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Abstract—We study irregular repetition slotted ALOHA (IR-
SA) with multi-antenna reception over Rayleigh block fading
channels. An exact closed-form expression for the average de-
coding error probability €,, ;, is derived for collision sizes m = 1
and m = 2 by applying the inclusion—exclusion principle, which
generalizes known single-antenna results and remains valid for
any finite number of antennas. Using this result, we develop a
density-evolution-based analysis of multi-antenna IR-SA systems
and characterize belief-propagation (BP) thresholds. Numerical
results for the corresponding maximum a posteriori (MAP)
decoding thresholds and converse bounds are also presented,
demonstrating threshold saturation with spatial coupling.

Index Terms—Belief propagation threshold, irregular repeti-
tion slotted ALOHA, multi-antenna reception, random access,
Rayleigh fading, successive interference cancellation.

I. INTRODUCTION

Irregular repetition slotted ALOHA (IR-SA) [1]-[7] is a
powerful random access protocol that enables reliable com-
munication in massive machine-type networks through packet
repetition and successive interference cancellation (SIC). In
this paper, we consider an IR-SA system with multi-antenna
reception, where a large number of single-antenna devices
communicates with a common access point (AP) equipped
with L receive antennas over a slotted frame. The receiver
performs iterative spatio-temporal SIC across antennas and
slots, whereby the system performance is characterized in the
asymptotic regime by the maximum normalized offered traffic
that can be reliably supported.

For Rayleigh block fading channels with single-antenna
reception (L = 1), the decoding process within a slot can
be accurately characterized using threshold-based decoding
with intra-slot SIC. Here m represents the number of packets
colliding within a slot, and an exact closed-form expression for
the average decoding error probability €,, ; in the presence of
m— 1 interferers is available [1], [2], which enables a rigorous
density evolution (DE)-based analysis of IR-SA systems.

However, extending this analytical framework to multi-
antenna reception (L > 1) is nontrivial, since the signal-to-
interference-plus-noise ratio (SINR) statistics and decoding

events become significantly more complex. As a result, ex-
isting analyses of multi-antenna IR-SA systems largely rely
on simplified packet-erasure models [8]-[10] or numerical
simulations [11], and an exact closed-form expression of the
decoding error probability is missing. Note that Srivatsa et
al. [12, Theorem 3] derived an expression for the average
successful decoding probability 6,, = 1 — &, 1o under
maximal-ratio-combining-based SIC (MRC-SIC). However,
their result relies on an approximation and does not provide a
closed-form expression for finite L.

In this paper, we derive an exact closed-form expression
for the average decoding error probability €, ; (for m =1
and m = 2) for IR-SA systems with L-antenna reception over
Rayleigh fading channels. Our analysis considers selection-
combining-based SIC (SC-SIC), in which the receiver selects
the strongest signal among the L antennas. By applying
the inclusion-exclusion principle, we characterize the average
decoding error probabilities under intra-slot SIC in the pres-
ence of antenna diversity. This result generalizes the known
single-antenna expression €,, 1 and enables a rigorous DE-
based analysis of multi-antenna IR-SA systems, leading to the
derivation of belief-propagation (BP) thresholds.

Once DE is characterized, the converse bound and the
maximum a posteriori (MAP) decoding threshold can be
derived via extrinsic information transfer (EXIT) chart area
arguments [3], [13], [14]. Prior works on MAP thresholds and
converse bounds have primarily focused on either collision-
channel models [3], [13], [15] or single-antenna Rayleigh
fading scenarios [2], [7]. In contrast, this paper addresses the
MAP threshold and the converse bound for IR-SA systems
with multi-antenna reception over Rayleigh fading channels.

II. SYSTEM MODEL
A. IR-SA Access Protocol with Multi-Antenna Reception

We consider an IR-SA system with multi-antenna recep-
tion, where Nt single-antenna devices communicate with a
common AP equipped with L antennas over a frame of M
time slots. Let £ = {1,2,..., L} denote the set of antenna



Slot nodes (SN; slots s1—s4)

Device nodes (DNs)

Fig. 1. Bipartite graph representation of multi-antenna IR-SA with L = 2,
M =4, Ny =15, Ny =5, and m = Na/Np = 1/3.

indices. The antennas at the AP are spaced sufficiently far
apart to ensure independent fading values. In each frame, each
device becomes active independently with probability m < 1
and, if active, generates one message that is encoded into a
codeword (called a packet) using a common code C with code
rate R. This encoder is implemented as a concatenation of
a channel encoder and a higher-order modulator. We restrict
our analysis to R > 1; the case R < 1 is discussed in [16].
Each active device selects a repetition degree [ with probability
A; according to the distribution {Al}f’:f‘. It then transmits [
replicas of its packet in ! randomly selected slots within a
frame.

We define the normalized population size as a = Nt /M,
which is constant. The average normalized offered traffic is
G = wNt/M = ma, representing the average number of
packets transmitted per slot when the packet loss rate (PLR)
is lower than a target value. We are interested in the asymptotic
(M — o0) traffic G, which depends on probability distribution
{Ai};25*, given the average received signal-to-noise ratio
(SNR), the code rate R and the number of antennas L.

B. Bipartite Graph and Degree Distributions

As illustrated in Fig. 1, the multi-antenna IR-SA protocol
outlined in Sec. II-A can be characterized in a manner anal-
ogous to conventional single-antenna IR-SA [4], [5]. Specifi-
cally, it is modeled as a bipartite graph G = (D, S, £). Here,
D denotes the set of N1 device nodes (DNs), S denotes the
set of M slot nodes (SNs), and & represents the set of edges.
An edge connects a DN d; € D to an SN s; € S if and only
if the ¢-th device selects the j-th slot for transmission.

Importantly, even with multiple receive antennas, all multi-
antenna processing, including intra- and inter-antenna SIC, is
encapsulated within each slot node. As a result, the bipartite
graph structure depends only on device transmission patterns
and remains identical to that of the single-antenna case,
consistent with prior work [12]. Consequently, multi-antenna
effects enter the DE-based analysis solely through the slot-
node decoding success probability (1 — €,,,1.) (see (10)).

The number of edges connected to a DN or SN is defined
as the node degree. In this framework, a DN has degree [ (i.e.,
it has [ edges connected to SNs) with probability A;. The set
{A;}lmax s referred to as the DN degree distribution, where
the average number of replicas per active device is given by

d2 A1) = Y5 IA. (1)

As Nt — oo, the SN degree distribution is Poisson with
U, = exp(—ad)(ad)™/n! [4], [5].
The degree distributions are also defined from an edge-

perspective in polynomials [5]: A(z) = Z;Zi" Az!~1 with

_ A,
AN = ST and
plz) = N ppa =t = exp(—ad(1 — z)), (2)
with Poisson distribution
n¥, - (ad)™ !
pn=—— =exp(—ad)———, n=1,2,.... (3)
SN nw, (~od) (n—1)!

C. Spatio-Temporal SIC Decoding in Rayleigh Block Fading

Decoding at the AP is an iterative decoding process, inte-
grating both intra- and inter-slot as well as intra- and inter-
antenna SICs.

1) Intra-Slot SIC: Assuming m packet replica collisions,
the resultant L superimposed signals (one per antenna) within
the slot are given by

Yi = D pex i + 25, 1=1,2,... L, 4)

where K (|IC] = m) is the set of active devices. Here, device
k is active and has accessed the slot. The vector x € C
represents its codeword (or packet) of code C. The vector
z; ~ CN(0,02I) is an additive circularly symmetric complex
Gaussian (CSCG) noise with mean 0 and diagonal covariance
matrix o2/ with noise power o2 and identity matrix I.

The channel coefficient hy ; expresses the fading of the
channel from the active device k to Ant# ¢ of AP during the
slot, which remains constant within a slot and varies indepen-
dently across slots. For Rayleigh block fading channels, the
received SNR 7 ; £ P|hy;|?/0? is exponentially distributed
with p, (z)=1/ =75, x> 0, where 7 is the average received
SNR.

Decoding at AP within a slot involves an iterative process
alternating between intra-antenna and inter-antenna SICs. It is
assumed that the AP has full knowledge of the channel state
information (CSI) and the number of packet collisions. We
consider SC-SIC, in which SIC is performed independently
at each antenna, and the antenna branch with the strongest
received signal is selected for packet decoding.

a) Intra-Antenna SIC: Assuming an m-packet collision,
at Ant# ¢, the SINR of the packet from device k, assuming
V1,i >72,i > >Ym,i» can be calculated as

a Plhy.;|? _ Vi i
o2+ i1 Plhaal® 1430 ) Yusi

Assuming threshold-based decoding, the packet xj, is success-
fully decoded if the SINR 7, ; exceeds the threshold 7y, i.e.,

Mki )

1a Nk ,i > 7o, (6)

Pr{packet xj decoded} = { 0 s <n
» Mk, < Mo,

where 1)y satisfies R = logy(1 4 1) for code C of rate R.
Upon successful decoding, the packet is removed from the
received signal y,;. Subsequent decoding proceeds with the



interference-removed signal. This iterative process is termed
intra-antenna SIC.

Remark 1 (x-MaxDecoding). Let k denote the maximum
number of colliding packets, either initial or residual, for
which intra-antenna SIC is applied in a slot. Although intra-
antenna SIC can be applied to collisions of arbitrary size due
to the unbounded Poisson collision distribution, practical sys-
tems typically restrict SIC to low-order collisions because of
interference, error propagation, and computational complexity
[17]. Accordingly, we adopt the k-MaxDecoding (e.g., k = 2),
in which intra-antenna SIC is performed only when the number
of residual packets in a slot does not exceed . Hence, a slot
originally containing an m-packet collision with m > k may
still be decoded after inter-slot SIC if the residual degree is
at most K. (]

An undecoded packet x;, with SNR above 1, i.e., Yi,; > 7o,
is termed a potentially decodable (PD) packet [18], because
it can be decoded upon removing the interfering packet @y
from signal y,.

b) Inter-Antenna SIC: The previously described intra-
antenna SIC process enables the successful decoding of pack-
ets. These decoded packets are then canceled from the receive
signals of other antennas within the same slot. This procedure
is referred to as inter-antenna SIC.

The above two processes are repeated across all antenna
elements until no further decoding is possible for any packet
at any antenna element. This iterative decoding procedure is
referred to as intra-slot SIC due to its execution within a slot.

2) Inter-Slot SIC: Following intra-slot SIC, once packets
are successfully decoded, their replicas are removed from the
specific slots identified by those packets. This processing,
termed inter-slot SIC, facilitates subsequent intra-slot SIC on
the remaining signals in those slots.

The intra- and inter-slot SIC processes can be modeled as
the successive removal of edges in a bipartite graph G. When
a packet from a device (or a DN) is successfully decoded at
at least one antenna in a slot (or a SN), the corresponding
edge connected to the SN is removed via intra-slot SIC.
Subsequently, all [ edges incident to the same DN are removed
through inter-slot SIC. This process iterates until no further
edges can be eliminated.

III. AVERAGE ERROR PROBABILITY WITHIN A SLOT

Consider a generic slot ¢ with m packets received by L
antennas, as in (4), and select one packet as the reference.
We derive closed-form expressions for €, for m = 1,2
under intra-slot SIC performed across and within antennas.
These results form the analytical basis for the DE framework
developed in the next section.

In threshold-based decoding, a single decoding step is
defined as the recovery of a packet at any of the L antennas,
followed by its cancellation from all antennas. Consequently,
for an m-collision, up to m successive steps may be required.
Let D(m,r, L) denote the probability that the reference packet
is successfully decoded specifically at step r. The average

Fig. 2. The SIC feasible region in a two-collision within a slot (R > 1).

TABLE 1
EVENTS AT A SINGLE ANTENNA, WHERE Py AND P; ARE PACKETS SENT
BY DEVICE k AND [, RESPECTIVELY.

region [ event

A (A) | P (Pp) is decoded first and then P; (Py) is decoded.

B (Ié) Py (P;) is decoded, while P; (Pg) is undecoded and PD.

C, c P and P; are PD.

D (5) P (P;) is undecoded and PD; P; (Pg) is undecoded and not PD.
E, E P and P; are undecoded and not PD.

m

decoding error probability for the reference packet in the
presence of m—1 interferers within a slot using L antennas is

E7rL,L =1- Z:Lzl D(m7 T, L) (7)

Before proceeding, Table I summarizes the probabilities of
the possible events for the single-antenna case. The received
SNRs from devices k and [ at Ant# i are denoted by vy ;
and +;;, respectively. The random variables (RVs) v, vi.i,
Vk,j» and v ; (k1 € D,k # Ll and 3,5 € L, i # j) are
mutually independent. The integral regions illustrated in Fig. 2
are introduced to clarify the computation. For example, the
probability associated with the region A; is denoted as Pa,.
Due to symmetry, we have Pr, =Priépr7 re{AB,C,D,E}.
The extended version of this paper [16] provides the closed-
form expressions for these probabilities, which serve as the
basis for the calculations in the L-antenna case.

In deriving the results for the L-antenna case, we rely on
the following fundamental facts:

(i) RVs 7 ; are independent and identically distributed.
(i) The inclusion-exclusion principle for computing the
probability of the union of L sets Ay,..., Ap [19]:

Pr(Uf A = Y (1) Pr(nges Ap).
0#£SC{1,...,L}

®)

A. Closed-form Expression for a Single-Packet Slot (m = 1)

The probability that the packet of device k, which is the
only packet received in the slot, is successfully decoded by at
least one of the antennas, is given by

L
D(1,1,L)=1- [ =Pr{yi>m}) =1-(1—e 7).

=1



B. Closed-form Expression for a Two-Collision Slot (m = 2)

1) D(2,1,L): We derive the probability that the reference
packet is successfully decoded in the first threshold-based
decoding step. This probability is expressed as

1 1/ L
D(2,1,L) = 5Pr{T} = 2(;(1)”1<€>{2(PA+PB)}Z>.
Here, Pr{Y"} denotes the probability that either Py or P; is
decodable at any of the L antennas in the first step. Note that
the reference packet is either Py or P; with probability 1/2.
The detailed derivations can be found in [16] and are omitted
here due to space limitations.

2) D(2,2,L): Next, we derive the probability that the ref-
erence packet is successfully decoded in the second threshold-
based decoding step. This probability is expressed as

D(2,2,L) = (Pr{A} + Pr{Z}) /2.

Here, Pr{A} denotes the probability that two packets are
decoded at the same antenna in £. In contrast, Pr{Z} repre-
sents the probability that the packets are successfully decoded
across at least two distinct antennas. This probability is derived
by considering all possible antenna combinations for two
scenarios: 1) P; and Py, are decoded independently at distinct
antennas, respectively; and 2) the initial decoding of P; (Pg)
in an antenna set £ C £ with |£1] = ¢; and its subsequent
cancellation via inter-antenna SIC enables the decoding of Py
(P;) in a distinct set Lo C L\ £1 with |£2| = ¢2. Moreover,
the reference packet decoded in the second step is either Py
or P; with probability 1/2.

Using the inclusion-exclusion principle (8), we obtain [16]

L
ia) = Y0 () e

(=1
L—1 L—¢,

Pz = 3 3 o () (P e,

l1=1 l2=1

where

€=(01,49) = (2PE(Pg+2Pc+ Pp)*2— PS T2 (1 —2Pp )~ =%,

Remark 2. Focusing on the case m = 2, the average decoding
error probability €, 1, for MRC-SIC in [12, Theorem 3] is
obtained via an approximation that is accurate only in the
large-L regime. In contrast, the proposed SC-SIC scheme
provides an exact closed-form expression for €p. 1 that is
valid for any finite L. As shown in Table II, the SC-SIC
analytical results closely match the simulation results for all
considered finite L, while the MRC-SIC approximation exhibits
a noticeable mismatch. (]

IV. DENSITY EVOLUTION WITH L-ANTENNA RECEPTION

In this section, building on [1], [2], [4] and the closed-
form results of the previous section, we derive two DE iter-
ation equations that characterize the asymptotic performance
(M, N7 — o00) of multi-antenna IR-SA systems.

TABLE I
AVERAGE DECODING ERROR PROBABILITY &, 1, ( = 1,2) WITHIN A
SLOT. Gap DENOTES THE ABSOLUTE DIFFERENCE |Sim. — Theo.|.
SIMULATION RESULTS REPORTED AS < 1076 INDICATE THAT NO
DECODING ERROR WAS OBSERVED OVER 106 MONTE-CARLO TRIALS.
(no = 10,5 = 10 dB).

MRC-SIC [12, Theorem 3] SC-SIC (7)

m | L Sim. Theo. Gap Sim. Theo. Gap
4 [1.88x1072 1.90x 1072 1.7x10~*]1.60 x 10~ 1.60 x 10~* 1.0 x 10~*
8] 1.0x10™° 1.0x 10~° <1075[253x 1072 255 x 1072 2.0x 10~ 7

116 <10°° <1076 <1070 70x107% 72x107% 18x10°°
32 <10 <10°° <10°° <10°° 42x107 42x107
64 <10°© <10°© < 10°© <1079 1.8x 107 1.8x 10~
4]616x 1077 732x10°" 1.2x 1071789 x10"" 7.89x10~! 51x 1077
8 [3.68x10 1 481 x10 " 1.1x10 ' |584x10 " 584x10 " 9.7x10°

2 [16]1.41x107 T 2.07x107T 6.6x 102|331 x 10 ' 331 x10 " 1.7x10° 7
32]225x 1072 384x102 16x102|1.10x10°F 1.09x 10-7 3.9x 10~ 7%
64 70x10°% 1.3x10° 6.0x10 *|1.19x 102 1.19x 102 3.1x10 7

We refer to the DNs (SNs) as the DN (SN) group. In the
protograph, let % be the probability that an edge incident on
the DN group carries an erasure message towards SNs for the
(-th iteration. Similarly, let %G be the probability that an edge
incident on the SN group carries an erasure message towards
the DN groups.

First, consider the DN group, which has degree distribution
A(z). In the ¢-th iteration, an edge incident to a degree-! DN
is removed if at least one of the other [ — 1 edges has been
successfully resolved. Given the device activation probability
m, the average probability that a DN-to-SN message remains
erased is expressed as [2]-[4]:

p=m > A gt = (). ©)

Second, consider the SN group, which has degree distri-
bution p(z). The probability that an edge carries an erasure
message from the SN group to the DN group in the /-th
iteration is ‘g = 3°°0 | p, - ‘g'"). Here p, is the fraction of
edges connected to an SN of degree-r (see (3)), and Zq(") is the
probability that an edge carries an erasure message, given that
it is connected to the SN of degree-r. The erasure probability
of the degree-r SN is [2]

eq(r) = 1_2;:1 (7-7,‘1__11)(l_zp)rim(zp)mil(l_gm,L» (10)

Here, (1 — &) denotes the probability that the replica
associated with an outgoing edge is successfully decoded when
the reduced degree of the SN is m. In other words, in a
slot where r replicas collide, » — m replicas are removed via
inter-slot SIC, after which the receiver attempts to decode a
randomly selected replica among the remaining m replicas
using L receive antennas. The closed-form expression of €, 1,
is provided in Sec. III.
With some manipulations, we have [1], [2]

74 00 a’( m _
fg=1—c0dry e dnT g 1p). (D)
Substituting for (9) with G = 7o, we have, with (‘=9 =1,

¢ 1_6—G(D(<‘—1)q)§: (GdA(“~Vg))™

q= ml (1 - Em,+1,L)- (12)

m=0
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Fig. 3. PLRs vs. offered traffic G of IR-SA for the MRC-SIC [12] and the
proposed SC-SIC: o = 5, ¥ = 20 dB, and A(z)=0.58622+0.291x3+
0.0312%40.0222" +0.00623 4+0.063210.

Let (®)(G,d,L,7,m0) = lim; (Y% be the convergence value
of the iteration. The PLR of the systems is [1], [4]

PLR(G’ J’ L’ :Y’ no):A((OO q(Ga d_v La 7)/7 770))
- _ l
:ZEZ?X Al ((OO)Q(Ga da La v 770)) .

Given target PLR™, the asymptotic iterative decoding
threshold, also called the BP decoding threshold, is defined
as the supremum offered traffic value [4] [1]:

GBPPE — sup{G : PLR(G, d, L,7,m0) — 0}.

13)

(14)

Under the xk-MaxDecoding in Remark 1, the summation in
(12) is restricted to residual degrees m < xk — 1 (e.g., K = 2).

V. NUMERICAL AND SIMULATION RESULTS

In this section, using the closed-form expressions of €, r,
and DE under the (k = 2)-MaxDecoding assumption, we
present numerical results for the BP thresholds in (14), along
with the corresponding MAP thresholds and converse bounds.
The derivations of the MAP thresholds and converse bounds
are omitted due to space limitations and can be found in [16].

Figure 3 compares the PLR performance of multi-antenna
IR-SA using the MRC-SIC and our proposed SC-SIC (13)
for L = 8 at a target PLR* = 1072. For reference, the
performance of the single-antenna IR-SA (L = 1) [1] is also
included. The same degree distribution, optimized specifically
for the proposed multi-antenna IR-SA via a differential evo-
lution algorithm [20], is applied to all schemes. Simulation
results with a finite number of slots (M = 10°) for SC-SIC
closely match the asymptotic DE analysis, thereby validating
our analytical framework; the small residual gap is attributable
to the finite number of slots in the simulation. In contrast, the
MRC-SIC approach in [12] exhibits a noticeable discrepancy
between simulation and analysis. This is because its analysis is
approximate for m > 2, as indicated by the results in Table II.

Figure 4 plots the BP thresholds GBF-"I¥ versus the average
received SNR 7 for L = 8 and 16. At low SNRs (¥ < 12 dB),
MRC-SIC achieves higher BP thresholds due to its combining
gain, which is essential for raising the effective SNR above
the decoding threshold 7. By contrast, the lack of combining

(;BP.lylk

-~ SC-SIC
-o MRC-SIC [12] | |

0.8

0.6

8 ]b 1‘2 1‘-’1 1‘6 1‘8 20
average received SNR 7 dB

Fig. 4. BP thresholds GBF-P% vs. average received SNR 7 for MRC-SIC
[12] and SC-SIC; A(z) = z3, no = 10, and L = 8, 16.

TABLE III
TBP,ConV
BP THRESHOLDS OF THE SPATIALLY COUPLED SCHEME, G ,
MAP THRESHOLDS OF d-REGULAR REPETITION SA, Give[gp’blk, AND
IR-SA, GMAP.blk '\ g WELL AS THE CONVERSE BOUND GC-PIk
(no =1,7 =20dB).

L ‘ CL (d) ‘ GfBP,ConV G%gP,blk GMAP,blk  (7C,blk
1[2] | 3.103 (3) 1.824 1.824 1.826 1.829
2 3.066 (3) 1.969 1.969 1.969 1.972
3 3.068 (3) 1.976 1.976 1.976 1.979

gain in SC-SIC causes the SINRs across all L antennas to
remain below the decoding threshold, thereby leading to a
complete decoding failure. At high SNRs (¥ > 12 dB), a
performance crossover occurs. While intra-antenna SIC likely
succeeds on at least one antenna even without combining,
MRC-SIC indiscriminately aggregates interference from all
antennas, thereby limiting the effective SINR.

Once the DE iterative equations are obtained, the MAP
threshold and the converse bound for the L-antenna IR-SA can
be evaluated [16]. Table III summarizes these thresholds and
bounds. In addition, the L-antenna spatially coupled scheme
[16], extended from the single-antenna case [2], [3], yields the
BP thresholds GTBP’COHV, demonstrating threshold saturation.

VI. CONCLUSION

This paper developed an analytical framework for IR-SA
with multi-antenna reception over Rayleigh block fading chan-
nels. Exact closed-form expressions for the average decoding
error probability €,, ;, under SC-SIC enabled a rigorous DE
analysis without altering the bipartite graph. The obtained BP
and MAP thresholds, along with the converse bounds, demon-
strated threshold saturation via spatial coupling and elucidated
the performance trade-offs between SC-SIC and MRC-SIC.
Future work will address higher-order collisions, alternative
combining schemes, and more general fading models.
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