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Abstract—Within the zero-correlation-zone (ZCZ), ZCZ se-
quence sets exhibit ideal correlation properties, which is highly
advantageous for both wireless communications and radar sens-
ing applications. Recently, to achieve optimal training for spatial
modulation (SM), Pai et al. introduced the concept of sparse
Z.CZ (SZCZ) sequence sets, where each column contains only
one non-zero element. In this paper, we first extend the SZCZ
sequence set concept by permitting multiple non-zero elements
per column, thereby accommodating training design require-
ments for generalized SM (GSM) systems. Then, we propose
a direct construction of SZCZ sequence sets with parameter
(@™, g™ (g=1)g" P +(g-2)g"® !, (g7, ¢ 7)) based
on restricted extended Boolean functions. Compared to existing
works, the proposed SZCZ sequence sets exhibit a greater ZCZ
width and can be applied to both SM and GSM training designs
simultaneously. Simulation results show that compared with
other training sequences, the channel estimation performance
is significantly improved when the proposed SZCZ sequence set
is used as the training sequences.

Index Terms—Sparse ZCZ sequence set, channel estimation,
(generalized) spatial modulation, restricted extended Boolean
function, frequency selective channel.

I. INTRODUCTION

A sequence set is termed a zero-correlation-zone (ZCZ)
sequence set if its auto-correlation and cross-correlation func-
tions are zero within a predefined region around the zero shift
[1]. A ZCZ sequence set where this zone covers the entire
sequence length is called a perfect sequence set. However,
the existence of such perfect sets is precluded by the Welch
bound [2]. Tang et al. established a theoretical upper bound
for the ZCZ width, given by Z < % — 1, where M, N
and Z denote the set size, sequence length, and ZCZ width,
respectively [3]. For the specific case of binary sequence
sets, it has been conjectured that 7 < % [4]. A ZCZ
sequence set that attains these bounds is considered optimal.
Over the past two decades, numerous optimal ZCZ sequence
sets have been constructed using various methods, including
interleaving techniques, transformations of known sequences,
and Boolean functions [5]-[12]. To date, ZCZ sequence sets
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have found a wide range of applications. These include their
use as spreading sequences in quasi-synchronous code-division
multiple-access (QS-CDMA) systems [13], as pilot sequences
for frequency synchronization and interference avoidance in
multi-cell systems [14], [15], in waveform design for multiple-
input multiple-output (MIMO) continuous-wave (CW) radar
[16], [17], and as training sequences for optimal channel
estimation in MIMO communication [18]-[20]. This paper
focuses on the design of sparse ZCZ training sequence sets
for spatial modulation (SM) and generalized SM (GSM) to
achieve optimal channel estimation.

MIMO technology employs multiple antennas at both the
transmitter and receiver to enhance data throughput and
improve link reliability without requiring extra bandwidth
or transmission power. It is now a cornerstone of modern
wireless standards, including Wi-Fi, 4G LTE, and 5G NR
[21]. However, these advantages come at the cost of strin-
gent synchronization requirements, inter-antenna interference
(IAI), and increased hardware complexity from additional
radio-frequency (RF) chains. To achieve a balance, spatial
modulation (SM) was proposed, which activates only one
transmit antenna and its corresponding RF chain in any given
time slot [22]-[24]. This characteristic inherently reduces
IAL lowers power consumption, and simplifies transceiver
design. A longstanding challenge has been the lack of effective
channel estimation schemes for SM over frequency-selective
channels. Conventional MIMO training sequences [19], [20],
[25], [26] are unsuitable as they do not account for the sparse
signaling structure of SM. To address this, [27] and [28]
proposed sequentially activating transmit antennas, assigning
distinct cyclic shifts of a common pseudo-random sequence to
each antenna. However, this approach may not support high-
rate SM schemes due to its associated power efficiency loss
and high pilot overhead [23]. In 2020, Liu et al. introduced the
concept of cross Z-complementary pairs (CZCPs) for training
sequence design in SM systems [29]. Several constructions of
CZCPs with flexible parameters have been reported in [30]-
[32]. Building on CZCPs, Huang et al. generalized the concept
to cross Z-complementary sets (CZCSs) for training sequence
design in SM systems [33]. Recently, they also proposed a
construction of CZCSs with flexible length based on gen-
eralized Boolean functions [34]. Fundamentally, both CZCP
and CZCS-based designs construct sparse zero-correlation-
zone (SZCZ) sequence sets. However, their narrow ZCZ
width restricts the number of tolerable multipath components.
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Channel estimation performance degrades sharply when the
actual multipath count exceeds this width, a constraint inherent
in their structure. Recently, Pai et al. proposed the concept of
the sparse ZCZ (SZCZ) array (i.e., sequence set), whereby
each column contains only one non-zero element, making
it an excellent training sequence candidate for SM systems
[35]. Moreover, two constructions of SZCZ arrays based on
two-dimensional restricted generalized Boolean functions were
proposed, and demonstrating the superiority of SZCZ arrays
in channel estimation for SM systems. It is important to note
that the SZCZ sequence set in [35] is specifically designed for
SM systems and is not directly applicable to generalized SM
(GSM) systems.

The spectral efficiency of SM is inherently limited, as it
activates only a single RF chain in each time slot. To overcome
this limitation, GSM was introduced, which activates multiple
(but fewer than the total number of) RF chains per time
slot [36], [37]. Consequently, a GSM symbol comprises two
components: one selects the specific combination of active
antennas, while the other specifies the constellation symbols
transmitted from these active antennas. This architecture al-
lows GSM to strike an excellent balance between spectral
efficiency and RF hardware cost, thereby retaining the primary
benefits of SM. Likewise, the design of training sequences
for GSM is challenging. Due to the different sparse structure
of the training matrix, the training sequence suitable for SM
cannot be directly applied to GSM. In 2023, Zhou et al
proposed a new concept of symmetrical Z-complementary
code set (S-ZCCS) for training sequence design in GSM
systems [38]. The S-ZCCS is a subclass of the classical ZCCS
[39], featuring a symmetric ZCZ. However, to eliminate inter-
antenna interference, the S-ZCCS-based training framework
requires the incorporation of zero padding in specific time
slots, thereby increasing the pilot overhead. In the same year,
Huang et al. developed GSM-compatible training sequence
sets using CZCP mates. However, their design was severely
constrained-supporting only two active TAs per time slot due
to the limited availability of two sequences in CZCP [40].
Subsequently, in order to solve this problem, Huang et al.
proposed another sequence family called enhanced CZCS (E-
CZCS) for GSM training sequence design [41]. A careful
observation reveals that the training sequence sets designed
in [38], [40], [41] satisfy the following characteristics: 1) they
are all ZCZ sequence sets; 2) they all have sparse structures
and each column has more than one non-zero element. Inspired
by this, this paper redefines the SZCZ sequence set to allow
it to have flexible non-zero element entries in each column,
so that it can be applicable to both SM systems and GSM
systems.

Constructing a SZCZ sequence set is not easy, as it must
simultaneously satisfy the requirements for a periodic ZCZ
and flexible column sparsity. Essentially, the new concepts
proposed by Zhou et al. and Huang et al. both aim to construct
SZCZ sequence sets that meet GSM requirements. Observation
reveals that restricting one Boolean function can only result
in one non-zero element per column in the SZCZ sequence
set. Taking inspiration from this, we restrict k& variables in g™
different extended Boolean functions and ultimately obtained

a SZCZ sequence set with parameters of (M = ¢"t% N =
qm+n+k7 7 — (q_ 1)q7r(2)—1 _~_(q_2)qﬂ'(3)—17 (M = q", N —
¢™™)), where M and N represent the number of non-
zero elements in each column and row of SZCZ sequence
sets, respectively. By adjusting the parameter n, the proposed
construction is not only applicable to SM systems, but also
to GSM systems. Simulation results show that the proposed
SZCZ sequence set can achieve the minimum mean square
error (MSE) of channel estimation in SM/GSM systems, which
is better than other types of sequence sets.

The paper is structured as follows: Section II introduces the
fundamental concepts and GSM system model. Section III first
derives the design principles of the GSM training sequence
set, then proposes the main construction of this paper and
makes a detailed comparison with known results. Section IV
provides some simulation result and analysis. Finally, Section
V concludes with some remarks.

Notations: Throughout this paper, the following notations
will be used: Zy = {0,1,2--- ;A\ — 1} represents the set of
integers modulo a positive integer \; £y = exp(2my/—1/)) is
a primitive A-th root of unity; (-)*, (-)T and (-)™ represent
the complex conjugation, the transpose and the Hermitian
transpose, respectively; (-), represents the modulo 2 operation
where z is the a positive integer; Tr(-) represents the trace of
the matrix; the lowercase bold letter a represents a sequence
(or row vector) and the capital bold letter A represents a
sequence set (or a matrix); + and — represent 1 and —1,
respectively.

II. PRELIMINARIES AND DEFINITIONS
A. Sequences

Given two complex-valued sequences a =
[ap,a1, -+ ,an—1] and b = [bg, by, -+ ,by_1] of length N,
the periodic cross-correlation function (PCCF) of a and b at
time-shift 7 is defined as

N-—-1
> aib(i+7)1\f’

1=0

Ran(r) = 450 N<r<o, D

0<7<N;

0, otherwise.

Especially, when a = b, Ra p(7) is called the periodic auto-
correlation function (PACF) of a and is abbreviated as Ra(T).
Note that R,(7) = R5(—7).

Definition 1. Let S be a sequence set of size M of length NV,
its matrix representation is

- s
S1
S =
|SM—1
50,0 50,1 S0,N—1
51,0 51,1 S1,N—-1
= ) . ) ) ; (2)
|SM—-1,0 SM-1,1 SM—1,N—1
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where each row sequence has N non-zero elements and each
column sequence has M non-zero elements. For a positive
integer Z with Z < N — 1, the sequence set S is called
an (M, N, Z,(M,N))-SZCZ sequence set if the following
conditions hold:

N, i=3, 7=0;
i=j, 1< |7 < Z; €)]
0, i#j 0<|r<2

Besides, the ZCZ ratio is defined as ZCZyio = M Z/N, the
larger ZCZ, a0, the greater the width of ZCZ.

Remark 1. In [35], Pai et al. first introduced the concept
of SZCZ for training design of SM. In their definition, the
SZCZ parameter is denoted as (M,N,Z,S), where S =
((N—N)/N) indicates the sparsity level. Because the number
of activated antennas in each time slot in GSM is flexible,
unlike SM which only one activated antenna in each time
slot, so we introduce the parameter M and redefine the SZCZ
sequence set. Further, the parameter of the SZCZ sequence set
we define are denoted by (M, N, Z, (M, N)). Here, S is not
used because it can be calculated by N and N. Especially, if
(M,N) = (M, N), the SZCZ sequence set S is reduced to a
traditional dense ZCZ sequence set with parameter (M, N, Z).

Remark 2. In Definition 1, if M = M=1 (i.e., sequence set
S contains only one sequence denoted as s) and Z = N, then
s is called a perfect sequence.

Lemma 1. For any (M, N, Z)-ZCZ sequence set, the upper
bound on ZCZ width [3] is given as

N
< — —1.
Z < 1 “)

However, for a binary (M, N, Z)-ZCZ sequence set, the upper
bound on ZCZ width [4] is conjectured by

N
Z < 5N
Remark 3. According to Lemma 1, we have ZCZ,;, < 1. In
this paper, when ZCZ.,;, = 1, we refer to ZCZ sequence set
as the optimal. Especially, if it is a binary ZCZ sequence set,
when ZCZ,.io = 1/2, we call it optimal.

®)

B. Restricted Extended Boolean Functions

In this subsection, we will introduce the restricted extended
Boolean functions [42], which are powerful tools for con-
structing SZCZ sequence sets. Before that, let us first review
extended Boolean functions.

For two integers ¢ > 2 and A > 2 with ¢|), an extended
Boolean function f : Zg* — Zy is comprised of m variables
1, T, -+, Ty, Where x; € Zg for 1 <4 < m. The sequence
f associated to f is represented by £ = (fo, f1, -+, fgm—1),
where f; = f(i1,d2, . im) and (i1, 42, ,ip) is the g-
ary representation of integer i = Y7, i;¢’~'. Further, the
A-ary sequence f corresponds to the A-phase complex-valued
sequence is provided by &£ = ( {0, f\cl s, 67T,

Let J = {j1,j2, - ,jx} be a list of k indices with 1 <
J1 < Jo < oo < g <m, x5 = (T4,,%5,, T, ) and

c = (c1,c2, - ,c) € Z’;. A restricted extended Boolean
function f|x,— obtained by restricting variables x; in the
f to the certain known c. To simplify, consider f|x,— as
the complex-valued sequence with component equal to f/{i if
1; = ¢;j for 1 < 7 < k and zero otherwise. Obviously, there

are ¢™~* non-zero elements in f|y,_.

Example 1. Taking g =X =3, m =2and f = 2x120+ 21+
9 + 1 as an example, then 3-phase sequence corresponding
to f is given by

& =(6,6.6.6.6.6.6,6.8). (6)

By setting x; = (x1), we have

flx,=c=(0)
F= f|xJ:C:(1)
flx,=c=(2)
&6 0 0 & 0 0 & 0 0
=10 & 0 0 & 0 0 & 0|. (D
0 0 & 0 0 & 0 0 &

For matrix F, we have (M, N) = (1,3).

C. Generalized Spatial Modulation

In this paper, we consider a broadband single-carrier GSM
system with N, transmit antennas (TAs), N, receive antennas
(RAs) and N, radio frequency (RF) chains over frequency-
selective channels as depicted in Fig. 1. During each time-
slot ¢, N, TAs out of N; TAs are activated, and the active
antennas send quadrature amplitude modulation (QAM) or
phase-shift keying (PSK) modulation (the modulation order
is Mgsm) constellation symbols accordingly. For simplicity,
assume both N, and Mgsm take powers of 2. In time slot %,
|logy (]I\\Z)J + N, logy(Mgswm) bits, denoted by by, are trans-
mitted over one GSM symbol d;. Specifically, |log, (]]\\;;)J

bits, denoted by bgl), are used to activate N, TAs, and
N, logy(Mgsm) bits, denoted by bEQ), are used to point to
N, constellation symbols.

TABLE I: An example of antenna activation patterns with
Ny =4 and N, = 2.

Bits  Antenna activation patterns Notes

00 [1,1,0,0]T Active TAs: 1, 2
01 [0,1,1,0]F Active TAs: 2, 3
10 [0,0,1,1]F Active TAs: 3, 4
11 [1,0,0,1]F Active TAs: 1, 4

i)

Here is an example to explain the transmitter of GSM.
Consider an GSM system with N; = 4 TAs, N, = 2, and
using QPSK modulation, i.e., Mgsm = 4. Since (3) = 6, the
length of bgl) = |log, (g)J = 2, the mapping rules are shown
in Table I. Assuming that an GSM block contains 7" = 4 GSM
symbols and message bits is [110110011101101001111011],
then by = [11]|0110], by = [01]1101], by = [10/1001] and
b, = [11]1011]. Taking by as an example, bgl) = [11]
and ng) = [0110]. Referring to Table I, bgl) corresponds
to activating 1-st TA and 4-th TA, and bg2) determines the
QPSK symbols transmitted on the active antennas, i.e., “01”
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Fig. 1: A generic transceiver structure of SC-GSM systems.

— 1= & — 1-st TA; “10” — 2 — £2 — 4-st TA. Therefore,
the GSM block for the 4 GSM symbols can be formulated as
follows:

3 0179 &
0 010
afafiafiaf] = | S| 2] g [0 ®

glojélé

Remark 4. Since only N, TAs are activated each time for
a GSM symbol, the GSM symbol is sparse. In the SZCZ
sequence set, the parameter M can be adjusted to adapt to
this sparsity, and the SZCZ sequence set can be used as a
training sequence set for the GSM system.

III. TRAINING DESIGN FOR GSM SYSTEMS

A. Design Principles

Wireless communications often use two channel estimation
methods: training-based channel estimation and blind channel
estimation. In this paper we consider the former, a generic
training-based multiple-antenna transmission structure shown
in Fig. 2. Before transmitting data payload, the training
sequences sg, S1, -+, Sn,—1 heed to be sent in order for the
receiver to estimate the channel state information (CSI). To
resist inter symbol interference (ISI), it is necessary to add a
guard interval (GI) before the training sequence, which can be
a zero prefix (ZP), cyclic prefix (CP), or odd cyclic prefix (OP).
It is crucial to note that, as demonstrated in [43], [44], the form
of the GI fundamentally determines the correlation metric of
training sequences: ZP corresponds to aperiodic correlation
function, CP aligns with periodic correlation function, and OP
induces odd periodic correlation function. Here we consider
the CP scenario.

Gl i Training Seq.

Data Payload 1

1
|
1
| === 8 --{----- >
i
|
1
\

Fig. 2: Generic training-based GSM transmission structure
with N; TAs.

Assuming there are N; TAs, N, RAs and N, RF chain in
a synchronous GSM system and its training sequence set is
given by

50,0 50,1 SO,N—1
51,0 S1,1 S1,N—1
S = ) 9
SN;—1,0 SN,—1,1 SN;—1,N—1
where Sy, = (Sm.,0,Sm,1," " ,Sm,N—1) 1S the training se-

quence transmitted by the (m + 1)-th TA, with an identical
energy of S o' [smy]> = N for 0 < m < N;. Since GSM
only activates N, TAs in each time slot, each column of the
matrix S has only N, non-zero elements. Consider a quasi-
static frequency-selective channel with (L + 1)-multipath and
channel matrix is denoted as

H=[Ho,Hy, - ,Hr]n, x N, (2+1)5

where H; € CV»*Nt denotes the I-th multipath channel sub-
matrix. Besides, let

(10)

Xo
X,
X=1. ; (11

Xr Ny(L+1)x N

where X represents the 7-th right cyclic shift of the matrix
S in (9). Then, the discrete received signal can be represented
as

Y =HX+W, (12)

where W € CN-*N a discrete uncorrelated white complex
Gaussian noise matrix with zero-mean and variance o2 per
dimension.

At the receiving end, we consider using the simple least
square (LS) estimator, the estimated CSI matrix is

H = YXH(xxH)—1, (13)

and the normalized MSE can be derived as [29]
MSE = — 8Ty (XX (14)

TN, (L+1) '

Clearly, the minimum MSE can be obtained if and only if
XXH is a diagonal matrix, i.e.,
XX {NINxN, i=3j;

15
otherwise, (15)

Onxn,
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implying

N, i=3, 7=0;

R, s,(1) =40, i=j, 1<|7[< L (16)
0, i#j, 0<|r|<L.
Remark 5. For a GSM system, since only N, TAs are

activated in each time slot, there are two principles to the
optimal training sequence set:

o Principle 1: Each column of the training sequence set S
has only N, non-zero elements.

o Principle 2: Training sequence set S = {s,, },, -
meet the condition specified in (16).

Nf L must

Based on the two design principles in Remark 5, we can
easily derive the following corollary.

Corollary 1. According to Principle 1 and Principle 2, one
can attain the minimum MSE if and only if GSM training
sequence set is an (M, N, Z, (M, N))-SZCZ sequence set
with M = Ny, Z > L, and M = N,,.

Remark 6. Taking N, = 1, the GSM system degenerates into
the SM system, the above analysis of training sequence sets
also applies to SM systems, this has been confirmed in [35].

Remark 7. In (13), we obtain estimated channel H through
the LS estimator. Here we briefly analyze its complexity
as follows: (1) Calculate XX*: The complexity of matrix
multlphcatlon in this step is O((L + 1)2N?N); (2) Calculate
(XXH)~1: The complexity of inverting a square matrix is
the cube of its order, so its complexity is O((L + 1)3N});
(3) Calculate X (XX #)~1: The complexity of matrix mul-
tiplication in this step is O((L + 1)2NZN); (4) Calculate
YXH(XXH)~1: The complexity of matrix multiplication in
this step is O((L+1)N; N, N). In summary, the complexity of
obtaining the estimated channel H is O((L +1)>N3 + 2(L +
1)2NZN + (L + 1)N;N,.N).

B. Proposed SZCZ Sequence Set for (G)SM System

In this subsection, we present a general method for con-
structing SZCZ sequence sets based on restricted extended
Boolean functions. Our construction is different from that
n [35] in that the parameter M can be flexibly adjusted.
Therefore, by adjusting the parameters, the proposed SZCZ
sequence set can be used for both SM and GSM systems.

Theorem 1. Given three integers m > 0, £k > 0, n > 0
with m + n + k > 1. Let m be a permutation of set

{17 2, ,m+n+k}, Xy = [Iﬂ(m-ﬁ-l)v LTr(m+2), """ 7x7r(m+n)]
and x; = [x‘n-(m-&-n-&-l)a Lr(m4n+2), """ 7x7r(m+n+k)]~ For any
%
7. as
m4+n+k—1 m+n+k
f=- Z () Tr(+1) T Z ary+co, (17

=1

where ¢; € Zy for 0 <1 < m+n+k and ¢;apnir € {0,\/q}.
Ifr(l)=m+n+kwhenn+k=1orn(l)=m+n+k

and {r(m+1i):2<i<n+k}={m+i—1:2<i<n+k}
when n + k& > 2, then the set
)\ n
F= {(f + gzdﬁxﬂ(’rrL+€))‘XJig :0<d< qn’g € Zl;}
=1
(13)

forms an (¢"tk, ¢™tntk Z (M, N))-SZCZ sequence set,
where (d1,ds, -+ ,dy) is the g-ary representation of d, Z =
(=)™~ + (¢ = 2)g"® ™, M =q" and N = g"*".

Proof. Refer to Appendix A. O

Remark 8. By considering 7(2) = m and m(3) = m — 1 in
Theorem 1, we can obtain an (¢"**, g™+ *% (¢ —1)¢™ ' +

(q—2)g™ 2, (M, N))-SZCZ sequence set. When g — oo, we
have
77— fig T x (a=1)g" " + (g =2)q" %)
ratio — 400 qm+n,+k
=1, (19)

implying that F is asymptotically optimal. Especially, when
¢ = A = 2 (i.e., non-zero elements are defined on {1,—1}),
we have M = 2"tk N = omintk gnd 7 = 2m—1 this
means that F is an optimal SZCZ sequence set.

Remark 9. By taking m = 0 and n = 2 in Theorem
1, any sequence in the proposed SZCZ sequence set is a
perfect sequence. Unlike [10, Remark 7], we can control the
number of zero elements in a perfect sequence by adjusting the
parameter k, while the work in [10, Remark 7] only applies
to unimodular sequences.

Proof. Since %(dlxﬂ(l) + daxr(2)) can be absorbed by the
first-order term f, so we only need to consider that the
generated sequence of f|x; = g has a perfect periodic auto-
correlation function. Let the sequence generated by function
flxs = g be f,, where

££i7 iw(nJra) = go for 1 < a < k;
;= 20
Ja {0, otherwise. (20)
Let N=¢""* and [, = {0 <i < N : ir(nta) = Ja, 1 <

a < k}. For 0 <7 < N, we need to prove that

N-1
=D feilsi= > &7,
i=0

i€l
where j = (i 4+ 7)n
Case 1: ir(1) = Jr(1)- Since 4,5 € Iy, then ir(nia) =
Jr(nta) = ga for 1 < a < k. Furthermore, we have
in(2) # Jr(2); Otherwise i = j. For 1 <y < ¢ — 1, we
let i¥) and j¥) be two integers that are dlstmct from ¢ and j,
respectively, in only one position 7(1), i.e., il (1) = (ir(1)+Y)q
and jffé)l) (jr(1) + y)q. Correspondingly, i and j are
denoted as (9 and j(©) respectively. By following the similar
argument as ?rowded in Case 1 of Appendix A, we have
15 J(y) () _
=05
Case 2! ir1) # Jry and drg) = Jr(z)- For 1 <y <
q— 1, we let i(y) and j(y) be two integers that are distinct

21
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fo +++—-++-+00000
po || _[00000000+—+++
f -4+ 4++—-==-00000
fy 00000000+ ++—+

from ¢ and j, respectively, in only one position 7(2), i.e.,

Zgry()2) = (in(2) +¥)q and jffg) = (Jr(2) + ¥)q- By following

the similar argument as provided in Case 3 of Appendix A,
h qg—1 fj(?/)7f¢(1/) -0

we have Zyzo N =0. .

Case 3: ir(1) 7 Jn(1) a0 in(2) 7 Jr(2)- For1 <y <g—1,
we let i) and ) be two integers that are distinct from i
and j, respectively, in only one position 7(2), i.e., zgry(é) =
(in(2) +¥)q and jff@) = (jn(2) + ¥)q. Furthermore, we have

fj(y) - fi(y)
A W)
= a(Jw(l)Jﬂ(z) - Z77(1)%(2))

A .

+ Q(Jw(s)ﬂfr‘lf)z) — in(3)in ()

() ()
+ Cﬂ(z)(-]'rry(Q) - 27:/(2)
A

g

)+ Cfr(l)(jffg) - Z'Ery()n)

(jﬂ'(l) - Zﬂ'(l))y + (22)
————

z

where

AL . .
r= Elﬂ(g)[(]ﬂ(Q) + y)q - (%(2) + y)q]
+ x(@2)[(Un(@) + ¥)q = (in2) T Y)d]
A . . .
+ g(hu)h@) —ir(1)in(2))
+ ) Ur1) = in(1))- (23)

Since 0 < ir(2),Jn(2),y < q¢ — 1 and jr(1) # ir(1), SO 7 is
independent of y and z # 0. Then, we process

q—1 f f q—1
) T () r z
Z 3% =&\ Z & =0. 24)
y=0 y=0
Combining Case 1 to Case 3, we complete the proof. [J

Next, we give two examples for ¢ = 2 and g # 2 to illustrate
Theorem 1.

Example 2. Considering g =A=2, m=3, k=1, n=1,
7= (5,3,2,1,4) and ¢; = 0 for 0 < [ < 5. According to
Theorem 1, f = X523 + X3%2 + T2X1 + X124, X7 = (1‘1) and
xj = (x4), then relevant sequence set F is an (4,32,4,2,16)-
SZCZ sequence set given by (25). The PACF of f, and PCCF
of fy and f; are shown in Fig. 3 for time-shifts —20 < 7 < 20.
Obviously, each column of F has two non-zero elements and
ZCZ width is 4.

Example 3. Let ¢ = 3, A =6, m =2, k=1, n =1,
m=1(4,2,1,3), ¢ =0 for 0 <! < 3 and ¢4 = 2. According
to Theorem 1, f = 2(x4xo + Tox1 + x123) + 224, X7 = (21)
and x; = (x3), then F is an (9,81,7,3,27)-SZCZ sequence set

o

+ o |

6
00+++—-———=+-00000000
~—=00000000+4—++—+++ 25)
00+-—++—-—+++00000000
~ 400000000+ ++ — 4o

| PACF Amp.

16¢

M
i
i
i
i

<@leoleoleoloeseoccossoseso' 000000000000 000l
-10

s )
———
s )
s )
———
s )
s )

-20 -15 -5 0

time-shift 7
(a) PACF

5 10 15 20

A
PCCF Amp.
16

14r

@eooct0o0eo ' o' loo00000000000000000000000
5 10 15 20

time-shift 7
(b) PCCF

Fig. 3: PACF of fy and PCCF of f; and f; in Example 2.

and the associated sequences of f|y,—() and (f+2x3)|x,=(2)
are shown in (26) and (27), respectively. The PACF of f; and
PCCEF of f;; and f5 are shown in Fig. 4 for time-shifts —20 <
7 < 20. Obviously, the ZCZ width of F is (3 — 1) x 3271 +
(3-2)x322="7.

Remark 10. In Theorem 1, we present a sequence set of length
g™t and size ¢"1* based on extended Boolean functions..
In contrast to iterative constructions that often require storing
all generated sequences, our proposed method requires only
the storage of key parameters, namely, the permutation 7, the
first-order coefficients (c1,ca, -+ , Cmtn+k), and the constant
coefficient ¢y. A function-based construction then enables on-
demand generation of specific sequence using these parameters
and the corresponding logic circuits.

C. Comparison Between the Proposed Construction and Ex-
isting Results

In this subsection, we compare the proposed SZCZ sequence
set with some known results to illustrate the innovativeness of
the proposed construction.
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f . 5876875875875275336875&17§g707070707070707070707030707070703Oa075(%7§g7£g7§éa€g7€gu§g7§g7§g7o707 (26)
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f — |: 07070707070707070707070707070707anvé-gagg?fgﬂgg)ﬂ5875%76375%752703070707070:070707070707070707
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15¢
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D e ]

time-shift 7
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Fig. 4: PACF of f,; and PCCF of f, and f5 in Example 3.

1) Comparison with [10]: In [10], Pai et al. proposed two
types of dense ZCZ sequence sets based on extended Boolean
functions, i.e., [10, Theorem 1] and [10, Theorem 2], where
[10, Theorem 1] can be used as a special case of [10, Theorem
2] and can obtain parameters in the form of (M = ¢", N =
¢ Z = (¢ — 1)gm @1 4 (¢ — 2)g™®)~1). This paper is
an extension of [10]. Compared with [10], Theorem 1 has the
following advantages:

(1) Theorem 1 introduces a sparsity-control variable x; =
(Tmtnt1s Tmtnt2, " * s Tmintk), cnabling the genera-
tion of both sparse ZCZ sequence sets and dense ZCZ
sequence sets within a unified framework. Namely, [10,
Theorem 2] is a special case of Theorem 1.

(2) The graph' associated with the quadratic form of the
main function in Theorem 1 is a path. In contrast, the
graph from [10, Theorem 2] consists of n disjoint paths.
This structural difference confers additional advantages.

'The Graph of Boolean functions were first proposed in [45], and an
extended version can be found in [42].

} 27)

For instance, our construction exhibits superior peak-to-
average power ratio properties.

2) Comparison with [35]: In [35], Pai et al. first introduced
the concept of SZCZ sequence sets and proposed two construc-
tions of SZCZ sequence sets based on restricted generalized
Boolean functions. Construction 1 can generate a SZCZ se-
quence set with parameter (27,2, 27(2)=1 (1,2m=")), where
m(2) < m—n—1, which means its maximum ZCZ,;, is 1/4.
Construction 2 can generate a SZCZ sequence set with pa-
rameter (27,2™,271(2)=1 (1,27-")) where 7,(2) < m —n,
which means its maximum ZCZ,,, is 1/2. Compared to [35],
the proposed construction has the following some advantages:

(1) The ZCZ,,;, of the proposed SZCZ sequence set is

T x (g =1)g™ "+ (g —2)g™7?)
qm-l—n-i—k

ZCZratio

=(¢* - 2)/d*

which exceeds 1/2. In other words, Theorem 1 can
generate a SZCZ sequence set with larger ZCZ width.
Taking M = 4 and N = 256 as an example, Theorem
1 can generate a SZCZ sequence set with parameters
(M = 4,N = 256,Z = 56,(M = 1, N = 64)), while
[35] can only generate a SZCZ sequence set with param-
eters (M =4, N = 256, Z = 32, (M = 1, N = 64)).

(2) In [35], the parameter M is fixed, i.e. M = 1, so they
obtained a SZCZ sequence set that can only be used as
the training sequence for the SM system, but cannot meet
the requirements of the GSM system (please see Remark
5). In Theorem 1, we introduce a controllable variable
X7 = (Tm+1,Tm+2, " » Tm4n)» Which can control the
number of non-zero elements in the column sequence.
Therefore, the proposed construction can satisfy the SM
or GSM system by adjusting x;.

(3) The parameters of the SZCZ sequence set obtained by the
proposed construction are no longer restricted to powers
of 2, and the parameters are more diverse.

3) Comparison with [29] and [33]: In [29] and [33], the
authors constructed a training matrix for SM system based
on CZCPs and CZCSs, respectively, which is essentially to
construct a SZCZ sequence set. Due to the limitation of the
construction framework, the maximum ZCZ,.;, of the SZCZ
sequence set they obtained was 1/4. In contrast, the proposed
construction can exceed 1/2, which means that under the same
system parameter configuration, the proposed construction can
support more multipath numbers.

4) Comparison with [38] and [41]: In [38] and [41], the
authors constructed a training matrix for GSM system based
on S-ZCCSs and E-CZCSs, respectively, which is essentially
to construct a SZCZ sequence set with M > 1. Similarly,
constrained by construction framework, the ZCZ;, of the

(28)
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TABLE II: Comparison of Different Method for Constructing SZCZ Sequence Set

Ref. Largest ZCZ width (Length, Size) Based on Max. ZCZuio | Apply to
29] om—T (2n+m,+1’ 2n) (2771,’ 27n—1)_CZCP — 1/4 SM
[33] gm—n—Fk (2™, 2m) (2F, 2m—n—F gm—n—k) C7CS =1/4 SM
[35] gm—n—2 (2™,2™) restricted generalized Boolean functions =1/4 SM
[35] gm—n—1 (2™, 2m) restricted generalized Boolean functions =1/2 SM
[41] om—ktv—1 (2n—FFvtm gn) (2%, 2v, 2m om—k+v—T)E.CZCS =1/2 GSM
[38] gm—kFtv=T _q (2n—FFtvtm pop on) [ (2F,2v,2m, 2m—F+v=T _1).5.7CCS <1/2 GSM
Theorem 1 | (¢ — 1)g™ @1 4 (¢ — 2)g"®)~1 (qmtnthk gntk) restricted extended Boolean functions >1/2 SM/GSM

where L represents the number of multipath coefficients.

SZCZ sequence set obtained in [38] is less than 1/2, while
[41] is exactly 1/2. In contrast, the proposed construction can
exceed 1/2.

5) Comparison with [42] and [46]: In our previous work
[46], we initially proposed the concept of extended Boolean
functions, which was subsequently refined in [42]. However,
the focus of the current paper differs substantially from these
earlier studies. While [46] investigated Z-complementary code
sets (ZCCSs) and [42] examined sparse complete comple-
mentary codes (CCCs), the present work concentrates on
SZCZ sequence sets. The sole commonality among these three
studies lies in their shared mathematical framework.

For clarity, we have tabulated the pertinent parameters in
Table II. Notably, the construction proposed in this paper
exhibits a superior ZCZ ratio.

IV. SIMULATION RESULTS

This section presents a performance evaluation of the pro-
posed SZCZ-based channel estimation scheme under quasi-
static frequency-selective fading conditions with (L + 1)-
multipath propagation, as characterized in (12).

A. Simulation of Channel Estimation for GSM

In the GSM simulation, we set the number of transmit
antennas to be N; = 16, the number of active antennas to
be N, = 4. At the same time, the training phase occupies 256
time slots, which means the length of the training sequence
is N = 256, and the receiver has only one antenna. For
comparison, we consider three training sequence sets in total.

o Firstly, we consider the training sequence set based
on (4,2,32,7)-S-ZCCS proposed in [38]. Let A =
{AUW) : 0 < j < 3}is an (4,2,32,7)-S-ZCCS, and
AW = {a{’ a?}. Furthermore, the S-ZCCS-based
training sequence set is represented as follows:

Ay 0O 0 0|0)JA; O 0 0|0
0 Ap 0 000 A; 0 0|0
0 0 A, 0(0)JO0 0 A; 00O
0 0 0 Ap|0'/|0 0 0 A0

A= ; (29)

where the sizes of 0 and 0’ are 4 x 32 and 4 x L,
respectively, and

(
(
| (30)
(

4x32

In fact, the training sequence set generated based on
(4,2,32,7)-S-ZCCS is a SZCZ sequence set with pa-
rameter (16,256 + 2L, 7, (4,64)).

« Secondly, we consider the training sequence set based on
(4,2,32,8)-E-CZCS proposed in [41]. Let B = {BU) :
0 < j < 3}is an (4,2,32,8)-E-CZCS, and BY) =
{béj ), bgj )}. The E-CZCS-based training sequence set is
represented as follows:

Bo O O 0/B, 0 0 O
| 0By, 0 0|0 B; 0 O
B_OOB0000B10’ @D
0 0 0By|O 0O 0 B
where the sizes of 0 is 4 x 32, and
b”
b
B, = | 32
b (32)
(3)
L D

It is not difficult to find that the training sequence set
based on (4, 2, 32, 8)-E-CZCS is an (16, 256, 8, (4,64))-
SZCZ sequence set.

« Finally, we consider the proposed SZCZ sequence set in
this paper. To design such a training sequence set, the
parameters in Theorem 1 canbe settog =\ =4,n =1,
k=1 and m = 2, then we get an (16,256, 14, (4,64))-
SZCZ sequence set.

First, we conduct a symbol-level baseband simulation that
excludes upsampling and pulse shaping. The MSE perfor-
mances of the channel estimation based on different training
sequence sets are shown in Figs. 6 and 7. Fig. 6 illustrates that
the (16,256, 14, (4,64))-SZCZ sequence set can achieve the
minimum MSE, and compared to the training sequence sets
based on (4, 2,32, 7)-S-ZCCS and (4, 2, 32, 8)-E-CZCS, it has
7.23 dB and 2.71 dB gains, respectively when the number
of multipaths is 14. The main source of the gain is that the
proposed SZCZ sequence set has a larger ZCZ. In Fig. 7,
we consider the MSE performance under different numbers
of multipaths and E,/N, = 15 dB. Due to the ZCZ width
of the SZCZ sequence set used being 14, it can achieve the
minimum MSE when the number of multipath is less than
15. Since the ZCZ widths of the S-ZCCS-based and E-CZCS-
based training sequence sets are 7 and 8, respectively, they
cannot achieve optimal channel estimation when the number of
multipaths exceeds 8 and 9. However, the SZCZ sequence set
can still achieve optimal channel estimation until the multipath
number increases to 15. At the same time, as the number of



JOURNAL OF KX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021

-101

MSE (dB)

—e—minimum MSE

| —=—(4,2,32,7)-S-ZCCS [38]
(4,2,32,8)-E-CZCS [41]

—+—(16,256,14,(4,64))-SZCZ (Proposed)

o 5 10 15 20
E,/N, (dB)
Fig. 6: No. of multipaths is 14 (GSM without
upsampling and pulse shaping).
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Fig. 8: No. of multipaths is 14 (GSM with
upsampling and pulse shaping).
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Fig. 7. Ey/N, is 15 dB (GSM without
upsampling and pulse shaping).
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Fig. 9: E},/N, is 15 dB (GSM with upsam-
pling and pulse shaping).

TABLE III: The MSE Losses Compared to The Minimum MSE (GSM)

Train No. of Multipaths ] 9 10 1 12 13 14 15
raining Seq.
(16,256, 14, (4,64))-SZCZ 0 dB 0dB 0 dB 0 dB 0 dB 0 dB 0 dB 0.01 dB
(4,2, 32, 8)-E-CZCS-based 0 dB 0 dB 0 dB 0.01dB | 0.01dB | 0.90dB | 2.68 dB | 6.77 dB
(4,2,32,7)-S-ZCCS-based 0dB | 3.17dB | 475dB | 570 dB | 6.36 dB | 6.83dB | 7.18 dB | 7.55 dB

multipaths gradually increases, the non-diagonal components
of XX# (as show in (14)) gradually increase or become larger,
thereby affecting the MSE of channel estimation, as described
in (14). For a more intuitive understanding, the losses between
different schemes and the minimum MSE are given in Table
III.

Additionally, we also provide baseband simulations incor-
porating upsampling and pulse shaping, as shown in Figs. 8
and 9. A root-raised cosine FIR filter with a roll-off factor
of 0.25 and an upsampling factor of 4 was employed in
the simulation. It is clearly observed from both figures that
all training sequence sets exhibit performance degradation.
Although the proposed SZCZ sequence set does not achieve
the minimum MSE at high E},/N,, it nevertheless exhibits the
best performance among the three.

B. Simulation of Channel Estimation for SM

By adjusting n, Theorem 1 can also generate a training
sequence set that satisfies the requirements of SM systems. In
the SM simulation, we consider that the number of transmit
antennas to be N; = 4, the number of active antennas to be
N, = 1, the length of training sequences to be N = 128,
and the receiver has only one antenna. For comparison, we
consider for training sequence sets in total.

o Firstly, the (16,8)-CZCP-based training sequence set
proposed in [29], which is generated as follows:

ag 0 0 Ola; 0 0 O
0a 0 0[{0a; 00

A=loo0ao0lo0a 0| @Y
0 0 0a 0 00 a
where
] _ [+t -ttt =] gy
a| |[tH++-—F+—F———F++—+
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is the (16,8)-CZCP generated from [29, Construction
1], the size of 0 is 1 x 16. Easy to verify, A is an
(4,128,8,(1,64))-SZCZ sequence set.

« Secondly, the (4,8, 8)-CZCS-based training sequence set
proposed in [33], which is generated as follows:

bp 0O 0 O
0 by 00

B=1, 0 by 0

where

byl _ |+++———+-—
by~ |———+——+— (36)

bs +++-———+-

is an (4,8, 8)-CZCS and the size of 0 is 1 x 8. Actually,
the sequence set B also is SZCZ sequence sets with a
ZCZ width of 8.

« Finally, we consider the proposed SZCZ sequence set in
this paper. To design such a training sequence set, the
parameters in Theorem 1 can be setto g = A =2, n =0,
m =5, and k = 2, then we get an (4,128,16, (1,32))-
SZCZ sequence set.

The MSE performances of the channel estimation based on
different training sequence sets are shown in Figs. 10 and 11.
Fig. 10 shows the variation of MSE with the number of multi-
paths when Ej, /Ny = 15 dB. From the Fig. 10, we observe that
the MSE performance of the proposed (4,128, 16, (1,32))-
SZCZ sequence set can consistently achieve the minimum
MSE when the number of multipath paths is less than 17.
On the contrary, the training sequence sets based on CZCPs
and CZCSs can also maintain the minimum MSE when the
multipath number is low, but their MSE performance drops
sharply when the multipath number starts from 8 and 16
respectively. For a more intuitive understanding, we compare
the MSE loss of different schemes with the minimum MSE in
Table V. Specifically, we found that as the number of multipath
paths increases, the reason for MSE loss in training sequence
sets based on CZCP and CZCP is that X (as shown in (12)) is
a row full rank matrix. Since there is an operation of inverting
XXH in the LS estimator, if it is not row full rank, a large
error will occur. In Table IV, we list the rank of matrix X
under different training sequence sets. The comparison also
illustrates the drawbacks of CZCP-based and CZCS-based
training sequence sets, that is, the number of multipaths cannot
exceed the length of the base sequence. Fig. 11 provides
MSE performances with varying F}/N, when the number of
multipaths is L + 1 = 17. Obviously, since the number of
multipaths exceeds the length of the initial CZCPs and CZCSs,
the MSE performance of the training sequence set constructed
based on the two is very poor. On the contrary, the proposed
SZCZ sequence set can always achieve the minimum MSE.

Similar to the previous subsection, Figs. 12 and 13 present
channel estimation simulations incorporating upsampling and

pulse shaping. Compared to the case without upsampling and
pulse shaping, all sequence sets exhibit degraded MSE perfor-
mance. Nonetheless, the proposed sequence set maintains its
leading performance.

V. CONCLUSION

In this paper, we have redefined the SZCZ sequence set as
a special case of the original definition in [35]. In the new
definition, we allow multiple non-zero elements per column
to accommodate the number of activated antennas in GSM
systems. This allows us to introduce a general construction of
(qn-&-k7 qm-i-n-i-k7 (q_ 1)q7r(2)—1 + (q _ 2)q7r(3)—17 (qn’ qm+n))_
SZCZ sequence sets with large ZCZ width based on restricted
extended Boolean functions, as shown in Theorem 1. Specif-
ically, when ¢ = 2, similar ZCZ sequence sets have been
reported in [35, Theorem 2], but the structure in this paper is
different, and when ¢ > 2, the SZCZ sequence set proposed in
this paper has a larger ZCZ width. Finally, we have applied the
proposed SZCZ sequence set for optimal channel estimation
over frequency-selective fading channels in GSM/SM systems.
Simulation results show that compared to known training
schemes, the proposed SZCZ sequence set can achieve the
minimum MSE in GSM/SM systems.

APPENDIX A: PROOF OF THEOREM 1
Proof. In the first part, we consider the periodic auto-
correlation of the sequence in F. Let the sequence generated
by function

)\ n
=+ Y et G7)

£=1

F@

be £, where g = S°F  gig'~1. Since 237, Aoz (mt0)
can be absorbed by the first-order term of ; , so we only need
to consider the auto-correlation function of féo). For simplicity,
fg(o) is denoted as f;, where
gfia iwmna:gaforlgagk;
foi= 4 or 7 Triminte) (38)
0, otherwise.
Let v = m—&-n—i—k, N = qv7 7 = (q—l)qﬂ(Q)_l_i_(q_
g™ Yand I, = {0 < i < N tin(minta) = gar 1 < a <
k}. Given 0 < 7 < Z, we would like to show that

N—1
R (1) = Z foify; = Z ff\%_fj =0, (39)
i=0 ij€l,
where j = (i + 7). Let (i1,42, -+ ,iy) and (j1,72, ", Jo)

be g-ary representations of ¢ and j, respectively. Please note
that (1) = m 4+ n + k = v. Now, we discuss the following
cases.

Case 1: ir(1) = Jjr(1). Suppose t is the smallest inte-
ger satisfying i) # Jr(). Since 4,5 € I, so we have
in(minta) = Jr(minta) = Ja for 1 < a < k, which

means that ¢ < m +n. For 1 < y < ¢ — 1, let i®) and
@) be two integers which are distinct from i and j in only
one position 7(¢t — 1). Namely, isry&fl) = (in(t—1) T ¥)q
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TABLE IV: Rank of X for different training sequence sets of length 128 under Ny = 4 TAs

Number of multipaths 6 8 10 | 12 | 14 | 16 | 18 | 20 | 22 | 24
Number of rowsin X | 24 | 32 | 40 | 48 | 56 | 64 | 72 | 80 | 88 | 96
CZCP-Based 24 132 | 40 | 48 | 56 | 64 | 66 | 68 | 70 | T2
CZCS-Based 24 132 | 34 | 36 | 38 | 40 | 42 | 44 | 46 | 48
SZCZ sequence set 24 |1 32 | 40 | 48 | 56 | 64 | 72 | 80 | 88 | 96

TABLE V: The MSE Losses Compared to The Minimum MSE (SM)

No. of Multipaths

Traini 6 8 10 12 14 16 18 20 22 24
raining Seq.
(4, 128,16, (1, 32))-SZCZ 0dB | 0dB 0 dB 0 dB 0 dB 0 dB 0 dB 0.03dB | 0.07dB | 0.22dB
(16, 8)-CZCP-based 0dB | 0dB 0 dB 0.03dB | 0.04dB | 0.09dB | 1476dB | 17.07 dB | 1845 dB | 19.29 dB
(4,8, 8)-CZCS-based 0dB | 0.02dB | 17.15dB | 19290 dB | 20.38 dB | 21.06 dB | 21.81 dB | 22.27 dB | 22.66 dB | 22.94 dB
and jff@il) = (jr(t—1) + Y)q- Since the value of position ¢ — 1. Therefore, we have

{mm + n+ a) : 1 < a < k} has not been changed,
i W) € 1,. Correspondingly, ¢ and j are denoted as i

A . .
and j(©) respectively. Due to ]}(fég) = zgry()l) for 1 <l<t—1, fiw — fiw = a(lﬂ(tfl) +9) Urr) = ix(r))
we have %z/_/
1 A v—1
AN W ) W) + 2 Urdn(e1) — inyin
fiw — fiwy = 1 Z (]ﬁl)jﬂ?flﬂ) - Zﬂy(l)zwy(lﬂ)) q ZZ:;(J (I (141) Win(+1))
1=t—1 )
v
. . + Cr) (Jr) — mod A). (41
+ > ery Uy —1%0)- (40) lz:; OUr@) = in@)  (mod A). @D
1=t

Moreover, we know that jffg) = Jr(1)» zgry()l) =ipq for I # Since jru) # ire) and 0 < Jre,ine) < ¢ — 1, 50 2 =
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Jr(t) — in(t) # 0 (mod g). This means

q—1
Fi0 = Fiw p e Zhn(to 2
Zf =&Y =0, 4
y=0

where r is the sum of the second and third terms of f;) — f;w)-

Case 2: ir(1) # Jr(1)- In this case, we have (Jry —
ir(1))q = 1. Suppose not, namely 1 < (jr(1) = ir(1))q < ¢- If
jﬂ,(l) > iﬂ.(l), we have

T=7j—1

v—1
= (e = e ™V Y (s —
s=1

v—1
(@-1> ¢
s=1

=q¢" 4 1.

Z 2q’U—1 _

(43)

If Jr(1) < tx(1), WE have Je) iz <0, 80T =j—i+ q°.
Similarly, we can prove that 7 > ¢*~! 4+ 1. According to the
permutation constraint in Theorem 1, we have 7(2) < m and
m(3) < m. Due to 7 < Z and v = m + n + k, this indicates
that 7 > ¢" '+ 1and Z = (¢—1)g" @1+ (¢ —2)¢g" )1 <
(g—1)g™ 14 (q—2)q™ 2 = ¢"™ —2¢q™ 2 are contradictory to
each other. Therefore, we have (jr(1) —ir(1))q = 1. Assuming

in(2) # Jr(2)> let i@ and j® be two integers which are

distinct from ¢ and j in only one position (1), i.e., zfry()l) =

(inr) + ¥)g and j%)) = (1) + ¥)g> Where 1 <y < g — 1.

Similar to Case 1, we have i) j¥) ¢ 1,. Therefore, we have

fj(y) - fi(y)
AR ) ) 4 )
=4 lz;(] 21y ~ Zwy(z) ﬂy(z+1 + ch(l w(l) — i)
A ®) W _ ;)
= Un(nydn@ ~ txin@) + €x) Un(t) = fn)
1
v—1 v
Y Ur@dna1) = in@inen) + Y e Un@) = in@y)
=2 =2
T2
AL . . .
= a((lw(l) + ) (Jr(2) = ix(2)) Fr(2)) + 71+ T2 (44)
—— ——
Since cr(1) € {0,A/q}, so
0, cr1y = 05
(r)q = ) ) (45)
! %(jﬂ'(l) - 7’71'(1))? Cr(1) = A

This indicates that r; is unrelated to gy, so we can obtain

A A .
fiw — fioy = Fyz + a(lﬂu)z +Jr(2)) + 11412, (46)
where r is independent of y, hence
Fon—F, !
Zg =gy g =0 (47)

y=0

Case 3: ir(1) # Jr(1) and ir2) = Jr(2). In this case, we
can obtain i3y — jr(3) = 2. Suppose not, we have 1 — ¢ <
ix3) — Jn3) < LI o1y > ix(1), We have

T=7—1
v—1
= (Jr() — in))d™ D7 + Z (js — is)g* "
s=1,s#7(2)
s7£71'(3)
+ (Jr(2) = ix(2) )g" P! Jr(3) — i7r(3))q7r(3)_1
v—1
>¢" " = (-1 ¢+ (g - )P
s=1
+ (q _ 1)q7r(3) 1 q7T(3) 1
= (@) 4+ (g-2) P +1

=Z+1. (48)

If jr(1) <'ir(1), 80 T = j—i+q". Similarly, we can prove that
7 > Z+1. This contradicts 7 < Z, so we have i (3) —jr(3) =
2. Let i and j¥ be two integers which are distinct from

i and j in only one position 7(2), i.e., ;()2) = (ir2) +¥)g
and J(z?) = (Jm(2) T Y)q» Where 1 < y < ¢ — 1, and let
(i), 5y = (4, 7). Therefore, we have

A/ . . .
fiw — fiw = 1 (Jnu)J,(ff)z) — z,r(l)sz&)

) )
+ Jiaﬂw( 3~ i ix)
W W
+ er2) (U Jr(2) — Try(2))

|
—

v

+ Z(jﬂ(l)jw(l+1) - z"11'(l)7;7'r(l-i-1))
1=3
+ Cxy(Jrty = ix@))
I=1,1#2
= &(] 1)~ ix(1
q (1) w(1)
+ Jr(3) —inz) +r (mod q), (49)
where
A v—1
r=— Z(jn(l)jﬂ(l+1) —r()ix(i+1))
1755
+ Z Cr) (@) — ir@))
=1
A . ) . .
+ P (Jr(1) = in(1) + Jn3) — ix(3))- (50)

Owing to j(3) —ir(3) < —2 and (jr(1) —ix(1))q = 1 implying
that 2 = jr(1) — ix(1) + Jr(3) — in(3) # 0, We possess

q—1

ng i~ fiw _ ff\ngz —o.

y=0

(G

Combining Case 1 to Case 3, the sequence f; has a
periodic zero auto-correlation zone with a ZCZ width of
(¢ =1)g" D + (¢ —2)g"@ 1.
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In the second part, we would like to demonstrate that

), o(d FO—f0
S > &

ierJEIh
(52)

for |7] < Z, where d = e and g = h do not hold at the same
time, j = (i + 7) 5. Below, we will discuss two cases.

Case 1: g = h and d # e. If 7 # 0, similar to Case 1-3 in
the first part, we can find ) i) € I, so that

“ < )

é— Y

If 7 = 0, since the linear coefficients of f(?) and f(¢)

are different, féd) and f_,ge) are mutually orthogonal, so the
conclusion is obvious.

Case 2: g # h. If 7 =0, since f =}, f|x, =g, the indices
of the non-zero elements in fg(d) and f,(f) do not intersect,
that is, R £(D f(e)( 7) = 0. For 7 # 0, if Tn(1) #* Jr(1)s the
proof process is similar to Case 2 and Case 3 in the first
part, which we will omit here. If ir(1) = j(1), suppose ¢ is
the smallest integer satisfying i) # jr(). Since {m(m +
i):2<i<n+k}t={m+i-1:2<i<n+k}
when n + k > 2, then 7(2) < m, this means that the binary
representation of 7 is (71,72, ,Tm,0,0--- ,0) and there is
at least one 1 < w < m that makes Tr(w) # 0. Furthermore,
we have t < m+ 1. By following a similar argument as given

by Case 1 in the first part, we can also find ;¥ € I}, and
iW e 1, satisfying

R g o (

_f<
- (53)

q—1 @
Zé. (y) i(y) _ 0’ (54)
y=0
which complete the proof. O
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