[

(V2 f(wr), b i)us > Cm‘/2n1/251/2y>

T
o

3
L

+P

[

(V2f(wr), B.x)us > le/zfl_l)’>

I
—_ O

3

where
I k = Bl VY @k, G )V @k, Sea) '] = Vi (ks Sea )V @k, G
hi=1I1—&1&,.
I3 = Vi (g, §k+1)§1j+1 + &1 VI (ks Sea1)
Iy =—=VP(@r) VP .
For the first term of (46), according to (17) and Assumption 2, it is easy to verify that
el il < C'(1+ oo |* + ),
which satisfies the condition of Lemma 8 with o = 2. Thus, (40) yields
m—1
P <Z (V2f(@p). I1 kus > Cm‘/er‘/any) <Cexp{—es"Ty Ty} (@47)
k=0

as (n/ H? < y. Similarly to the estimation of (47), one can also verify that I ; and I5 ; satisfy
condition (38) with ¢ = 0 and « = 1 respectively, thus (40) implies

m—1
P (Z (V2 (1), Dok)us > Cm‘/zn‘/za‘/zy) <Cexp{—en P71} (@8)
k=0
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and
m—1 .
P (Z (V2 (1) I3.)ms > Cm‘/zn—1y> < Cexp{—cy3n~'7}. (49)
k=0
For the last term of (46), let @ = w1 {jwy|<ys}- Similarly to the estimation of (39), expressions
(18) and (22) yield
m—1
P <Z (V2f(@r). Ia.x)us > le/zs”zn‘3/2y>
k=0

m—1 m
<P (Z (V2(@n), —VP@)VP@r) us > Cm”25”2n_3/2y> + ) Plox| = y3)
k=0 k=0

m—1
=P (Z (14 %% > Cm1/251/2,73/2y) 4 mCe—R.
k=0

For the above probability, we have

m—1
P (Z (1+ |ax[) > Cm”zsl/"'n—my)

k=0

m—1 m—1
=P (Z (|@x|° — El@x|%) > Cm'/261/2y =32y —m — E|cbk|6)
k=0 k=0

m—1
<P (Z (Iax|° — El@x|%) > Cm'/281/2n 7372y —m))
k=0
<exp {—y*8n 7y %)
Thus,

m—1
P (Z (Vf(or). Isadps > Cm‘/28‘/2n3/2y) < Cexpl—ey?/8Y =37}, (50)
k=0

by taking y3 = (y*n38)!/1* and y > m'/?y3/26=1/2. Combing the results of (48)—(50), we
obtain the bound of (46), that is,

— ey 15117y =301 2/55—1/5,7—1/5.

P(Ry4l > y/4) < Ce +Ce®
Thus we obtain that

o 1/251/2, 1/2 _2/581/5.1/5 _2/9,-2/95-2/9 21517 =37
P(IRn|>y)§C(e cyn'’/=8*m e o 8'°n e 8 e 8 )

for c(n'/26=12 v m'/2n8) <y < Cn~ 7257712, O

Appendix A. Proof of Lemma 1

Proof of Lemma 1. Since VP(x) =E[V{(x, {)], it is easy to see that VP has the same
properties, that is,
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[VP(x) — VP(y)| < Llx —yl,

(x —y, =VP(x) + VP() < —Ki|x — y|* + K2,

for any x, y € RY.
Following the assumptions (6) and (7), we further obtain the bounds for Vyr(x, z) and
VP(x), that is,

VY (x, O < Lix| + |V (0, O,
IVP(x)| < Lix| + |VP(0)].

Assumptions (7), (15) and Young’s inequality imply
(o, =V (x, £)) = (x =0, =V (x, £) + V¥ (0, £)) — (x, V¥ (0, £))

2 Ky » 1 2
< —Kjlx| +K2+7|x| +m|VW(O, Ol

= K P f K+ oy, 0 1)
-0 27T oK, o
Similarly,
(x, =VP(x)) < —Elxl2 + K> + L|VP(0)|2. (52)
- 2 2K
Moreover,
=) < 2E|VY(x, ¢)I> <4L2|x|* + C. (53)

For the Lipschitz property of Qy s, recall that
Qy.5(x) = (E[Vy.5(x, ¢, E)Vy5(x, £, 6)T])
By assumptions (6) and (14), the definition of V;, 5(x, ¢, &) implies that
|V7),5('x7 ;a S) - Vn,é()’» é" E)' S zﬁLl'x - y|9

which is Lipschitz. Denote the L? norm || X|| 2 =(E|X %!/ for any random variable X. Then
we have

1/2

Q5 (0) = Vs (x, £, )V 56, £, ) 2.
Thus,
10y.5(x) = Qns
=1y, £, V50, ¢, D22 — 1V s & EWVi s, £, )22
< (Vs 2 EWVis(x, .62 = (Vs 8.6V s ¢ 6) D22
Since the mapping Vy.s — (Vy.sV,T5)'> = V,.6V,]5/IViy.s| is Lipschitz, we have

105.5() — Qs = Cy/nlx — yl.
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Appendix B. Proof of ergodicity

Proof of Lemma 2. We first give the proof of the ergodicity of (X;);>o. For the Lyapunov
function V(x) = |x|> + 1 on R?, expressions (10), (52) and (53) imply

LV(x) = —(VP(x), 2x) + (nZ(x) + 814, Li)ps
< —Ki|x* +4nL%|x)* + C.
For small enough n < K;/ (8L2), one has

K K
EV(X) < —TV(X) +{C+ T 1{|X|2§K1+4C}'

By [24, Theorem 6.1], (X;);>0 is exponential ergodic with invariant measure , that is, there
exist constants C and c¢ such that

sup |BA(X;(x)) — w(h)| < CV(x)e . (54)
lh|<V

The ergodicity of (wi)i>0 follows [29, Theorem 2.1]. Notice that
Exl[V(@k+0)] = 1+ Exlox — V¥ @k, Gest) + v/18€kr11
= 1+ |ox|* + " Exl Vi (0, S0 + ndd — 2n{wk, VP(wr)
< (14201 — nKp)ay]* + 1+ Cn.
Denote the transition probability of (wi)r>0 by P(x, dy) for x, y € R? and let
Vi(x) =e"V(x), r(n)=cine™.
A straightforward calculation implies
PV () + r(n)V(x)
= 1D PV (x) + eV (x)
<11 +20°L% — KD Ixl* + 14 Cn) + cine™V(x)

= e "V (x) 4 ¢ net'™

ec1n

ecin 2,2 1
1

(Cn + K — 2772L2)}
cn

cin

eC1n

= V(%) + r(n) [ ! (e”"(l 120212 — Ky + ey — 1)V(x) +

— (Cn+nkK; — 2n2L2)}.
cn

an
Choosing 7 small enough such that e“!(1 + 2n>L? — nK1) 4 c1n < 1, we obtain
PV () + r(m)V(x) < V() + br(m) 1 jpec),

where

ec1n
b:

e1(Cn + nKy — 2n*L?) }

C Ky —2n%L%), C=1lx:V() <
(Cn+nky = 2L * (x)_l—ecln(1+2n2L2—2nK1)—cln

can
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A theorem due to Tuominen and Tweedie [29, Theorem 2.1] implies that (wi)i>0 is ergodic
with invariant measure 7, that is, there exist constant C and ¢ such that

supyy <y [BA(@)) — my(h)| < Cp~ 'V(x)e™ ¥, (55)
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