COMPLETE REDUCIBILITY IN BAD CHARACTERISTIC

ALASTAIR J. LITTERICK AND ADAM R. THOMAS

ABSTRACT. Let G be a simple algebraic group of exceptional type over an algebraically closed
field of characteristic p > 0. This paper continues a long-standing effort to classify the connected
reductive subgroups of G. Having previously completed the classification when p is sufficiently
large, we focus here on the case that p is bad for G. We classify the connected reductive
subgroups of G which are not GG-completely reducible, whose simple components have rank at
least 3. For each such subgroup X, we determine the action of X on the adjoint module L(G)
and on a minimal non-trivial G-module, and the connected centraliser of X in G. As corollaries
we obtain information on: subgroups which are maximal among connected reductive subgroups;
products of commuting G-completely reducible subgroups; subgroups with trivial connected
centraliser; and subgroups which act indecomposably on an adjoint or minimal module for G.

1. INTRODUCTION AND RESULTS

This paper concerns the closed subgroups of reductive algebraic groups over algebraically closed
fields. This study dates back to work of Dynkin in the 1950s, which classified reductive maximal
connected subgroups of simple algebraic groups in characteristic zero [13], later extended to
positive characteristic by Seitz [30, 37] and Liebeck and Seitz [25]. It is natural to try and extend
this classification to all reductive subgroups. For instance, a coset space G/X for a reductive
group G is affine if and only if the identity component X° is reductive [31]. Subgroups of G
are also instrumental in studying the corresponding finite groups of Lie type [24, 13, 12, 11].
In characteristic zero, a closed subgroup X of G is reductive if and only if X is G-completely
reducible (G-cr), meaning that whenever X is contained in a parabolic subgroup P of G, it lies
in a Levi factor of P. Dynkin’s results can then be used inductively to classify all reductive
closed subgroups. In positive characteristic the study is significantly harder. With P = QL
the Levi decomposition of a parabolic subgroup of G, reductive subgroups of P may not have
a P-conjugate in L. Instead, one must study actions of subgroups Xy of L on the unipotent
radical, and complements to @) in the semidirect product QXy. Thus questions of non-abelian
cohomology arise. See [29] for more motivation, history and background.

Now let G be simple of exceptional type in characteristic p > 0. Exceptional types are both
interesting (since these groups exhibit the most complex behaviour) and achievable (due to the
bounded rank). In [23] Liebeck and Seitz obtain a classification of all reductive subgroups of G
which holds, for instance, if p > 7. The study in smaller characteristics, where cohomology and
subgroup structure are far more complicated, was initiated by Stewart [10, 13] for types G or
F4. Here, non-G-cr reductive subgroups exist only when p < 3. Work of the present authors
[30] solves the problem when p is good for G. Recall that for exceptional types, a prime p is
called bad if p =2 or 3, or p =5 with G of type FEg; otherwise p is called good.

Our main result completes the classification of reductive subgroups of G whose simple factors
each have rank at least 3, with no restriction on the characteristic.

Theorem 1. Let G be a simple algebraic group of exceptional type over an algebraically closed
field of characteristic p > 0. Let X be a semisimple subgroup of G, such that X is non-G-cr
and each simple factor of X has rank at least 3. Then p =2 or 3, and X is conjugate to exactly
one subgroup listed in Tables 5-8 in Section 11, each of which is non-G-cr.

For each such X, we give the connected centraliser Cg(X)° and the action of X on the Lie
algebra of G and on a non-trivial module for G of least dimension.
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Subgroups with factors of rank 1 or 2 are more numerous and more delicate to study, and are
the subject of ongoing work of the authors.

The proof of Theorem 1 follows a similar blueprint to previous results [30, 43] (cf. also [29,
§1.4.2]) but the arguments and final result are much more delicate. Besides more complicated
cohomology sets, useful properties such as separability of subgroups (equality of the group-
theoretic and infinitesimal centraliser dimensions) hold when p is good for G [19, Theorem 1.1]
but often fail here. Also in good characteristic, many natural subgroups H are either ascending
hereditary, meaning that connected H-cr subgroups of H are G-cr, or descending hereditary,
meaning that connected G-cr subgroups of H are H-cr [29, Definition 2.47]. For instance,
[2, Theorem 3.26] states that reductive subgroups containing a maximal torus of G are both
ascending and descending hereditary. This fails in bad characteristic; an interesting example
is given in [29, Example 2.40], where two classes of Fy-cr subgroups of type Gy are non-By-cr,
non-Cy-cr respectively. The study of such hereditary properties is the subject of ongoing work.

Remark 1.1. Table 4 shows that when p = 2, a group of type Fj has two classes of subgroups
of type B3 which are non-Fy-cr, whereas Table 5 shows that a group of type Eg has a unique
class of such subgroups. Comparing actions on low-dimensional modules, we see that the two
F4 subgroup classes are not fused in Eg. Thus at least one class of subgroups are Fg-cr, so that
Fy is not descending hereditary in Fg. This contrasts with the case p # 2, where Fy is both
ascending and descending hereditary, by [35, Proposition 16.9] and [2, Corollary 3.21].

An interesting complication arising is the existence of non-G-cr subgroups which are maximal
among connected reductive subgroups of G. For these, one cannot make use of prior results on
known reductive subgroups of G, since all their maximal overgroups in G are parabolic. For
brevity, we call these subgroups MR. The next result describes those occurring in Theorem 1.

Corollary 2. With G and p as in Theorem 1, let X be an MR subgroup of G where each simple
factor of X has rank at least 3. Then either X is a maximal connected subgroup of G or

(i) G has type Eg and X is a Levi subgroup of type D511,
(ii) G has type E7 and X is a Levi subgroup of type E¢Ty,
(i) (G, X,p) = (E7,Dy,2) and X is non-G-cr,

(iv) (G,X,p) = (Es, Dy,2) and X is non-G-cr.

Fach subgroup in (i)—(iv) is MR. Those in (i), (ii) and (iv) are unique up to conjugacy in G,
and those in (iii) form infinitely many conjugacy classes.

This corollary follows directly from Theorem 1 together with the classification of maximal
connected subgroups [25]. The subgroups in (iii) were discovered in [21], and those in (iv) are
new. Here and elsewhere, we abuse terminology and write Levi subgroup of G to mean a Levi
factor of a parabolic subgroup of G.

For our next corollary, recall that a subsystem subgroup of G is a semisimple subgroup normalised
by a maximal torus. These constitute a large class of subgroups of G corresponding to p-
closed subsystems of the root system of G. Connected reductive subgroups not contained in a
subsystem subgroup are both relatively rare and less straightforward to study. The following
result complements its good-characteristic analogue [30, Corollary 6].

Corollary 3. Let G and X be as in the hypothesis of Theorem 1. Then either X is contained
in a proper subsystem subgroup of G, or p =2 and one of the following holds:

(i) (G,X) = (E¢, Bs) and X lies in a mazimal subgroup Fy,
(i) (G,X) = (E7,Dy) and X is MR,
(iii) (G,X) = (Eg,D4) and X is MR,
(iv) (G,X) = (Es,B3) and X is contained in a subgroup from part (iii).
Each subgroup in (1)—(iv) lies in no proper subsystem subgroup of G. Those in (i), (iii) and (iv)
are unique up to conjugacy in G, and those in (ii) form infinitely many conjugacy classes.
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Corollary 3 is proved by inspecting Tables 4-8: There, an explicit embedding of each subgroup
X is given into a subsystem subgroup of G, when this is possible. The subgroups in (ii) and (iii)
are MR so are in no proper reductive subgroup. By the Borel-de Siebenthal algorithm [(], when
G has type Eg each subsystem subgroup of G is contained in one of type AjAs, A3 or D5. Of
these, only D5 contains any subgroup of type Bs; but such a subsystem subgroup centralises a
1-dimensional torus of G, whereas the subgroup X in (i) does not. Similarly, Table 8 shows that
the subgroup X in (iv) does not centralise a non-trivial torus in G, so could only be contained
in a subsystem subgroup of maximal rank, with all simple factors of rank at least 3; these have
types As, Dg and A2. The latter contains no subgroup Bs, and the former two act on L(G)
with indecomposable summands of dimension 80, 84 and 84; and 120 and 128, respectively
[27, Lemma 11.2]. This is incompatible with the stated action of X, whose indecomposable
summands have dimensions 30, 30, 62, 63 and 63.

Next, the main result of [3] states that the product of two commuting G-cr subgroups is again
G-cr, as long as the characteristic p is good for G or p > 3. We conjecture that p # 2 is in fact
sufficient [29, Remark 1.12]. Our next result is evidence in this direction.

Corollary 4. Let G and X be as in the hypothesis of Theorem 1. If X is not simple then p = 2,
G has type Eg and X has type B3. Each simple factor of X is G-cr.

The first statement here follows immediately from the classification of non-G-cr subgroups
in Theorem 1. The final statement uses the additional information contained in Tables 5-8.
Specifically, the non-G-cr subgroups of type Bs in Theorem 1 each have centraliser of rank at
most 2, while the factors of the non-G-cr subgroup B§ each centralise one another, hence are
not among these non-G-cr subgroups.

For our next result, recall from [2, Lemma 3.17] that the centraliser of a G-cr subgroup is again
G-cr, hence reductive. In particular, when G is semisimple a G-irreducible subgroup has trivial
connected centraliser [28, Lemma 2.1]. When the characteristic is zero or sufficiently large,
the converse holds: Since a reductive subgroup is G-cr, it is G-irreducible if and only if it is
contained in no proper Levi subgroup of G, if and only if its connected centraliser is trivial.
This fails in positive characteristic, and our next result describes the extent of this failure. This
extends [30, Corollary 9]. The notation for the embeddings is given in Section 2.7.

Corollary 5. Let G and X be as in the hypothesis of Theorem 1.

Then Cq(X)° is reductive if and only if Cq(X)° =1, if and only if p =2, G has type Eg and
X is either a subgroup As < Dg via T'(101), or B4 < Dg wvia 0001.

Although most of the non-G-cr subgroups in our classification do not have reductive centralisers,
their centralisers are at least semidirect products. Indeed, when the centralisers are calculated,
the reductive parts are found as Cg(Y) for Y a G-cr overgroup of X.

Corollary 6. Let G and X be as in the hypothesis of Theorem 1. Then Cg(X)° is a semidirect
product of its unipotent radical and reductive part.

Our final result highlights an interesting phenomenon regarding the actions of reductive sub-
groups of G on low-dimensional G-modules. Namely, one typically expects that a proper re-
ductive subgroup will act with many indecomposable direct summands on a given irreducible
G-module. However, we exhibit some subgroups which act indecomposably. This complements
prior results such as [26] which classify subgroups acting irreducibly. In the following, we write
Vin or V,, for a non-trivial G-module of least dimension, which is n.

Corollary 7. Let G and X be as in the hypothesis of Theorem 1 and let V = L(G) or Viin-
Then V' | X is indecomposable if and only if p =2 and (G, X,V) is one of the following:

(i) (G, X) = (Fy, Bs) with X in a short-root subgroup Dy and V = Vag,
(11) (va) = (E67 B3) with V' = L(G)7
(iii) (G, X) = (E7,Dy) with X an MR subgroup and V = Vsg or V = L(QG).
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Layout of the paper. After defining relevant notation in Section 2 and giving preliminary
results in Section 3, Theorem 1 is proved in Sections 4-9. Each section corresponds to a Lie type
of non-G-cr subgroups, split into subsections according to the strategy described in Section 3.1.
Section 10 then determines the restrictions L(G) | X and Vi, 4 X for each X arising in
Theorem 1, and the tables of these subgroups and associated data are given Section 11.

2. NOTATION

2.1. Algebraic groups, roots, weights. Throughout, all groups are linear algebraic groups
over an algebraically closed field K of characteristic p > 0. We take the ‘group variety’ viewpoint
[7], so that our algebraic groups are the K-points of Zariski-closed subgroups of general linear
groups over K. All subgroups mentioned are closed and all group homomorphisms are variety
morphisms. The terms ‘simple’ and ‘semisimple’ always refer to connected groups. Group
actions are on the left, denoted by a dot, i.e. (g,q) — g - ¢ for g in a group G and ¢ in a G-set.

For a reductive algebraic group G, fix a maximal torus 1" of G and corresponding root system &.
Let IT = {aq, ..., } be a base of simple roots and let {Ay,...,\;} be the corresponding funda-
mental dominant weights, with the Bourbaki ordering [8, Ch. VI, Planches I-IX]. The notation
ajaz ...a; will indicate a root Y a;q; or a weight > a;\;; context will prevent ambiguity.

The Weyl group W = Ng(T')/T acts on Z® ® R. For a € ®, let s, denote the reflection
in the hyperplane perpendicular to «, and let U, = {z4(t) : t € K} be the root subgroup
corresponding to «. For t € K*, define

na(t) = Ta(t)z_o(—t"")za(t) € No(T),
ha(t) = ne(t)na(—1) € T,

so that n,(t) maps to s, € W, [9, §6.4]. Set no = na(1) and for a simple root a; let s; = sq,,
n; = Mg, and h;(t) = hq,(t).

The notation X denotes a subgroup of G generated by long root subgroups of G. If ® has
multiple root lengths then X denotes a subgroup generated by short root subgroups of G.

2.2. Modules. For a reductive algebraic group G and a dominant weight A of G, let Vi (\)
denote the irreducible G-module of highest weight A\. When G is clear we write simply A for
the module; in particular 0 denotes the trivial irreducible G-module. The corresponding Weyl
module for G is denoted W () or W (), and the tilting module is denoted T'(\) or Tiz(A). We
write V* = Homg (V, K) for the dual of a G-module V. If G = G1G2...Gy is a commuting
product of reductive algebraic groups then (Vi,...,V}) denotes the G-module V} ® - ® Vg,
where V; is a G;-module for each 1.

Let F : G — G be a Frobenius endomorphism which acts on root elements via ,(t) — x4 (tP)
for a € ®, t € K. If V is a G-module afforded by a representation p : G — GL(V) then VIl
denotes the module afforded by p[T] = po F". Let My,..., My be G-modules and myq,...,myg
be positive integers. Then M{™ /... /M denotes a G-module having the same composition
factors as M{"* @ ... @® M. Furthermore, V = M|...|M}, denotes a G-module with socle
series V =V, > Vo > ... > Vi = {0}, so that Soc(V/Viy1) = Vi/Vig1 =2 M; for 1 <i < k.
We denote by L(G) the adjoint G-module. For G of type Fy, Eg and E; we respectively write
Vas = Via(M4), Var = Vg(A1) and Vg = Vig(\y) for these non-trivial modules of least dimension.
Note that by Lemma 3.6, we only consider G = F; when p = 2 here, hence Vz(\4) is irreducible
of the stated dimension.

2.3. Parabolic and Levi subgroups. Let J = {«j,,j,,..., ;. } CIl and let &; = dNZJ.

Then the standard parabolic subgroup of G corresponding to J is Py = (T, U, : a € ®; UDT).

This has Levi decomposition P; = Q L; where Q; = Ry(P) = (Uy : a € &7\ &), and

Ly = (T,U, : a € ®y) is the standard Levi factor of P;. If the derived subgroup L' has Lie
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type X, we call Py and L; an X-parabolic subgroup and X-Levi subgroup of G respectively.
For instance when G has type Fg the subgroup Pasys is a Dg-parabolic subgroup of G. Recall
that ‘Levi subgroup of G’ means any Levi factor of a parabolic subgroup of G.

2.4. Shape modules. For a subset J CII, the level of v =} cpy cacr is the sum oy, ; Ca;
and the shape of v (with respect to J) is ) aetn\J Ca@. Thus for a standard parabolic subgroup
Py = QjL; as above, Q) is generated by root subgroups corresponding to roots of positive
level. For each i > 1 we define

Qi) = (U, : v has level > i),

an L-stable normal subgroup of @ . The i-th level of Q is Q(i)/Q(i + 1), which is central
in Q/Q(i +1). By [, Theorem 2 and Remark 1], each level is an L-module, and is a direct
sum of shape modules Vg, where S runs over shapes of level i. Each Vg is either irreducible or
indecomposable of length 2, the latter only if (G,p) = (G2,2), (G2,3) or (F4,2). Moreover the
high weight(s) of L on Vg can be determined combinatorially, cf. [23, Lemma 3.1].

2.5. Centralisers. When discussing subgroup centralisers, we write U; for an i-dimensional
unipotent group, and 7} for a j-dimensional torus. For instance, Cq(X)° = UsT; means that
Ca(X)° has a 5-dimensional unipotent radical, with quotient a 1-dimensional torus.

2.6. Roots of G and its Levi subgroups. If L is a standard Levi subgroup of G then roots
of L are roots of G and we must be consistent in how we identify these. If Lg is a simple factor
of L then let ¥ = {a/,...,al,} be the simple roots of Ly, a subset of II. Linearly order II
in such a way that a; < oj whenever ¢ < j. If Ly has Lie type A,,, the embedding L — G
is chosen such that ) is the least simple root of G contained in W. If Ly has type Fg or E7
then o = «; for all 7. If Ly has type Dy then (o, ab, af, o)) = (a2, ag, as, as). If Lo has type
D5 then (o, oy, af, oy, af) = (a1, a3, o4, a5, az) or (o, as, g, s, o). If Lo has type Dg then
(o], oy, o, o, o, o) = (a7, ag, a5, o, a3, ). Finally, if L has multiple components of the
same type, then these components are ordered according to the position of their least simple
root “a}” as an element of II. For instance, if G = E7 and L = Lios67, then L is a Levi subgroup
of type A1 A1 A3 and the first Ay factor corresponds to «q, and the second to as.

When G is simple of type E7 or Eg, we will need to distinguish between certain isomorphic
subsystem subgroups of G. For type E7, there are two conjugacy classes of As-Levi subgroups,
with representatives A5 = Lasser and AL = Laase7. By [23, Table 8.2] we have C(A5)° = A
and Cg(Af)° = A1Ty. Furthermore Af is contained in a subgroup Eg whereas As is not. In Eg
there are two conjugacy classes of subgroups A7, one given by the A7-Levi subgroup Li34567s,
which we denote A7, and one denoted A’ contained in an E7-Levi subgroup of G. Again by
[loc. cit.] we have C(A7)° =T1, and Cg(A%)° = A;.

2.7. Embeddings into classical groups. Finally, for a reductive algebraic group X, a rational
X-module V' corresponds to a representation from X into H = SL(V), SO(V) or Sp(V); for
brevity, we write ‘X < H via V"’ for this. When V' = Vx () is irreducible we take this further
and write ‘X < H via A\.” We occasionally talk about chains ‘X <Y < Z via X', in which
case the embedding refers to the first inclusion X — Y’; the inclusion Y — Z will be clear from
context.

3. PRELIMINARY RESULTS

3.1. A strategy for enumerating subgroups. From now on, G denotes a simple algebraic

group of exceptional Lie type over the algebraically closed field K. To prove Theorem 1 we follow

the strategy developed in [13] and [30]. Each class of non-G-cr subgroups has a representative

X in some standard parabolic subgroup P of G; take P to be minimal subject to containing

X, and let Xy be the image of X in the standard Levi factor L of P. By minimality, Xq is
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L-irreducible. If X is reductive then X is a complement (as abstract groups) to @ := R, (P)
in the semidirect product QXo. The cohomology set H'(Xp, Q) can be used to parametrise
Q-conjugacy classes of such complements. The following now tells us that non-trivial elements
of H'(Xo,Q) give rise to non-G-cr subgroups, and non-associated parabolic subgroups give
rise to disjoint G-conjugacy classes of non-G-cr subgroups. Here, two parabolic subgroups are
associated if their Levi factors are G-conjugate to one another.

Lemma 3.1 ([5, Theorem 5.8 and Proposition 5.14], [30, Lemma 3.26]). Let X be a closed
subgroup of G, let P be a parabolic subgroup of G containing X, and let Xo be the image of
X wunder projection to a Levi factor of P. Then X is G-conjugate to Xo if and only if X is
R, (P)-conjugate to Xo.

If Py and P> are minimal among parabolic subgroups of G containing X then P; and Py are
associated, and the images of X in their respective Levi factors are G-conjugate.

The second part of this lemma allows us to break our enumeration of non-G-cr subgroups down,
one subsection for each pair (L, Xy) with L representing a G-conjugacy class of Levi subgroups
and Xg an L-irreducible subgroup.

At this point we need two essential ingredients. Firstly, we need a description of the L-irreducible
subgroups Xy occurring in each L. This has been accomplished explicitly by the present authors
in [31] and [15], which give the irreducible subgroups in each simple factor of each Levi subgroup
L of G; a general L-irreducible semisimple subgroup is then a central product of these. Secondly,
we must describe the sets H'(Xg, Q) for each such L-irreducible subgroup Xy, which parametrise
the complements to @ in the semidirect product Q Xy, up to Q-conjugacy.

3.2. Cohomology and complements in semidirect products. Recall that when Xy and
@ are algebraic groups with Xy acting on ) via a morphism Xg x ¢ — @, complements to
@ in the semidirect product QX are in bijection with rational I-cocycles, variety morphisms
¢ Xo — Q such that ¢(zy) = ¢(x)(z - ¢(y)) for all z,y € Xo. Here, a complement X
to @ is by definition a closed subgroup of QX satisfying (i) QX = QXop, (i) @ N X = 1,
and (iii) L(Q) N L(X) = {0}, see [12, Definition 3.2.1] and [33, 4.3.1]. Two cocycles ¢, ¢ are
cohomologous if there exists ¢ € Q such that ¢(x) = g1 (x)(z - q) for all x € X. This defines
an equivalence relation on the set Z!'(Xg, Q) of 1-cocycles, and the corresponding quotient is
denoted H'(Xp, @), and parametrises complements up to Q-conjugacy. The set H'(Xp, Q) has
a distinguished element, which is the class of the map sending every element of Xg to the identity
of Q. In general H!(Xy, Q) is only a pointed set, but if Q is a K Xo-module then H'(Xy, Q) is
naturally a K-vector space.

By [12, Lemma 3.6.1], a subgroup satisfying (i) and (ii) automatically satisfies (iii) when X is
connected reductive, @ is unipotent and p # 2. A subtlety occurs in characteristic 2, however.
The issue is that closed reductive subgroups may arise as abstract complements in semidirect
products, and thus the condition on Lie algebras must be relaxed if we are to account for all
such subgroups. Fortunately, we have good control over this situation. When Xy is defined
over I, C K, we let QW denote the algebraic Xy-group obtained by twisting the action of X
by a Frobenius morphism Xy — X induced by the p-th power field automorphism K — K.
Then we get induced maps Q — QI and H' (X, Q) — H'(Xo, Q!), and the latter is always
injective and is usually an isomorphism of pointed sets [12, Theorem 3.5.6]. The following is
now a particular case of [12, Lemma 3.6.1].

Lemma 3.2. Let Xy be a simple algebraic group acting on a unipotent algebraic group @ via a
morphism XoxQ — Q, and suppose that Q) has a filtration by normal Xg-stable subgroups whose
successive quotients are Xg-modules. Let X be an abstract complement to Q in the semidirect
product QXy. Then either:

(i) X is a complement to Q as algebraic groups, or
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(ii) p =2, Xo has type Cy,, X has type By, and some X-composition factor in the filtration
of Q has high weight \1.

In (ii), if the groups and morphisms are all defined over the prime field then X corresponds to
an element of H'(Xo, QM) which is not in the image of H'(Xo, Q) — H'(Xo, Q). Thus there
is a bijection between H'(Xy, Qm) and the Q-conjugacy classes of closed, connected, reductive
subgroups of QXo which are abstract complements to Q).

Remark 3.3. For brevity, from now on whenever we say complement we mean abstract com-
plement.

Thus to classify non-G-cr subgroups of G, we need to understand the sets H'(Xg, Q) for various
groups Xy, and also H'(Xy, Q) when Xy has type C,, and p = 2. In many cases, this can be
reduced to abelian cohomology calculations, using a long exact sequence. In particular:

Lemma 3.4 ([38, §L.5, Propositions 36 and 43]). Let Q be an algebraic Xo-group and R an
Xo-stable subgroup of Q. Then:

(i) There is an exact sequence of pointed sets
0= R™ = Q% = (Q/R)y — H'(Xo,R) — H'(X0,Q)

where —X0 denotes the fized-point subgroup under the action of Xo.
(ii) If moreover R is central in @, then there is an exact sequence of pointed sets

0= R — Q™ — (Q/R)™ — H'(Xo, R) — H'(X0,Q) — H'(Xo,Q/R) — H*(Xo, R)
where H*(Xo, R) is the second cohomology group defined for example in [20, §11.4.2].

Note that these are only exact sequences of pointed sets, meaning that the image of each map is
the pre-image of the distinguished element under the next. However, this is already sufficient to
deduce much information about H' (X, Q). For instance, it also allows us to relate M-complete
reducibility with G-complete reducibility, when X < M < (G is a chain of reductive subgroups:

Corollary 3.5. Let M < G be two reductive algebraic groups, and let Pyy = QuarLy be a
parabolic subgroup of M containing a reductive subgroup X, such that X lies in no Levi factor
of Pyr, and write Xqy for the image of X in Ly;. Furthermore, let P = QL be a parabolic
subgroup of G such that Pyy = M NP and Qp = M N Q.

If (Q/Qu )X = {0} then X is non-G-cr.

Proof. The hypotheses imply that the map (Q/Qar)~° — H'(Xo, Q) is zero, and since X is
non-M-cr, the latter set contains non-zero points. By exactness, these do not lie in the kernel of
H'(Xo,Qn) — HY(Xo,Q), and since X corresponds to such a point, X remains non-G-cr. [

3.3. Approximating H'(Xj, Q). We now recall a method, developed in [13] and applied ex-
tensively in [30], for approximating H'(Xg, Q). When @ is the unipotent radical of a parabolic
subgroup P, recall that @ has a filtration by normal subgroups Q(i) (i = 1,...,r). We write
Vi =Q(i)/Q(i + 1) for the corresponding levels, which are modules for a Levi subgroup L of P
hence also for Xy whenever Xy < L. One can therefore form the direct sum

T
V =Vx,q = H (X0, V).

i=1
For i = 1,...,r one now defines partial maps p; : V — H'(Xo,Q/Q(i + 1)) inductively [13,
Definition 3.2.5]. Let v = ([y1],...,[%]) € V. For i =1 let pi(v) = [y1]. For i > 1, lift p;_1(v)
to some element [[;] € HY(Xo,Q/Q(i + 1)) under the natural map H(Xo,Q/Q(i + 1)) —
H'(X0,Q/Q(i)), when this is possible, and then set p;(v) = [[;][vi]. As long as [I';] exists, this
product is well-defined since Q(i)/Q(i + 1) is central in Q/Q(i + 1). If such a lift [I';] does not
exist, declare p; undefined at v.
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Each of these partial maps p; : V.— H'(X(, Q/Q(i+1)) turns out to be surjective (cf. [43, Propo-
sition 3.2.6], [30, Lemma 3.10]), and we set p = p,. As a particular corollary, if H'(Xo, Vi) = {0}
for all levels V; then H'(Xy, Q) = {0}, and all complements to @ in QX are Q-conjugate to X.
Similarly, in the setting of Lemma 3.2(ii) with Xo of type Cy, if H'(Xo, Vi) = {0} for all i
then no (abstract) complements of type B,, arise.

Finally, Q acts on itself by conjugation, and if ¢ € QX° then ¢ serves to fuse together classes
corresponding to different elements of V. A full account is given in [30, pp. 5292-5294]. Complete
details will be given when we make use of this action in our proofs; for the moment, we note only
that if ¢ maps to a point in ViXO, then conjugation by ¢ induces Xy-module homomorphisms
V; — Vi+; and linear maps H'(Xo,V;) — H'(Xo, Vi+;) for each j, and thereby a map V — V.
Typically, this will fuse together classes in such a way that a subgroup class represented by
(k1,...,km) € V will also be represented by an element with k;k; = 0 for particular indices 4
and j.

3.4. From @-conjugacy to G-conjugacy. The theory so far describes non-G-cr semisimple
subgroups in parabolic subgroups P = QL up to Q-conjugacy; this is not the end of the story
as elements of G can fuse classes together. We recall some details from [30, Section 3.5].

Firstly, the torus Z (L) acts on @ and centralises each subgroup Xy < L', inducing an action on
H'(Xy, Q). Fixing a basis of each space H'(Xg, V;) where V; is a level of @, the map p allows us
to parametrise complements to @ in QX by certain m-tuples (ki, ks, ..., ky,) € V for some m.
The definition of p involves many arbitrary choices of lift, but subject to appropriate choices,
the action of Z (L) can be viewed as multiplying the coordinates k; by appropriate scalars, fusing
together all of the corresponding subgroup classes. The action of Z(L) is fixed-point-free on
the non-identity elements of @) since Cg(Z(L)) = L, and thus this action will be non-trivial in
each coordinate of V.

Also, elements of GG can fuse classes of subgroups occurring in standard parabolic subgroups
Pr and Py, for not necessarily distinct subsets I and J of simple roots. By Lemma 3.1, the
corresponding Levi subgroups L; and L are G-conjugate in this case. In particular, we will be
concerned with elements w of the Weyl group W (G) = Ng(T')/T, with pre-image w € Ng(T),
such that w - Ly = L. In this case, w sends each root subgroup in the unipotent radical of Py
to another root subgroup of GG, which may or may not lie in P;. Thus if we have a subgroup
X < Pr, and if X < ULy for some subgroup U < Q; with w - U < @, then X is G-conjugate
to a subgroup of Pj;. Again, when we use arguments of this form in Sections 4-9, we will give
full details of the relevant Weyl group elements and how they fuse classes together.

3.5. Lie types of non-G-cr subgroups. We now describe those Lie types X of semisimple
groups which admit non-zero cohomology on a relevant module.

Lemma 3.6. Let G be a simple algebraic group of exceptional type in characteristic p, such
that G has a non-G-cr semisimple subgroup of type X with simple components each of rank 3
or more. Then (G,X,p) appears in Table 1.

TABLE 1. Types of semisimple non-G-cr subgroups

X\G|Ey E; Es Fy
A3, Cy, Dy | 2 2
Byl 2 2 2 2
Cs| 3
B2, By| 2




Remark 3.7. In the course of proving Theorem 1 we will prove the converse to Lemma 3.6,
that non-G-cr subgroups of each type do indeed exist. This was shown already in [11] for simple
types, and exhibiting a non-G-cr subgroup of type B2 (Section 5) completes the argument.

Proof. The simple types X which occur are given in [11, Theorem 1], so we need only consider
types with more than one component. For such a type X, suppose that G has a parabolic
subgroup P = QL with an L-irreducible subgroup Xy, also of type X (or of type C, when
X = B,,), with H*(Xy, Q) # {0}. From the exact sequence of cohomology (Lemma 3.4), we see
that if H'(Xo,Q(i)/Q(i + 1)) = {0} for each i, then H'(Xy,Q) = {0}. Thus for a non-G-cr
subgroup of type X to exist, we need H'(Xg, V) # {0} for some indecomposable Xo-module
direct summand V of a level of Q.

In [31] and [45], an explicit list is given of the irreducible subgroups in each simple factor of a
Levi subgroup of G. These are given up to conjugacy in the simple factor, except for factors
of type D7 in [31] when conjugacy under a graph automorphism is also allowed. Given this, in

each Levi subgroup L of G, the L-irreducible semisimple subgroups are precisely the products
of irreducible subgroups in each simple factor. In summary, the non-simple, semisimple L-
irreducible subgroups Xg arising in this way are as follows.

L | Xo
A2 | Xo=1L
A3A4 Xo = L,

Ds | A2 via (010,0) + (0,010)

Dy | AsDy via (010,0) + (0, Ap)

B2 via (100,0) 4 (0,100) (p # 2) or 0]((100,0) + (0,100))[0 (p = 2)
AsBs via (010,0) + (0,100) + 0 (p # 2) or (010,0) + (0, 7(100)) (p = 2)
A3 Bs via (010,0) + (0,001)

It remains to show that H'(Xy,V) = {0} for each such X and each relevant V, except for
X of type B:,Q, with p = 2. By the Kiinneth formula for cohomology, if U; is a module for a
reductive group Y; (i = 1,2) then H'(Y] x Y3, U; @ Us) = D01 H(V1,U1) ® H'7 (Y, Us).

As an L-module, each level of ) is a direct sum of shape modules Vg as described in Section 2.4.
The structure of such shape modules is known from prior work, e.g. [23, Lemma 3.1]. Explicitly,
up to taking duals, for a simple factor of L of type A, we obtain irreducible modules Aj, Ao,
As; for type D,, (n > 4) we obtain A;, \,—1 and \,; for type Bs we obtain W (100) and the
irreducible module 001; for type Cs we obtain W (010); for type Eg we obtain A;; and for type
E; we obtain A7.

Once these shape modules Vg are known, determining the action of the L-irreducible subgroups
Xp on Vg is usually a matter of routine weight-space calculations. When Xj is not simple, each
simple factor of Xy is contained in a proper Levi subgroup of L (hence of G) whose derived
subgroup is simple of type Az, A4 or Ds. The non-zero shape modules occurring have dimension
at most 10, and each L-module occurring in the filtration of @) then restricts to Xy as a tensor
product of modules for the factors of Xy. In particular, in each decomposition U; ® Us above,
each factor U; has dimension at most 10.

For most irreducible Xg-modules V of relevance to us, the first cohomology group H'(Xg, V)

has already appeared in the literature. For example, [11, Lemma 4.6] collates many such results.
Generally, such cohomology groups can be determined from the structure of the corresponding
Weyl module and a dimension-shifting argument, see [20, Proposition 4.14] and the subsequent

remark there. In turn, the structure of Weyl modules can be computed either using S. Doty’s
GAP routine [17] or by using the Weyl character formula together with the known weights
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of irreducible modules of low dimension [32]. As an elementary example, the Weyl module
W, (100) has structure 100|0, and dimension-shifting gives H'(Bs, 100) = H°(Bs,0) = K.

In the end, for a simple factor Y of Xg, we find that the only irreducible Y-modules U with non-
zero cohomology (and dimension at most 10) occur for factors of type Bz and U = Vp,(100).
Now, with the exception of Bg < D7 when p = 2, each such factor Bs is contained in a proper
Levi subgroup of type Dy, acting on the three 8-dimensional modules as a tilting module 7°(100)
or 001. Such a module has zero cohomology [15, Theorem 1.1], and thus if a non-G-cr subgroup
X of type X exists, then p =2 and Xy = Bg < Dr. O

Now that we have determined the possible types of non-G-cr semisimple subgroups X occurring,
we next describe the relevant embeddings Xy — L for Levi subgroups L of G with L-irreducible
image; this follows directly from the main results of [31] and [15].

Lemma 3.8. With (G,X,p) as in Table 1, let L be a Levi subgroup of G and Xy < L be an
L-irreducible semisimple subgroup, where Xo has type X, or Xo has type Cp, when X = B,
(n=3 or4). Then either:

(i) p=3 and (Xo, L") = (Cs, D7) with H — L' via 010, or
(i1) p =2 and the inclusion Xog — L' is described in Table 2.

TABLE 2. Levis containing relevant irreducible subgroups Xy when p = 2

L’ | Embedding Xo — L’ L’ | Embedding X — L'
Bs | As via 010+ 0 Es | Oy < Fy
C5 | A3 via 010 Dy < Cy < Fy
Dy | Bs via T(100) Az | C4 via 1000
Bs via 001 (2 classes) D, via 1000
As | C3 via 100 Bs via 001
As via 010 D7 | O3 via 01040
Ds | By via T(1000) B2 via 0/((100,0) + (0, 100))[0
Dg | Az via 010 + 010[") (r # 0; 2 classes) Bs via 0[(100 + 100)|0 (- # 0)
A% | Az via (100[) 100[]) or (10007, 0011]) (rs = 0) Az via 101

Finally, with Lemma 3.8 telling us which parabolic subgroups P = QL to focus on, we consider
the action of each relevant L-irreducible subgroup Xy on the unipotent radical @); in particular
we need to know how X acts on each shape module Vg occurring in the levels of Q.

Proposition 3.9. Let Xg be a G-cr semisimple subgroup of G of type X as in Lemma 3.8, and
let P = QL be a parabolic subgroup of G, where Xo < L is L-irreducible. If H'(Xo, VIU) # {0}
for some Xg-summand V' of a shape module Vg occurring in a level of Q, then either:

(i) p=3 and (Xo, L', Vs, V) = (C3, D7, Vp. (A1), Vi, (010)) with dim H' (X, V) =1, or
(i) p=2 and Xy, L', Vs and V appear in Table 3.

In (i), if (Xo,V) = (D4, Vp,(X2)) then dim H'(X,,V) = 2, otherwise dim H'(Xo, V1) =1
In the latter case we also have dim Hl(Xo,V) = 1 unless Xg has type Cy, and Vg | Xo has a
high weight A1 (cf. Lemma 3.2).

Remark 3.10. In the course of proving Theorem 1 we will show, with two exceptions, that
whenever X has non-zero cohomology on a module V', this does in fact give rise to a non-G-cr
subgroup of G. The exceptions occur in the A%—parabolic subgroups of Eg, where Xy has type
Az and V = Vx(210) occurs as a summand of a shape module, but H'(Xg, Q) nevertheless
vanishes. This is caused by a shape module with non-zero second cohomology group, which by
Lemma 3.4 obstructs the lifting of cocycles from a level of @ to @ itself.
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TABLE 3. Shape modules with non-zero cohomology, p = 2

G| L Xo<L Vs | L/ Vs | Xo
F, | Bs Xo=1 100[0 1000
Cs Xo=1 001|100 001]100
Es | As C3 via 100 A1, As 100
E; | As C3 via 100 A1, As 100
A3 100/001]100
As via 010 A2, A 101 +0
Es Cy < Fy A1, Ag 0100 +0
Dy < Cy< Fy A1, Ae 0100 +0
Eg | As C3 via 100 A1, As 100
A3 100(001]100
As via 010 A2, Mg 10140
A3 Ajs via (100, 1000) (010, 100) 210
Asz via (1001, 100) (100, 010) 210
Es Cy < Fy A1, Ag 0100 +0
Dy < Cy < Fy A1, Ag 0100+0
A; Cy via 1000 A\l 1000
Dy via 1000 Ao 0/0100]0
Bs via 001 Ao 0/100/010]100|0
D B2 via 0|((100,0) + (0,100))[0 A\ 0/((100,0) + (0,100))[0
Bs < B2 via 0[(100 + 100)|0 (r # 0) A\ 0/(100 + 100")]0
Az via 101 A1 101

Proof of Proposition 3.9. As discussed in the proof of Lemma 3.6, each shape module Vg occur-
ring is a Weyl module with a small range of possible high weights. In most cases, determining
the action Vg | Xg is a routine weight-space calculation, given the known embedding of Xj
into L'. For instance, when L’ has type A,, all modules lie in the tensor algebra of the natural
module Ay, and thus Vg | Xg can be calculated by applying constructions to A\; | Xy such
as taking tensor products, summands etc. In other cases, the weights of Xy on Vi,()\) can be
determined by identifying a maximal torus of X as a sub-torus of a maximal torus of L’. In
yet further cases, the action follows from previous work of Seitz [36, Theorem 1]. For example,
in the case of C3 < D7 via 010 when p = 2, the action of C3 on the shape module Vg = Vp_(X¢)
is given by [30, Case IVg, p. 283]. Similarly, for A3 < D7 via 101 when p = 2, the action of X
on Vp.(Xe) is given by [30, Case S, p. 283].

We now give details of two of the most involved cases, both with G of type Eg. When Xj
has type Bs, embedded in A7 via 001 when p = 2, the three shape modules occurring have
high weights A1, A3 and Ag, hence restrict to X as 001, A2(001) and A%(001) respectively (for
the last, we use the isomorphism of the modules A\¢ and Aj as well as the self-duality of 001).
Now 001 is tilting for Xy and therefore has trivial cohomology. The exterior cube A3(001)
is self-dual of dimension 56 and its weights are sums of triples of pairwise-distinct weights of
001; it follows that A3(001) has a high weight 101. Inspecting [32], we find that Wx,(101) is
irreducible of dimension 48 in characteristic 2; the highest remaining weight is 001. Since 101
and 001 are tilting in characteristic 2, it follows that A3(001) splits as a direct sum 1014001, and
has trivial cohomology. Finally, similar calculations show that A%(001) has composition factors
02/1002/010. In this case, the module turns out to be uniserial with socle series 0/100/010/100]0.
General theory tells us, for instance, that A?(001) admits a unique non-zero Xy-homomorphism
to K, up to scalars, since 001 supports a unique nondegenerate alternating bilinear form up
to similarity. However the most straightforward way to determine the submodule structure is
11



computationally, working with explicit matrices generating a sufficiently large finite subgroup
such as SO7(4) < Xy, for which the module will still be uniserial.

Now that we know A%(001) = 0/100|010/100|0, we can work out its first cohomology group. The
inclusion 100/0 — A2(001) gives a long exact sequence of cohomology, part of which is

H(X,0|100]010) — H'(X(,100(0) — H*(Xo, A%(001)) — H' (X0, 0[100/010).

The first group here is zero, as is the right-hand group since 0/100|010 is the dual of a Weyl
module [25, Lemma 7.1.2(ii)] and such modules have zero first cohomology [16, Theorem 1].
Thus the middle groups are isomorphic, and H' (X, 100/0) = K since T(100) = 0/100|0, which
has zero cohomology [loc. cit.].

For a final example, again with G of type Eg, consider Xy of type B3, embedded into L’ of
type D7 via the module V' = 0[((100,0) + (0,100))|0. Then dim H'(X,, V) = 1: Consider the
short exact sequence {0} — (100,0)|0 — V — 0/(0,100) — {0} and the associated long exact
sequence. We have H%(Xy,0(0,100)) = H*(X,,0[(0,100)) = {0}, the latter since it is the dual
of a Weyl module. It follows that H'(Xg, (100,0)|0) = H(X,,V) = K, as claimed. Finally, the
module V), (X¢) J Xo is a tensor product of spin modules for each factor, by [23, Proposition
2.7], in particular it is irreducible and has zero cohomology, so does not appear in Table 3. O

We single out a particular case of Proposition 3.9, both because it is a more involved calculation,
and because we require additional details when classifying subgroups of type B3 in Section 5.

Lemma 3.11. Let p = 2, let Xy be simple of type C3 and let M = /\3 Vx,(100). Then
HY(Xo, M) vanishes, and H'(Xo, MY is 1-dimensional. The inclusion 200 — MM induces
an isomorphism of first cohomology groups, and the map MM — 200 induces the zero map on
the first cohomology groups.

Proof. The first statement holds since M = 100|001|100, which has no composition factors with
a non-zero first cohomology group. Note, however, that dim H'(Xy, 200) = 1. Now, direct com-
putation (e.g. using [17]) shows that the Weyl module W (002) = 002|200/020]|200/000|101|000,
a uniserial Xy-module. Thus W (002) has no indecomposable quotient with composition factors
002/200/000. Taking duals, we see that H'(Xp, 200/002) vanishes.

Next, the short exact sequence {0} — 200 — MM — 200]002 — {0} induces an exact sequence
{0} — H'(Xo,200) — H'(Xo, M) — H'(200/002) = {0}, which shows that H'(X,, M) =
H'(X(,200) = K. This also shows that the map 200 — M (I induces an isomorphism on first
cohomology groups.

Finally, the submodule 002|200 of M 1) has one-dimensional first cohomology group, which we
see from the short exact sequence {0} — 200 — 002|200 — 002 — {0} inducing {0} - K —
H'(X(,002/200) — H'(X(,002) = {0}. Then the exactness of {0} — H'(Xg,002]200) —
H(Xo, M) — H'(X,,200) shows that the map MM — 200 induces the zero map on coho-
mology groups. O

3.6. Exhibiting non-G-cr subgroups. In many places, studying first cohomology will limit
the number of classes of non-G-cr subgroups of a given type occurring. Here, we collect results
which will be useful for showing that such subgroups do in fact exist. In places, we will be aware
of non-M-cr subgroups when M is a proper reductive subgroup of G, and it will be helpful to
know when such a subgroup is also non-G-cr; this is not automatic.

Lemma 3.12 ([2, Lemma 2.6 and Corollary 3.21]). Let S be a linearly reductive subgroup of a
connected reductive algebraic group G. Then S is G-cr, and if H = C(S)° then a subgroup of
H is H-cr if and only if it is G-cr.

In the particular case that S is a torus, Cg(S) is a Levi subgroup of G and the result in this
case was first proved in [39, Proposition 3.2].
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The following is a minor generalisation of an example of M. Liebeck [2, Example 3.45].

Proposition 3.13. Let X be a group with a faithful, irreducible module V' of even dimension
in characteristic p = 2, supporting a nondegenerate bilinear form.

Then the orthogonal direct sum W =V LV realises X as a non-H-cr subgroup of H = Sp(W),
and of SO(W) if V' is orthogonal.

Proof. We need only prove that X is non-H-cr. Write V/, V" for the left and right summands of
W above, and fix an isometric X-module isomorphism ¢ : V/ — V”. Then the proper, non-zero
X-stable subspaces of W (other than V" itself) all have the form V), where

Vi={v+X(v) : veV'}.

Now, since ¢ is an isometry and V' is orthogonal to V", we have (v + Ap(v), w + Ap(w)) =
(1 + A%)(v,w). Since the bilinear form is nondegenerate and p = 2, this expression is zero for
all v,w € V if and only if A = 1. Thus X preserves a unique nonzero totally isotropic subspace
of W, hence X lies in a unique parabolic subgroup of H = Sp(WW) and is therefore non-H-cr.
Similarly, if V supports a nondegenerate quadratic form ¢ then q(v + Ag(v)) = (1 + A?)q(v) for
all v € V', and again we find that V] is the unique nonzero X-stable totally singular subspace
of W, so X is non-SO(W)-cr. O

Remark 3.14. We will need this proposition in three situations: when X = A3 < H = Dg
via 010 + 010, when X = By < H = Dg via 001 + 001 and when X = Dy < H = Dg via
1000 4+ 1000. In each case this leads to two non-H-conjugate, non-G-cr subgroups of H, as
can be seen for instance via their inequivalent actions on the half-spin modules for H; these
subgroups will be conjugate under an outer automorphism of H. In general, one can prove using
the orbit-stabiliser theorem, and the fact that X is unique up to conjugacy in the full isometry
group of the form on W =V L V|, that either one or two H-conjugacy classes of subgroups will
occur in this way.

3.7. Calculating centralisers. We now discuss some details involved in calculating C(X)°
for each X occurring in Theorem 1. Let P be minimal among parabolic subgroups of G con-
taining X, with Levi decomposition P = QQL, and let Xy be its image in L. To begin, let V' be
an irreducible X-module occurring in the filtration of () by X-stable normal subgroups. Since
Q acts trivially on V, the action of X factors through X, giving a correspondence between the
composition factors for X on the levels of ), and those for Xy. Moreover when () is abelian,
or more generally when elements of X have the form ¢,z for some = € X and ¢, € Z(Q), the
entire action of X on @ factors through Xy, and in particular the fixed-point spaces QX and
QX0 coincide. In this case, Q*° provides a connected unipotent subgroup of Cg(X). Also when
Q is abelian, the group QX0 itself is straightforward to determine from knowledge of @Q as an
Xo-module, using [1]. When @ is not abelian, however, two issues arise: The group dim Q%o
need not be simply the number of trivial Xg-composition factors in each level, and also the
elements ¢, above need not commute with QX9 so determining Q¥ is more subtle.

To overcome the first issue, one can use the fact that Xy is G-cr, which places useful constraints
on the structure of C(Xp); as discussed for instance in [31, §6.2]. In many cases of interest to
us, Liebeck and Seitz [22, p. 333] have already determined C¢(X0)°, and we are able to use this
to determine QX° and hence Q.

For the issue regarding the relationship between QX and QX°, this often comes down to showing
that the elements g, above commute with specific elements of QX°, for instance by using the
Chevalley commutator formula. Frequently, this reduces to the fact that some subgroup Q(j) is
abelian and contains both Q*° and all elements ¢,. The most intricate calculations occur when
G has type FEg and X has type Bs, in which case we explicitly construct the relevant cocycles
T — ¢ in terms of root elements of G (Proposition 5.1), and thereby determine Q¥ directly.

The following will also be useful in calculating C;(X)° for each subgroup X in Theorem 1.
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Lemma 3.15. Let G be a reductive algebraic group of rank r with non-G-cr connected subgroup
X, contained minimally in a parabolic subgroup P = QL with L of semisimple rank s. Then
Ca(X) has rank at most r — s — 1.

Proof. Suppose that S < Cg(X) is a torus of rank r —s. To obtain a contradiction, it suffices to
prove that X is contained in a parabolic subgroup of G whose Levi subgroups have semisimple
rank less than s, since all minimal parabolic overgroups of X are associated (Lemma 3.1).

Let M = Cg(S). Then M is a Levi subgroup of G containing X. Since X is non-G-cr, it follows
from Lemma 3.12 that X is non-M-cr. In particular, X < Py = Qs Ly where Py is a proper
parabolic subgroup of M and Ljs is a Levi subgroup of M with semisimple rank less than s.
It follows from [10, Propositions 2.6.6, 2.6.7], that there exists a parabolic subgroup Pof G
such that Py < P and Ly is a Levi subgroup of P. Since X < Py < ]5, we have reached a
contradiction. O

Lemma 3.16. Let X be a reductive subgroup of G. Then there exists a parabolic subgroup P
with Levi decomposition P = QL, minimal subject to containing X, such that QX is a mazimal
connected unipotent subgroup of Cq(X).

Furthermore, let Xg be the image of X under the projection P — L, and let n be the total number
of trivial Xo-composition factors across all the levels Q(i)/Q(i + 1), i > 0. Then dim QX < n.

Proof. The existence of P follows directly from the Borel-Tits Theorem; if U is a maximal
connected unipotent subgroup of C(X) then U is the unipotent radical of UX and thus there
exists a parabolic subgroup P of G which contains X, and contains U in its unipotent radical.
Since R, (P1) > Ry, (P>) whenever P; < P» are parabolic subgroups, we can take P to be minimal
subject to containing X.

For the latter statement, note that the filtration @ = Q(1) > Q(2) > ... consists of subgroups
which are normal in P, in particular, the action of X on () descends to an action of X on each
level Q(i)/Q(i+1). Moreover, Q acts trivially on this since [Q(7), Q(j)] C Q(i+j), and thus the
action of X factors through Xg. Thus we have a correspondence between X-composition factors
and Xyp-composition factors on each level. In particular, X and Xy have the same number of
trivial composition factors. Now the filtration of @ by Xy-stable normal subgroups Q(i) gives
rise to a filtration of Q¥ by X-stable subgroups, and the corresponding quotients are trivial
X-modules. The claim follows. O

Lemma 3.17. Let P be a mazximal parabolic subgroup of G, and suppose that P is minimal
among parabolic subgroups containing a given non-G-cr subgroup X of G. Then:

(i) P is the unique proper parabolic subgroup of G containing X,
(ii) Ng(X) < P and Ca(X)° < Q.

Proof. (i) By minimality, the image 7(X) is L-irreducible. Now let P; be any proper parabolic
subgroup of G containing X; we will show that P, = P. Standard results on intersections of
parabolic subgroups show that the Levi factor of P; is G-conjugate to L [30, Lemma 3.26]. We
can then assume that P and L are standard, and by [10, §8] we can assume that P; = n- P, for
a standard parabolic subgroup P,, where n € Ng(T') comes from a certain set of distinguished
double coset representatives of the Weyl group. Now conjugation by n sends the standard Levi
factor Ly of P» to L. By maximality, L and Lo correspond to removing a single node from the
Dynkin diagram of GG, hence n sends all the simple root subgroups in Ly to positive roots; call
the remaining simple root «. If n - « is also positive then n preserves the set of positive roots
of G, hence induces the identity element of Ng(T)/T, so P = P». Then P and P; are both
standard and both minimal with respect to containing X, hence P = P; as claimed. If instead
n - « is negative then n sends all roots of G with positive a-coefficient to negative roots. These
are precisely the roots occurring in the unipotent radical of P», whereas the roots occurring in
the unipotent radical of P are all positive; hence PN P, = PN (n- P) = L. However, this
14



intersection contains X, and by assumption X does not lie in L; this contradiction shows that
this latter case does not occur, and thus P, = P.

(ii) By part (i) any element of G normalising X also normalises P, hence Ng(X) < P. Now
by Lemma 3.15, Cz(X)° has rank 0 hence is unipotent, hence Lemma 3.16 gives us a (proper)
parabolic subgroup Py containing X and having Cg(X)° as the fixed-point subgroup of its
unipotent radical under X; by part (i) we have Py = P. O

4. TYPE Aj
4.1. G of type FEr.

4.1.1. L' of type As. There are three standard As-parabolic subgroups of G, namely Pj3456,
P34567 and Passer. The first two are associated, with Levi subgroup labelled Aj according to the
convention discussed in Section 2.6, while Psy567 forms its own association class, and has Levi
subgroup labelled simply As. By Lemma 3.1, then, non-G-cr subgroups with irreducible image
in the standard Levi subgroups Li3456 and L34567 are not G-conjugate to those with irreducible
image in L24567.

First let P = Pi3456 or P34567, with Levi decomposition P = QL. Let Xg be a simple subgroup
of type Az contained in the derived subgroup L/, with Xy < L’ via 010 in the notation of
Section 2.7. As described in Section 2.4, the levels of the unipotent radical () are modules for
L', whose high weights can be determined combinatorially. The L’-module structure of these
levels, as well as their restrictions to X, are as follows.

Q/Q(2) Q(2)/Q(3) Q(3)/Q(4) QH4)
L3456 A3+ As A2 +0 A5
Xo < Lizase (010](200 + 002)[010) + 010 101 + 02 010
Liys67 AL+ A A3 As 0
Xo < Lauser 010 + 101 + 0 010[(200 + 002)[010 010 0

Here we have used Ay | Xo = A?(010) = 101+0, and A3 | Xo = A*(010) = 010|(200+002)|010.
By Proposition 3.9, H'(X(,101) = K and all other summands in a level of ) have zero first
cohomology group for Xy. Hence V = K (for each of the two choices of P).

The non-trivial torus Z(L) centralises X and acts on ) without fixed points, hence induces a
non-trivial action on V = K. As discussed in Section 3.3, it follows that there is at most one
class of non-G-cr subgroups occurring in each parabolic. In Q13456 and Q34567 the modules of
high weight Ao are respectively generated as an Xp-module by the images of Upig1111 in level 2
and Ua2 in level 1. Conjugation by the element 11011111711010000 € N(;(T) maps L13456 to L34567
and sends Upip1111 to Un,. We deduce that a non-G-cr subgroup in one of these parabolic
subgroups is conjugate to a subgroup of the other. In particular, any non-G-cr subgroup arising
here has a conjugate contained in Pj3456. In this case, Q(3) contains Upip1111 and so any non-G-
cr subgroup arising here has a conjugate contained in Q(3)Xy. Note also that [Q(3),Q(3)] = {0}
by the Chevalley commutator formula, hence Q(3) is abelian. Since Q(3)/Q(4) has two trivial
composition factors and since H'(X¢,010) = {0}, it follows that each complement to Q in QX
centralises a 2-dimensional unipotent subgroup, namely @Q(3)*°.

We now exhibit an appropriate non-G-cr subgroup. By Remark 3.14, there are two Dg-classes
of non-Dg-cr subgroups As < Dg via 010 + 010; fix representatives Y and Z of these. It follows
from Lemma 3.12 that Y and Z are non-G-cr, since Dg is a Levi subgroup of G. Their actions
on the 56-dimensional irreducible G-module are given in Table 6; pick Y and Z such that
Vse L Y = 010* + T(200) + T'(002) and Vs | Z = 010* + T'(101)2. Then Y and Z are not
conjugate in G since they are not GL(Vj¢)-conjugate, and Z is not contained in a conjugate
of Pi3456 as its composition factors on Vg are distinct from those of Xy. By Proposition 3.9,
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each non-G-cr subgroup of type As is contained in an As-parabolic subgroup. Thus Z lies in a
conjugate of Pays67 which we consider in a moment; since Y is not G-conjugate to Z, it follows
that Y lies in a conjugate of Pj3456.

We now calculate C(Y)°. To begin, Lemma 3.15 shows that C(Y') has rank at most 1. Since
Y < Dg we have Cg(Y) > Cq(Dg) = Ay [22, p.333 Table 2], thus C(Y) has rank exactly 1.
Now let U be a maximal connected unipotent subgroup of C(Y). By Lemma 3.16 at least one
of Pi3456 and Ps4567 contains a conjugate of U in its unipotent radical. In the table above, each
@ has at most 2 trivial composition factors, hence also by Lemma 3.16 we have dimU < 2. On
the other hand, above we have exhibited a 2-dimensional unipotent subgroup of @ = (13456
centralised by all complements to @ in Q@Xy. Thus dim U = 2. We have shown that Cg(Y)° is a
connected algebraic group of rank 1 with a maximal connected unipotent subgroup of dimension
2. Tt follows that Cq(Y)° = Uy Ay for some 1-dimensional connected unipotent group Uy.

We now consider the second association class of As-parabolic subgroups. Let P = Poys67 = QL
and again let Xy be a simple subgroup of type A3z, with Xy < L’ via 010. The corresponding
actions of L' and X on @ are as follows

Q/Q(2) Q(2)/QB) QB)/QM4) Q4)/Q(5) Q(5)
L Ao+ 0 Ao A 0 0
Xo 101+0% 10140 10140 0 0

Thus V = K3. The Xg-modules 101 in levels 1, 2 and 3 of Q are respectively generated
by the root groups Ua,, Uioio000 and Uji22100- By [22, p.333, Table 3], C(X()° = G2 and
thus QX is 6-dimensional. The trivial L-module in Q/Q(2) is generated by z1(c) = 4, (c),
hence gives a subgroup of QX¢ inducing an Xy-module isomorphism from the summand o of
Q/Q(2) to the summand Ay of Q(2)/Q(3). Furthermore the trivial Xp-submodule of Q(2)/Q(3)
is generated by z2(c) = z1112100(¢)1111110(¢)Z1011111(C), inducing a non-zero homomorphism
Q/Q(2) — Q(3)/Q(4), and this is non-zero on the summand 101 since this trivial module lies
outside of Z(Q/Q(4)) = Q(3)/Q(4). Thus, as described in Section 3.3, when parametrising
complements to @ in QX by elements (ki, k2, k3) € V, we may assume that at most one of ky,
ko and k3 is non-zero. Moreover, the element n,, € Ng(T)/T centralises L’ and exchanges the
roots of levels 1 and 2 whose roots give rise to the L’-modules of high weight \o. Finally, the
following element of the Weyl group normalises L’ and swaps the roots 1010000 and 1122100:

n3n4anaN5N4AMN3INEN5MNAN2MNTNENE1L4TLS .

By the discussion in Section 3.4, conjugation by these elements fuses together classes of comple-
ments corresponding to (1,0,0), (0,1,0) and (0,0,1) of V. Thus there is at most one non-G-cr
subgroup in Pays67, up to G-conjugacy, corresponding to (0,0,1) € V. Above, we found a
non-G-cr subgroup Z lying in this class of parabolic subgroups with irreducible image in L.

It remains to calculate C(Z)°. To start, Z is conjugate to a subgroup corresponding to
(0,0,1) € V, and we may therefore assume that Z is contained in Q(3) Xy, where Q(3) is abelian.
We claim that any complement to Q(3) in Q(3)Xo commutes with QX°. To check this, we start
by noting that 1122100(¢) commutes with all elements of QX0 NQ(3) since Q(3) is abelian, so any
complement to Q(3) in Q(3) Xy commutes with QX°NQ(3). Now QX° is generated by Q(3)NQX°
together with z1(c), z2(c) given above and z3(c) = zo112100(¢)Zo111110(C¢)T0011111(C). It is then
a routine check using the Chevalley commutator formula that z1122100(¢) also commutes with
these three generators. Alternatively, one need not resort to explicit calculations since elements
of QXO induce Xp-module homomorphisms from the Xy-module generated by 21122100(t), which
is of high weight 101 and in level 3, into levels 4 and above. But these homomorphisms are
necessarily trivial because there are no vectors of non-zero weight in levels 4 or 5. This implies
that elements of Q*X° commute with x1122100(t)-
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At this point, we know that Cg(Z)° has rank 1 and contains a subgroup A;. By Lemma 3.16
we also know that C(Z) has a maximal connected unipotent subgroup of dimension at most
6, and we have exhibited such a subgroup above, namely @~°. It follows that C(Z)° = UsA;,
where Us is a 5-dimensional connected unipotent subgroup.

4.2. G of type Fsg.

4.2.1. L' of type As. The four standard As-parabolic subgroups of G are Pi3456, P34567, Pisers
and Pyys67. We start by considering P = Py3456 = QL, with Xg = A3 < L’ via 010. The action
of Xy on the levels of @) is as follows:

Q/Q(2) Q(2)/Q(3) Q(B)/Q4)  Q(4)/Q(5)
(010](200 4 002)[010) + 010 + 0 101 4+ 010 + 02 101 + 010 + 0 0102

Q(5)/Q6) Q6)/Q(7) Q(7)/Q(8) Q(8)
101 010 0 0

The summands of high weight 101 in levels 2,3,5 are respectively generated by the images of
the root groups Upio11110, Uoio11111, and Upaazazer. Furthermore, the elements z1(c) = zqq(c),
z2(c) = wor122210(C)11221110(C)11122110(C) and z3(c) = wo1122211(¢)T11221111(C)T11122111(C) Ccom-
mute with Xy. Then a standard Chevalley commutator formula calculation shows that for
each ¢ # 0, z1(c) induces an Xp-module isomorphism between the summands 101 in levels 2
and 3. Similarly, non-trivial elements z2(c) and z3(c) induce isomorphisms between the sum-
mands 101 in levels 3 and 5, and in levels 2 and 5, respectively. Parametrising complements
to @ in QXo by (k1,ke,k3) € V, this allows us to assume that k1ky = kiks = kaks = 0.
Moreover, n,, preserves the roots in Ljz4s6 and swaps the roots 01011110 and 01011111, the
element 1122321117001122211710111100M214M 3N 5N 4N2MIgTT PreEServes the roots in L13456 and sends
01011111 + 12232221 — 01011110. Thus in this case, there is precisely one non-G-cr subgroup
of type As having irreducible image in the Levi factor.

If P = QL is one of the three remaining standard As-parabolics then again, precisely three direct
summands of some level of the unipotent radical are irreducible of high weight 101 for a subgroup
Az < L via 010. These are the only summands occurring with non-zero first cohomology group,
and are respectively generated by the images of root subgroups corresponding to the following
roots:

Parabolic Roots
Psy4567 ao, 11111111, 12232111
Pyse7s 01110000, 11110000, 12232100
P24567 a3, 10100000, 11221000

Essentially identical calculations in these three parabolics show that, up to conjugacy, there is
at most one non-G-cr subgroup of type As in each, having irreducible image in the Levi factor.
Finally, the following elements of the Weyl group of G send the roots of Lis456 to those of the
Levi factor in each other case, and send the root 01011110 to the given root 5 occurring in the
corresponding unipotent radical:

Parabolic ‘ Root 8 ‘ Weyl group element

Psa567 Qg n7NEN5N4AN3NY
P45678 01110000 nrneNsMN4N3N1ININTNEMN51M4MN3

P24567 10100000 nNi112M101MN7NENE4TS
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We conclude that up to G-conjugacy there is exactly one non-G-cr subgroup of type Az with
irreducible image in a Levi subgroup of type As.

Let Y = A3 < E; represent one of the two non-Fr-cr subgroup classes (these are fused in
G since they lie in a subgroup Dg, on which G induces a graph automorphism). Then Y is
non-G-cr by Lemma 3.12 and contained in an As-parabolic subgroup of G.

It remains to calculate Cg(Y)°. Since Cg(E7)° = A; and Cg,(Y) = UsAjy, it follows that
UsA? = C4, 5, (Y) < Ca(Y). Checking the restriction of L(G) to Y in Table 8, we see that
dim Cg(Y) < 12. We claim that Y is not separable in G, from which it follows that Us A% =
Ca(Y). To prove that Y is not separable in G we start by considering the restriction L(G) |
A1E; = L(A1E7) + (1,Vs6). From this, and the restriction of L(G) | Y, we deduce that
dim Cp 4,5,y (Y) = 12. But Cj g (Y) was already shown to be 11-dimensional in the above
calculation. Therefore, Y is not a separable subgroup of A;E7. Now, (A1 FE7, G) is a reductive
pair and so by [4, Theorem 1.4], Y is not a separable subgroup of G, as required.

4.2.2. L' of type A%. The two standard A3-parabolic subgroups P = QL of G are Py34678 and
Ps3467s. The filtration of the unipotent radical of Pjs467s has a module (010,100), generated
as an Xo-module by the image of the root group Upip11000, and a module (100,010) generated
by the image of the root group Upii22100- Thus if Az < A% via (100[’"], 100[51), we find that V
is 1-dimensional if (r,s) = (1,0) or (0,1), and V = {0} otherwise. We will show below that
non-trivial cocycles Xo — Q(2)/Q(3) and Xo — Q(3)/(4) fail to lift to cocycles Xy — @, so
that H'(Xo,Q) = {0} and Pj34¢78 contains no non-G-cr subgroups of type As. (This occurs
because of the presence of a module in the filtration with non-zero second cohomology group.)

In Ps34678, the unipotent radical again gives rise to A%—modules (010,100) and (100,010), re-
spectively generated by the images of the root subgroups U,; and Uj1122100. The Weyl group
element nq, N3N0, Na, Mmaps the standard Levi subgroup Lisse7s to Lasasrs, and respectively
sends the root groups Upio11000 and Ut1122100 to Uns and Ut1122100- Thus any non-G-cr subgroup
As of Py3q67s is conjugate to a subgroup contained in Pj3467s.

We now show that H'(Xy, Q) = {0} when Q = R, (Pi34678). For this we use explicit calculations
with root elements in Q; we give details for the case Xo < L3447 via (100, 100M1); so that a
module with non-zero first cohomology group appears only in Q(2)/Q(3). We omit essentially
identical calculations for other embeddings of Xy, where the Frobenius twist appears on the
other factor, or where the dual module 001 is used in place of 100 in either factor.

Fix a maximal torus Ty, of Xy, contained in the fixed maximal torus of GG, and let 31, 82 and f33
be a set of simple roots of X with respect to T'x,. If V' = Vx,(210) is the irreducible Xy-module,
then a non-trivial cocycle Xy — V is determined by its restrictions to the three subgroups
Us,, Ug,, Ug,, since these subgroups together generate the unipotent radical Ux, of a Borel
subgroup By, of X, and we have isomorphisms H'(X,,V) = H'(Bx,,V) = H'(Ux,, V)T
by [20, 4.7(c), 6.9(3)]. Moreover, consider an indecomposable extension W = 0|V, generated
by a Tx,-stable vector v of weight zero. Then the cocycles Xg — V, z — A(z - v —v) give a
complete set of representatives of the cohomology classes in H!(Xy, V). Thus each cocycle is
cohomologous to some ¢ such that ¢(zg, (1)) is a sum of vectors of weight ¢;5;, ¢; € N. Expressing
the roots as elements of the weight lattice of X, an elementary calculation shows that each
weight f1 = (2,-1,0), B2 = (—1,2,—1), B3 = (0,—1,2) occurs in V(210) with multiplicity
one, and that ¢;3; does not occur if ¢; > 1. In particular, there are weight vectors vy _1 ),
V(=1,2,~1)5 V(0,~1,2) Such that ¢ is fully specified by ¢(wg, (a)) = avis,_1,0), (7, (b)) = bv(_12 1),
P(,(c)) = cv,—1,2)- Using the commutator relations for xg, (a), 4,(b) and s, (c), we calculate
that

P(zp, (a)zp, (b)2s,(C)) = a”(z,—m)+bv(—1,2,—1)+CU(0,—172)+bCzU(—170,3)+abzv(o,3,—2)+ab2020(0,1,2)

for all a,b,c € K, where each v; is a non-zero vector of Ty, -weight j.
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We now realise Tx, as a sub-torus of 7. We realise A3 as a subgroup of A3 = L4754 via
(100, 1001 by defining x5, (c) = z1(c)z6(c?), s, (c) = z3(c)x7(c?), w5 (c) = Ta(c)w3(c?) for all
c € K. Then Ty, is generated by elements hg,(t) = ng,(t)ng,(—1), where we in turn define
ng,(t) = zp,(t)x_p,(—t 1)xg,(t), for t € K*.

Now, since Ty, is a sub-torus of T', the T'x,-weight spaces of Q(2)/Q(3) are root subgroups of
G. Direct calculation allows us to identify the six vectors v; above as follows:

V(2,-1,0) = 01011111 (A1) Q(3), v(—1,2,-1) = To1121110(A2)Q(3), V(0,—1,2) = T11221100(A3)Q(3),
v(—1,03) = To1121111 (M) Q(3),  v(0,3,—2) = T11221110(X5)Q(3),  v(0,1,2) = T11221111(A5)Q(3)
for some non-zero scalars A1, ..., A\g. Finally, note that for a cocycle ¢ : Xy — @ and an
arbitrary unipotent element u € Xy, the element ¢(u)u has order at most four, since it is a

unipotent element in a complement to @ in Q@Xy. So we take the element ¢(y(a,b,c))y(a,b,c)
where y(a,b,c) = xg, (a)xg,(b)rs,(c), and calculate:

y(a,b,c)t = z11901111 (ab®cA; + abc® A9 19939901 (AbA1 A2).

In particular, this is only zero for all a, b and c if A\; and Ay are zero, which is the case if and
only if ¢ is a coboundary.

4.2.3. L' of type Dy. Let P = Py345678 = QL be the unique standard D7-parabolic subgroup
of G. The unipotent radical has two levels, with Q/Q(2) = X\¢ and Q(2) = Z(Q) = A\ as
L'-modules.

Let Xg = A3 < L' via 101. Then weight-space calculations show that Vi.(X\g) | Xo = Vi (A7)
Xo = Vx,(111) (cf. proof of [23, Proposition 2.12]; this is also stated in [36, p. 283, Case ST7]),
and these are the only modules of this high weight occurring in L(G) | Xy. In particular
V = K and there is at most one non-G-cr subgroup of type As minimally contained in P, up
to G-conjugacy.

Now consider a subgroup Y of type Az, embedded in a subsystem subgroup Dg via the 16-
dimensional module 7°(101) = 0[101|0. Since Y is reducible on the natural 16-dimensional
module and Y preserves a nondegenerate quadratic form on 101 [36, p. 283, Case S7], it follows
that Y lies in a D7-parabolic subgroup of Dg, hence in a conjugate of P, and we can assume that
the image of Y in L’ is Xj. Note that Y is not Dg-conjugate to Xy as they have incompatible
actions on the natural 16-dimensional module, thus Y is non-Dg-cr.

In a D7-parabolic of Dg containing Y, the unipotent radical, call it ()p,, is abelian and isomor-
phic to Vp. (A1) as a module for L'. In G, we have Qp, = Z(Q) = Q(2), and Qp, = 101 and
Q/Qps = Vy(111) as Xp-modules. Now the inclusion Qp, — @ induces a long exact sequence
in cohomology, and since Q)/Q p, has no fixed points under the action of Xy, Corollary 3.5 tells
us that Y is non-G-cr.

Since P is a maximal parabolic subgroup of G and Q%0 = QY = 1, by Lemma 3.17 the connected
centraliser of Y is trivial.

5. TYPE B3 AND B}

5.1. G of type Fj. The classification of non-G-cr subgroups of type Bs in G is given in [13,
Lemma 4.4.3]. There are two classes of subgroups, which are respectively G-conjugates of
Y1 < Dy < By via T(100) and Yy < Dy < C4 via T(100). Moreover, Y is contained in a
Bs-parabolic subgroup and Y3 is contained in a Cs-parabolic subgroup.

It remains to calculate C(Y1)° and Cg(Y2)°. It suffices to calculate just one of these, as

the exceptional graph morphism swaps Y; and Y5 and thus their connected centralisers are

isomorphic as abstract groups. We will calculate Cz(Y2)°. From the action of Y5 on L(G), given

in Table 4, we see that dim Cg(Y2) < 1. On the other hand, Y5 is contained in the parabolic

subgroup P34 = QL, and @ has two levels, the second being Z(Q)) which is 1-dimensional and
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hence centralised by L’. Thus every complement to @ in QL' centralises this 1-dimensional
unipotent subgroup and so Cg(Y2)° = Uj.

5.2. G of type Eg.

5.2.1. L' of type As. Let P = Pigy56 = QL and Xg = C3 < L’ via 100. The unipotent
radical @ has two levels, with Q(2) = Z(Q) a trivial 1-dimensional L’-module, and Q/Q(2)
isomorphic to the irreducible As-module A3. By Lemma 3.11, H'(X(,Q/Q(2)) vanishes and
H(Xo,(Q/Q(2))M) is 1-dimensional. Since H'(Xy,Q(2)) = {0} it follows from Lemma 3.4 that
H'(Xo, Q) vanishes and H'(Xj, Q[l]) is at most 1-dimensional. Any non-G-cr complements to
Q@ in QX are of type Bs, by Lemma 3.2. Taking into account the action of the torus Z(L) on
H!(Xy, Q[l]) we see that up to G-conjugacy there is at most one non-G-cr subgroup B3 in P
with image Xy under projection to L.

Let Y be a non-G-cr subgroup of type Bs contained in a C3-parabolic subgroup of Fjy, as
exhibited in [43, Theorem 1(A)]. Note that Y < D4y < Fj, and this is how it is listed in
Table 5. An embedding Fy — FEg maps a Cs-parabolic subgroup of Fy into P. Let R be the
unipotent radical of the Cs-parabolic subgroup of F4. Then R has a filtration R/R(2) = Vi, (A3),
R(2) = Vg, (0) as Cs-modules. Thus R is an Xg-invariant normal subgroup of @, and (Q/R)!!
is isomorphic to an Xy-module of shape 200/002. In particular this quotient has no fixed points,
and by Corollary 3.5 this non-Fy-cr subgroup Y remains non-G-cr.

Since P is a maximal parabolic subgroup, Lemma 3.17 implies that Cg(Y)° = QY. Since
Q*° < Z(Q) and is 1-dimensional it follows that Cq(Y)° = U;.

5.3. G of type E7.

5.3.1. L' of type As. The three standard As-parabolic subgroups of G are Pi3456, P34567 and
Poys567. The unipotent radical of Poys67 involves only modules of high weight 0, A2 and A4 for
the Levi factor; in particular none of these modules have a non-zero first cohomology group for
a subgroup Cs. As discussed in Section 4, the other two parabolic subgroups are associated,
and the filtrations of their unipotent radicals each involve two modules of high weight A1 or As,
and one module of high weight A3, so V = K3 in each case.

To begin, let P = Pause7 = QL, and let Xg = C3 < Li,s4; via 200. Then @ involves a single
L'-module of each high weight A1, A3 and A5, respectively generated as an L’-module by the
image of the root groups Uy,,, Ui111000 and Uj223210. The unipotent radical @) also involves an
L’-module of high weight Ay, generated by the image of the root group U,,. As an Xy-module,
this is isomorphic to /\2(200) = 020 4 0, and this trivial module induces a non-zero map of
Xo-modules Q/Q(2) — Q(2)/Q(3). As discussed in the proof of Lemma 3.11, this induces an
isomorphism of cohomology groups H'(Xg,200) — H'(Xo, A*(200)). Thus if we parametrise
complements to @ in QX by (ki, k2, k3) € V, then we may assume k1ks = 0.

If k1 = 0 then a @Q-conjugate of the corresponding complement to ) in Xy is contained in

the subgroup generated by X, Ui111000 and Uig23219- The Weyl group element nyngnsningni

sends the roots in Lg4s567 to roots in L3456, and sends the roots 1111000 and 1223210 to roots

in Q13456. If instead ko = 0 then the Weyl group element:
nrNeN5M4N2M3N 1 T4MN3T5T4TI2TETI5TIATL3TVTTLE TS T4 T2

sends the roots in Lgys67 to roots in Lisys6, and sends the roots a; and 1111000 to roots in

Q13456- Thus every non-G-cr complement to @ in QXg is G-conjugate to a subgroup of Pj34s56.

Now let P = Pj3456 = QL. Then Q has three levels and Xg = C3 < L’ acts on them as follows.

Q/Q(2) Q(2)/Q(3) Q@)
(100/001/100) + 100 010+ 0% 100
20




Thus V = K3, where the Xg-submodule of high weight 100 in 100/001|100 is generated by ele-
ments of the form xo111000(¢)Z0101100(c) and the Xyp-summands of high weight 100 are generated
by the image of the root groups U,, and Uj223211.

The root group Ui293210 is a trivial L’-module, and induces a non-zero L’-module homomorphism
between the two modules of high weight A5. Moreover, the corresponding Weyl group element
N1223210 Swaps the roots a7 and 1223211, and sends 0111000 and 0101100 to negative roots.
Thus, parametrising complements to @ in QXg by triples (k1, k2, k3) € V, we may assume that
koks = 0, and we may also swap ko and k3, so long as k1 = 0.

Taking into account the action of the 2-dimensional torus Z (L), non-G-cr complements to Q
in QX correspond to one of the four triples (1,0,0), (0,0,1), (1,1,0) and (1,0,1). Thus there
are at most four non-G-cr complements to @ in @ Xp, up to G-conjugacy.

We now present four non-G-cr subgroups of type Bj3, and we see that they are all non-conjugate
by considering their actions on Vs, given in Table 6. Let Y7 < Eg be the non-Eg-cr subgroup
from the previous section and let Y < Ag be embedded via W (100). Then Y; and Y5 are
non-G-cr by Lemma 3.12. Subgroups Y3 and Y, are embedded in the maximal rank subgroup
A7 via T'(100) and 001, respectively. To prove these are non-G-cr we note that they both act
on V56 with two indecomposable summands of dimension 28 and hence are not contained in any
Levi subgroup of G. The subgroup Y3 is contained in a parabolic subgroup of A7 and hence of
G. The subgroup Y} is contained in a parabolic subgroup of G because Yy < Dy < C4 < Ay
and this C4 subgroup is non-G-cr, as discussed in Section 8. Note that all Y; subgroups must
be contained in a parabolic subgroup of type Af, since we have proved that a representative for
every non-G-cr subgroup of type Bs in G is contained Pj3456.

It remains for us to calculate the connected centralisers of the four non-G-cr subgroups. Let us
start by considering Y7, which is contained in Fy < Eg. We noted above that Cr, (Y1) = Uj.
We also have that Cq(Fy)° = A1 (by [22, p.333, Table 3]) and so U1 A; < Cg(Y7)°. The socle
series of the restriction of L(G) to Y7 given in Table 6 shows that dim Cpg) (Y1) < 4. Thus
CG(Yl)O =UA;.

Similarly, by considering the action of Y2 on L(G) we find that dim C¢(Y2) < 3. The non-G-cr
subgroups corresponding to (1,0,0) and (0,0,1) both centralise tori and so Y; and Y2 must
be representatives of their conjugacy classes. In fact, one can check that Y5 is conjugate to
the subgroup corresponding to (0,0,1) by calculating that C(S)° is of type AgTy for the 1-
dimensional torus S < Z(L) centralising the root 1223211. Considering the structure of the
unipotent radical of Pj345¢ given above, we see that the non-G-cr subgroup corresponding to
(0,0, 1), contained in Q(2) Xy, centralises a 2-dimensional unipotent subgroup of () generated by
the trivial Xo-modules in level 2 generated by 261122111(6)1'11122111(6)1'0112221 (C) and 21223210 (C)
Therefore, C(Y2)° = UsT.

Finally, the subgroups Y3 and Y, are not contained in any Levi subgroups, as shown above, and
therefore their connected centralisers are unipotent and they are each conjugate to precisely
one of the subgroups corresponding to (1,1,0) and (1,0,1) (though we do not yet know which
is which). Note that Cp)(Yi) contains Z(L(G)), a 1-dimensional subalgebra generated by
a semisimple element, and hence dim Cg(Y;) < dim Cp(g)(Y;) — 1 for i = 3,4. In particular,
using the restrictions in Table 6 we find that dim Cg(Y3) < 2 and dim Cg(Ys) < 1. Studying
P = Pi3456 as in the previous paragraph, we see that the subgroup corresponding to (1,1,0)
centralises a 1-dimensional subgroup of ), whereas the subgroup corresponding to (1,0,1)
centralises a 2-dimensional unipotent subgroup of Q). It now follows that Y3 is conjugate to
the subgroup corresponding to (1,0,1) with C(Y3) = U, and similarly, Y3 is conjugate to the
subgroup corresponding to (1,1,0) with Cq(Ys) = U;.

5.4. G of type Eg.
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5.4.1. L' of type As. The four standard As-parabolic subgroups of G are Pi3456, P34567, Pise7s
and Poys67. We argue in this section as follows.

For P = QL equal to each of the four standard parabolic subgroups, with Xy = C3 < L’ via
100, we find that P contains only finitely many complements to ) in Xy, up to P-conjugacy.
Moreover, each such subgroup is G-conjugate to a subgroup of Ps4567. In fact, we can prove this
latter claim without a complete analysis of the complements to @) in @Xy. We then proceed to
consider Psy567 in detail.

First let P = Pigs56, and let Xg = C3 < L' via 100. The Xp-modules with non-zero first
cohomology group in the filtration of () are generated by the images of the root groups U,
for a € {a7, ag, a7 + ag,12232110,01122221, 12232111, 13354321}. Moreover there are four 1-
dimensional subgroups of ) which centralise Xy and induce non-zero homomorphisms between
Xo-modules in levels of ). We record these homomorphisms below. Writing (a, §) here means
that a homomorphism is induced from the Xy-module generated by the image of U,, to the
Xo-module generated by the image of Ug:

Element Induced homomorphism
xg(c) (a7, a7 + ag), (12232110, 12232111)
Z12232100(¢) (a7,12232110), (a7 4+ ag, 12232211), (01122221, 13354321)
Zo1122210(€)Z11122110(€)Z11221110(C) (a7 + ag,01122221), (12232111, 13354321)
Zo1122211(€) 11122111 (€) 11221111 (€) (a7,01122221), (12232110, 13354321)

Working through all of the relations implied by these homomorphisms, as well as elements of
N¢g(T) normalising L, it transpires that Pjsg56 contains at most eight non-G-cr complements to
Q@ in Q Xy, up to G-conjugacy. However we do not need this; instead we show only that each such
subgroup is conjugate to a subgroup of P34567. For this, notice that the first homomorphism
induced by zg(c) allows us to assume that k1ky = 0, if we take an appropriate basis of the
7-dimensional space V. Moreover, conjugation by the Weyl group element ng centralises X
and swaps a7 and a7 + ag, and also preserves the set of roots whose root groups in ) give
rise to Xp-modules with non-zero first cohomology group. It follows that we can assume that
k1 = 0. So every complement to @ in QX is Q-conjugate to a complement in ()1 Xy, where ()1
is the smallest Xp-invariant subgroup of () containing Q(2) and Uy, +ag-

Now consider the element nyngnsnsngny of the Weyl group W. This sends the roots occurring
in Li3456 to the roots occurring in L3567, and sends all of the roots giving modules with non-
zero first cohomology group, other than a7, to roots occurring in Q34567. Thus this Weyl group
element sends a ()-conjugate of each non-G-cr complement to @ in QQ Xy to a subgroup of Psys67,
as claimed.

Entirely similar calculations occur in the parabolic subgroups Pys678 and Pays67. Up to con-
jugacy, we find that there are at most eight and three non-G-cr complements, respectively,
to the unipotent radical in an appropriate semidirect product. For the case P = Pysg7s,
these are all contained in the smallest Xy-invariant subgroup of Pys¢78 generated by Xy and
Ua3454321, U11222100, U11222110, U10100000, U12343210, Uay, and Uszasasa1o. The Weyl group element
nynansngnyng sends the roots in Lyse7s to the roots in Lsysg7 and sends each of these other
root groups to root groups in Qs4567. Thus each non-G-cr complement in Pysgrg is G-conjugate
to a subgroup of Psys67. Similarly each complement in Payse7 is Pagsgr-conjugate to a comple-
ment contained in the smallest Xy-invariant subgroup generated by Xg and Usags4321, U11232111,
U11222211, U10111111 and U12343211. The following Weyl group element:

1001111117274 N3N5N4T2TETI5TL4ATI3 N7 TLETL5TVATI2TS

sends the roots in Lags67 to the roots occurring in Lsygs67, and sends each of the root elements
above to roots arising in the unipotent radical of Ps4567; again we conclude that each non-G-cr

occurring in Psyys67 is G-conjugate to a subgroup of Psy567.
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So let P = QL = Psy567, and fix Xy = C3 < L. The seven relevant summands of Q are
generated by the images of the root groups Uy, , Uag, Uoto11111, Ut1110000, U12232100, U22343211,
Ussssaser- All but the fourth of these give rise to an irreducible As-module with high weight
A1 or As, hence to a natural 6-dimensional Xp-module 100. The root group Uii110000 gives rise
to an As-module A3, which restricts to Xy as 100/001/100. The submodule 100 is generated
by the images of elements of the form x11121000(¢)Z11111100(C), and as discussed in Lemma 3.11
the inclusion 100 — 100]001|100 induces an isomorphism in first cohomology (after applying a
Frobenius twist).

Fix a basis of @7_, H'(X0,Q(i)/Q(i+ 1)) = V = K7, whose i-th member spans the first coho-
mology group of the i-th summand above, so that complements to () in QX are parametrised
by 7-tuples (ki, ko, ..., k7).

The following elements generate @X°, and the first six of them induce non-zero homomorphisms
between Xy-modules in the levels of ). Again, («, 5) means that a non-zero homomorphism is
induced from the Xp-module generated by the image of U,, to the Xp-module generated by the
image of Ug:

Name Elements Induced homomorphisms Implied conditions
z1(¢) | Zoro11110(€)Zo1111100(€)T01121000(C) | (001,11110000/12232100), kiks = 0 or k1ks = 0;
(as,01011111), if k1 = 0 then koks = 0;

(22343211, 23354321) if k1 = ko = 0 then kgk7y =0

22(c) T10111111(€) (12232100, 22343211) kske = 0

z3(¢) | 11222211 (€) 211232111 (€)T 11122221 (C) (12232100, 23354321) kskr =0

z4(c) T22343210(C) (ag,22343211), koks = 0;
(01011111, 23354321) if ko = 0 then k3k7; =0

z5(¢) | T12343211(C)T12243221(€)T12233321(C) (a1,22343211) kike =0

z6(c) Z13354321(C) (a1,23354321) kik: =0

27(0) 223465432 (C)

Moreover, there are a number of elements of the Weyl group of G which stabilise the set of
simple roots in L3567 and conjugate together various complements to ) in QQ Xy. The element

W = N2N4N3N5N4AN2NENENANINTNENEN4ANS

normalises L' and swaps U,, with Ui12232100; Uas With Upior1111; Us23as211 With Uszsssaszr; and
fixes Ui1110000- This therefore swaps k1 with k5, and using the first induced homomorphism
above, we can therefore take k1 = 0. Hence using the same induced homomorphism, we can
also assume koks = 0.

If ko # 0 then k3 = kg = 0. From the above induced homomorphisms we also have ksky =
0. If k5 = 0 then applying the above Weyl group element lets us assume that ks = 0,
which we deal with in a moment. So we can assume ks # 0, and we obtain the tuples
(0,1,0,1,1,0,0) and (0,1,0,0,1,0,0), after considering the action of the three-dimensional torus
Z(L) on H'(Xo, Q).

Now assume ko = 0. If k3 £ 0 then k7 = 0 and kskg = 0. Moreover the element n19111111 swaps
ks and kg, while stabilising k3, k4 and ky (it also sends a; and ag to negative roots, but this
does not matter as k; = ky = 0). We can thus assume k5 = 0. If ky = kg = 0 then we can apply
the Weyl group element:

12234321171112222170011111072111100007011122100725704 106 TL5 108

which swaps k3 and kg, and therefore puts us in the k3 = 0 case which we deal with in the
next paragraph. Thus we assume that one of k4 and kg is non-zero, and we obtain the tuples
(0,0,1,1,0,1,0), (0,0,1,0,0,1,0) and (0,0,1,1,0,0,0), after considering the action of Z(L).
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Now assume k1 = ko = k3 = 0. Then we have kgk7y = kskg = kskr = 0, so at most one of ks,
ke and k7 is non-zero. Again, the element nig111111 swaps ks and kg, so we can assume that
ks = 0. Then the Weyl group element w above lets us swap kg and k7, so we can assume that
ke = 0. We obtain the tuples (0,0,0,1,0,0,1), (0,0,0,1,0,0,0) and (0,0,0,0,0,0,1), as well as
(0,0,0,0,0,0,0), corresponding to the G-cr class, after considering the action of Z(L).

In summary, there are at most eight non-G-cr complements to @ in QX up to conjugacy in G.

We now give eight non-G-cr subgroups of type Bs. Their actions on L(G), given in Table 8,
show that they represent different G-classes. Moreover, their composition factors on L(G) show
that they are all contained in a parabolic subgroup of type A;. We let Y1 < Fg, Ys < Ag via
W (100), and Y3, Yy < AL < E7 via T(100) and 001, respectively be the non- E7-subgroups from
Section 5.3.1, which are non-G-cr by Lemma 3.12. The subgroups Y5 < A7 via T(100) and
Ys < D7 via W(100) + W (100)* are also non-G-cr by Lemma 3.12. Next we let Y7 < Dg via
T(100)?2, which is a non-Dg-cr subgroup. From Table 8, we see that Y7 acts on L(G) with five
indecomposable summands, two of which have dimension 28 and the other three have dimension
64. It now follows that Y7 is not contained in any Levi subgroup of G and is hence non-G-cr.
Finally, we let Y3 be a non-G-cr subgroup of type Bs from Lemma 10.9, contained in a non-G-cr
subgroup of type D4. The action of Yg, given in Table 8, shows that it is not conjugate to the
previous seven Y; and not contained in any Levi subgroup of G (it has five direct summands on
L(G) of dimensions 30, 30,62, 63, 63).

It remains for us to calculate the connected centralisers of the subgroups Y;. In this case, the
following proposition gives us an explicit construction of the non-G-cr subgroups occurring here.

Proposition 5.1. Let G be of type Eg, p = 2 and P = Psys67 = QL. Let Xg be a subgroup
of type Bs contained in P, with irreducible image Xy of type Cs in L. Then there exists
v = (a1,...,a7) € V= K7 such that Xg is conjugate to Xy = (y+;(t) : t € K, 1 < i < 3) for
the following elements yy;(t):

y1(t) = wag(t?) a7 (),
yx2(t) = p2a(t)z46(2%),
y3(t) = 25(t*)z 10111000 (a1t) To0001111 (a2t) T11222100 (a3t) 211122110 (A3t To1 122111 (€at)
712233210 (a5t) 722344321 (a6t ) T23465321 (a7t),
y_3(t) = 2_5(t*)x10110000(@1t)T00000111 (@2t)T 11221100 (@3t) T11121110(A3t)T01121111 (Aat)

x12232210(a5t)T22343321 (a6 + a1azas + aza;%,)t)$23464321((a7 + araqas + a§a4)t).

Proof. By construction, the given elements lie in P, and when aq,...,a7 are all zero these
generate the L-irreducible subgroup of type C5. It is also clear that the cocycles have image
in the appropriate modules in the levels of (). It remains, therefore, only to prove that each
such subgroup is indeed a group of type Bs. This is now routine using [9, Theorem 12.1.1]
(calculations assisted using MAGMA). O

Remark 5.2. To obtain the form of the implicit cocycles above, consider the restriction map
H'(Xy,200) — H'(Yp,200 | Yp), where Y is a subgroup of type A; of X generated by x45(t).
Then Yj is the derived subgroup of a Levi subgroup of Xy. Now 200 | Yy = 2 + 0%. It follows
that the map H'(Xy,200) — H'(Yp,200 | Yp) is injective. Cocycles for subgroups of type A;
have been described explicitly in [43, Lemma 3.6.2]. To lift this to a classification of cocycles
Yy — @, one can use the relations defining groups of type Aj; see [13, Lemma 3.6.1], and [13,
p. 45] for an explicit example.

Returning to the centraliser calculations, we first find the rank of C(Y;) by considering the

smallest Levi subgroup in which Y; is contained. Indeed, within our list of non-G-cr subgroups

we have all non-L-cr subgroups of type Bj for every Levi subgroup L, recalling that the first

four subgroups represent the four Er-classes of non-E7-cr subgroups. Thus the rank is 2 for Y;
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and Ys, since they are contained in Fg and Ag, respectively. For Y3, ..., Yg, the rank is 1 since
they are contained in E7, E7, A7, D7, respectively. Finally, Y7 and Yg are not contained in any
Levi subgroup and hence the rank of its connected centraliser is 0.

Given the construction of all subgroups of type Bs contained in P in Proposition 5.1 above, it
is now routine to calculate Cgx, (Xv), since Q%0 = (z(c):i =1,...,7). In particular, notice
that ajasas + CLQCL% =0 for Zv € V for each of our eight class representatives, and so the lift in
the root group U22343321 is trivial.

We now show that Cg(Y1) = UiGe. We know that Cr, (Y1) = U and Cg(Fy) = Go. Since
dim Cp @) (Y1) <15, from Table 8, we are done. Next we consider Ya, and start by noting that
Ca(Ag) = A1Ty. Furthermore, a routine calculation as above shows that the complements corre-
sponding to (0,0,0,1,0,0,0) and (0,0,0,0,0,0,1) centralise @*°. Therefore, C(Y2)° contains a
7-dimensional unipotent subgroup. Since dim Cr((Y2) = 10 it follows that Cg(Y2) = UsA1T1.

Next, we will find the connected centralisers of Y7 < Dg and Ys. Recall that these centralisers
are unipotent and so Y7 and Yg must be conjugate to one of the subgroups corresponding to
(0,0,1,1,0,1,0) and (0,1,0,1,1,0,0). We now check that the elements z9(c), z3(c), 25(c), z6(c),
z7(c) centralise the complements corresponding to (0,0,1,1,0,1,0) and (0,1,0,1,1,0,0) and
that z1(c)z4(c) centralises the complement corresponding to (0,0,1,1,0,1,0). We claim that
Ca(Y7)° = Us and so Y7 must be conjugate to the complement corresponding to (0,1,0,1,1,0,0).
To check the claim, we start by noting that dim Cs(Y7) < 6, using the relevant restriction
given in Table 8. Since Y7 < Ds, we have ¢ = Cp)(Ds) € Cpg)(Y7). Since the isogeny
type of Dg < FEjg is half-spin, it follows that ¢ is a 1-dimensional subalgebra generated by a
semisimple element. Since Cg(Y7) is unipotent, it follows that Lie(Cg(Y7)) cannot contain
¢ and so Lie(Cg(Y7)), hence Ci(Y7), has dimension at most 5. It now follows that Yy is
conjugate to the subgroup corresponding to (0,0,1,1,0,1,0) and so C(Ys)® has dimension at
least 6. Checking the restriction in Table 8 shows that Lie(Cg(Yg)) is 6-dimensional and so
Cc(Ys)°? = Us.

The remaining subgroups Y3, Yy, Y5, Y5 are each conjugate to exactly one of the four comple-
ments corresponding to (0, 0,0, 1,0,0, 1), (0,0,1,1,0,0,0), (0,0,1,0,0,1,0) and (0,1,0,0,1,0,0);
recall that their centralisers all have rank 1. A routine calculation shows that these complements
centralise a 7, 6, 6 and 4-dimensional subgroup of QX°, respectively. For the final two comple-
ments, only 5 and 3 generators of QX0 given above, respectively, are in the centraliser. However,
in both cases the product of two of the excluded generators makes up the final generator of the
centraliser of the complements.

Inspecting Table 8, we see that dim C;(Y;) = 10,9,8,6 for i = 3,4, 5, 6, respectively. Next, we
show that Y3 and Y} are not separable in E;T1, i.e. dim Cp,7, (Y;) < dim Cp(g,7)(Y;). Since
L(E;T) is a direct summand of L(Eg), it then follows from [4, Theorem 1.5] that Y3 and Yy are
not separable in Eg. From the calculations in E7 we find dim Cg. 7, (Y3) = 3 and dim Cp, 7, (Ys) =
2. We can easily check that the corresponding centraliser dimension in L(E7T7) is one more in
each case, using the restrictions L(FEg) | E7Ty = L(E7T1)+ (Vs6,1) + (Vse, —1) + (0,1) + (0, —1)
and Vse | Y3,Y), in Table 6. Thus dim Cg(Y3) < 9 and dim Cg(Yy) < 8.

We claim that C(Y;) contains a subgroup A; in all four remaining cases. For Y3,Y; this is
clear, since they are contained in E;, and Cg(E;)° = Aj. The subgroup Ys acts as 7/(100) on
Va. (A1), and since T'(100) is self-dual it follows that Y5 < Cy < A7. By [22, p.333 Table 3,
Lemma 4.9], C(Cy) = A; and hence A; < Ci(Ys). For Yg, we note that Ys < B2 < Bg < Ds.
Then, [22, p.333 Table 3] shows that C(Bs) = A1 and hence A; < Cg(Ys).

We now have enough information to conclude that Cg(Y3) = UgA1, Cq(Ys) = Us A1, Cg(Ys) =
U5A1 and C(;<Y6) = U3A1.

5.4.2. L' Of type A7. Let P = P1345678 = QL and XO = B3 < L = A7 be embedded via 001.
Then the unipotent radical ) has three levels, with X actions
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Q/Q(2)  Q(2)/QB) Q)
101 4+ 001 0[100/010[100]0 001

By Proposition 3.9, H!(Xo, Q(2)/Q(3)) = K, so dim H'(Xy, Q) < 1 and, considering the action
of Z(L), we find at most one non-G-cr complement to @ in QXy, up to conjugacy in G.

Let Y be a subgroup of By < Dg, embedded via 001+001. By Proposition 3.13 and Remark 3.14
there are two Dg-classes of such subgroups and both are non-Dg-cr. Now Dg has two classes of
Levi subgroup A7, one of which is a Levi subgroup of G, and one of which is the subgroup A?%.
Considering the images of the non-Dg-cr subgroups in these Levi factors, then, one class arises
from a G-cr subgroup contained in a subgroup E7. So even if such subgroups are non-G-cr,
they will arise from minimal parabolic subgroups with a Levi factor not conjugate to L. The
other class, however, has irreducible image in A7, which remains a Levi subgroup of G, so we
only need to prove that these non-Dg-cr subgroups remain non-G-cr. Since (Q/Q(2))*° = {0}
and ((2) is the full unipotent radical of an Ar-parabolic of Dg, this follows from Corollary 3.5.

By Lemma 3.17 we have Cg(Y)° = Cg(Y)°. In an A-parabolic subgroup of Dg, the unipotent
radical is the 28-dimensional module V4. (\2), and this is therefore a subgroup of ) isomorphic
to Q(2)/Q(3). Since this has a 1-dimensional space of fixed points under Y, we conclude that
Ca(Y)° =U.

5.4.3. L' of type D7. In this case, L' has irreducible subgroups of types Bz and B§ that we
need to consider; we start with Bg. Let P = Pogsse7s = QL and Xy = Bg < L' = Dy
via 0[((100,0) + (0,100))|0. Then the unipotent radical @ has two levels, with Q/Q(2) = Xg
and Q(2) = A\ as L'-modules, and therefore Q/Q(2) | Xo = (001,001) and Q(2) | Xo =
0[((100, 0) + (0, 100))|0.

From Proposition 3.9 we have H'(Xg,Q(2)) = K and H'(Xo,Q/Q(2)) = {0}, and taking into
account the action of Z (L), we deduce that there is at most one non-G-cr complement to @ in
®QXp, up to conjugacy in G.

Consider the subgroup Y = B? < Dg via the 16-dimensional B2-module (0](100,0)[0) +
(0/(0,100)|0). Each 8-dimensional factor has a nonsingular vector fixed by B3. Thus the 2-
dimensional subspace spanned by these contains a singular vector fixed by Bs, and thus this
subgroup B3 is contained in a Dz-parabolic subgroup of Dg. Since this is the unique non-zero
totally singular subspace fixed by B, we deduce that this subgroup is non-Ds-cr. Since Q/Q(2)
is an irreducible Y-module, Corollary 3.5 applies, and Y is also non-G-cr. A routine application
of Lemma 3.17 shows that C(Y)° = Uy.

Now, if Xg = B3 < L via 100 ® 100"l (r > 0), identical arguments to the above show that P
contains at most one non-G-cr complement to @ in Xy, up to conjugacy. A representative is
given by taking a subgroup Z < Dg via T'(100) + T(100)). Again, Corollary 3.5 tells us that
this non-Dg-cr subgroup is non-G-cr, and Lemma 3.17 tells us that C(Z)° = U;. Note that,
for each r > 0, the class representative Z is a diagonal subgroup of Y.

6. TYPE By

Let P = Py3s5678 = QL and X be of type Cy embedded in L’ via 1000. Then the action of X
on the levels of @ are as follows:

Q/Q(2)  Q(2)/Q(3) Q(3)
1000 + 0100 AZ(1000) 1000

Since 0010 and A?(1000) = T°(0100) = 0]0100|0 are tilting, their first cohomology groups vanish,

hence V = K2, The trivial submodule in level 2 lifts to a subgroup of QX°, since Cg(X()° = Ay

by [22, p.333 Table 3]. It follows easily that this induces a non-zero Xy-module homomorphism
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Q/Q(2) — Q(3). We deduce that complements are parametrised by (k1,k2) € V with k1ko = 0.
After considering the action of Z(L), there are therefore at most two non-G-cr subgroups of
type By in such a parabolic subgroup, up to conjugacy.

Let Y1 be the subgroup of type By embedded in Ag via Va (A1) J Y1 = 1000/0. Since p # 3
and Ag is the centraliser of an element of order 3, [2, Corollary 3.1] implies that Y7 is non-G-cr.
There are two Dg-conjugacy classes of subgroups of type By acting as Vp,(A4) on the natural
module for Dg. By [14, Lemma 7.4], one of these subgroups, denoted By(}) in ibid, is non-G-cr
and non-conjugate to Y7, let this subgroup be Y. Therefore Y7 and Y5 are representatives of
two non-conjugate non-G-cr subgroup classes contained in P.

Since P is a maximal parabolic subgroup it follows from Lemma 3.17 that C(Y7)° and Cg(Y3)°
are equal to QY1 and QY?2, respectively. In Table 8 we see that dim C L(@) (Y;)) =1for:=1,2.
Since Y2 < Dg and Crq)(Ds) is a 1-dimensional subalgebra generated by a semisimple vector,
it follows that C(Y2)° is trivial. Now, the complement to @ in P corresponding to (0,1) € V
centralises the lift of the trivial submodule in level 2, since Q(2) is abelian. It follows that Y;
is conjugate to this non-G-cr subgroup and C¢(Y7)° = Uj.

7. TyPE Cj

Recall that in Proposition 3.9, this is the only case where p = 3. Let P = Psgys67s = QL
be the unique standard Dz7-parabolic subgroup of G and let X = C3 < L’ via 010. Then
Q/Q(2) | Xo =110+ 001 and Q(2) | Xo = 010 + 0. By Proposition 3.9, we have V = K and
hence by considering the action of Z(L) we have at most one G-conjugacy class of non-G-cr
complements to @ in Q) X.

Let Y be a subgroup of type C3 embedded in Dg via Vpg (A1) = T(010)+0. Then Y is non-Dg-cr
and hence non-Fg-cr by Lemma 3.12, since Dg is the centraliser of an involution in Eg when
p # 2. It follows that Y must be contained in P since it is the only parabolic that possibly
contains non-G-cr subgroups of type Cs when p = 3.

Since P is maximal, using Lemma 3.17 we have C(Y)° = Cq(Xo) = Q(2)*° = Uj.

8. TypPE Cy

The case G = E7 is covered by [21, Lemma 2.7], yielding one conjugacy class of non-G-cr
subgroups, with representative Y = Cy < A7 embedded via 1000. The connected centraliser of
Y is Uy, as given in [22, p.333 Table 3|. So we may assume that G = FEg.

Let P = Pja3456 = QL be the unique standard Eg-parabolic subgroup of G and let Xy of type
Cy4 be a representative of the unique class of Ejg-irreducible subgroups. Then Xy acts on the
levels of () as follows:

Q/Q(2) Q(2)/QB) QB)/Q(4) Q4)/Q(5) Q5)
0100 +0> 0100+0  0100+0 0 0

By Proposition 3.9, we have V = K3, The images of Uars Uartag, and Upri22221 generate the
Xp-module 0100 in levels 1, 2 and 3, respectively. Moreover, three trivial summands in levels 1
and 2 are respectively generated by the image of the elements q4(c), z11221110(¢) Z11122110(C)
x01122210(c) and x11221111(c) 1‘11122111(6) I01122211(C). It then follows that we may assume that
kiks = kiks = kaks = 0. The element ng € Ng(T') centralises X whilst swapping U,, and
Uaz+ag, and the element

N7NeN5TANIN2NATIETIETLT TV T3 TUATIETETI2TI4TU5 V3 TATVI T3 M2 T4 TS 6 T T

centralises Xy whilst swapping Uq,+ag and Upii22221. We therefore conclude that there is at
most one G-conjugacy class of non-G-cr complements to @ in QXo.
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Let Y be the non-G-cr subgroup of type C4 contained in F;. Then Y is non-G-cr by Lemma
3.12 and hence a conjugate of Y is contained in P. The connected centraliser of Y is calculated
in [22, Lemma 4.9] and is UsA;. Note that ¥ < A1Cy < Dg < G and so Cg(Y)° is again a
semidirect product of its unipotent radical and its reductive part.

9. TYPE Dy

In this section we complete our analysis of non-G-cr subgroups by considering those of type Dy,
so that according to Lemma 3.6 we have p =2 and G = E7 or Eg.

9.1. G of type E7. In this case, according to [21, Theorem 1], there are infinitely many classes
of subgroups of type D4 contained in an Ejg-parabolic subgroup of GG, each having irreducible
image in the Levi factor. Exactly one such class consists of G-completely reducible subgroups.
Let P = QL be an Eg-parabolic subgroup. Then () is abelian, and is an irreducible L’-module
of high weight A\;. Thus the non-G-cr subgroups of type D4 occurring are complements to @ in
Q Xy, where X is generated by the short root subgroups of Fy < L'. We have Q | X = 010040,
hence H'(Xp, Q) is 2-dimensional. Fixing a basis so that each (a,b) € K? gives a complement
to @ in Q@ Xy, the action of the 1-dimensional torus Z (L) shows that complements corresponding
to (ap,bp), as p varies over K*, are all G-conjugate. Next note that L’ contains a subgroup
D,4.Ss. This outer automorphism group S3 acts on @ and thus on the collection of complements
to @ in QXg. Concretely, this can be realised as an element of order 3 sending a complement
corresponding to (a,b) to a complement corresponding to (b,a + b), and an element of order
2 swapping complements corresponding to (a,b) and (b,a). Thus all G-classes of non-G-cr
complements correspond to a pair (1,a), as a varies over K.

Next, we consider potential overgroups of these non-G-cr subgroups. First, we note that by
Lemma 3.15, the connected centraliser of every such subgroup is unipotent. Suppose that M is
a reductive maximal connected subgroup of G containing a non-G-cr subgroup Z of type Djy.
Then each simple factor of M must have rank at least 4, otherwise Z would project trivially to
some simple factor My and give My < Cg(Z). Thus M must be of type A7 by [20, Theorem 1].
Let Y = Dy < A7 < G via 1000. Since Ng(A7)/A7 has order 2, Y centralises an involution
in G and thus lies in a parabolic subgroup of G. From Table 8, we see that Y acts with two
28-dimensional indecomposable summands on Vzg. It follows that Y is not contained in any
Levi subgroup of G and is therefore non-G-cr.

Thus we have shown that precisely one of the non-G-cr subgroups is contained in a proper
reductive overgroup in GG, and the remaining infinitely many classes are MR.

It remains to calculate the connected centralisers. As @ is abelian, @Q*° = Q% for any non-G-cr
subgroup Z contained in P. It follows from Lemma 3.17(ii) that Cq(Z)° = Uy.

9.2. G of type Ej.

9.2.1. L' of type A7. Let P = QL with L' of type A7 and Xy < L’ embedded via 1000. Then
(@ has three levels, with Xy-actions

Q/Q(2)  Q(2)/QB) QB
1000 + 0011 0]0100[0 1000

Proposition 3.9 implies that V & K and thus there exists at most one class of non-G-cr comple-

ment to Q in QXg. By Proposition 3.13 and Remark 3.14, there are two Dg-classes of non-Dg-cr

subgroups of type D4 which act as 1000 4+ 1000 on Vp,(A1). Embedding Ds < G, since the

subgroups lie in a proper parabolic subgroup of Dg, they lie in a proper parabolic subgroup of

G. We now prove that these subgroups are both non-G-cr. We start by noting that the action

of each subgroup on L(G), given in Table 8, has three indecomposable summands of dimension
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64 and no indecomposable summand of dimension less than 28. For a contradiction, suppose
that Y is a subgroup in either class and that L is minimal among proper Levi subgroups of G
containing Y. Since L’ has rank at most 7 and Y has rank 4, it follows that L’ is simple, and
in fact L' has type A7, D4, D5, Dg, D7, Eg or E7. Knowledge of high weights on L(G) [23,
Table 10.1] shows that only D7 can potentially have a subgroup acting with three indecompos-
able summands of dimension 64. But in this case, L(G) | D7 = A\? + T(\2) + X\¢ + A7 and any
subgroup of D7 acts on L(G) with an indecomposable summand of dimension at most 14. This
contradiction proves that both classes of non-Dg-cr subgroups of type Dy are in no proper Levi
subgroup of G, hence are non-G-cr.

The two class representatives have different composition factors on L(G). By Proposition 3.9,
only Az-parabolics and Fg-parabolics can contain non-G-cr subgroups of type Dy, and it follows
that each class of parabolics gives rise to precisely one of these non-G-cr subgroup classes. The
fact that the subgroup Xy < A7 has a composition factor of high weight 0011 shows that the
first subgroup in Table 8 is contained in P.

Finally, we calculate C(Y')° for YV in this class of non-G-cr subgroups. Since P is maximal, we
can apply Lemma 3.17. There is a Cy overgroup of Xy in A7 and C(Cy)° = A; by [22, p.333
Table 3]). It follows that the trivial submodule in Q(2)/Q(3) lifts to a subgroup of @ and so
QX is 1-dimensional. Moreover, Y < Q(2)Xy and QX0 < (2) which is abelian, so Q¥ = QX°.
Hence Cq(Y) = U;.

9.2.2. L' of type Eg. Let P = QL be the standard Eg-parabolic of G and let X be the Eg-
irreducible subgroup of type D4 generated by short root subgroups in an Fj subgroup in Eg.
Then @ has five levels, with actions of L' and X as follows.

Q/Q(2) Q(2)/QB) QB)/Q(4) Q4)/Q() Q(5)
L A +0 A A6 0 0
Xo 0100402 010040 010040 0 0

The trivial summand in Q/Q(2), generated by the image of the root group U,,, induces a non-
zero FEg-module homomorphism Q/Q(2) — Q(2)/Q(3). In the action of Xy on A; and Ag, the
modules of high weight 0100 in the three levels are respectively generated by the images of the
root groups Uy, , Un;4ag and Upr122221. Note that X is contained in a subgroup Yy = Cy < Eg,
and as described in Section 8, the additional trivial modules arising in Q/Q(2) and Q(2)/Q(3)
respectively induce non-zero Yp-module homomorphisms ¢ : Q(2)/Q(3) — Q(3)/Q(4) and

P Q/Q(2) = Q(3)/Q4).

Now H'(Xp,0100) =2 K2, hence V = K% and we denote elements of V by (¢1, ¢2, ¢3), where
#i € HY(X0,Q(i)/Q(i + 1)). We identify elements in the different copies of H'(Xy,0100) such
that x4, (c) induces the map

(01, B2, #3) = (¢1, P2 + co1, ¢3)
and the additional trivial modules from Q/Q(2) and Q(2)/Q(3) respectively induce maps

<¢17¢27¢3) = (¢17¢27¢)3 + C¢2)7 (¢17¢27¢3) = (¢17¢27¢3 +C¢1)'

Again, since Xy < Yp it follows that X is centralised by ng € Ng(T'), which swaps the root
groups U,, and Ug,4qg, and centralises Upi22221. Moreover, the element

W = NNeNsNAN3IN2MNANIENETL7TLI N3 TATIE L6 TI2TIATLETL3TLATLI V3T T4 TV 6T

also centralises X, and swaps Ugy,+qg and Upiizo221 whilst mapping U,, to a negative root
subgroup. Similarly, the element

w' = N7NeN5M4MN2MN3NINANINETLATIZNETIETIATIZ3TLI VT TL6 T T4 T2 T3 TIATLS TV TV T

centralises X, swaps Uy, with Upii20221 and maps Uy, 4qs to @ negative root subgroup.
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We now use the above elements to parametrise complements to Q) in Q Xy, including Xy itself,
by elements of P* U {3 points}. To do this, we divide into a number of cases.

In the case that (¢1,¢2) = (0,0), conjugating by w’ sends the corresponding complement to
one corresponding to (¢3,0,0) € V. Such a subgroup is contained in a Levi subgroup of G of
type Er, and is non-Fr-cr. We will shortly show that such subgroups are G-conjugate if and
only they are E7-conjugate, hence there are infinitely many such subgroups, as described in
Section 9.1.

Now suppose that (¢1,d2) # (0,0) but that ¢; and ¢y are multiples of one another under the
above identification of the copies of H!(Xp, 0100). Then, conjugating by ng if necessary, we can
assume that ¢; # 0. Conjugating by an appropriate element x,4(c) then allows us to assume
that ¢o = 0. This complement therefore corresponds to an element of the form (¢1,0,¢3) € V
where ¢1 # 0. If ¢3 is a multiple of ¢; under the identification above, then conjugating by an
appropriate X-fixed point of Q(2)/Q(3) shows that the complement corresponds to (¢1,0,0),
which again lies in an E7 Levi subgroup of G as above. Thus we may assume that {¢1, ¢3}
form a basis of H'(X,0100). Now, conjugation by the element w’ and the Xy-fixed points of
Q(2)/Q(3) and Z(L), fuse together all classes corresponding to any such basis of H'(Xg,0100)
(this is essentially the fact that GLy(K) is transitive on ordered bases of its natural module).
Thus this case gives rise to at most one new class of subgroups. In Lemma 10.8 we will show that
the indecomposable direct summands of such a group on L(G) are incompatible with L(G) | Er,
so that these subgroups are not contained in a subgroup of type E7.

Finally, suppose that {¢1, ¢2} form a basis of H'(X(,0100). Conjugating by the Xo-fixed points
which give rise to the maps 1 and ¥’ above, we may assume that ¢3 = 0. Conjugation by the
element ng, together with U,, and Z (L), again fuses together all classes corresponding to triples
(¢1, 2,0) where {¢1, ¢} is a basis of H(X,0100). Thus in this case we find at most one more
non-G-cr subgroup, up to conjugacy. Again, in Lemma 10.8 we derive the actions of these
subgroups on L(G), and see that these are incompatible with the subgroup being contained in
E7, or being conjugate to any of the non-G-cr subgroups found above. Thus these do indeed
give rise to a distinct class of non-G-cr subgroups.

In summary, supposing that all potential complements above actually exist, we have shown that
non-G-cr subgroups correspond to one of: (¢,0,0) with ¢ a non-zero point of H'(Xg,0100); or
to (¢,0,9) or to (¢,1,0) for a fixed basis {¢,%} of H'(X(,0100) = K?2. In the former case,
these are parametrised by elements (a,b) € K2 modulo the action of Z(L) and a subgroup Ss,
as in 9.1 above. In each of the latter two cases we get at most one extra non-G-cr subgroup.

Let us first consider the infinitely many non-G-cr subgroups corresponding to elements (¢, 0,0) €
V, each contained in a Levi subgroup M of type E7. We will show that two such subgroups
are G-conjugate if and only if they are M’-conjugate. Let Y be such a non-G-cr subgroup. To
start, note that M’ centralises a connected simple subgroup A; (generated by root subgroups
corresponding to +ayg), hence so does Y. Moreover, note that conjugation by w’ sends Y
to a subgroup corresponding to (0,0,¢) € V; since this is contained in Q(3)Xy, it follows
that Y commutes with the 6-dimensional unipotent subgroup Q*° (the induced Y-module
homomorphisms Q(3) — @ induced by elements of QX0 are all zero as their image lies in Q(4),
and neither Q(4)/Q(5) nor Q(5) have a non-trivial composition factor). By Lemma 3.16, QX0
is a maximal unipotent subgroup of Cg(Y), for all subgroups Y corresponding to an element
(0,0,¢) € V. And Lemma 3.15 shows that Cg(Y) is rank 1. Since Q*° meets the subgroup A;
in a 1-dimensional connected unipotent group, we conclude that Cg(Y)° = UsA;.

Thus if Y and Z are two non-G-cr complements to @ in QXj, each contained in M’ (a fixed
copy of Er), we have C(Y)° = C(Z)° = UH, where U is a 5-dimensional unipotent subgroup
and H is simple of type A;. Now suppose g-Y = Z for some g € G. Then g normalises C(Y)°
and so H and g- H are simple subgroups of UH of type A;. A quick calculation shows that UH
is G-conjugate to the subgroup generated by QX0 and U_ag, with the subgroup A; generated by
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the root subgroups U.4.,. Using the commutator relations in G, it follows that U has a filtration
by H-modules of high weight 0 and 1. Each of these modules has zero first cohomology group,
hence H'(H,U) vanishes and g - H is U-conjugate to H (note that although H'(H,1M) is 1-
dimensional, the resulting non-trivial complements cannot be G-conjugate to H since they are
not algebraically isomorphic to H; the projection UH — H has a scheme-theoretic kernel on
restriction to H). Therefore (ug) - H = H for some u € U. Since U < Cg(Y) = Cg(Z), we
have (ug) - Y =wu-Z = Z, and ug € Ng(H) = HE7. Finally, this means we may take some
h € H such that (hug) - Y = h-Z = Z with hug € E7; hence Y and Z are conjugate under an
element of E7.

We now claim there are indeed two distinct classes of non-G-cr subgroups of type Dy contained
in P but not contained in FE7; we exhibited the first of these in the previous case of Pi34567s.
Indeed, there is a non-Dg-cr subgroup Y7 acting as 1000 + 1000 on Vp, (A1) which is contained
in P. Now let Y5 be the subgroup generated by the set of eight Chevalley generators y.g, (t) for
i=1,...,4in Proposition 10.5 with a; = a4 = 1 and a; = 0 for ¢ = 2, 3,5,6. This is a subgroup
of type D4 contained in Pj345678 by construction. Furthermore, in Lemma 10.8, we show that
Y5 acts with an indecomposable summand of dimension 188. No maximal reductive subgroup of
G or proper Levi subgroup of G has an indecomposable summand of this dimension or higher,
hence Y3 is non-G-cr and maximal among proper connected reductive subgroups of G.

Finally we calculate C(Y1)° and Cg(Y2)°. These are unipotent groups because neither Y nor
Y, is contained in a Levi subgroup of G. Inspecting Table 8, we find that dim Cg(Y7) < 5.
Since Y7 < Dg, it follows (as for the subgroup Y7 in Section 5.4.1) that dimCg(Y;) < 4.
Again inspecting Table 8, we find that dim Cg(Y2) < 5. We know from the above analysis
that these two extra subgroups come from the cases (¢1,0,¢3) € V, which are conjugate to
(0,¢1,63) € V, and (¢1,¢2,0) € V, where ¢1, ¢3 and ¢1, $o form a basis of K2, respectively
(though we do not yet know which corresponds to Y7 or Y2). It is routine to check that a
subgroup corresponding to (0, ¢1, ¢3) centralises a 5-dimensional subgroup of @X°, and such a
subgroup is therefore conjugate to Y2 and Cg(Y2)° = Us. Another routine check shows that
a subgroup corresponding to (¢1, ¢2,0) centralises a 4-dimensional subgroup of QX0; this is
therefore a conjugate of Y7 and Cg(Y7)° = Us.

10. ACTIONS OF NON-G-CR SUBGROUPS

In this section we determine the restrictions L(G) | X and Vi, X for the non-G-cr subgroups
X arising in Theorem 1. When X is not of type Dy, it has a proper reductive overgroup in
G and we use this to deduce the required restrictions. More details about this method can be
found in [30, Section 10]. The case when X has type D4 and p = 2 is by far the most difficult
to analyse; the remainder of this section is dedicated to giving a full treatment of this scenario.

So now let p = 2 and suppose firstly that G = E7, with X contained in P = QL with L’ of type
FEjg, such that the image Xg of X in L lies in a subgroup of type Fy and is generated by short
root subgroups of this. Recall from Section 9 that @) is abelian, with @ | Xo = 0100 + 0, and
the G-conjugacy class of X corresponds to ¢ € K? where we can take ¢ = (1,a) with a # 0.
Furthermore, precisely one of these infinitely many classes consists of subgroups lying in a
proper reductive overgroup of type Az, and the rest are MR (maximal among proper connected
reductive subgroups of G).

Lemma 10.1. In the above set-up, let Y < X be a subgroup of type Bs. ThenY is non-G-cr,
and is conjugate to the subgroup Bs < Ay wvia 001 given in Table 6.

Proof. Let Xy be the (G-cr) image of X in the Levi subgroup L, and let Zy < Yy < X where

Zy is simple of type A3 and Yy is the image of Y (simple of type Bs). We will show that Zj

can be chosen such that the restriction map H'(Xy,0100) — H'(Zy,0100) sends the non-zero

cohomology class giving rise to X, to a non-zero class. It then follows that the corresponding
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complement, Z, is non-G-cr, and also restriction of this class to H'(Yp,0100) is non-zero, so
that Y is also non-G-cr.

In a simply connected group, the derived subgroup of a Levi factor is again simply connected.
Therefore, the Lie algebra of an As-Levi subgroup in a simply connected group of type D4 has
socle series 101|0 as an Az-module. Since L(Aj3) is a submodule of L(D4) = 010002, and since
H'(D4,0100) = K? and H'(A3,101) = K it follows that the restriction map H'(D,,0100) —
H'(L',0100) has a 1-dimensional kernel, for each choice of As-Levi subgroup L. Moreover the
group of graph automorphisms S3 acts on the centre of L(D,) and on H'(Dy,0100), giving each
the structure of an irreducible 2-dimensional Ss-module. In particular this action preserves no
I-space, and it follows that for each non-trivial cohomology class in H'(Dy4,0100), there is a
simple subgroup Az whose class is not in the kernel of the restriction map.

As above, let Zy < Yy < Xy where Yy has type B3 and Zy has type As. Choosing Zj so that
the cohomology class giving rise to X does not lie in the kernel of H'(Xo,Q) — H'(Zy,Q),
the class remains non-trivial for both Yy and Zj;. Therefore the corresponding complements
Z <Y < X are respectively not Q)-conjugate to Zy, Yy and Xy, hence are non-G-cr. Considering
the composition factors of Z and Y on L(G) and on Vi, we identify Z as the subgroup in
Table 6 with Vigin 4 Z = 010% + T(101)2. Then dim(V;% ) = 2. Looking at the first three
subgroups Bs in Table 6, the corresponding subgroups Az will have a four-dimensional fixed-
point space on Vpin, and therefore Y is a conjugate of the final subgroup Bs, embedded in the

subsystem subgroup of type A7 of G via 001, as claimed. (]

Proposition 10.2. In the above set-up:

(i) If X < A7 then Vi J X = (0|\2]0)2.
(ii) If X is MR then Vipin 4 X = 02|A\3|0? is indecomposable.

Proof. The restriction for the subgroup X < A7 follows readily since A7 acts on Vi, with two
direct summands: the alternating squares of the natural 8-dimensional A7-module and its dual.

So suppose that X is MR and take a subgroup Y < X of type Bs; by Lemma 10.1 this is
a non-G-cr subgroup contained in a subsystem subgroup H of type A7, via 001. Inspecting
Table 6, the module Vi, | Y is a direct sum of two indecomposable 28-dimensional modules,
both of which are H-submodules. Since H is maximal among proper connected subgroups of
G, it follows that H is the identity component of the full stabiliser in G of this direct-sum
decomposition of Vipi,. Since X is not contained in such a subsystem subgroup of G, we see
that X cannot stabilise such a direct-sum decomposition and so Vi, | X is indecomposable as
claimed. To obtain the socle series in this case, note that Vi, | X is self-dual with composition
factors 0*/A\2. There are no uniserial X-modules of shape Aa|0| Ay for i > 0, since these would
be generated by a highest weight vector and would hence be an image of the Weyl module
A2|02, which is absurd. Since Vi, | X is indecomposable, it follows that it cannot have any
irreducible quotient Ag; since Ext!(A2|02,0%|\2) = {0} by [20, Proposition 4.13], the stated socle
series is the only remaining possibility. (]

Proposition 10.3. In the above set-up:

(i) If X < Ay then

L(G) L X = (Aal(2A1 + 0%)[X2) + (A2[(2A3 + 2X4 + 0)|(A2 + 0)) + 0.
(ii) If X is MR then L(G) | X is indecomposable with socle series
A2(2M\1 4 223 4+ 204 + 03)[(0% + \3).

Proof. In Proposition 10.2 we showed that the subgroups X in (i) lie in a subgroup Az, which
acts on L(G) as a direct sum V4. (A1 4+ A7)+ Va.(Ag) +0. Take Y < X of type Bs, recalling from
Lemma 10.1 that this is a conjugate of the final subgroup in Table 6). The indecomposable

summands of X on L(G) have the dimensions of the stated modules. The module structure
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itself follows at once from inspecting L(G) | Y and comparing this with the action of Y on each
X-composition factor.

For (ii), we again take Y < X of type Bs and consider its action on L(G) in Table 6. This has
three indecomposable summands, denoted M; = Z(L(A7)) = Z(L(G)), Mgz and Mzy, where
the subscript denotes the dimension. Now, Y lies in a subsystem subgroup H of type A7 in G,
and the stabilisers of Mg, M7g and Mgy + M7y all contain H. Since H is maximal in G, it in
fact equals each of these stabilisers. However, we proved in Section 9 that X is not contained
in any subgroup of type A7, so X does not stabilise Mgo, M7g or Mgy + M7g. This shows that
L(G) | X is indecomposable. Similarly, since X does not stabilise either of the indecomposable
Y-direct summands of the 132-dimensional A7-module L(G)/M; = Mgs + M7, we see that X
is indecomposable on L(G)/Z(L(G)). Finally, consider the G-module T'(A\2). This has a 133-
dimensional indecomposable submodule L(G), hence X is either indecomposable on T'(A2) or
X preserves a 1-dimensional complement to L(G). However, note that as an H-module, T'(\2)
has indecomposable summands of dimension 1, 1, 63 and 70, and the subgroup Y preserves only
these direct summands and no more. Thus each X-module complement to L(G) in T'(A2) is an
H-submodule, and again H is the full stabiliser of such a submodule. Since X is not contained
in a subgroup of type A7, we again conclude that 7'(\2) is an indecomposable X-module.

To determine the socle series, we first work with the G-module Tg.(A2), which is self-dual,
indecomposable and contains L(G) as a submodule. To begin, since Tg.(A2) has exactly one
X-composition factor of each high weight 2\;, 2A3 and 2)\4, none of these can appear as a
submodule or quotient, since the self-duality of T, (\2) would imply the existence of a direct
summand with one of these weights.

Next, L(G) has a 1-dimensional centre since p = 2 and G is simply connected, and L(Q) |
X = 0+ A2, which does not meet Z(L(G)) and thus furnishes a second trivial submodule and
a submodule Ag; these latter submodules consist entirely of nilpotent elements of L(G). The
subgroup Y < X does not have a 3-dimensional trivial submodule in its action on L(G), and
we conclude that the fixed-point space of X on L(G) is 2-dimensional. Next, note that for a
rational cocycle ¢, the maps = +— ¢(z)z and ¢(x)z — x are mutually inverse isomorphisms
of algebraic groups between X and its image in the FEg-Levi subgroup of G. This image in
the Levi subgroup is of adjoint type, since its action on V(A7) is a direct sum 0% + A3. Thus
X is adjoint, so L(G) has a submodule L(X) = 0%|)\2, and moreover this submodule Ay does
not consist entirely of nilpotent elements, hence is not equal to the submodule Ay furnished by
L(Q). Now, note that since T, (\2) has exactly four X-composition factors of high weight Aa,
we cannot have three of these in the socle, since this would imply the existence of a proper
direct summand. Thus L(G) } X has socle 02+ \3. It follows that T'(\2) also has socle 02 + g,
otherwise it would have socle 0% + A3, which would imply that T'(\2) = L(G) + 0, whereas we
know it is in fact indecomposable for X.

Using the fact that Tp.(A\2) admits a quotient A3, together with the fact that 2)1, 2\3 and 2)4
have trivial first cohomology, we see that all of the composition factors 21, 2A3 and 24 must
appear as submodules once we factor out the socle of Tr.(\2), as well as all of the remaining
trivial composition factors. Hence the same is also true for L(G). Finally, by self-duality of
Tg.()2), it follows that the remaining two composition factors A\3 do not appear in this second
socle layer of T'(\2), hence they do not appear in the second socle layer of L(G). The given
socle series for L(G) | X now follows, as well as

Tr,(A2) L X = A3[(2A1 + 2X3 + 2X\4 + 0%)[(0% + \3).
(]
Remark 10.4. Note that combining Tx.(A2) | X above with Proposition 10.2(ii), we immedi-
ately deduce the module structure of L(Eg) | X.

Finally, we need to determine the action of X of type D4 in G = Eg when X is contained in no
reductive overgroup. To do this, we require an explicit construction of such a subgroup in an
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Eg-parabolic P of G. For completeness, we construct of a conjugate of every non-G-cr subgroup
of type D4 in P.

Proposition 10.5. Let G be of type Eg, p = 2 and let P = QL be the standard Eg-parabolic
subgroup of G. Let X be a subgroup of type D4 contained in P, with irreducible image Xo in
L. Then, identifying V = (H'(Xo, \2))? = K5, there exists v = (¢1, ¢2,¢3) = (a1,...,a5) €V
such that X is conjugate to Xy = (y+i(t) : t € K, 1 < i < 4) for the following elements yi;(t).
Yx1(t) = za3(t)rss(t),
Y+2(t) = w11 (t)v26(t),
y3(t) = woo11000(t)To001100(t)T11232110(@1t)T11232111 (A3t ) T 12354321 (@51),
y-3(t
yal(t
y-alt

)=

)=

) = 2 _oo11000()Z—0001100(t)Z11111110(@1t)T11111111 (A3)T12233321 (as5t),
) = 0111000(75)1?0101100( )x12232110(a2t) T12232111 (a4t) 713354321 (a6t),
)=

—o0111000(t)Z—0101100(t)Z10111110(C2t)T10111111 (@4t) T 11233321 (a6t).

Proof. By construction, the given elements lie in P, and when a1,...,a¢ are all zero these
generate the L-irreducible subgroup Xy, as shown in [21, p. 444]. It is also clear that the
cocycles have image in the appropriate modules in the levels of (). It remains, therefore, only
to prove that each such subgroup is indeed a group of type D4. This is now routine using [9,
Theorem 12.1.1]; our calculations were assisted using MAGMA. (]

Remark 10.6. The form of the cocycles in the above construction was derived using the
restriction H'(Xp,0100) — H1(Yp,0100 | Yp), where Yp is the subgroup of type A} of X,
generated by xioouooo(t)xigoonoo(t) and -75:&:0111000(t)x:tOI(]llOO(t)- Then Y() is the derived sub-
group of a Levi subgroup of Xp. Since 1000 | Yy = (1,1) + 0%, it follows that 0100 |
Yo = (2,0) + (0,2) + (1,1)* + 0%, a completely reducible module. As mentioned earlier, in
a simply connected semisimple algebraic group, the derived subgroup of any Levi subgroup
is again simply connected. The Lie algebra of a simply connected simple group of type
D, has shape 0100|0%, and the Lie algebra of a simply connected semisimple group of type
A1 A; has shape ((2,0)]0) + ((0,2)]0). It follows that the X-module 0100|0? restricts to Yy as
(2,0)[0 + (0,2)]0 + (1,1)* + 0°, and in particular the map H'(Xy,0100) — H'(Yp, 0100 | Yp)
is injective. Finally, we use the explicit description of cocycles for subgroups of type A in [43,
Lemma 3.6.2].

With this construction in hand, the following result allows us to deduce the action of the
algebraic group using a well-chosen finite subgroup.

Lemma 10.7 ([24, Proposition 1.4]). Let X be a connected simple algebraic group and let Y
be a finite subgroup of X. Suppose V is a finite-dimensional X -module satisfying the following
conditions:

(i) Every X-composition factor is irreducible for Y ;
(ii) for each pair of X -composition factors M, N of V, the restriction map Extl (M, N) —
Exti (M, N) is injective;
(iii) for each pair of X -composition factors M, N of V, if M | Y = N | Y then M = N as
X -modules.

Then X and Y fix exactly the same subspaces of V.

Lemma 10.8. Let G = Eg, p = 2 and X be an MR non-G-cr subgroup of type D4. Then
L(G) | X has the following socle series:

T(A2)? + (0[A3](0% + 2X1 + 2X3 + 2X4)| (A3 + 0)| (A2 + 0)).
Proof. We apply Lemma 10.7 to X and its finite subgroup Y := X (4) = SO{ (4), acting on L(G).

To do so, we must check the three conditions hold. Conditions (i) and (iii) are immediate from
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inspection of the X-composition factors of L(G). Condition (ii) follows from [ 1, Theorem 7.4],
noting that (A, ;) < 3 for j € {1,...,4} for all highest weights X occurring in L(G) | X.

Therefore, X and Y stabilise exactly the same subspaces of L(G). In particular, the claimed
socle series for L(G) | X follows from the socle series for L(G) | Y. The latter socle series can
be calculated in MAGMA, using the generators in Proposition 10.5 with a; = a4 =1 and a; =0
for i = 2,3,5,6. U

Lemma 10.9. Let G be of type Eg, p = 2 and X be an MR non-G-cr subgroup of type Dy.
If Y < X is of type Bs then Y is non-G-cr and acts with five direct summands on L(G) of
dimensions 30, 30, 62, 63, 63.

Proof. A group of type D4 contains three conjugacy classes of maximal subgroups of type Bjs.
From the construction of X in Proposition 10.5, we can write down generators for the three
classes. Using MAGMA we find they each contain a finite subgroup SO7(4) which acts with
five direct summands on L(G) of dimensions 30, 30,62, 63,63. Another routine application of
Lemma 10.7 yields that these are actually the direct summands of each maximal subgroup of
type Bs. That these are non-G-cr now follows since no Levi subgroup can contain a subgroup
acting with summands of the given dimensions. O

Remark 10.10. It follows from the classification of non-G-cr subgroups of type Bs in G = Eg
when p = 2 that all subgroups of type B3 in an MR subgroup of type Dy are conjugate to one
another. We do not state this in the previous lemma, because the lemma itself used in the proof
of the classification.

11. TABLES OF EMBEDDINGS FOR THEOREM 1

We now give the tables listing non-G-cr subgroups X of simple algebraic groups G as in Theo-
rem 1, which have been enumerated in Sections 4-9. Within each table, each given X indicates
a unique G-conjugacy class of subgroups, except where explicitly stated otherwise.

The first column in each table gives the Lie type of X. For each type, we use a horizontal
line starting from Column 2 to distinguish between non-G-cr subgroups minimally contained in
different association classes of parabolic subgroups. For convenience, the order is the same as
the order in which we have considered the parabolic subgroups in the proof.

The second column either gives a proper reductive overgroup M of X or ‘MR’, indicating that
X is maximal among connected reductive subgroups of G, cf. Corollaries 2 and 3. When M is
classical we use the notation of Section 2.7 to indicate its embedding. When M is exceptional,
it turns out that X is always non-M-cr and we give the same overgroup of X as in the table
for M (when X is MR in M, we just list M).

The next columns give the action of X on a non-trivial G-module of least dimension, and on
the adjoint module L(G) (when these modules are different); the structure of the Weyl modules
and tilting modules in these columns is given in Appendix A.

The final column gives the structure of C(X)° using the notation in Section 2.5. The symbol
(f) indicates that X is separable in G, i.e. Lo, x)(X) = L(Cg(X)). We recall that G is
simply connected, so in the case G = FE7, where G is not a separable subgroup of itself, the
inseparability of many subgroups X is an artefact of this choice.
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Table 4: Non-G-cr subgroups of G = Fy, p =2

X Embedding of X Vig | X LGl X Ca(X)°
By Dy via T(100)  T(100) + 0012 4+ 0% (100]010]100]02) + T/(100) + 0012 Uy
Dy via T(100)  100/010/100 ((002 + 0%)[(200 + 100)|(010 + 002 + 0)[100) + 0 Uy (f)

Table 5: Non-G-cr subgroups of G = Eg, p = 2

X Embedding of X Va7 | X LG)|l X Ca(X)°
By Dy < Fy (100]010|100) + 0 100|(010 + 002 + 02)|(200 + 1002)](010 + 002 4+ 0)[(100 4+ 0) U (1)
Table 6: Non-G-cr subgroups of G = E7, p = 2
X Embedding of X Module actions Ce(X)°
A3z Dgvia 010 +010 Vs L X = 010* + T(200) + T(002), Us Ay
L(G) | X = W(101) + W(101)* + T(101)* + T(020) + 0?
Dg via 010 + 010 Vze L X = 010* + 7(101)? Ui Ay
L(G) | X = W(101) + W(101)* + T'(200)? + T°(002)? + T(020) + 03
Bs Eg Vs L X = (100/010|100)2 + 0* Ui Ay (1)
L(G) | X = (100](010 + 001 + 02)|(200 + 1002)|(010 + 001 + 0)|(100 + 0)) + (100|010|100)? + 03
Ag via W (100) Vs + X = W(100) + W (100)* + ((0 + 010)|100) + (100/(0 + 010)) UsTy (1)
L(G) | X = (100](010 + 0)|200/(010 + 0)|100) + W (100) + W (100)* + (100/002|100/(010 + 0))+
(010]100](002 + 0)|100) + 0
Ay via T(100) Vs & X = (100/(010 + 0)|(100 + 0))? Us
L(G) | X = (100](010 + 0%)[(200 + 100)|(100 + 010 + 0)(100 + 0))+
(100[(010 4 002)|1002](010 + 002 + 0)|(100 + 0)) + 0
Az via 001 Vse . X = (0]100/010|100/0)? Uy
L(G) { X = (100/010]/100|(002 4 0)|100](010 + 0)|100)+
(100/010[100](002 + 02)](200 + 100)|(010 + 0)|(100 + 0)) + 0




L€

C4 A7 via 1000

Vsg 4 X = T(0100)2 Uy

L(G) L X = (0100[0]2000/0/0100) + (0100|(0001 -+ 0)|(0100 -+ 0)) + 0

Dy MR (oo classes)

Vss L X = 02]01002|02 U,

L(G) L X = 0100%|(2000 + 0020 + 0002 + 0%)[(0% + 0100?)

Az via 1000

Vs L X = (0]0100/0)2 U

L(G) L X = (0100](2000 4 02)]0100) + (0100|(0020 4 0002 + 0)|(0100 + 0)) + 0

Table 7: Non-G-cr subgroups of G = Fg, p =3

X Embedding of X L(G)|l X Ca(X)°

C3

Ds via T(010) + 000 200 + T(010) + T(101) + W (110) + W(110)* Uy (1)

Table 8: Non-G-cr subgroups of G = Eg, p = 2

X Embedding of X L(G)l X Ca(X)°
Az Dg via 010 4 010 T(200)2 + T(101)* 4+ W (101) + W (101)* + T(020) + 0108 + T(002)2 + 06 UsA? (1)
Dg via T'(101) (101](020 + 0%)|(210 + 012 + 101)|(020 + 0)|(101% + 0)) + 1112 1
Bs Fg (100[(010 + 001 + 0?)(200 + 100?)|(010 + 001 + 0)|(100 + 0)) + (100/010/100)% + 0** U1G> (1)
Ag via W (100) (100[(010 + 0)[200[(010 + 0)[100) + W (100)? + (W (100)*)3 + ((0 4 010)|100)2+ Us ATy (1)
(100/(0 + 010))? + (100/002[100|(010 + 0)) + (010/100](002 + 0)|100) + 0%
A7 via T(100) T(200) + T(100)* 4 (100](010 4 0)[(100 + 0))? + (010]002|100/010)? UsA; (1)
AL < By via T(100) (100[(010 + 0%)[(200 + 100)|(100 + 010 + 0)|(100 4 0)) + (100[(010 + 0)|(100 + 0))*+ Us Ay
(100](010 + 002)|1002|(010 + 002 + 0)|(100 + 0)) + 0*
AL < E; via 001 (100]010|100| (002 + 0)|100|(010 + 0)|100) + (0/100/010|100|0)*+ UsA;
(100]010/100| (002 4 02)|(200 + 100)|(010 + 0)|(100 + 0)) + 0%
Dy via W(100) + W(100)* W (100)2 4 (W (100)*)2 + (100/(010 + 0)|200/(010 + 0)|100) + ((0 + 010)|100[0)+ UsA; (1)
(01100/(0 + 010)) + T(002)?
Dg via T(100)? (100]010|100]|0%) + (0]100](010 + 0)|100) + T'(200) + T'(002)2 Us
non-G-cr MR Dy T(010)2 + (100/(010 + 02)](200 + 100)|(100 + 010 + 0)|(100 + 0))-+ Us (1)

(100[010/100(002 + 0)[100|(010 + 0)[100|0) 4 (0100]010|100|(002 + 0)[100|(010 + 0)[100)
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Dg via 0012 (0/100/010[100]0)2 + 1012 + 001* + T'(002) U (1)
Dy via (0/(100 + 1001010 + 01007 + 0)[(100 + 100I7)|02)+ Uy
T(100) + T(100) (r #0)  (0](100 4 100I")](100 ® 100! + 02)(100 + 100I)[0) + (001 ® 001[7)2
B? Dg via (0/((100, 0) + (0,100))|((010,0) + (0,010) + 0)|((100,0) + (0,100))|0%)+ Uy (1)
(0](100,0)]0) + (0](0,100)|0)  (0[((100,0) + (0,100))|((100, 100) + 0%)|((100,0) + (0, 100))|0) 4 (001,001)?
B, Ag via W(1000) (1000/0]0100]0]2000[0]0100/0]1000) + (1000|(0010 + 0)|0100|0)+ Uy (1)
(0/0100|0|(1000 + 0010))
Dg via 0001 (1000/0/0100| (0010 + 0)|0100]0](1000 + 0))+ 1
(1000[0]0100]0]2000|(0010 + 0)]0100[0|1000)
Cy A7 < Eq (0100/0/2000]0]0100) + 7°(0100)* + (0100](0001 + 0)[(0100 + 0)) + 04 Us Ay
D, Dg via 1000 4 1000 (02/01002|0) 4 T'(2000) + T°(0011)? Uy
F; (0o classes) (01002](2000 + 0020 + 0002 + 0%)|(0% + 0100%)) + (0%]01002%|0%)2 + 02 UsA; (1)
A7 < By (0100](2000 + 0%)|0100) + (0]0100/0)* + (0100] (0020 + 0002 + 0)[(0100 + 0)) + 0% Us Ay
Dg via 1000 4 1000 (0100[0%) + (02/0100) 4 T°(2000) + T/(0020) + T'(0002) U,
MR T(0100)2 + (0]0100%](0* 4+ 2000 4 0020 + 0002)|(01002 4 02)](0100 + 0)) Us (1)




APPENDIX A. ANCILLARY DATA

Here we provide the socle series for the Weyl and tilting modules occurring in Tables 4-8. These
mostly follow from the Weyl character formula and knowledge of the weights of low-dimensional
irreducible modules, as given for instance in [32]. Explicit calculations are also facilitated using
S. Doty’s software package [17]. For tilting modules, attention is focused on indecomposable
modules T'()), since direct sums and summands of tilting modules are tilting; moreover tensor
products of tilting modules are tilting. Finally, the uniqueness of T'(\) for each dominant weight
A implies that T'(A\) = T'(—woA)* where wy is the longest element of the Weyl group; for us this
is often sufficient information to determine the submodule structure of T'(\).

Two of the most complicated tilting modules occurring in this paper arise for groups of type
Bs in characteristic 2, specifically 7'(200) and 7°(002). The former is 7'(100) ® 7'(100) and
the latter is 001 ® 001. Using a sufficiently large finite subgroup, we can use Lemma 10.7 to
perform explicit computations, e.g. in MAGMA, to obtain the precise module structure. By [11,
Corollary 7.5], a subgroup Q7(4) is ‘sufficiently large’ for our purposes.

X |p| X | Socle Series of W(\)
A; | 2] 101 101[0
Bs | 2| 100 100/0
Cs | 3] 110 110]001
By | 211000 1000|0
X |p A Socle Series of T'(\)
As | 2 101 0]101|0
020 101](020 + 0)|(101 4 0)
200 010/200|010
002 010/002/010
B; | 2 100 0]100|0
010 0/100|(010 + 0)|100]0?
200 100](010 + 02)[(200 + 100 + 0)|(100 + 010 + 0)[(100 + 02)
002 0/100|101|100| (002 + 0)[100|(101 + 0)[100|0
Cs |3 010 0/010|0
101 010/(101 + 0)[010
Cs |2 0100 0/0100|0
Dy |22\, i=1,34 0[01000|(2X; + 0)[0100/0
0100 0%0100/0?
0011 1000/0011|1000
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