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Abstract—Sequences exhibiting zero/low ambiguity zone
(ZAZ/LAZ) properties play an important role in contemporary
communication and radar systems, particularly in Integrated
Sensing and Communication (ISAC), which is an emerging
wireless technology by sharing the hardware and bandwidth
to perform these two tasks simultaneously. By incorporating
nonlinear mapping and parity adaptive factor to design novel
exponential functions, this letter proposes three methods for
constructing ZAZ/LAZ sequence sets with new parameters. The
resulting sequences are cyclically distinct and asymptotically
optimal with respect to theoretical bounds.

Index Terms—Ambiguity function, Doppler, low ambiguity
zone, zero ambiguity zone, wireless communication, radar sens-
ing.

I. INTRODUCTION

CONTEMPORARY wireless systems in the Sixth Gener-
ation (6G) must cope with highly dynamic environments

characterized by high mobility and support Integrated Sensing
and Communication (ISAC), a promising paradigm for per-
formance gains beyond standalone systems [1], [2]. In this
context, the ambiguity function (AF) serves as a fundamental
metric for evaluating a sequence’s resilience to delay and
Doppler shifts. Sequences with low AF sidelobes are essential
for high-quality data transmission and robust sensing [3-5].
Recent advances in AF sequence design have shown significant
potential to enhance system performance. For example, a
generalized maximum block improvement algorithm with AF
constraints was developed in [6] to synthesize sequence sets
that yield substantial performance gains in MIMO radar. In
[7], oversampled low ambiguity zone sequences were designed
for effectively suppressing the fractional Doppler interference
in doubly selective channels. Additionally, [8] proposed a
Zak-transform-based sequence design for multicarrier ISAC
systems, by obtaining a thumbtack like AF with low sidelobes
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that improves radar resolution without compromising commu-
nication compatibility.

The design of sequences with desirable AF properties has
been extensively studied in recent years. Early contributions
by Gurevich et al. [9] introduced low-ambiguity sequences
based on the Weil representation. Ding et al. [10] subsequently
derived a generic Welch bound for Doppler-resilient sequence
sets and presented several families of sequences that are
asymptotically optimal. Further advances were made with
the development of polyphase sequence sets exhibiting low
AF sidelobes over finite fields, as documented in [11]–[13].
Designing sequence sets with zero or low AF sidelobes across
the entire delay-Doppler plane requires significant further
efforts. A key aspect that needs to be addressed, for example,
is gaining a deeper understanding of the bounding behavior for
certain types of two-dimensional partial exponential sums [10].
In practical applications, however, systems often operate under
limited delay and Doppler shifts [14]. This has motivated
recent interest in sequences with zero or low ambiguity zones
(ZAZ/LAZ), where AF sidelobes are constrained only within
a localized region of the delay-Doppler plane. Ye et al.
[4] initiated a systematic investigation into such sequences,
establishing theoretical bounds for ZAZ/LAZ sequence sets.
Subsequent studies have reported asymptotically optimal LAZ
sequence sets based on the cubic sequence and on locally
perfect nonlinear functions combined with interleaving tech-
niques, respectively [15], [16]. Further theoretical develop-
ments include generalized Arlery–Tan–Rabaste–Levenshtein
bounds on the maximum aperiodic AF magnitude for uni-
modular sequences under specific LAZ constraints [17], as
well as novel lower bounds for unimodular Doppler-resilient
complementary sequences [14].

Very recently, Tian et al. [18] proposed three new classes
of optimal ZAZ/LAZ sequence sets. Nevertheless, only few
(asymptotically) optimal ZAZ/LAZ sequence sets have been
constructed so far. Inspired by [18], this letter further in-
vestigates the design methodology for asymptotically optimal
ZAZ/LAZ sequence sets with novel parameters. Specifically,
we present: (i) a ZAZ sequence set of length R3 for odd
R, designed by incorporating a squared term and a nonlinear
mapping in the exponent; (ii) a spectrally constrained ZAZ
sequence set for integer R, achieved by adjusting the squared
term’s coefficient using a parity adaptive factor; and (iii) an
LAZ sequence set of length R2 for prime R, based on a
compact quadratic exponent. Compared to [18], the proposed
sequence sets not only yield new parameter sets but also
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exhibit maximum AF sidelobes closer to the theoretical lower
bounds, while the construction for the LAZ set is more concise
than that in [16].

II. PRELIMINARIES

Throughout this letter, the notation ωT = exp(2π
√
−1/T )

denotes a primitive T -th complex root of unity; ZT =
{0, . . . , T − 1} denotes the ring of integers module T , and
Z∗
T = ZT \ {0}; ⟨t+ u⟩T denotes the integer t + u modulo

T . The notation ⌊b⌋ denotes the largest integer not greater
than a real value b, and c∗ denotes the complex conjugation
of a complex value c. A sequence s = (s(0), . . . , s(T − 1))

is called a q-ary polyphase sequence if s(t) = w
f(t)
q for a

certain positive integer q and a function f from ZT to Zq ,
where t = 0, . . . , T − 1. A sequence s is called a unimodular
sequence when |s(t)| = 1 for 0 ≤ t < T .

Definition 1: Let s1 = (s1(0), ..., s1(T − 1)) and s2 =
(s2(0), ..., s2(T − 1)) be two complex-valued sequences of
length T . The periodic cross-ambiguity function (PCAF) of
s1 and s2 at a time shift u and a Doppler shift v, where
−T < u, v < T , is defined as

AFs1,s2(u, v) =

T−1∑
t=0

s1(t) · s2∗(⟨t+ u⟩T ) · ωvt
T . (1)

When s1 = s2, it becomes the periodic auto-ambiguity
function (PAAF) of s1, denoted by AFs1(u, v). When v = 0,
AFs1,s2(u, 0) reduces to the periodic cross-correlation function
(PCCF) of s1 and s2 at a time shift u, i.e.,

CFs1,s2(u) =

T−1∑
t=0

s1(t) · s2∗(⟨t+ u⟩T ). (2)

When s1 = s2, CFs1,s2(u) becomes the periodic auto-
correlation function (PACF) of s1, denoted by CFs1(u). A
sequence s is perfect if CFs(u) = 0 for any u ̸= 0.

Definition 2: Let S = {s0, ..., sR−1} be a set of R sequences
with length T . Define θmax = max{θA, θC}, where θA and θC
represent the maximum magnitudes of the PAAF and PCAF,
respectively, over the delay-Doppler zone Π = (−Zx, Zx) ×
(−Zy, Zy) ⊆ (−T, T )× (−T, T ), namely,

θA = max{|AFsn(u, v)| : 0 ≤ n < R, (0, 0) ̸= (u, v) ∈ Π},

θC = max{|AFsn,sn′ (u, v)| : 0 ≤ n ̸= n′ < R, (u, v) ∈ Π}.

If θmax > 0, then S is a (T,R,Π, θmax)-LAZ sequence set,
where Π is the low-ambiguity zone. If θmax = 0, then S is a
(T,R,Π)-ZAZ sequence set with the zero-ambiguity zone Π.

Definition 3 ( [4]): For a unimodular (T,R,Π, θmax)-LAZ
sequence set, the optimality factor of the lower bound for the
maximum periodic ambiguity magnitude is expressed as:

ρLAZ =
θmax

T√
Zy

√
RZxZy/T−1

RZx−1

≥ 1. (3)

The LAZ sequence set achieves optimality when ρLAZ = 1;
and it exhibits asymptotic optimality if lim

T→∞
ρLAZ = 1.

For a unimodular (T,R,Π)-ZAZ sequence set, the zero
ambiguity zone ratio is defined as:

ZAZratio =
ZxZy

T/R
≤ 1. (4)

The ZAZ sequence set is optimal if ZAZratio = 1, and
asymptotically optimal if lim

T→∞
ZAZratio = 1.

Definition 4: For a sequence s = (s(0), . . . , s(T − 1)),
its frequency-domain sequence d = (d(0), ..., d(T − 1)) is
defined as

d(i) =
1√
T

T−1∑
t=0

s(t) · ω−it
T , (5)

where 0 ≤ i < T .
In a wireless system with T subcarriers, let α =

[α0, ..., αT−1] be a subcarrier marking vector where αi = 1
if the i-th subcarrier is available and αi = 0 if unavailable.
The spectral constraint Ω = {i : αi = 0, i ∈ ZT } represents
the set of indexes for all forbidden subcarrier positions. A
sequence set S = {s0, . . . , sT−1} is said to satisfy the spectral-
null constraint Ω if for all i ∈ Ω,

R−1∑
n=0

|dn(i)|2 = 0. (6)

III. MAIN RESULTS

Construction 1: Let R be a positive odd integer, K = hR+2
be an integer with 0 ≤ h < R/2, and σ be a nonlinear per-
mutation on ZR. A sequence set S is constructed, consisting
R sequences of length R3. For 0 ≤ n < R and 0 ≤ t < R3,
the t-th element of the n-th sequence sn is given by

sn(t) = ω
Rnσ(t0)+Rt21+Kt1t0
R2 , (7)

where t = Rt1 + t0 with t1 = ⌊t/R⌋, and t0 = ⟨t⟩R.
Theorem 1: The sequence set S constructed in Construction

1 exhibits the following properties:
1) It is a polyphase (R3, R,Π)-ZAZ sequence set with Π =

(−
⌊
R2/K

⌋
,
⌊
R2/K

⌋
)× (−K,K).

2) All the sequences in S are cyclically distinct.
3) Each sequence in S is perfect.

Proof: The properties of the constructed sequence set S are
discussed as follows.

1) For 0 ≤ n, n′ < R, let sn and sn′ be any two sequences
in S. Note that two integers 0 ≤ t, u < R3 can be written as
t = t1R + t0 with t1 = ⌊t/R⌋, t0 = ⟨t⟩R and u = u1R + u0

with u1 = ⌊u/R⌋, u0 = ⟨u⟩R. Then one has t + u = (t1 +
u1 + δt0,u0)R + t0 + u0 − Rδt0,u0 , where δt0,u0 = ⌊ t0+u0

R ⌋.
By Definition 1 and K = hR+ 2, we have

AFsn,sn′ (u, v) =

R3−1∑
t=0

sn(t) · s∗n′(⟨t+ u⟩R3) · ωvt
R3

=

R2−1∑
t1=0

R−1∑
t0=0

ω
Rnσ(t0)+Rt21+Kt1t0
R2 · ω−Rn′σ(t0+u0−Rδt0,u0

)

R2

ω
−R(t1+u1+δt0,u0

)2−K(t1+u1+δt0,u0
)(t0+u0−Rδt0,u0

)

R2 ω
v(Rt1+t0)
R3

=

R2−1∑
t1=0

ω
−t1(2Ru1+(hR+2)u0−v−hR2δt0,u0 )

R2

R−1∑
t0=0

ω
Rnσ(t0)
R2 ·

ω
−(R(u1+δt0,u0 )+K(t0+u0−Rδt0,u0 ))(u1+δt0,u0 )

R2 ·

ω
−Rn′σ(t0+u0−Rδt0,u0

)

R2 ωvt0
R3

(8)

When v = 0, u = 0, (8) is simplified to

AFsn,sn′ (0, 0) = R2
R−1∑
t0=0

ω
Rσ(t0)(n−n′)
R2 , (9)

then we have AFsn,sn′ (0, 0) = R3 for n = n′ and
AFsn,sn′ (0, 0) = 0 for n ̸= n′.
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(a) The PAAF of s0 (b) The PCAF of s0 and s1

Fig. 1: The PAAF and PCAF of s0 and s1 in S in Example 1.

When v = 0, 0 < u < R2, or 0 < |v| < K, 0 ≤
|u| <

⌊
R2/K

⌋
, there is ⟨2Ru1 + (hR+ 2)u0 − v⟩R2 ̸= 0

for R being an odd integer and 0 ≤ h < R/2. This

causes
R2−1∑
t1=0

ω
−t1(2Ru1+(hR+2)u0−v)
R2 = 0 in (8). Consequently,

AFsn,sn′ (u, v) = 0, resulting in a maximum periodic ambigu-
ity magnitude of zero for sequence set S within the delay-
Doppler zone Π.

2) Suppose that for any two different sequences in S, they
are cyclically equivalent with a time shift u, meaning that

sn(t) = sn′(⟨t+ u⟩R3) · ωc
R3 , (10)

where 0 ≤ t < R3 and c ∈ ZR3 . For all 0 ≤ t1 < R2 and
0 ≤ t0 < R, when u0 = 0 and δt0,u0

= 0, (10) simplifies to
ω
Rσ(t0)(n−n′)−Ru1(2t1+u1)−Ku1t0
R2 = ωc

R3 . (11)

The equation (11) holds if and only if R2σ(t0)(n − n′) −
R2u1(2t1 + u1) − RKu1t0 ≡ c mod R3, that is, σ(t0) ≡

Ku1

R(n−n′) t0 + c+R2u1(2t1+u1)
R2(n−n′) mod R3, which contradicts the

condition that σ is the nonlinear permutation. As a result, each
sequence in set S is cyclically distinct.

3) The PACF of sn is calculated as

CFsn(u) =

R3−1∑
t=0

sn(t) · s∗n(⟨t+ u⟩R3 , (12)

where 0 ≤ n < R. If u0 ̸= 0, we have
R−1∑
t0=0

ω
Rn(σ(t0)−σ(t0+u0−Rδt0,u0

))

R2 = 0, (13)

which implies CFsn(u) = 0. Furthermore, for u0 = 0 and
u1 ̸= 0, we have

CFsn(u) = R ·
R2−1∑
t1=0

ω
−(R(2t1+u1)+Kt0)u1

R2 = 0. (14)

It is shown that every sequence in set S is perfect.
Remark 1: For the sequence set S constructed in Theorem

1, the ZAZratio is given by

ZAZratio =
K

R2
·
⌊
R2

K

⌋
(15)

Thus lim
R→∞

ZAZratio → 1, and S is asymptotically optimal.

Example 1: Let R = 5, K = 2, and σ(x) =
〈
x3

〉
5

with
x ∈ Z4. According to Theorem 1, a (125, 5,Π)-ZAZ sequence
set S with Π = (−12, 12)× (−2, 2) can be constructed. The
zero ambiguity zone ratio of S is ZAZratio = 0.96. The PAAF
of s0 and PCAF of s0 and s1 in S over (−12, 12) × (−2, 2)
are illustrated in Fig. 1(a) and Fig. 1(b), respectively. Notably,
s0 exhibits zero PAAF sidelobes over (−12, 12)× (−2, 2), s0
and s1 show zero PCAF magnitudes over the same zone.

In contrast to Construction 1, which is confined to odd-sized
sequence sets, we introduce a new construction by including
a parity adaptive factor as the coefficient of the square term,
thereby enabling it to handle sets of any positive integer size.
This flexibility, however, is achieved at the cost of a slight
degradation in ZAZratio.

Construction 2: Let R be a positive integer. Construct a
sequence set S comprising R sequences, each of length R3,
where the t-th element of the n-th sequence is given by

sn(t) = ω
Rnt0+g(R)t21+Rt1t0
R2

(16)

where 0 ≤ n < R, 0 ≤ t < R3, t = Rt1+t0 with t1 = ⌊t/R⌋,
and t0 = ⟨t⟩R. The parity adaptive factor g(R) is defined as
g(R) = 1 if R is odd and g(R) = 1/2 if R is even.

Theorem 2: The sequence set S constructed in Construction
2 exhibits the following properties:

(1) It is a polyphase (R3, R,Π)-ZAZ sequence set with Π =
(−(R− 1), R− 1)× (−R,R);

(2) It conforms to the spectral-null constraint, with the
constraint set being

Ω =

{
{aR2 : a ∈ ZR}\{R2}, if R is odd
{aR2 : a ∈ ZR}\{(R2 + 1)R2}, if R is even

;

(3) All the sequences in S are cyclically distinct.
Proof: The proof is similar to Theorem 1. Hereafter, we’ll
focus solely on the frequency-domain dual of sn in S.

Denote the frequency-domain dual of {sn} ⊂ S as dn =
(dn(0), ..., dn(R

3 − 1)) for 0 ≤ n < R. Then
√
R3dn(i) =

R3−1∑
t=0

sn(t) · ω−it
R3

=

R−1∑
t0=1

ωnt0
R · ω−it0

R3

R2−1∑
t1=1

ω
t1(Rt0−i+g(R)t1)
R2 ,

(17)

where t1 = ⌊t/R⌋, t0 = ⟨t⟩R. When Rt0 − i + g(R)t1 ̸≡
0 mod R2, i.e., i ∈ Ω, we have dn(i) = 0, where Ω =
{aR2 : a ∈ ZR}\{R2} when R is odd, and Ω = {aR2 :
a ∈ ZR}\{(R2 + 1)R2} when R is even, signifying that the
sequence set S conforms to the spectral-null constraint Ω.

Remark 2: For the sequence set S constructed in Theorem
2, its zero-ambiguity zone ratio is ZAZratio = (R − 1)/R.
Thus lim

R→∞
ZAZratio → 1, and S is asymptotically optimal.

Example 2: For R = 6, Theorem 2 provides a polyphase
(216, 6,Π)-ZAZ sequence set S = {sn}5n=0 with Π =
(−5, 5) × (−6, 6). The set achieves a zero ambiguity zone
ratio of 0.8333 and conforms to the spectral-null constraint
Ω = {0, 36, 72, 108, 180}. Fig. 2(a) and Fig. 2(b) illustrate the
PAAF of s0 and PCAF of s0 and s1 in S over (−5, 5)×(−6, 6)
, respectively.

Construction 3: Let R be an odd prime. Construct a se-
quence set S containing R sequences of length R2, where the
t-th element of the n-th sequence is given by

sn(t) = ω
nt0+t1t

2
0

R , (18)

where 0 ≤ n < R, 0 ≤ t < R2, t = Rt1+t0, and t1 = ⌊t/R⌋.
Theorem 3: The sequence set S constructed in Construction

3 exhibits the following properties:
(1) It is a polyphase (R2, R,Π, R)-LAZ sequence set with

Π = (−R,R)× (−R,R);



JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. XX, XX 2024 4

TABLE I: Comparison of periodic ZAZ/LAZ sequence sets

Method Length Set size θmax ZAZratio ρLAZ Constraint
[4, Constr. 2] T R 0 R/T · ⌊T/R⌋ – gcd(a, T ) = 1 if T is odd, r =gcd(2a, T ) > 1

[16, Cor. 1] N2 N N –
√

1 + (N − 1)/(Np − N) N = K > 2 odd; p is the smallest prime factor of N
[18, Constr. A] MR2 MR 0 K/R · ⌊R/K⌋ – K < R, gcd(K, R) = 1
[18, Constr. B] R(KR + P ) R 0 1 − P/(RK + P ) – gcd(P , RK) = 1

[18, Constr. C] p(p − 1) p p –
(
1 + 1

p−1

)√
1 − 1

p(p−1)
p is an odd prime

Constr. 1 R3 R 0 K/R2 ·
⌊
R2/K

⌋
– R odd, K = hR + 2 is an integer with 0 ≤ h < R/2

Constr. 2 R3 R 0 (R − 1)/R – R is a positive integer
Constr. 3 R2 R R –

√
(R + 1)/R R is an odd prime

(a) The PAAF of s0 (b) The PCAF of s0 and s1

Fig. 2: The PAAF and PCAF of s0 and s1 in S in Example 2.

(a) The PAAF of s0. (b) The PCAF of s0 and s1.

Fig. 3: The PAAF and PCAF of s0 and s1 in S in Example 3.

(2) It conforms to the spectral-null constraint Ω =
ZR2\{

〈
a2
〉
R
+ bR : a ∈ ZR, b ∈ ZR};

(3) All the sequences in S are cyclically distinct.
Proof: The proof is similar and omitted for brevity.

Remark 3: The optimality factor for the sequence set S
from Theorem 3 is ρLAZ =

√
(R+ 1)/R. Consequently,

lim
R→∞

ρLAZ → 1, signifying that S is asymptotically optimal.
Example 3: Given R=5, Theorem 3 yields a (25, 5,Π, 5)-

LAZ sequence set S with Π = (−5, 5) × (−5, 5) and an
optimality factor ρLAZ = 1.095445. The PAAF magnitudes
of s0 and the PCAF magnitudes between s0 and s1 over
(−5, 5)×(−5, 5) are shown in Fig. 3(a) and Fig. 3(b), respec-
tively. In this zone, s0 attains a maximum PAAF sidelobe of
5, while the maximum PCAF magnitude between s0 and s1 is
also 5. Additionally, S conforms to the spectral-null constraint
Ω = {2, 3, 7, 8, 12, 13, 17, 18, 22, 23}.

IV. PARAMETERS COMPARISON

Table I compares the parameters of existing periodic
ZAZ/LAZ sequence sets. For ZAZ sets, we set M = 1
in Construction A [18] since it does not affect the ZAZ
region. An analysis reveals that the proposed ZAZ sets with
lengths such as 125, 343, 1331 are novel. At equal lengths,
our ZAZ sets achieve higher maximum values ZAZratios

(e.g. 0.9877 at length 729 vs. 0.9630 in [18]). As shown in
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Construction 1, min
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(a) Comparison of ZAZratios
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1
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1.2

1.25

L
A

Z

[18,Construction C]

Construction 3

(b) Comparison of ρLAZ

Fig. 4: The comparison of ZAZratios and ρLAZ between our
constructions and in [18].

Fig. 4(a), Construction 1 yields both higher maximum and
minimum ZAZratios values than Construction A for the same
length. Construction 2 further expands the parameter space
for ZAZ sets under spectral-null constraint. For LAZ sets of
length R2, Fig. 4(b) shows that our optimality factors are
smaller and closer to 1. Specifically, Construction 3 achieves
optimality factors of 1.0408 (length 144) and 1.0488 (length
100), outperforming Construction C (1.08 at length 156 and
1.095 at length 110). While achieving performance identical
to Corollary 1 in [16] when N = K = R, Construction 3 is
simpler. Our method requires only a straightforward quadratic
exponential function, eliminating the need for some techniques
of [16], such as designing constrained matrices or employing
interleaving operations.

V. CONCLUSION
This letter has proposed two new constructions of asymptot-

ically optimal ZAZ sequence sets of length R3, along with one
asymptotically optimal LAZ sequence set of length R2. These
constructions have improved the availability of sequence sets
with different sequence lengths and yielded sets closer to the
established theoretical bounds, thus leading to higher Doppler
resilience.
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