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1. Introduction

We prove that the groups

Γ2m = ⟨x0, . . . , x2m−1 | xixi+1xi+m−1 (0 ≤ i < 2m)⟩

(subscripts mod 2m) are hyperbolic if and only if m ∈ {1, 2, 3, 6, 9}. These groups form a family of cyclically 
presented groups, that is, of groups

Gn(w) = ⟨x0, . . . , xn−1 | w(xi, xi+1, . . . , xi+n−1) (0 ≤ i < n)⟩
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(subscripts mod n), where w(x0, . . . , xn−1) is some word in generators x0, . . . , xn−1. In particular, the 
groups Γ2m = G2m(x0x1xm−1) form a subfamily of the class of cyclically presented groups with positive 
length three relators, considered in [3,6,11,14,20]. The hyperbolicity status of the remaining groups in this 
class is already known by the results of [11,14] and so the present article completes the classification of the 
hyperbolic cyclically presented groups with positive length three relators. This complements the main result 
of [10] which (except for two groups) classifies the hyperbolic cyclically presented groups with non-positive, 
non-negative length three relators (the so-called groups of Fibonacci type) and continues the programme of 
research of classifying the hyperbolic groups within certain classes of cyclically presented groups [7--11,16]. 
It is readily verified that cyclically presented groups with length two relators are free products of either Z2
or Z, and hence are hyperbolic. The abelianization Γab

2m, when finite, is calculated in [21, Theorem 4.10].
We prove the following result:

Theorem A. For m ≥ 1 the group Γ2m is hyperbolic if and only if m = 1, 2, 3, 6 or 9, in which case Γ2m is 
isomorphic to Z3,Z15,Z ∗ Z, Z5 ∗ Z ∗ Z, Z19 ∗ Z ∗ Z, respectively.

The essence of the proof is to show that, for m ̸= 1, 2, 3, 6, 9, the group Γ2m is not hyperbolic, which we 
do by showing that a finite extension of Γ2m contains a free abelian subgroup of rank 2. In corollaries we 
consider the cyclically presented groups with positive length three relators; that is, the groups Gn(x0xkxl), 
and for these we recall the following system of congruences introduced in [14]:

(A) n ≡ 0 mod 3 and k + l ≡ 0 mod 3;
(B) k + l ≡ 0 mod n or 2l − k ≡ 0 mod n or 2k − l ≡ 0 mod n;
(C) 3l ≡ 0 mod n or 3k ≡ 0 mod n or 3(l − k) ≡ 0 mod n;
(D) 2(k + l) ≡ 0 mod n or 2(2l − k) ≡ 0 mod n or 2(2k − l) ≡ 0 mod n.

We write A = T (True) if condition (A) holds and A = F (False) otherwise, and similarly for conditions 
(B), (C), (D). Note that if A = F then (B,C) ̸= (T, T ).

In Corollary B we classify the elementary and non-elementary hyperbolic groups Gn(x0xkxl). A free 
product H ∗K is hyperbolic if and only if H and K are hyperbolic (see [1, Theorem H]); and a hyperbolic 
group is elementary hyperbolic if and only if it is virtually cyclic. As explained in [14] the group Gn(x0xkxl)
is isomorphic to the free product of d = gcd(n, k, l) copies of Gn/d(x0xk/dxl/d), and contains a non-abelian 
free subgroup if d > 1, in which case it is therefore non-elementary hyperbolic when hyperbolic, so we may 
assume d = 1. If, in addition, k = l then Gn(x0xkxl) ∼ = Z2n−(−1)n so we may also assume k ̸= l.

Corollary B. Let n > 0, 0 ≤ k, l < n, where k ̸= l and gcd(n, k, l) = 1, and let G = Gn(x0xkxl). Then 
exactly one of the following holds:

(a) (B,C,D) = (F, F, T ), in which case G ∼ = Γ2m, where m = n/2, and is finite, and therefore elementary 
hyperbolic, if n ∈ {2, 4}, non-elementary hyperbolic if n ∈ {6, 12, 18}, and is non-hyperbolic otherwise;

(b) (B,C,D) = (F, F, F ), in which case the defining presentation of G satisfies the small cancellation 
condition T(6), and G is not hyperbolic if n = 7 or n = 8, or
(i) n = 21 and (l ≡ 5k or k ≡ 5l mod n), or
(ii) n = 24 and (l ≡ 5k mod n or k ≡ −4l mod n or l ≡ −4k mod n),
and is non-elementary hyperbolic otherwise;

(c) either
(i) (A,B) = (T, T ), in which case G ∼ = Z ∗ Z; or
(ii) (A,B,C) = (T, F, T ), in which case G ∼ = Z ∗ Z ∗ Z(2n/3−(−1)n/3)/3;
and so G is non-elementary hyperbolic;
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(d) either
(i) (A,B,C) = (F, F, T ), in which case G is a finite metacyclic group of order 2n − (−1)n; or
(ii) (A,B,C) = (F, T, F ), in which case G ∼ = Z3;
and so G is elementary hyperbolic.

As noted in Corollary B(a), if (B,C,D) = (F, F, T ) then the corresponding group Gn(x0xkxl) is 
isomorphic to Gn(x0x1xn/2−1). In [20, Conjecture 7.12] it was conjectured that for even n ≥ 20, if 
(B,C,D) = (F, F, F ) then Gn(x0xkxl) is not isomorphic to Gn(x0x1xn/2−1). In Corollary C we prove 
this conjecture.

Corollary C. Suppose n ≥ 20 is even, 0 ≤ k, l < n, where gcd(n, k, l) = 1 and let G = Gn(x0xkxl). If 
(B,C,D) = (F, F, F ) then G ̸∼ = Gn(x0x1xn/2−1).

2. The proofs of the main results

The proof of Theorem A proceeds as follows. Writing xi = tiyt−i, the split extension E2m = Γ2m⋊⟨t | t2m⟩
is given by the presentation ⟨y, t | t2m, ytytm−2yt−(m−1)⟩. Setting x = yt and eliminating y gives

E2m = ⟨x, t | t2m, x2tm−3xtm⟩. (1)

We introduce the following elements:

A = xt−3, B = tmxtm+3xtm−3. (2)

First observe the following:

Lemma 1. The elements A,B commute in E2m.

Proof. We first note some consequences of the relators of E2m:

tmx−2tm = t−3x, (3)

t3x−2 = tmxtm, (4)

tmx2tm = x−1t3, (5)

xt−3 = (x−1tm)2. (6)

Then

BA = tmxtm+3xtm(t−3x)t−3

= tmxtm+3xtm(tmx−2tm)t−3 by (3)

= tmxtm(t3x−2)xtm−3

= tmxtm(tmxtm)xtm−3 by (4)

= (tmx2tm)xtm−3

= (x−1t3)xtm−3 by (5)

= (x−1tm)2 · tm(xtm+3xt−3)tm

= (xt−3) · tm(xtm+3xt−3)tm by (6)

= AB. □
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The main business of the proof of Theorem A is in showing that, for m ̸∈ {1, 2, 3, 4, 6, 9, 12}, A and B
generate a non-cyclic, free abelian subgroup of E2m, and so E2m and Γ2m (being a finite index subgroup 
of E2m) are not hyperbolic. This is done in the following lemma, whose proof we defer to Section 3. 
(Non-hyperbolicity in the cases m = 4, 12 is proved by separate methods, and hyperbolicity in the cases 
m = 1, 2, 3, 6 or 9 is known by prior results.)

Main Lemma. Suppose m ̸∈ {1, 2, 3, 4, 6, 9, 12} then AαBβ = 1 in E2m if and only if α = β = 0.

Subject to this, we are now in a position to prove Theorem A and its corollaries.

Proof of Theorem A. The cases m = 1, 2, 3, 6, 9 follow from [14] (or see [20, Table 1]). If m = 4 the group 
Γ2m = Γ8 contains a free abelian subgroup of rank 2 (see [5, Example 3(i)]) so is not hyperbolic. Now 
consider the case m = 12. The group

E24 = ⟨x, t | t24, x2t9xt12⟩

= ⟨x, t, z | t24, x2t9xt12, z = xt−9⟩

= ⟨z, t | t24, zt9zt18zt21⟩,

which is isomorphic to the split extension G24(x0x9x3) ⋊ ⟨t | t24⟩ (by writing xi = tizt−i). The group 
G24(x0x9x3) is isomorphic to the free product of three copies of G8(x0x3x1) ∼ = Γ8 (see, for example [12]), 
which as noted above contains a free abelian subgroup of rank 2. Therefore E24 also contains that subgroup 
so it, and hence Γ24, is not hyperbolic. Thus we may assume m ̸= 1, 2, 3, 4, 6, 9, 12.

Since Γ2m is a finite index subgroup of E2m the group Γ2m is hyperbolic if and only if E2m is hyperbolic. 
By Lemma 1 the elements A,B commute, and by Main Lemma each have infinite order and so A,B generate 
a free abelian subgroup of E2m. If A,B generate Z then there exist non-zero α, β ∈ Z such that AαBβ = 1
in E2m, a contradiction to Main Lemma. Therefore A,B generate a free abelian subgroup of rank 2 and so 
E2m, and hence Γ2m, are not hyperbolic. □

Proof of Corollary B. If (B,C,D) = (F, F, T ) then by [20, Lemma 2.2] G ∼ = Γ2m, where m = n/2, as in (a), 
so the result follows from Theorem A. If (B,C,D) = (F, F, F ) then the defining cyclic presentation for G
satisfies the T(6) small cancellation condition ([14, Lemma 5.1]), as in (b), and the result follows from [11, 
Theorem A]. Thus we may assume (B,C) ̸= (F, F ). If A = T then either (A,B) = (T, T ) or (A,B,C) =
(T, F, T ), as in (c). If (A,B) = (T, T ) then G ∼ = Z ∗Z by [14, Lemma 2.4], and if (A,B,C) = (T, F, T ) then 
G ∼ = Z ∗ Z ∗ Z(2n/3−(−1)n/3)/3 by [14, Lemma 2.5] or [5, Corollary D]. Thus we may assume A = F , and it 
follows from the defining congruences that (B,C) ̸= (T, T ); therefore (A,B,C) = (F, F, T ) or (F, T, F ), as 
in (d). If (A,B,C) = (F, F, T ) then G is a finite metacyclic group of order 2n − (−1)n by [14, Lemma 3.2], 
[3, Lemma 5.5], or [5, Corollary D], and if (A,B,C) = (F, T, F ) then G ∼ = Z3 by [14, Lemma 2.4]. □

Proof of Corollary C. Let m = n/2 so that Gn(x0x1xn/2−1) = Γ2m, and suppose for contradiction that 
G ∼ = Γ2m. The computations carried out in [20, Section 7] show, in particular, that if 20 ≤ n ≤ 24 then 
Gab ̸∼ = Γab

2m, a contradiction, so we may assume n > 24. If (B,C,D) = (F, F, F ) then G satisfies the small 
cancellation condition T (6) so by [11, Theorem A] it is hyperbolic. But by Theorem A the group Γ2m is not 
hyperbolic, a contradiction. □
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3. The proof of main lemma

3.1. Relative presentations, diagrams, and curvature

We must show that, for m ̸∈ {1, 2, 3, 4, 6, 9, 12}, if (α, β) ̸= (0, 0) then AαBβ ̸= 1 in the group E2m, 
as defined at (1). Without loss of generality we may assume β ≥ 0 and, by way of contradiction, that 
AαBβ = 1. The group E2m has a one-relator relative presentation ([2])

E2m = ⟨H,x | x2tm−3xtm⟩ (7)

where H = ⟨t | t2m⟩. The condition AαBβ = 1 implies that there exists a relative diagram L ([15]) over 
the relative presentation for E2m having boundary label AαBβ . The proof proceeds by using curvature 
arguments to show that no such relative diagram can exist. Remark 3 illuminates the strategy.

In analysing such relative diagrams it is convenient to introduce the following notation:

λ = t0, a = tm−3, b = tm, c = t−3, d = tm+3, e = t−3, f = tm−3, g = tm, h = tm.

Then the relator of the relative presentation (7) can be written

x2tm−3xtm = xλxaxb (8)

and, with A,B as defined at (2), we have

AαBβ ∼

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(xc)α−1xf(xdxe)β−1xdxf if α > 0, β > 0,
x−1(c−1x−1)|α|−1g(xdxe)β−1xdxh if α < 0, β > 0,
(xc)α if α > 0, β = 0,
(xdxe)β if α = 0, β > 0,

(9)

where ∼ denotes cyclic permutation.
Therefore the boundary of L is given by the relevant expression in (9), each interior corner of L has label 

a, b or λ, and by (9), each exterior corner has label c, d, e, f, g or h. The sum of the powers of t read around 
any vertex is congruent to 0 mod 2m and the product of the directed corner labels and edge labels of any 
given region of L yields (up to cyclic permutation and inversion) the relator x2tm−3xtm. Thus the regions 
of L are given by Figs. A(i), (ii), which we draw as shown in Figs. A(iii), (iv), with the understanding 
that vertex labels l(v) are read anti-clockwise and, as throughout, the labels â, b̂, . . . denote a−1, b−1, . . .

respectively, and the label μ denotes λ−1. Often, the vertex labels are considered up to cyclic permutation 
and inversion; when this is clear from the context we will not explicitly state this.

Without loss of generality we make the following assumptions:

(A1) L is minimal with respect to the number of regions (which implies that L is reduced).
(A2) Subject to (A1), L is maximal with respect to the number of interior vertices of degree 2.
(A3) Subject to (A1) and (A2), L is maximal with respect to the number of vertices having label bμbμ.

We now describe how to construct a spherical diagram S from L. If αβ ̸= 0 and L consists of a single disc 
D then it contains exactly two boundary vertices v1, v2 whose exterior corner labels are both f (in the case 
α > 0, β > 0) or g and h (in the case α < 0, β > 0), which we call exceptional vertices, denoted uf , ug, uh, 
respectively. Note that there are no such exceptional vertices in the cases α > 0, β = 0 or α = 0, β > 0. If L
does not consist of a single disc then it has a vertex u with at least two corners whose labels are boundary 
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Fig. A. Regions and star graph of relative diagram L. 

labels and which is a vertex of an extremal disc D containing at most one exceptional vertex. In this case 
detach D from L and in doing so create another boundary vertex v3 (namely the vertex u, above). We also 
call v3 an exceptional vertex and denote it u∗. The exterior corner of vertex u∗ in the detached D now has 
multiple labels, consisting of the labels of the exterior corners of u∗ in L. Note that in this case the boundary 
of D does not spell the relator (9), and that D has at least one exceptional vertex (namely v3) and at most 
two exceptional vertices. We use u∗ to denote an exceptional vertex of any type, i.e. u∗ ∈ {uf , ug, uh, u∗}.

We form a spherical diagram S whose southern hemisphere is D (and so is tesselated by triangles) and 
whose northern hemisphere consists of a single region whose boundary label is a cyclic subword of (9) (which 
is a proper subword if L does not consist of a single disc). This exceptional region is denoted by Δ∗. A 
region of S sharing an edge with Δ∗ is called a boundary region; otherwise it is called interior. There are 
three types of vertices: the (at most) two exceptional vertices; vertices whose label involves only a, b, λ and 
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these are called interior vertices; and the remaining vertices are called boundary vertices. Thus the label of 
a boundary vertex is of the form θw where θ±1 ∈ {c, d, e} and w involves only a, b or λ.

We now turn to curvature. If v is a vertex of S having degree d(v) = d, assign 2π/d to each corner at v. 
This way the curvature of each vertex is 0. The curvature of a region Δ of S of degree k and whose vertices 
have degree di ≥ 2 (1 ≤ i ≤ k) is defined to be

c(Δ) = c(d1, . . . , dk) = (2 − k)π + 2π
k∑︂

i=1 

1 
di
.

Observe that if v is not an exceptional vertex then d(v) ≥ 4 by Lemma 5(i), (ii) and, moreover, l(v)
corresponds to a reduced closed path of even length in the star graph Γ. Thus if d(Δ) = 3 and c(Δ) > 0
then

c(Δ) ∈ {c(4, 4, k) = 2π/k, c(4, 6, 6) = π/6, c(4, 6, 8) = π/12, c(4, 6, 10) = π/30}.

It follows from the Gauss-Bonnet theorem that the total curvature of S, 
∑︁

Δ∈L c(Δ) = 4π (see [19, Section 
4] and the references therein). Our contradiction will be obtained by showing that this cannot occur.

In our curvature analysis of the relative diagram L, in order to locate regions of positive curvature it will 
be important to understand the labelling of its low degree vertices. In Section 3.2 we use bridge moves on 
relative diagrams and star graphs to obtain restrictions on the possible labellings that can occur. We are then 
in a position to define a curvature distribution scheme in Sections 3.3 and 3.5. That is, we locate each region 
Δ (Δ ̸= Δ∗) satisfying c(Δ) > 0 and distribute its positive curvature c(Δ) to negatively curved near regions 
Δ̂ of Δ so that the curvature of Δ is reduced to zero. For such regions Δ̂, define c∗(Δ̂) to equal c(Δ̂) plus 
all the positive curvature Δ̂ receives minus all the positive curvature distributed from Δ̂ by the application 
of the curvature distribution scheme. We complete the proof by showing that 

∑︁
c(Δ) =

∑︁
c∗(Δ̂) < 4π, a 

contradiction.
The curvature distribution scheme is divided into two stages. In Section 3.3 we define the curvature 

distribution scheme for Stage I. This considers interior regions Δ with c(Δ) > 0 that do not contain any 
exceptional vertices, and distributes their curvature to near regions (which are either boundary or interior 
regions). In Section 3.4 we record detailed implications of how curvature has been transferred in Stage I, 
but we note here that a fundamental consequence of Stage I is that by its conclusion the only regions with 
positive curvature are boundary regions or interior regions with at least one exceptional vertex.

Next, in Section 3.5, we define the curvature distribution scheme for Stage II, which considers these 
regions. Such regions Δ̂ may have received curvature in Stage I, so instead of distributing c(Δ̂) we distribute 
their new curvature (which we will denote c∗(Δ̂)), when positive, to the exceptional region Δ∗. To conclude 
the proof, in Section 3.6 we analyse the curvature of the resulting regions to reach our desired contradiction 
that the total curvature 4π of S cannot be obtained.

Remark 2. Curvature redistribution methods have been used (for example in [8--11]) to prove hyperbolicity 
of certain classes of cyclically presented groups. The curvature redistribution methods used in the current 
article, to prove non-hyperbolicity, are applied in a different way, as here the global negative curvature 
obtained is a property of the specific relative diagrams that need to be considered in order to prove Main 
Lemma. It does not prove any negative curvature property of the groups themselves.

Remark 3 (J. Huebschmann [17]). Let r = x2tm−3xtm denote the relator of the relative presentation (7)
and let G = ⟨x⟩ ∗H where, as before, H = ⟨t | t2m⟩. Main Lemma shows that for m ̸∈ {1, 2, 3, 4, 6, 9, 12}, 
(α, β) ̸= (0, 0) the equation
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AαBβ =
u ∏︂

j=1
yjr

ϵjy−1
j (10)

does not admit a solution with yj ∈ G, ϵj = ±1, u ≥ 1.
For a G-group K, write the G-action on K as

G×K −→ K, (y, b) ↦→ yb, y ∈ G, b ∈ K.

The member r of G generates the free G-crossed module C ∂→ G having coker(∂) ∼ = E2m: Let ˆ︁C be the free 
G-group generated by r, let ˆ︁∂ : ˆ︁C → G be the canonical homomorphism that sends yr ∈ ˆ︁C to yry−1 ∈ G, 
for y ∈ G, and let C be the quotient ˆ︁C/P of ˆ︁C modulo the normal G-subgroup P that the Peiffer elements

aba−1
(︂ˆ︁∂ab

)︂−1
, a, b ∈ ˆ︁C,

generate. A little thought reveals that the subgroup P of ˆ︁C generated by the Peiffer elements is normal and 
G-invariant. The G-homomorphism ˆ︁∂ passes to a G-homomorphism ∂ : C → G.

The relative diagrams used in the proof of Main Lemma are dual to pictures over the relative presentation, 
described in [2]. The idea of a diagram over a presentation (``Randwegaggregat'') goes back at least to [22]. 
The paper [4] discusses (ordinary) diagrams and pictures. Section 10 of that paper reveals that classes 
of diagrams form C in such a way that the assignment to a diagram of its boundary path induces the 
homomorphism ∂ : C → G. This observation explains why a non-trivial solution to (10) implies that there 
exists a relative diagram over the relative presentation for E2m having boundary label AαBβ . While [4] 
handles only the absolute case, the reasoning there carries over to the relative case. An account of the 
history of these ideas is presented in [18].

3.2. Labelling of low degree vertices

The following lemma provides some important restrictions on the possible labellings of vertices of L.

Lemma 4. Let v be a vertex of L and let k > 0. Then (up to cyclic permutation and inversion):

(i) l(v) does not have a sublabel of the form θwθ−1 where w = 1;
(ii) if l(v) = (bμbμ)k then k = 1.

Proof. (i) If l(v) does have such a sublabel then a bridge move (see, for example, [15, Figure 2]) followed 
by cancellation of inverse regions contradicts (A1). (ii) If k > 1 then the number of vertices having label 
bμbμ can be increased by a bridge move at v without affecting the number of interior vertices of degree 2, 
contradicting (A3). □

The vertex labels of a reduced relative diagram correspond to reduced closed paths in its star graph, 
and so analysis of such closed paths places restrictions on the possible vertex labels of that diagram (see [2, 
Section 2.1], [13, Section 2]). The star graph Γ of L is the (directed, labelled) graph with vertices x, x−1 and 
with a directed edge from xϵ1 to x−ϵ2 (ϵ1, ϵ2 ∈ {±1}) for each cyclic subword xϵ1uxϵ2 of either (8) or (9), 
where u ∈ H; such a directed edge is labelled u. Thus, Γ is given by Fig. A(v), (vi) according to (α > 0 and 
β ≥ 0) and (α ≤ 0, β > 0) respectively. For ease of presentation we have introduced the inverse edge (from 
x−1 to x, labelled μ) to the edge from x to x−1, labelled λ, with the understanding that the edges labelled 
λ, μ (unlike the others) are only traversed in the direction indicated. For the case α > 0, β = 0 the star 
graph is the subgraph of Fig. A(v) containing only the edges labelled a, b, c, λ, μ; and for case α = 0, β > 0
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the star graph is the subgraph of Fig. A(vi) containing only the edges labelled a, b, d, e, λ, μ. Analysis of 
short reduced closed paths in Γ yields the following result that provides further restrictions on the possible 
labelling of low degree vertices of L. We will use this result throughout, usually without explicit reference.

Lemma 5. Let v be a vertex of L.

(i) If v is an interior vertex and d(v) ≤ 8 then (up to cyclic permutation and inversion) l(v) ∈ {bμbμ, 
ab−1λa−1bμ, ab−1λa−1λb−1}.

(ii) If l(v) ∈ {cw, dw, ew} where w involves only a, b or λ or their inverses and d(v) ≤ 6 then

l(v) ∈ {ca−1bμ, ca−1λb−1, cb−1λa−1, cμba−1, ea−1bμ, ea−1λb−1, eb−1λa−1, eμba−1,

db−1ab−1, dμaμ, dμab−1λb−1, dμbμab−1, db−1aμbμ, db−1λb−1aμ}.

(iii) If l(v) ∈ {fw, gw, hw} where w involves only a, b or λ or their inverses and d(v) ≤ 4 then l(v) ∈
{fa−1, gb−1λ, gμb, hbμ, hλb−1}.

(iv) If v is not exceptional, l(v) ∈ {aμaμw1, a
−1ba−1bw2, ba

−1ba−1w3, μaμaw4} and d(v) = 8 then

w1 ∈ {ba−1λc−1, ba−1λe−1, aμad−1 (m = 5, 15), ba−1db−1, ad−1aμ (m = 5, 15)},
w2 ∈ {μab−1c, μab−1e, a−1λa−1d (m = 5, 15), μad−1λ, a−1da−1λ (m = 5, 15)},
w3 ∈ {cb−1aμ, eb−1aμ, da−1λa−1 (m = 5, 15), λd−1aμ, λa−1da−1 (m = 5, 15)},
w4 ∈ {c−1λa−1b, e−1λa−1b, d−1aμa (m = 5, 15), λd−1ab, μad−1a (m = 5, 15)}.

Note that the restrictions m ̸∈ {1, 2, 3, 4, 6, 9, 12} are necessary for Lemma 5. For example l(v) ̸= ab−1aμ

in part (i) since m − 6 ≡ 0 mod 2m implies m = 2 or 6. Note also that, in particular, interior vertices of 
degree 4 have label bμbμ (up to cyclic permutation and inversion).

3.3. Stage I: Δ is interior and does not contain an exceptional vertex

We set out the curvature distribution scheme for Stage I as follows. In Section 3.3.1 we introduce a 
general rule for distributing curvature from interior regions that share at least one edge with a boundary 
region. In Section 3.3.2 we define the curvature distribution from interior regions that have exactly one 
boundary vertex of degree 4 (Stage I(a)). We then do the same for interior regions that have no boundary 
vertices of degree 4 (Stage I(b)). Stage I(b) splits into two largely analogous cases. In Section 3.3.3 we give 
the curvature distribution for one of these cases, and in Section 3.3.4 we describe the differences that are 
needed for the second case.

3.3.1. General rule
General Rule (GR): If Δ shares an edge with a boundary region Δ̂ then distribute min{c(Δ), π/12} from 
Δ to Δ̂ as in Fig. B(i); if with two boundary regions Δ̂1, Δ̂2 then distribute min{c(Δ)/2, π/12} to each 
of Δ̂1, Δ̂2; or if with three boundary regions Δ̂1, Δ̂2, Δ̂3 then distribute min{c(Δ)/3, π/12} to each of 
Δ̂1, Δ̂2, Δ̂3.

Remark. 

(i) Having distributed curvature according to GR, it may be the case that Δ still retains some positive 
curvature. In what follows we give details of how this extra curvature is distributed.

(ii) Exceptions to GR will be clearly indicated.
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Fig. B. Stage I(a) distribution. 

An exception to GR is when Δ shares an edge with a boundary region Δ̂, shown in Fig. B(ii), where u∗

is an exceptional vertex of degree 2. In this case distribute c(Δ) from Δ to Δ̂, as shown. If Δ shares an 
edge with two such Δ̂ then distribute c(Δ)/2 to each of them. In particular, this occurs when the interior 
region Δ contains two boundary vertices of degree 4. (To see this observe that if Δ contains two boundary 
vertices u1, u2 of degree 4, then this forces a boundary vertex, v, say of degree 2 between them. Either v
is an exceptional vertex u∗ created in the detaching process or, by Lemma 5, l(v) = fa−1 and so v is an 
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Fig. B. (continued) 

exceptional vertex uf . Note that this argument rules out the possibility of an interior region having three 
boundary vertices of degree 4, for otherwise it would force three exceptional vertices.) Assume, therefore, 
that Δ does not contain two boundary vertices of degree 4; then either Δ contains exactly one boundary 
vertex of degree 4 or Δ contains no boundary vertices of degree 4. We consider these situations in Stage 
I(a) and Stage I(b), respectively.

Notation. In the figures, a circled value ≥ k indicates that the vertex is exceptional (of any type) of some 

unspecified degree, or not exceptional but of degree at least k.

3.3.2. Stage I(a): Δ is interior and contains exactly one boundary vertex of degree 4
Throughout this section, suppose that Δ is interior and contains exactly one boundary vertex of degree 4, 

v say. If the two remaining (interior) vertices of Δ each have degree at least 6 then, in accordance with GR, 
distribute c(Δ)/2 ≤ π/12 to each of Δ̂1 and Δ̂2 as in Fig. B(iii); or if Δ̂3 in Fig. B(iii) is also a boundary 
region then distribute c(Δ)/3 ≤ π/18 to each of Δ̂1, Δ̂2, Δ̂3. Otherwise Δ must contain at least one interior 
vertex of degree less than 6. Such vertices have label bμbμ by Lemma 5(i), and so only one interior vertex 
of Δ can have degree 4. Given this it follows from Lemma 5 that (up to cyclic permutation and inversion)

l(v) ∈ {ca−1λb−1, cμba−1, db−1ab−1, dμaμ, ea−1λb−1, eμba−1},

the remaining degree 4 labels resulting in an impossible configuration. We discuss these possible labellings 
over the following bullet points:

• Let l(v) = ca−1λb−1. Completing the four regions near Δ we obtain Fig. B(iv) without the ≥ 6 . 
The labelling so far completed implies that the corresponding vertex is not interior of degree 4 (by 
Lemma 5(i)), so either it is exceptional or of degree at least 6, as in Fig. B(iv), or it has degree 4, in 
which case it is boundary with label ca−1λb−1 or ea−1λb−1 as in Fig. B(v).
In Fig. B(iv) distribute min{c(Δ)/2, π/12} ≤ π/12 from Δ to each of Δ̂1 and Δ̂2; and distribute the 
remaining max{0, c(Δ) − π/6} ≤ π/6 to Δ̂2 (giving a total of at most π/4, as shown). Note that if Δ̂3

is a boundary region then this represents an exception to GR. In Fig. B(v) (in accordance with GR) 
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distribute min{c(Δ)/3, π/12} ≤ π/12 from Δ to each of Δ̂j (1 ≤ j ≤ 3) and distribute the remaining 
max{0, c(Δ) − π/4} ≤ π/12 to Δ̂2 (giving a total of at most π/6, as shown).

• Let l(v) = cμba−1. Similar to the case l(v) = ca−1λb−1, the possibilities are as shown in Figs. B(vi), (vii). 
In Fig. B(vi) distribute min{c(Δ)/2, π/12} ≤ π/12 from Δ to each of Δ̂1 and Δ̂2; and distribute the 
remaining max{0, c(Δ)−π/6} ≤ π/6 to Δ̂1 (giving a total of at most π/4, as shown). Note that if Δ̂3 is a 
boundary region then this represents an exception to GR. In Fig. B(vii) distribute min{c(Δ)/3, π/12} ≤
π/12 from Δ to each of Δ̂j (1 ≤ j ≤ 3) and distribute the remaining max{0, c(Δ)− π/4} ≤ π/12 to Δ̂1

(giving a total of at most π/6, as shown).
• Let l(v) = db−1ab−1. Then the configuration is as in Fig. B(viii). Distribute c(Δ) ≤ c(4, 4, 8) = π/4

to Δ̂2 as in Fig. B(viii), an exception to GR. Suppose that the region Δ1 of Fig. B(viii) is interior 
of positive curvature and does not contain an exceptional vertex. Then the vertex w has degree 4. If 
d(u) ≥ 6 then distribute c(Δ1) ≤ c(4, 6, 8) = π/12 to the region Δ̂ as in Fig. B(ix), an exception to 
GR. If l(u) = dμaμ distribute c(Δ1) ≤ c(4, 4, 8) = π/4 to Δ̂ as shown in Fig. B(x), an exception to GR, 
noting that u∗ is forced to be an exceptional vertex of degree 2 as shown (which is in fact a special case 
of B(ii)).

• Let l(v) = dμaμ. Then the configuration is as in Fig. B(xi). Distribute c(Δ) ≤ c(4, 4, 8) = π/4 to Δ̂1

as in Fig. B(xi), an exception to GR. Suppose that the region Δ1 of Fig. B(xi) is interior of positive 
curvature and does not contain an exceptional vertex. Then the vertex w has degree 4. If d(u) ≥ 6
then distribute c(Δ1) ≤ c(4, 6, 8) = π/12 to the region Δ̂ as in Fig. B(xii), an exception to GR. If 
l(u) = db−1ab−1 distribute c(Δ1) ≤ c(4, 4, 8) = π/4 to Δ̂ as shown in Fig. B(xiii), an exception to GR, 
noting that u∗ is forced to be an exceptional vertex of degree 2 as shown (which is in fact a special case 
of B(ii)).

• Let l(v) = ea−1λb−1. Then the configuration is as in Fig. B(xiv). Distribute c(Δ) ≤ π/3 to Δ̂ as shown, 
an exception to GR.

• Let l(v) = eμba−1. Then the configuration is as in Fig. B(xv). Distribute c(Δ) ≤ π/3 to Δ̂ as shown, 
an exception to GR.

3.3.3. Stage I(b): Δ is interior and contains no boundary vertices of degree 4
Suppose now that Δ is interior and does not contain a boundary vertex of degree 4. Then c(Δ) > 0 implies 

that Δ contains an interior vertex of degree 4, which therefore (up to cyclic permutation and inversion) has 
label bμbμ. So (up to inversion) there are two cases for Δ, namely Δ of Fig. C(i) and G(i). The curvature 
distributions for these two cases are largely analogous. We first describe the distribution for Fig. C(i), and in 
Section 3.3.4 we explain how to obtain the distribution for the case of Fig. G(i) from this. Consider Fig. C(i). 
The region Δ has a vertex of degree 4, and interior regions can have at most one vertex of degree 4, so the 
other two vertices each have degree at least 6. If the vertex u3 of Fig. C(i) is an exceptional vertex then 
distribute c(Δ) ≤ c(4, 6, 6) = π/6 to Δ̂. Assume from now on that u3 is not exceptional (so, in particular, 
d(u3) ≥ 4 and even).

First let c(Δ) ≤ c(4, 6, 8) = π/12. If Δ shares an edge with at least one boundary region then GR applies, 
so assume otherwise. The four cases for d(u1) ≥ 8, d(u2) = 6 are shown in Figs. C(ii)--(v); and the six cases 
for d(u1) = 6, d(u2) ≥ 8 are shown in Figs. C(vi)--(ix). (For example, in Fig. C(vi) l(u1) = aμba−1λb−1 or 
aμba−1bμ.) In Figs. C(ii), (iii), (vi), (vii) distribute c(Δ) ≤ π/12 to Δ̂ as shown; and in Figs. C(iv), (v), 
(viii), (ix) distribute c(Δ)/2 ≤ π/24 to each of Δ̂1 and Δ̂2, as shown.

Now let c(Δ) > c(4, 6, 8) = π/12; that is c(Δ) = c(4, 6, 6) = π/6. If Δ shares an edge with at least two 
boundary regions then GR applies, so assume otherwise. If u1 or u2 is a boundary vertex then Δ is given 
by Figs. D(i)--(iii) and in each case distribute c(Δ) = π/6 to Δ̂ as shown. So let u1, u2 be interior vertices 
(of degree 6), in which case Δ is given by Fig. D(iv).
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Fig. C. Stage I(b) distribution, u3 exceptional or c(Δ) ≤ π/12. 

The three cases when d(u3) ≥ 8 are given by Figs. D(v)--(vii). In Figs. D(v) and (vii) distribute c(Δ)/2 =
π/12 to each of Δ̂1 and Δ̂2 as shown; and in Fig. D(vi) distribute c(Δ)/2 = π/12 to Δ̂1 and c(Δ)/4 = π/24
to Δ̂3 and Δ̂4 as shown.

Let d(u3) = 4, forcing d(u3) = d−1ba−1b. If the vertex u4 of Fig. D(iv) is exceptional or d(u4) ≥ 8 then 
distribute c(Δ) = π/6 to Δ̂ as shown in Fig. D(viii). Assume otherwise, in which case l(u4) = b−1ae−1λ and 
we have Fig. D(ix). If the vertex v2 of Fig. D(ix) is exceptional then distribute c(Δ) = π/6 to Δ̂2 as shown; 
or if v2 is not exceptional but v1 is exceptional then distribute c(Δ) = π/6 to Δ̂1 as shown in Fig. D(ix). In 
Fig. D(ix), when c(Δ) is distributed to Δ̂1 we introduce the exceptional rule to GR that none of c(Δ̂2) is 
transferred to Δ̂1 (in the event that Δ̂1 is a boundary region) but instead that c(Δ̂2)/2 ≤ c(4, 6, 8)/2 = π/24
is transferred to each of the other two neighbouring regions of Δ̂2.

Assume that neither v1 nor v2 is exceptional. Then, in particular, d(v1) ≥ 6 and, as noted, d(v2) ≥ 8. 
Consider the vertex v3 of Fig. D(ix). If v3 is exceptional or d(v3) ≥ 6 then distribute c(Δ) = π/6 to the 
region Δ̂ and introduce the exceptional rule to GR: distribute c(Δ1) ≤ π/12 to Δ̂1 as shown in Fig. D(x).

Let d(v3) = 4 forcing l(v3) = d−1ba−1b. If d(v2) ≥ 10 then distribute c(Δ)/2 = π/12 to each of the regions 
Δ̂1 and Δ̂2 and introduce the exceptional rule to GR: distribute c(Δ1) = c(4, 6, 10) = π/30 to Δ̂3 as shown in 
Fig. D(xi). This leaves the case d(v3) = 4 and d(v2) = 8. Then l(v2) ∈ {aμaμad−1aμ, aμaμba−1λc−1/e−1}.

If the vertex u of Fig. D(xi) is exceptional then distribute c(Δ)/2 = π/12 to each of Δ̂1 and Δ̂2 as shown 
in Fig. D(xii). If the vertex u is not exceptional then distribute c(Δ) = π/6 to the region Δ̂ as shown in 
Figs. D(xiii), (xiv) according to the label of v2.
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Fig. D. Stage I(b) distribution, c(Δ) = π/6. 

In Fig. D(xiii) we introduce an exceptional rule to GR: none of c(Δ1) is distributed to Δ̂ but rather, as 
shown, we follow Fig. B(viii) and distribute c(Δ1) ≤ π/4 to Δ̂1. In Fig. D(xiv) we introduce an exceptional 
rule to GR: none of c(Δ1) is distributed to Δ̂ but, as shown, c(Δ1)/2 = π/24 is distributed to each of the 
other two neighbouring regions of Δ1. This completes the case when d(u3) = 4.

Thus we may assume d(u3) = 6 and so we are left with the case when both u2 and u3 are interior 
vertices of degree 6. (Note that, since u3 is not exceptional and has a sublabel ba−1b, it must be interior 
by Lemma 5.) In this case u2, u3 are given by Fig. D(xv). Suppose that vertices u4, u5 of Fig. D(xv) are 
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Fig. D. (continued) 

interior of degree 6. Then u4 and u5 are given by Fig. D(xvi) where, if u6, u7 are interior of degree 6 then 
u6, u7 have the same labels as u4, u5, respectively, namely l(u6) = b−1ab−1λa−1λ, l(u7) = a−1bμaμb. So we 
proceed in this way until we obtain an even j ≥ 2 such that uj+2, uj+3 are not both interior of degree 6 but 
uj , uj+1 are both interior of degree 6. Since the curvature distribution will be exactly the same for each pair 
uj , uj+1 for j ≥ 6 we can assume without any loss that j = 6, as shown in Fig. E(i). The two differences 
that occur when j = 2 or j = 4 will be described in Figs. E(xi), (xii).

In Fig. E(i) if u8 is exceptional then distribute c(Δ) = π/6 to Δ̂1, as shown. Assume from now on that 
u8 is not exceptional. Assume until otherwise stated that d(u8) ̸= 4; that is, l(u8) ̸= db−1ab−1. In Fig. E(i) 
if now u9 is exceptional then distribute c(Δ) = π/6 to Δ̂2 as shown. Assume from now on that u9 is not 
exceptional. If the vertex v1 of Fig. E(i) is exceptional then distribute c(Δ) = π/6 to the region Δ̂4 as 
shown; or if v1 is not exceptional and v2 is exceptional then distribute c(Δ) = π/6 to Δ̂3 as shown. Assume 
from now on that neither v1 nor v2 is exceptional.
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Fig. D. (continued) 

Let d(u8) ≥ 8. Then either d(u9) ≥ 6 or d(u9) = 4 and the cases are shown in Figs. E(ii)--(iv): in Fig. E(ii) 
and E(iv) distribute c(Δ)/2 = π/12 to each of Δ̂1, Δ̂2 as shown; in Fig. E(iii) distribute c(Δ)/2 = π/12 to 
Δ̂1 and c(Δ)/4 = π/24 to Δ̂3 and Δ̂4 as shown.

Let d(u8) = 6 and d(u9) ≥ 8. If u10 is exceptional or d(u10) ≥ 6 then distribute c(Δ)/2 = π/12 to 
each of Δ̂1 and Δ̂2 as shown in Fig. E(v); if l(u10) = db−1ab−1 then distribute c(Δ)/2 = π/12 to Δ̂1 and 
c(Δ)/4 = π/24 to each of Δ̂3, Δ̂4 as shown in Fig. E(vi); or if l(u10) = c−1λb−1a or e−1λb−1a then distribute 
c(Δ)/2 = π/12 to each of Δ̂1 and Δ̂2 as shown in Fig. E(vii).

If d(u8) = 6 and d(u9) = 6 then their vertex labelling forces both u8, u9 to be interior vertices, a 
contradiction to the definition of j.

Let d(u8) = 6 and d(u9) = 4. If u10 is exceptional or d(u10) ≥ 8 then distribute c(Δ) = π/6 to Δ̂ as 
shown in Fig. E(viii); or if u10 is non-exceptional then l(u10) has a sublabel b−1ae−1, then d(u10) < 8 forces 
l(u10) = b−1ae−1λ and so distribute c(Δ)/2 = π/12 to each of Δ̂1 and Δ̂2 as shown in Fig. E(vii).

Assume that d(u8) = 4. Then l(u8) = db−1ab−1. If the vertex u in Fig. E(ix) is exceptional or d(u) ≥ 8
then distribute c(Δ) = π/6 to Δ̂ as shown; so assume u is not exceptional and d(u) ≤ 6. Then d(u) = 4
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Fig. E. Stage I(b) distribution, c(Δ) = π/6, continued. 

and l(u) = ea−1bμ, as in Fig. E(x), in which case distribute c(Δ)/2 = π/12 to each of Δ̂1, Δ̂2 as shown in 
Fig. E(x).

This completes the curvature distribution of curvature for uj, uj+1 when j ≥ 6.
If j = 2 then distribute π/6 to Δ̂, as shown in Fig. E(xi) (noting that l(u) in Fig. E(xi) differs from l(u)

in Fig. E(ix)). If j = 4 then (differing from Fig. E(x)) distribute c(Δ)/4 = π/24 to each of Δ̂1 and Δ̂2 and 
c(Δ)/2 = π/12 to Δ̂3, as shown in Fig. E(xii).
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Fig. E. (continued) 
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Fig. E. (continued) 

Exceptions to curvature distribution rules 

In Fig. D(v) or E(v) suppose that Δ̂1 receives π/12 from Δ1 according to Fig. C(iii). In these cases, 
the vertex u3 in Fig. D(v) and the vertex u9 of Fig. E(v) correspond to the vertex u1 in Fig. C(iii) and so 
the labels of these vertices are ba−1ba−1w. Assume further that d(u3) = 8 in Fig. D(v) and d(u9) = 8 in 
Fig. E(v). Note that if Δ1 of Fig. D(v) or Fig. E(v) shares an edge with a boundary region, then it distributes 
its curvature to that region, rather than to Δ̂1, a contradiction. Therefore Δ1 does not share an edge with 
a boundary region. Applying Lemma 5(iv) this forces l(u3), l(u9) ∈ {ba−1ba−1λa−1da−1, ba−1ba−1λd−1aμ}
and the two cases are given by Fig. F(i), (ii) respectively. Note that in Fig. F(i) when the a-corner vertex 
of Δ0 has label ab−1λa−1bμ then this corresponds to Fig. D(v); when it has label ab−1λa−1λb−1 then this 
corresponds to Fig. E(v); and similarly for Fig. F(ii). The fact that Δ̂1 receives π/12 from Δ1 forces l(v) =
ba−1ba−1w (see Figs. F(i), (ii)). Moreover, if Δ1 shares an edge with a boundary region, then it distributes 
its curvature to that region, rather than to Δ̂1, a contradiction. Therefore Δ1 does not share an edge with 
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Fig. F. Stage I(b) distribution exceptions. 
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Fig. G. Stage I(b) distribution, u3 exceptional or c(Δ) ≤ π/12 (symmetric case). 

a boundary region. Applying Lemma 5(iv) this forces l(v) ∈ {ba−1ba−1λa−1da−1, ba−1ba−1λd−1aμ}. If the 

vertex in Fig. F(i) or (ii) with label ≥ 6 is exceptional then distribute all of the curvature c(Δ) = π/6

to Δ̂2 as shown by the dotted arrow in Figs. F(i) and (ii). Otherwise distribute c(Δ)/2 = π/12 to each of 
Δ̂2 and Δ̂3, as shown by the solid arrow in Figs. F(i) and (ii) except when l(u) = d−1ba−1b in Fig. F(ii), 
in which case distribute c(Δ)/2 = π/12 to Δ̂2 and c(Δ)/4 = π/24 to each boundary region Δ̂4 and Δ̂5, 
as shown by the dotted arrows. The fact that no curvature is distributed from Δ to Δ̂1 in Figs. F(i), (ii) 
but instead c(Δ) is distributed among other regions means that all of this is an exception to the curvature 
distribution of Figs. D(v) and E(v).

Now consider Fig. E(ii) and suppose that Δ̂1 receives π/12 from Δ1 according to Fig. C(iii) and suppose 
further that d(u8) = 8. Then l(u8) = ab−1ab−1w, where the last letter of w is not d−1 or e−1 (for otherwise 
Δ1 is adjacent to a boundary region and so, by GR, does not distribute curvature to Δ̂1), and this forces 
l(u8) ∈ {ab−1ab−1ad−1aμ, ab−1ab−1λa−1dμ}. In this case distribute c(Δ)/2 = π/12 to each of Δ̂2 and Δ̂3
as shown by the solid arrows in Figs. F(iii), (iv) except when l(u) = db−1ab−1 in Fig. F(iv), in which case 
distribute c(Δ)/2 = π/12 to Δ̂2 and c(Δ)/4 = π/24 to each boundary region Δ̂4, Δ̂5 as shown by the dotted 
arrows. The fact that no curvature is distributed from Δ to Δ̂1 in Figs. F(iii), (iv) means that all of this is 
an exception to the curvature distribution of Fig. E(ii).

Finally, consider Fig. E(vii) and suppose that Δ̂1 receives π/12 from Δ1 according to Fig. C(iii) and that 
d(v1) = 8. Then l(v1) = a−1ba−1ba−1w which forces l(v1) = a−1ba−1ba−1λa−1d or a−1ba−1ba−1da−1λ. But 
in the latter case Δ1 is adjacent to a boundary region, so according to GR does not transfer curvature to 
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Fig. H. Stage I(b) distribution, c(Δ) = π/6 (symmetric case). 

Δ̂1, a contradiction. So l(v1) = a−1ba−1ba−1λa−1d. In this case distribute c(Δ)/2 = π/12 to each of Δ̂2, Δ̂3
as shown in Fig. F(v). The fact that no curvature is distributed from Δ to Δ̂1 in Fig. F(v) means that all 
of this is an exception to the curvature distribution of Fig. E(vii).

3.3.4. The symmetric cases
We have completed the curvature distribution rules for the case when Δ is given by Fig. C(i) and we 

turn now to the case of Fig. G(i). As we explain below, the arguments are exactly the same except in regard 
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Fig. H. (continued) 

to the labelling of degree 8 vertices in Figs. D/H(xiii), F/J(i), F/J(iii), F/J(v), D/H(xiv), when m = 5 or 
15. Except in those cases, applying the transformation

λ ↔ b̂, μ ↔ b, a ↔ â, c ↔ ĉ, d ↔ d̂, e ↔ ê (11)

to Figs. C(i)--(ix), D(i)--(xvi), E(i)--(xii), F(i)--(v) respectively, yields Figs. G(i)--(ix), H(i)--(xvi), I(i)--(xii), 
J(i)--(v).

The degree 8 labels l1 = aμaμad−1aμ, ba−1ba−1λa−1da−1, ab−1ab−1ad−1aμ, a−1ba−1ba−1λa−1d

of Figs. D(xiii), F(i), F(iii), F(v) have corresponding labels l2 = a−1ba−1ba−1da−1λ, μaμaμad−1a, 
a−1λa−1λa−1da−1λ, aμaμaμad−1 in Figs. H(xiii), J(i), J(iii), J(v), respectively, as shown and in each 
case l1 does not transform to l2 by (11). The degree 8 labels aμaμwd−1/c−1/e−1 of Fig. D(xiv) where 
wd−1 = aμad−1, wc−1 = ba−1λc−1, we−1 = ba−1λe−1 have corresponding labels a−1ba−1bw′d/c/e in 
Fig. H(xiv), as shown, where w′d = a−1λa−1d, w′c = μab−1c, w′e = μab−1e, respectively. Note that 
wc−1, we−1 transform to w′c, w′e by (11) (so these are not exceptions), whereas wd−1 does not transform 
to w′d (so this is an exception).
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Fig. H. (continued) 

The reason for the remaining exceptions is as follows. In Lemma 5(i), (ii), (iv) the exponent sum of t is an 
even multiple of m, and hence is congruent to 0 mod 2m, apart from in (iv) when w1 ∈ {aμad−1, ad−1aμ}, 
w2 ∈ {a−1λa−1d, a−1da−1λ}, w3 ∈ {da−1λa−1, λa−1da−1}, and w4 ∈ {d−1aμa, μad−1a}. Apart from these 
cases in (iv), the exponent sum 0 label transforms, by (11), to an allowable exponent sum 0 label. However, 
for the labels l1 = aμaμad−1aμ, ba−1ba−1λa−1da−1, ab−1ab−1ad−1aμ, a−1ba−1ba−1λa−1d, the exponent 
sum yields m ≡ 15 mod 2m, and so m = 5 or 15, whereas the exponent sum corresponding to their 
transformations (by (11)) gives 15 ≡ 0 mod 2m, a contradiction. For this reason we must apply Lemma 5(iv) 
again as follows. Observe that the four labels for l1 are of the form aμaμw1, ba−1ba−1w3, ab−1ab−1w−1

3 and 
a−1ba−1bw2. Applying transformation (11) we get a−1ba−1bw2, μaμaw4, a−1λa−1λw−1

4 and aμaμw1 where 
the sublabels w2, w4, w−1

4 and w1 are chosen from the pairs listed above. However w2 is not a−1λa−1d as 
this is already accounted for in Fig. H(xiv) as described in the previous paragraph, so w2 = a−1da−1λ; w4

cannot be d−1aμa as this would contradict the assumption that Δ1 distributes π/12 to Δ̂1 in Fig. J(i), 
so w4 = μad−1a; w−1

4 cannot be (d−1aμa)−1 as this would contradict the assumption that Δ1 distributes 
π/12 to Δ̂1 in Fig. J(iii), so w−1

4 = (μad−1a)−1; and w1 cannot be ad−1aμ as this would contradict the 
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Fig. I. Stage I(b) distribution, c(Δ) = π/6, continued (symmetric case). 

assumption that Δ1 distributes π/12 to Δ̂1 in Fig. J(v), so w1 = aμad−1. The four resulting labels are those 
listed for l2 above and hence we obtain the Figs. H(xiii), J(i), J(iii) and J(v).

3.4. Implications of Stage I distribution

The following properties hold in Figs. B--J. It is routine to confirm properties (P1), (P3) by inspection; 
the confirmation of the remaining properties is lengthier and more involved. We provide some comments 
regarding this, but for reasons of space we omit the details.
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Fig. I. (continued) 
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Fig. I. (continued) 

(P1) If Δ̂ is an interior region that receives curvature across its edge e then neither of the endpoints of e
has label (bμbμ)±1.

(P2) If Δ̂ is a region that receives curvature across its edge e then neither of the endpoints of e is an 
exceptional vertex.

(P3) If curvature is distributed from any given region to a non-adjacent region then (in its travels) it never 
crosses an edge that has a vertex with label (bμbμ)±1, except possibly when the non-adjacent region 
is Δ̂ of Fig. D(xiii) or H(xiii).

(P4) No interior region receives curvature from more than one non-adjacent region.
(P5) No boundary region Δ̂ receives curvature from two non-adjacent regions across the same edge.
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Fig. J. Stage I(b) distribution exceptions, c(Δ) = π/6 (symmetric case). 
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Note that in (P5), it is possible that a boundary region Δ̂ simultaneously receives curvature both from 
an adjacent and a non-adjacent region across the same edge. This will be discussed later, in the proof of 
Claim 2.

Confirming Property (P2). By applying the transformation (11), we need only check Figs. B, C, D, E and F, 
and the exceptional cases described in Section 3.3.4. Since we assume that Δ does not contain an exceptional 
vertex and, moreover, that the region Δ1 of Figs. B(ix), (x), (xii), and (xii) does not contain an exceptional 
vertex, we need only check regions that receive curvature from non-adjacent regions. That is, we need only 
check Figs. C(iv), (v), (viii), (ix), D(i), (v)--(xiv), E(i)--(xii), F(i)--(v), H(xiii), (xiv), J(i), (iii), (v). In some 
cases (P2) is readily verified by inspecting vertex labels of the figures; for example in Fig. B(x). In other 
cases it is necessary to refer to the text; for example the description of the curvature distribution for Fig. E(i) 
establishes that none of the vertices v1, v2, u8 or u9 are exceptional in the subsequent Figs. E(ii)--(xii). □

Confirming Property (P4). It suffices to confirm (P4) up to inversion, and thus only positive regions need 
be considered. There are 54 positive regions to consider: 4 D regions; 16 E regions; 7 F regions; 4 H regions; 
16 I regions; and 7 J regions. The D,E,F regions are the following 27 (where X denotes the inverse of Figure 
X): D(v) Δ̂2; D(ix) Δ̂2; D(ix) Δ̂1; D(xii) Δ̂2; E(i) Δ̂1; E(i) Δ̂2; E(i) Δ̂2; E(i) Δ̂3; E(i) Δ̂4; E(ii) Δ̂1; E(ii) 
Δ̂2; E(iii) Δ̂1; E(iv) Δ̂1; E(v) Δ̂1; E(v) Δ̂2; E(vi) Δ̂1; E(vii) Δ̂1; E(vii) Δ̂2; E(x) Δ̂1; E(x) Δ̂2; E(xii) Δ̂3; 
F(i) Δ̂2; F(ii) Δ̂2; F(ii) Δ̂3; F(iii) Δ̂2; F(iv) Δ̂2; F(iv) Δ̂3; and F(v) Δ̂2. There are 27 further regions from 
H,I,J that are obtained from the above list by applying the symmetry (11).

The comparisons required are as follows: D(v) Δ̂2 with (the remaining) 53 regions; D(ix) Δ̂2 with 52 
regions; . . . ; F(iv) Δ̂3 with 28 regions; and F(v) Δ̂2 with 27 regions (that is, with all the H,I,J regions 
referred to above). This gives a total of 1080 comparisons. Note that no further comparisons are needed, 
as any coincidences among the H,I,J regions would, by symmetry, have appeared among the D,E,F regions. 
Note further that 9 of the E regions and 6 of the F regions represent an infinite family of regions (each at 
a distance j ≥ 6 from Δ) and so another 15 comparisons (for example E(ii) Δ̂1 with E(ii) Δ̂1 for different 
values of j) must be made, bringing the total to 1095.

The first three initial checks are as follows:

• Compare the degrees of the vertices. For example, D(v) Δ̂2 can be distinguished from I(i) Δ̂1 by 
comparing the degrees of the b-vertices.

• Compare information about whether vertices are exceptional or are non-exceptional. For example, in 
Figure F(iv) Δ̂2 the b-vertex is not exceptional whereas in Fig. H(ix) Δ̂2 the b-vertex is exceptional (in 
the event that curvature is distributed from Δ to Δ̂2), which distinguishes these regions.

• Compare the corner labels. For example, comparing the labelling of the a-vertices distinguishes E(ii) 
Δ̂1 from I(ii) Δ̂1.

These tests distinguish a total of 973 pairs, leaving 122 pairs of regions to compare. We then apply 
Property (P3), noting that the region Δ̂ in D(xiii) and H(xiii) is a boundary region. For example, this 
shows that E(v) Δ̂2 cannot coincide with F(i) Δ̂2 (which we recall corresponds either to D(v) or E(v)), 
since this would force the crossing of an edge, one of whose endpoints having label (bμbμ)±1. This (P3) test 
distinguishes a further 57 pairs leaving 65 pairs of regions yet to be considered.

The argument that distinguishes the regions in each of the remaining pairs is the same. As an illustration, 
consider E(ii) Δ̂2 and I(vii) Δ̂2. If these two regions were to coincide then I(vii) Δ̂2 would have to receive 
the curvature from Δ as in E(ii) from directly above. But, as can be seen from I(vii), there are no interior 
vertices of degree 4 between Δ̂2 and the boundary that would allow for such a Δ, a contradiction. □
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Confirming Property (P5). As for (P4), it suffices to consider positive regions. There is a total of 96 positive 
regions to be considered. There are 25 regions (such as C(iv) Δ̂1), of Type 1, say, in which the final edge 
crossed is from a (b−1, a−1)-edge (relative to the penultimate region) to a (b, λ)-region (relative to Δ̂) 
and we denote this crossing by (b−1, a−1) → (b, λ); there are 25 regions, of Type 2, with crossing of type 
(a−1, μ) → (b, λ); there are 18 regions, of Type 3, with crossing of type (b−1, a−1) → (λ, a); there are 18 
regions, of Type 4, with crossing of type (a−1, μ) → (a, b); there are 5 regions, of Type 5, with crossing of 
type (μ, b−1) → (λ, a); and there are 5 regions, of Type 6, with crossing of type (μ, b−1) → (a, b). Observe 
that the transformation (11) transforms regions of Type 1 to Type 2; regions of Type 3 to Type 4; and 
regions of Type 5 to Type 6. Therefore, it is only necessary to confirm that there are no coincidences among 
the 25 regions of Type 1, or among the 18 regions of Type 3, or among the 5 regions of Type 5. (Note 
that there is no need to compare regions of different type, since Property (P5) concerns curvature being 
transferred across a single edge.)

The (positive) Type 1 regions are: Figs. C(iv) Δ̂1; C(v) Δ̂2; C(viii) Δ̂1; D(v) Δ̂2; D(vi) Δ̂4; D(vii) Δ̂2; 
D(viii) Δ̂; D(xi) Δ̂1; E(i) Δ̂2; E(ii) Δ̂2; E(iii) Δ̂4; E(iv) Δ̂2; E(v) Δ̂2; E(vi) Δ̂4; E(viii) Δ̂; F(ii) Δ̂3; F(ii) Δ̂4; 
F(iii) Δ̂2; F(iv) Δ̂2; F(iv) Δ̂3; F(iv) Δ̂5; G(ix) Δ̂2; H(i) Δ̂; I(vii) Δ̂1; and I(x) Δ̂1. (Note that the regions 
F(ii) Δ̂4 and F(iv) Δ̂5 only receive curvature if the vertex u has label d−1ba−1b.) The (positive) Type 3 
regions are: Figs. C(ix) Δ̂1; D(xii) Δ̂2; E(xii) Δ̂2; F(i) Δ̂3; F(iii) Δ̂3; F(v) Δ̂3; G(iv) Δ̂2; G(viii) Δ̂2; H(vi) 
Δ̂3; H(ix) Δ̂2; H(xiv) Δ̂; I(iii) Δ̂3; I(vi) Δ̂3; I(ix) Δ̂; I(xi) Δ̂; I(xii) Δ̂2; J(ii) Δ̂5; J(iv) Δ̂4. The (positive) 
Type 5 regions are: D(x) Δ̂; D(xi) Δ̂2; D(xii) Δ̂1; D(xiii) Δ̂; and G(v) Δ̂1.

The confirmation that no pair of regions from Type 1, or pair from Type 3, or pair from Type 5 coincide 
uses the same tests as those for confirming Property (P4), so we omit the details. □

We now prove some other consequences of the Stage I curvature distribution.

Notation. For an interior region Δ̂ let c∗(Δ̂) denote c(Δ̂) plus all the curvature Δ̂ receives in Stage I minus 
all the curvature Δ̂ distributes in Stage I. For any interior or boundary region Δ̂ let ĉ(Δ̂) denote the sum 
c(Δ̂) plus any curvature Δ̂ received in Stage I.

Claim 1. If Δ̂ is an interior region with no exceptional vertices then c∗(Δ̂) ≤ 0.

Proof of Claim 1. If Δ̂ receives curvature from only a single adjacent or non-adjacent region then inspecting 
Figs. C--J shows that c∗(Δ̂) ≤ 0. Thus, by Property (P4) we may assume either Case 1: Δ̂ receives curvature 
from more that one adjacent region, but no non-adjacent regions; or Case 2: Δ̂ receives curvature from a 
single non-adjacent region and at least one adjacent region.

Case 1. Suppose that Δ̂ receives curvature from more than one adjacent region, but no non-adjacent 
regions. In particular, Δ̂ receives curvature across an edge other than its (b, λ)-edge. We see from Figs. C--J
that the region Δ̂ receives from an adjacent region across other than its (b, λ)-edge precisely in Fig. C(iii) 
((a, λ)-edge) and its copy Δ̂1 in Figs. F(i)--(v); D(xi), Δ̂ = Δ̂3 ((a, b)-edge); Fig. G(iii) ((a, b)-edge) and its 
copy Δ̂1 in Figs. J(i)--(v); and H(xi), Δ̂ = Δ̂3 ((a, λ)-edge).

In Figs. D(xi) and H(xi), Δ̂ = Δ̂3 can, in addition, only receive curvature from the region Δ2 shown. If 
c(Δ2) ≤ π/12 then c∗(Δ̂3) ≤ c(6, 6, 10) + π/12 + π/30 < 0. On the other hand, if c(Δ2) = c(4, 6, 6) = π/6
then according to Figs. D(v)--(vii) or Figs. H(v)--(vii), c(Δ2)/2 = π/12 is transferred to Δ̂ and c∗(Δ̂3) ≤
c(6, 6, 10) + π/12 + π/30 < 0.

If Δ̂ is given by Fig. C(iii) then (since it cannot coincide with Δ̂ of Fig. G(iii)), Δ̂ can, in addition, only 
receive curvature across its (b, λ)-edge and if it does so, then inspecting Figs. B--J shows that the following 
are the possibilities: Δ̂ = Δ̂ of Fig. C(vi); or Δ̂ = Δ̂1 of Figs. D(v), (vi) or (vii). For Fig. C(vi) we see that 
c∗(Δ̂) ≤ c(6, 8, 8) + 2π/12 = 0. Consider Figs. D(v)--(vii). In each case, if Δ̂1 coincides with Δ̂ of Fig. C(iii) 
then this forces l(u3) = ba−1ba−1w (where u3 refers to its position in Figs. D(v)--(vii), rather than in 
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Fig. C(iii)). In Fig. D(vii) this forces d(u3) ≥ 10 (see Lemma 5(iv)) and c∗(Δ̂) ≤ c(6, 6, 10)+π/12+ c(Δ) ≤
−2π/15 + π/12 + π/30 < 0. For Fig. D(vi) if d(u3) ≥ 10 then again c∗(Δ̂1) ≤ 0; but if d(u3) = 8 then 
l(u3) ∈ {ba−1ba−1cb−1aμ, ba−1ba−1eb−1aμ}, in which case, according to GR, c(Δ1) = π/12 is distributed 
to an adjacent boundary region and not to Δ̂1, a contradiction (to the assumption that Δ̂ receives curvature 
from more than one adjacent region). For Fig. D(v) if d(u3) ≥ 10 then c∗(Δ̂1) ≤ 0 and if d(u3) = 8 then 
l(u3) ∈ {ba−1ba−1λa−1da−1, ba−1ba−1λd−1aμ}. But then Δ̂1 does not receive any curvature from Δ in 
Fig. D(v) since Figs. F(i) and (ii) now apply. A similar argument shows that if Δ̂ is given by Fig. G(iii) and 
receives curvature across its (a, b)-edge then Δ̂ = Δ̂ of Fig. G(vi) or Δ̂ = Δ̂1 of Figs. H(v), (vi), (vii), and 
again c∗(Δ̂) ≤ 0 (where Figs. J(i), (ii) are used in place of Figs. F(i), (ii)).

Case 2. Suppose that Δ̂ receives curvature from a single non-adjacent region and at least one adjacent 
region. Then since Δ̂ receives from a non-adjacent region, Figs. B--J show that it must be across the (b, λ)
edge; moreover, Δ̂ cannot in addition receive from the adjacent region sharing the (b, λ)-edge. It follows 
that Δ̂ must be given by either Fig. C(iii) or Fig. G(iii) and that Δ̂ receives from a single adjacent region.

Let Δ̂ be given by Fig. C(iii). Then Δ̂ must coincide with one of the following regions: Fig. E(ii) Δ̂1; 
E(ii) Δ̂2; E(iii) Δ̂1; E(iv) Δ̂1; E(v) Δ̂1; E(v) Δ̂2; E(vi) Δ̂1; I(vii) Δ̂1; I(x) Δ̂1; F(ii) Δ̂2; F(iii) Δ̂2; F(iv) Δ̂2.

If Δ̂ is given by Fig. E(ii) Δ̂2, E(v) Δ̂2, F(ii) Δ̂2, F(iii) Δ̂2 or F(iv) Δ̂2 then c∗(Δ̂) ≤ c(6, 8, 8)+2π/12 = 0. 
If Δ̂ is given by Fig. E(iii) Δ̂1 then l(u8) = ab−1ab−1λw; or by Fig. E(iv) Δ̂1 then l(u8) = ab−1ab−1c/dw

and in both cases d(u8) ≥ 10. Or if Δ̂ is given by Fig. E(vi) Δ̂1 then l(u9) = μba−1ba−1w and this forces 
d(u9) ≥ 10. In all three cases c∗(Δ̂) ≤ c(6, 6, 10) + π/12 + π/30 < 0. This leaves Figs. E(ii) Δ̂1, E(v) Δ̂1, 
I(vii) Δ̂1, and I(x) Δ̂1. If d(u8) ≥ 10 in Fig. E(ii) or d(u9) ≥ 10 in Fig. E(v) or d(v1) ≥ 10 in Fig. I(vii) or 
I(x) then c∗(Δ̂) ≤ c(6, 6, 10) + π/12 + π/30 < 0. On the other hand, if d(u8) = 8, d(u9) = 8, or d(v1) = 8
then given Δ̂ = Δ̂1 receives from an adjacent region, it does not receive from a non-adjacent region since 
instead we apply the exceptional rules shown in Fig. F(iii) or (iv), Fig. F(i) or (ii), or Fig. F(v) (respectively) 
and in these figures c∗(Δ̂1) ≤ c(6, 6, 8) + π/12 = 0.

We have shown that if Δ̂ is given by Fig. C(iii) then c∗(Δ̂) ≤ 0. If Δ̂ is given by Fig. G(iii) then we can 
apply symmetry and a similar argument again shows that c∗(Δ̂) ≤ 0. □
Claim 2. If Δ̂ is a boundary region, none of whose vertices are exceptional, then either ĉ(Δ̂) ≤ π/2 or 
(π/2 < ĉ(Δ̂) ≤ 7π/12 and one of the boundary vertices has degree at least 8).

Proof of Claim 2. First observe that if all three vertices of Δ̂ have degree 4 then inspecting Figs. B--J shows 
that Δ̂ does not receive any curvature and so ĉ(Δ̂) = c(Δ̂) = π/2. Assume then that c(Δ̂) ≤ c(4, 4, 6) = π/3. 
Note that if the maximum total curvature Δ̂ receives across an edge is π/12 then ĉ(Δ̂) ≤ π/3+2π/12 = π/2. 
Thus we may assume that Δ̂ receives more than π/12 across at least one of its edges.

Suppose first that Δ̂ receives curvature from adjacent regions only. In Figs. B(iv), (vi) with Δ̂ = Δ̂2, Δ̂1
(respectively), we have ĉ(Δ̂) ≤ c(Δ̂) + π/4 + c(4, 6, 8) = c(4, 4, 8) + π/4 + c(4, 6, 8) = 7π/12, but note that, 
by Lemma 5, Δ̂ has a boundary vertex of degree at least 8 in both cases; in B(v), (vii) with Δ̂ = Δ̂2, Δ̂1
(respectively) we have ĉ(Δ̂) ≤ c(4, 4, 8)+π/6+c(4, 4, 8)/3 = π/2; in B(viii)--(x) with Δ̂ = Δ̂2 or B(xi)--(xiii) 
with Δ̂ = Δ̂1 we see that ĉ(Δ̂) ≤ c(4, 4, 8) + π/4 + 0 = π/2; and in B(xiv), (xv) with Δ̂ = Δ̂1, Δ̂2
(respectively), ĉ(Δ̂) ≤ c(4, 6, 8) + π/3 + c(4, 6, 8) = π/2.

For Figs. C--J the maximum amount of curvature distributed across an edge is π/6 and if any other amount 
is distributed, then that amount is at most π/12 so we need only consider the cases when π/6 is involved. 
These are Figs. D(ii), D(iii), H(ii), H(iii). In Figs. D(ii) and H(ii) we have ĉ(Δ̂) ≤ c(4, 6, 6)+π/6+π/6 = π/2. 
In Figs. D(iii) and H(iii) if d(u) > 4 then ĉ(Δ̂) ≤ c(4, 6, 6)+π/6+π/6 = π/2; or if d(u) = 4 then, according 
to Figs. B(xiv) and B(xv), ĉ(Δ̂) ≤ c(4, 4, 6) + π/6 + 0 = π/2.

From now on, suppose that Δ̂ receives curvature from at least one non-adjacent region. This assumption 
together with Property (P3) implies that we need not consider the regions Δ̂2, Δ̂1 of Figs. B(iv), B(vi) 
(respectively). (In what follows we will use Property (P3) often without explicit mention.) Given Property 
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(P5) the region Δ̂ can receive curvature across an edge from an adjacent region or a non-adjacent region or 
possibly both (across the same edge).

Case 1. Suppose Δ̂ receives more than π/6 across a single edge. The following lists all cases when this can 
happen. The first amount is from an adjacent region and the second from a non-adjacent region and where 
the question marks represent a yet to be determined non-negative amount of curvature: Fig. B(viii), Δ̂2, 
π/4+? ≥ π/4; Fig. B(xi), Δ̂1, π/4+? ≥ π/4; Fig. B(xiv), Δ̂1, π/3+? ≥ π/3; Fig. B(xv), Δ̂2, π/3+? ≥ π/3; 
Fig. D(viii), Δ̂, π/12+π/6; Fig. E(viii), Δ̂, π/12+π/6; Fig. E(ix), Δ̂, π/12+π/6; Fig. E(xi), Δ̂, π/12+π/6; 
Fig. H(viii), Δ̂, π/12+π/6; Fig. I(viii), Δ̂, π/12+π/6; Fig. I(ix), Δ̂, π/12+π/6; or Fig. I(xi), Δ̂, π/12+π/6.

Let Δ̂ be Δ̂2 of Fig. B(viii). According to B(ix) and B(x) the region Δ̂2 of B(viii) does not receive any 
curvature from the adjacent region Δ1 and (by Property (P3)) we see that Δ̂2 does not receive from a 
non-adjacent region across its (b−1, a−1)-edge. If the vertex marked ≥ 8 of Δ̂2 has degree exactly 8 then 
inspecting the figures shows that Δ̂2 does not receive from a non-adjacent region across its (a−1, μ)-edge, 
and so we can assume that this third vertex has degree ≥ 10 (since we are assuming that curvature is being 
received from a non-adjacent region). In this case, if Δ̂2 receives from a non-adjacent region then it must 
coincide with Δ̂2 of Fig. D(xi). Thus we get

ĉ(Δ̂) = ĉ(Δ̂2) ≤ c(Δ̂2) + c(Δ) + π/12

≤ c(4, 4, 10) + c(4, 4, 10) + π/12

= 29π/60 < π/2

(where the π/12 is the curvature distributed from a non-adjacent region, as in Fig. D(xi)).
A similar argument holds for Δ̂1 of B(xi) with B(xii), (xiii), H(xi) playing the roles of B(ix), (x), D(xi) 

respectively. That is, if Δ̂ is Δ̂1 of Fig. B (xi) then ĉ(Δ̂) < π/2.
For the remaining 10 cases of Δ̂ in the above list we note that no two can coincide. This means that Δ̂

receives at most π/6 across its other edge. Thus if Δ̂ is Δ̂1 of Fig. B(xiv) or Δ̂2 of Fig. B(xv) then (noting 
that the vertex of Δ̂ that is not degree 4 has exterior label d and so has degree at least 8, by Lemma 5(ii)) 
ĉ(Δ̂) ≤ c(4, 6, 8) + π/3 + π/6 = 7π/12, but Δ̂ has a boundary vertex of degree at least 8. In all 8 remaining 
cases observe that c(Δ̂) ≤ c(4, 6, 8) = π/12 and so ĉ(Δ̂) ≤ π/12 + (π/12 + π/6) + π/6 = π/2.

Case 2. Suppose Δ̂ receives at most π/6 across a single edge. Recall that Δ̂ receives from a non-adjacent 
region. If c(Δ̂) ≤ c(4, 6, 6) then ĉ(Δ̂) ≤ c(4, 6, 6) + π/6 + π/6 = π/2, so we can assume otherwise; that is, 
that Δ̂ has two vertices of degree 4. Recall that Δ̂ must receive more than π/12 across at least one edge. It 
follows that Δ̂ is one of the following regions: Fig. D(xi) Δ̂1; D(xii) Δ̂1; H(xi) Δ̂1; H(xii) Δ̂1.

In Figs. D(xi) and H(xi) the exceptional rule means that Δ̂1 does not receive curvature from the adjacent 
region Δ1 and, moreover, inspecting the figures shows that Δ̂1 does not receive curvature across its (a, λ)
edge from a non-adjacent region. Therefore ĉ(Δ̂1) ≤ c(4, 4, 6)+π/12+c(4, 6, 6)/2 = π/2. In Figs. D(xii) and 
H(xii) Δ̂1 does not receive curvature from the adjacent (boundary) region Δ̂2 and, moreover, inspecting the 
figures shows that Δ̂1 does not receive curvature across its (a, b)-edge from a non-adjacent region. Therefore 
ĉ(Δ̂1) ≤ c(4, 4, 8) + π/12 + c(4, 6, 8)/2 < π/2. □
Claim 3. Let Δ̂ be an interior region with exactly one vertex u∗ of Δ̂ an exceptional vertex as shown in 
Fig. K(i) and let d(u∗) = k. Then ĉ(Δ̂) ≤ 2π/k−π/6, except possibly when Δ̂ is given by Δ̂ of Fig. K(ii)--(v) 
in which case ĉ(Δ̂) ≤ 2π/k.

Proof of Claim 3. By (P2), Δ̂ can receive only across the edge e, say, with endpoints u1 and u2. If u1
is interior of degree 4 and d(u2) ≥ 6 or u2 is interior of degree 4 and d(u1) ≥ 6 then by (P1) we have 
ĉ(Δ̂) = c(Δ̂) ≤ c(k, 4, 6) = 2π/k − π/6, so assume otherwise.
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Fig. K. Stage II distribution. 

We claim that the maximum amount of curvature that Δ̂ can receive across the edge e is π/6. Checking 
Figs. C--J confirms this if Δ̂ receives only from an adjacent region. Suppose that Δ̂ receives curvature from 
at least one non-adjacent region, and possibly also from an adjacent region. Then Δ̂ is one of the following 
regions: Figs. D(v), H(v) Δ̂2; D(ix), H(ix) Δ̂1 or Δ̂2; D(xii), H(xii) Δ̂2; E(i), I(i) Δ̂i (1 ≤ i ≤ 4); E(v), I(v) 
Δ̂2; F(i), J(i) Δ̂2; F(ii), J(ii) Δ̂3; or F(iv), J(iv) Δ̂3. By (P4) none of these regions coincide and, moreover, 
in each case Δ̂ does not receive any curvature from the corresponding adjacent region and again π/6 is the 
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maximum. If d(u1) ≥ 6 and d(u2) ≥ 6 then ĉ(Δ̂) ≤ c(k, 6, 6)+π/6 = 2π/k−π/6. Noting that no region can 
have two interior vertices of degree 4, this leaves the case when at least one of u1 or u2 is a boundary vertex 
of degree 4. Suppose that u1 is such a vertex. Then the two cases are shown in Figs. K(ii), (iii) in which the 
vertex u3 is not exceptional, is exceptional (respectively). If d(u2) ≥ 6 then ĉ(Δ̂) ≤ c(k, 4, 6) + π/6 = 2π/k; 
if d(u2) = 4 and is interior then by (P1) we have ĉ(Δ̂) = c(Δ̂) = c(k, 4, 4) = 2π/k; or if u2 is a boundary 
vertex and d(u2) = 4 then the adjacent region sharing the edge e is forced to be a boundary region, so 
again ĉ(Δ̂) = c(Δ̂) = c(k, 4, 4) = 2π/k. If, instead, u2 is a boundary vertex of degree 4 then the two cases 
are shown in Figs. K(iv), (v), in which the vertex u3 is not exceptional, is exceptional (respectively); and a 
similar argument shows that ĉ(Δ̂) ≤ 2π/k. □
Claim 4. Let Δ̂ be the boundary region shown in Fig. K(vi) in which u∗ is an exceptional vertex and d(u∗) >
2. Then the maximum amount of curvature Δ̂ can receive across its edge having endpoints v1 and v2 is π/3.

Proof of Claim 4. If Δ̂ receives more than π/6 from either an adjacent or a non-adjacent region then Δ̂ is 
one of B(iv) Δ̂2, B(vi) Δ̂1, B(viii) Δ̂2, B(x) Δ̂, B(xi) Δ̂1, B(xii) Δ̂1, B(xiii) Δ̂, B(xiv) Δ̂1, B(xv) Δ̂2, in 
which case Δ̂ receives at most π/3, and in these cases inspecting the figures shows that Δ̂ does not receive 
any curvature from a non-adjacent region, and so the claim holds for Δ̂. Thus we may assume that the 
maximum amount of curvature that Δ̂ can receive from an adjacent region or non-adjacent region is π/6
and it follows from Property (P5) that the most Δ̂ can receive is π/6 + π/6 = π/3, as required. □
3.5. Stage II: Δ̂ either is interior and contains at least one exceptional vertex or Δ̂ is a boundary region

We now define the curvature distribution scheme for Stage II. Let ĉ(Δ̂) > 0 and assume until otherwise 
stated that Δ̂ is not given by Δ̂ of Fig. K(ii)--(v) nor is Δ̂ given by Δ̂1 of Fig. K(ii)--(v) and so Δ̂ is given 
in one of Figs. B--J, so Property (P2) holds for Δ̂. Further, we recall that Δ has at most two exceptional 
vertices. Suppose that Δ̂ has no exceptional vertices and hence is a boundary region. Distribute ĉ(Δ̂) from 
Δ̂ to Δ∗ as shown in Fig. K(vii). Suppose then that Δ̂ has exactly one exceptional vertex u∗, say. Distribute 
ĉ(Δ̂) from Δ̂ to Δ∗ through u∗ as shown in Fig. K(viii). An exception to this rule is if the vertex u of 
Fig. K(vii) is an exceptional vertex. In this case we still distribute ĉ(Δ̂) to Δ∗ across the shared boundary 
edge, as stated before (as in K(vii)). Suppose that Δ̂ has two exceptional vertices u∗ and v∗, say, with 
d(u∗) = k1 and d(v∗) = k2. Then from (P2) Δ̂ does not receive any curvature across any of its edges so 
ĉ(Δ̂) = c(Δ̂) ≤ c(k1, k2, 4) = 2π/k1 + 2π/k2 − π/2. Distribute, when positive, 2π/k1 − π/4, 2π/k2 − π/4
from Δ̂ to Δ∗ through u∗, v∗ respectively, as shown in Fig. K(viii).

Now consider Figs. K(ii)--(v) where d(u∗) = k.

• If Δ̂ is Δ̂ of Fig. K(ii)--(v) then by Claim 3 we have ĉ(Δ̂) ≤ 2π/k. Distribute π/6 from Δ̂ to Δ̂1 and, if 
positive, distribute the remaining ĉ(Δ̂) − π/6 ≤ 2π/k − π/6 to Δ̂∗ through the exceptional vertex u∗, 
as shown.

• Let Δ̂ be given by Δ̂1 of Fig. K(ii) or (iv) (in which it is assumed -- see the proof of Claim 3 -- that the 
vertex u3 is not exceptional). In Stage I no curvature is distributed to regions with an exceptional vertex 
so ĉ(Δ̂1) = c(Δ̂1). But from the two figures we see that Δ̂1 can receive two amounts of π/6 in Stage II, 
and so there is at most c(Δ̂1)+2π/6 ≤ c(k, 4, 4)+2π/6 = 2π/k+π/3 to distribute. Distribute π/2 from 
Δ̂1 to Δ∗ across the boundary edge as shown; and distribute, if positive, the remaining 2π/k − π/6 to 
Δ∗ through u∗, as shown.

• Let Δ̂ be given by Δ̂1 of Fig. K(iii) or (v) (in which it is assumed -- see the proof of Claim 3 -- that 
the vertex u3 is an exceptional vertex) and let d(u3) = k3. Again, from Stage I we have ĉ(Δ̂1) = c(Δ̂1). 
Then Δ̂1 does not receive curvature across the (u∗, u3)-edge (and one of the other edges of Δ̂1 is a 
boundary edge) so the maximum amount of curvature to be distributed from Δ̂1 is c(Δ̂1) + π/6 ≤



I. Chinyere et al. / Journal of Pure and Applied Algebra 229 (2025) 108133 35

c(k, k3, 4) + π/6 = (2π/k − π/6) + (2π/k3 − π/6). Distribute, when positive, 2π/k − π/6, 2π/k3 − π/6
from Δ̂1 to Δ∗ through u∗, u3, respectively, as shown in both figures.

This completes Stage II and there is no further curvature distribution.

Remark. It is clear from Fig. K that although Property (P2) no longer holds in general, it still holds when 
Δ̂ receives curvature across its edge e from a non-adjacent region; and it is also clear that properties (P1), 
(P3), (P4), (P5) and Claim 4 all still hold. (The remaining claims are discussed below.)

3.6. Curvature after Stage II: concluding the proof

Notation. From now on, for any given region Δ̂, we use the previous notation c∗(Δ̂) to now denote c(Δ̂)
plus all the curvature Δ̂ receives minus all the curvature distributed from Δ̂ in Stage I or II.

If Δ̂ is interior having no exceptional vertices, then clearly Claim 1 still holds, that is c∗(Δ̂) ≤ 0. Suppose 
otherwise and Δ̂ ̸= Δ∗. If Δ̂ is not Δ̂ or Δ̂1 of Fig. K(ii)--(v) then, according to Stage II, ĉ(Δ̂) is distributed 
to Δ∗ so c∗(Δ̂) ≤ 0. If Δ̂ is Δ̂ of Fig. K(ii)--(v) then ĉ(Δ̂) is distributed to Δ̂1 and Δ∗; or if Δ̂ is Δ̂1 of 
Fig. K(ii)--(v) then ĉ(Δ̂1) = c(Δ̂1) plus the π/6 or 2π/6 that Δ̂1 receives and this is distributed to Δ∗. So 
in all cases c∗(Δ̂) ≤ 0. This implies that c∗(Δ∗) ≥ 4π and we show that this cannot happen.

Observe that if curvature is distributed to Δ∗ across an edge shared with a boundary region Δ̂ then it 
follows from Claim 2 and Figs. K(ii), (iv), (vii) that the maximum amount distributed is π/2 except when 
Δ̂ has a boundary vertex v of degree at least 8, and the maximum is then 7π/12. Thus Δ∗ may receive π/12
more than π/2 across each of the two edges of Δ∗ that share v. In the case where v is a boundary vertex of 
degree 8, at most π/2 + π/12 = 7π/12 can be distributed to Δ∗ across each of two edges, and so the most 
that can be distributed is 2π/8 + 7π/12 + 7π/12 = 17π/12. On the other hand, if d(v) = 4 then the most 
that can be distributed is 2π/4 + π/2 + π/2 > 17π/12. Thus, in order to maximise c∗(Δ∗), we may assume 
that d(v) = 4 and that the two amounts distributed across the two edges are π/2.

Notation. For an exceptional vertex u∗ of degree k, let τ(u∗) denote the sum 2π/d(u∗) = 2π/k plus the 
total amount of curvature Δ∗ receives through u∗.

Let u∗ be an exceptional vertex of degree k.

• Suppose k ≥ 4 and let Δ̂ be an interior region, one of whose vertices is u∗. If Δ̂ has a second exceptional 
vertex then, as described in Stage II, Δ∗ receives at most 2π/k−π/4 ≤ 0 from Δ̂ through u∗, so suppose 
otherwise.
If Δ̂ is not given by Δ̂ or Δ̂1 of Fig. K(ii)--(v) then Claim 3 asserts that Δ∗ receives at most 2π/k−π/6
from Δ̂ through u∗ as in Fig. K(viii). But checking the description of Stage II for Figs. K(ii)--(v) shows 
that in each case Δ∗ again receives at most 2π/k − π/6 from Δ̂ through u∗.
Now let Δ̂ be a boundary region. If Δ̂ is given by Fig. K(vii) with u∗ = u then Δ∗ does not receive any 
curvature from Δ̂ through u∗. On the other hand, if Δ̂ is given by Fig. K(vi) then, applying Claim 4, the 
maximum amount of curvature that Δ∗ can receive from Δ̂ through u∗ is c(k, 4, 4)+π/3 = 2π/k+π/3.
Let τ(u∗) denote the sum 2π/d(u∗) = 2π/k plus the total amount of curvature Δ∗ receives through u∗. 
It follows from the above that (because there are (k − 3) interior regions and 2 boundary regions that 
can distribute curvature to Δ∗ through u∗) we have

τ(u∗) ≤ (k − 3) (2π/k − π/6) + 2(2π/k + π/3) + 2π/d(u∗)

= (19 − k)π/6. (12)
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Therefore if k ≥ 5 then τ(u∗) ≤ 7π/3 or if k = 4 then τ(u∗) ≤ 5π/2.
• Suppose k = 3, i.e. u∗ is an exceptional vertex of degree 3, as shown in Fig. K(ix) in which it is assumed 

that neither v1 nor v2 is exceptional (since we assume that Δ̂ has exactly one exceptional vertex).
If d(vi) = 4 (1 ≤ i ≤ 3) then neither Δ̂1 nor Δ̂2 receives any curvature from adjacent or non-adjacent 
regions and so τ(u∗) = 2π/d(u∗)+ ĉ(Δ̂1)+ ĉ(Δ̂2) = 2π/d(u∗)+ c(Δ̂1)+ c(Δ̂2) ≤ 2π/3+2c(3, 4, 4) = 2π. 
(This can be seen as follows. If v3 is a boundary vertex, then, given that v1 is a boundary vertex, as 
explained after the GR, the vertex u∗ has degree 2, a contradiction; therefore v3 is interior. Consider 
the region Δ̂1. An inspection of Figs. D(xiii) and H(xiii) shows that Property (P3) implies that Δ̂1

does not receive any curvature from a non-adjacent region. Note also that regions adjacent to Δ̂1, Δ̂2

must be interior, since d(v1) = d(v2) = 4, and also that neither v1 nor v2 are exceptional, so only 
Stage I(a) applies. The figures with a region in which curvature is distributed across an edge with one 
endpoint being boundary of degree 4 and the other endpoint being interior of degree 4 are Figs. B(iv), 
(v), (vi), (vii). In Figs. B(iv), (vi) the vertex corresponding to v2 is exceptional or of degree at least 
6, a contradiction; and in Figs. B(v), (vii) the third vertex has degree greater than 3, a contradiction 
to d(u∗) = 3; therefore Δ̂1 does not receive curvature from an adjacent region. Similarly Δ̂2 does not 
receive curvature from an adjacent region.)
If d(v1) ≥ 6, d(v2) = 4, d(v3) = 4 or d(v1) = 4, d(v2) ≥ 6, d(v3) = 4 then c(Δ̂1) ≤ c(3, 4, 6), 
c(Δ̂2) ≤ c(3, 4, 4), so by GR the most Δ̂1 can receive from its adjacent region is c(4, 4, 6) = π/3
and by Stage I, the most Δ̂2 can receive from its adjacent region is π/4 as in Figs. B(iv), (vi). Thus 
τ(u∗) = 2π/d(u∗) + ĉ(Δ̂1) + ĉ(Δ̂2) ≤ 2π/3 + (c(Δ̂1) + π/3) + (c(Δ̂2) + π/4) ≤ 29π/12 < 5π/2.
If d(v1) ≥ 6, d(v2) ≥ 6, d(v3) = 4 then τ(u∗) = 2π/d(u∗) + ĉ(Δ̂1) + ĉ(Δ̂2) ≤ 2π/3 + (c(Δ̂1) + π/3) +
(c(Δ̂2) + π/3) = 2π/3 + 2c(3, 4, 6) + 2π/3 = 7π/3; or if d(v1) ≥ 4, d(v2) ≥ 4, d(v3) ≥ 6 then τ(u∗) =
2π/d(u∗) + ĉ(Δ̂1) + ĉ(Δ̂2) ≤ 2π/3 + (c(Δ̂1) + π/3) + (c(Δ̂2) + π/3) = 2π/3 + 2c(3, 4, 6) + 2π/3 = 7π/3.
In conclusion τ(u∗) ≤ 7π/3.

• Suppose k = 2, i.e. u∗ is an exceptional vertex of degree 2 as shown in Fig. K(x) in which it is assumed 
that neither v1 nor v2 is exceptional (since we assume that Δ̂ has exactly one exceptional vertex). 
According to the curvature distribution scheme, the maximum amount that a region can receive from a 
non-adjacent region is π/6. Noting this, and Property (P5), the following hold:
– If d(v1) = d(v2) = 4 then Δ̂ does not receive any curvature from non-adjacent regions and, as shown 

in Fig. B(ii), Δ̂ can receive at most c(4, 4, 4) = π/2 from Δ. Thus τ(u∗) = 2π/d(u∗) + ĉ(Δ̂) ≤
2π/2 + (c(Δ̂) + π/2) ≤ 2π/2 + c(2, 4, 4) + π/2 = 5π/2.

– On the other hand, if at least one of v1 or v2 has degree at least 6 then τ(u∗) = 2π/d(u∗) + ĉ(Δ̂) ≤
2π/2 + (c(Δ̂) + c(Δ) + π/6) ≤ 7π/3.

Let d(Δ∗) = k∗. If Δ∗ has exactly one exceptional vertex u∗ then, writing d1, . . . , dk∗−1 for the degrees 
of the k∗ − 1 boundary vertices other than u∗, we have

c(Δ∗) = (2 − k∗)π + 2π
k∗−1∑︂
i=1 

1 
di

+ 2π 
d(u∗)

≤ (2 − k∗)π + 2π (k∗ − 1)
4 

+ 2π 
d(u∗) .

Thus, since at most π/2 is distributed to Δ∗ over k∗ − 2 boundary edges, zero curvature is distributed over 
the remaining two boundary edges by (P2), and τ(u∗)− 2π/d(u∗) is distributed to Δ∗ through u∗, we have

c∗(Δ∗) ≤ c(Δ∗) + (k∗ − 2)π2 
+

(︃
τ(u∗) − 2π 

d(u∗)

)︃
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≤ (2 − k∗)π + 2π (k∗ − 1)
4 

+ 2π 
d(u∗) + (k∗ − 2)π2 

+
(︃
τ(u∗) − 2π 

d(u∗)

)︃

= π/2 + τ(u∗)

≤ π/2 + 5π/2 = 3π.

So to attain c∗(Δ∗) ≥ 4π we require Δ̂ to have two exceptional vertices. Before proceeding with this case, 
note that having obtained a contradiction in the case where there is at most one exceptional vertex, we have 
dealt with the cases in (9) of Section 3.1 where either β = 0 or α = 0 and this shows that the elements A
and B have infinite order in E2m. Now assume that there are exactly two exceptional vertices u∗ and v∗ of 
degrees k1 and k2 respectively. First assume that u∗ and v∗ are not adjacent on the boundary of Δ∗. Then 
there are (k∗ − 2) vertices that are not u∗, v∗ of degree at least 4 and there are k∗ − 4 boundary edges that 
are not incident either to u∗ or v∗, and so at most π/2 can be distributed over those edges and 0 over the 
remaining 4 edges, and hence

c∗(Δ∗) ≤ (2 − k∗)π + (k∗ − 2) · 2π/4 + (k∗ − 4)π/2 + τ(u∗) + τ(v∗)

= −π + τ(u∗) + τ(v∗)

so if c(Δ∗) ≥ 4π we must have τ(u∗) + τ(v∗) ≥ 5π. Thus, by (12), d(u∗), d(v∗) ≤ 4. But, as shown above, if 
d(u∗) = 3 or d(v∗) = 3 then τ(u∗) ≤ 7π/3, τ(v∗) ≤ 7π/3, respectively. Thus {d(u∗), d(v∗)} ∈ {2, 4}. But at 
most one of u∗, v∗ is an exceptional vertex u∗ created in the detaching process, so by Lemma 5(iii), without 
any loss, we may assume l(u∗) = fa−1.

For the remainder of the proof, we use the fact that the maximum amount of curvature a region can 
receive from a non-adjacent region is π/6. Suppose that u∗ is given by Fig. K(x).

If d(v1) ≥ 6, d(v2) ≥ 6, d(v3) ≥ 6 then τ(u∗) = 2π/d(u∗) + c(Δ̂) + ĉ(Δ) ≤ 2π/2 + c(2, 6, 6) + (c(6, 6, 6) +
2π/6) = 2π; if d(v1) ≥ 6, d(v2) ≥ 6, d(v3) = 4 then τ(u∗) = 2π/d(u∗) + c(Δ̂) + ĉ(Δ) ≤ 2π/2 + c(2, 6, 6) +
(c(4, 6, 6) + 2π/6) = 13π/6; if (d(v1) ≥ 6, d(v2) = 4, d(v3) ≥ 6) or (d(v1) = 4, d(v2) ≥ 6, d(v3) ≥ 6) 
then τ(u∗) = 2π/d(u∗) + c(Δ̂) + ĉ(Δ) ≤ 2π/2 + c(2, 4, 6) + (c(4, 6, 6) + 2π/6) = 7π/3; if (d(v1) = 4, 
d(v2) ≥ 6, d(v3) = 4) or (d(v1) ≥ 6, d(v2) = 4, d(v3) = 4) then τ(u∗) = 2π/d(u∗) + c(Δ̂) + ĉ(Δ) ≤
2π/2 + (c(2, 4, 6) + 0) + (c(4, 6, 6) + π/6) = 7π/3 (where, for the first of the two cases for example, we used 
the fact that at most π/6 can be distributed from the adjacent region to Δ across the (v2, v3)-edge, and 0 
can be distributed from the adjacent region to Δ across the (v1, v3)-edge, as both vertices have degree 4). 
This leaves d(v1) = d(v2) = 4, as shown in Fig. K(xi). But d(v3) = 4 in Fig. K(xi) forces l(v3) = ca−1bμ

or ea−1bμ and this would force two further exceptional vertices. (To see this note that with this labelling, 
Fig. K(xi) then gives a diagram with 4 regions plus the exterior region, with two boundary vertices of 
degree 2, with label b̂w. These are exceptional vertices because only exceptional vertices have degree 2 by 
Lemma 5.) Therefore d(v3) ≥ 6 and τ(u∗) ≤ 2π/2+ c(2, 4, 4)+ c(4, 4, 6) = 7π/3 (where we use the fact that 
no curvature is distributed to Δ̂ from a non-adjacent region to Δ̂, since it would involve distributing across 
an edge with two degree 4 vertices, namely v1, v2). In conclusion, since τ(u∗) ≤ 7π/3 and τ(v∗) ≤ 5π/2, 
regardless of its degree, we have τ(u∗) + τ(v∗) ≤ 7π/3 + 5π/2 < 5π, a contradiction.

Now assume that u∗ and v∗ are adjacent on the boundary of Δ∗. Then since there are (k− 3) boundary 
edges not incident to either u∗ or v∗, and at most π/2 is distributed across each of these edges, and zero 
over the remaining 3 edges, and the degrees of the boundary vertices other than u∗, v∗ are at least 4, we 
have

c∗(Δ∗) ≤ (2 − k∗)π + (k∗ − 2) · 2π/4 + (k∗ − 3)π/2 + τ(u∗) + τ(v∗)

= −π/2 + τ(u∗) + τ(v∗)
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so if c∗(Δ∗) ≥ 4π we must have τ(u∗) + τ(v∗) ≥ 9π/2. To complete the proof we show that 
max{τ(u∗), τ(v∗)} ≤ 2π, a contradiction. Consider Fig. K(xii).

Let k1 = d(u∗) ≥ 4. Given d(u∗) ≥ 4, suppose that k2 = d(v∗) ≥ 3. Then Δ̂ of Fig. K(xii) cannot coincide 
with Δ̂1 of Fig. K(iii), (v). (To see this, observe that if Δ of K(xii) coincides with Δ̂1 of K(ii) then vertex 
u3 must coincide with v∗, because (u∗, u1) is an interior edge. But then Δ̂1 of K(ii) has two boundary edges 
(u∗, u3) and (u3, u1) and hence d(v∗) = d(u3) = 2, a contradiction.) Moreover, Fig. K(xii) cannot coincide 
with Δ̂1 of Fig. K(ii), (iv), since in those cases u3 is not exceptional. Therefore, using (P2), and checking 
the remaining figures in Fig. K we see that Δ̂ does not receive curvature across its edges. Observe then 
that ĉ(Δ̂) = c(Δ̂) ≤ c(k1, k2, 4) and so, as in Fig. K(viii), 2π/k1 − π/4, 2π/k2 − π/4 is distributed from Δ̂
to Δ∗ through u∗, v∗, respectively. There are at most k1 − 3 interior regions incident to u∗, each of which 
distribute at most 2π/k1 − π/6 to Δ∗ through u∗ (by Claim 3); the boundary region incident to u∗ has 
curvature at most c(k1, 4, 4), at most (2π/k1 − π/4) is distributed to Δ∗ through u∗, and at most π/3 is 
distributed from the adjacent region to Δ̂ that is not incident to u∗ (by Claim 4). It follows that

τ(u∗) ≤ (k1 − 3)
(︃

2π
k1

− π

6 

)︃
+ c(k1, 4, 4) + π

3 
+
(︃

2π
k1

− π

4 

)︃
+ 2π

k1

= 15 − k1

6 
π ≤ 15 − 4

6 
π = 11π

6 
.

Given d(u∗) ≥ 4, suppose now that d(v∗) = 2. Then Δ̂ can coincide with Δ̂1 of Fig. K(iii) or (v) and so Δ̂
has at most c(k1, k2, 4)+π/6 = c(k1, 2, 4)+π/6 = (2π/k1−π/6)+(2π/2−π/6) to distribute to Δ̂∗ through 
u∗ and v∗. Therefore

τ(u∗) ≤ (k1 − 3)
(︃

2π
k1

− π

6 

)︃
+ c(k1, 4, 4) + π

3 
+
(︃

2π
k1

− π

6 

)︃
+ 2π

k1

= 16 − k1

6 
π ≤ 16 − 4

6 
π = 2π.

Thus if d(u∗) ≥ 4 then τ(u∗) ≤ 2π. Similarly, if d(v∗) ≥ 4 then τ(v∗) ≤ 2π. We have also shown that if 
d(v∗) = 2 and d(u∗) ≥ 4 then τ(v∗) ≤ 2π and so again, by symmetry, if d(u∗) = 2 and d(v∗) ≥ 4 then 
τ(u∗) ≤ 2π.

Now let d(u∗) = 3. Given this, suppose that d(v∗) ≥ 3. We may take u∗ to be the vertex in Fig. K(ix) 
and v∗ = v2. Thus (since v1, v3 are not exceptional) in Fig. K(ix) we have d(v1) ≥ 4 and d(v3) ≥ 4. The 
region Δ̂2 of Fig. K(ix) cannot coincide with Δ̂1 of Fig. K(iii) or (v) and so there is ĉ(Δ̂2) ≤ c(3, 4, k2) =
(2π/3 − π/4) + (2π/k2 − π/4) to distribute from Δ̂2 to Δ∗ through u∗ and v∗. We have d(v1) = d(v3) = 4
or d(v1) ≥ 4, d(v3) ≥ 6 or d(v1) ≥ 6, d(v3) ≥ 4. In the first of these cases, since no curvature can pass over 
the edge with two endpoints of degree 4, we have

τ(u∗) ≤ c(3, 4, 4) + (2π/3 − π/4) + 2π/3 = 7π/4.

In each of the latter two cases the region Δ̂1 of Fig. K(ix) can receive at most c(4, 4, 6) = π/3 from its 
adjacent region, so

τ(u∗) ≤ (c(3, 4, 6) + π/3) + (2π/3 − π/4) + 2π/3 = 23π/12.

Therefore τ(u∗) < 2π and the same holds for v∗ if d(v∗) = 3 and d(u∗) ≥ 3.
Finally, this leaves (d(u∗) = 2 and d(v∗) = 3) or (d(u∗) = 3 and d(v∗) = 2) and, without loss of generality, 

we may assume the former. It can be assumed without loss that u∗ = u∗ of Fig. K(x) with v∗ = v2. Thus the 
(v2, v3)-edge, i.e. the (v∗, v3)-edge, is an edge of Δ∗. Then Δ̂ of Fig. K(x) can coincide with Δ̂1 of Fig. K(iii) 
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or (vi) and so Δ̂ has at most c(2, 3, 4) + π/6 = (2π/2− π/6) + (2π/3− π/6) to distribute to Δ∗ through u∗

and v∗. It follows that

τ(u∗) ≤ (2π/2 − π/6) + 2π/2 = 11π/6

and (using Claim 4 and the fact that non-exceptional boundary vertices have degree at least 6) that

τ(v∗) ≤ (c(3, 4, 6) + π/3) + (2π/3 − π/6) + 2π/3 = 2π.

Thus max{τ(u∗), τ(v∗)} ≤ 2π, and the proof of Main Lemma is complete.
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