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Bet-hedging via Kelly betting in
a limited environment leads to
logistic growth in the Game of
Fitness

Fatih Gulec?, Takhmina lliiasova?, Nigel Wallbridge? & Andrew W. Eckford?**

In finance and population dynamics, it is well known that achieving the optimal logarithmic growth
rate in an uncertain environment is accomplished by a bet-hedging strategy known as Kelly betting.
Such bets assume exponential growth with an unlimited upper bound on population size and a known
success probability to determine the bet size. However, practical systems are constrained by finite
resources and space, in which case populations instead follow logistic growth with a carrying capacity,
defined as the maximum population size that the environment can sustain. In this paper, we introduce
a population-dependent Kelly betting strategy that explicitly incorporates environmental limits and
show analytically that it converges to the logistic growth function when a carrying capacity is present.
To illustrate this, we propose a spatially explicit simulation model, called the Game of Fitness, which
models growth as the outcome of local reproductive and dormancy decisions in a finite environment.
Within the Game of Fitness, the success probability is not assumed a priori, but instead is predicted
from the evolving spatial interactions of the population. This model reveals how departures from
idealised Kelly assumptions arise when spatial and informational constraints are taken into account. In
particular, the results reveal the effects of spatial reproduction mobility and environmental information
availability, showing that the former is more dominant than the latter. These findings demonstrate
how Kelly-based growth is modified in realistic, constrained environments, providing insight into
biological populations and structurally analogous growth processes in economic and financial systems.

Keywords Kelly criterion, Logistic growth, Bet-hedging, Carrying capacity, Probabilistic cellular automaton,
Population dynamics, Information theory

Organisms acquire and process information to improve their evolutionary fitness!=. The living world is the
emergent result of countless information-processing decisions over billions of years, such as a bacterium
deciding which nutrient to metabolise? or a plant’s seeds deciding when to germinate®. In cases where
information processing mechanisms gave ‘successful’ results, particularly by achieving a higher growth rate
than competitors, those mechanisms were passed to offspring and displaced less proficient mechanisms. Thus,
‘optimal’ information processing can be viewed as a goal of adaptive organisms, which can be studied by
information-theoretic analysis®’. In realistic settings, however, both information acquisition and the ability to
act upon that information are constrained by environmental, spatial, and resource limitations. One framework
for understanding how organisms make decisions under such constraints is bet-hedging.

Bet-hedging is a key concept in the study of biological information processing®~'° and in evolutionary biology
more broadly, where phenotypes diversify or vary growth strategies to spread risk across generations in the face of
environmental uncertainty!'!~13. Two main approaches are conservative and diversified bet-hedging. Dormancy,
e.g., seed dormancy in plants, and phenotype switching are considered diversified bet-hedging, whereas storing
resources such as water instead of using them for growth exemplifies conservative bet-hedging!'*!>. Notably,
the conditions that favour dormancy are not exogenous but arise from the spatial and competitive structure of
the environment itself. As local population density increases and resources are locally depleted, reproductive
success declines and dormancy becomes increasingly advantageous'®. Furthermore, it is shown that bet-hedging
is favorable in spatially fluctuating environments'’.
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Kelly betting can be interpreted as a form of adaptive bet-hedging in this broader evolutionary context,
unifying the perspectives described above under an information-theoretic growth criterion'®1°. Kelly betting,
since deeply woven into many fields such as quantitative finance, maximises the logarithm of the player’s
expected return, rather than its simple value. This method has two features: first, a true Kelly bet will always
avoid bankruptcy or extinction, as lim,_0log0 = —oco (i.e., ending up with a fortune of zero is infinitely
penalized); and second, since the logarithm is sublinear, going from fortune fto f + x has a larger effect for
small f, compared with large f. Both properties are important to biological systems, where logarithmic growth
rates are related to evolutionary fitness, sometimes called Malthusian fitness?. Throughout this paper, fitness is
interpreted operationally in terms of realised survival and growth outcomes, rather than as an intrinsic genotypic
or phenotypic trait. Accordingly, the optimal bid in Kelly betting combines the proximate wealth of the gambler
with the success probability, linking immediate resource availability to long-term survival and growth outcomes.
This makes Kelly betting a natural candidate framework for modelling growth decisions under uncertainty in
biological systems.

Kelly growth is focused on an organism’s exponential phase of growth. However, a population cannot
continue to grow forever, and populations will generally approach a carrying capacity, representing the maximum
number of their species that the environment can support given finite resources and space?!. Observed growth
curves are sigmoidal, following the logistic function. Such a limitation makes eventual extinction a likely event,
even though extinction should be impossible in a pure Kelly framework under unconstrained conditions.
(To understand why, consider that starting from a low carrying capacity, a lost bet may result in a fractional
‘population’ between 0 and 1, effectively extinct; this case is very unlikely to occur if the population is enormous
and exponentially growing.) These limitations have been addressed from several complementary perspectives.
First, carrying capacity has been incorporated into Kelly betting frameworks through stochastic processes with
multiplicative noise and nonlinear drift terms that decrease as a function of the ratio between current population
and carrying capacity??. Moreover, a game-theoretic perspective demonstrates that log-optimal strategies
represent evolutionarily stable equilibria that remain robust under finite carrying capacity and extinction risk?>.
More recently, statistical estimators for population-size-dependent branching processes have been developed
that model logistic growth through density-dependent mean offspring rates?*.

A key challenge is that classical Kelly formulations implicitly assume unlimited growth potential and
independence of bets, assumptions that are violated in spatially constrained and resource-limited environments.
A further limitation is that the success probability in Kelly betting is typically treated as fixed and known a priori.
In biological populations subject to spatial and resource constraints, however, reproductive success is neither
stationary nor directly accessible, but instead depends on the evolving population density and the environment.
Despite the advances reviewed above, a critical gap remains: no existing framework establishes an analytical
connection between Kelly-based reproductive decisions and logistic growth in which the success probability
depends on the evolving population state. In addition, no study has shown through spatially explicit simulation
that such logistic dynamics emerge when the success probability is generated endogenously. Specifically, three
core assumptions of classical Kelly betting are systematically violated in spatially constrained biological systems:
(i) the success probability is not fixed but decreases endogenously as local population density approaches carrying
capacity; (ii) bets are not independent but are coupled through spatial resource competition and neighbour
effects; and (iii) growth is not unlimited but bounded by finite resources that are locally and irreversibly
depleted. To date, no study has shown how spatially distributed Kelly-optimal agents, each responding to local
density-dependent cues, collectively generate the canonical logistic growth equation with an emergent, rather
than imposed, carrying capacity.

The main contribution of this paper is to give a Kelly-based growth strategy for games with an explicit
carrying capacity in a limited environment. We show that when the betting strategy adapts to the distance
from the carrying capacity, the resulting population dynamics naturally converge to logistic growth, rather
than unbounded exponential growth. To test how this theoretical connection persists under spatial constraints,
we introduce the Game of Fitness, a spatially explicit, probabilistic cellular automaton in which population
growth emerges from dormancy and local reproductive decisions. Crucially, within this framework, the
success probability is not imposed externally, but emerges endogenously from spatial interactions and can be
predicted from the evolving population state. By explicitly incorporating both information availability, which
shows the environmental awareness of organisms, and spatial reproduction mobility, this model enables us
to explore how deviations from idealised assumptions affect population growth. Our results show that while
increased information generally improves fitness outcomes, spatial reproduction mobility plays a dominant
role in determining the achievable carrying capacity and growth rate. In particular, strong spatial constraints
introduce deviations from classical logistic growth, even under optimal Kelly-based strategies. Considering
the significance of both exponential growth and carrying capacities in biological (and, by structural analogy,
economic and financial) growth models, our results provide a unifying perspective on Kelly betting and logistic
growth in constrained environments.

The rest of the paper is organised as follows. First, we introduce the theoretical foundations underlying the
study, reviewing the classical approaches to growth modelling, including logistic growth and Kelly betting.
We then establish a mathematical bridge between these two frameworks through analytical derivations. Next,
we present the proposed Game of Fitness model and describe its spatially explicit simulation framework.
Subsequently, we present the results, including validation of the model and an analysis of the observed deviations
from logistic growth. Finally, we conclude with a discussion of the results and the broader implications of the
proposed framework.
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Theoretical foundations
In this section, the theory behind the logistic growth and Kelly betting models is presented. Then, a mathematical
bridge between these two models is established through analytical derivations.

Logistic growth
This subsection reviews the logistic growth equation and its discrete form, which serve as the target model for
population growth throughout this paper.

Several different sigmoidal curves are used as models of empirical biological growth limited by a carrying
capacity?®. As an example, one of the most common was proposed by Pierre-Francois Verhulst in 1838, which he
called the Logistic Equation, shown below in its continuous form, where the population (S(#)) is expressed as a
function of time (f), the carrying capacity (K), and a measure of the aggressiveness of growth (7).

as(t) S(t)
= =rS(h) (1 - K) . (1)

The solution to this Logistic Equation is

KS(0)
(K —S(0)) e~ + S(0)

S(t) =

where S(0) is the population at time ¢ = 0.
The Verhulst equation can also be expressed in its discrete form, known as the Logistic Map?® as follows.

Sh
Sn+1 = Sn + rSn (1 - ?) . (3)

Itis the last term, 7Sy, (1 — S, / K)), which provides the characteristic asymptotic flattening towards the carrying
capacity. Both forms of Verhulst’s equation, and most other growth sigmoids, such as the Gompertz equation?’,
explicitly assume a value for the carrying capacity. Our question is how a sigmoid of this kind can be produced
using a Kelly betting strategy. To this end, we introduce the basics of Kelly betting in the next subsection.

Kelly betting
The following subsection introduces the Kelly betting framework. Additionally, it illustrates the comparisons of
bets in stationary and non-stationary environments.

Kelly betting is a strategy that maximises the logarithm of the growth rate in the long term. Initially, it was
proposed as a gambling strategy by drawing parallels between the transmission of symbols in a communication
channel and playing bets’. The core idea of Kelly betting is to optimally determine how the main capital should
be divided into different bets to reduce risk and achieve the maximum growth in the long term, i.e., optimal
bet-hedging. Here, risk is defined as the probability of ruin, i.e., the probability that the capital reaches zero
(bankruptcy) following an unfavourable outcome. In the biological context, bankruptcy is equivalent to
extinction. Kelly betting depends on the probability of success (or winning), which is exemplified below.

An illustrative application of Kelly, and perhaps the best known, is betting on the toss of a biased coin?.
This bet can represent gambling in a game with different outcomes in biology or finance. For instance, a plant
can choose to reproduce in a stochastic environment with different phenotypes. In finance, it can be a decision-
making problem between investing in government funds and/or technology stocks. The player can bid (b) any
amount up to their current capital or wealth (C), which will be lost if the guess is incorrect, and gained if correct.
The expected outcome (&), that is, the average of many repeated experiments, is therefore:

E=p(C+b)+(1-p)(C-b) 4)

where p is the probability of guessing correctly, i.e., success probability. To calculate b, using Kelly, we maximise
the log of the expected value by differentiating and setting it to zero:

L (plog(C + ) + (1~ p) log(C ~ 1) =0 ©)

which solves to give the optimal bid at the n‘" time step for each round of gambling b, as follows:
bn = Cn(2pn — 1) (6)
where p», is the success probability at the n'" time step.
This simple and elegant result illustrates key features of the Kelly strategy: The size of the optimal bid depends

only upon the success probability and current wealth of the gambler. Thus, the wealth is derived for each gamble
as given by

= 2Ca(2p), — 2pn + 1), (8)
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where #n shows the time step for each round of gambling. If the current probability at each gamble remains
constant over time, i.e., pn = p, the expected value after n recursive gambles, with bids calculated according
to Eq. (6), can be visualised as shown in Fig. 1 (a). In this figure, blue circles are the expected result of a Kelly
betting strategy for 15 recursive biased coin tosses in a limitless environment by setting Co = 0.01 and p = 0.7
in Eq. (8). The red crosses show the maximum the gambler could theoretically win with perfect foresight by
betting the entire wealth at each game with the same initial capital. In this case, however, a single incorrect
outcome would result in bankruptcy (i.e., ruin, where the gambler’s wealth reaches zero and no further bets are
possible). Although returns from Kelly betting are much lower than the maximum potential, they are achieved
with substantially reduced risk, understood here as reduced sensitivity to ruin.

On the other hand, if we suppose that the success probability decreases over time, for example, due to an
increasing limitation of the environment, then the size of the bids progressively decreases and returns approach
zero as the probability falls to 0.5. As shown in Fig. 1 (b), this behaviour produces a sigmoidal growth curve,
reflecting how the system responds to diminishing rewards as it approaches an upper bound or carrying
capacity. In this figure, p is modelled as a piecewise function: p = 0.6 for the first 20 rounds, then decreasing
linearly to p = 0.5 over the next 20 rounds, where it remains constant thereafter. It is important to emphasise
that the constant-p and time-varying-p cases correspond to different environmental assumptions rather than
competing strategies. While a stationary environment with constant p allows sustained exponential-like growth,
a non-stationary environment with decreasing p naturally limits growth and increases uncertainty, with p = 0.5
representing the highest-risk regime.

It should be noted that the classical optimality of the Kelly bid in (6), established for a fixed p*3, does not
extend directly to the non-stationary case where p,, varies with the evolving population state. In this paper, the
Kelly betting is therefore applied in a myopic sense: at each step, p, represents the current estimate of the local
success probability, and the bid is calculated accordingly. This is consistent with adaptive Kelly practice?*,
though without a formal global optimality guarantee.

Given that real-world environments are constrained by carrying capacity and characterised by variable
success probabilities, a more realistic approach is to place bets according to variable probabilities derived from
reasonable environmental predictions. At this point, we can consider whether the carrying capacity is a special
phenomenon in biological growth or, alternatively that it is simply a long-term environmental change like any
other’32, As of the next section, we explore the connection between the Kelly betting and logistic growth.

Mathematical bridge: Kelly betting as an interpretation of logistic growth

In this subsection, we hypothesise that the Kelly betting strategy provides a generative mechanism underlying

logistic growth. We derive an analytical equivalence between the discrete-time Kelly update and the logistic map.
To construct a mathematical bridge between logistic growth and Kelly betting frameworks, we explicitly

identify the gambler’s wealth in the Kelly process with population size in a biological growth model, i.e., we

set C,, = S,,. This identification is motivated by the information-theoretic interpretation of Kelly betting in

biological systems, where capital represents the accumulated count of surviving and reproducing individuals
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Fig. 1. (a) A comparison of recursive Kelly betting and perfect betting scenarios with the same initial wealth
(Co = 0.01). For Kelly betting, p = 0.7. Kelly betting significantly reduces risk, defined here as sensitivity
to ruin, i.e., the probability of bankruptcy following an incorrect bet. While perfect betting achieves the
maximum possible return under perfect foresight, it is maximally fragile, as any single mistake results in
immediate bankruptcy. In contrast, Kelly betting reduces risk by minimising the probability of ruin while
maximising expected logarithmic growth. Note that the y-axis is logarithmic. (b) Growth in wealth under
Kelly betting for two different environmental assumptions: a stationary environment with constant success
probability (p = 0.6), and a non-stationary environment where the success probability decreases over time
(p = 0.6 until bet 20, then decreases linearly to p = 0.5 by bet 40 and remains there). The initial wealth

is Co = 0.01 in both cases. The two curves represent the same Kelly strategy operating under different
probability dynamics. (a) Kelly betting versus perfect betting. (b) Kelly betting in stationary and non-stationary
environments.
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rather than monetary wealth?. Under this identification, the discrete-time Kelly update in Eq. (8) and the discrete
logistic map in Eq. (3) can be directly compared.

With this hypothesis, it is straightforward to equate the expressions for the next-step values Sp41 and Cr 41
arising from Eq. (8) and (3), respectively. We evaluate this equivalence analytically by matching the discrete-time
Kelly update with the logistic growth equation, and subsequently verify its implications numerically through
simulations in the next section. This analytical equivalence is expressed as

Spi1 =28n(2p2 — 2pn + 1) = Sn +1rSn (1 - %) . 9)

where p,, denotes the success probability of the population at time step #, defined operationally as the probability
that a reproductive attempt succeeds under the changing environmental conditions, thereby contributing to
population survival and growth, which we refer to as fitness in the sense of realised outcomes. When the population
size Sy, is small relative to the carrying capacity K, resources and space are abundant, and reproductive attempts
are more likely to succeed, which results in higher values of p,,. As Sy, approaches K, increased competition and
spatial limitation reduce the likelihood that reproduction succeeds, which is reflected by a decreasing py,. In this
sense, pn, captures how environmental constraints dynamically modulate reproductive success.
Via the manipulation of (9), the success probability can be derived as

1,1
pnziii\/l_c (10)

wherec=(1—1r) + r%. Here, there are two roots for the solution of p,, i.e., p£}) and pg). In fact, these two
roots are complementary to each other, and their addition is equal to one, i.e., pp,” =1 — pg . In addition,
either root gives the same result due to the 2p2 — 2p,, term in (8) for Kelly betting. This term also ensures that
Sn+1 is still a real number even if the p, is a complex number. Hence, the success probability at the nt" time
step is given by

1 1 S
n 11

Based on (11), the results of Kelly betting for different carrying capacities and the corresponding probabilities are
given in Fig. 2. In this analysis, we use only the root of p,, that includes the positive sign before the square root,
as given in (11). The figure illustrates that Kelly betting can be used to model an idealised scenario in which the
parameters r and K are known a priori. Furthermore, it is observed that the probability of success decreases when
the population approaches the carrying capacity, reflecting increasing environmental limitation.

Additionally, p,, depends on the parameter r and K in (11). However, these parameters may not be known a
priori. To remove this dependency, we can use the following equation by manipulating (3) as follows.

Sn _ Sn+1 - Sn
r (1 - ?) = et (12)
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Fig. 2. Expected behaviour of Kelly betting for the wealth/population via logistic growth interpretation (left
y-axis) and the success probability (right y-axis) for different carrying capacity values, So = 0.01, and r = 1.
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By substituting (12) into (11), we can obtain the success probability as given by

1 1 Sn+1
— — 13
b 2 = 2 ( Sn 1>' (13)

which can be used to calculate p, when the current and next population numbers are known. It should be
noted that (13) is only meaningful in the growth phase where Sy+1 > Sn. When Sp41 < Sh, the expression
under the square root becomes negative, yielding a complex value. This simply indicates that the equation is
being evaluated outside its domain of applicability, and has no consequence for the simulation results since p,
is always computed via (15) in the simulation, which is real and bounded in [0, 1] by construction, as applied in
the next section.

The Game of Fitness model: a simulation to show the relation between Kelly betting

and logistic growth

Revealing emerging patterns with simple rules has always been fascinating for scientists. In this quest, cellular
automata are widely used in physics, biology, chemistry, and computer science. One famous example is the
Game of Life developed by John Conway in 197033, This simple zero-player game or a simulation has only four
rules for the survival, reproduction, and death of cells on a 2-D grid. The only intervention of the user is to
determine the initial conditions of the cells, which are the number and position of cells. These simple rules can
lead to spectacular patterns, such as moving spaceships, or oscillators. However, the deterministic structure of
this cellular automaton can sometimes fail to produce nature’s patterns. Hence, probabilistic cellular automata,
in which the transition probabilities between states are random rather than deterministic, are also used in the
literature!. Recent work has shown that probabilistic cellular automata can produce logistic growth and density-
dependent dynamics from local interaction rules. For example, logistic probabilistic cellular automata have been
used to model spatial pattern formation under local propagation and competition®, while totalistic cellular
automata have been shown to approximate logistic dynamics under mean-field conditions®. Probabilistic
cellular automata have also been applied to study bacterial competition and coexistence driven by antagonistic
neighbourhood interactions®”’. However, in these models the transition rules either impose logistic growth
locally or use fixed transition probabilities. None of them embed a bet-hedging strategy such as Kelly betting
into the local decision rule.

Inspired by the Game of Life, we propose the Game of Fitness model, which is a probabilistic cellular
automaton in essence, to explore and validate the growth of a population via Kelly betting. Comparable work in
evolutionary game theory involves strategic interaction between competing agents**~*!; however, in this work,
each organism independently applies a Kelly-optimal reproductive decision in response to local environmental
conditions. As shown in Fig. 3, organisms, such as cells or plants, represented by a yellow tile, can reproduce their
offspring on another tile based on some set of rules in the Game of Fitness as detailed in the next subsection.

Model setup and assumptions
This subsection describes the spatial environment, the organism states and strategies, the key parameters and
assumptions governing the Game of Fitness.

EEEEEEEEEEEEE E EEEE
Fig. 3. A snapshot of the ‘Game of Fitness’ simulation. The 20 x 20 grid displays living organisms (yellow, e2),
available tiles (black, e1), and depleted tiles (white, e3).
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As illustrated in Fig. 3, the simulation environment is represented as a two-dimensional square grid. Each
grid tile can exist in one of three possible environmental states:

e1 : Unoccupied tile,
e2 : Occupied tile,
e3 : Depleted tile.

Here, we assume that tiles in state e contain food and are available for occupation. When a tile becomes occupied
(e2) and is subsequently vacated, it transitions to the depleted state (e3). This transition only occurs when the
resident organism dies as a result of a failed reproductive attempt. Tiles in state e3 are permanently unavailable
for occupation and are excluded from further interactions in the simulation. The permanent unavailability of
depleted tiles (e3) is motivated by irreversible local resource exhaustion observed across biological organisms.
For instance, in plant communities, root-mediated soil resource exhaustion makes previously occupied patches
unavailable for recolonisation®2.
As for the reproduction, each organism can adopt one of the following two strategies:

s1 : Reproduce,
s2 : Do not reproduce and stay dormant.

At any time step #, the fraction of the population to reproduce (b»), i.e., which organism chooses the strategy s1,
is determined by the bid size of Kelly betting via

by, = round (S, (2p, — 1)), (14)

where p,, is the success probability and round(-) denotes rounding to the nearest integer using the round-half-
to-even convention (also known as Banker’s rounding) to ensure that the result is an integer. To estimate p,, we
assume that the population’s success to survive decreases as the environment gets more populated, i.e., food gets
more scarce and less space is left in the environment. For the n'" time step, it is estimated by

El,n

= Er— Eay (15)

pn

where E is the number of total tiles, E/1,,, and E3 ,, show the number of tiles at state e; and e3, respectively. (15)
estimates the success probability from the current spatial configuration of the grid, under the assumption that
the fraction of unoccupied habitable tiles reflects the likelihood of a randomly chosen target being available. The
quantity p, therefore captures the instantaneous success probability of reproduction given the current spatial
configuration, while the outcomes of individual reproductive and survival decisions are defined in a fitness
matrix (W). As introduced earlier, fitness is understood here in terms of realised survival and reproduction
outcomes, rather than as an intrinsic trait of the organism. W is given by

W= (wu w12> 7 (16)

w21 w22

where the rows correspond to the environmental states e; and ez, and the columns correspond to the strategies
s1 and s2. Each coefficient in W denotes the final number of organisms present at the next time step resulting
from the action of a single organism under the given state and strategy. For example, w22 = 1 indicates that an
organism remains alive when it chooses not to reproduce and stays dormant, while w21 = 0 represents that both
parent and offspring die in a reproduction attempt to an occupied tile. The state e3 is excluded from W since it
represents permanently unavailable tiles and therefore does not contribute to reproductive or survival dynamics.
Additionally, the probability of the environmental states at the n'” time step is a function of several parameters
(h(-)), as given by

P(ejﬁl) = h]‘(p,oz, Sn)7 (17)

where j is the environmental state index, p is the Moore radius (which determines the reproduction mobility
of organisms)43, and « is the information parameter, which determines the environmental awareness of the
organisms. It should be noted that it is non-trivial to write a closed-form expression for (17) due to the spatial
complexity of the Game of Fitness. Instead, an explanation about its parameters is as follows.

p defines the extent of the neighbourhood around each cell where it can reproduce, and therefore directly
controls its reproduction mobility. For instance, if p = 1, an organism can reproduce into any of the 8 tiles
surrounding it in the 3 x 3 square it occupies. The parameter o determines the degree to which organisms are
guided by environmental information when selecting reproduction sites:

o o = 0: The population is not informed, and the reproduction is purely random among all habitable tiles (oc-
cupied or unoccupied), with no regard to environmental state.

o 0 < a < 1: The population is partially informed and the reproduction has a bias toward unoccupied tiles
proportional to .. With probability ¢, an organism selects its reproduction target uniformly from unoccupied
tiles within its neighbourhood; with probability 1 — «, it selects uniformly from all habitable tiles, including
occupied ones.
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o « = 1: The population is fully informed, such that organisms always restrict their choice to unoccupied tiles,
selecting uniformly at random when multiple options are available.

The parameter « is inspired by the varying capacity of organisms to sense local population density. In bacterial
populations, quorum sensing is a well-known mechanism by which cells estimate local density through
diffusing signalling molecules, enabling graded collective responses to crowding?. In plant populations,
similar awareness arises through above-ground phytochrome-mediated detection of neighbouring vegetation
via changes in the red-to-far-red light ratio?, and through below-ground root-secreted signalling chemicals
that scale with neighbour density?>. Thus, o allows us to model a continuum between uninformed random
choice and perfectly informed decision-making. Even if o = 1, there is still randomness in the simulation,
since a random empty tile is chosen when multiple are available. Next, the extent of this randomness and the
implementation algorithm are detailed.

Algorithm
This subsection details the step-by-step procedure by which the selection, reproduction, and evaluation rules are
executed at each time step of the simulation.

The simulation algorithm flowchart is shown in Fig. 4. The simulation starts with initialising parameters: c,
p, and N, which is the number of maximum time steps. Initially, all tiles are unoccupied (at state 1), and an
initial organism is placed at the coordinates (o, yo). For each time step, the simulation consists of 3 distinct
phases:

o Selection: First, p,, is calculated by using Eq. (15) and b,, organisms that will participate in reproduction
(using strategy s1) are selected based on Eq. (14). We select b,, organisms at random from the grid, with each
organism having equal probability of being chosen, i.e., according to a uniform distribution over all occupied
sites.

« Reproduction: Each selected organism chooses a target tile randomly for reproduction according to the in-
formation parameter o within the region determined by p.

o Evaluation: The outcomes of the reproduction step is evaluated based on the target tile’s state: Choosing a tile
at state e; leads to successful reproduction, and the tile the offspring occupies transitions to state e. If a tile
at state ez is chosen, then both the offspring and parent organisms die, and their tiles become uninhabitable
for the rest of the simulation, i.e., the states of these tiles are updated as es.

The simulation stops if there are no live organisms left on the grid, or there are no available tiles to reproduce
into, or the maximum time step has been reached. In addition, the population stops making bets if p, is equal to
or smaller than 0.5 since b,, becomes 0 or less according to Eq. (14). It is important to note that W is implicitly
utilised in the “Reproduction”, “Failed Bet”, and “Successful Bet” stages of the algorithm depicted in Fig. 4.

Results

In this section, the numerical results are presented in two subsections. First, we present validation results showing
that population growth with Kelly betting leads to logistic growth. Second, we present population growth results
from the Game of Fitness simulation for various p and « values. We also analyse changes in carrying capacity
and spatial heatmaps of final population density.

The simulations use a 20 x 20 spatial grid and start from a single organism placed at the centre
(zo,y0) = (10,10). Each run is evolved for at most N = 100 time steps, and all results are averaged over
10, 000 independent simulation runs. The fitness matrix is fixed as W = (% %) . In the fitness matrix W, under
strategy s1, a parent organism that reproduces will result in two organisms if the bet is successful (w11 = 2),
or both parent and offspring die if reproduction is attempted on an occupied tile (w21 = 0). w1z = w22 =1
indicates that an organism at state e; or ez does not reproduce and stays dormant.

The fitness matrix W reflects a dormancy-reproduction trade-off observed across resource-limited biological
systems. The dormancy entries w12 = w22 = 1 model the well-established strategy of forgoing reproduction
under competitive pressure to maintain survival*>’, A successful reproductive attempt into an unoccupied tile
(w11 = 2) produces two surviving organisms. A failed attempt into an occupied tile (w21 = 0) penalises both
parent and offspring, as the offspring cannot establish and the parent incurs the full cost of a failed reproductive
attempt with no compensating gain.

Unless otherwise stated, the Moore radius is set to its maximum value p = 19, so that organisms can reproduce
anywhere on the grid, and the information parameter is fixed at o = 0, indicating that the randomness in the
selection of tiles is at its maximum.

Validation

This subsection validates that Kelly-based population growth in the spatially limited Game of Fitness environment
produces logistic growth. It also shows that the theoretical and simulated success probabilities derived in the
Theoretical Foundations section are valid.

The validation results are shown in Figure 5 (a)-(c) with their fitting values given in the caption. Figure
5(a) shows the population growth, defined as the number of organisms over time, while Fig. 5(b) presents the
normalised growth curve together with a logistic fit. The red line represents the average population size across
simulations, whereas the grey points indicate the scatter over 10, 000 independent runs in Fig. 5 (a). The logistic
fit, obtained using the closed-form solution of the logistic equation given in Eq. (2), overlaps almost perfectly
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Fig. 4. Flowchart of the simulation algorithm.

with the simulation results, yielding a mean squared error (MSE) of 2.79 x 10~°. The fit was computed using a

organism is created on
the target tile (e;— e2)

standard nonlinear least-squares optimisation based on the Levenberg-Marquardt algorithm®'.

The plots in Fig. 5 (a) and (b) clearly show that logistic growth emerges from the growth of organisms
playing bets according to the Kelly criterion in a spatially limited environment. This is further validated by Fig.

5 (c), which shows the course of success probabilities for theoretical values (\17xjxed_i.u£qgﬂ_3) and simulated
values proposed in Eq. (15). For Eq. (13), we adopt the root Pn = 0.5 4 0.51/(Sn+1/Sn) — 1, as it yields the

physically meaningful solution. The overlapping values in this plot verify the mathematical bridge between Kelly

betting and logistic growth in a limited environment.
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Fig. 5. Validation results showing that Kelly betting in a limited environment leads to logistic growth. (a)
Population growth with scatter plot and the mean value over 10000 runs. (b) Normalised mean population
growth in (a) together with its logistic fit, yielding parameters K = 1, r = 0.69, to = 7.06, and mean squared
error (MSE) = 2.79 x 1075, (c) Mean success probabilities calculated by Eq. (13) as theoretical results and
Eq. (15) as simulation results over 10000 runs, M SE = 3.68 x 107%. (a) Population growth trajectories. (b)
Logistic fit of normalised population. (c) Success probability comparison.

An important outcome of the Game of Fitness simulation is that the success probability governing Kelly
betting does not need to be specified externally. Instead, it is predicted dynamically from the spatial configuration
of the population via Eq. (15), which depends on the availability of unoccupied tiles. As the population expands
and space becomes limited, the predicted success probability decreases, reflecting increasing environmental
constraints. This emergent probability directly determines the effective Kelly bid size and links local spatial
interactions to population-level growth dynamics.

Simulation results
This subsection illustrates how varying the reproduction mobility p and information parameter o affects
population growth, carrying capacity, and spatial distribution, and compares Kelly betting against alternative
bet-hedging strategies.

We first analyse the effect of reproduction mobility (via Moore radius p) and information (via o) on
population growth and carrying capacity. In Fig. 6 (a), the mean population growth for different values of p
is given. Here, p = 19 corresponds to the scenario simulated in Fig. 5. As observed in Fig. 6 (a), the growth
pattern diverges from the logistic function as p decreases. This stems from the fact that the increase in the spatial
limitation decreases the likelihood of finding unoccupied tiles. Hence, they have more failed bets even if they
can predict the environment successfully, i.e., p, is high. Moreover, it is interesting to note that the population
almost dies out in the long term for p = 1, meaning that when the constraint on their first reproduction move is
most restrictive, they cannot use the carrying capacity of the environment efficiently. Additionally, the effect of
ovis shown in Fig. 6 (b). It is revealed that the population can achieve a higher carrying capacity as they are more
informed about the environment.

Fig. 6 (c) shows how the carrying capacity (K) changes with p and «.. Here, K denotes the converged population
size at the end of the simulation, as illustrated in Fig. 6 (a)-(b). The colour gradient in the figure provides a visual
encoding of K, highlighting regions of low and high carrying capacities across the parameter space. The results in
Fig. 6 (c) for a constant « value imply that the spatial constraint on the reproduction limits the carrying capacity
significantly. When the range of organisms that they can reproduce is small, the population cannot exploit the
environment efficiently, although there is plenty of space available. We can make an analogy of the reproduction
of plants with their seeds dispersed by the wind. Suppose there is more wind to disperse seeds further, i.e.,
p is higher. In that case, they can benefit from the environment more efficiently, whereas in a less windy
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Fig. 6. Mean population over time for various values of (a) Moore radius p = {1, 2, 3, 5,10, 15,19} and
(b) information parameter o = {0,0.25, 0.5,0.75, 1}. (c) Three-dimensional representation of the carrying
capacity (K) as a function of « and p. The colour scale indicates the magnitude of K, with warmer colours
corresponding to higher carrying capacity. (d) Tornado plot of the sensitivity of carrying capacity K to the
parameters o and p. Bar length represents the mean AK when each parameter is varied across its full range
while the other is held fixed, averaged across all values of the fixed parameter. (a) Population growth for
varying p and constant a. (b) Population growth for varying a and constant p. (c) Carrying capacity K as a
function of p and a. (d) Sensitivity analysis.

season (smaller p), the population remains smaller. In addition to the ability to spread into the environment,
information about the environment is also effective in determining the carrying capacity as shown in Fig. 6 (c).
Therefore, we argue that the population’s capability in exploiting environmental space depends on the availability
of environmental information, which in turn recursively influences the success probability of the bets placed. In
this sense, higher values of K-highlighted by warmer colours—correspond to more effective exploitation of the
available environmental space. Furthermore, while both parameters (o and p) have high values, the population
maximises the use of the carrying capacity, although the weight of the mobility is higher. This plot also reveals
that the effect of being highly informed about the environment is limited when the reproduction mobility is
low. Moreover, we quantify the relative influence ofa and p on the carrying capacity K with a sensitivity analysis
using a tornado plot, as shown in Fig. 6 (d). For each parameter, the mean range of K (mean A K) was computed
by averaging the peak-to-peak variation in K across all values of the other parameter. The results show that p
produces a mean A K of 109.8 compared to 72 for o, confirming quantitatively that reproduction mobility has a
more dominant effect on carrying capacity than environmental information availability.

Next, we examine the spatial distribution of the final population density. Fig. 7 illustrates the heatmap of
the mean occupancy density of the organisms’ final positions for various « and p values. When the population
is not informed, i.e., & = 0, as given in Figs. 7 (a), (d), and (g), the spatial spread of the population increases
proportionally with the reproduction range, leaving the centre of the grid as the least occupied. As the population
becomes more informed, the density concentrates on a circle surrounding the centre for limited reproduction
mobility, as illustrated in Figs. 7 (b), (c), (e), and (f). However, for high reproduction mobility (p = 19), the
dispersion of organisms gets more homogenous except for the centre tile where the first organism is deployed
initially, as denoted in Figs. 7 (h) and (i). The population can use the environment more effectively by spreading
as they have more information when p is constant. As with carrying capacity, reproduction mobility is the
dominant factor for spatial dispersion, while information acts more as a modulating factor.

Finally, we compare Kelly betting with alternative bet-hedging strategies. In Fig. 8, simulation results for
the Kelly (referred to as Full Kelly in Fig. 8) and other bet-hedging methods, such as fractional Kelly, and fixed
fraction bets are compared for various v and p values. In fractional Kelly, Eq. (14) becomes
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b = round(aS, (2pn — 1)), (18)

where a is the fraction coefficient, set to 0.75 for the dashed blue line in Fig. 8. For a = 1, Eq. (18) reduces to the
standard Kelly betting strategy given in Eq. (14). For the fixed fraction strategy, the bid size is independent of the
success probability as given by

b ) = round(fSn), (19)

where fis the fraction coeflicient, which is 0.75 and 1 for the results shown in Fig. 8 with blue and green lines,
respectively.

The results in Fig. 8 (a) show that using any of the three bet-hedging strategies (Kelly, fractional Kelly, and fixed
fraction betting) provides a rapid growth in the short-term. However, Kelly betting provides a clear advantage,
maintaining stability around a high carrying capacity in the long term. In the fractional Kelly betting strategy,
it takes a longer time to reach the carrying capacity, but it still ensures that the population eventually reaches
the carrying capacity and stabilises, while keeping the logistic growth pattern. However, using a fixed fraction
strategy is risky as it ultimately leads to extinction. Therefore, Kelly betting is a robust strategy for organisms
in the long term, even in a limited environment. Additionally, when the population is fully informed about the
environment, fixed fraction betting gives a short-term advantage over Kelly betting, producing higher peak
values and faster growth curves as shown in Fig. 8 (b). However, Kelly betting strategy still keeps its advantage
in the long-term growth with a higher carrying capacity. Furthermore, decreasing the reproduction mobility
causes a pattern with a slower growth rate and lower carrying capacity as illustrated in Fig. 8 (c). Yet, Kelly
and fractional Kelly betting save the population from extinction, whereas fixed fraction betting populations die
out. Interestingly, the fractional Kelly betting strategy gives the highest carrying capacity values in Fig. 8 (c).
This implies that more conservative Kelly bets in uninformed and low mobility reproduction scenarios give a
population a better chance to exploit the environment.
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Fig. 8. Comparison of mean population growth over time for Kelly-based strategies (Full Kelly corresponding
to Eq. (14), and fractional Kelly with @ = 0.75 in Eq. (18)) versus fixed-fraction strategies (f = 0.75 and

f = 1inEq. (19)). (a) Comparison of Kelly-based strategies for a = 0, p = 19. (b) Comparison of Kelly-based
strategies for o = 1, p = 19. (¢) Comparison of Kelly-based strategies for a =0, p = 1.

Discussion

In this paper, we propose the idea that bet-hedging using the Kelly betting strategy and logistic growth are two
different paths leading to the same destination in a limited environment. To demonstrate this, we designed
a simulation, the Game of Fitness, which validates this connection. We approach the problem to model the
growth of a population from a mathematical biology perspective and show the viability of the Game of Fitness to
simulate the growth of a population by betting on the decision to reproduce or stay dormant.

In our study, we adopt a scenario with diversified bet-hedging using dormancy as an alternative strategy
to reproduction. More importantly, our focus is to explore the spatial limitations of the environment in a
bet-hedging scenario, specifically by using Kelly betting. A key implication of our results is that the success
probability required by Kelly betting need not be treated as an externally known parameter. In the Game of
Fitness, this probability emerges from spatial structure and population density, effectively allowing organisms
to infer reproductive success from local environmental conditions. This provides a mechanistic interpretation
of how Kelly-optimal strategies could operate in realistic biological systems, where success probabilities are
neither stationary nor directly observable. With the mathematical framework we propose, the convergence of
population growth in a limited environment is actually a logistic growth, which is a well-known phenomenon
for limited environments such as the growth of bacteria in a petri dish.

Beyond the convergence to logistic growth, our results highlight the distinct roles of information and
reproduction mobility in determining fitness in limited environments. Information, which is an essential
feature of living things, plays a significant role in the fitness of organisms'. In essence, the more information a
population has about the environment, the better it fits that environment?. However, neither resources nor space
are unlimited in an ecosystem; hence, a carrying capacity is imposed in a limited environment. Therefore, the
effect of being more informed about the environment provides the ability to use the environment with a higher
carrying capacity (see Fig. 6 (c)).

The reproduction mobility (p), i.e., the range to reproduce offspring, has an even more pronounced effect
on population dynamics. Even if a population is not informed about its environment, but has a long range to
reproduce offspring, it can still reach a high carrying capacity (see Fig. 6 (c)). This suggests that spatial reach can
compensate, to some extent, for informational limitations. Considering both parameters, o and p, our model also
captures scenarios in which increased information about the environment does not necessarily lead to maximal
exploitation of available resources. This occurs when reproduction mobility is limited, indicating that spatial
constraints can play a dominant role relative to information in determining long-term population capacity.
The causal relationship between p and « can be understood as follows. When p is large, the neighbourhood
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contains many empty tiles, so even an uninformed organism has a high probability of landing on an empty tile by
chance, limiting the additional benefit of environmental awareness. When p is small, the neighbourhood is more
restricted and crowded, making « relatively more valuable for avoiding occupied tiles within the limited range.
However, despite this relative advantage of « at low p, the absolute carrying capacity K remains substantially
lower than at high p regardless of a.. Therefore, p dominates not because it renders « irrelevant, but because the
absolute scale of K is overwhelmingly determined by the size of the accessible neighbourhood. In this sense, o
acts as a modulator of performance within the space that p opens up, but cannot compensate for a fundamentally
restricted neighbourhood.

The comparison with alternative bet-hedging strategies further illustrates the robustness of Kelly-based
approaches. While fixed fraction strategies may offer short-term advantages under full information, they
are prone to extinction in the long term, particularly under spatial constraints or limited information. In
contrast, Kelly and fractional Kelly strategies consistently maintain stable populations. Notably, fractional Kelly
betting performs particularly well under low-information and low-mobility conditions, indicating that more
conservative betting can be advantageous in uncertain and spatially constrained environments.

Our study has its limitations, such as the use of a single phenotype and a static environment. Our future
work will be to further explore the effects of phenotypic diversification in a limited and changing environment.
We expect that Kelly betting strategy may lead to a generalised logistic growth function as observed in limited
environments such as the algae population with two phenotypes having an S-shaped growth curve®2.

On the other hand, the equivalence of the logistic growth and Kelly betting framework can have useful
applications in finance and economics to analyse the effects of the Kelly betting strategy in a limited economic
environment, where resources or opportunities are finite. For instance, capital growth and Kelly-based strategies
are traditionally studied in idealised settings, where betting opportunities are assumed to be repeated, statistically
independent, and unconstrained, leading to asymptotic optimality in terms of long-term growth rate?®>3. In
practice, however, financial decision-making is subject to estimation errors, risk constraints, and structural
limitations, which often motivate deviations from full Kelly strategies, such as fractional Kelly betting™.
Interpreting information availability (o) as the quality of market knowledge and reproduction mobility (p)
as access to investment opportunities or diversification pathways suggests a possible analogy to constrained
economic environments. While our model is not intended as a direct representation of financial markets, it
highlights how asymmetries between information and access can shape long-term growth and stability under
finite-resource conditions.

Data availability

The simulation code and analysis scripts used to generate the results reported in this study are publicly available
via a permanent repository at https://github.com/takhmina-iliiasova/game-of-fitness. An interactive web-based
implementation of the model, allowing readers to explore the dynamics described in this paper, is accessible at
https://www.gameoffitness.net/.
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