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Abstract

In this paper, we study the self-normalized Cramér-type moderate deviation of the empir-
ical measure of the stochastic gradient Langevin dynamics (SGLD). Consequently, we
also derive the Berry–Esseen bound for the SGLD. Our approach is by constructing
a stochastic differential equation to approximate the SGLD and then applying Stein’s
method to decompose the empirical measure into a martingale difference series sum and
a negligible remainder term.
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1. Introduction

For a non-convex stochastic loss function ψ(ω, ζ ) : Rd ×R
r →R, where ζ ∈R

r is a
random variable with probability distribution ν, we consider the following optimization
problem:

ω∗ = argminω∈Rd P(ω), P(ω) = Eζ∼νψ(ω, ζ ).

To find the minimizer ω∗, in [30] the authors proposed the stochastic gradient Langevin
dynamics (SGLD) algorithm, which has been widely applied to optimization problems. The
iteration of the SGLD is given by

ωk =ωk−1 − η∇ψ(ωk−1, ζk) +√
ηδξk, (1)

where η > 0 is the step size, δ > 0 is the inverse temperature parameter, (ξk)k≥1 is a sequence
of independent and identically distributed (i.i.d.) standard d-dimensional normal random
vectors and (ζk)k≥1 are i.i.d. samples from ν.
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2 H. DAI ET AL.

As the number of iterations k tends to infinity, [25] showed that (1) can find the approximate
global minimizer. See [4, 20, 31] for more details on the convergence of the SGLD. Unlike the
stochastic gradient descent (SGD) algorithm, which may converge to local minima in non-
convex optimization problems, the SGLD algorithm benefits from the inclusion of Gaussian
noise in its iterations. This added noise allows SGLD to more effectively explore the parameter
space, making it well suited for solving non-convex problems [4, 32].

It is natural to consider the iteration (1) as a discretization to a continuous dynamics
for a given step size η. We consider the following stochastic differential equation (SDE) to
approximate the SGLD algorithm:

dXt = −∇P(Xt)dt + Qη,δ(Xt)dBt, (2)

where Bt is a d-dimensional standard Brownian motion and the diffusion matrix Qη,δ(·) ∈
R

d×d will be defined later. Significant work has been done in [12, 17] on comparing stochastic
algorithms with their corresponding SDE approximations, and on establishing the diffusion
approximation bound of

suph∈H |Eh(ωk) − Eh(Xkη)| (3)

for a family H of test functions h. Different choices of H correspond to different distance
metrics, such as the Wasserstein-1 distance for the Lipschitz function h and the total variation
distance for bounded h. The diffusion approximation provides valuable insights into algorithms
by viewing them as continuous dynamics. Acting as a bridge, it enables the application of
continuous dynamic analysis methods to study the properties of stochastic algorithms. See
[2, 21, 22] for more details.

Under suitable conditions on ψ , (1) and (2) are exponential ergodic with invariant measures
πη and π , respectively. For the SGLD and its invariant measure πη, we construct an empirical
measure 
η as a statistic of πη, where


η(·) = 1

m

m−1∑
k=0

δωk (·).

Here δωk (·) is the Dirac measure of ωk. Since (3) converges to zero as k → ∞ and η→ 0, given
a test function h : Rd →R, it is natural to consider the asymptotic property of 
η(h), namely,∫

hd
η.
The study of self-normalized Cramér-type moderate deviation (SNCMD) explores the devi-

ation properties of random variables and has been developed in recent decades; see [19, 26]
for the results for independent random variables. For dependent random variables, [5] studied
the moderate deviation under mixing conditions, [7] focused on the SNCMD for martingales,
and [8] analysed stationary sequences. We refer the reader to [18, 27, 33] for further details.
However, for the iterative output of a stochastic algorithm, such as (1), which is a sequence of
dependent random variables, there has been limited analysis of SNCMD. See [13, 28] for the
fluctuation analysis of stochastic algorithms.

In this paper, we analyse the SNCMD of 
η(h) with Lipschitz test function h. Specifically,
given a normalized term Yη, we compare the tail probability of 
η(h)/

√Yη after scaling
and centralization (i.e.,

√
mη(
η(h) − π (h))/

√
δYη) with the tail probability of a standard

normal distribution N(0, Id). Using the diffusion approximation and Stein’s method, we
have, for the first time, investigated the SNCMD of the SGLD algorithm, which provides a
novel approach to and perspective on the analysis of the asymptotic properties of the SGLD
algorithm. As a further extension, we also establish the corresponding Berry–Esseen bound.
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Self-normalized Cramér-type moderate deviation of SGLD 3

These non-asymptotic results quantify the finite-sample accuracy of the normal approximation
to the distribution of the SGLD algorithm, thereby enhancing the theoretical reliability of the
algorithm. In particular, they provide a quantitative guarantee for constructing confidence inter-
vals with controlled error when the sample size is limited. By constructing the corresponding
continuous-time dynamics as a bridge, the associated SDE offers a way to better understand
the dynamic behavior of the stochastic algorithms, such as their convergence properties and
the effects of hyperparameter choices. Related analyses can be found in [21, 22].

Within this theoretical framework, a broader class of stochastic algorithms based on
Langevin dynamics can also be analysed. For instance, algorithms such as stochastic variance-
reduced gradient Langevin dynamics benefit from their variance-reduction mechanism, which
leads to smoother updates and can be approximated by stochastic differential delay equa-
tions. Momentum-based accelerated stochastic algorithms, which exhibit faster convergence,
can be well approximated by an underdamped Langevin diffusion. See [3, 15] for related
approximation results.

Although [9, 23] carried out a similar analysis, examining the SNCMD of the Langevin
dynamics, their results are based on the relatively restrictive assumption that both the gradient
and test functions are bounded. In contrast, our results extend this assumption by replacing
the boundedness assumption with a Lipschitz condition. To relax this condition, we employ a
truncation technique in the proof. In addition, our work provides a new application of Stein’s
method within the realm of machine learning.

The approach to proving the main results relies on Stein’s method and a standard decom-
position of 
η(h), with similar ideas found in [23, 28]. The strategy of the proof begins with a
diffusion approximation for the stochastic algorithm, constructing a corresponding SDE. Under
some mild conditions, the SDE has an ergodic measure π , and its associated Stein’s equation
has a solution with good regularity properties. Using Stein’s equation, we decompose 
η(h)
into a martingale difference series sum Hη and a remainder Rη. For Hη, we apply the martin-
gale SNCMD theorem in [9] to compare it with the standard normal distribution. In addition,
we show that the remainder Rη is exponentially negligible using concentration inequalities.

The paper is organized as follows. Diffusion approximation and our main results are stated
in Section 2. In Section 3, we provide some preliminary lemmas. In Section 4, we give the
proof of the SNCMD and the Berry–Esseen bound. The details of the proof of preliminary
lemmas are deferred to Sections 5 and 6.

We conclude this section by introducing some notation which will be frequently used in
what follows. The Euclidean norm and the inner product of vectors x, y ∈R

d are denoted by |x|
and 〈x, y〉, respectively. The norm of higher-rank tensors is denoted by ‖ · ‖. For any two matri-

ces A, B ∈R
d×d, the Hilbert–Schmidt norm is denoted by ‖A‖HS =

√∑d
i,j=1 A2

ij =
√

Tr(A
A)

and their inner product by 〈A, B〉HS := ∑d
i,j=1 AijBij, where 
 is the transpose operator. The

symbols C and c represent positive constants whose values may vary from line to line. Let
Lip1(Rd) be the family of Lipschitz function defined on R

d with Lipschitz constant 1. We
denote the conditional expectation E[·|ωk] and conditional probability P(·|ωk) by Ek[·] and
Pk(·), respectively. Finally, �(x) represents the cumulative distribution function for standard
normal random variables.

2. Diffusion approximation and main results

We first construct the diffusion approximation. Rewriting (1), we have

ωk =ωk−1 − η∇P(ωk−1) + η∇P(ωk−1) − η∇ψ(ωk−1, ζk) +√
ηδξk

:= ωk−1 − η∇P(ωk−1) + √
ηVη,δ(ωk−1, ζk, ξk), (4)
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where

Vη,δ(ωk−1, ζk, ξk) = √
η∇P(ωk−1) − √

η∇ψ(ωk−1, ζk) + √
δξk.

As Eψ(·, ζ ) = P(·), a straightforward calculation implies

Ek−1[Vη,δ(ωk−1, ζk, ξk)] = 0

and

cov[Vη,δ(ωk−1, ζk, ξk)|ωk−1] = η�(ωk−1) + δId,

where

�(x) = E[∇ψ(x, ζ )∇ψ(x, ζ )
] − ∇P(x)∇P(x)


and Id is the d-dimensional identity matrix. Following the idea of [21, 22], it is natural to
consider the following SDE to approximate (1):

dXt = −∇P(Xt)dt + Qη,δ(Xt)dBt, (5)

where

Qη,δ(x) = (
η�(x) + δId

)1/2

is a positive definite matrix and Bt is a d-dimensional standard Brownian motion. For the cost
function and random variable ζ , we introduce the following conditions.

Assumption 1. There exist constants L,K1 > 0 and K2 ≥ 0 such that for every x, y ∈R
d,

z ∈R
r, |∇ψ(x, z) − ∇ψ(y, z)| ≤ L|x − y|, (6)

〈x − y,−∇ψ(x, z) + ∇ψ(y, z)〉 ≤ −K1|x − y|2 + K2. (7)

Assumption 2. The random variable ∇ψ(x, ζ ) is sub-Gaussian for any x ∈R
d, that is, there

exist positive constants Kζ and C such that

E exp{Kζ |∇ψ(x, ζ )|2} ≤ C.

Remark 1. For ease of proof, we assume that Kζ = 1.

Lemma 2 (see Section 3) implies that the SGLD algorithm (1) and its corresponding SDE (5)
are exponential ergodic with invariant measures πη and π , respectively. Then we have the
following Wasserstein-1 distance bound between π and πη.

Theorem 1. Suppose Assumptions 1 and 2 hold. Then one has

W1(π, πη) ≤ Cη1/2, (8)

where

W1(π, πη) = suph∈Lip1
|π (h) − πη(h)|

is the Wasserstein-1 distance.

Let f be the solution to the following Stein equation:

h − π (h) =Lf , (9)

where L is the generator of (5) given by

Lg(x) = 〈− ∇P(x),∇g(x)〉 + 1

2
〈Qη,δ(x),∇2g(x)〉HS , g ∈D(L). (10)
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Denote

Yη = 1

m

m−1∑
k=0

|∇f (ωk)|2, Wη =
√

mη(
η(h) − π (h))√
δYη

. (11)

We have the following SNCMD of the SGLD algorithm.

Theorem 2. Suppose Assumptions 1 and 2 hold. Let ω0 ∼ πη and h ∈ Lip1(Rd,R), and set
m = o(η−2) with mη→ ∞. Then:

(i) as m ≤ η−13/8δ−9/8,∣∣∣P(Wη > x)

1 −�(x)
− 1

∣∣∣ ≤ C
(
x3m−1/4 + (1 + x)m−1/4 ln m + x6η1/2δ−1/2)

uniformly for 0 ≤ x = o(η−1/12δ1/12) as η tends to zero and m tends to infinity.

(ii) as m>η−13/8δ−9/8,∣∣∣P(Wη > x)

1 −�(x)
− 1

∣∣∣ ≤ C
(
x3(mηδ)−1/2 + √

mηδx + m−1/4 ln m
)

uniformly for 0 ≤ x = o((mηδ)1/6 ∧ (
√

mηδ)−1) as η tends to zero and m tends to infinity.

Moreover, the same results hold when Wη is replaced by −Wη.

Remark 2. To the best of our knowledge, there are currently few SNCMD results for iterative
algorithms of this type, so the sharpness of the rate with respect to m is not yet fully understood.

Related and stronger bounds for algorithms or the Euler–Maruyama scheme can be found
in [9]. Specifically, their result can be written in a form comparable to ours, yielding the
upper bound C

(
x2m−1/4 + (1 + x)m−1/4( ln m)1/2

)
. While this bound is sharper, their analysis

requires substantially stronger regularity assumptions, including bounded second derivatives of
the test function h and the drift term. In contrast, our framework does not impose this bounded-
ness assumption, and under weaker conditions the term with respect to m remains comparable.
This is mainly due to martingale moderate deviation results combined with the concentration
inequalities for stochastic processes established in [6].

To handle the unbounded setting considered in this work, we employ a truncation method,
which introduces the additional error term involving η. This term is the primary reason why
our bound is less sharp than that of [9].

Based on Theorem 2, we also derive the Berry–Esseen bound for the SGLD algorithm.

Theorem 3. Under the assumption of Theorem 2, we have

supx∈R |P(Wη ≤ x) −�(x)| ≤ Cm−1/4 ln m.

Further assuming m = Cη−2/| ln η|, we have

supx∈R |P(Wη ≤ x) −�(x)| ≤ Cη1/2| ln η|5/4.

Remark 3. Theorem 3 establishes the convergence rate, in the Kolmogorov distance, of the
iterate-averaged self-normalized estimator towards the normal distribution when either the
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number of iterations m or the step size η is fixed. In practice, given a prescribed m, this the-
orem guides the choice of the constant step size η with order ( ln m/m)1/2 under which the
convergence rate is of order η1/2 with a logarithmic correction, which is close to the rate in
Theorem 1. This result also has the same order as that in [9] up to a logarithmic correction,
though their result is under stronger conditions. The resulting non-asymptotic bound offers a
quantitative guarantee for the accuracy of normal-approximation-based confidence intervals,
thereby improving the reliability of inference in finite-sample regimes.

In practical implementations, computing the normalizing factor Yη defined in equation (11)
can be challenging. The main difficulty lies in estimating the derivative of the Stein solution
∇f in Lemma 3. A Monte Carlo approach may be adopted by simulating multiple trajectories
of the SDE (2) starting from x (i.e., Xt(x)), together with their gradient Yt = ∇xXt(x), and then
approximating ∇f (x) via time-averaged integrals of ∇h(Xt(x))Yt along these simulated paths.
However, this simulation becomes computationally expensive in practice, especially in high-
dimensional settings. Moreover, the resulting approximation inevitably introduces additional
numerical errors, which may affect the accuracy of the SNCMD bounds. Addressing these
computational challenges in practical implementations will be an important direction of our
future work.

Remark 4. The assumption ω0 ∼ πη in Theorems 2 and 3 is not essential. Due to the expo-
nential ergodicity of the SGLD algorithm, one can extend it to the case in which ω0 has a
sub-Gaussian distribution. The advantage of taking ω0 ∼ πη is that in the calculation the terms
describing the difference between the distribution of ωk and πη will vanish, while in the general
case one has to use exponential ergodicity of ωk to bound the difference. Since ωk converges
to πη exponentially fast, the difference will not cause any great difficulty. For the ease of
calculation, we only considered the case of ω0 ∼ πη.

Example 1. (Linear quadratic regulator policy [16].) We illustrate our results with the linear
quadratic regulator (LQR) problem, a fundamental model in optimal control with extensive
applications in optimization and reinforcement learning. Practical implementations include
autonomous driving and medical treatment systems such as insulin-level regulation in diabetes
therapy. It concerns finding an optimal controller for a linear dynamical system

min
{ut}T−1

t=0

E

[
T−1∑
t=0

(
x


t Qtxt + u

t Rtut

)
+ x


T QTxT

]
, (12)

subject to, for t = 0, 1, . . . , T − 1,

xt+1 = Axt + But + Wt,

where A ∈R
d×d, B ∈R

d×p, Qt ∈R
d×d, and Rt ∈R

p×p are given positive definite matrices. The
variable xt ∈R

d denotes the system state, ut ∈R
p is the control input at time t, and Wt are i.i.d.

random noise terms with zero mean and finite second moment.
The optimal control ut can be represented as a linear state feedback ut = −K∗

t xt, where K∗
t

denotes the feedback gain matrix. Consequently, the entire control sequence can be parameter-
ized by the feedback gain matrices K∗ = {K∗

0 ,K∗
1 , . . . ,K∗

T−1}, and the optimization problem
can equivalently be written as

min
K

E[C(K)] = min
K

E

[
T−1∑
t=0

(
x


t Qtxt + u

t Rtut

)
+ x


T QTxT

]
.
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Self-normalized Cramér-type moderate deviation of SGLD 7

More details of the LQR problem can be found in [1]. For a specific time index t, the opti-
mal vectorized gain matrix, denoted by vec{K∗

t }, can be efficiently computed using the SGLD
algorithm,

vec{Kk+1
t } = vec{Kk

t } − η∇tC
(
Kk)+√

ηδξk (13)

where ∇tC(K) is the gradient of C(K) with respect to vec{Kt}. In [16, Lemma 3.5], the gradient
of the objective function has been explicitly derived, and it can be easily verified that it satisfies
Assumptions 1 and 2. Therefore, within the framework developed in this paper, we can verify
that the empirical distribution of vec{Kt}, represented by 1

m

∑m−1
k=0 h(vec{Kk

t }), satisfies a self-
normalized moderate deviation principle and a Berry–Esseen bound for some test function h,
after appropriate scaling. Moreover, these non-asymptotic results provide a theoretical founda-
tion for constructing reliable confidence intervals for the learned controller, thereby enhancing
the reliability of inference and decision-making in practical applications.

3. Auxiliary lemmas for the proof

The strategy for proving our main result is to decompose
√

mη/δ(
η(h) − π (h)) into a
martingale term and a remainder term as in (24), and show that the remainder is negligible and
that the martingale satisfies the SNCMD. In this section, we give the decomposition and some
auxiliary lemmas needed for the proof.

Lemma 1. Under Assumption 1, we have that ∇P and Qη,δ are Lipschitz and satisfy the
dissipative condition, that is, for any x, y ∈R

d,

|∇P(x) − ∇P(y)| ≤ L|x − y|, (14)

〈x − y,−∇P(x) + ∇P(y)〉 ≤ −K1|x − y|2 + K2, (15)

‖Qη,δ(x) − Qη,δ(y)‖ ≤ C
√
η|x − y|. (16)

We also have that ∇ψ and ∇P have linear growth, that is,

|∇ψ(x, ζ )| ≤ L|x| + |∇ψ(0, ζ )|, (17)

|∇P(x)| ≤ L|x| + |∇P(0)|. (18)

Proof. The proof will be given in Appendix A. �

Lemma 2. Under Assumption 1, (ωk)k≥0 and the SDE (5) are both exponential ergodic with
invariant measures πη and π , respectively.

Proof. The proof will be given in Appendix B. �

Lemma 3. Let h ∈ Lip1(Rd,R). A solution to Stein’s equation

h − π (h) =Lf

is given by

f (x) = −
∫ ∞

0
E[h(Xt(x)) − π (h)]dt, (19)
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where Xt(x) is the solution of equation (5) with initial value x. Moreover, there exists a positive
constant C such that

|f (x)| ≤ C(1 + |x|2), (20)

|∇f (x)| ≤ C(1 + |x|3), (21)

‖∇2f (x)‖ ≤ C(1 + |x|4), (22)

supy:|y−x|≤1
‖∇2f (x) − ∇2f (y)‖

|x − y| ≤ C(1 + |x|5). (23)

Proof. The proof will be given in Section 5. �

We now introduce the decomposition. By Stein’s equation (9),


η(h) − π (h) = 1

m

m−1∑
k=0

(h(ωk) − π (h))

= 1

mη

m−1∑
k=0

[Lf (ωk)η− (f (ωk+1) − f (ωk))
]+ 1

mη

m−1∑
k=0

( f (ωk+1) − f (ωk))

= 1

mη
[f (ωm) − f (ω0)] + 1

mη

m−1∑
k=0

[Lf (ωk)η− (f (ωk+1) − f (ωk))
]
.

Equations (1), (10) and the Taylor expansion yield that

Lf (ωk)η− (f (ωk+1) − f (ωk))

= η

2
〈∇2f (ωk), η�(ωk) + δId〉HS − 〈∇f (ωk), η∇P(ωk) − η∇ψ(ωk, ζk+1)〉

−√
ηδ〈∇f (ωk), ξk+1〉 −

∫ 1

0

∫ 1

0
s〈∇2f (ωk + ss′
ωk), 
ωk
ω



k 〉HSds′ds,

where 
ωk = −η∇ψ(ωk, ζk+1) + √
ηγ ξk+1. Thus we have the decomposition

√
mη√
δ

(
η(h) − π (h)) =Hη +Rη, (24)

where, as we shall see below, Hη is a martingale and Rη is a remainder. A similar
decomposition can be found in [23, 28]. Hη and Rη are given by

Hη = − 1√
m

m−1∑
k=0

〈∇f (ωk), ξk+1〉, Rη = −
4∑

i=1

Rη,i,
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Self-normalized Cramér-type moderate deviation of SGLD 9

with

Rη,1 = 1√
mηδ

( f (ω0) − f (ωm)),

Rη,2 =
√
η√

mδ

m−1∑
k=0

〈∇f (ωk),∇P(ωk) − ∇ψ(ωk, ζk+1)〉,

Rη,3 = 1√
mηδ

m−1∑
k=0

∫ 1

0

∫ 1

0
s〈∇2f (ωk + rr′
ωk) − ∇2f (ωk), 
ωk
ω



k 〉HSds′ds,

Rη,4 = 1

2
√

mηδ

m−1∑
k=0

〈∇2f (ωk), η2�(ωk) + ηδId −
ωk
ω


k 〉HS

}
.

The estimation of Hη and Rη depends on the following two lemmas.

Lemma 4. Suppose that Assumptions 1 and 2 hold. Let h ∈ Lip1(Rd,R) and f : Rd →R be the
solution of (9). Then the inequality

P(|Rη|> y) ≤ C
(

e−cyη1/2δ1/2m1/2 + e−cy2/5δ1/5η−1/5 + e−cy2/9η−2/9δ−2/9 + e−cy2/7δ1/7η−3/7
)

holds for any y satisfying cm,η ≤ y ≤ Cη−7/2δ−7/2, where cm,η = c(η1/2δ−1/2 ∨ m1/2ηδ).

Proof. The proof will be given in Section 6. �

Lemma 5. [9, Lemma 3.5] Let (βi,Fi)i=1,...,m be a finite sequence of martingale differences.
Assume that the following conditions hold.

(A1) There exists a number εm ∈ (0, 1
2 ] such that∣∣∣E[βk

i |Fi−1]
∣∣∣≤ 1

2
k!εk−2

m E[β2
i |Fi−1], for all k ≥ 2 and 1 ≤ i ≤ m;

(A2) There exist a number δm ∈ (0, 1
2 ] and a positive constant C such that for all x> 0,

P
(∣∣ m∑

i=1

E[β2
i |Fi−1] − E[β2

i ]
∣∣≥ x

)≤ C exp
{
−x2δ−2

m

}
.

Then the following inequality holds for all 0 ≤ x = o
(
min

{
ε−1

m , δ−1
m

})
:

∣∣∣ ln
P
(∑m

i=1 βi/

√∑m
i=1 E[β2

i |Fi−1] ≥ x
)

1 −�(x)

∣∣∣
≤ C

(
x3 (εm + δm)+ (1 + x) (δm |ln δm| + εm |ln εm|)

)
.

4. Proof of main result

In this section, we present the proof of our main result. The proof of Theorem 1 is based on
the Stein method as developed in [11, Theorem 2.5]. For Theorems 2 and 3, we analyse the nor-
malized Cramér-type moderate deviations for martingales and demonstrate that the remainder
term Rη is negligible. See [9, 10] for more details.
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Proof of Theorem 1. Let (ωk)k≥0 be the Markov chain with initial value ω0 ∼ πη. The Taylor
expansion implies that

0 = E[f (ω1) − f (ω0)]

= E
[〈∇f (ω0), 
ω0〉 +

∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + rr′
ω0

)
, 
ω0
ω



0 〉HSdsds′]

= E[〈∇f (ω0), 
ω0〉] + 1

2
E[〈∇2f (ω0), 
ω0
ω



0 〉HS]

+ E
[ ∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0)

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′], (25)

where 
ω0 =ω1 −ω0. Following (1) and (4), one obtains

E[〈∇f (ω0), 
ω0〉] = E[〈∇f (ω0), E0[
ω0]〉]
= E[〈∇f (ω0),−η∇P(ω0)〉]

and

E[〈∇2f (ω0), 
ω0
ω


0 〉HS] = E[〈∇2f (ω0), E0[
ω0
ω



0 ]〉HS]

= E[〈∇2f (ω0), η2∇P(ω0)∇P(ω0)
 + η2�(ω0) + δηId〉HS].

Recall the generator of (Xt)t≥0,

Lf (ω0) = 〈− ∇P(ω0),∇f (ω0)〉 + 1

2
〈η�(ω0) + δId,∇2f (ω0)〉HS.

Combining the equalities above with (9), for any Lipschitz test function h, we obtain

E[h(ω0) −μ(h)] = E[Lf (ω0)]

= −1

η
E

[∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′

]

− 1

2
E[〈∇2f (ω0), η∇P(ω0)∇P(ω0)
〉HS]. (26)

For the integration term of (26), one has

E

[∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′

]

= E

[∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′1{|
ω0|≤1}

]

+ E

[∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′1{|
ω0|>1}

]
.

https://doi.org/10.1017/jpr.2025.10065 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10065


Self-normalized Cramér-type moderate deviation of SGLD 11

For the first term above, (23) implies that∣∣∣∣∣E
[∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′1{|
ω0|≤1}

]∣∣∣∣∣
≤ E

[∫ 1

0

∫ 1

0
s′s2 |∇2f

(
ω0 + ss′
ω0

)− ∇2f (ω0)|
|ss′
ω0| |
ω0|3dsds′1{|
ω0|≤1}

]

≤ CE
[
(1 + |ω0 +
ω0|5)|
ω0|31{|
ω0|≤1}

]
≤ C

(
E
[
(1 + |ω0 +
ω0|5) 1{|
ω0|≤1}

]2)1/2(E|
ω0|6
)1/2 ≤ Cη3/2.

For the second term, (22) yields∣∣∣∣∣E
[∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′1{|
ω0|>1}

]∣∣∣∣∣
≤ CE

[
(1 + |ω0|4 + |
ω0|4)|
ω0|21{|
ω0|>1}

]
≤ CE

[
(1 + |ω0|4 + |
ω0|4)2|
ω0|4

]
E1{|
ω0|>1}.

By the Markov inequality and (1), we obtain

E1{|
ω0|>1} = P(|
ω0|> 1) ≤ E|
ω0|4 ≤ Cη2.

Since E
[
(1 + |ω0|4 + |
ω0|4)2|
ω0|4

]
is bounded, we obtain

E
[ ∫ 1

0

∫ 1

0
s〈∇2f

(
ω0 + ss′
ω0)

)− ∇2f (ω0), 
ω0
ω


0 〉HSdsds′]≤ Cη3/2. (27)

For the second term of (26), similar with the estimation of (27), (22) implies

E[〈∇2f (ω0), η∇P(ω0)∇P(ω0)
〉HS] ≤ Cη. (28)

Combining (26)–(28), we have

W1(π, πη) ≤ Cη1/2.

�
Proof of Theorem 2. According to the decomposition in (24), we have

√
mη√
δ

(
η(h) − π (h)) =Hη +Rη.

Thus, for any x> 0 and 0< y< x, we have

P(Wη > x) ≤ P(Hη/
√Yη > x − y) + P(Rη/

√Yη > y). (29)

Recall that

Hη = − 1√
m

m−1∑
k=0

〈∇f (ωk), ξk+1〉, Yη = 1

m

m−1∑
k=0

|∇f (ωk)|2.
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We denote

∇̂f (ωk) = ∇f (ωk)1{|ωk|≤m1/12}, Ŷη = 1

m

m−1∑
k=0

|∇̂f (ωk)|2.

For the probability P(Hη/
√Yη > x − y), we have

P(Hη/
√Yη > x − y)

1 −�(x)

≤ P(Hη/
√Yη > x − y, |ωk| ≤ m1/12 for any k ∈ [0,m − 1])

1 −�(x − y)

1 −�(x − y)

1 −�(x)

+
∑m−1

k=0 P(|ωk|>m1/12)

1 −�(x)
. (30)

For the first term above,

P(Hη/
√Yη > x − y, |ωk| ≤ m1/12 for any k ∈ [0,m − 1])

1 −�(x − y)

=
P

(
1√

mŶη
∑m−1

k=0 〈∇̂f (ωk), ξk+1〉> x − y, |ωk| ≤ m1/12 for any k ∈ [0,m − 1]

)
1 −�(x − y)

≤
P

(
1√

mŶη
∑m−1

k=0 〈∇̂f (ωk), ξk+1〉> x − y

)
1 −�(x − y)

.

It is easy to see that
(

1√
m

〈∇̂f (ωk), ξk+1〉,Fk+1

)
k≥0

is a sequence of martingale differences

and
∑m−1

k=0 Ek[ 1
m 〈∇̂f (ωk), ξk+1〉2] = Ŷη. As ξk+1 is a normal random variable and satisfies the

Bernstein condition, condition (A1) of Lemma 5 is satisfied. For (A2),

P
(|Ŷη − EŶη| ≥ x′)= P

(∣∣∣∣∣
m−1∑
k=0

(|∇̂f (ωk)|2 − E|∇̂f (ωk)|2)

∣∣∣∣∣≥ mx′
)

≤ 2 exp{−c m1/2x′2},
where the last inequality follows from [6, Theorem 2]. Thus the conditions of Lemma 5 are
satisfied with εm = m−1/4 and δm = m−1/4 therein. By Lemma 5, we obtain for all 0 ≤ x =
o(m1/4),

P

(
1√

mŶη
∑m−1

k=0 〈∇̂f (ωk), ξk+1〉> x − y

)
1 −�(x − y)

≤ exp{C((x − y)3m−1/4 + (1 + x − y)m−1/4 ln m)}.

https://doi.org/10.1017/jpr.2025.10065 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10065


Self-normalized Cramér-type moderate deviation of SGLD 13

For the tail of the normal distribution, one has the estimation

1√
2π (1 + x)

e−x2/2 ≤ 1 −�(x) ≤ 1√
π(1 + x)

e−x2/2, x ≥ 0,

and

1 −�(x − y)

1 −�(x)
= 1 +

∫ x
x−y e−s2/2ds∫∞
x e−s2/2ds

≤ 1 + (1 + x)yex2/2−(x−y)2/2 ≤ eCxy.

Thus, for the first term of (30), we obtain for all 0 ≤ x = o(m1/4),

P(Hη/
√Yη > x − y, |ωk| ≤ m1/12 for any k ∈ [0,m − 1])

1 −�(x − y)

1 −�(x − y)

1 −�(x)

≤ exp
{
C
(
(x − y)3m−1/4 + (1 + x − y)m−1/4 ln m + xy

)}
.

For the second term of (30), Lemma 7 and the Markov inequality yield that for all 0 ≤ x =
o(m1/12), ∑m−1

k=0 P(|ωk|>m1/12)

1 −�(x)
≤

m−1∑
k=0

√
2π (1 + x)E exp{C|ωk|2}e−Cm

1
6 +x2/2

≤ C exp{−c(m
1
6 − x2)}.

Combining the above estimation for (30), we obtain for all 0 ≤ x = o(m1/12),

P(Hη/
√Yη > x − y)

1 −�(x)

≤ exp
{
C
(
x3m−1/4 + (1 + x)m−1/4 ln m + xy

)}+ C exp{−c(m1/6 − x2)}. (32)

We now estimate the remainder term Rη,

P(Rη/
√Yη ≥ y) ≤ P

(
Rη/

√Yη ≥ y,Yη ≥ EYη − 1

2
EYη

)
+ P

(
Yη ≤ EYη − 1

2
EYη

)
≤ P(Rη ≥ y

√
EYη/2) + P

(
EYη −Yη ≥ 1

2
EYη

)
.

According to Lemma 4, we have

P(Rη ≥ y
√

EYη/2)

≤ C
(

e−cη−1/5δ1/5y2/5
1{y<m−5/6η−7/6δ−1/2} + e−cm1/2η1/2δ1/2y1{y≥m−5/6η−7/6δ−1/2}

)
,

for cm,η ≤ y. Similarly to the calculation of (31), we obtain

P(EYη −Yη ≥ EYη/2) ≤ P
(
EŶη − Ŷη ≥ EYη/2

)+
m−1∑
k=0

P(|ωk| ≥ m1/12) ≤ Ce−cm1/6
.
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This yields

P(Rη ≥ y
√

EYη/2)

1 −�(x)

≤ C
(
exp{−c(m1/6 − x2)} + exp{−cη−1/5δ1/5y2/5 + x2}1{cm,η≤y≤m−5/6η−7/6δ−1/2}

+ exp{−cm1/2η1/2δ1/2y + x2}1{y≥m−5/6η−7/6δ−1/2}
)
. (33)

For the case m ≤ η−13/8δ−9/8, combing (29), (32) and (33) with y = x5η1/2δ−1/2 +
η1/2δ−1/2| ln η|, we have that

P(Wη > x)

1 −�(x)
≤ exp

{
C
(
x3m−1/4 + (1 + x)m−1/4 ln m + x6η1/2δ−1/2 + xη1/2δ−1/2| ln η|)}

+ C
(

exp{−c(x5 + | ln η|)2/5}1{0≤x<m−1/6η−1/3} + exp{−c(m1/6 − x2)}
+ exp{−c(x5ηm1/2)}1{x≥m−1/6η−1/3}

)
≤ 1 + C

(
x3m−1/4 + (1 + x)m−1/4 ln m + x6η1/2δ−1/2)

holds uniformly for 0 ≤ x = o(η−1/12δ1/12). On the other hand, we similarly obtain

P(Wη > x)

1 −�(x)
≥ P(Hη/

√Yη > x + y) − P(Rη/
√Yη <−y)

≥ 1 − C
(
x3m−1/4 + (1 + x)m−1/4 ln m + x6η1/2δ−1/2).

Thus, we obtain∣∣∣∣P(Wη > x)

1 −�(x)
− 1

∣∣∣∣≤ C
(
x3m−1/4 + (1 + x)m−1/4 ln m + x6η1/2δ−1/2)

uniformly for 0 ≤ x = o(η−1/12δ1/12) as η tends to zero and m tends to infinity.
For the case m>η−13/8δ−9/8, it is easy to verify that cm,η ≥ m−5/6η−7/6δ−1/2. Combing

(29), (32) and (33) with y = x2(mηδ)−1/2 + √
mηδ, we obtain

P(Wη > x)

1 −�(x)
≤ exp

{
C
(
x3m−1/4 + (1 + x)m−1/4 ln m + xy

)}
+ C

(
exp{−cm1/2η1/2δ1/2y + x2} + exp{−c(m1/6 − x2)})

≤ 1 + C
(
x3(mηδ)−1/2 + √

mηδx + m−1/4 ln m
)
,

holds uniformly for 0 ≤ x = o((mηδ)1/6 ∧ (
√

mηδ)−1). On the other hand, using similar
arguments, we have

P(Wη > x)

1 −�(x)
≥ P(Hη/

√Yη > x + y) − P(Rη/
√Yη <−y)

≥ 1 + C
(
x3(mηδ)−1/2 + √

mηδx + m−1/4 ln m
)
.
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Thus, ∣∣∣∣P(Wη > x)

1 −�(x)
− 1

∣∣∣∣≤ C
(
x3(mηδ)−1/2 + √

mηδx + m−1/4 ln m
)

uniformly for 0 ≤ x = o((mηδ)1/6 ∧ (
√

mηδ)−1) as η tends to zero and m tends to infinity. �

Proof of Theorem 3. For the case m ≤ η−13/8δ−9/8, denote Cm,η = η−1/24δ1/24. It is easy to
obtain the following decomposition:

supx∈R |P(Wη < x) −�(x)|
≤ supx≤−Cm,η

|P(Wη ≤ x) −�(x)| + sup−Cm,η≤x≤0 |P(Wη ≤ x) −�(x)|
+ sup0≤x≤Cm,η

|P(Wη ≤ x) −�(x)| + supx>Cm,η
|P(Wη ≤ x) −�(x)|

=: I1 + I2 + I3 + I4.

For I1 and I4, Theorem 2 implies

I1 = supx≤−Cm,η
|P(Wη ≤ x) −�(x)|

≤ supx≤−Cm,η
P(Wη ≤ x) +�(− cη,m)

≤�( − Cm,η)eC +�(− Cm,η) ≤ Cm−1/4 ln m.

Similarly,

I4 ≤ Cm−1/4 ln m.

For I2 and I3, Theorem 2 and the inequality |ex − 1| ≤ |x|e|x| imply

I2 = sup−Cm,η≤x≤0 |P(Wη ≤ x) −�(x)|
≤ sup−Cm,η≤x≤0 C�(x)

(
x3m−1/4 + (1 + x)m−1/4 ln m + x6η1/2δ−1/2)

≤ Cm−1/4 ln m.

Similarly,

I3 ≤ Cm−1/4 ln m.

Combining the estimations for the terms I1, . . . , I4, we have

supx∈R |P(Wη < x) −�(x)| ≤ Cm−1/4 ln m.

For the case m>η−13/8δ−9/8, taking Cm,η = (mηδ)1/12 ∧ (
√

mηδ)−1/2 instead of m1/24, we
can similarly show that

supx∈R |P(Wη < x) −�(x)| ≤ Cm−1/4 ln m.

Thus, for any η−1 <m = o(η−2), we have

supx∈R |P(Wη < x) −�(x)| ≤ Cm−1/4 ln m.

Further assuming m = Cη−2/| ln η|, we obtain

supx∈R |P(Wη ≤ x) −�(x)| ≤ Cη1/2| ln η|5/4.

�
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5. Proof of Lemma 3

The proof of Lemma 3 follows from [14, Corollary 6.3]. For ease of reading, their result is
given below. Let� be an open subset of Rd, α ∈ (0, 1]. For any function defined on R

d, denote

‖f ‖0;� = supx∈� ‖f (x)‖,

[f ]α;� = supx,y∈�,x �=y
‖f (x) − f (y)‖

‖x − y‖α ,

‖f ‖0,α;� = ‖f ‖0;� + [ f ]α;�.

Let Ck(Rd), where k ≥ 1, denote the collection of all kth-order continuously differentiable
functions on R

d. Ck,α(Rd), with α ∈ (0, 1], refers to the collection of kth-order continuously
differentiable functions whose kth-order partial derivatives are α-Hölder continuous. For the
case k = 1, we simplify the notation to Cα(Rd).

Lemma 6. [14, Corollary 6.3] Let f ∈ C2,α(�), h ∈ Cα(�̄) satisfy Lf = h in a bounded domain
� where

Lf (x) = 〈a(x),∇2f (x)〉HS + 〈b(x),∇f (x)〉
is strictly elliptic and its coefficients are in Cα(�̄). Then if �′ ⊂⊂� with dist(�′, ∂�) ≥ d̄,
there is a constant C such that

d̄‖∇f ‖0;�′ + d̄2‖∇2f ‖0;�′ + d̄2+α[∇2f ]α;�′ ≤ C(‖f ‖0;� + ‖h‖0,α;�), (34)

where the positive constant C depends only on the ellipticity constant and the Cα(�̄) norms of
the coefficients of L.

Proof of Lemma 3. The existence of and the expression for the solution f can be proved
similarly to [11, Proposition 6.1]. We now show the regularities of it. According to (19),

|f (x)| ≤
∫ ∞

0
|E[h(Xt(x))] − π (h)|dt ≤

∫ ∞

0
C(1 + |x|2)e−ctdt ≤ C(1 + |x|2),

where the second inequality follows from (54).
For any x ∈R

d, define r(x) = 1
2(1+|x|) ∈ (0, 1

2 ] and

Br(x)(x) = {z ∈R
d : |x − z| ≤ r(x)}.

Consider �= Br(y)(y) and �′ = Br(y)/2(y) for any y ∈R
d in Lemma 6. Then we have

dist(�′, ∂�) ≥ r(y)

2
= 1

4(1 + |y|) .

Therefore, we take d̄ = 1
4(1+|y|) . Taking α= 1 in Lemma 6 and considering the operator (10),

Lf = 〈 − ∇P,∇f 〉 + 1

2
〈Qη,δ,∇2f 〉HS.

The Qη,δ notation implies that L is strictly elliptic, thus (14) and (16) yield that its coefficients
are Lipschitz functions in �̄ which satisfy the condition of Lemma 6. Then we have
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r(y)‖∇f ‖0;�′ ≤ C(‖f ‖0;� + ‖h‖0,1;�), (35)

r(y)2‖∇2f ‖0;�′ ≤ C(‖f ‖0;� + ‖h‖0,1;�), (36)

r(y)3[∇2f ]1;�′ ≤ C(‖f ‖0;� + ‖h‖0,1;�). (37)

For equality (21), since ∫
Rd

r(x)dx = ∞,

for any 0< r0 ≤ 1, we have

Br0 (x) ⊂
⋃

y∈Br0(x)

Br(y)/2 (y) =
⋃

y∈Br0(x)

�′.

Combining with (35), we obtain

‖∇f ‖0;Br0 (x) ≤ supy∈Br0 (x) ‖∇f ‖0;Br(y)/2(y) ≤ supy∈Br0 (x) C(1 + |y|)(‖f ‖0;� + ‖h‖0,1;�).

Inequality (20) implies that

‖f ‖0;� ≤ supz∈Br(y)(y) |f (z)| ≤ supz∈Br(y)(y) C(1 + |z|2) ≤ C(1 + |y|2).

Since h is the Lipschitz function, we have

‖h‖0,1;� ≤ supz∈Br(y)(y) |h(z)| + supz1,z2∈Br(y)(y)
|h(z1) − h(z2)|

|z1 − z2| ≤ C(1 + |y|2).

Thus,

‖∇f ‖0;Br0 (x) ≤ supy∈Br0 (x) C(1 + |y|)(1 + |y2|) ≤ C(1 + |x|3),

which yields

|∇f (x)| ≤ C(1 + |x|3).

Similarly, (36) and (37) imply

‖∇2f ‖0;Br0 (x) ≤ C(1 + |x|4),

[∇2f ]1;Br0 (x) ≤ C(1 + |x|5).

Thus, we obtain (22) and (23). �

6. Estimation of the remainder Rη

We will give in this section several lemmas on Rη which play a crucial role in proving
the main results. In order to estimate the tail probability of Rη, we need the following four
lemmas, the first three lemmas paving the way for proving Lemma 4.

Lemma 7. For small enough γ > 0, one has

E exp{γ |ωk|2} ≤ C,

for any k.
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Proof. For small enough γ > 0 and any constant k, (1) implies

E exp{γ |ωk+1|2} = E
[
exp

{
γ (|ωk|2 + |η∇ψ(ωk, ζk+1)|2 + 2〈ωk,−η∇ψ(ωk, ζk+1)〉)}

·Ek[ exp{ηδγ |ξk+1|2 + 2γ 〈ωk − η∇ψ(ωk, ζk+1),
√
ηδξk+1〉}|ζk+1]

]
By a straightforward calculation of the conditional expectation with respect to the Gaussian
random variable ξk+1, we have

Ek[ exp{ηδγ |ξk+1|2 + 2γ 〈ωk − η∇ψ(ωk, ζk+1),
√
ηδξk+1〉}|ζk+1]

= 1√
1 − 2ηδγ

exp

{
2ηδγ 2

1 − 2ηδγ
|ωk − η∇ψ (ωk, ζk+1)|2

}

≤ 1√
1 − 2ηδγ

exp

{
4ηδγ 2

1 − 2ηδγ
(|ωk|2 + η2|∇ψ (ωk, ζk+1) |2)

}
.

Here γ is chosen to be small enough that 1 − 2ηδγ > 0.

E[ exp{γ |ωk+1|2}

≤ 1√
1 − 2ηδγ

E
[

exp
{
(1 + 4ηδγ

1 − 2ηδγ
)γ |ωk|2 + (1 + 4ηδγ

1 − 2ηδγ
)γ η2|∇ψ(ωk, ζk+1)|2

+ 2γ 〈ωk,−η∇k(ωk, ζk+1)
}]

≤ exp{2γ ηK2}√
1 − 2ηδγ

E
[

exp
{(

1 + 4ηδγ

1 − 2ηδγ
+ 2(1 + 4ηδγ

1 − 2ηδγ
)η2L2 − K1η

)
γ |ωk|2

+ (
2γ η2(1 + 4ηδγ

1 − 2ηδγ
) + γ η

K1

)|∇ψ(0, ζk+1)|2}].

Since ωk and ζk+1 are independent, and ∇ψ(0, ζk+1) is sub-Gaussian, we can choose small
enough γ such that

E exp{γ |ωk+1|2} ≤ exp{2γ ηK2}√
1 − 2ηδγ

E

[
exp

{(
1 − 1

2
K1η

)
γ |ωk|2

}]

×
(

E

[
exp

{(
2γ η

(
1 + 4ηδγ

1 − 2ηδγ

)
+ γ

k1

)
|∇ψ(0, ζk+1)|2

}])η
≤ Cη√

1 − 2ηδγ

(
E exp{γ |ωk|2}

)1−K1η/2,
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where the last line follows the Hölder inequality. Inductively, we obtain

E exp{γ |ωk+1|2} ≤ Cη√
1 − 2ηδγ

(
E exp{γ |ωk|2}

)1−K1η/2

≤
( Cη√

1 − 2ηδγ

)c/η(
E exp{γ |ω0|2}

)(1−K1η/2)k+1 ≤ C.

Thus the exponential moment of |ωk|2 exists for any k and small enough γ . �

Lemma 8. Let Assumptions 1 and 2 hold, considering the martingale difference
(�(ωk, θk+1),Fk+1)k≥0 with

Ek|�(ωk, θk+1)|i ≤ Ci(1 + |ωk|αi + i!), (38)

where α ≥ 0 and i is any positive integer. Then for
√

m = o(x), we have

P

(
m−1∑
k=0

〈∇f (ωk), �(ωk, θk+1)〉> x

)
≤ C exp

{
c(x2/m)1/(4+α)}. (39)

Similarly,

P

(
m−1∑
k=0

〈∇2f (ωk), �(ωk, θk+1)〉HS > x

)
≤ C exp

{
c(x2/m)1/(5+α)}. (40)

Here f is the solution of Stein’s equation given in Lemma 3.

Proof. Denote ω̂k =ωk1{|ωk|≤y} for large enough y to be chosen later, A = {|ωk| ≤ y,
k = 0, 1, . . . ,m − 1} and AC as its complement. Then we have

P

(
m−1∑
k=0

〈∇f (ωk), �(ωk, θk+1)〉> x

)

≤ P

(
m−1∑
k=0

〈∇f (ωk), �(ωk, θk+1)〉> x, A

)
+ P

(
AC)

≤ P

(
m−1∑
k=0

〈∇f (ω̂k), �(ω̂k, θk+1)〉> x

)
+

m−1∑
k=0

P (|ωk|> y)

≤ e−λxE exp

{
m−1∑
k=0

λ〈∇f (ω̂k), �(ω̂k, θk+1)〉
}

+ e−γ y2
m−1∑
k=0

E exp{γ |ωk|2}, (41)

where the last inequality follows from the Markov inequality, λ is a positive constant to be cho-
sen later, and γ is a sufficiently small positive constant. For the second term of (41), Lemma 7
implies

e−γ y2
m−1∑
k=0

E exp{γ |ωk|2} ≤ mCe−γ y2
.
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For the first term of (41), it is easy to see that

E exp

{
m−1∑
k=0

λ〈∇f (ω̂k), �(ω̂k, θk+1)〉
}

= E

[
exp

{
m−2∑
k=0

λ〈∇f (ω̂k), �(ω̂k, θk+1)〉
}

Em−1 exp{λ〈∇f (ω̂m−1), �(ω̂m−1, θm)〉}
]

.

Noticing

λEm−1〈∇f (ω̂m−1), �(ω̂m−1, θm)〉 = 0,

by the Taylor expansion of the conditional expectation above, (21) and (38) imply

Em−1 exp{λEm−1〈∇f (ω̂m−1), �(ω̂k, θm)〉}

= 1 +
∞∑

i=2

λi

i! Em−1〈∇f (ω̂m−1), �(ω̂k, θm)〉i

≤ 1 +
∞∑

i=2

(Cλ)i

i! (1 + y3)i(1 + yαi + i!)
≤ 1 + (Cλy3+α)2

1 − Cλy3+α ,

if Cλy3+α < 1. By induction, we obtain

E exp

{
m−1∑
k=0

λ〈∇f (ω̂k), �(ω̂k, θk+1)〉
}

≤
(

1 + (Cλy3+α)2

1 − Cλy3+α
)m

.

Thus, for (41), we have

P

(
m−1∑
k=0

〈∇f (ωk), �(ωk, θk+1)〉> x

)
≤
(

1 + (Cλy3+α)2

1 − Cλy3+α

)m

e−λx + mCe−γ y2
.

Let

λ= x

2mC2y6+2α

and

y =
(

x2

2mC2

)1/(8+2α)

.

Then for large enough m and
√

m = o(x), one obtains

P

(
m−1∑
k=0

〈∇f (ωk), �(ωk, θk+1)〉> x

)
≤ Ce−c(x2/m)

1
4+α .

We can show (40) similarly. The details are omitted here. �
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Proof of Lemma 4. Recalling the definition of Rη, we have

P(|Rη|> y) ≤
4∑

i=1

P
(
|Rη,i|> y

4

)
,

and we shall prove below that the following estimates hold:

P(|Rη,1|> y/4) ≤ Ce−c
√

mηδy, (42)

P
(∣∣Rη,2

∣∣> y/4
)≤ Ce−cδ1/5y2/5η−1/5

, (43)

P
(∣∣Rη,3

∣∣> y/4
)≤ Ce−cy2/9η−2/9δ−2/9

, (44)

P
(∣∣Rη,4

∣∣> y/4
)≤ Ce−cy2/7δ1/7η−3/7 + Ce−cy2/5δ−1/5η−1/5

. (45)

Combining these estimates, we immediately get

P(|Rη|> y) ≤ C
(

e−cyη1/2δ1/2m1/2 + e−cy2/5δ1/5η−1/5 + e−cy1/6η−5/12δ−5/12 + e−cy2/7δ1/7η−3/7
)
,

for c(η1/2δ−1/2 ∨ m1/2ηδ) ≤ y ≤ Cη−7/2δ−7/2. We now show (42)–(45).
(a) Control of Rη,1. By the Markov inequality and (20),

P(|Rη,1|> y/4) = P(γ |f (ω0) − f (ωm)|> γ√mηδy/4)

≤ E exp{Cγ (1 + |ω0|2 + |ωm|2)}e−γ√
mηδy/4

≤ (E exp{2Cγ |ω0|2})1/2(E exp{2Cγ |ωm|2})1/2e−γ√
mηδy/4+Cγ ,

where γ is a positive constant. Lemma 7 implies that the exponential moments of ω0 and ωm

are finite for small enough γ . Thus

P(|Rη,1|> y/4) ≤ Ce−c
√

mηδy.

(b) Control of Rη,2. According to the definition of Rη,2, we have

P
(Rη,2 > y/4

)= P

(
m−1∑
k=0

〈∇f (ωk),∇P(ωk) − ∇ψ(ωk, ζk+1)〉>
√

mδy

4
√
η

)
.

Since ∇ψ(0, ζk+1) is sub-Gaussian from Assumption 2, we have

E|∇ψ(0, ζk+1)|i ≤ Ci!.
By (17) and (18), we have

Ek|∇P(ωk) − ∇ψ(ωk, ζk+1)|i ≤ Ek
[
2L|ωk| + |∇P(0)| + |∇ψ(0, ζk+1)|]i

≤ Ci(1 + |ωk|i + i!),
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which satisfies the condition of Lemma 8 with α = 1. Thus, (39) yields

P
(Rη,2 > y/4

)≤ C exp{−cδ1/5y2/5η−1/5},
under the condition y>

√
η/δ. P

(Rη,2 <−y/4
)

can be estimated similarly. Thus (43) is
proved.

(c) Control of Rη,3. Let A = {|
ωk|< y1 ≤ 1, k = 0, 1, . . . ,m − 1}. We have

P(Rη,3 > y/4)

= P

(
m−1∑
k=0

∫ 1

0

∫ 1

0
s
〈∇2f (ωk + ss′
ωk) − ∇2f (ωk)

|ss′
ωk| , 
ωk
ω


k

〉
HS|ss′
ωk|ds′ds>

√
mηδy

4

)

≤ P

(
m−1∑
k=0

∫ 1

0

∫ 1

0

|∇2f (ωk + ss′
ωk) − ∇2f (ωk)|
|ss′
ωk| |
ωk|3ds′ds>

√
mηδy

4
, A

)
+ P(AC).

For the first term, (23) implies

P

(
m−1∑
k=0

∫ 1

0

∫ 1

0

|∇2f (ωk + ss′
ωk) − ∇2f (ωk)|
|ss′
ωk| |
ωk|3ds′ds>

√
mηδy

4
, A

)

≤ P

(
m−1∑
k=0

C(1 + |ωk|5)|
ωk|31{|
ωk|<y1} ≥√
mηδy

)

≤ P

(
m−1∑
k=0

C(1 + |ωk|5)|
ωk|31{|
ωk|<y1} ≥√
mηδy, |ωk|< y2 for any k

)

+ P( max
k∈{0,...,m−1} |ωk| ≥ y2)

≤ exp

{
−C(

√
mηδy − m(ηδ)3/2)2

my10
2 y6

1

}
+ Cme−y2

2,

where the last inequality follows [6, Theorem 2] and the fact that E|
ωk|3 ≤ C(ηδ)3/2.
For the second term, a straightforward calculation implies

P(AC) ≤
m−1∑
k=0

P(|
ωk|> y1)

≤
m−1∑
k=0

P(η|∇ψ(ωk, ζk+1)|)> y1/2) +
m−1∑
k=0

P(
√
ηδ|ξk+1|> y1/2)

≤
m−1∑
k=0

P

(
|ωk|> Cy1

η

)
+

m−1∑
k=0

P

(
|∇ψ(0, ζk+1)|> Cy1

η

)
+

m−1∑
k=0

P

(
|ξk+1|> Cy1√

ηδ

)

≤ 2me−Cy2
1/η

2 + me−Cy2
1/(ηδ),
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where the second inequality follows the iteration ofωk, and the last inequality follows Lemma 7
and Assumption 2. Combining the calculations above, we obtain

P(Rη,3 > y/4) ≤ exp

{
−C(

√
mηδy − m(ηδ)3/2)2

my10
2 y6

1

}
+ Cme−y2

2 + 2me−Cy2
1/η

2 + me−Cy2
1/(ηδ).

Taking y1 = y1/9η7/18δ7/18 and y2 = y1/9η−1/9δ−1/9, we complete the proof of (44), that is,

P
(∣∣Rη,3

∣∣> y/4
)≤ Ce−cy2/9η−2/9δ−2/9

,

for c(
√

mηδ ∨ ηδ)< y<Cη−7/2δ−7/2.
(d) Control of Rη,4. Following the notation �(ωk) and 
ωk, we have

P(Rη,4 > y/4) = P

(
1

2
√

mηδ

m−1∑
k=0

〈∇2f (ωk), η2I1,k + ηδI2,k + η
3
2 δ1/2I3,k + η2I4,k〉HS > y/4

)

≤ P

(
m−1∑
k=0

〈∇2f (ωk), I1,k〉HS >Cm1/2δ1/2η−3/2y

)

+ P

(
m−1∑
k=0

〈∇2f (ωk), I2,k〉HS >Cm1/2η−1/2δ−1/2y

)

+ P

(
m−1∑
k=0

〈∇2f (ωk), I3,k〉HS >Cm1/2η−1y

)

+ P

(
m−1∑
k=0

〈∇2f (ωk), I4,k〉HS >Cm1/2δ1/2η−3/2y

)
, (46)

where

I1,k = Ek[∇ψ(ωk, ζk+1)∇ψ(ωk, ζk+1)
] − ∇ψ(ωk, ζk+1)∇ψ(ωk, ζk+1)
,

I2,k = Id − ξk+1ξ


k+1,

I3,k = ∇ψ(ωk, ζk+1)ξ

k+1 + ξk+1∇ψ(ωk, ζk+1)
,

I4,k = −∇P(ωk)∇P(ωk)
.

For the first term of (46), according to (17) and Assumption 2, it is easy to verify that

Ek|I1,k|i ≤ Ci(1 + |ωk|2i + i!),
which satisfies the condition of Lemma 8 with α = 2. Thus, (40) yields

P

(
m−1∑
k=0

〈∇2f (ωk), I1,k〉HS >Cm1/2δ1/2η−3/2y

)
≤ C exp

{− cδ1/7y2/7η−3/7} (47)

as (η/δ)1/2 < y. Similarly to the estimation of (47), one can also verify that I2,k and I3,k satisfy
condition (38) with α= 0 and α = 1 respectively, thus (40) implies

P

(
m−1∑
k=0

〈∇2f (ωk), I2,k〉HS >Cm1/2η−1/2δ−1/2y

)
≤ C exp

{− cη−1/5δ−1/5y2/5} (48)
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and

P

(
m−1∑
k=0

〈∇2f (ωk), I3,k〉HS >Cm1/2η−1y

)
≤ C exp{−cy

1
3 η−1/3}. (49)

For the last term of (46), let ω̂k =ωk1{|ωk|≤y3}. Similarly to the estimation of (39), expressions
(18) and (22) yield

P

(
m−1∑
k=0

〈∇2f (ωk), I4,k〉HS >Cm1/2δ1/2η−3/2y

)

≤ P

(
m−1∑
k=0

〈∇2f (ω̂k),−∇P(ω̂k)∇P(ω̂k)
〉HS >Cm1/2δ1/2η−3/2y

)
+

m∑
k=0

P(|ωk| ≥ y3)

≤ P

(
m−1∑
k=0

(1 + |ω̂k|6)>Cm1/2δ1/2η−3/2y

)
+ mCe−cy2

3 .

For the above probability, we have

P

(
m−1∑
k=0

(1 + |ω̂k|6)>Cm1/2δ1/2η−3/2y

)

= P

(
m−1∑
k=0

(|ω̂k|6 − E|ω̂k|6)>Cm1/2δ1/2η−3/2y − m −
m−1∑
k=0

E|ω̂k|6
)

≤ P

(
m−1∑
k=0

(|ω̂k|6 − E|ω̂k|6)>Cm1/2δ1/2η−3/2y − m)

)

≤ exp
{− y2δη−3y−12

3

}
.

Thus,

P

(
m−1∑
k=0

〈∇2f (ωk), I4,k〉HS >Cm1/2δ1/2η−3/2y

)
≤ C exp{−cy2/7δ1/7η−3/7}, (50)

by taking y3 = (y2η−3δ)1/14 and y>m1/2η3/2δ−1/2. Combing the results of (48)–(50), we
obtain the bound of (46), that is,

P(|Rη,4|> y/4) ≤ Ce−cy2/7δ1/7η−3/7 + Ce−cy2/5δ−1/5η−1/5
.

Thus we obtain that

P(|Rη|> y) ≤ C
(

e−cyη1/2δ1/2m1/2 + e−cy2/5δ1/5η−1/5 + e−cy2/9η−2/9δ−2/9 + e−cy2/7δ1/7η−3/7
)

for c(η1/2δ−1/2 ∨ m1/2ηδ) ≤ y ≤ Cη−7/2δ−7/2. �

Appendix A. Proof of Lemma 1

Proof of Lemma 1. Since ∇P(x) = E[∇ψ(x, ζ )], it is easy to see that ∇P has the same
properties, that is,
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|∇P(x) − ∇P(y)| ≤ L|x − y|,

〈x − y,−∇P(x) + ∇P(y)〉 ≤ −K1|x − y|2 + K2,

for any x, y ∈R
d.

Following the assumptions (6) and (7), we further obtain the bounds for ∇ψ(x, z) and
∇P(x), that is,

|∇ψ(x, ζ )| ≤ L|x| + |∇ψ(0, ζ )|,

|∇P(x)| ≤ L|x| + |∇P(0)|.
Assumptions (7), (15) and Young’s inequality imply

〈x,−∇ψ(x, ζ )〉 = 〈x − 0,−∇ψ(x, ζ ) + ∇ψ(0, ζ )〉 − 〈x,∇ψ(0, ζ )〉

≤ −K1|x|2 + K2 + K1

2
|x|2 + 1

2K1
|∇ψ(0, ζ )|2

= −K1

2
|x|2 + K2 + 1

2K1
|∇ψ(0, ζ )|2. (51)

Similarly,

〈x,−∇P(x)〉 ≤ −K1

2
|x|2 + K2 + 1

2K1
|∇P(0)|2. (52)

Moreover,

‖�(x)‖ ≤ 2E|∇ψ(x, ζ )|2 ≤ 4L2|x|2 + C. (53)

For the Lipschitz property of Qη,δ , recall that

Qη,δ(x) = (
E[Vη,δ(x, ζ, ξ )Vη,δ(x, ζ, ξ )
]

)1/2.

By assumptions (6) and (14), the definition of Vη,δ(x, ζ, ξ ) implies that

|Vη,δ(x, ζ, ξ ) − Vη,δ(y, ζ, ξ )| ≤ 2
√
ηL|x − y|,

which is Lipschitz. Denote the L2 norm ‖X‖L2 = (E‖X‖2)1/2 for any random variable X. Then
we have

Qη,δ(x) = ‖Vη,δ(x, ζ, ξ )Vη,δ(x, ζ, ξ )
)1/2‖L2 .

Thus,

‖Qη,δ(x) − Qη,δ(y)‖
= ∥∥‖Vη,δ(x, ζ, ξ )Vη,δ(x, ζ, ξ )
)1/2‖L2 − ‖Vη,δ(y, ζ, ξ )Vη,δ(y, ζ, ξ )
)1/2‖L2

∥∥
≤ ‖(Vη,δ(x, ζ, ξ )Vη,δ(x, ζ, ξ )
)1/2 − (Vη,δ(y, ζ, ξ )Vη,δ(y, ζ, ξ )
)1/2‖L2

Since the mapping Vη,δ → (
Vη,δV


η,δ

)1/2 = Vη,δV

η,δ/|Vη,δ| is Lipschitz, we have

‖Qη,δ(x) − Qη,δ(y)‖ ≤ C
√
η|x − y|.

�
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Appendix B. Proof of ergodicity

Proof of Lemma 2. We first give the proof of the ergodicity of (Xt)t≥0. For the Lyapunov
function V(x) = |x|2 + 1 on R

d, expressions (10), (52) and (53) imply

LV(x) = −〈∇P(x), 2x〉 + 〈η�(x) + δId, Id〉HS

≤ −K1|x|2 + 4ηL2|x|2 + C.

For small enough η≤ K1/(8L2), one has

LV(x) ≤ −K1

4
V(x) +

(
C + K1

4

)
1{|x|2≤K1+4C}.

By [24, Theorem 6.1], (Xt)t≥0 is exponential ergodic with invariant measure π , that is, there
exist constants C and c such that

sup
|h|≤V

|Eh(Xt(x)) − π (h)| ≤ CV(x)e−ct. (54)

The ergodicity of (ωk)k≥0 follows [29, Theorem 2.1]. Notice that

Ek[V(ωk+1)] = 1 + Ek|ωk − η∇ψ(ωk, ζk+1) +√
ηδξk+1|2

= 1 + |ωk|2 + η2Ek|∇ψ(ωk, ζk+1)|2 + ηδd − 2η〈ωk,∇P(ωk)〉
≤ (1 + 2η2L2 − ηK1)|ωk|2 + 1 + Cη.

Denote the transition probability of (ωk)k≥0 by P(x, dy) for x, y ∈R
d and let

Vn(x) = ec1nηV(x), r(n) = c1ηec1nη.

A straightforward calculation implies

PVn+1(x) + r(n)V(x)

= ec1(n+1)ηPV(x) + c1ηec1nηV(x)

≤ ec1(n+1)η((1 + 2η2L2 − ηK1)|x|2 + 1 + Cη
)+ c1ηec1nηV(x)

= ec1nηV(x) + c1ηec1nη

×
[(

ec1η

c1η
(1 + 2η2L2 − ηK1) + 1 − 1

c1η

)
V(x) + ec1η

c1η
(Cη+ ηK1 − 2η2L2)

]
= Vn(x) + r(n)

[
1

c1η

(
ec1η(1 + 2η2L2 − ηK1) + c1η− 1

)
V(x) + ec1η

c1η
(Cη+ ηK1 − 2η2L2)

]
.

Choosing η small enough such that ec1η(1 + 2η2L2 − ηK1) + c1η < 1, we obtain

PVn+1(x) + r(n)V(x) ≤ Vn(x) + br(n)1{x∈C},

where

b = ec1η

c1η
(Cη+ ηK1 − 2η2L2), C =

{
x : V(x) ≤ ec1η(Cη+ ηK1 − 2η2L2)

1 − ec1η(1 + 2η2L2 − 2ηK1) − c1η

}
.
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A theorem due to Tuominen and Tweedie [29, Theorem 2.1] implies that (ωk)k≥0 is ergodic
with invariant measure πη, that is, there exist constant C and c such that

sup|h|≤V |Eh(ωx
k) − πη(h)| ≤ Cη−1V(x)e−ckη. (55)
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