Reinsurance and Portfolio Optimisation under Model

Uncertainty

Y1 Xia

A thesis submitted for the degree of Doctor of Philosophy

School of Mathematics, Statistics and Actuarial Science

University of Essex

9™ April, 2026



i



1l

Acknowledgements

I would like to express my deepest gratitude to Dr Junlei Hu and Dr Peng Liu for your
invaluable guidance, patience and care throughout my doctoral journey. Your encouragement
and scholarly insight have shaped this work and helped me grow both professionally and
personally. Without your support, I would not have been able to achieve what I have.

I am immensely grateful to my parents, Youyun and Li, for your constant love and for
believing in me throughout my life and studies. Your unwavering support has been the
foundation of my journey, and having them by my side at the conclusion of this learning path
means more than words can express. To my lovely sister, Lin, thank you for filling my life
with joy and always thinking I am the best. Your positivity has been a constant source of
strength.

Finally, I would like to extend my heartfelt thanks to a dearest friend, Lyon, whose spiritual
support helped me navigate stress and doubt. Your kindness, understanding and patience in
weathering my emotions have been invaluable, and your respect for my choices has meant a

great deal.



v



The research was conducted under the supervision of Dr Junlei Hu and Dr Peng Liu, whose

guidance and contributions have been invaluable throughout this process.

Chapter 2 has been published in the European Journal of Operational Research and is a joint
work with Dr Tolulope Fadina, Dr Junlei Hu, and Dr Peng Liu. Chapter 3 is a joint work with
Dr Tao Gao and Dr Junlei Hu and has been submitted for publication. Chapter 4 is a joint

work with Dr Peng Liu and Professor Steven Vanduffel.



vi



Vil

Abstract

Reinsurance and portfolio decisions are challenging under conditions of model uncertainty
and non-convex risk measures. This thesis develops robust and tractable frameworks by
explicitly accounting for dependence ambiguity, distributional uncertainty, and non-convexity
in objective functions.

First, for worst-case reinsurance for multiple lines of business with fixed marginal distri-
butions and unknown dependence structure, Value-at-Risk (VaR) and Range Value-at-Risk
(RVaR) are used to evaluate the risk in finding forms of optimal ceded loss function. For the
VaR-based model with only two risks, the limited stop-loss reinsurance treaty is optimal for
each line of business. Second, this thesis adapts Homotopy Optimisation with Perturbations
and Ensembles (HOPE) to multi-line, non-convex reinsurance, achieving high-quality solu-
tions far faster than conventional grid search on VaR-based problems, thereby closing the
theory-practice gap. Third, the analysis presented in this thesis derives distributionally robust
bounds for broad distortion risk metrics under some uncertainty sets, which are characterised
by moment constraint, probability constraint via Wasserstein ball, or unimodality constraint,
thereby identifying worst-case distributions. The numerical results for the application in
portfolio optimisation are also derived to show the power of the theory.

Keywords: Optimal reinsurance; Portfolio optimisation; Multivariate risk; Dependence
uncertainty; Global optimisation; Non-convex optimisation; Numerical optimisation; Homo-

topy method; Robust distortion risk metrics; Mean variance; Wasserstein metrics.
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CHAPTER

Introduction

Reinsurance is a risk transfer tool, that allows insurers to cede portions of their liabilities
to third parties, thereby improving capital efficiency and limiting exposure to large losses.
The early theoretical foundations, especially in relation to the variance minimisation approach
of Borch (1960) and the expected utility framework of Arrow (1963), clarified the trade-offs
between risk reduction and retention. In practice, however, the direct applicability of these
classical models is limited by several realistic complications, such as the uncertain or unknown
dependence between risks and the non-convexity of objective functions. These issues make the
design of optimal reinsurance problems substantially more challenging than classical theory
suggests. Many of the same difficulties arise in portfolio optimisation, wherein decision-
makers must allocate capital across correlated assets while controlling tail risk and accounting
for model mis-specification. The mean—Gini (MG) approach proposed by Shalit and Yitzhaki
(1984) exemplifies a constructive alternative to variance-based methods. The Global Financial
Crisis of 2008 demonstrated the practical consequences of underestimating dependence
and model uncertainty, as fragile models and excessive reliance on specific distributional
assumptions can produce catastrophic mispricing and unexpected losses. Consequently,
contemporary research, and this thesis, move beyond point-estimate models and toward robust,
distributionally aware methods that incorporate investor preferences, uncertain dependence
structures, and the stochastic nature of losses and returns. Doing so requires both principled

modelling, to capture realistic dependence and ambiguity, and computationally tractable



algorithms, to solve high-dimensional, often non-convex optimisation problems.

This thesis investigates optimal reinsurance with an unknown dependence structure, its
related computational problem for high-dimensional optimisation, and portfolio optimisation

under conditions of model uncertainty.

Chapter 2 focuses on an optimal reinsurance design in the presence of dependence
uncertainty across multiple insurance risks. Classical approaches often assume independence
or impose specific copula models. These approaches may lead to misalignment that can result
in false results. Recent developments in robust risk aggregation, such as Cheung et al. (2014),
Bernard et al. (2020), and Cai and Chi (2020), spur the evolution of strategies that solve
problems with an unknown dependence structure in relation to risk. Within this framework, we
derive optimal reinsurance policies that minimise worst-case Value-at-Risk (VaR) and Range-
Value-at-Risk (RVaR), subject to budgetary constraints and general premium principles. A
key step in solving the optimisation problem is the extension of classical aggregation bounds,
such as Makarov (1981), Riischendorf (1982), and Blanchet et al. (2023), to settings where
marginal tail distributions exhibit convexity or concavity. These structural assumptions enable
closed-form solutions for classes of optimal contracts, including capped quota-share and
piecewise-linear policies, across arbitrary dimensions. The resulting designs provide tractable
and theoretically justified reinsurance strategies given the prevailing uncertainties of the

model.

The optimisation problem arising in the numerical illustration of Chapter 2 is inherently
non-convex. In that particular case, the problem structure permits a discretisation over a finite
grid, allowing the use of grid search techniques to locate global optima. However, such an
approach is only feasible for low-dimensional problems with an exploitable structure. In more
general, non-convex settings, especially those with continuous or high-dimensional control
variables, grid search optimisation methods become computationally intractable or unreliable.
This limitation motivates the second project, which addresses the broader class of non-convex

reinsurance optimisation problems.

In Chapter 3, we develop scalable numerical methods to overcome the computational

challenges posed by non-convexity. Specifically, we adapt the Homotopy Optimisation



with Perturbations and Ensembles (HOPE) algorithm. Its global optimisation approach was
originally developed for non-linear PDEs by Liao (1992) and later extended to non-convex
problems by Lin et al. (2023). HOPE combines homotopy continuation with stochastic
perturbations and ensemble learning to navigate complex solution landscapes more efficiently.
We apply this method to reinsurance models involving multiple lines of business and VaR-
based objectives, demonstrating its ability to produce optimal solutions with significantly
reduced computational effort when compared to grid search methods. The results establish
HOPE as a potentially viable and scalable approach for actuarial optimisation under conditions
of non-convexity.

Chapter 4 turns to robust risk metrics and portfolio optimisation under conditions of
distributional ambiguity. Recent advances in distributionally robust optimisation under
distorted expectations, Cai et al. (2025) have shown how applying distortion functions
to probabilities can capture a decision maker’s risk attitude more flexibly than traditional
expected utility approaches. In this context, distributionally robust optimisation (DRO) has
become a powerful tool (see Ben-Tal et al. (2009) and Esfahani and Kuhn (2018)), where
the ambiguity sets are defined through moment constraints or Wasserstein distances. We
develop new bounds for a wide class of distortion risk metrics, including non-monotonic and
discontinuous distortion functions, under ambiguity sets constrained by the mean, variance,
Wasserstein distance, and unimodality. Our methods generalise the prior findings of Li et al.
(2018) and Bernard et al. (2024)), offering sharper worst-case estimates for practical metrics
such as the Gini deviation, inter-quantile differences, and GlueVaR. These results are applied
to portfolio optimisation under conditions of model uncertainty to derive the best portfolios in
the worst-case scenario for different distortion risk metrics. The numerical results are also
given to illustrate the power of our theory.

In summary, this thesis proposes and tests a novel theoretical and computational toolkit for
reinsurance and risk management under conditions of uncertainty. To this end, it contributes
tractable solutions, generalised bounds, and scalable algorithms that bridge actuarial theory
and practical implementation, offering robust strategies for managing risk and portfolio within

complex and ambiguous environments.



CHAPTER

Optimal reinsurance with multivariate risks and depen-

dence uncertainty

2.1 Introduction

Reinsurance serves as a fundamental risk management tool for insurance companies
and has attracted considerable interest from both practitioners and academics. The study of
optimal reinsurance design originates from the pioneering work of Borch (1960), which has
inspired extensive research focused on minimising insurer risk exposure or maximising the
expected utility of terminal wealth for risk-averse insurers, see for instance, Arrow (1963),
Van Heerwaarden et al. (1989) and Chi and Lin (2014). In recent years, Value-at-Risk (VaR)
and Expected Shortfall (ES) have become widely used risk measures to assess insurance risk
and determine regulatory capital. Consequently, a growing body of literature has addressed
optimal reinsurance under VaR-based or ES-based criteria. For an overview of the theory and
methods of reinsurance, refer to Albrecher et al. (2017) and the review by Cai and Chi (2020).
Alternative approaches to optimal reinsurance, such as those based on probabilities of disaster,
have also received attention. For example, Tan et al. (2020) showed that under a mean—TVaR
premium principle, the optimal reinsurance contract assumes a dual excess-of-loss structure.

There are very few works that study optimal reinsurance design under multivariate risks,

whereas problems in the univariate setting have been widely studied. In practice, insurers



manage multiple lines of business, each potentially reinsured via separate contracts with one
or more reinsurers. This motivates a holistic study of reinsurance design in a multivariate
context, taking into account aggregated risk across lines of business. In this paper, we aim
to minimise certain risk measures of the aggregate retained risk in each business line by
reinsurance. The challenge lies not only in treating individual marginal distributions but also

in understanding the unknown dependence between these risks.

Only a limited number of papers consider multivariate reinsurance problems. Under the
assumption of identically and independently distributed risks, Denuit and Vermandele (1998)
demonstrated that the stop-loss treaty is optimal for each line of business with respect to
the stop-loss order and under expected premium principles. Their results were extended to
certain positively dependent risks by Cai and Wei (2012). Zhu et al. (2014) examined optimal
reinsurance that minimises capital requirements and showed that one- or two-layer reinsurance
contracts are optimal under general premium principles, regardless of the dependence structure.
Cheung et al. (2014) addressed the problem under complete dependence uncertainty by
considering the worst-case scenario for general law-invariant convex risk measures and found
that the optimal policy remains the stop-loss type. A key simplification arises from the
comonotonicity of the worst-case dependence structure. Bernard et al. (2020) further explored
the problem in the context of optimal coinsurance across multiple interdependent policyholders
from an expected utility perspective, revealing that insurance supply and demand may not

necessarily align.

Following the framework of Cheung et al. (2014), we consider a min—max reinsurance
design problem for multivariate risks without assuming a known dependence structure. This
assumption is motivated by the practical observation that, while marginal distributions can
often be estimated with reasonable accuracy, estimating the dependence structure is signif-
icantly more difficult and, in some cases, infeasible. Mis-specification of the dependence
structure can lead to severe consequences in risk management; see McNeil et al. (2015).
In practice, data on correlated products are often collected independently, leaving no clear
information about their joint distribution; see Embrecht et al. (2013). To address this, we

adopt a robust optimisation approach and analyse the worst-case scenario. Robust optimi-



sation is comprehensively reviewed in Ben-Tal et al. (2009), with applications in various
fields, see in Ben-Tal and Nemirovski (2008), Polak et al. (2010), Bertsimas et al. (2011),
Gabrel et al. (2014) and Asimit et al. (2017)). Benati and Conde (2022) introduced a robust
framework considering expectations, risk, and regret. Most recently, model uncertainty in
optimal reinsurance has been studied by Chi et al. (2022), Boonen and Jiang (2024), and Cai
et al. (2024). Among robust formulations, the min—max criterion is particularly well suited to
settings where dependence information is scarce, as it ensures the chosen reinsurance strategy
remains effective under the least favourable dependence scenario. While this may lead to
strategies that are more conservative than otherwise necessary when the realised dependence
is benign, it nonetheless eliminates the risk of severe under-reserving that can arise from

committing to a mis-specified copula model.

Compared to Cheung et al. (2014), we employ VaR and RVaR to quantify retained risk
and use them as the basis for our optimisation criteria. Specifically, we minimise the worst-
case VaR or RVaR of total risk exposure after reinsurance across business lines, subject to a
budget constraint on total reinsurance spending. The non-convexity of these risk measures
introduces analytical challenges. Our approach builds on existing expressions for worst-
case VaR and RVaR in the context of aggregation under known marginals and unknown
dependence. Foundational results can be found in Makarov (1981) and Riischendorf (1982)
for bivariate risks, and in Wang et al. (2013), Embrecht et al. (2013), Bernard et al. (2014), and
Jakobsons et al. (2016) for higher dimensions. Our analysis extends recent results by Blanchet
et al. (2023), which apply to distributions with monotonic densities. We generalise these
expressions to allow for convex or concave tails, a key technical contribution of this work.
Importantly, the worst-case dependence structure under VaR or RVaR is not comonotonic,
but rather exhibits a combination of joint mixability, as shown by Wang and Wang (2016),
and mutual exclusivity, as studied by Dhaene and Denuit (1999), corresponding to a strongly

negative dependence regime.

Due to the limitations of existing results in the VaR and RVaR literature, we restrict our
feasible set of ceded loss functions to those that are convex or concave when the number of

risks exceeds two. Similar constraints appear in Cai et al. (2008) and Cheung (2010). We also



consider general premium principles satisfying mild assumptions, encompassing the expected
value principle as a special case. Under these settings, we derive optimal reinsurance policies
for both VaR- and RVaR-based criteria. For instance, we identify piecewise, linear ceded
loss functions, generalising stop-loss and bounded linear contracts that extend quota-share
arrangements. In the special case of two risks, the convexity/concavity requirements can
be relaxed, and we establish that limited stop-loss contracts are optimal for the VaR-based
problem. For RVaR, we omit cases with two risks or convex-tailed marginals due to a lack of
applicable robust aggregation results.

We also study quota-share reinsurance under conditions of dependence uncertainty. When
the budget constraint is non-binding, the optimal contract for each business line is either *full’
or 'no coverage’, indicating that the insurer may opt not to reinsure certain business lines,
which is similar in spirit to Bernard et al. (2020), where the insurer selectively withholds
insurance supply given dependent risks.

The remainder of this chapter is organised as follows: Section 2.2 presents the model setup
and notation; Sections 2.3 and 2.4 explore the problems of reinsurance based on VaR and
RVaR, respectively; while Section 2.5 discusses the special case of quota-share reinsurance
with dependence uncertainty; and Section 2.6 presents analytical and numerical results for
the case of two risks, using the findings of Section 2.3. Proofs of all results are provided in

Section 2.7.

2.2 Model description and notation

Consider an insurer operating n distinct business lines over a given time period. For each
line of business i, the aggregate loss is represented by a random variable X;, defined on a
probability space (Q,.%,P) (Q is the sample space, that the set of all elementary outcomes
@ describing the uncertain state of the world over the period, for example all claims; .7 is
a o-algebra of subsets of Q called events; P : % — [0, 1] is a probability measure). These
losses have cumulative distribution functions F;(x) = P(X; < x) and satisfy 0 < E(X;) < oo,
The total loss of the insurer without reinsurance is S, =Y.' | X;. To mitigate substantial losses,

the insurer implements reinsurance strategies for each line. Let f;(X;) denote the portion



ceded to the reinsurers and T, (X;) := X; — fi(X;) represent the retained loss, where f; and T,
are termed the ceded and retained loss functions, respectively.

To preclude ex-post moral hazard, reinsurance arrangements must satisfy incentive com-
patibility. Consequently, both f; and T}, are non-decreasing and non-negative on [0, e) for

i=1,...,n, equivalent to Lipschitz continuity:
0< fi(y) —filx) <y—x, 0<x<y, and 0 < fi(x) <x, x>0.
This restricts admissible ceded loss functions to the domain:

7" ={f=(f1s o fu) 0 Fi0) — filx) y—x,

The insurer compensates the reinsurers via premiums determined by the principles 7;
for each line. Let 2] be the space of non-negative random variables with finite mean in
(Q,# P)and 2 C 27. Then m;: 2 — R*. Following Chi and Tan (2013), we analyse

premium principles fulfilling:
(i) Distribution invariance: m;(Y) = m;(Z) for Y,Z € 2 when Fy = Fz;
(ii) Risk loading: m;(Y) > E(Y) forY € 27
(iii) Preserving stop-loss order: mi(Y) < m(Z) f E((Y —d)+) < E((Z—d)+) Vd € R;

(iv) Continuity: limy,_, 7;(¥,) = m;(Y) when lim,,_, ess-sup|Y¥,, — Y| =0for¥,,Y € 2", n >

1, and limy_e (Y Ad) = m(Y).

Although we assume 7; satisfies (1)-(ii1), continuity (iv) ensures the existence of optimal
ceded functions. Common principles satisfy constraints (i)-(iii), including expected value,
Wang’s, Dutch, and others (see in Wang et al. (1997) for Wang’s principle and Young (2004)

for a survey).



Post-reinsurance total risk exposure is given by: St =Y | [T(X;) + m(fi(Xi))]. For a
risk measure p : 2~ — R, the insurer seeks optimal f € 2" minimising p(Sf(X;,...,X,))

under budget constraint Y | 7;(fi(X;)) < P (P > 0). This defines:

7"(P) = {fe " Z m(fi(X)) < P} .
i=1

This multivariate problem faces practical challenges in estimating the dependence struc-
tures of Xi,...,X,. Mis-specification can severely affect risk management (McNeil et al.
(2015)), motivating the analysis under dependence uncertainty where the marginals are fixed

but the dependence is unknown. The uncertainty set is given by:
E(F)={(X1,....X): Xi~F,i=1,...,n},

where F = (F},...,F,). We solve for worst-case optimal reinsurance and find f € 2"(P)

minimising

U p(Sy (X, Xa))- @.1)
(X1,....X,)€E,(F)

Given the importance of the regulatory authorities of VaR and ES, we focus on these risk

measures and their robust counterpart, RVaR. Defining for a € (0, 1]:
VaRy(X) = F (o) = inf{x: F(x) > a},

and for a € [0,1):

VaR (X) = F ' (a) = inf{x: F(x) > a},

with inf@ = 0. For o« € [0, 1), ES is defined as below in McNeil et al. (2015) and Follmer and
Schied (2016) :

ESq(X) = ﬁ/{:F‘l(t)dt.
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RVaR Cont et al. (2010) bridges VaR and ES. For0 < B < B+ a < 1,

1 rBto .
R,s,oc(x):a/[3 Fo'(1—p)dr.

Key relations between VaR, ES, and RVaR include:
ESa(X) = Roa(X). VaRe(X) =HmR\_q(X). VaRj(X) = mR\_q_pp(X).

We examine VaR- and RVaR-based reinsurance. Due to limitations in robust aggregation,

we sometimes restrict to convex/concave-ceded functions:
21 (P)={f=(f1,...,fn) : £€ D" (P), f;convex, i=1,...,n},

25(P) ={t=(f1,...,fn) : £€ 2"(P), ficoncave, i=1,...,n}.

Special ceded functions, that are central to our results, are defined as below:

Leta= (al,...,an),b: (bl,...,bn),c: (Cl,...,Cn),d: (dl,...,dn).

* Limited stop-loss:
lap(x) :=(x—a)r —(x—D)+ (0<a< b < ).

Setlay = (luy bys-- - »lay p,) With domain:

A (P)={(a,b) :lp € Z"(P), 0< a; < by <oo, i=1,...,n}.

* Generalized stop-loss:
hapea(x) =c(x—a)y+d(x—b)4y (0<a<b< oo 0<c,d<c+d< ).

Sethapca = (Rayby.crdys-- - Paybpcnd,) With domain:

VQ{I<P) - {(aabacad) :ha7b,c,d S @n(P>, 0 < a; < bi < o, 0 < Ci,

di<ci+d; <1, izl,...,n}.

* Proportional-minimum:
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8ap(x) :=amin(x,h) (0<a<1,0<b < o).

Set 8ab = (8a,.by»- - - »8ay,.b,) With domain:

2 (P)={(a,b):gap € Z"(P), 0<a; <1,0< b <oo, i=1,...,n}.

Subsequent sections demonstrate that optimal reinsurance over 2"(P), 2} (P), and Z}(P)

simplifies to optimisation over:
ZL"(P)={lap:(a,b) e (P)}, " (P)={hapca:(ab,cd)ec(P)}

G"(P) = {gap : (a,b) € 5 (P)}.

Throughout, we assume X; ~ F; fori=1,...,n.

2.3 Optimal reinsurance under Value-at-Risk

To evaluate the quantity sup(x, _x.\cs () VaRg (ST (X1,...,X,)), we built on a recent
advance in robust risk aggregation presented in Blanchet et al. (2023), which is formalized
in Proposition 2.1. We generalise the findings on marginals with monotone densities from
Theorem 2 in Blanchet et al. (2023) to include marginals whose tail distributions are either
convex or concave. This extension is key in determining optimal reinsurance strategies.
Importantly, convex/concave tail behaviour allows for probability mass at the distribution’s
extrema, which is instrumental in constructing optimal ceded loss functions. For o € (0,1), a

(F(x)—a)

4o
T—o 1S concave

F(x)—a), -
% is convex on

distribution F is said to be concave beyond its a-quantile if the function
on its support; analogously, F is convex beyond its o-quantile if
(—o0, F~1(1)) (equivalently, if this function is convex on its support and F(F'(a)) = o or
1). We denote the sets of such distributions by .Z% and .#2, corresponding to convex and

concave tails, respectively. Defining

A, = {ye (0,1) x [0,1)": Zyi: 1}, where ¥ = (%0, Y1y -+ Yn)-
i=0
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Proposition 2.1. Let o € (0,1) and F € (A#2)" U (A2)". Then

n n
sup VaR}, Xi| = inf Ry v (Xi).
(X1, X ) €65 (F) a(;{ l ye(la)An,; o

Using the above result, we now demonstrate that the optimal reinsurance problems
defined in the sets 2"(P), 2} (P), and 27 (P) can be reduced to optimisation problems in

ZL"(P), 7" (P), and 4" (P), respectively.

Theorem 2.2. Assuming that each F;'(-) is continuous on (0,1) and let o € (0,1), then the

following holds:

(i) fn=20rn—Y"  F(F () <1—a or Y (F(F '(1)-)—a) < 1—a, then

1

inf sup VaRg (S Xi,...,X,)) = inf inf L(a,b,y),
fe7"(P) (x1,... X, ) €&, (F) (il ) (a7b)eM(P)76(1—a>An( )

where L(a,b,y) = Eily { Ry 30 (Xi = lay by (X3)) + 7 (lay ; (X)) }-

(ii) IfF € (AZ)", then

inf sup VaR Slel,...,X = inf inf H(a,b,c,d,y),
fegi](P)(Xl,...,Xn)eé”n(F) Oc( ( n)) (a,b,e,d)ea (P)ye(1—a)A, ( )

where H(aa b, c7d77) = Z?:l {R}M’o (Xl) - R?’M’o (hai:bhchdi (Xl)) + ni(hahbi»cbdi (Xl))}

(iii) If F € (A#5)", then

inf sup  VaRg(SE(Xy,...,X,))= inf inf  G(a,b,y),
fe73(P) (x,,...X,)€6,(F) oo " (ab)e(P)ye(l-a)h,

where G(a,b,y) = i1 {Ry .3 (Xi) — Ry 5 (8ay b (Xi)) + 7i(Zay by (X)) }-

Observe that Theorem 2.2(i) reveals the limited stop-loss policy is optimal when n =2 or
the tails of the marginals are not overlapping. This contrasts with Cai and Wei (2012) and
Cheung et al. (2014), where the stop-loss policy is optimal. This discrepancy arises because,
in these cases, the worst-case dependence is counter-comonotonic on the tails (i.e., negatively

dependent). In Theorem 2.2(i1), under convexity constraints on the ceded loss functions, the
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optimal solution takes the form /. 4(x) = ¢(x —a) 1 +d(x — b) ;. for each line of business,
which generalises stop-loss as a special case. This piecewise linear form involves three
segments: no coverage below a, partial coverage (at rate c) between a and b, and increased
coverage (rate ¢ 4 d) beyond b, suggesting that stop-loss may no longer be optimal. In
Theorem 2.2(iii), the optimal solution is given by g, ;(x) = amin(x,b), which encompasses
the quota share as a special case, here referred to as limited quota-share. Interestingly,
this may outperform regular quota share from the insurer’s viewpoint, as it allows higher
reimbursement for losses below a cap, while still maintaining affordability.

We now derive the optimal ceded loss functions using Theorem 2.2 and provide a result

on the existence of optimal parameters.

Proposition 2.3. The parameters for the optimal ceded loss functions lap,hap cd,8ap in

Theorem 2.2(i)-(iii) are determined by:

(i) Forlay,

* b inf inf L(a.b :
(a”, )Earg<a,b)1£ Q{(P){ye(llr—la)An (a, ,7)}

(ii) For ha,b,c,d,

a* b",c¢",d*) = inf inf  H(a,b,c,d, ;
( ) arg(a,b,c,(lil)leszfl(P){ye(llgoc)A,, ( Y>}

(iii) For gap,

* b*) = inf inf  G(a.b .
(a*,b") = arg (a,b)lél ! (P){ye(llr—la) N (a, ,7)}

Furthermore, the existence of these optimal parameters is ensured by the continuity of each

w, fori=1,...,n.

In the case of n = 2, we adopt an alternative approach to obtain a simpler form for the
optimal ceded loss functions. This is valuable in numerical analyses, as it allows the original
non-convex problem to be reformulated into a series of convex ones, as shown in Section 2.6.

Based on Makarov (1981) and Riischendorf (1982), we establish:
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Proposition 2.4. Assume n =2 and that Ffl and F{l are continuous on (0,1). Then,

inf sup VaRa(Sg(Xl,Xz)): inf inf Ly(aj,az,b1,by,1),
(f1.2)ED*(P) (X, X, )€ (a1,a2,b1,b2) €4/ (P)1€[0,1-0]

where

Ly(a1,a2,b1,b2,t) = VaRo (X1 — lg; p, (X1)) + VaR1 -1 (X2 — l4y 4, (X2))

+ (lal,bl (Xl )) + nZ(laz,bz (Xz))

Moreover, the pair (L4, p,+la, b,) constitutes the optimal ceded loss function under the worst-

case scenario if:

(a1,a2,b1,b2) € arg inf { inf Ll(al,az,bl,bz,t)},
(a1,a2,b1,b2)€/ (P) (1€]0,1—0q]

It is important to note that this section focuses solely on the budget constraint. However,
additional constraints can be incorporated. As an example, a profitability condition can be
introduced, such as: E(SE(X,...,X,)) < (1 — 0)Py, where P; > 0 denotes the total premium
collected by the insurer over the period and 0 < 6 < 1 signifies the insurer’s target profit

margin. The results derived in this section remain applicable if we redefine the admissible set

2"(P) as follows:

{fe " Z m(£(X) <P, E(SE(X1,.... X)) < (1— e)pl} ,
=1

provided that condition (iii) on 7; is strengthened to preserve the stop-loss order of the
differences. Specifically, for any Y,Z € 27, the inequality 7;(Y) —E(Y) < m;(Z) — E(Z) must
hold whenever E((Y —d);) <E((Z—d);) foralld € R.

2.4 Optimal reinsurance under Range Value-at-Risk

In this section, we investigate the optimal reinsurance problem based on Range Value-at-

Risk (RVaR). RVaR serves as a link between VaR and ES, as both can be viewed as special
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(i.e., limiting) cases of RVaR. Furthermore, RVaR belongs to a class of robust risk measures
in the sense described by Cont et al. (2010). Following the approach used for VaR, we begin
by generalising Theorem 1 from Blanchet et al. (2023), extending the setting from marginal

distributions with decreasing tail densities to those whose tails are concave.

Proposition 2.5. Let o, B be such that 0 < B < B+ o < 1, and suppose that F € (//che_[3 A

Then:

sup  Rpg g (le) = inf Y Ry (F). (2.2)
i=1

(X1 e Xe) €60 (F) re(pra)anp>a Sy

The following theorem shows that RVaR-based optimal reinsurance problems in domains
2"(P) and Z5(P) can be equivalently transformed into problems over the domains 2" (P)

and ¢"(P), respectively.
Theorem 2.6. Let , B satisfy 0 < B < B+ o < 1. Then the following two statements hold:

(i) IfB=00rn—Yi  F(F)I'(1-B—a)) <P +a, then

inf sup Rgo(SH(X),....X,))= inf inf L(a,b,y),
te2"(P) (x,.....X,) €5 (F) B’“< ( )> (ab)eo/ (P) ye(B+a)An, >0 ( )

where L(a,b,y) is defined in Theorem 2.2.

(ii) IfF € (M5 P~%), then

inf sup Rg. (Sf X1y, X >: inf inf G(a,b.,y),
fe73(P) (X,,... Xa) €6, (F) R ) (ab)ea (P)ye(B+a)An >0 ( )

where G(a,b,Y) is also specified in Theorem 2.2.

Theorem 2.6 indicates that the structure of the optimal reinsurance strategy under the
RVaR framework mirrors that under the VaR model, except that the results are not available
for the case n = 2 or when the marginal distributions have convex tails.

The result in part (i) of Theorem 2.6 partially extends the findings of Cheung et al.
(2014), which deal with convex risk measures and expectation-based premium principles.

Furthermore, it is notable that, under convex risk measures, the worst-case dependence
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between multiple risks results in comonotonicity. In contrast, RVaR, being non-convex except
when it reduces to ES, yields a worst-case dependence structure characterised by a mixture of
mutual exclusivity and joint mixability, implying a form of negative dependence. For further
details, see Blanchet et al. (2023) and Jakobsons et al. (2016).

We now present a result that specifies the optimal reinsurance strategies and the conditions

for their existence.

Proposition 2.7. The parameters defining the optimal ceded loss functions lay, and ga 1, in

parts (i) and (ii) of Theorem 2.6 are determined as follows:

(i) Forlyy, the optimal parameters satisfy

a*,b*) inf inf  L(ab,y)\;
ww)cmr or [ Lab)

(ii) For gap, we have

a* b*)=ar inf inf G(a,b, :
( ) s (ab)ea(P) {YE(B+W)AM’0>& ( Y)}
Additionally, the existence of such optimal parameters is ensured by the continuity of the

pricing functions w; fori=1,...,n.

2.5 Quota share reinsurance under dependence uncertainty

In this section, we examine the most basic form of reinsurance, namely quota share
reinsurance, where each ceded loss is a fixed proportion of the original loss. Specifically, the
ceded loss takes the form f;(X;) = w;X;, fori = 1,...,n, where the retention levels w; are in
[0, 1]. For further details on quota share reinsurance, see, e.g., Albrecher et al. (2017). We
say that a premium principle 7 is homogeneous if 7(AX) = A7w(X) holds for all A > 0 and
XeXZ.

Throughout this section, we assume that 7 satisfies the following three properties: dis-

tribution invariance, safety loading, and homogeneity. These properties are satisfied by



17

many commonly used premium principles such as the expected principle, standard deviation
principle, Wang’s principle, and the Dutch principle; see Young (2004) for more examples.

Under quota share reinsurance, the insurer’s total retained risk is given by:

n
SY (X1, Xn) = Y (1= wi) X+ wim(X7)),
i=1

where w = (wy,...,w,) denotes the vector of quota share levels. We define the admissible

domain for w under the budget constraint as:

Ay (P) = {WGOI Zw,n’, < }

Observe that 0 € A, (P) and that A, (P) is a convex and compact set, with its boundary denoted

by dA,(P). By applying Propositions 2.1 and 2.5, we obtain the following results:

Proposition 2.8. Let o € (0,1). If either n =2, or F € (A%)" U (AE)" and each F'(-) is

continuous on (0,1), then

inf sup VaRq (SY(X1,...,Xn))
WEA,(P) (X150, Xn)EEL(F)
n

wegfl\,,(P)ye(llga)An;(( W’) Yzai’o( l) Wi z( l))

Furthermore, there exists an optimal quota-share allocation w* € d A, (P).

Proposition 2.9. Given any o, withO< B <B+a <1, iff=00rF e (,/// pa %\, then

inf sup Rg o (SY(X1,..., X))
WEAL(P) (Xy ... X, ) €8, (F) po
n
= inf inf 1 —wi)Ry . (X;) +wimi(X;)) .
weaAn<P)ye<ﬁ+a>An,yO>ai:ZI(< R (X) + Wi (X))

Again, there is an optimal solution w* € dA,(P).

Now suppose that the budget is sufficiently large, i.e., P > Y | m(X;). In this case,
we have A,(P) = [0,1]". Define AY = {we€[0,1)":w; € {0,1}, i=1,...,n}. Then, for

each line of business, the optimal quota share level is either full reinsurance (w; = 1) or no
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reinsurance (w; = 0). This suggests that, under such a budget, the insurer adopts only extreme
positions, potentially declining to reinsure certain business lines. Interestingly, Bernard et al.
(2020) provides a parallel result where, based on preference and risk profile, the insurer

chooses not to offer coverage to some policyholders.

Corollary 2.10. IfP > Y | m(X;), then the optimal quota-share solutions wW* in both propo-

sitions 2.8 -2.9 satisfy w* € AV,

2.6 Examples

Our principal findings demonstrate that determining the optimal ceded-loss functions
in the worst-case reinsurance model with dependence uncertainty reduces to minimising a
fixed deterministic function. To illustrate the utility of these results, this section presents
both analytical and numerical resolutions of selected multi-risk optimal reinsurance problems
where dependence uncertainty is present. Given that both VaR and ES are standard risk
measures for insurance risk quantification and regulatory capital determination, and noting

that ES has been studied in Cheung et al. (2014), we focus on the VaR setting.

2.6.1 Analytical solutions

We first address the analytical solution of the core optimisation problem (2.1) for the case

p=VaRandn=2,1e.,

min max  VaRy (Sg (XI,XZ)). (2.3)
fE.@Z(P) (X1,X2)€& (F)

Proposition 2.4 allows us to reformulate (2.3) equivalently as:

min min Ly (ay,az,by,by,1), 2.4)
(a17a27b17b2)€£{(P)t€[07 l_a]
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where

Li(ai,a2,b1,b2,1) =VaRe i+ (X1 — Iy b, (X1)) + VaR 1 (X2 — Iy, 5, (X)) (2.5)

+ 701 (Lay 5, (X1)) + T2 (Lay p, (X)) (2.6)
Proposition 2.11. Assume for i = 1,2 that m; satisfies distribution invariance, risk loading,
and preserves stop-loss ordering. If <7 (P) # 0, then for any t € [0, 1 — a]:
(1) T (g, (X1)) + 72 (liy 0, (X2)) < 701 (a5, (X)) + 2 (Ray 0, (X2))
(ii) (a1,az,b1,by) € o/ (P);
(iii) Ly(uy,up,vi,va,t) < Ly(ay,az,by,ba,t) for all (ay,ay,by,by) € o (P).
Here, vi = VaRq4(X1), vo = VaR|_;(X2), uy = vi — Iy, p, (v1), and uy = vo — g, p,(v2).

Moreover,

min min Lj(ay,ap,b1,by,t) = min min Ly (uy,up,t),
(a1 ,az,bq ,bz)GéZf(P) IG[O, 1—06] (u1 ,uz)EEQJ/V(P,Vl ,V2) IE[O, 1—06]

with Lz(ul , uz,t) = 21‘2:1 <u,‘ + (lui’vi (Xi))), and
y(Pvi,va) = {(u1,u2): Ly, € P*(P), 0 <y <viy i = 1,2}

Example 2.12. Suppose each X; is exponentially distributed with mean A; > 0, with a
density function f;(x) = %ie_%i, Fi(x)=1- ¢ %, forx>0andi=1,2. Assume that each
premium principle is in the form ;(X;) = w; + (1 + &) E[X;], with w; > 0, §; > 0. Note that,
if wi +wy > P, then «7,(P,vy,v2) = 0. We thus restrict to wj +wy < P to consider non-trivial

cases.

Proposition 2.13. Under wi +wy < P, Table 2.1 provides the optimal solution

k% 3k gk % . .
ai,a by,t") = arg min min Li(ay,ar,by,by,t
(af,a3,51,63,17) (a1,a2,b1.b2) e (P)1€[0, 1—a] (a1,a2,b1,52,1)

in the following cases:
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(i) (1461)A = (1+62)A2, and ¥j(wi+ ;) — (1 +61)(1 — o)Ay < P.

(iia) (14+8)A > (1+8) A, (1—a)(1+8) < 1, and ¥ (wi+A) — (1+8;) (1 — o)Ay < P.

(iib) Same inequality on (1+61)A; > (14 02)Ag, but (1 —ot)(1+61) > 1, and wp +Ap < P.

(iiia) (1-1-51)),1 < (1+52>12, (1 —OC>(1+52) <1, andzi(wi+li)—(l+52)(1 —OC)AZ <P

(iiib) Same as above except (1 —o)(1+ &) > 1 and w; +A; < P.

| Case | Sub-case | (at,as,bt,b5,1%)
0 e Tyar=-AIn(1/(1+6)),i=1,2;
bT = —ll ln(l - —l‘*), b; = —Qtzlnt*.
(i) (iia) *=0,a7 = —AIn(1/(1+6)), b} = A In(1 — a), b} = oo
(iib) *=0,a; =bj=-MIn(1-a),a; =—AIn(1/(148)), b; = .
(i) (iiia) t*=1-—a,af =—XIn(1/(14+8§)), bj =, b5 = —AIn(1 — a);
(iiib) |r*=1-o,af=-M4In(1/(148))),b} =00, a}=b;=-AIn(l1-a).

Table 2.1: Optimal solutions in Example 2.12.

For other configurations, a numerical procedure is necessary to determine the optimal.

The table yields several insights. Cases (i)—(iii) are distinguished by comparing (1 + 6;)4,
to (14 &)A,. Since A; = E[X;] and &; is the risk-loading factor, the product (1 + J;)A; reflects
the relative cost of reinsuring X;. If reinsuring X is more expensive ((1+ 8;)A; > (1+ &)A2),
then case (ii) applies: b} < oo and b3 = oo, meaning that X;’s reinsurance is capped but X’s
is not. Conversely, if (14 6;)A4; < (14 8 )A,, then in case (iii) X, is capped while X; is
uncapped. When (1 + 61)A; = (1 + 02)A, (case i), reinsuring both risks is equally costly and
the solution is non-unique, given that it depends on the insurer’s risk tolerance & and the
loading factors.

Sub-case (iib) occurs when (1+8;)A; > (14 0)A2 and (1 — a)(140;) > 1 (i.e. o small
and/or O; large). This means cherishing high risk tolerance or high reinsurance premium
for X, making it optimal not to reinsure X; (i.e. a] = b}). Similarly, sub-case (iiib) implies

a; = b5 when « is small and/or 6, is large.
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2.6.2 Numerical examples

In this section, we address the optimisation problem (2.4) using a numerical method,
specifically the grid search approach. To begin, we discretise each random variable X; into m
observations, denoted by the vector x; := (x;1,X2, . . . ,x,-m)T, for i = 1,2. These observations
xjj, where i = 1,2 and j = 1,2,...,m, can be generated either from historical data or via
Monte Carlo simulation.

The corresponding reinsurance indemnity function /,, 5, (X;) is then represented by the
vector y; := (Yi1,Yizy- - -5 yim) , where each y;; denotes the reinsurance payment associated
with x;;, forall i = 1,2 and j = 1,2,...,m. Without loss of generality, we assume that the
observations are sorted in ascending order, i.e., xj; < xjp < ... < x;, foreachi =1,2. Due
to the monotonicity of the function /,, 5, (X;), it follows that the reinsurance payments also

satisfy yj; <yp < ... <yjpfori=1,2.

Example 2.14. We adopt the setup of Example 2.12 with parameters A; = 8000, A, = 3000,
01 = 0.8, & = 0.3, illustrating case (ii). A Monte Carlo sample of size m = 200 is generated
for each X;.
For each fixed ¢t € [0, 1 — a], the local optimum of (2.4) is computed by solving the linear
programme:
2 1+6;4T
(YI7Y2§I2%1me’" Mg~ Yigi + %2, =Yg +i:Zi (WH_ L yi)

s.t. 0 < Ay; < Ax;, fori=1,2, (2.7

i( 1+611T )gp’

where 1 is the m-vector of ones, g1 = [m(a+1)], g = [m(1 —1)], and A is the difference
matrix enforcing monotonicity.

A global optimum is obtained by evaluating (2.7) over a grid of r € [0, 1 — a]. Since g;
and g, take only finitely many values, this is finite.

Figure 2.1 depicts the numerical results. The left side of the figure displays scatter plots

of the optimal indemnity functions at & = 0.95 (sub-case 1ia), revealing that Z“Tvb’f (Xp) is
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Figure 2.1: Illustration of the numerical optimal reinsurance solution found in Example 2
using scatter plots and heat maps. (Scatter plots: optimal solution for & = 0.95; Heat maps:
the gradient (colour scale) of the scatter plots for optimal solutions under different o values.)

a limited stop-loss capped at its VaRq s, whereas l,5 s (X2) acts as an uncapped standard

stop-loss (b5 = o0).

It is also worthwhile to examine how the shape of /;: «(X1) and l,; p;(X2) varies with
respect to o, as this illustrates how the insurer’s reinsurance decision changes in response
to different levels of risk aversion. To this end, we compute l,: p+(X1) and Iy p;(X2) for 99
distinct values of & (ranging from o = 0.01 to o = 0.99 with a step size of 0.01). To provide
a more compact visualisation of these 99 pairs of solutions, heat maps are used, as shown in
the right-hand panels of Figure 2.1. Each heat map displays the gradient of /;: (X;) evaluated
at the points X;;, where j=1,2,...,199. Due to the definition of the function /, the gradient
in different segments of [, (X;) is either O or 1. As observed from the heat maps, La; b (X2)
consistently retains the same shape, transitioning from a horizontal line to an upward-sloping
line with a turning point located at a5 = —A;In (ﬁ) In contrast, the shape of /;: : (X1)
evolves as o changes. When « is large (i.e., a > 1 — 1_1—51), there are two turning points, as

the gradient changes from O to 1 and then back to 0 once X ; reaches VaRy (X1). Conversely,
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when o is small, the gradient remains O for all X j, implying that /.« ,: (X1) = 0, which aligns

with the analytical result derived in Example 1.

2.7 Proofs of results

All the proofs of the results in Sections 2.3-2.6 are presented in this section.

2.7.1 Proofs of results in Section 2.3.

To prove Proposition 2.1, the following lemma is applied.

Lemma 2.15. For F¥) = (Fl(k), ... ,Fn(k)),k > 1andF = (Fy,...,F,), suppose that, for each

X |.
1

I, (F.(k))jrl(t) — (F)Z(t) uniformly overt € (a, 1), then:

1

&

n
lim sup VaR}, <2Xi> = sup VaRy,
(F) (

K=o x X e6 (Fk i1 X1, X ) €6 (F)

1

Proof. By Theorem 4.6 of Bernard et al. (2014), we have:

n
sup VaR, ZX,- = sup ess-inf Z (1—a)Uy),
(X1, X )€ (FK) i=1 Uty Un~U[0,1]
and
n
sup VaR}, ZXi = sup ess-inf Z (1—a)Ujy).
(X1 - X ) €5, (F) i=1 Uty Un~U[0,1]

It follows from the uniform convergence that:

(F)7 (ot (1 a)ry)

-

sup
t1ye-stn €(0,1)

i=1

Y (R @ (1 -a)) -

<L s ](F,“)) (o (1= a)r) = (F)Z (e+ (1= a)n)| =0
i=11€(0,1)
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as k — . Hence,

n

lim sup ess-ian (Fi(k))_1 (a+(1—-a)Uy)

k=0 u, .. Up~U0,1] i=1
= sup ess- 1an +(a+(1-o)Uy).
Uty Up~U[0,1]
This completes the proof. 0

Proof of Proposition 2.1. We first focus on F € (.#%)". Fori=1,...,n, and k > 1, if

F(F1(1)-) < 1, let

Fi(x), x<F(D)=1/k
V0 =4 R+ R ) )0 B )+ 1R, F 1) - 1k<x<F)

and if F(F,1(1)—) = 1, let Fi(k) = F;. Clearly, each F;.(k) admits an increasing density beyond

its ai-quantile. Hence, in light of Theorem 2 of Blanchet et al. (2023),

n

sup VaR, (ZX,-) = 1nf ZR%%
n(F0)) '

Note that sup;¢ (g, ) !(F,-(k))ll(l) — (F)1'(1)| < 1/k, which implies that (Fi(k));l(t) — (B3N

uniformly on (0, 1). Consequently, by Lemma 2.15, we have:

(X1 X)) ESH(F k=eo (1 Xa)E i=1

sup VaR 4 (ZX,) = lim sup VaR <ZX,~>
(F) i=1 (F(0)

k
= lim inf R
k—ooye(1—a A,llz: 7/,,}/0

= 1nf ZR%»YO

where the last inequality is implied by the fact that supye(;_g)a, [Ry.% (Fi(k)) — Ry, 5 (F)| <
1 /k. Therefore, the claim holds for F € (.Z%)".

We next focus on the case F € (.#£%)". Fori=1,...,nand k > 1,if ¢; := F:,((F) ;' (a)) —
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o>0,let
F(x), x < (F)}(e)
FU@ =1 Rl —gitkaile— ()7 (@), (F)F (@) <x< (B)Z (@) +1/k
Fi(x), x> (F)3 (o) +1/k

and if ¢; = 0, let Fi(k) = F;. Clearly, each Fi(k) admits a decreasing density beyond its o-

quantile. By Theorem 2 of Blanchet et al. (2023), we have:

i=1

n
sup VaRy, Z X; 1nf Z Ry, v (F;
(Xl 7"'7Xn)€éan(F(k>) :

The rest of the proof is the same as the proof of F € (.#Z%)". Hence, we omit it. O

Proof of Theorem 2.2. By Lemma 4.5 of Bernard et al. (2014), the continuity of
F',...,F;7 " over (0,1) implies that for & € (0,1),

sup  VaRGL(SP(X),....X,))=  sup  VaRu(SE(X,....X,)).
(X17"'>XI1)€£)I’!(F) (X15'~'7Xn)eéan(F)

We first focus on case (i). In light of Theorem 2 of Blanchet et al. (2023), we have:

inf sup VaRy (SE(X1,. .., X))
fe@n(P)(Xh >Xn)e£;‘l(F) ¢ ! '

n

= e i1, & (R (X = fiX0) + 7 (fi(Xi))}

e st Z{Rmx FiX0)) + m(fi(X)) }

Next we show that 2"(P) can be replaced by .£”"*(P). Evidently,

.. Z{RWOX Fi(X0) + m(fi(X; ”}g(a,b}éliﬂp)“a’b’” (2.8)

Next, we show the converse inequality. Let a; = F,'(1— % — %) — fi(F; ' (1 —y — 7)) and
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b; € [VaR|_y,_y,(X;),oo| be the solution of g;(s) = 0, where
! 1 : 1
6= [ b= [ @)
I=%—% 1=10-"%

Note that b; may take the value of co. The existence of b; is guaranteed by the continuity of g;
over [a;, 0] and the fact that g;(F,"'(1— 9 — 7)) < 0 and g;(s0) > 0. One can easily check

that, for the above, having chosen a; and b;,

1 1
[ tanF ) < [ A @) (2.9)

for s € (0,1). By Theorem 2.57 in Follmer and Schied (2016), we have that for any u € R,

B (Lo, (Xi) —u) 1) SE((fi(Xi) —u)+).

Hence, it follows from the property (iii) of m; that: m;(l,, »,(X;)) < m(fi(X;)). Moreover,

combination of (2.9) and the fact that g;(b;) = 0 yields

Ry o (a6 (X)) = Ry, 3 (fi(X5))-

Consequently,

Z{Rmx £(X)) +m(f£i(X:))} = L(a,b,y).

We next verify (a,b) € o7 (P) for our constructed (a,b). Using the fact that f € 2™ (P), we

have:

i 7 (Lo ;(Xi)) < Z mi(fi(X;) < P.
i=1

i=1

Hence, for any f € 2™ (P), there exists (a,b) € <7 (P) such that:

¥ (R0~ 5060+ ALK} > L),

which combined with (2.8) implies that (2.8) is an equality. This completes the proof of (i).



27

We next consider case (ii). Note that for f € Z}'(P), we have Tf,(0) =0, and Ty, (x) is a

concave, continuous, and increasing function on [0, ). If T, = 0, the distribution of T%,(X;)

is convex beyond its ¢t-quantile. Next we suppose 7y, # 0. Direct computation gives:
P(T(X) <2) =P (X < T;'(x)) = AT (), ¥ >0,

where T (x) = sup{t > 0: T;.(t) < x} for x > 0. Note that T, !
F
;i

J 1s convex on [0,7(0)].
Henc —( ( l(xa) s is convex on (—oo, Tfi(ﬂ*l(l))). Hence, in light of Proposition 2.1,
inf sup VaRy (SE(X1,....X,))
fER(P) (X,,....X,) €6, (F) o "

— inf inf R X i i\Ji
feg}(P))’E(lma)AmZ{ %,Yo ) ))}

_Y(lmfoc)A fe%f Z{RMOX £i(X) + m(fi(Xi)) } -

Next we show that Z}'(P) can be replaced by 7" (P). We will only show

feg}‘f Z{R%YOX fl( ))—'_nl(fl( ))}> inf H(a7b7c7d77)

(2.10)
(a,b,c,d)ea (P)

as the inverse inequality is trivial. Let

o _AET 0-mm) o
. Fll—y—%— ARG () (F (1 =y0—%) #0 |
F (1=%-%), A FEH 1 =0-%) =

bi=fi(F; (1= —%)), ci= (fi) . (F""(1 =% —7%)), and d; € [0, 1 —¢;] be the solution of
gi(s) =0, where

w)= [ (e (5 R () R (-
1=%—%

[ R
1=%0—%

Note that g; is continuous on [0, 1] with g;(1 —¢;) > 0 and g;(0) < 0. Hence the existence of



28

d; is guaranteed. One can easily check that for the above chosen a;, b;, c;,d;,

1 1
[ basaaF a)a < [ E @), @.11)

for s € (0, 1). For the rest of the proof, using the same argument as in the proof of (i), we can

show that (2.10) holds. This completes the proof of (ii).

Finally, we focus on case (iii). Note that for f € Z3'(P), we have T(,(0) = 0, and T}, (x) is

a convex, continuous, and increasing function on [0, o). Note that the distribution of 7%,(X;) is

concave beyond its ot-quantile if Ty, = 0. We next suppose Ty, # 0. Direct computation gives:
P(T(X) <) =B (X < T () = AT (), x 0,

where T !(x) = sup{t > 0: T;.(t) < x} for x > 0. Note that Tf is concave and continuous
(F(T; ' (x)—0)
on [0,). Hence,

—a is concave on its support. Hence in light of Proposition 2.1,

inf sup VaR (ST (X1,..., X))
fe 23 (P) (... X,) €&, (F) e '

e B 00 500

= e Mn, gf Z{R%,%x Fi(X0)) + m( fi(X0)}

Next, we show that 27 (P) can be replaced by ¢"(P). Analogously to case (ii), we will only

show

f R X i i\Ji 2 inf ,b, . 2.12
feg}l Z{ v (Xi = fi(X2)) + m(fi(Xi)) } (a,b)lg%(p)G(a 7) (2.12)
Let
ﬁ( W11 po1(] _ e o
a;=4 F0=n-m "’ F(l=0=1)70

1, F'l-%-%)=0
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and b; € [F,'(1 -y — %), ] be the solution of g;(s) = 0, where:

a)= [ gt [ g o)

%% 1=%—%

For the rest of the proof, using the same argument as in the proof of (i), we can show that
(2.12) holds. The inverse inequality of (2.12) is trivial. This establishes the claim of case

(111). [l

Proof of Proposition 2.3. It is clear that I+ p+, ha« b+ ¢+ g+ and ga« p+ are the optimal ceded
loss functions for cases (i)-(iii), respectively. We next focus on the existence of these optimal
parameters under the continuity of ;. We only prove the existence of the optimal parameters

for case (i), as the other two cases follow similarly. First note that:

Ry o (Xi = Loy (Xi)) + Tl (X)) = Ry (Xi) = Ry (g (Xi)) + i (L (X))

For 0 < e <T <1, define
—e.T n
A =S (0.7, m) €T X[0,T": Y. %=T>. (2.13)
i=0

) ) ) —e,1—
Clearly, for 0 < € < 1 —«, Ry, 5 (X;) is continuous with respect to ¥ over Az a, and

1[4+ .
Ry.% (lai,bi(Xi)) - _/ la,-,b,»(F,- (¢))dt
0 Jy
is continuous with respect to (a,b,¥) over &7 (P) x Zfl’l_a. Hence, by the continuity of 7,

L(a,b,¥) is a continuous function of (a,b,¥y) over <7 (P) X Zi’lfa for € >0, and &7 (P) is a

closed set. Therefore there exists (a},b},Y;) € &/ (P) x Zz’l_a such that:

(ag,bg,7;) € arg inf L(a,b,y).
(ab,y)ess/ (P)xAy' "

Let ny € N such that ny > ﬁ. We next discuss the limit of <aT/k’bT/k’Ylk/k)7k > ny. To this
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end, we need to extend the domain of L. Note that:

1 Yit+%
limRy,  (X; — 1y p,(X;)) = lim — VaR|_;(X; — 1y, »,(X;))dt
y(l]rfé 770 (Xi — Ly b, (X)) Y;%YO y aR 1 (Xi — Lo, (Xi))

= VaR_y, (Xi =l b, (Xi)) :

We define R%’O (Xi - lahbi (Xl') = VaRl_yi (Xl' — lai,b; (X,‘)) . Notice that R()’() (X,‘ - lai,bi (X,‘)) = o0
for b; < oo and ess-supX; = co. Then Ry, 4, (X; — I, »,(X;) is a continuous function of (a,b,y)

over o/ (P) X Z(n)’lfa if we allow R o(X; — Iy, 5,(Xi) = oo in the above scenario. It fur-

ther implies that L(a,b,Yy) is a continuous function of (a,b,y) over .o/ (P) x ZS’I‘“

if
we allow L(a,b,y) = « in the above mentioned scenario. There exists a subsequence
(aT/kﬁbT/kl’ 1/k1),l > ng such that (a*f/kl,b”{/kl,}"f/kl) converges to (a*,b*,y") € &7 (P) x

Z,?’l‘“ as [ — oo. By the continuity of L,

L@ b%y) = fim L@ D Vi) = 0, H@DY) = dnf | La, b7 ).

This implies that:

* b* inf inf  L(a,b .
(@, )Earg(a,b)lgyf(P){ye(llr—la)An (a ’Y)}

Hence we establish the existence of the optimal parameters for case (i). [

Proof of Proposition 2.4. By the result in Makarov (1981) and the continuity of Ffl and

Fz_l, we have:

sup VaRa (Sg (X],Xz)) = inf Rfl (VaRa+, (Xl)) —I-sz (VaRl,, (Xz))
(X1,X2)€8 (F) t€l0,1—-a]

+m(f1(X1)) + m(f2(X2))-
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Hence

inf sup  VaRy (Sg (X1,X2))
(f1.£2)€22(P) (X1 .X)€& (F)

= inf inf VaR X7 — X VaR i _;(X> — X
o) ey e K1 = filX) + VaRi— (X = (%))

+ 1 (f1(X1)) + m(f2(X2)).

Letay = F '(a+1)— fi(F; (e +1)) and ay = F5 ' (1 —t) — fo(F, '(1—1)). Moreover, let

b € [Fl_l(oc +1),0| be the solution of g (s) = 0, where

1 1
01 = | los (7 ) [ A ),

and by € [F, ' (1 —1),00] be the solution of g»(s) = 0, where

1 1
0200 = [ lanslF @)= [ ()

—t 1—¢

Using the above a;,b; we observe that:

VaRq /(X1 — f1(X1)) = VaRg 1+ (X1 — 1oy, (X1)),

and

VaRl_,(Xz — (Xz)) = VaR; (XZ - laz,bz (X2))?

and for s € (0,1),

1 1
[ B apar < [ A @) i =12

which, with the help of Theorem 2.57 in Follmer and Schied (2016) and property (iii) of 7;,
implies that for i = 1,2, m;(l,, 5, (Xi)) < m(fi(X;)). Using the similar argument as in the proof

of Theorem 2.2, we can establish the claim.
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2.7.2 Proofs of results in Section 2.4.

To prove Proposition 2.5, we need the following lemma.

Lemma 2.16. For FK) = (Fl(k), e F,,(k)) k>1and¥ = (F\,....F,), ifforeachi, (Iffﬂl-(k))_1 (1) —

EY(t) uniformly fort € (1 —B — o, 1) with0 < B < B+ a < 1, then

n n
kh_{?o sup Rg o ;Xi = sup R g ZXi .
(Xl,...,Xn)G(oﬁn(F< >) i=1 (X17~~-7Xn)€gn(F) i=1

Proof. First note that:

n
sup Rﬁ,(x ZX,'
(X1, X )€, (FK) i=1

= sup Rg/(B+a),a/(B+a) (Z 1_ﬁ a+(B+a)U ))

Uy .....Us~U0,1] i=1

and

Sup Rg o ZXi
(X1, Xn)EE(F) =1
= sup Rp/(B+a) ),a/(B+a) <Z l_ﬁ a+(B+a)l ))

Y (ED) (1B —at (Bt )~ Y(F) (1B —at (B+am)

U .= sup
X1 yeee sk (0 1) i=1 i=1
s Swng(ﬂ%”ﬂ—ﬁ—a+w+amw%m”0—ﬁ—a+w+am>
xla"'7xi1€ ) l:1

—0as k — oo,

we have:
Y y
lim sup Rg o Xi|— sup Rg o Xi || < limuy, =0.
koo | (1 X)) €6, (FH)) i=1 (X1, X ) €6 (F) = ke

This completes the proof. [



33

Proof of Proposition 2.5.

Fori=1,...,nand k> 1,if ¢; := F;((F);'(1-B—a))— (1 - B —a) >0, let

F(x), x<(F)'(1-p-a)
Fi(x) —qi+kgi(x— (F){'(1-B—a)), (F);'(1-B-a)<x

<(F){'A-B—a)+1/k

Fi(x), xz (R (1-B—a)+1/k

and if g; = 0, let Fl.(k) = F;. Clearly, each Fl.(k) admits a decreasing density beyond its

1 — B — a-quantile. Hence, in light of Theorem 1 of Blanchet et al. (2023), we have:

sup (ZX ) inf ZR% w(F;
( ())

(le--an)egn F ﬁ‘l‘a)An,'}’Q}(X

(k)

Moreover, by the construction of F; ™, it follows that: sup,¢(;_g_q, 1) |(Fi(k))*1 (1) —F (1) <

1/k — 0 as k — oo. Hence, by Lemma 2.16, we have:

n n
li | = -
kl_I}IQlo sup Rp o Z’Xl sup Rg Z’X,
(X1,....Xn) €& (FK)) i=1 (X1, %) EE,(F) i=1

One can easily check

lim inf = inf Ry o (F}).
kveoye(B+a)A n,maz nnF 'yE(ﬁ+a)An,y0;ai_Zl vt L

A combination of the above results establishes the claim. O]

Proof of Theorem 2.6. We first showcase (i). By Theorem 1 of Blanchet et al. (2023), we
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have:

inf sup  Rpo (Sh(X,. X))
PP x5, K)ehE) N ”

=i Y Ry X X0+ R )

fe 7™ (P) ye(B+a)An, o=t ;=

:y inf inf Z{R%YOX [i(X:)) + m(fi(X, ))}

c(B+a)Ay, =0 fe 2™ (P

Analogously as in the proof of Theorem 2.2, we can show that:

cint, X (R (6 FO0) £ RGO} = | ind | Laby)

(a,b)c.o (P)

This completes the proof of (1).

For the proof of case (ii), it follows from Proposition 2.5 that:

inf sup R (Sf(Xl,...,X ))
fE@il(P) (X17'“7Xn)€£;1(F) ﬁ’a ! '

= inf inf Z{R%J’OX filXi)) + mi(fi(X, ))}

te 7} (P) Ye(B+a)An, o=t ;=

= inf inf Z{R%YOX fi(X:)) + m(fi(X ))}

ye(B+a)Ay = fe 73 (P

Analogously as in the proof of Theorem 2.2, we have:

.. Z{Rmx fiX)) +m(fi(X)} = | inf  Glab.y),

(a,b)e(P)

which completes the proof of case (ii). [

Proof of Proposition 2.7 It is clear that Iy« p+ and g, p+ are the optimal ceded loss

functions for cases (1)-(i1), respectively. We next focus on the existence of the optimal

parameters for case (i). First note that:

Ry, 3 (Xi — la; b, (X )) + ﬂl(lau (Xi)) = Ry, (Xi) — Ry (lahbi (X )) + ﬂt(lal, (Xi))~
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Clearly, Ry, y,(X;) is continuous with respect to ¥ over ZE "% and

1 Y%+
R%vYO(lai7bi (Xi)) = %/ lanbi (VaRl—t (Xi))dt
Yi

is continuous with respect to (a,b,¥) over o7 (P) x A’ Fra , where the definition of A, whroig

—ao,f+a

given in (2.13). Hence L(a,b,¥) is continuous over .27 (P) x A, . Therefore, there exists

(a*,b*,y") € & (P) x Z,‘j"‘”“ such that

L(a*,b",y") = inf L(a,b,y) = inf L(a*,b*)y).
(ab.y)eds (P)xAPT* N
Hence the existence of (a*,b*) for case (i) is established. The proof for case (ii) is similar to

case (i) and hence we omit it. ]

2.7.3 Proofs of results in Section 2.5.

Proof of Propositions 2.8-2.9. By Proposition 2.1, we have:

inf sup VaR g (SW(XI yroe 7Xn)>
WwEA,(P) (X150, Xn)EEL(F)
n

= inf inf 1 —w;)Ry + (X; T (X)) .
’ye(llr—la)AnWEII{ln(P)izi(( W) %’YO( )—’_Wﬂ:( ))

Note that Y, ((1 —w;i)Ry, 5 (Xi) +w;im;(X;)) is a linear function for each w;. Hence for each

Y € (1 —a)A,, we have:

. Z = Wi) Ry (Xi) + wimi(X;)) 7 )Zi (1= wi)Ry 5 (Xi) + wimi (X;))
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which implies:

inf sup VaRa (SW(X17 s aXn>)
WEA(P) (X; ... X,) €8, (F)
n

’)/E(lln(x)Anwe}?r/{”(P)l_Zl(( Wl) %770( )+Wl l( 1))

n

= inf inf 1 —w;)Ry 4 (X; (X)) .
weg/l\n(P)ye(llila)AniZ{(( i) Ryn (X)) + wim (X))

Note that infye (1 _g)a, Xz ((1 —wi)Ry, 5 (Xi) +wim(X;)) is a continuous function with re-
spect to w and d A, (P) is compact. Hence there exists optimal quota-share levels w* € d A, (P).

This completes the proof of Proposition 2.8. Analogously, we can prove Proposition 2.9. []

Proof of Corollary 2.10. By Proposition 2.8, we have:

inf sup VaRy, (SY(X1,...,X))
wel0,1]" (x, ... X,)€&,(F)

= inf inf 1 —w;))Ry 1 (X; T (X
WEI[I(I)J]”}'E(IH_la)AniZI(( W) %%( )+Wﬂ:( ))

= inf inf W R X: Wi T X:
ye(1—a)A, wel0,1]" Z ! %Yo( l) zz( l))

= inf  inf Z (1 = wi)Ry, 5 (Xi) +wimi(X7))

ye(l-a)A, weA) &

= inf {'ye(inf i ((1 — Wl')RYuVO (X;) —l—W,‘ﬂTi(Xi)) } .

weAY 1—a)A, ;=

Hence there exist optimal quota-share levels w* € AY. We can similarly show the same

conclusion for Proposition 2.9. [l

2.7.4 Proofs of results in Section 2.6.

Proof of Proposition 2.11. By applying the Theorem 3.1 in Chi and Tan (2013), there

exists admissible limited stop-loss function J,, ,,, (X1) and I, v, (X2) such that, for any value



37

oft € 0,1 —«f,

VaR(X+t (Xl _luhvl (Xl)) +7r1 (lul,vl (Xl)) gvaR(X-H (Xl _la] ,b] (Xl)) +7r1 (lahbl (Xl)>a

V(al,bl) S JZ/(P),
and,

VaR | _ (X1 —luy v, (X2)) + 702 (Liy v, (X2) ) < VaR | (X2 —1a, 4, (X2)) +702 (Lay 1, (X2))

V(az,bz) € JZ%(P)
As aresult, forany 7 € [0,1 — ],
Li(uy,uz,vi,v2,t) < Li(ar,a2,b1,by,t), V(ai,az,b1,by) € o/ (P). (2.14)

Furthermore, for any given 7 € [0, 1 — o], the Theorem 3.1 in Chi and Tan (2013) also implies

that:

min Ly (ay,a2,b1,b2,f) =~ min Ly (uy,u,v1,va,f)
(al 7027b1 7b2) (M] ,U2,V1 7V2)
€/ (P) €/ (P)
= min L (uy,up,f).
(uy,u2)

€, (Pyi,v2)

By building on the above, we are now ready to show that:

min min L (ay,a2,b1,by,t) = min min Ly (uy,uy,t)
(al,az,bl,bz) tE[O,]—Oﬂ} (ul,uz) l‘E[O,]—(X}
€/ (P) €y (Pyi,v2)

in two steps. In the first step, we show that:

min min L (ay,az,b1,by,t) = min min Ly (uy,up,vi,vo,t).
(al,az,bl,bz)l‘e[(),l—a] (M],uz,vl,\/z)le[o,l—a]
e (P) €/ (P)
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Let us denote S, to be the set of optimal solutions that solve the optimisation problem

min min Lj (ay,a2,b1,b3,1),
(a17a2,b1,b2) IG[OJ—O{]
e (P)

while S}, denotes the set of optimal solutions that solve

min min Ly (uy,up,vi,vo,t).
(Ml,Mz,V]./VZ) te[ovl_a]
e (P)

Let us assume there exists a solution (u},u3,v},v3,t*) € Sy, but (uj,u3,vi,v3,t*) ¢ S¥,, there

must exist a solution (&1,632,1;1,132,?) € S7,, such that:
L (dl,dz,bl,bz,f) < LI(MT,IA;,VT,VEI*). (2.15)

If 7 =1t*, (2.15) contradicts with (2.14). If 7 # ¢*, (2.14) implies that there must exist another

solution (dy, i, V1, V2,7) that is admissible to the optimisation problem

min min L (ul,uz,vl,vz,t),
(M],MQ,VI.,VZ)Z‘E[OJ*(X]
e (P)

such that

A A A A A A A 7 T A * * * * %
Ly (dy,0,01,02,F) <Ly (@1,d2,b1,b2,7) < Ly (u],u5,vi,v5,1%),

which contradicts with the assumption that (uj,u5,v},v5,t*) € S5,

Therefore, if (uf,u3,vi,v5,t*) € Sy, (u],u5,v],v5,t*) € S¥, must also hold.

On the other hand, let us assume that there exists a solution (aj,a3,by,b5,t*) € S¥,, but

(a},a’,b},b5,t*) ¢ S:,. Then, there must exist a solution (u},u},V|,v},t") € S5, such that

/ / / / / * * * * %
Ll(Ml,Mz,Vl,Vz,t ) <L](Cll,az, 17b27t )
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Since the solution (u},u5,v},v5,t") € S}, is also admissible to the optimisation problem:

min min Lj (ay,a2,b1,b2,1),
(a17a2,b1,b2) IE[OJ—(X]
e/ (P)

it contradicts with the assumption that (aj, a3, by, b5,t*) € S¥,. Therefore, if (a],a3,b],b5,t*) €
"y (a},a3,b],b5,t*) € Sy, must also be true. By combining the above, the first part of the

proof is complete.

Now let us move to the second step of the proof and show that:

min min Ly (uy,up,v1,v2,¢) = min min Ly (uy,up,t).
(u17u23V17V2)t6[0317a] ("“7”2) l‘G[O./l*C{]
GJZf(P) GJZ{v(P.,V],VQ)

We now denote S, to be the set of optimal solutions that solve

min min Ly (uj,up,t).
(u,up) t€)0,1—q]
G'Q{V(P7V1 >V2)

Assume the optimal solution (u},u3,v},v;,t*) € Sy, but (u],u3,t*) ¢ S;, there must exist a

solution (i1,4,,7) € S}, such that:

Ly (@y,0,1) < Lp(uj,u3,t™). (2.16)

Because of the translation invariance property of VaR, it is not difficult to see that:

Ll (ﬁ17ﬁ27‘717‘,}2;f):LZ(ﬁ17ﬁ27f) (217)

where, by definition, ¥; = VaR,_;(X;) and ¥, = VaR;_;(X>). Similarly, it also holds that:

Li(uy,u5,vi,v5,t") = Ly(uj,us,t"), (2.18)

where, by definition, vj = VaRg4+(X1) and v; = VaR;_+(X>). By combining (2.16), (2.17)
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and (2.18), we obtain:

Ly (@y,d,01,02,f) < Ly (uj,u5,v],v5,t"). (2.19)

Note that (41,5, 71, V2,7) is admissible to the optimisation problem

min min Ly (uy,u,vi,va,t),
(1,u2,v1,v2) 1€[0,1-0t]
€ (P)

and thus, (2.19) contradicts with the assumption that (u},u3,v],v5,t*) € Sj,,. Therefore, if

(uj,u3,vi,v3,t*) € Si,, it must also holds that (u},u3,t*) € S;.

On the other hand, let us now show that if (uj,u;,t*) € S5, (uj,u},vi,v5,t*) € S,

*

"> then there must exist a solution

must also be true. Assume that (u],u5,v],v5,t*) ¢ S

(ﬁl,ﬁz,ﬁl,ﬁz,f> S SZV such that

Ly (111,1/72,\71,\72,?) <L (MT,MS,VT,V;,I*), (220)

where by definition v; = VaRy (X)) and ¥, = VaR;_;(X»). If we apply again the translation

invariance property of VaR, (2.20) implies the following:

Ly (i1, ii2,7) < Lo (ui,u3,1"). (2.21)

Since (iil iy, V1, V2, f) is admissible to the optimisation problem

min min Ly (up,up,t),
(ul,uz) ZG[O,I—(X}
e%’(val 7v2)

(2.21) contradicts with the assumption that (u],u3,t*) € S;. That is, we have shown that if
(uj,uz,t*) € Sy, (ui,u5,vi,v3,t*) € Sy, must also be true, and the second part of the proof is

also complete.



Overall, we have shown that:

min min L (aj,a2,by,bp,t) = min min Ly (uy,up,vi,va,t),
(ay,az,b1,b7) 1€0,1—0] (uy,u2,v1,v2) t€[0,1— 0]
ed/ (P) e/ (P)
and
min min Ly (uy,up,vi,v2,t) =  min min Ly (uy,up,t),
(u1,u2,v1,v2) t€[0,1—0] (uy,u3)  1€]0,1—q]
e (P) €,y (Py1,v2)

which lead to the conclusion that

min min L (al,az,bl,bz,[> = min min L, (ul,uz,t).
(al,az,bl,bz)IE[O,l—Oﬂ] (ul,uz) tG[O,l—Ot]
e (P) ety (Pyi,v2)

Proof of Proposition 2.13 It is not difficult to show that

B(lyw(X) = [ o) fidrr [ (- w)fi(ods

= Aie Uilh— pievilM
Moreover, v; is given by

vi=F Na+t)=-AIn(1-a—1), fori=1,
and

va=F, '(1—1)=—Xlnt, fori=2.

41



42

As aresult, Ly(uy,up,t) becomes

I
™

I
—_

L (uy,uz,t) (ui+wz~+(1 +5i)E(lui7Vi(Xi>)>

I
™

I
—_

<u,~+w,-+(1+5,~)x,~e3’§> —(1+8)M(1—a)

+((1+6)A — (1+ &) )1 (2.22)

We are now ready to apply Proposition 2.11 and solve the optimisation problem (2.4) in two

steps. The first step considers the inner minimiser and denote

f:=arg min L3(uy,up,t),
t€0,1—a]

while the second step solves the outer minimiser

min L3 (uy,uz,1).
(ur,up)
EJJ\’(RthZ)

As we can see in (2.22), L3(uy,uy,t) is linear in ¢. Thus, we will discuss the solution in the

following three cases.

(i) If (14061)A1— (14 82)A2 = 0, the solution of the inner minimiser (7) is not unique and
does not affect the value of L3(uy,u,,t). Furthermore, the objective function of the

outer minimiser L3 (uy,uy,f) becomes

L) (ul,uz,f> -y (ui+w,~+(1+5i)/1,-e-"f/lf) 1+ (1 - ).

i=1

Differentiating Lgi) (uy,up,f) with respect to u; and u, respectively, we obtain:
dLgi) (ul U, f)

m =1—(1+ 5,-)67”"/1", fori=1,2. (2.23)
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Recall that the feasible region for u; is (u,u) € <,(P,vy,v2), which lead to the follow-

ing budget constraint and feasibility set .7 for ¢ such that

L aglS

(wi+A) — (1+8)(1—a)A <P, (2.25)

i=1

and

1 1
T =}tel0,1—a]:1—0a— <t — ;.
{ [ OC] o 1+ 6 l—|—52}

Note that .7 is non-empty, because 1 — o — ]J:—Sl <l—oand0< ﬁ hold. Therefore,

if (2.25) holds, the feasibility set is not empty and the optimal solution

(uj,ur,t") :=arg min min L3 (up,u,t)
(ul,uz) [E[O 1— OC]
€ (Py1,v2)

is given by

= —Ailn (%) fori=1,2,

* =1y, where 1y € .

Otherwise, a numerical approach shall be employed to solve the optimisation problem.

If (1401)A1 —(14+62)A2 > 0, L3(uy,uz,t) is an increasing function in ¢. Thus, 7 = 0,

and L3 (uy,up,f) becomes
. 2
Lgll)<u1 u2,> Z(ul+w, 1—}—5))»6_”’/}”) (14+8) 4 (1 — o).

Therefore, differentiating Lgﬁ) <u1 JUD, ) with respect to u; and u» respectively will lead

to the same first order conditions and solutions as in (2.23) and (2.24). Note that vy = o



44

when r =7 = 0. That is, the feasibility constraint of u, u, € [0,v;), will always hold

Provided that <, (P,vy,v3) # 0,

1
Uy =—XA1n (1 +52> and w5 € (0,v2).

On the other hand, vi = —A;In(1 — &) < e when t =7 = 0. Thus, it is necessary to

consider the following two sub-cases and check the budget constraint in each sub-case

(iia) If (1 —o)(1401) < 1, it holds that

1
_Alln(l—l—&) <—7Llln(1—oc)=v1

and thus,

. 1
THES —7Llln<1+6l> € (0,v1),

which leads to the same budget constraint as in (2.25). That is, <7, (P,vi,v2) # 0

if (2.25) holds and the optimal solution (u},u3,t*) is given by:
ur = —A;ln (ﬁ) , fori=1,2,
t*=0.

Otherwise, a numerical approach will be sought to solve the optimisation problem

(iib) If (1 — a)(1+6;) > 1, we have

1
0y <vy = —llln(l —(X) < —Mln <1+51) .
One may notice that the first order condition (2.23) is an increasing function in u;

and is equal to O when u; = —A;1n (ﬁ) Therefore,

dLgﬁ)<”1’”2’f> 0 v 0,— 1 !
du1 <0, up € ,— 1n(1+51) .

Consequently, u*l‘ = vy, 1.e. there will be no reinsurance purchased for X;, which
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leads to the budget constraint of
wy+ Ay < P. (2.26)

Therefore, if (2.26) holds, the optimal solution (uj,u3,t*) is given by:

u’; = —AIn(1—a),

=—/A»In (ﬁ) ,
t*=0.

Otherwise, a numerical approach will be sought to solve the optimisation problem.

(iii) Finally, if (1+68;)A1 —(14+02)A2 <0, L3(uy,uz,t) is now a decreasing function in ¢.

Thus,7=1—«, and L3 (ul,uz, ) becomes

Lgﬁi)<u1,u2,) i( i+ (14+-8) Aie /%) —(148,)4a(1 - @0).

=1

~.

Again, as in case (ii), differentiating Lgﬁi) (u1 uy, ) with respect to u; and u; respec-
tively will lead to the same first order conditions and solutions as in (2.23) and (2.24).
Note that v; = oo whent =7 = 1 — . That is, the feasibility constraint of uy, uj € [0,00),

will always hold. Provided that 7, (P, u;,u;) # 0,

. 1
ul——llln<1+51).

On the other hand, v; = —AyIn(1 — @) < o whent =7 = 1 — a.. Again, it is necessary

to discuss two sub-cases and check the budget constraint:

(iiia) If (1 —a)(1+ &) < 1, it holds that

1
—AIn (l—|—52) < —ﬂ‘zln(l —OC) =y,
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and thus,

. 1
Uy = _12111(1_*_52) S (OaVZ)a

which leads to the following budget constraint

(nglS

(wi+4)—(1+8&)h(1-a)<P. (2.27)
=1

~

That is, %,(P,vi,v2) # 0 if (2.27) holds and the optimal solution (u},u5,t*) is

given by:

Otherwise, a numerical approach will be sought to solve the optimisation problem.

If (1—a)(14+68,) > 1, we have

1
0<uw<v=-Mhn(l-a)< M| —¢ .
U % V2 2 ( ) 2 (1_'_52)

Similar to what we have mentioned in sub-case (iib), the first order condition
(2.23) is an increasing function in u; and is equal to 0 when u, = —A;1n <ﬁ)

Therefore,

dLgﬁi)<u1,u2,lT> 0 v 0 )Ll 1
diy <0, Uy € , — zn(1+52> .

Consequently, u5 = v, i.e. there will be no reinsurance purchased for X, which

leads to the budget constraint of

wi+A <P (2.28)
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Therefore, if (2.28) holds, the optimal solution (uj,u},t*) is given by

uj =—AIn (TI(SJ ,
uy =—AIn(l — o),

t"=1-«.

Otherwise, a numerical approach will be sought to solve the optimisation problem.
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CHAPTER

A homotopy-based approach for multi-risk reinsur-
ance problems: Numerical optimisation with perturba-

tions and ensembles

3.1 Introduction

An optimal reinsurance problem involves two key parties, specifically the insurer (i.e.,
the policy buyer) and the reinsurer (i.e., the policy seller). The insurer transfers a portion of
its risk to the reinsurer in exchange for a reinsurance premium. Suppose the buyer operates
across n business lines, with X; denoting the random risk from the ith line fori =1,2,...,n. A
proportion f;(X;) of each risk is ceded to the reinsurer as part of the buyer’s risk management
strategy. The reinsurer charges a premium denoted by 7;(f;(X;)). Consequently, the post-

reinsurance risk profiles for the buyer (Sp) and the reinsurer (Sg) are:

n n

Sp =Y, (Xi— fi(X) + m(fi(X))), Sk=Y (filX:) — m(fi(X:))).

i=1 i=1

The objective of optimal reinsurance design is to strike a balance between risk retention
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and profit generation. A general formulation of the problem is given by the following:

min Spp(Sp)+(1—6 S,
1) e fr(Xn) P5(Sp) +( )Pr(SR)

s.t. g (fi(X1),. -, fu(X)) <O, VkeE A, CRY
h](fl(Xl)a7fn(Xn>):07 vjef/%l

Here, A, = {1,2,...,ng} and .4, = {1,2,...,n;} index the inequality and equality con-
straints, with ng,n;, > 1, where g are inequality constraints and /; are equality constraints.

Seminal studies by Borch (1960) and Arrow (1963) demonstrated that the optimal stop-
loss reinsurance contract minimises either the variance of retained risk or maximises the
expected utility of the insurer’s terminal wealth. Subsequently, further contributions explored
variance minimisation under various premium principles, including the standard deviation
and mean-variance principles (e.g., Gajek and Zagrodny (2000), Kaluszka (2001), Kaluszka
(2004)). Recent research trends have focused on risk measure-based models, notably involving
Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR), with contributions from Cai
and Tan (2007), Cui et al. (2013), amongst others. Additional studies incorporate multi-risk
environments and counterparty risk (e.g., Carole and Ludkovski (2012), Cai and Chi (2020),
Asimit et al. (2013b)).

The studies mentioned above primarily addressed scenarios that involve two parties in the
risk transfer process. However, in practice, multiple reinsurers may share risk with a single
insurer or a group of insurers, as discussed in detail in Asimit et al. (2013a). Closed-form
solutions become elusive under such complexity, although efficient numerical solutions are
possible in convex settings (e.g. Asimit et al. (2018)). In contrast, non-convex formulations
present substantial difficulties due to solution non-uniqueness, making even numerical solution
identification a challenging task. To address this, we apply a homotopy optimisation approach
to tackle such non-convex reinsurance problems and demonstrate the efficacy and efficiency

of the algorithm.
The homotopy analysis method, first introduced in Liao (1992), originally addressed

highly non-linear partial differential equations. Inspired by parallels between nonlinearity and

non-convexity, it was later adapted for non-convex optimisation (Watson and Haftka (1989);
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Dunlavy and O’Leary (2005)), giving rise to the Homotopy Optimisation Method (HOM).
Building on this, Dunlavy and O’Leary (2005) proposed an enhanced version for global
optimisation, termed Homotopy Optimisation with Perturbations and Ensembles (HOPE).
The HOPE algorithm is both efficient and computationally viable for tackling complex non-
convex problems. Its key strength lies in the ability to effectively handle strong non-linearity
and non-convexity, outperforming conventional heuristics. This chapter explores non-convex
optimal reinsurance problems using the HOPE algorithm, an approach yet to be widely
addressed in existing actuarial literature.

The structure of this chapter is as follows. Section 3.2 presents the HOPE algorithm.
Section 3.3 demonstrates its efficiency through a benchmark test. A complete numerical

example is provided in Section 3.4, followed by concluding remarks in Section 3.5.

3.2 Formulation

This section describes the general idea and procedure of solving a non-convex optimal
reinsurance problem using a homotopy algorithm. We consider a general non-convex objective
function fup; : D — R subject to some constraints, where [D defines the domain and & is the
associated feasible region of the control variables denoted by x. To simplify the notation,
we define .Z( fop,v) as the operation to minimise fobj in Z by an iterative solver with v
selected as the initial guess. It is practical to decompose the objective function into two parts

as follows:

fobj(x) = @(x) +¥(x). (3.2)
— =~

non—convex convex

The homotopy algorithm starts by constructing a continuous homotopy function H, given by:
H(x,A) = Ad(x)+¥(x), (3.3)

where A is the homotopy parameter that varies over the interval [0, 1]. When decomposition

(3.3) is not readily available, it is possible to define an artificial convex function ¢ and instead
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consider H(x,A) = A fobj(x) 4 (1 — A)¢(x). However, this alternative approach lies outside
the scope of this paper and will not be discussed further.

From equation (3.3), we observe that:

H(x,0) =¥(x), )

H(X, 1) = fobj (X) .
Due to the convexity of ¥, minimising H(x,0) using a local solver yields a unique minimiser,

denoted by v. To proceed, the homotopy variable A is discretised into .# equally spaced steps

as follows:

Aoy = — m=0,1,2,.....4, (3.5)

allowing a continuation procedure along the path of A. For every m = j with j > 1, the
solution obtained at m = j— 1 is used as the initial guess for the optimisation solver. When
m = . , the homotopy function H coincides with the objective function fp;, implying that
the resulting solution corresponds to the optimum of the reinsurance problem.

The algorithm 1 summarises the standard homotopy optimisation procedure. As noted

previously, this technique does not ensure convergence to the global optimum.

Input vp ; /* initial guess */
Jobj =3 v Z(fobj,v0) 5 /* optimal solution that minimises W */
form=1:.# do
m

A= ],fobj =AP+VY; /* objective function */

v L (fobj V) 3 /* solution update */
end
Output v.

Algorithm 1: Classic Homotopy Optimisation Method

In the extended version of the homotopy method, which includes perturbations and
ensembles, the initial guesses are randomly perturbed several times, which allows a broader
exploration of the feasible solution space. Since we search for a larger area, Algorithm 2 is
more likely to find the global solution compared to Algorithm 1. After each iteration for a

given A,,, only a subset of the best-performing solutions, based on their values of the objective
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function, is retained within an ensemble. This ensemble serves as the source of initial guesses
for the subsequent iteration.

The following notation is used:

# : the number of perturbations applied in a loop;

> : the maximal number of solutions retained at the end of a loop.

In summary, the homotopy optimisation method with perturbations and ensembles involves
three key parameters: .#, ./, and .#,. The computations in the remainder of this work rely
on this extended framework, whose pseudocode is outlined in Algorithm 2. Further discussion

of the choice and configuration of these parameters is provided in Section 3.3.

3.3 Examinations of algorithm 2

This section presents a numerical investigation of a non-convex optimal reinsurance
problem using Algorithm 2. We look into both the admissibility of the numerical solution
and the computational efficiency of the algorithm. The former assesses whether the solution
identified by Algorithm 2 adequately fulfils the decision-maker’s objective, while the latter
compares the algorithm’s computational cost with that of other global optimisation techniques
(such as the grid search method). Our focus is on solving the following optimisation model

using Algorithm 2:

(

mina; ,a; mint VaR(Ht (Xl - ll (Xl) ) ol VaRl,, (Xz — lz (Xz) ) == 212:1 T (li (Xl) )

1,02 5
St 7 (i (X)) < P
i:ZI i\bi \ A (36)
0<t<l—aq,

0<a;<bj<oo, Vie{l,2},

where (z)+ = max{z,0}, and [;(X;) = (X; —a;)+ — (Xi — b;)+, Vie{l1,2}.

If the premium function 7; for each i € {1,2} follows the expected premium principle,
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Input vg ; /* initial guess */
fobj = W5 v Z(fovj>v0):
Vv, /* initialisation of the solution matrix */
Mgop < 1 ; /* number of elements in V */
form=1:.4 do
A= %,fobj =AP+ V¥ ; /* objective function */
S—{}; /* § the auxiliary solution set */
for j =1:ms, do
veV(,j); /* new initial guess */

u < Z(fobj»v) , and add u to the solution set S;

fork=1:.#, do
Vé—v+r /* perturbed by a random vector */

u < Z(fovjVv);

if u is different from the existing elements in S then
| add u to the solution set S ;

end

end
end
n<|S|; /* the number of the elements in § */
if n < ., then
V< S,mg < n;
else
keep the best .#, solutions in § and delete the others.
V S, mgo) < M7;
end
end
end
Select the best solution, denoted by vE, among the elements from V.

Output v*
Algorithm 2: Homotopy Method with Perturbations and Ensembles

then an analytical solution to (3.6) is available in Chapter 2, where the authors investigate an
optimal reinsurance model under dependence uncertainty (see Example 1 in Chapter 2). This
analytical solution is adopted as a benchmark against which we validate the numerical results

produced by our algorithm.

Moreover, Chapter 2 also provides a numerical solution to (3.6) by employing a grid
search approach. We use their implementation as a reference to compare the computational

performance of Algorithm 2.

The process of solving optimisation problem (3.6) using Algorithm 2 involves the follow-

ing numerical steps, labelled as (NS):
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NS1: We denote N empirical observations of X; by:
X; = {xil,xiz,...,xﬂv}, Vi e {1,2}. (3.7

These observations may be generated using Monte Carlo simulation or taken from
historical data provided by insurance firms. For this example, we adopt the model setup

in Chapter 2, with N = 200, and assume that X; is exponentially distributed with

E(X;)=8000 and E(X;)=3000. (3.8)

NS2: The premium function 7; is specified via the expected premium principle:

7[5(1,' (X,)) :w,~+(1—|—0,-)E(l,~ (X,')), Vi e {1,2} 3.9

NS3: The parameters wi,wy, 01, 6, and P are assumed to be pre-determined. We select values
that correspond to case (i1) in the benchmark result from Example 1 of Chapter 2. The

corresponding benchmark solution is denoted as:
v = (aj,a3,b],b5,t"), (3.10)
and defines the optimal reinsurance functions:
(X)) = (Xi—af)y — (Xi—bf)y, Wie{1,2}. (3.11)

These values are summarised in Table 3.1.

o aj ay b] by | t*
0<a<045 b E(X,)In(1+65) a o | 0
045<a<l E(Xl)ln(1+91) E(X2) 1n(1—|—92) VaR g4+ (Xl) o | 0

Table 3.1: Relevant section of the benchmark result from Example 1 in Chapter 2 under our
parameter assumptions.

NS4: Algorithm 2 is applied to solve problem (3.6), producing an optimal solution denoted
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x104
F T

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

Figure 3.1: Plot of a'f (black solid), b:f (blue dashed), and VaRy (X)) (red dotted) for o €
[0.45,1].

by:

T (a}t,ag,b}t,bg,tg .

The corresponding reinsurance strategies are:

FX) = (Xi—af)s — (Xi—bf)4, Vie{1,2}. (3.12)

The resulting solution v* is illustrated in Figures 3.1 to 3.3. We compare it to the
benchmark result from Chapter 2 to validate accuracy. Figure 3.1 plots af, b‘f, and VaRy (X))

for @ € [0.45,1]. The following relation holds for all such a:

ai =% In(1+6)), bi=VaR, :(X1), =0, (3.13)
where
.
Xl i= Nj;xlj (3.14)

is the empirical mean of X;. These results align with those presented in Table 3.1. For
o € [0,0.45), we omit plotting aqf and bqf in Figure 3.1 since the benchmark solution is not
unique. In fact, the condition a} = b} implies lf(Xl) =0, as depicted in Figure 3.2.

As indicated in Table 3.1, [5(X>) is a stop-loss reinsurance with a constant retention a;
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Figure 3.2: 3D view of (Xi, lf(Xl ),e); VaR (X ) shown in red dotted.

10000 —
8000 ~

6000 —~|

1h(X2)

4000 —~

2000 — 1

0 = 0.5

10000 8000 6000 4000 2000

X

0 0

Figure 3.3: 3D plot of (Xz,léiE (X2), ).

across all o € [0, 1]. This observation is supported by our numerical result v¥. Specifically,

we find:
a; =% In(1+6), bi=VaR,_:(X1), 1F=0, (3.15)
where
1 N
¥ = — ; 3.16
X Nj_z,lxzj (3.16)

denotes the empirical mean of X;. Figure 3.3 confirms this structure by visualising lg (X») as

a stop-loss contract with a fixed retention level across all values of c.
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3.3.1 Accuracy

This section presents a detailed evaluation of the accuracy of the numerical solution v*
obtained using Algorithm 2, with a particular focus on the likelihood that v* is admissible. Let
G* denote the objective function value corresponding to the benchmark solution v*, and G*
the value associated with the computed solution v*. The solution v* is considered admissible

if and only if the following criterion is satisfied:

<1%. (3.17)

G* — G*
G*

In other words, a numerical solution is deemed admissible if its objective value deviates
from the benchmark value by no more than 1%. This is a stringent condition that allows only
minor numerical discrepancies. It is important to note that comparing v* directly with v* is
not always feasible due to the potential existence of multiple solutions, such as when aj = b}
for o € [0,0.45).

The numerical experiment to assess the accuracy of v¥ proceeds according to the following

steps, denoted by ES:
ES1: Generate random samples of x; and x; as described in NS1 of the numerical procedure.

ES2: Solve the optimal reinsurance problem (3.6) using Algorithm 2 with an arbitrary initial
guess. In practice, vop may be chosen as a Gaussian random vector or a zero vector. The

resulting solution is denoted by v*.
ES3: Assess whether v* is admissible according to the criterion given in equation (3.17).

ES4: Repeat steps ES1-ES3 a total of 100 times. Let n, denote the number of times an
admissible solution is obtained. Therefore, the proportion of admissibility is then given

by: N = g5 x 100%.
This analysis aims to address the following questions:

Q1: How do the algorithmic parameters (i.e., .#, .#, and .#>) influence the convergence

behaviour of the algorithm?
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Q2: What effect does the choice of initial guess vy have on the algorithm’s convergence?
To address Q1, we conduct experiments using the following six sets of parameter values:

1. A =4, 4 =4, # = 10.
2. MHr =28, 4 =8, # =10.
3. Mr =8, M =8, # =20.
4. Mr =8, M =16, # = 10.
5. =16, # =16, # = 10.
6. Mr =32, M =32, # = 10.

Naturally, increasing the parameter values leads to a greater computational burden. The
sets are arranged in ascending order of computational cost, with set (1) being the least
demanding and set (6) the most. Furthermore, since the form of the optimal solution is
influenced by the value of o, each parameter set is tested at five values of a: 0.1, 0.3, 0.5,

0.7, and 0.9.

a=01|a=03]|a=05|a=07|a=0.9
Set1l | 100% 100% 100% 62% 93%
Set2 | 100% 100% 100% 96% 100%
Set3 | 100% 100% 100% 99% 100%
Set4 | 100% 100% 100% 100% 100%
Set5 | 100% 100% 100% 100% 100%
Set6 | 100% 100% 100% 100% 100%

Table 3.2: Likelihood of obtaining an admissible solution, 7, for various values of & and
algorithmic parameter sets.

Table 3.2 reports the values of 71 in different parameter sets and the values of . Under
parameter set (1), convergence is excellent for & = 0.1, 0.3, and 0.5, but deteriorates at
o = 0.7 and 0.9. This decline is attributed to the presence of multiple local optima in close
proximity. However, this issue can be mitigated by increasing computational effort via larger
parameter values. In particular, sets (4) to (6) achieve perfect convergence for all tested values

of «.
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Effect of Initial Guess

We now turn to the effect of the initial guess vy. Up to this point, the algorithm has used
arbitrary initial guesses. To investigate whether incorporating prior knowledge into the choice
of vy can enhance convergence, we conduct further experiments with @ = 0.7 under parameter
sets (1) and (2). Instead of arbitrary choices, the initial guess is set to vo = vgﬁg, where Vg.69
denotes the numerical solution previously obtained for o = 0.69. The value 0.69 is chosen
because it is the nearest ¢ value below 0.7.

The results show that, under set (1), the likelihood of admissibility improves from 62% to
65%, while under set (2), it increases from 96% to 98%. These marginal gains suggest that
the influence of the initial guess is minor, due to the robustness of Algorithm 2, which benefits
from the perturbation and ensemble strategies. Therefore, the algorithm remains effective

even when little or no prior information is available, reinforcing its suitability for solving

complex optimisation problems.

3.3.2 The computational efficiency

All simulations are carried out on a desktop computer equipped with an Intel Quad-Core
17-3770 CPU, running a 64-bit Linux operating system. The computation times required
to solve the optimal reinsurance problem 3.6 using the grid search method introduced in

Chapter 2, for various values of «, are reported in Table 3.3.

o | Computing time (seconds)
0.9 977.97
0.7 4364.30
0.5 7748.17
0.3 9371.02
0.1 12390.15

Table 3.3: Computation times of the global grid search method for different values of .

It can be observed that the computation time increases considerably as o decreases.
This trend is primarily due to the rapid growth in the number of grid points, denoted by 7,
required to be evaluated. In fact, T = N(1 — «). In contrast, the computing time for solving

problem (3.6) using Algorithm 2 remains relatively stable across different values of o. For
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this reason, we only present the computation times for & = 0.9 in Table 3.4.

My | M | A | Computing time (seconds)

4 10 25.65
4 20 51.29
3 10 63.80
20 76.75

3 10 104.32

g 20 158.70
16 10 142.10

20 332.82

10 357.90

16 16 20 743.58

32 | 32 | 10 1461.14

Table 3.4: Computation times of Algorithm 2 for different parameter settings. Results
correspond to the case o = 0.9 (similar times are observed for other values of o).

As noted previously, increasing the parameter values leads to a higher computational
burden and, consequently, longer run times. However, even when using parameter set (4), i.e.,
My =38, M =16, and .# = 10, the algorithm completes in 142.10 seconds, which is about
only 14.5% of the time required by the grid search method (977.97 seconds). This efficiency
advantage becomes even more significant as ¢ decreases.

Further, since the loop from line 5 to line 15 in Algorithm 2 involves independent compu-
tations, it can be readily adapted for parallel computing, which would result in substantial
gains in efficiency. However, to keep the analysis straightforward, no parallelisation has been
implemented in the present study. It is also worth mentioning that modern computers, with
significantly more powerful CPUs and GPUs than the demonstration setup, are well-suited
for employing larger parameter settings than those used in our experiments. This makes it
practically feasible for practitioners to further improve both the efficiency and the accuracy of

the algorithm.

3.4 Numerical example

In Section 3.3, both risk variables X; and X; were assumed to follow exponential distri-
butions. While convenient, this assumption may not reflect realistic risk profiles, especially

in heavy-tail settings. Therefore, in this section, we consider the more representative Pareto
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distribution as the underlying risk distribution. As closed-form analytical solutions are not
available for this case, a numerical method is employed. Specifically, we apply Algorithm 2
with parameters .#| = 32, ./, = 32, and .# = 10, which produced the best performance to
solve the optimal reinsurance problem defined in (3.6).

We now assume that both X and X, follow Pareto distributions with density functions

given by:

np %By

S =g gnrr el =N (3.18)

In this example, the parameters y; = %, = 3 while f; and 3, are selected such that E[X;] =
8000 and E[X;] = 3000, consistent with the values used in (3.8).

Let the optimal solution returned by the numerical solver be denoted by:
vi= (d17d27l~717l~727f)7

which yields the corresponding optimal reinsurance functions:

LX) = (X;—a;)y — (X;—b;)y, forie{l,2}.

Figures 3.4 and 3.5 illustrate the gradient profiles dl1(X;)/dX; and dl>(X,)/dX», respec-
tively, using a black and white colour scheme. Black indicates regions where the gradient is
zero, white white denotes regions where it is one.

From the figures, we observe that /; changes form at three key values of o: approximately
0.34, 0.375, and 0.4, as indicated by vertical dashed lines in the zoomed plot of Figure 3.4.

A zero reinsurance function /; appears for @ < 0.34 and 0.375 < o < 0.4, corresponding
to the horizontal black bands. For other values of «, the classical two-layer stop-loss form
emerges. Selected solution profiles for various o values are shown in Figures 3.6 and 3.7.

The first turning points @; and d; are constants equal to the 44.5%-quantile of X; and
the 23.5%-quantile of X;, respectively, corresponding to vertical boundaries between colour
bands in Figures 3.4 and 3.5.

The second turning points b1 and b, coincide with VaR,7(X) and VaR;_;(X;), respec-

tively, as shown in Figure 3.8.
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Figure 3.4: (Left) Gradient plots of solution profiles: black regions represent zero gradient,
while white regions represent unit gradient. Q1, Q», and Q3 denote the first, second, and third
quantiles of X;. (Right) Zoom in around o ~ 0.4.

Figure 3.5: Same plot as Figure 3.4, but for X;. A colour bar is shown on the right.

In particular, unlike in Section 3.3, the parameter 7 is not always zero (Figure 3.9). This
leads to non-smooth transitions in the gradient plots, and causes b to be non-monotonic in a,

and b, to deviate from the maximum of X5, capping /> with a second layer.



63

10000 / a= 09
8000 =a= 0.8
= 6000 -
- /
— a= 0.7
4000 -
a= 0.6
2000 / B
a= 0.5
0 ] ] ] ] ] ] ] a= 04
0.5 1.5 2 25 3 3.5 4 4.5
Xi %104
700 T a= 0.375
600 o= 0.37
a= 0.36
500 B
/;400 b
= 300 Qo= 0.35
200 b
100 B
O Il Il Il Il Il Il a= 034
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
X x104

Figure 3.6: (Top) Plots of [ (X;) for a = 0.9,0.8,0.7, 0.6, 0.5, and 0.4. (Bottom) ot = 0.375,
0.37,0.36, 0.35, and 0.34. d; = 2995.335. [; 1s identically zero for o < 0.34.

Remark 3.1. Numerical findings for problem (3.6) with Pareto densities in (3.18) are

summarised below:

For o € (0,0.339] U[0.376,0.399], [ (X;) is identically zero.

For a € [0.34,0.375]U[0.4,1), [; (X)) takes the form of a two-layered stop-loss:

d =2995.335, by = VaRy7(X)).

Structural changes in I} occur around o ~ 0.34, 0.375, and 0.4.

For all a € (0,1), h(X,) is a two-layered stop-loss with:

dr =571.374, by = VaR;_;(X;).

The auxiliary variable 7, computed numerically, is often non-zero.
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Figure 3.7: Plots of I, (X) for various o values. Top: zoomed-in view. d, = 577.374.

Compared to [ f in Section 3.3, the function /; exhibits more frequent transitions between
zero and stop-loss forms as o varies. This pattern appears novel in the literature and currently
lacks a theoretical explanation, possibly due to the existence of multiple optima. To validate
these findings, we compare them with the results obtained from a global optimisation routine.
As shown in Figure 3.10, the two sets of results align closely, supporting the presence of an
unusual region around [0.34,0.375].

Further theoretical investigation is needed to fully understand the origin and nature of this

behaviour.

3.5 Conclusion

Reinsurance is a widely adopted risk management strategy among insurers. By purchasing
reinsurance contracts, insurers can effectively transfer a portion of their risk exposure to one or
more reinsurers. The fundamental objective of an optimal reinsurance problem is to determine
the best trade-off between risk mitigation and cost efficiency for the insurer. However, the
existing literature often relies on simplifying assumptions to maintain the convexity and
tractability of such models, as incorporating more realistic objectives or constraints usually

compromises the tractability of the optimisation problem.
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Figure 3.8: (Top) Plots of a; (black), b, (blue dashed), and VaR ., 7(X)) (red dotted). (Bottom)
Same for X;.

To tackle this issue, the present work proposes a homotopy-based algorithm, one that
integrates perturbation and ensemble techniques to address non-convex optimal reinsurance
problems. A benchmark model is solved using Algorithm 2, and the resulting numerical
solution is validated against an analytical solution previously established in the literature.
Notably, the numerical solution obtained by Algorithm 2 exhibits the same functional structure

as its analytical counterpart.

Further experiments have been conducted to evaluate the robustness of the numerical
solution. Specifically, the influence of algorithmic parameter settings and initial guess
selection on solution stability is investigated, providing deeper insight into algorithmic

performance. The computational efficiency of Algorithm 2 is also assessed by comparing its
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Figure 3.9: (Top) Plot of & 47 versus . (Middle) 1 —7 vs . (Bottom) 7 vs o.

run times to those obtained using the traditional grid search approach.

Subsequently, Algorithm 2 is applied to a second non-convex actuarial problem, for which
no analytical solution exists, involving risk variables that follow a Pareto distribution. The
numerical results, summarised in Remark 3.1, reveal novel features not previously reported in
the literature, as illustrated in Figure 3.4. These insights, unattainable via classical analytical
or numerical methods, underscore the novelty of the approach.

Overall, the homotopy-based algorithm enhanced with perturbations and ensembles
demonstrates strong potential as a robust and efficient numerical method for solving non-
convex optimal reinsurance problems. Its success suggests promising avenues for future

applications.
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Figure 3.10: Solution profiles for o € [0.375,0.4]: solid curves (homotopy method), asterisks

(global search).
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CHAPTER

Robust distortion risk metrics and portfolio optimisa-

tion

4.1 Introduction

In classical decision-making models, the decision-maker typically assumes that the random
variable X follows a known distribution F, and then evaluates risk through a law-invariant
functional ¥/, such as variance, expected (dis)utility, or value-at-risk (VaR), so that V(X) :=
V(F). This methodology, however, relies critically on the accuracy of a single probabilistic
model. When the assumed distribution is uncertain or misspecified, such computed decisions
may turn out to be poor. Consequently, how we incorporate distributional uncertainty into
decision-making has become a fundamental issue in economics, finance, engineering, and
operations research. One particularly influential modelling approach is Distributionally
Robust Optimisation (DRO). In its standard form, DRO amounts to dealing with a problem of

the form:

gleigggg;”f/(f(e,X)) (4.1)

Here, f is a loss function, 6 reflects a decision vector (e.g., weights), Fx is an admissible

distribution function for a given risk vector X, and .# is the uncertainty set containing all



69

admissible distribution functions. A DRO thus reflects the basic idea that one aims to make
decisions that perform optimally under worst-case scenarios. In this chapter, we contribute
to the literature by solving for uncertainty sets that are reflective of real-world ambiguity in
relation to the inner max problem for a very broad class of decision functionals, ¥, that have
been used in real-world decision making. Here, we apply the results to address novel robust

portfolio selection problems of far-reaching practical interest.

The evolution of the min—max framework for decision making under uncertainty originates
with Scarf (1958), who studied the news vendor problem under distributional uncertainty of
demand. The theoretical justification for the min—max framework is based on the axiomatic
foundation of Gilboa and Schmeidler (1989), who analysed expected utility under conditions
of uncertainty by considering the worst-case expected utility over a family of distributions
(see also Hansen and Sargent (2001), who introduced the min—max principle in the context
of robust control). The development of modern robust optimisation techniques over the past
decade, such as Ben-Tal et al. (2009), has further contributed to the successful application of

DROs in various areas, including engineering, finance, operations research, and economics.

As for the choice of the decision functional, 7', adopting the expected (dis)utility frame-
work appears to be the most natural choice given its prominent place in the academic literature.
There are, however, a series of limitations to its use, as stated in Starmer (2000). First, it is not
at all obvious for decision-makers to specify their utility function. In the context of optimal
portfolio strategies, Brennan and Solanki (1981) points out that, “from a practical point of
view, it may well prove easier for the investor to choose directly his optimal quantile function
than it would be for him to communicate his utility function to a portfolio manager.” The same
observation has led Goldstein et al. (2008) to introduce a tool, called the distribution builder,
which makes it possible for investors to analyse their desired pay-off function and to elicit
a utility to explain their choice. Second, there is ample empirical evidence that real-world
decision-making cannot be reconciled with the use of utility functions (e.g., Allais (1953)). In
response to this criticism, numerous alternatives, including Yaari’s dual theory (Yaari (1987)),
rank-dependent utility theory (Quiggin (1982)), and cumulative prospect theory (Tversky and

Kahneman (1992)), have been proposed.
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All these theories have been justified by proposing axioms that are considered “sensible".
While providing a prescriptive foundation for a decision theory, as a practical guide to
making choices, is important, the real issue lies in understanding how people actually make
choices. As such, observed real-world behaviour should not be dismissed simply because
it violates conventional choice axioms as formulated in Starmer (2000). In this context,
Yaari’s dual theory holds considerable appeal because it aligns more closely with observed
decision-making behaviours. Indeed, this theory gives rise to quantile-based functionals,
called distortion risk measures, such as value-at-risk (VaR), range value at risk (RVaR), and tail
value at risk (TVaR). All of these functionals are actually used in real-world decision-making,
with the central tenet being that they reflect the human tendency to ask such questions as
“What if this happens?” or “What would I lose under this scenario?"! Our setup is, however,
broader in that we do not require the distortion function to be non-decreasing. This makes it
possible to extend the scope and also include the inter-quartile range (IQR), the Gini deviation
(GD), and the mean-median deviation (or the difference between two distortion risk measures)
within our framework. Specifically, the functionals that we consider are labelled distortion
risk metrics? and will be denoted by pg, where g reflects the underlying distortion function.

They were first proposed in Wang et al. (2020a).

We are not the first to pursue DRO using distortion risk measures and their associated
generalisation distortion risk metrics. This was first performed by Ben-Tal et al. (2009) for
the case of VaR, which was further extended in Chen et al. (2011) to include TVaR, and later
significantly generalised by Li (2018) to extend to the entire class of convex distortion risk
measures, and by Cai et al. (2025) to general distortion risk measures. In all these works, the

ambiguity set .% is characterised by the mean and covariance matrix of the random vector X.

'Roese and Olson (1995) attribute this to mental simulation and counterfactual thinking. That is, people
naturally engage in mental simulations of (extreme) events, imagining what could happen in those scenarios; see
also Tversky and Kahneman Tversky and Kahneman (1973) who explain this behaviour as rational, given that
extreme events are more memorable.

2In Wang et al. (2020b) they are called distortion risk metrics, which is a slightly different terminology from
ours.
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To deal with a DRO, one needs to first solve an inner problem of the form:

max P, (Y). 4.2)

FeZ

Problem 4.2 specifically deals with the extent to which measurements can be affected
by model mis-specification. This problem is of particular relevance in statistics, where it
has been studied under the preconceived notion of robust statistics, and also in the financial
industry, where the assessment of model uncertainty became a regulatory priority in the
aftermath of the 2008—2009 Global Financial Crisis (GFC). For instance, in February 2017,
the European Central Bank (ECB) published its Guide to the Targeted Review of Internal
Models, in which it declared that every institution “should have a model risk management
framework in place that allows it to identify, understand, and manage its model risk” European
Central Bank (2017). An early contribution in this regard is the seminal Cantelli bounds on
tail risk (survival probabilities); by inversion, this result yields a sharp bound on VaR. An
explicit formula can be traced back to El Ghaoui et al. (2003). Interestingly, the bound on
VaR is achieved by a two-point distribution, and it follows that the same bound also applies
to TVaR, which can be viewed as the concave distortion risk measure closest to VaR. Since
then, it has become apparent that this correspondence between VaR and its concavation TVaR
carries over to general distortion risk measures. Indeed, Li (2018), Cai et al. (2025), and
Pesenti et al. (2024) show that, for suitable uncertainty sets, Problem (4.2) is equivalent to
the case in which g is replaced by the smallest concave function g* that dominates g. This is
a very relevant result, as when considering the DRO problem, if (4.1) f is concave in 0, it
becomes a convex-concave optimisation problem for which powerful computational methods
are available. As shown in Pesenti et al. (2024), the stated equivalence does not hold if the
Wasserstein distance is involved, as is the case in our study. For more studies of worst-case
problems in operations research and its associated applications (see e.g., Chen et al. (2011)
and Zymler et al. (2013)).

The ambiguity set is a key component of any distributionally robust optimisation model.
Rather than letting mathematical convenience drive the choice of the set, it should instead be

primarily guided by the available data, possibly complemented by expert opinion. It should
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be sufficiently large to reasonably include the true distribution, but not so broad that it admits
implausible distributions, as this could lead to overly conservative decision-making. For
example, the distribution function that maximises VaR and TVaR (i.e., the Cantelli bound),
under the sole knowledge of mean and variance, has only two mass points, although this is
not plausible in practice. This serves to highlight that more (possibly qualitative) information
is required.

In this paper, we study bounds on distortion risk metrics for ambiguity sets that are
arguably highly relevant from a practical standpoint, including the case in which the ambiguity
set, in addition to containing distributions with given first two moments, is also restricted
to unimodal distributions that are close to some reference distribution. The assumption of
unimodality is very reasonable in that it usually complies with data, which also explains
why unimodal distributions are routinely used in engineering, operations research, insurance,
and financial risk modelling. For instance, Pareto, Gamma, Normal, Log-Normal, Beta,
Weibull, and Student t-distributions are all unimodal. The literature on risk bounds for
unimodal distribution functions is, however, limited. Popescu (2005) proposes semi-definite
programming to determine best-possible bounds on tail (survival) probabilities under mean,
variance, and unimodality constraints, from which, by numerical inversion, VaR bounds
can be obtained. Li et al. (2018) and Bernard et al. (2023) derive explicit bounds on RVaR,
although results for general distortion risk metrics appear to be missing.

In this chapter, we show that bounds on distortion risk metrics obtained under the unimodal-
ity assumption offer significant improvements over bounds obtained without this assumption.
To address the natural requirement that admissible distributions are "close enough" to a
reference distribution, we use the 2-Wasserstein distance. This choice, aside from offering
mathematical convenience, allows us to handle distributions with differing supports and to be

consistent with mean-variance constraint.

4.1.1 Our contributions

For uncertainty sets defined by fixed mean, variance, and 2-Wasserstein distance, we

establish worst-case values for general distortion metrics under minimal conditions in which
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the distortion function only needs to have finite variation on [0, 1], meaning that its total

variation is finite:
n

L ; |8 (#i) — g(ti-1)[ < eo.
This includes cases where g is non-monotone or discontinuous. When g is upper semi-
continuous, we also identify the worst-case distribution. Our findings extend those of Bernard
et al. (2024), who required g to be increasing and absolutely continuous. Since the projection
method in Bernard et al. (2024) does not apply to discontinuous distortions, we introduce
an alternative approach, which is a variant of the concave envelope method. Unlike Cai
et al. (2025) and Pesenti et al. (2024), who constructed envelopes directly on g, we build the
concave envelope on a linear combination of g and a functional of the reference distribution,
with a combination parameter. We then optimise over this parameter, with the continuity of
the concave envelope with respect to the parameter being crucial, and its proof is non-trivial.
Using this method, we derive sharp bounds for measures such as GlueVaR?, inter-quantile

difference, and the discrepancy between expected shortfall (ES) and VaR. These are results

which were not previously available.

When the uncertainty set also incorporates unimodality, alongside mean, variance, and
Wasserstein distance, we develop bounds for absolutely continuous distortion functions. We
begin by considering sets with fixed mean, variance, and unimodality at a known inflection
point. By projecting onto the class of increasing and concave-convex functions with a
fixed inflection point on (0, 1), we derive worst-case values and distributions. While prior
work focused on specific measures such as VaR or RVaR (without fixing the inflection
point), we develop a general theory, one that incorporates unimodality. Explicit projection
formulas are often unavailable, so we have designed an efficient approximation algorithm,
one that attains any desired degree of accuracy. Extending this, we obtain bounds when all
four constraints—the mean, variance, unimodality, and Wasserstein distance—are imposed.
Finally, we consider unimodality with an unknown inflection point, deriving bounds valid

over an interval.

3Proposed by Belles-Sampera et al. (2013) as a compromise between VaR and ES: the former often
underestimates, while the latter is seen as overly conservative. Cai et al. (2025) stress the practical demand for
such measures in industry.
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The results are then applied to portfolio optimisation and risk quantification under condi-

tions of model uncertainty.

4.2 Preliminary

Let (Q,.27,P) be an atomless probability space. Denote by L? the collection of real-valued
random variables with finite second moment, and by .#?, the set of their corresponding
distribution functions. A positive value of a random variable is interpreted as a financial loss.
All random variables and distribution functions that appear below are assumed to lie in L* and

M, respectively. For a distribution function G, the left and right quantiles are defined by:
G '(p)=inf{xeR:G(x) = p}, pe(0,1],

and

G.'(p)=inf{xeR:G(x)>p}, pel0,1),
respectively, with the convention inf@ = 0. The left quantile is often called the VaR. We use
the notation VaR for the left quantiles and VaR™ for the right quantiles. The expected shortfall
(ES), another widely used regulatory risk measure in banking and finance, is given by:

1 1

We denote by 77 being the set of functions g : [0, 1] — R with finite variation that satisfy
8(0) = g(0+) =0 and g(1) = g(1—-). For g € 7 set &(x) = max{g(x—),g(x),g(x+)} for
x € (0,1) and g(x) = g(x) for x € {0, 1}. Thus, ¢ is the upper semi-continuous representative

of g. For g € J7, the associated distortion risk metric p, : .# 2 — R is defined by:

oo 0
pe(G) = | 81 -Gl dx+ [ (s(1-Gx) — (1)) d. @3

The objective of this paper is to identify the worst-case and best-case values of a distortion

risk metric, p,, over specified distributional uncertainty sets F C #*. That is, we consider
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optimisation problems of the form:

sup pg(G) (4.4a) inf p,(G). (4.4b)
GeF GeF

The sets .# will contain all distribution functions with prescribed mean and variance that
lie within a Wasserstein ball around a given reference distribution F' and/or are unimodal. By

7~ we denote the collection of quantile functions corresponding to the cdfs in .%.

Besides, the worst-case and best-case values, we also investigate the worst-case and
best-case distribution functions if they exist, i.e. the distributions that attain (4.4a) and (4.4b),

respectively.

Note that

inf py(G) = — sup —p,(G) = — sup p_,(G), (4.5)
GeF GeF GeF

where p_ is a distortion risk metric as well. Therefore, G* is a worst-case distribution for
Supge.z P—g(G), if and only if it is a best-case distribution for infge # po(G). Therefore, the
minimisation problem (4.4b) can be transferred to a maximisation problem of the same form
(4.4a). This observation is one of the motivations for studying distortion risk metrics (rather
than only distortion risk measures), as also noted in Pesenti et al. (2024). In this paper, we
concentrate primarily on (4.4a).

We conclude this section by describing several distortion risk metrics that will be discussed
in the following sections. We begin with three variability distortion risk metrics: the Gini
deviation (GD), the mean—median deviation (MMD), and the inter-quantile difference (IQD).

The Gini deviation of a distribution G is given by:
1
GD(G) = SE(X ~¥|) = Py (G),

where X ~ G and Y ~ G are independent, and ggp(t) =t —t* for t € [0,1]. Thus, GD
measures the average absolute difference between two independent draws from G. After
suitable normalisation, it yields the Gini coefficient, a standard measure of income inequality.
In finance, Shalit and Yitzhaki (1984) proposed the Gini deviation as an alternative to variance

in Markowitz’s portfolio model. Specifically, these authors develop a portfolio selection
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approach based on the mean and the Gini deviation as measures of return and risk, respectively.
Apart from being more robust, the use of the Gini deviation also enables the derivation of
necessary conditions for stochastic dominance, allowing agents to eliminate any feasible
solutions from the efficient set that are stochastically dominated by others.

The mean—median deviation of G is defined as:
MMD(G) = minE(|X —|) = E(X - G~ (1/2)]) = o (G)

where X ~ G and gvmp (1) =t A (1 —1) forr € [0, 1].

For the inter-quantile difference, we define
1QD(G) =G (1-a) -G (&) = pg . (G), @€ (0,1/2],

and

1QD4(G) = G\ (1- @)~ G7 (@) = py, (G), @€ (0,1/2),

where giop+ (1) = 1j¢,1-¢)(?) and giop- (1) = 1(q1—a) (t) for £ € [0, 1]. Definitions of IQDg,
and IQD, appear in Bellini et al. (2022) and Lauzier et al. (2023), respectively. The measures
MMD and IQD are important in robust statistics and have applications in portfolio selection
and risk management, wherein robustness to outliers is desirable (see Lauzier et al. (2023) for
applications to risk sharing).

The GlueVaR of a distribution G was introduced in Belles-Sampera et al. (2013). For
parameters «, ,h;,h, with o, B € [0,1], a@ < B, h; € [0,1] and hy € [hy, 1], the associated

distortion g := ggl ’Oilz is given by:

1@1 t? 0<t<1_ﬁa

hy,h _

8o (= h+5B0—(1-B), 1-B<t<]—a, (4.6)
1, l—a<t<1.

Notably, VaRy, ES and the RVaR arise as special cases of this family of risk measures

with the corresponding distortion functions gggf)a, g}x’}a and g%la with o < B, respectively.



7

The RVaR introduced in Cont et al. (2010) as a family of robust risk measures is defined by:

1 B
/ Gl nd, O<a<B<l.
aJa

RVaRa,B(G) = B —

Under appropriate conditions on 4 and /3, the GlueVaR distortion can produce measures that

lie between VaR and ES. In particular, if l}i—'ﬁ > hé: o then GlueVaRth can be expressed
as a convex combination w{ES,, + w2ESg +w3VaRg with non-negative weights wy, wy, w3
summing to one (see Belles-Sampera et al. (2013) for further details).

Finally, for 0 < a; < o < 1, one may consider the discrepancy between ES and VaR as
being defined by:

pgalvO‘Z - 1:T4Sa1 - VaRa27

where gg, o, () = 1_4061 A1 —=1(1_g, 11(t). In practice, typical values for parameter a can be
a; =0.975 and o = 0.99.

Below, we use V to denote a standard uniform random variable.

4.3 Bounds for distortion risk metrics under Wasserstein
distance constraints

A widely used notion in mass transportation and distributionally robust optimisation is
the Wasserstein metric (Esfahani and Kuhn (2018) and Blanchet and Murthy (2019)).The
connection between optimal transport and portfolio optimisation arises naturally. In DRO, the
decision-maker hedges against model misspecification by optimising over a neighbourhood
of distributions around a reference model. The Wasserstein distance provides a geometrically
meaningful notion of "neighbourhood" in which two distributions are close if the cost of
transporting probability mass from one to the other is small. Unlike divergence-based
ambiguity sets, the Wasserstein distance can compare distributions with differing supports,
which is important in financial applications where the support of the true return distribution
is unknown. In portfolio selection, the reference distribution is typically estimated from

historical return data, and the Wasserstein ball captures the uncertainty inherent in this
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estimation. The radius /€ quantifies the confidence of the decision-maker in the estimated

return distribution.

For two random variables, X and Y, with distribution functions F and G, respectively, the

one-dimensional Wasserstein distance of order 2 is defined by:
1 1/2
dw(X,Y) = dy(F.G) = dw(F~',G") = </ F(x) —Gl(x)yde) .
0
In this section, we study the problem (4.4a) when the uncertainty set .% is taken to be:
F = Me(lt,0) = {G e / xdG = p1, /xsz: W2+ 62, dw(G,F) < \/E} ,
R R

where t € R, 0 >0, ¢ >0and F € A 2, Here, F is the centre of a Wasserstein ball; we

denote its mean and standard deviation by pr and o > 0, respectively. Note that:
Mo(lL,0) = {GE///Z : /RxdG:/,L, /szdG:/.L2+62}.
For g € 77, let g* and g, be the concave and convex envelopes of g, i.e.,
g" =inf{h € S : his concave on [0, 1] and h(x) > g(x), for all x € [0, 1]},

and

g« =sup{h € A : his convex on [0,1] and h(x) < g(x), forall x € [0,1]}.

For any concave or convex value of h € 5 we write /' (t) := d, h(r) for the right derivative.
Set

co=Corr(F~(V),(g") (1-V)),

with the convention ¢y = 0 when (g*)’ is constant; note that ¢y > 0. Moreover, for A > 0,

define
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and introduce

(g3) (1—1)—ay
by

h(t)=p+o , @.7)

where a; =E((g5) (V) = g(1) + Aup and by = \/VaR((gfl)/(V)). We denote the dis-
tribution function corresponding to & by H,, so that H,” '= hy. To guarantee that /; is
well-defined, we impose the following standing assumption:

Assumption A: [ ((g*)’(t))2 dt < oo and (g3 )’ is not constant for all values of A > 0.

Under Assumption A, for any G € .#:(i,0) and g € 5 we have:

1/2

pe(G) < pg(G) = /01<g*)/(1 -G Y ndr<o (/01 ((g*)/(t))zdr) < oo,

so Assumption A ensures pg(G) < oo for every G € A (lL,0).
The next lemma, whose proof is technical and deferred to the Appendix, is central to our

main results (see Theorem 4.2 below) and will be used in the proof of Corollary 4.5.

Lemma 4.1. The map A — Corr(F~'(V),(g3) (1 —=V)) is continuous on [0,) and

lim Corr(F~'(V),(g5)'(1-V)) = 1.

A—ro0

We now present our first main theorem, which identifies the worst-case distribution and

the worst-case value of distortion risk metrics over the Wasserstein uncertainty set .#Z¢ (i, 0).

Theorem 4.2. Suppose g € 7€ and g = §.

(i) If
(ur —u)*+(or —0)* <& < (ur —)* + (6r — 6)* +20r0 (1 — co),

then

sup pg(G) = pg(H)Lg>7
GG%E(IJWG)

where H)_ is the unique worst-case distribution function determined by dw (F,H,),) =

/€ for some values of A¢ > 0.
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(ii) If
€= (ur —u)2+ (oF —6)2+26F<7(1 — o),

then, provided (g*)' is not constant, the conclusion of (i) holds with A¢ = 0. If (g*) is

constant, then.:

sup  pg(G) =g(1)u.
Ge#e(1,0)

Theorem 4.2 applies to a broad class of distortion functions. It subsumes several results
from the literature, including Bernard et al. (2024) (increasing, absolutely continuous g),
Shao and Zhang (2023) (increasing g, € = o), Li et al. (2018) (Range-Value-at-Risk, & = ),
Li (2018) (concave, increasing g, € = o), and Pesenti et al. (2024) (general g, € = ). The
novelty of Theorem 4.2 is that it permits g to be non-monotone and discontinuous, thereby
covering distortion functions such as those for GD, MMD, VaR™ and IQD™ as special cases.
In particular, Theorem 4.2 exactly extends the results of Bernard et al. (2024) from increasing,
absolutely continuous distortion functions to the more general class of upper semi-continuous
distortions with finite variation. The projection method used in Bernard et al. (2024) requires
absolute continuity and cannot be applied to our more general setting.

Our proof employs a variant of the concave-envelope technique. Unlike the constructions
in Cai et al. (2025) and Pesenti et al. (2024), where the envelope is taken directly on the
distortion function, we form the concave envelope of a linear combination of the distortion
function and a functional of the reference distribution, F, with combination parameter A,
and then optimise over A. The existence of an optimal A relies on the continuity property
established in Lemma 4.1, whose proof is highly non-trivial.

To characterise the worst-case distribution, it is important to obtain an explicit form for

(gi)'(l —t). When g is concave, one has:

(8)(1—1)=g (1=0)+AF (1),  1€(0,1),

which covers the cases of GD and MMD. For non-concave g the computation of (g3 )'(1 —1)
is more involved, but Corollary 4.3 below provides explicit expressions for VaR;, IQD{; and

the discrepancy py,, . between ES and VaR.
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For a € (0,1) and A > 0 define

l—i—lfl]__&F_](s)ds
o—t

tos = inf{t e0,a): >AF (1 —t)}, (4.8)

and

AfE F 1 (s)ds—1
r—1+a

faﬂzsup{te(l—(x,l]: glFl(l—t)}. 4.9)

ForO< oy <oap<land A >0 set

—1 — -
(t +O;2Ex(1a2 o) +A S F 1 (s)ds—1
r—1+m

Uy 0y.5 = SUP {t €(l—op,1]:

1
1—0o

<

L01-a) () +AF (1 —t)}. (4.10)

The following corollary collects explicit worst-case values and quantiles in these special

cases.

Corollary 4.3. Suppose
(up — )+ (or —06)* <& < (up —p)* + (or — 6)* +20r0(1 —cp).

(i) For oo € (0,1),

sup  VaR}(G)=u+o ,
GeMe(u,0) b,

and the worst-case quantile equals hy_ from (4.7) with

(€3) (1 =1) =AF " ()L 0,001, o,.1)(0)

142 [y " F=1(s)ds
l—a—11_g2

1((17] _tl—a,/l] (t)7

fort € (0,1), where Ag solves dw (F,H; ) = /€.
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(ii) For a € (0,1/2),

1_ —
1+ 2 fl_(;a,x,; F~!(s)ds B e fla—fak F7l(s)ds—1Y\ &
& —lg 2, fgr, —1+0 by’

€

sup  1QDg(G) = <

GeMe(n,0)

and the worst-case quantile is hy, from (4.7) with

1—¢
i} 1+ A [ F1(s)ds
(g/l)/(l —t) = Ocoitom 1(1—0671—ta,/1)(t)
Afla—fa_l Fl(s)ds—1

fa’;t—l—l—ot

L1ty .e)(0)

+AF N 010,14, (a1 —a)U(1—1e 1) ()5

fort € (0,1), where Ag solves dw (F,H; ) = /€.

(iii) For0 < oy < o < 1,

sup pgal,az <G>

GeMe(1,0)

O-A‘g (/alv(l_”al,az,lg) 1 1 1 )
= = F 7 (s)ds+ [ F (s)ds
blg(l_al) o ( ) %) ( )

o 1o+ (1—on—ug o 2,)+
by, (1—on)?
OCo;,m,2¢ <(062 - 061) A (MOCMOCL/IS — 1+ 062) )
+ —1),
blg 1— (04

and the worst-case quantile is hy_ from (4.7) with
* 1 —
00 = (125 et O+ AF 0 Lot g i) )
+ C(Xl ,00,A l(lfual ) ,0p) (t)v

fort € (0,1), where Ag solves dw (F,H;) = /€ and

(g ap 2 —1H00)A(0r—01) +)bf1a2 F*I(s) ds—1

1—oy

C =
oy,0p,A Uy opl — 1+ o



83

Part (i) of Corollary 4.3 reproduces Proposition 4.6 of Bernard et al. (2024), where the
derivation is rather involved; here it follows readily from Theorem 4.2. The worst-case
quantile for VaR ™ is linear in the reference quantile on the tail regions, which is not a constant
in general, in contrast to the step-function (two-point) form arising without a Wasserstein
constraint (Cantelli bound). The case with only a Wasserstein constraint is studied in Liu et al.
(2022). Part (i1) of Corollary 4.3 is, to our knowledge, new in that it provides the worst-case
value of a variability measure (statistical dispersion) for distributions with fixed mean and
variance inside a Wasserstein ball. The corresponding worst-case quantile is linear for both
the central and tail regions. Part (iii) gives the worst-case discrepancy between ES and VaR,
which can be interpreted as the maximal additional capital requirement when replacing VaR
by ES compared with the Basel framework in Basel Committee on Banking Supervision
(2019).

Theorem 4.2 assumes upper semi-continuity of g, which excludes some distortion func-
tions such as those for VaR, IQD™ and GlueVaR. Using (4.5), to obtain the best-case value of
Pg 1s equivalent to finding the worst-case value of p_; however, if g is upper semi-continuous,
then —g is lower semi-continuous and may not be covered by Theorem 4.2 (examples include
VaR™, IQD ™+ and Pga,.a,)- WE, therefore, remove the upper semi-continuity restriction and

treat general g € .77 in the next result.

Theorem 4.4. Suppose g € .

(i) 1If
(1F —1)* + (0F —0)* <& < (ur — p)* + (0F — 6)* +20r0(1 )

and the map A — pg(H)) is continuous on (0,0), then

sup  pg(G) = sup  pg(G) = pg(Hy,),
GeMe(1,0) GeMe(1,0)

where Ag solves dw (F,Hj) = /€.

(i) If

2

£ > (ur — )2+ (0F — 6)2 +2050(1 — <o)
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and (g*)' is not constant, then

sup  pPg(G)= sup  pg(G) = pg(Ho).
GeMe(1,0) GeMe(1,0)

If (8")" is constant, then SupGe 4, (u,0)Pe(G) = g(1) 1.

In part (i) of Theorem 4.4, we impose the additional assumption that pg(H} ) is continuous
in A over (0,e0). This assumption arises from the Wasserstein constraint and cannot be
removed from our technical proof of Theorem 4.4 (see Section 4.7.1 in the Appendix). The
assumption is satisfied for the distortion risk metrics considered in Corollary 4.5 below. The
arguments used in the proof of Lemma 4.1 play a key role in verifying this continuity property.

ForO<a<fB <1,0<h; <hy<1andA >0 define

L= (D) + A Jy  F 7 (s)ds
l-a—t

o g% = inf{t €l0,1-a):

> T glop 0+ 5y 1(1_ﬁ71_a)(t)+7LF_1(1—t)}. @.11)
Corollary 4.5. Suppose
(ur —u)* +(or —0)* < & < (ur —)* + (6r — 6)* +26r6 (1 — cp).

(i) For o € (0,1), the map A — VaR(,(H,) is continuous on (0,), and

sup  VaRy(G)= sup VaR,(G)=pu+o ,
GeMe(1,0) GeMe(1t,0) by,

where A¢ solves dw (F,Hj ) = /€.

(ii) For a € (0,1/2), the map A — 1QDY,(H,,) is continuous on (0,0) and

sup  1QD,(G)= sup IQDy(G)
Gele(1,0) GeMe(11,0)
B 14 Ae f| L% F=1(5) ds e [, Fl(9)ds—1\ &
B O —1lg 2 fga, —1+0 by’

€
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with Ae solving dw (F,H,) = +/€.

(iii) ForO <o < B <1land0 < hy < hy < 1 satisfying l}i—‘ﬁ > hé:z"l, the map A — Pyt (Hy)
B,a

is continuous on (0,0) and

sup  GlueVaR""™(G)= sup p o i (G)

GeMe(u,0) P GeMe(,0) 5B
_ _G(1+/ls.uF)+G(1—hz)chl,h2
by, b), o, Ae
hih
n ohy he (1_uh1,h2 _B) +h1((1—ﬁ) alﬁzke>
by (1= B) \ ‘e~ Mapae “H -
1
+A F~l(s)d
Jpandi )
hyh
+ G(hZ_hl) h17h2 (B/\u_uhhhz )_a)+(hz_hl)(ﬁ_l+ua1,ﬁ7zls)+
by (B —a) | “Be o,pAe -
42 /ﬁ FY(s)d
¢ 5/\(1—142],538) Ve

and the worst-case quantile for this supremum is hy_ from (4.7) with

. h
(g) (1—1)= Z‘gle(%]_uhlvhz )<t) T _15 Lo 1)(0

o,fB,A o,B.A0

hy —hy _
1 By by t)+AF I(Z)I(O,a)u(l S 1y’

+ B—o (B/\(l—ua_,},l)ﬁ)< ) apA’

fort € (0,1), where A solves dw (F,H,) = /€ and

POTL)
hihy o by U,
o l_galﬁz( alﬁ,zl)_f'lfa A F F~1(s)ds
Ca,pA e —u};ga

When l}i—‘ﬁ > hé:gl one can write GlueVath’(fz = wiESq +w2ESg +w3VaRy for non-
negative weights wi, wp, w3 with w; +wy +ws = 1. By selecting suitable parameters, GlueVaR
lies between VaR and ES, representing a risk attitude that is more conservative than VaR,
yet less conservative than ES. Thus, part (iii) of Corollary 4.5 yields the worst-case value

for convex combinations of VaR and ES. Using (4.5) and Theorem 4.4, one can also obtain

best-case expressions for VaR ™, IQD™ and Psa, o analogous to Corollary 4.5; the best-case
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value for GlueVaR follows from (4.5) and Theorem 4.2.

We remark, in general, that Theorem 4.4 does not assert the existence of a worst-case
distribution, because any such existence may fail when g is not upper semi-continuous. Indeed,
suppose a worst-case distribution Gy exists for supge . (u.0) Pq(G). Then, by Theorem 4.4 Gy
must also be a worst-case distribution for supge 4, (u.0) ps(G), and uniqueness from Theorem
4.2 would force Gy = H,,. However, direct computation using the expressions in Corollaries

4.3 and 4.5 yields contradictions, e.g.,

AF o) —a ~ AF 1 (1—a)—AF Y«
VaRO‘(H)LS):‘u_’_G E) ) lg? IQDOC<H)LE):G ( b) + ( >7
}Lg 2’8
and
hy,h o(l—h) - hy h
GlueVaRﬁtOf(H,lS) = pg’;{,’fz (H),)+ T()LF Ya) - Cal,ﬁ,zlg)’

which demonstrate that worst-case distributions need not exist for VaR 4, IQD,, and GlueVaRgl ;fz.

Similar phenomena for VaR with € = oo are discussed in Corollary 4.1 of Bernard et al. (2024)
and Example 17 of Pesenti et al. (2024).
Although obtaining a closed form for A is challenging for a general g € ¢, an explicit

formula is available in the concave case.

Proposition 4.6. If g € ¢ is concave and fol (g'(¢))?dt < oo, then for
(ur —u)*+(or —0)* <& < (ur —)* + (6r — 6)* +20r0 (1 — co),

the solution of dw (F,H, ) = \/€ is:

where

R, S SR B e
nuF+GF+uu +0 UHE > O, Vg _ VaR(g'(V))7

CE,F = 2 =

and

Cor = Cov(F~'(V),d(1-V)) > 0.
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4.4 Bounds for unimodal distribution functions with Wasser-
stein constraint

In this section, we suppose g € 77 is such that the associated distortion risk metric admits

the representation

1
pe(G) = [ Y6 wd “.12)

where the weight function is given by y(u) = d_g(x) |x: , for 0 <u <1, and d_ denotes the

1—

left derivative. We also assume [ |7(u)|?du < eo. Equivalently, the distortion risk metric may

be written in terms of the quantile function, and we will sometimes write pg(G~!) instead of
pg(G).

Definition 4.7. A cdf G € .#* is called unimodal if G is convex—concave, i.e. there exists

Xm € R (the mode) such that G is convex on (—oo,xp,) and concave on (X, ~+).

We say that a (left) quantile function G~! is concave—convex if there exists an inflection
point & € [0,1] such that G! is concave on (0,&) and convex on (&,1). In Bernard et al.
(2023) characterises the unimodality of a cumulative distribution function in terms of its
quantile function: a cdf G is unimodal if and only if G~! is continuous on (0, 1) and is one of:
concave, convex, Or cConcave—convex.

Throughout, we refer to quantile functions whose cdfs are unimodal as unimodal quantile

functions. Let us define the sets:
Fy ={G e .#*: Gisunimodal}, Fuye=1G € Fy : the inflection point is & },

and

9U,§(M,G)Z{Ge%],g :/RxdG:u, /szdG:u2+c;2}7

9117&(#,678):{(;69&5 :/RxdG:u, /szdquzmz, dw<F,G)<¢E},

where F € .#?, u € R, 6 > 0 and € > 0. For inflection points varying in an interval (&1, &)
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with 0 < & < & < 1 we write Ty (¢, ¢, Fu g, ,.6] (1, 0) and Fy g, (1, 0, €), noting that
FU a6 = Ueele, &) Zy ¢ and similarly for the sets with moment or Wasserstein constraints.

In this section, we investigate upper bounds for distortion risk metrics when the uncertainty
set consists of unimodal distributions with prescribed mean and variance, with either a fixed
inflection point or an inflection point known only to lie on an interval. Concretely, we study

the optimisation problems:

sup  pg(G) (4.13a) sup  py(G), (4.13b)
GeFy ¢ (U,0) GeFy £(U,0,€)
and,
sup P (G) (4.14a) sup Pe(G). (4.14b)
GEF [t &) (1,0) GEFy (&, &) (H:0:€)

4.4.1 Fixed inflection point

Recall that .7 ; 15 denotes the collection of quantile functions associated with .7y ¢. The

set .7 L is a closed convex cone, hence the L,-projection of any function on (0, 1) onto this

U.g

set exists and is unique (see Theorem 2.1 of Brunk (1965)). Let yg denote the L,-projection of

Y onto ff&%, and set dg = E(}/g(V)) and lAaé = VaR(yg(V)) for V. ~U(0,1). By Corollary

2.3 of Brunk (1965) we have d; = |, yg(u) du=g(1) and by = \/fol (yg(u) —g(l))zdu.

Proposition 4.8 (Bounds for unimodal distribution functions with a given inflection point).

Suppose }/g is not constant. Then

sup  pe(G) =ug<1>+a\/ [ () —gn)au

GeFy ¢ (1.0)

and the unique worst-case quantile is

If unimodality is not imposed, then the corresponding uncertainty set is .# (1, o). Denote

by 7' the projection of y on .Z_! (1, 0). Then, Corollary 3.9 of Bernard et al. (2024) and
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Theorem 5 together with Remark 2 of Pesenti et al. (2024) yield:

sup  pe(G) = ug(1)+6\/ [ () g1 au

GEMo(1,0)

o(v'-s(1)
VId (7 ) —g(1)) du
By Theorem 2.8 of Brunk (1965), we have the Pythagorean-type inequality

provided 7' is not constant, and the worst-case quantile equals u +

1

[ 0> [ (s aes [ (7w - 0) a

so if y! ¢ ﬁU_ (1: (1, o) then enforcing unimodality with a fixed inflection point can strictly

reduce the worst-case value.

Furthermore, for functionals such as ES and RVaR, the worst-case distributions over
the unrestricted set .Z. (L, ) are two-point distributions, which are often undesirable in
applications (see Bernard et al. (2024) and Pesenti et al. (2024)). Imposing unimodality

typically yields worst-case distributions that are not discrete.

In Li et al. (2018), the RVaR, with y(u) = [fal(aﬁ)(u) for 0 < o < B < 1, was consid-
ered under mean, variance, and unimodality constraints without fixing the inflection point.
Proposition 4.8 is valid for all distortion risk metrics with absolutely continuous distortion
functions g, and it is more precise when the inflection point is fixed. By maximising the
worst-case values over different inflection points, we can immediately derive the results for
unknown inflection points (see Section 4.4.2). Optimal solutions to the problem (4.13a) are

thus obtained once the projection yg of the function y on the set F; é is established.

Whilst computing such a projection, L,-projection yg, in closed form is, in general, very
difficult. It can be numerically obtained to any desired degree of precision. The next result

shows that when 7 is a step function, its projection on FIZ é 1s piecewise linear.

Proposition 4.9. Let y be a step function with n steps, i.e. Y(u) = YL vil(y, | x)(u) with

O=xo<x1<---<xp,=1andy; € R. Then yg is piecewise linear with at most 2n+-2 pieces.
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More precisely, if & = x;, for some iy € {0,1,...,n} then

87

¥y (6 U (1) + € Ly (). (4.15)

=1

~.

and

é Z ai —xi—1) +¢f (xi —aj)), (4.16)

with parameters constrained to the set

D {(ac) € [xi1,xi], i=1 g =cf = >ci;>c;g>0,
0< e <6 < <CZ<C:{}7
where a = (ay,...,a,) and ¢ = (c| ,c{ ,...,c, ,c;l). The optimal parameters (a*,c*) solve

arg min Z{ —xi_l)[(ej')2+e?'ef+(ef)2}

(a,0)€%Zn [ 2]

(=) [(6f + ¢ (6= @)+ (e + ¢ (v —a)ef + (e}, @17)

where e; = g(1) —Y_; (c;(aj—xj_l) +c;~r(xj—aj)) —yiand el =e; +c; (a;—x;_1) for
i=1,...,n. If & € (xj—1,x,) for some iy € {1,...,n}, rewrite 'y as a step function with a

break point at & and apply the same construction.

Thus, for a step-function y with n steps, finding the projection reduces to solving the
finite-dimensional optimisation (4.17) in 3n (or 3n + 3) parameters, depending on the position

of £. In that parametrisation, one obtains the representation:

Yg(“)zeeryz'ﬂLCf(u—xi—l), u € [xi-1,ai),

Yg(”):€f+yi+c,~+(“—ai), u€ la,x;), i=1,...,n.

A general Y can be approximated arbitrarily well by step functions %,. Let }/g , be the

projection of ¥, on .%,, ., and set h;n =ug(l)+ Gy5 ';75 ng , where dg , = E(ygn(V)) and

Ué’
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@é,n = VaR(yg.n(V)). Denote by || - || the Ly-norm on (0, 1).
Proposition 4.10. If }/g and }/g , are not constant, then

2 Y2 +11Yll2
Al £ 112 2 g,

‘Wén_?’gHZ 1% — 712, HhT’n—hgllzé(sz 5 5

and

o 2l1Yll2 + [11all2) 1% — ¥il2
|pg(h ) — Pg( En )| < - & :
be
These bounds show that approximation errors are controlled by the L,-distance between
Y and its stepwise approximation %;, validating the practical approach of approximating the

projection numerically.

We give a few illustrative computations.

Example 4.11. (i) For the Gini deviation (GD), we have y(u) = 1 —2u for u € (0,1).
Hence yg(u) =1—2uforalluc (0,1).

(ii) For the mean-median deviation (MMD), we have g(t) =1 A (1 —t) on [0, 1]. Therefore,
¥() = =1(0,1/2) () + (1 /2,1) (1) If & = 1/2 then one obtains 7} (u) = 3(u—1/2) for
€ (0,1).

Next, we look into the Wasserstein-constrained set 7y ¢ (1,0, €).
For A > 0, we set kj (u) = y(u) + AF ! (u) and let kT g denote the Ly-projection of kj

onto .Z, Define for A > 0,

Ué

T
k/l,é —a,ljé

o, (4.18)
by.c

hpe=Hu+

where, a; ¢ = E(k} 5(V)) =g(1)+Aur and by ¢ = VaR(kjL_g (V)). Accordingly, c; is
written as ¢; = Corr(F~1(V), ?%( ))-

We first identify the range of € for which ﬁUé(u, 0,€) is non-empty. Let Fé_m be

the Ly-projection of F~' on .%,; 5 and set &y = Corr(F l(V),Ffl’T(V)) (when Fgl’T is not

U g

constant). Clearly IEZ,(F5 ( )) = UF.
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Lemma 4.12. Suppose F, gl’T is not constant. If

< (up — w)*+ (o — 0)*+20p0(1 — &),

then U,lé (n,0,6)=2.If

2

€= (ur — u)*+ (oF — 6)* +20r0(1— &),

o —pp
thenﬂUg( )_{éT
F

o+u}, where o = \/VaR(Fgl’T(V)).

Henceforth we restrict attention to the regime € > (ur — u)*+ (6r — 6)> +20r0 (1 &),
for which 7, ¢ contains infinitely many distributions.
The following continuity result for the correlation between F~1(V) and the projected

functions k; ¢ (V) is a key technical ingredient.

Lemma 4.13. Suppose F~' € .42, F, (g_m is not constant, and kjl £ is not constant for all

values of A > 0. Then the map A+ Corr(F~! <V)’k1,§ (V) is continuous on [0,e0) and

lim Corr(F~'(V),k} .(V)) = Corr(F~1(V),F. (V).
A—yoo A6 3
Note that ¢o equals 1 when F~ le sz é while if F~! ¢ 7 ¢ one has ¢y < 1.

We can now state the main result for the unimodal class with a fixed inflection point.

Theorem 4.14. Assume F~' € . #2 F, gl’T is not constant, and k} £ is not constant for all

values of A > 0.

(i) If

2

(ur —)*+(0r —0)*+20r0 (1 —&9) < € < (ur —p)*+ (0F — 6)* +20r (1 —c1),

then hy, ¢ (u) defined in (4.18) is the unique worst-case quantile for problem (4.13b),

and

wp  pufG) = ()45 0 ([ K] ) au—g(1) (1) + Aetr)
GeFy ¢ (14,0,€) Ae§ 4
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where A > 0 solves dy (hy, ¢, F~') = /€.
(ii) If
> (ur —)* +(or — 6)* +20r6 (1 —cy),

and }/g is not constant, then the unique worst-case quantile for (4.13b) is hg (u) =

1 R
Ve (u)—a .
p+oc-= 5 : Ifj/éT is constant, then SUPGe.7, ¢ (1,0) pe(G) =g(1)u.

When g is absolutely continuous, Theorem 4.14 refines Theorem 4.2 by incorporating
unimodality with a fixed inflection point into the uncertainty set, and imposing this information
typically reduces the worst-case value. The practical computation of the bounds relies on

numerically obtaining the projections, for which Propositions 4.9 and 4.10 are crucial.

4.4.2 Unknown inflection points

Diverging from .7, é, the set .7, fél & with 0 < & < & < 1 is not convex. Hence,
Theorem 2.1 of Brunk (1965) cannot guarantee the existence and uniqueness of the projection.
To compute the worst-case value of the distortion risk metrics, one can apply Proposition 4.8,

Theorem 4.14, and the following relations, which reduce the optimisation over an unknown

inflection point to a collection of fixed-inflection-point problems:

sup pe(G) = sup sup  pg(G), (4.19)
GEFy (¢, 5 (1,0) §el&1,6:] GeFy ¢ (1,0)
sup pe(G) = sup sup P (G). (4.20)
GE‘QU‘[él.éﬂ(”vag) 56[61352] GGQU@ ([J,G,&‘)

Although these formulae may appear cumbersome, they are amenable to numerical
implementation as one can scan over & and apply the fixed-£ solution method to problem

(4.14).

The existence of an L,-projection of y onto the non-convex set %, ; £.8) is shown below:

Lemma 4.15. For any y with fol |7(u)|> du < oo there exists ygl g, € e %51 g, Such that:

T €arg min  |y—hls.
e he! Jiﬁlviz]
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Uniqueness need not hold because of non-convexity. Let ygl & be one such projection and

write ag, &, = B(7}, (V) and b, ¢, = Stdev(¥,, . (V).

Proposition 4.16 (Bounds for distortion risk measures for unimodal distribution functions).

Suppose }/;7 £ is not constant. Then,

o) —ag g

hgl,@(”) =u-+o

is a worst-case quantile for problem (4.14a).

The worst-case quantile of Problem (4.14a), given in Proposition 4.16, may not be unique,
since different choices of & € [&},&;] can yield the same maximum in (4.19). Proposition
4.16 also encompasses the result of Li et al. (2018) for the special case y(u) = [fal(aﬁ) (u).

Because 9’(; f&l & is non-convex, establishing continuity properties analogous to Lemma
4.13 is more difficult, so problem (4.14b) cannot be solved by the same method as Theorem
4.14. Nevertheless, Theorem 4.14 together with (4.20) provides a practical route to compute

the supremum in (4.14b).

4.5 Robust portfolio optimisation

In this section, we apply the preceding results to robust portfolio optimisation under
two types of uncertainty sets: (i) a mean—variance constraint together with a probabilistic
constraint given by a Wasserstein metric on the multivariate return vector; and (ii) the same

constraints plus an additional unimodality constraint on the portfolio return.

4.5.1 Mean-variance and Wasserstein distance constraints

Let X;, i =1,...,n, denote the negative return (loss) from investing one unit in asset i, and

let w= (wy,...,w,) € & C &, be the portfolio weights, where

5n:{(w1,...,wn):w,~2(), ZW,‘Zl}.
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Hence, the negative return of the portfolio is )}/ ; w;X;. Suppose only partial information
is available about the return vector X = (Xi,...,X,): its mean vector & = (Uj,...,Uy,), its
covariance matrix X, and that the distribution Fx lies within a Wasserstein ball of radius /€

around a reference distribution Fx, i.e.,
d\ (Fx,Fx,) < Ve,  €>0.

The n-dimensional Wasserstein distance (order two) between two distributions F' and G is
defined by:

. 1/2
dy (F.6)= _inf (E|X-YI3)

(e.g., Blanchet et al. (2022)). For the purposes of simplification and practicality, let us suppose
that the reference distribution Fx, shares the same mean and covariance as the (unknown) true
law, i.e. E(Xo) = u and Cov(Xy) = X0, and that ¥ is positive definite.

For a given weight vector w and radius € > 0 define the univariate uncertainty set for the

portfolio negative return by:
Mve = {Fyy i E(X) = ,Cov(X) = Zo } 0 { Py 1 iy (Fx, F,) < Ve
The robust portfolio problem considered is:

argmin sup pPg(G). (4.21)
wee/  GEMwe
As an example, one may take &7 = {w € A, : —w ' > a} for some a > 0, imposing a lower
bound on the (positive) portfolio return.

For robust portfolio optimisation, the uncertainty set .#y ¢ is novel and differs from those
previously considered in the literature (e.g. Blanchet et al. (2022), Bernard et al. (2024),
Pesenti et al. (2024), Mao et al. (2025)). In .#y ¢, the Wasserstein constraint is imposed on
the multivariate distribution of the negative-return vector X, whereas in Bernard et al. (2024),

it is placed on the univariate distribution of the portfolio negative return w ' X.

The following proposition shows that .Zy ¢ can be expressed as a univariate uncertainty
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set for Fyn  ,x;, which plays an important role in enabling the application of our results in

Section 4.3.

Proposition 4.17. We have

%wg:%

-
: ez (W B VW Zow),
with reference distribution F = Fyrx, .

Proposition 4.17 implies that problem (4.21) is equivalent to

argmin sup pe(G),

wed/ GeA, (wTp,A/wiZow)

w3

which allows us to apply Theorems 4.2 and 4.4 to evaluate the inner supremum. The following

proposition summarises the solution approach.
Proposition 4.18. Problem (4.21) can be addressed as follows:

(i) If g is concave and (g*)' is not constant, then the robust optimisation reduces to

) VW Xow
argmin {w' pg(1) + 2 =0 (Ve + AnCor, o ) |
wea/ w W' X0

where V, = VaR(g' (1 —V)), Co r ™ = COV(FW_-|—1X0(V>78/(1 —V)), and
w20

by = \/Vg +2Aw 8y, —}—QLVZVWTEQW,

with

and

(T el[wl3 T
Ay = (W Zow— — ViYW Zow/Ve Cor vy )-
w20
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(ii) For p =1QD{ or 1QD, with o € (0,1/2), the optimal robust portfolio is

wes/ NAZTW — oy fap, —1+0Q

where Vy, 5 = VaR((g3)'(V)) and Ay equals the solution of dw (Fyrx,,Hy) = V€| wl|2

when dw(FWTXO,H()) > \/EHW

argmln{m<l+Mfl la)LWFleX (S)dS )“wfl Loy Ay wTX()dS—l)}

2, and Ay = 0 otherwise.

In the proposition above, the optimal portfolio position w depends on the reference
distribution Fx,,. Next, let us assume that Fx,, is elliptical, i.e., Fx, ~ E,(u,Xo,y), where
u is the mean, X, the covariance matrix, and ¥ the characteristic generator. Note that
elliptical distributions include the family of multivariate normal distributions and multivariate
t-distributions as special cases. For any portfolio weight vector w, the marginal distribution
satisfies FWTXO ~ Ej (WT u, w! Zow, V). Define the standardised marginal distribution Fy =

Fytxywiu ™ E1(0,1,y). Hence,

\/ WTE()W

CoFyry, = V wTEowCo, Co = Cov(Fy '(V),&'(1-V)).

For this special Fx,, we can simplify Proposition 4.18 as the following corollaries.

Corollary 4.19. Suppose Fx, ~ E,(lL,X0, ). If g is concave and (g*)' is not constant, the

robust optimisation (4.21) is equivalent to:

VW Xow

\/Ve +2CoBw + B%

argmin {w' pg(1)+ (Ve +Cow) }. (4.22)

weo/

where

(C5 — VAR T elw3y  Cow ' Zow
By=—Co+ . Aw=(wTZow- v .
v 0 \/A%V — (wizow)2? 2 Ve
If g(1) = O the linear term w ' u g(1) vanishes from the objective in (4.22), though the

mean vector [l may still enter implicitly via constraints in .7

For the IQD-based optimisation, it is convenient to define, for @ € (0,1), A > 0 and
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wE o,

1/v/WTZow+ A [7L Fy ' (s)ds
o—t

taywyl:inf{te[o,a): >7LF0_1(1—1)}7

and

A JELF, ds—]/\/WTZOW

t—1+a

P Zsup{te (1—e,1]: AFO*I(I—t)}.

Corollary 4.20. Suppose Fx, ~ E (11,0, ¥). If p =1QD, or IQD,, with o € (0,1/2), then

the robust portfolio problem (4.21) is equivalent to

) wiZow /1 +Awy/W Zowfll taw}le (s)ds
argmin (
Vv i

we/ - toc W, Aw

tot,w,lw

), \/WTZ()Wfl Is)ds—1
1+0c )}’

where

MZﬂw]l{

I g Ry o= J¢ Fy
ZWTE()W(l 1o \/szO Z >>8W||%}

with
S Fy () dt — [ Ry (1) dt
V2a ’

Ow =

and Ny > 0 is the solution of the equation

llXW
(1 B e|lwli3 >\/V_ 1+7L\/WTZon1 FEN(s)ds /1—ta,w,/1 F () di
l\/WTZowfl I(s)ds—1
/ Fy (1) de
tawl_1+a 1—Tg w2

LAV W Zow / (F (1)) dr.

0,1- t(xw/l ‘Xl OC) (1_toc,w,}ul)
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For numerical computation, Vy, 5 admits the explicit representation

a— t(x,w,l)

v <1+A‘\/WTZOWf1 taw}LF )dS)Z(
™A = _laW/l

<),\/w Tow [ s Is)ds—1.2

tawl l—l—Ot

> (toc,w,l -1+ OC)

+ 22w Zow ) (Fy '(1))*dr.
(Ovlfttx,w,l)u(avlfa)u(lit(x,w,lvl)

Corollary 4.21. Suppose Fx, ~ E (1,0, V). If p = VaRq or VaR{, with & € (0,1), then the

solution of problem (4.21) is given by:

11wy o
{WT,LH— wlZow <1+7Lw\/WTZowfa trawi g l(s)ds_1>},

VWJLW l—o— tl—mw,lw

argmin
wed/

where

)vw = nw]1 1 p=1
{2szow(1_f“’;?<lf2‘;’)>e|\w||§}

with Ny € (0,00) being the solution of

1=t _gwa -1 _
ellw||3 1—|—/l\/WTZOWf oA Eel(s)ds pltheawa
(1 2 ) VVar= = 0 /a Fyl(r)de

2WTZOW l—o—1_ o,w,A
AW oW / (1 (1)),
1 - (levl)

Note that in Corollary 4.21, Vy, 3 can be expressed in a more explicit way for computation

as below:

_ 2
(1 F AW Zgw [, en Fo—l(s)ds)
l—a— Z‘lfoz,w,k

+2°w ' Zow (Fy '(1))%dt — 1.
(O7a)u(17tlf(x,w7},vl)

Vw,l =

For the portfolio optimization using GlueVaR, we need the following notation: For
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O<a<B<1l,0<h <hh<Il,A>0andwe.o,let

h,h
b —g (1) + A wl Zowf

Ug pwa =fS1€[0,1—0): Ty

h hy—h )
> 1_1[3]1(0,113)@ 5 1]1[1 B.1-a)(t) T AV W ZowF 1(l—t)}
and
h hy —h
d _1_h2+1—[3(1_”z],g,2w,z—5)++ E_a] BA(- u’;;,?zwp ).

Corollary 4.22. Suppose Fx, ~ E,(1t, X0, ¥). If p = GlueVaRB“ with0 < o < B < 1and

0 < hy < hy < 1 satisfying ]}i—lﬁ > hﬁ:z‘l,

i,k I,k
/W T Sow 1 W (1= B) Nug gy, (ha—h)(B—1+ug 5 5 )+

argmin{ w' [ —

weos NAZTS - (1-B)? N (B—a)?
h1 ho
hyhy (o hyh g s2,
N wlZow | — galﬁz( alBZW)L)d +/IWWTZOWf Pudw pel(s )dsd
7A‘W 7A'w
VWi, 1—o _”}&1’/?2“ v VWi, 1—o —MZI’I?ZWM v
Aww ' Z h 1 hy—hy (B
W oW oy (s)ds+ 2 1/ o Fol(s)ds) b,
VY, \1=BJpv(- % ) B—o Jpa(- ol B2 )

where

Aw = Nwl
eV iy ) e oo (g a g ) i 5 o
| 5

2w Zow| 1— (

>e||wl3
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with Ny € (0,00) being the solution of
el wlf3
l — ———=— | /W
( 2wizow ) VWA

hyhy By
1—gal’/32( albzwx) 1= uan/l hy !
= Fy ()de + F N (¢)dt
/a L) o (@)

—a—dth L=B Jpva-d)i2 )
hy—hy (B -1 T -1 2
plazh /Bv(luhlgz B 0 Ay T L Ly O O
hy.h 2
)LW /WTZ w 1_1’[061,"%%
+ - Oh povd Fyl(s)ds | .
1_ _ualﬁZ A o

Note that in Corollary 4.22, an explicit expression for Vy, ; for computation is given by:

hyohy 2
1 h ,h hi.h 1- ”aﬁwl
Vs = T <l_ga1[32 alﬁzvv/1 )+ AV wT zow/ (t)dr
w

h((1—B) /\ulg”lgfwﬂ) ) (ha—h1)2(B—1 +ugl7gfw,l>+
(1-p)? (B—a)?
+A%w Zow (Fy ' (1))*de — 1.

4.5.2 Unimodal constraints

In this subsection, we additionally suppose that the portfolio negative return ! | w;X; is

known to be unimodal with inflection point £ € (0, 1). Then the uncertainty set becomes
My e g = MyeNTFy e,
and by Proposition 4.17, we have
My e =Ty g (WT[.L, VW Zow, e||w|]%)
The robust optimisation problem is to solve

argmin sup ps(G). (4.23)
wed/ GeﬂU’é (WTI-L7 WTZOW@'HW”%)
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Assume g € S has a density y(u) = 8_g(x)} for 0 < u < 1. First, consider the

x=1—u

case € = o 1.e., there is no probability constraint. Recall the following definition, l;é: =

VI0 0 () = (1)) du

Proposition 4.23. When € = oo the robust problem (4.23) is equivalent to

argmin (w ng(1)+be v WTEOW>
weo/

Note that for GD and MMD, they have g(1) = 0. Therefore, if o7 = §, the unimodality

information does not alter the optimisation problem, although it reduces the worst-case value

of the distortion risk metrics through the constant 135. For RVaR, where g(1) = 1, unimodality

may affect the optimal portfolio via 35.

Let (F, TXo)g_m denote the projection of Fw_rl onto .F; 5 The following result treats the

w

case 0 < € < oo,

Proposition 4.24. Suppose kjl y: is non-constant for all A > 0, and (F, WX, )e ¢ LT is not constant

for all values of w € ,. For 0 < € < oo the problem (4.23) is equivalent to:

VWTEow (fo v(w)k], () dug<1><g<1>+awwm>)>

arg min (wTug(1)+ — 2
\/fO (kzw,g(”) —g(1) = Aww ' )" du

W€5n7g

where

1
One =N {2WTZOW—2\/ WTZOW\//O ((erxo)gm(u) —WT,u)Zdu < 8||w||%},

and
Aw=nwl,, + V/ ' 2
{2w'Zow—2 WT20W5w>€HWH2}
with
o P 07w
w

VI 0w —g(Pde
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and Ny > 0 solves

]
/ o ] () du =22 Eow 8\|er2\/ / o(1)—Aw ) du

w!Xow

+w p(g()+aw'p).

Next, assume that the reference distribution is elliptical, i.e., Fx, ~ Ej (1, Xo, ). It follows
that for any w, the marginal satisfies Firx ~ Ej (w'u, w Zow, y). Define the standardised
marginal

FO = FWTX()fwTu ~ El (05 17 W)
\/WTE()W

We denote by (Fo)gm the projection of FO*1 onto 7y, ¢. This yields the following corollary.

LT

Corollary 4.25. Suppose k; ¢ is non-constant for all A > 0 and (Fo)g is not constant. For

0 < € < oo the robust problem (4.23) becomes

arg min
W€6n,g

<WT“g(1)+ VWTZow( fy Y(“)kﬁw,g(“)du—g(l)(g(l)+/lwau))>
\/f()1 (kgw»é(u)_g(l)—ﬂ«wWTu)zdu )

where
1
e :m{zw%w(l—\/ | () )2 au) < ellwi ),
0
and
fo ( )Y, ( ) du
Aw = nWl{ZwTZOW(l 8))>ellwl3 6” S
VI () —g(1))? du
with Ny > 0 solving
1 2w Zow — £||w||3
/0 Fy k] g () du = =208 / g(1) — Aw ) du.

4.6 Numerical Examples

Our main results reduce robust portfolio optimisation under an ambiguity set characterised

by mean, variance and a Wasserstein ball to minimising a deterministic objective. In this
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section, we demonstrate numerical results to illustrate the impact of model uncertainty on
portfolio optimisation for different risk metrics: GD, MMD, 1QD, VaR, ES and GlueVaR.
Specifically, we solve the optimisation problem in Corollary 4.19 for GD, MMD and ES,
Corollary 4.20 for IQD, Corollary 4.21 for VaR and Corollary 4.22 for GlueVaR.

We assume that &7 = A, and that the reference distribution X ~ N(u,Xg) represents
the negative returns from investing one dollar in each of n different assets in the market.
To simplify the analysis, we consider the case n = 2. For the reference mean vector, we

set 4 = (—0.06,—0.03) . We consider both positively and negatively correlated covariance

matrices X, as follows:

) 0.152, 0.5x0.15x%0.1 ) 0.152, —0.5%x0.15%0.1
Ty = Yo =

0
0.5%x0.15%0.1 0.12 —0.5%x0.15%0.1 0.12

The uncertainty is controlled by the Wasserstein radius €.

Positive Correlation (p = 0.5) Negative Correlation (p = -0.5)
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Figure 4.1: Optimal weight w} under different Wasserstein radius € with positive and negative
correlations.

The impact of model uncertainty on portfolio optimisation under these distortion risk
metrics can be seen clearly in Figure 4.1. In fact, as € changes, w; follows a similar pattern
across all six distortion risk metrics. For small € (low uncertainty), more weight is allocated
to the first asset; for intermediate € (moderate uncertainty), the weight allocated to the first
asset begins to decline; and for large €, it becomes constant (corresponding to the case

in which the Wasserstein constraint becomes inactive). The distortion risk metrics can be
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naturally divided into two groups in Figure 4.1: the optimal weights of the first asset for
GD, MMD, and 1QD (variability measures) are always smaller than those for VaR, ES and
GlueVaR (tail-risk measures), and the first group is less sensitive than the second group in
portfolio optimisation. In particular, the optimal weights for GD remain nearly constant,
showing that model uncertainty has only a small impact on portfolio selection under this
criterion. These qualitative findings are driven by the fact that g(1) = 0 for GD, MMD and
IQD, implying that u does not contribute to the portfolio optimisation; consequently, all
these criteria behave similarly to variance. In contrast, for the tail-risk measures VaR, ES and
GlueVaR, substantially more weight is allocated to the riskiest asset, and these criteria exhibit

more sensitivity to model uncertainty.

For the variability measures, the distortion function satisfies g(1) = 0. Inspecting the
objective in Corollary 4.19, the term w'  g(1) vanishes, so the expected return vector i
does not enter the optimisation directly. The objective then depends on w only through the
portfolio variance w ! Xow (and the Wasserstein-related correction), which makes the problem
qualitatively similar to minimum-variance optimisation. This explains why GD, MMD, and
1QD produce similar optimal weights and exhibit low sensitivity to changes in the Wasserstein
radius €: the optimisation is governed almost entirely by the covariance structure, regardless
of whether the underlying functional measures average absolute deviation, median deviation,
or inter-quantile spread. Within this group, the optimal weights are nearly identical because
the differences among GD, MMD, and IQD are encoded in the shape of g on the interior of
[0, 1], which affects the worst-case value of the risk metric, yet only has a minor influence
on the location of the optimal portfolio. For the tail-risk measures, g(1) = 1, and the term
w ' 1 contributes directly to the objective. This couples the portfolio’s expected return with its
tail-risk exposure, leading the optimiser to tilt towards assets with higher expected returns
(lower expected losses) even at the cost of increased variance. As a result, the optimal weight
wj is substantially larger for VaR, ES, and GlueVaR than for the variability group, since
asset 1 offers a higher expected return (i; = —0.06 versus tp, = —0.03). Moreover, because
tail-risk measures focus on the upper quantiles of the loss distribution, the worst-case value is

more sensitive to distributional perturbations: widening the Wasserstein ball € enlarges the set
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of plausible tail behaviours, causing a more pronounced shift in the optimal allocation. This
explains the greater sensitivity of the tail-risk group to the uncertainty parameter € observed in
Figure 4.1. Within this group, VaR, ES, and GlueVaR yield similar optimal weights because
they all target the same tail region of the distribution (as controlled by the confidence level
a), and GlueVaR is, by construction, a convex combination of VaR and ES, so its optimum
naturally lies close to those of its constituents. In summary, the key is whether g(1) =0 or
g(1) = 1: when g(1) = 0, the optimisation is mean-blind and variance-driven; when g(1) = 1,
the mean-risk trade-off actively shapes the portfolio, thereby amplifying sensitivity to model
uncertainty.

We also include the result of the case under Student’s t-distribution assuming that &7 = A,
and that the reference distribution X ~ t(v) represents the negative returns with v = 5. For
the reference mean vector, we set i = (—0.06,—0.03) . We consider both positively and

negatively correlated covariance matrices X as a normal distribution case :

0.152, 0.5x%0.15%0.1 0.152,

m = r) =

0.5%x0.15x0.1 0.12 —0.5%x0.15%0.1 0.12

The uncertainty is controlled by the Wasserstein radius €. The impact of model uncertainty

can be seen in Figure 4.2 Compared with the normal case in Figure 4.1, the Student’s ¢ case
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Figure 4.2: Optimal weight w} under different Wasserstein radius € with positive and negative
correlations under Student’s t distribution.

in Figure 4.2 leads to noticeably more conservative allocations to the first asset under the
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tail-risk criteria VaR, ES and GlueVaR, especially for small and intermediate values of €. This
effect is most pronounced under positive correlation, where the heavier tails of the Student’s ¢
distribution reduce the optimal weight assigned to the riskier asset relative to the Gaussian
benchmark. By contrast, the allocations obtained under GD, MMD and 1QD are only mildly
affected by the change of distribution and remain close to those in the normal setting, which
is consistent with the fact that these criteria are driven primarily by variability rather than
extreme tail behaviour. For larger €, the curves again flatten, and the differences between the
normal and Student’s ¢t cases become much smaller, indicating that the distributional effect is

strongest when the Wasserstein ambiguity radius is not too large.

4.6.1 Future work

The numerical examples above demonstrate the tractability of our framework. While a
full empirical back-test using historical return data lies beyond the scope of this chapter, we
briefly discuss the expected practical benefits and potential future work.

By construction, the robust portfolio minimises the worst-case distortion risk metric
over an ambiguity set. In doing so, it hedges against model misspecification in the tails
and, consequently, avoids concentrated positions that arise from over-fitting to a single
distributional assumption. A direct consequence of the min—max formulation is that the robust
portfolio is guaranteed to achieve a lower worst-case distortion risk metric than any portfolio
that ignores distributional uncertainty. This is the defining feature of the DRO approach: by
accounting for all plausible distributions within the Wasserstein ball, the resulting allocation
is inherently more resilient to adverse distributional shifts.

Whether the robust portfolio also improves the Sharpe ratio is not confirmed. The Sharpe
ratio is defined as the ratio of expected excess return to the standard deviation, yet the distortion
risk metrics considered here, such as VaR, ES, GD, and IQD, measure risk in fundamentally
different ways from the standard deviation. In particular, the notion of risk in our framework
is not the standard deviation. It is a quantile-based or dispersion-based functional that may
penalise tail losses or variability quite differently from variance. Consequently, a portfolio

that is optimal in the worst-case distortion risk metric sense need not be optimal in the
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mean-variance sense. A systematic numerical comparison between robust distortion-based
portfolios and Sharpe ratio-optimal portfolios, including an analysis of whether the former
yields competitive or superior Sharpe ratios, is an important direction for future research.
Several extensions merit investigation. First, an empirical study using historical equity
return data would allow a direct comparison of realised risk, return, and the Sharpe ratio
arising between robust distortion-based portfolios and classical benchmarks. Second, the
unimodality constraint developed in Section 4.4 could be tested empirically to quantify the
extent to which it tightens the ambiguity set and reduces conservatism in practice. Finally,
extending the framework to accommodate transaction costs and dynamic rebalancing would

further enhance its applicability.

4.7 Proofs of results

All the proofs of the results in Sections 4.3-4.4 are presented in this section.

4.7.1 Proof of results in Section 4.3

In this section we present the proofs of the results stated in Section 4.3.

Proof of Lemma 4.1. By definition,

E(F(V)(53)/(1 V) ~E(F ' (V))E((s3)(1-V))
oy /VaR ((g;)'(V))

_E(F(V)(83)/(1-V)) —pr (g(1) + Aur)

ory/E((g5)/ (V) — (g(1) + Aur 2

Corr(F~H(V),(3)(1-V)) =

Fix Ay € [0,00). We first show that, if (gjo)’(t) is continuous at 7 € (0, 1), then (g} )'(¢)

depends continuously on A at Ay. For A;,A, € [0,00) one can easily check:

1
6.0 =83, O <CPa=nl. €= [ |F(s)|ds,

and hence also |3 () — g}, (1)| < C|A2 — A |. Therefore, sup;c (g1 83,(t) — &3, ()| < C|A2 —
7Ll| — 0 as ‘lg—lﬂ — 0.
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Suppose, by contradiction, that there exists a point ¢ € (0, 1) of continuity of (gj‘lo)’ , for
which (g3)'(z) /4 (gjo)’ (t) as A — Ap. Without any loss of generality, assume there is a
sequence A, — Ag such that: lim, (g3 )'(t) = ¢ > (g3, )/ (7). Setd = c— (g3 )'(t) > 0. By
continuity of (g;o)’ at ¢ there exists € > 0 with (gjﬂ)'(s) < (gjo)’(t) +d/3forall s € (r —¢,1].
Moreover, for large values of n, we have (g} )'(#) > ¢ —d/3. Since (g} ) is non-increasing,

it follows that (g;{n)’ (s) = c—d/3 on (t — &,t] for all large n. Hence,

[ @yoe= [ @) oS,

or equivalently

for all large . This contradicts the uniform convergence sup;¢ q,1) |83, (t) — 3, (t)| — 0. Thus
(&3)(t) — (gjo)’ (t) whenever (g )’ is continuous at 7. Since (gjo)’ has at most countably
many discontinuities on (0, 1), we obtain (g3 )'(t) — (g3,)'(r) for almost every ¢ € (0, 1), as
A — A

Set X; = (g3)/(1—V)and ¥, = (¢*)'(1—V)+AF~!(V). Elementary computations give:

g (1-a) g (1—a)+A [y F~'(¢)dt

ESoa(Xp) =~ —o— ESan)= -

Since g3 (t) <g*(t) + A [, F~(s)ds we have: ES¢(X;) < ESq(Y;) forall o € (0,1), and
obviously E(X; ) = E(Yy) = g(1) + Aur. By Corollary 2.61 and Theorem 2.57 in Follmer

and Schied (2016), this implies X; <. ¥; (convex order), hence,
E(X;) <E(Y}),

and, therefore,

1

[ (@reras [ (@yw+aro-n) e
< 2/01 ((g*)’(t))zdt+2/12/l (F~'(1))2dr < oo,

0
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Let us fix A9 > 0 and let € € (0, 1) be arbitrary. Define the concave continuous functions

as:

g, (1) —g(e)

f(0) = 8 (M ocr<ey (1) + (g () + (1= ) ) Lern) (1),

1—¢
(6) = ra (O osrcey )+ (rale) + =2 )1 ),

where r;L(t) :g*(l)—f—}t fll_lFfl(S) ds. Note that f; < kl’fl(o) :kl(O) =0, f;L(l) ZkA(l),

and both are continuous concave functions on [0, 1].

Arguing as above, we obtain f; (1 —V) <cx &} (1 =V), so

[ oras< [ @o) e

Rewriting the left-hand side gives

[ (@rwyas [ (@yo+rra-n)a
(ra (1)~ ra(€))” ~ (85.(1) ~ &5(2))

2

_|_
1—¢
<2/0£((g*)'(t))2dt—|—212/08 (F'(1—1) i
) r© g0 g @) ) g
1—¢ '

Since g5 (1) =ry (1) = g2 (1) and g; (&) < g (&) < rp(€), we deduce that,

(1) —ry(e) + g5 (1) — g5 (8)| - |ra(e) — g3 (e)]|
1—¢
<2(|gx(1)|+|m(8)l+lgx(8)\)|g*(8)—g(8)|

Hence, for any value of 11 > 0, there exists & > 0 such that for all 0 < € < &,

E
* 2
sup | ((g5) (1)) dr
0<A<A /0
&

<2 [ (@Y O) dr+200+17 [ (F(1-1) dr+ Mlg" () —g(e)] <,

0
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for some constant M. A similar argument on the upper tail yields that, for sufficiently small

values of &,

sup /1 ((¢5)(1))2dr <.

0<A<Ay /18
Since each (g7} )’ is monotone on (0, 1), we conclude that the family {((g})'(t))*: 0 < A < Ao}

is uniformly integrable for every instance where Ay > 0.

Using Holder’s inequality and the a.e. convergence established earlier, we obtain:

[E(F'(V)(g3)'(1=V)) —E(F ' (V)(g3,) (1=V))]

as A — Ag. Similarly,

E((g5)'(V)* ~E((g5,) (V)|
- ‘/ol ((g5)(0))* - ((gio)’(t))zdt‘
< (/01 ((gi)’(t)+(g30)'(t))2dt>1/z</01 ((83)’0)—(gio)’(t))zdt>l/2—>0,

as A — Ag. Combining these limits shows that the correlation Corr(F~(V), (g3 ) (1—V)) is

continuous in A on [0, o).

It remains to prove that limy_,., Corr(F~(V), (&3)'(1=V))=1. Put [ =g, /A for

A >0,s0l; =g;/A. Then,
Corr(F~1(V),(g}) (1=V)) = Corr(F~'(V),(1;) (1-V))

and

E(F ' (V)(5;)' (1=V)) — pr ((1)/A + pr)

Corr(F_l(V),(l;{)/(l -V))= 2 2
orE((1)/(V))* = ((1)/A + )

Denote L.(r) = i, F~ (s)ds. Then, sup;c(q,ij |11 (1) — L (1)] < sup,co,1]¢(r)|/A and, con-
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sequently, sup;c(o 11 |15 (1) — 1(2)| < sup,ejo 11 |g(#)|/A. Arguing as above yields (1})' () —

(1%)'(t) for almost every value of ¢ and the family {(;)’(r) : A > 1} is uniformly integrable.

Hence,
fim E(F~'(V)(1)/(1-V)) =E(F~ (V)(2) (1= V) =E((F~'(V))),
and
Jim E((17)/(V))* = E((12)'(V))” =E((F~'(v))).
Therefore, the correlation tends to 1 as A — oo. ]

Combining Theorem 5 and Remark 2 of Pesenti et al. (2024), we obtain the next lemma,

which is used in the proof of Theorem 4.2.

Lemma 4.26. For g € 7,

sup  Pg(G) = pg(Ho),
GeEMw(1,0)

and if g = g then the supremum is uniquely attained at H.

Proof of Theorem 4.2. Observe first that for any G € .# (1, o) one has:
(ur — p)*+ (oF — 0)* < diy(F,G) < e.

If d} (F,G) = (ur — )* + (oF — 0)? then necessarily G~ (t) = u + G%}JW, whose law
we denote by He.

Now consider G with (tr — )*+ (or — 6)? < d%(F,G) < €. By Lemma 4.1, there exists
a condition A > 0 such that dy (F,H) ) = dw (F, G). This equality of Wasserstein distances is

equivalent to:

1 1
/Fl(t)h,l(t)dt:/ FU 06 (1) dr,
0 0

which in turn is equivalent to

Pg;—g(Hy) = Pg; —¢(G). (4.24)



113

By Lemma 4.26, we know supge .. (u,0) Pz, (G) = Pg, (Hy ) and H; is the unique maximiser.

Therefore, for any value of G € .Z..(11,0) with G # H), we have pg, (G) < p,, (Hy), i.e.,

pg<G) +pg/1—g(G) < pg(H/l) ""pg/l—g(H)L)-

Using (4.24) this yields py(G) < pg(H) ) whenever dw (F,H) ) = dw(F,G) and G # H, . Thus,
the maximiser over the Wasserstein-sphere of given radius must be of the form H, for some

value(s) of A € (0, o).

If dw (F,H), ) < dw(F,H),,), then one should check (using the same envelope arguments)
that: pg(H),) < pg(Hy,). Consequently, for a given radius, there is a unique A, > 0 with

dw (F,H,,) = /€ and H)_ attains the maximum. This proves (i).

For (ii), suppose € > (ur — u)> + (6 — 6)> +20rc(1 —cp) and (g*)" is not constant.
By Lemma 4.26,

sup  pg(G) < sup  pg(G) = py(Ho).
GeMe(11,0) GEMor(1,0)

Since Hy € .#¢(1t,0), the reverse inequality holds as well, hence supge 4, (u.0)P2(G) =

pq(Ho) and Hy is the unique maximiser.

If (¢*)’ is constant then ¢y = 0 and & > (ur — u)? + (6F — 6)? + 20F 0, which implies

that #¢(u,0) = M(l, o). In this case,

sup  Pg(G) < sup  pge(G) = g(1)p.
GeEMw(11,0) GeEMw(1U,0)

For the reverse bound define, forn > 1,
1 1
Gp=(1- 1/”>5u + %SLH\/EG + %5u+\/ﬁoa
which belongs to .#..(11,0) and converges weakly to &,. A direct calculation shows that:
Pe(Gn) = g(L)u+ (g(1—1/(2n)) — (1) +g(1/(2n)))v/no — g(1)u,

as n — oo. Hence supge . (u,6) Pg(G) = g(1) 1. This completes the proof. O
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Proof of Corollary 4.3.

(i) For VaR, take g(r) = 1;;_¢.1)(r) and g3 (£) = 1;;_¢1y(t) + A [, F~'(s)ds. Using the

definition of #;_ 3 one obtains:

1
G0 =2 | F i s)ds Loy (1)

N (gx(l —a)—gr(ti_q1)
l—a—t_g2

(t—ti—aqn) +gx(f1fa,z)> Ly an-al(t)

1
—f—(l—f—l | F_I(S>dS)1(1_a71}(l).
—1

Differentiating yields, for ¢ € (0, 1),

1+ 2 folftl’“”l F~!(s)ds
l—a— l—aa

(83)' (1=1) =AF ' (1) g, ogui—, o,.1)() + Lo 11 ,) (1)

Hence, 1
—t
1A fy " P (s)ds g
I*a*tlftx,), A

by,

VaR} (Hy)=pu+o

(ii) For IQDY, take g(t) = 1jg1_(t) and g1 (t) = Lig1_oy(t) + A |, F~'(s)ds. By

construction,

(1) = (gx(a)—ga(fa,a)

82 T (l—ta,/l)+g/1(fa,/1)>1[rw,a](t)

82 (1) X015 )0( 1~ Ul 1.1 (F)

. <gx(fa7x) —a(l—a)
far—1+a

(1 —Fa.2) + 82 () ) L1 aed ) (1)

Thus forr € (0,1),

gty p) —g1(1—)
fa,k — 14+

g (a) —gy(ten)
o _toc,l

(g7) (1—1) = Lo 1-1y,)(1) + L1ty 5.0)(2)

+AF N0 0,124, (@1 -a)u(1—1q .1 (0):
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Theorem 4.2 then gives:

(@)= (tay)  grlfar)—8r(1-a)

O—lg 2 fq— 1+

b,

IQDg, (Hy) =

(iii) For g(r) = 1 @ N1 —1(1_g,,1)(t) one computes similarly that:

g (Uey op.0) — 82 (1 —012)
Ugy,op.0 — 1400

gi (t) = (gl(l - (Xz) + (t —1 + a2)> 1[1—()(2,1405170‘27,1](1‘)

+ 81 (1)1(0,1-02)Ulug g, 2.1) (1)

Hence, fort € (0,1),

* 1 —
(82)'(1—-1)= (1—11(051,1)(0-1'“7 l(f))1(0,17ua17a27,1)u(a2,1)(l)+Cal,a2711(17ua17a27,1,a2)(f)-

Applying Theorem 4.2 yields the claimed expression for the supremum. U

Proof of Theorem 4.4. By Theorem 4.2 it suffices to prove

sup  Pg(G) = sup  pg(G).
GE%&‘(IJHG) GE%&‘(IJHG)

Since g < g, we trivially have

sup pe(G) < sup  pg(G).
GEMe(u,0) GEMe(u,0)

We now show the reverse inequality.
First assume that g(z) # g(¢) only at finitely many points {t1,...,t,} withf; < --- < t,,.

For eachn > 1 and ¢ € (0, 1) define the quantile

G,'(1)=G"1(

)

e 1t I Ji—ti—1/n2

+y =

icg, M1 J1—t=1/n

(O Ures, (1t 121151 /m) U (1111 /2) )
l’l2 1—ti+1/n

G (s)ds 1y 121 gpp1ym (1)

2 1—t,~+1/n2

G () ds 1y 1 jt 1 /m2) (1)
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where 71 = {i: §(t;) =limy, g(s)} and Z» = {i: §(t;) = limgy, g(s)} \ Z1. For sufficiently
large values of n, the small intervals appearing above are disjointed. Let o, be the standard

deviation of G,, and set
=U+——" 0. (4.25)

One checks that lim,,_,c dW(G,,,F ) < V€, hence for every ) > 0 there exists ny with G, €

Mein(1,0) forall n > ng
A direct decomposition yields

G ' (1—t;+1/n)

Pe(G) = pg(Gn)+ ), </ ¢(1—G(x))dx— /

&5, NG (1--1/n2)

n Z (/ “N(1—ti4+1/n?) (I—G(X))dx—/G_ (ltiﬂ/n)g(l—Gn(x))dx).

i€Dy 1 —ti— l/n) Gil(lfl‘ifl/n)

(1—t;41/n)

81— Gu(x)) d)

(1—t;—1/n?)

Elementary estimates and the definitions of the G,, show that, as n — oo, the correction terms

vanish and, therefore, p3(G) = lim, . p3(Gy).

Using (4.25) together with the homogeneity properties of p, one obtains

Pa(Ga) — ug(1)
o

p§(Gn): Gn‘l'.ug(l)

and since pg,((A?n) = pg(an) we derive

op+ug(l) = hm Pg(é\ ) < sup pe(H).
HeMein(1,0)

(4.26)

ps(G) = lim pg(G,) = lim

Ps(Gn) — (1)
n—oo n—oo (0}
Thus, p3(G) < sUPye 4, , (u,0) Ps(H) for every 1 > 0.

Next, treat the case where g # g on infinitely many points {#; : i >> 1}. Define approxima-

tions

gm(t) =8() gz, 1 () + 8011\ {11} ()

Each value of g,, differs from g only on a finite set and obeys the previous argument, so for
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every G € .#:(1,0) and every 11 > 0 we have:

Pen(G) < sup  pg(H).
HeMein(1,0)

Since g, T § pointwise and pg, (G) > —eo for each point, m, the monotone convergence

theorem yields p,, (G) T ps(G). Hence,

ps(G) < sup pe(H).
HeMen(1,0)

If p3(G) = —oo , the inequality is trivial. If pg(G) > —oo but pg(G) = —oo , one may
truncate G from below, renormalise, and argue as above to obtain the same bound in the limit.

Combining the cases we obtain, for every instance where 1 > 0,

sup  pe(G) < sup pg(G).
GeMe(1,0) GEMen(1,0)

Hence,

sup  pg(G) < sup pg(G) <lim  sup  pg(G).
GeMe(u,0) GeMe(u,0) MO Ge ey (1,0)

Let /(&) = supge_ 4, (u,0)P2(G)- Then [ is non-decreasing and

liml(e—n) <  sup pg(G) <I(e).
0 GeMe(1,0)

The assumed continuity of ps(H) ) in A on the relevant range of radii implies continuity of
I(g) for (up —p)>+(oF —06)> < & < (up — 1)>+ (o — 6)*> +20rc (1 — cp), and, therefore,
equality holds there:

sup pg(G) = sup  py(G).
GeMe(U,0) GeMe(U,0)

Applying Theorem 4.2 yields the conclusion of part (i).

For € > (ur — u)*>+ (or — 6)> +20r0(1 — co) the function [(€) is constant, so the
same identity holds; the boundary case € = (ur — )? + (o — 6)% +20r0 (1 —cg) follows
from Theorem 5 and Remark 2 of Pesenti et al. (2024). Combining these observations with

Theorem 4.2 gives part (ii). [
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Proof of Corollary 4.5.

(i) From Corollary 4.3 we have the explicit formula:

1—¢
1424 [ % F=1(s)ds
l_a_tlfoc,/l

b, ’

VaR} (Hy)=pu+o

where ay = g(1)+Apur and by, = \/fol ((gi)’(t))zdt — (g(1) 4+ Aur)?. The continuity of a,
in A is immediate. The continuity of b, follows from the uniform integrability of the family
{((g3)'(£))*: 0 < A < Ao} for any fixed A > 0 and the a.e. convergence (g} )’ (1) — (gjo)’(t)
as A — A established in the proof of Lemma 4.1. Using the explicit form of (g3 )’ () in

Corollary 4.3(i), one also checks that the ratio

1+ A folftl’“"l F~1(s)ds
l—a— lH—ar

depends continuously on A. Hence, VaRy (H} ) is continuous in A € (0,0), and Theorem 4.4

applies to give the claimed result.

(ii) The expression for IQD{, (Hj ) is given in Corollary 4.3(ii). The continuity of b,

a(a)=g(to ) and & (fo2)—gn(1-)

was discussed in (i), and the continuity of the numerators T R

follows from the a.e. convergence (g3 )’ (1) — ( gjﬂ)’ (¢) and the uniform integrability arguments
used in Lemma 4.1. Therefore, IQD,(H, ) is continuous in A on (0,e) and Theorem 4.4

yields the conclusion.

(iii) For g = ggl ’Oilz note that, under the condition 1% > %, the function gzl ’52 Nhy is

concave on (0, 1). One then computes, as in Corollary 4.3, that:
hyho ga(l—a)—gx(uﬁl,?ﬁ)

o l} )L)+ hl,hz‘ ’ (t_u](/lx];l?,z},))l[uhlvlw l_a] (t)+gl (t)l(o uhlﬁhZ )U(]—(X,l)(t).

) lfafua a,BA’ a,B,A

(1) = (ga(u

Differentiating gives the formula for (g3 )’(1 —1) appearing in Corollary 4.5(iii). Using the
decomposition pﬁgfjfz =w1ESq +w2ES[3 +W3VaRg with wi,wo,w3 20, wi+wr+w3 =1,
together with the uniform integrability and a.e. convergence arguments used above, one
obtains the continuity in A of all terms in the expression for the supremum. Then Theorem

4.4 yields the asserted identity. [
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Proof of Proposition 4.6. If g is concave, then g; = g3 =g+ A || 11_, F~1(s)ds, hence,

g1 =) +AF(t) —ay
by, ’

(&3) () =g ) +AF ' (1—1), h()=p+o

with ay = g(1) + Aur and

The equation dy (F, H; ) = /€ is equivalent to:
o2 m2 2 <2 ~1 _
€=Up+ 0+ U +0°—2Cov(F (V),hy(V))—2uur,
hence,

2 L 524 124+ 62— 2Ule — &
Cov(F~'(V),hy (V) = Cer := i+ O0F 1 +26 HHF

WV
o

Computing the covariance using the expression of 4 gives:

Cov(F~1(V),hy (V) = %(C&F +A07),

where Cy p = Cov(F~1(V),g'(1—V)). Thus,

0 (Cor +A0E)

by —
A Cer

On the other hand, by definition b3 =V, +2AC, r + 1?02, with V, = VaR (g’ (1 — V)). Equat-

ing the two expressions for bi and simplifying yields the quadratic equation in A

V,C2 . — 02C?
GEA2 +2C, F A + gC;’F Gzcg’F = 0.
eF F
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Solving this quadratic produces the claimed formula

2V, C? . —c2C?
2 8-¢e,F e F
—CeF + \/C F GF—CZ o702

2
OF

)«g:

4.7.2 Proofs of results in Section 4.4

In this section, we give the proofs of all statements from Section 4.4. Denote by (-,-) the
inner product on the space ﬁU lg

-1

Proof of Proposition 4.8. By construction yi F, 2

Since yg is non-constant, the function

1 .
Ve (u) —ag
T — £

hg(u)—u—i—c 135

belongs to .%, };(u o). Take an arbitrary h € .7, *}; (1, 0) and set

U, U,

_p Mk +ag € Fy )

Note that || }/g||2 = ||k||2. The claim of the proposition follows from the chain of equivalent

inequalities

ly=7 2 <lly=kl2 = (%) > (r.h)
= (1,hL) > (rh)

— Pg(hg) > pg(h).

Strict inequality holds in the above relations unless }/g = k, which yields the uniqueness of the

maximiser.
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Using the above identity we obtain:

sup (G = (r,u+ 0
G*le,ﬁzié (u,0) be

c .
:ug(1)+a<%7§—ag>-

By Corollary 2.3 in Brunk (1965) we have the orthogonality relations (y — yg, }@ =0and

(y— }/g, ¢) = 0 for any constant ¢ € R. Hence,

(v, —dg) = (1L, 7; —ag) = (¥ — e, 7L —ag) = B,

and, therefore,

sup  pg(G1) = pg(1) + oby,
G*leﬁflzlé (u,0)

as claimed. ]

Proof of Proposition 4.9. Let

n

’}/(Lt) - Zyil(xi—l7xi)<u)7 O=xp<x1<--<x,=1,y,€R.
i=1

Without loss of generality, assume & € (xj,—1,%;,). Fix one interval in the collection:
{(xiz1,xi) i #io} U{(xiy—-1,&),(E,xi,)} and denote it by (a,b), and write the constant
value of y on (a,b) by y. We treat the case b < & (so }/g must be concave on (a,b)); the

complementary case a > & is analogous (convex on (a,b)).

(H If yg(a) >y, define on (a,b) the affine function

%) -%(

i (u) -

(u—a) + 7} (a),

and set y; = yg outside (a,b). Then y; € ﬂ’g% and [[71 — 7]z < H?’g — 7|2 By the uniqueness

of the projection, we must have ’yg = 7, hence }/g is linear on (a,b).
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() If }/g (a) <y< }/g (b), there exists ¢ € (a,b) with yg(c) =y. Define for u € (a,b)

R -7

) = ( b—c

(=) + 1) A ()4 (@) (=) + 7 (@),

and set » = yg outside (a,b). Again p € 9&% and [[yp — 7l]2 < H?’g — 7l2, so uniqueness

yields yg = 7, which is linear on (a,b).

(3) If ¥} (b) <y, put for u € (a,b)

%() = () (@) —a) + (@) A () ) =)+ 7 (B) ).

and 3 = yg off (a,b). Again 13 € .7, L and |5 — 7|2 < ||yg — 7l|2, so uniqueness forces

Ug
yg = 713, hence linearity on (a,b).

The preceding arguments show that }/g is piecewise linear on each step interval (or its
subdivision when the interval contains §). If § = x;, for some iy, the representation (4.15)
follows. By Corollary 2.3 in Brunk (1965), we have the moment constraint {7y — yg, 1)=0,
which yields (4.16).

A direct calculation (carried out by integrating the quadratic deviations piecewise) yields:

1 n +13 3 + 0t (a3 +13
T2 ()" —(er)” | (& +¢ (xi—ai))”— (&) )
~ = N
Ot = vhwan= Y (o o
ra;—xi_q _ _
=Y (B (e et +e)?)
i=1
Xi—aj
+ 55 (e e (ima)?+ (ef +cf (i—a))e) +(e)))
where
n
e, =g(1)— Z (c;(aj—xjfl) —l—cjr(xj—aj)) =i, el =e +c; (ai—xi-1),
Jj=i
for i = 1,...,n. Therefore, the optimal parameters (a,c) are obtained by minimising the

displayed expression over the domain %, which yields (4.17). This completes the proof. []

Proof of Proposition 4.10. The L>-projection operator is contractive (Theorem 2.3 in Brunk
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(1965)), hence

1%, = %l < [l =7l

Write

br—B%, = (W) — (o) — (@2 —az ).
Using Corollary 2.3 of Brunk (1965) we obtain:
[ 78 = (o ) = 1) = (e )< 2l = Yl

A direct estimate yields

@2 =, < (Il + 1% l2) 190 — 7l

Hence, o
o=t @l ) =l
55—1-1;57,1 h ZA?é

|bg —be

Using these bounds, we obtain:

! 4 f—a
1L, —hilla = GH e fen % ,;:é Hz

Bgyn
1%, —le+lae,—ael b, . .
<o . ¢ = > é—f—GA = ’bin_bé‘
be be pbg ™
2([7]l2 + {1 c
< (24 M2t 0R) O oy,
be be

and, consequently,

o 2|7l2 + 1%l % — Y||2_
be

pe(h}) = py(hL )| = olbe —be | <

This proves the proposition. [

Proof of Example 4.11. Part (i) is immediate. For (ii) assume & = 1/2. Then any candidate
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projection takes the form:

Yg(u) = (ct(u—1/2)+a—1)1 o) + (c2(u—1/2) +a—1)1( 2.1y (u),

with parameters a € [0,2], ¢; > 2a and ¢; > 2(2 — a). A direct computation gives:

1 alc 1/2—a/c
| vty ae=c( [ laer [T )
(2—a)/c 1/2—(2—a)/c
—I—C%(/ 2uzdu—f—/ 2uzdu>
0 0

=: G(cy,c2,a).

To minimise expressions of the form

=28+ (-2’

. be_1)3
with a > 0, b > 0 and ¢ > a/b, one observes that: ]% = —H—(“f. 2

and differentiating
shows the unique minimiser is ¢ = %% Applying this to both terms in G (with appropriate
identifications) yields that, for a fixed a, the minimum is attained at c; = 3a and ¢; = 3(2 —a),

with G(3a,3(2—a),a) = g(a* + (2 —a)?), and this is minimised at a = 1. Thus,

as stated. L]

Proof of Lemma 4.12. For any G~! € Ty lé (u,0) a straightforward computation yields:
diy(F~',G™") = (W —pr)* + (0 — 0r)* +200F + 2upr —2(F~',G 7).

IfG e ﬁ&é (ur, G;) then by Theorem 2.2 of Brunk (1965) we have

(F~! —F;’T, Fg” —G Y >o,
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which implies

(FL6 ) <(F LR+ (R e — (R,

§
71,T -1 717T 717T
By Cauchy—Schwarz, we can also have <F§ ,G ><<Fg Fy ).
Therefore, for G~ € Ué([,LF,G;)
1 1 1 Lt
(F7,G ) < (F Fy ).
Consequently, for any value of G~ € . U 15 (u,0),
—1,
2 (=1 -1 2 2 L ke "
a3 (F™,G™") > (1= )+ (0 — o)+ 200 + 2upp —2(F 7, =0+ )
OF

= (1t —pr)*+ (o —or)* +200F (1 - cm(F—l(V),FglvT(V))). (4.27)

Let &y = Corr(F~! (V),Fgl’T(V)). The bound (4.27) shows that if:

< (tr — )’ +(or — 6)* +20r0 (1 - &),
then .7, 5( U,o,€) = . If equality holds, then the lower bound in (4.27) is attained and one

obtains the singleton

This proves the lemma. 0

Proof of Lemma 4.13. Theorem 2.3 of Brunk (1965) gives the L*-continuity estimate
1K), e =k}, 13 < 22— [ (uF + oF),
which immediately implies continuity of the map A + Corr(F~! (V),k; 5(V)) on [0,00). Let

IAc;u: =Ay+F 1, k; £= L*-projection of IACME on {@(;15
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Then IAcg ¢ = F, gl’T and, again by Theorem 2.3 of Brunk (1965),

2 -1
1K) & = F "TI3 < 221715

Hence kT

AET F, é_l’T in L2 as A | 0, and, therefore,

- Pt _ - -1
g%cm(F L),k 2.e(V)) = Corr(F 1(V),Fé (V).

Combining with the L?-continuity argument above yields

lim Corr(F~'(V),k} (V) =Corr(F™"! (V),Fé_l’T(V)).
A—oo
This completes the proof. [

Proof of Theorem 4.14.

(i) By Lemma 4.13, for any G~! € .%, lé(u o, €) there exists A > 0 such that:

U,

dw(h) o F~') =dw(G™',F).

Hence (F~! hl £§> (F~1,G~"). Proposition 4.8 applied to the distortion Y+ AF~! yields:

sup  (y+AFLH ) = (y+ AF LA ),

H'e7 (1,0

with hT A the unique maximiser. Therefore, for any G~! # h A having the same Wasserstein

distance to F~1, we obtain:
(Y+AF R ) > (y+AF LG,

which, using the equality of inner products with F~!, implies p, (h;L 5) > po(G~1). Thus,
h; £ is the unique maximiser on the Wasserstein sphere determined by that radius.
Ide(hX oF < dW(th oF ~1) then (F~! h} 5) (F _l,hLQ and by Proposition

4.8 one gets pg( i é) > pg( é) Hence, the maximiser increases with the radius, and part
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(i) follows.,

(ii) If }/g is not constant, then hg S 5(“7 0, €) and Proposition 4.8 gives the stated conclu-

sion. If }/g is constant, Corollary 2.3 of Brunk (1965) yields (7, k) < <y§, k) for all k € .7, 5

Taking k = 41 shows that ’yg = g(1) and, therefore,

sip p(GH< s (.G <g(p
G*lezgfié(u,c) G~ 16‘“U'§(/,L o)
To see the reverse inequality construct for n > 1, the distribution G, of the random variable
p+o+/3nU[—1/n,1/n] (uniform on a shrinking interval). Then G, ! € Ug(“ o) and

G, '(t) — u forallt € (0,1), which implies py(G, ') — g(1)u. Hence,

sup  pg(G) =g(u,
G le7; 15(;1,0')

completing the proof. [

Proof of Lemma 4.15. Let

6:= inf [ly—hl;
P j61.6)

and choose a sequence (/,),>1 C 355;51 g, With |Y— hn||2 4 6. For each rational u € (0,1) N
Q the sequence (h,(u)),>1 is bounded, hence by a diagonal argument we may extract a
subsequence (A, )m>1 such that the pointwise limit

h*(u) := lim hy, (u)

m—soo

exists for every u € (0, 1) NQ. The function #* is monotone increasing on the rationals. Define
foru e (0,1)

t o * (0
LECEPR. S

which is increasing and right-continuous on (0, 1).

| g1 P . o
We next show Ve, € JU,[ g5 Let C denote the set of continuity points of Ve, & for

any value of u € C there are rational sequences uy 1 u and uy | u with h*(ug) — }/21, £ (u) and
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B (uy) — yg} 52(u). By definition of 2* and the subsequence,

lim hy,, (u) = Vo () forallueC.

Let &, denote the inflection point of #,,. The sequence (&,)m>1 is bounded, so after
passing to a further subsequence, we may assume &,, — & € [}, &>]. We show ygl & is convex
on (&, 1) and concave on (0,&). Fix u; < up <uz <ugin (&,1). For large m we have &,, < uy,

and convexity of h,, on (&, 1) yields:

hn, (2,0) = hn, (1,0) _ i, (t4,0) = hn,, (u13,0)
Up g —upyp - Usyp— U3y ’

for appropriately chosen rational approximations u; ¢ | u;. Letting m — o and then £ — oo
and using right-continuity gives the corresponding inequality for }/;’ £ hence convexity on
(€,1). The concavity on (0, &) is analogous.

If £ € (0,1) we verify continuity at & by a local Lipschitz-type estimate: for u;,u, close
to &, one obtains an m-uniform bound on increments of A, from unimodality, and passing
to the limit gives 7'1;, 6 (E+) = ygh 52(5 —). Thus, ygh ¢, 18 continuous on (0,1), concave on
(0,£) and convex on (&, 1), with & € [£1,&,], so yghéz S

U, gl 752] )
Finally, Fatou’s lemma yields @

|y =7;, g, ll2 < liminf |y =, |2 = 6,

hence }/g] & attains the infimum and the proof is complete. [

Proof of Proposition 4.16. The argument is identical to that of Proposition 4.6 (replace the
projection on the full unimodal class by the projection on 9[; % £ 52])' We therefore omit the

details. O]

Proof of Proposition 4.17. By Theorem 1 of Popescu (2007) (see also the discussion there)

the set of marginal laws of the portfolio return under the mean—covariance constraint equals

{FZ?:1W1‘XI‘ E(Xl) = Wi, COV(X) = ZO} = %‘” (WT‘u’ \ WTZOW)'
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Moreover, Theorem 5 of Mao et al. (2025) shows that the multivariate Wasserstein constraint

on the vector X translates to a univariate Wasserstein constraint on the portfolio w ' X, namely

2
(For s diy™ (P, Fr,) < VE} = {G : dw (Fyrx,, G) < \/e||W]3}.

Combining these equalities yields:

%W,S = %SHWH%(WT'LL’ \/ WTZOW),

as asserted. ]
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CHAPTER

Conclusion

This thesis has investigated the design and implementation of robust reinsurance and
portfolio selection under several complementary forms of uncertainty. The three main chap-
ters, Chapters 2-3 address distinct, yet related aspects of uncertainty that insurers face in
practice, specifically, ambiguous dependence across business lines, computational difficulties
arising from non-convex optimisation problems, while Chapter 4 addresses distributional
ambiguity affecting risk metrics and portfolio optimisation. Together, these contributions form
a coherent framework that blends analytical characterisation, computational methodology,
and distributionally robust bounds to produce implementable guidance for both theory and
practice.

Chapter 2 studies the worst-case reinsurance design when only marginal loss distributions
are known and the dependence between risks is uncertain. Using VaR and related criteria,
the chapter provides tractable characterisations of optimal ceded-loss functions under mild
assumptions on the marginals. A key result is that, under realistic tail conditions, the complex
infinite-dimensional search for optimal contracts reduces to a search within a few interpretable
families. These include limited stop-loss, piecewise-linear (i.e., generalised stop-loss), and
capped quota-share arrangements. The chapter also explores special cases, such as two lines
of business and quota-share extremes, to demonstrate how worst-case dependence can be
constructed and to clarify the practical meaning of the solutions. Overall, the results offer

insurers explicit and robust contract forms, supported by theory, that remain valid under
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dependence ambiguity.

Chapter 3 tackles the numerical challenges arising from the non-convex, high-dimensional
reinsurance optimisation problems. The chapter introduces a homotopy-based computational
strategy, Homotopy with Perturbations and Ensembles (HOPE), which has been specifically
adapted to these robust formulations. Through careful algorithmic design and extensive
numerical experiments, HOPE reliably finds high-quality solutions and is thus far more
efficient than traditional global optimisation methods (e.g., grid search optimisation). By
rendering previously intractable formulations computationally tractable, this chapter closes

the gap between theoretical reduction and practical implementation.

Chapter 4 develops distributionally robust bounds for a broad class of distortion risk
metrics under Wasserstein transport constraints, with extensions that incorporate unimodality
and moment constraints. The chapter derives sharp worst-case bounds for several practically
relevant measures, including both discontinuous and non-monotone distortions that interpolate
between VaR and expected shortfall. It also identifies the form of the worst-case distributions
across different parameter regimes. By relaxing restrictive regularity assumptions and adding
economically informed constraints to the ambiguity set, the analysis generates risk bounds
that are theoretically precise and less conservative than many classical alternatives. These
bounds are suitable for embedding into capital allocation and portfolio optimisation routines,

thereby enabling insurers and regulators to quantify model uncertainty in a principled way.

Collectively, this thesis delivers three contributions. First, it provides analytical insight
into the structure of robust reinsurance contracts under conditions of dependence uncertainty.
Second, it supplies a practical and scalable computational toolbox for solving non-convex
robust optimisation problems. Third, it establishes sharp and distributionally robust risk
bounds that are adaptable to real-world constraints. Together, these contributions form a clear
pipeline that strengthens both the theoretical foundations and the applied feasibility of robust
reinsurance and portfolio design. Beyond these theoretical and computational contributions,
the robust frameworks developed in this thesis carry direct practical implications for actuarial
decision-making. The robust optimisation approach can be applied across a range of actuarial

settings: when designing reinsurance programmes under Solvency Il or analogous risk-based
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capital regimes, where Value-at-Risk and expected shortfall constraints must be satisfied
under regulatory scrutiny; when pricing and reserving for multi-line portfolios in which the
dependence structure between business lines is unknown or otherwise difficult to estimate from
limited historical data; and when stress-testing existing contracts against adverse scenarios. In
particular, the limited stop-loss and capped quota-share structures identified in Chapter 2 are
not merely theoretical constructs but correspond to contract forms that are widely used in the
reinsurance market. Limited stop-loss reinsurance, which caps both the insurer’s retained loss
and the reinsurer’s liability, provides actuaries with a principled basis for selecting retention
levels and coverage limits that remain effective even under dependence misspecification, while
also reducing solvency capital requirements and stabilising underwriting results. Moreover,
the HOPE algorithm of Chapter 3 equips practitioners with a computationally feasible means
of solving these otherwise intractable optimisation problems at portfolio scale, and the
distributionally robust risk bounds of Chapter 4 can be embedded directly into internal capital
models to produce risk assessments that account explicitly for model uncertainty. Collectively,
these tools enable actuaries to move beyond point-estimate-based reinsurance design towards
strategies that are formally resilient to the ambiguities that pervade real-world insurance

operations.

This research, however, has limitations that lead to clear avenues for future work. Relaxing
the convexity or concavity assumptions used in some analytical reductions for multi-risk
settings would broaden applicability, but would also introduce substantial technical challenges.
The empirical calibration of ambiguity sets (e.g., principled choices of Wasserstein radii and
validation on industrial multi-line portfolios) would serve to strengthen the potential practical
impact. Extending the framework to dynamic contracts, including counterparty default,
market frictions, and modelling strategic interactions between insurers and reinsurers, is
a promising direction for future research. These extensions would align the models more
closely with regulatory and market realities and thereby increase their operational usefulness.
Addressing these gaps will require a combination of theoretical advances, computational

innovation, and industrial collaboration.

In conclusion, this thesis advances the design of reinsurance and risk management strate-
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gies under conditions of uncertainty by combining rigorous analysis, efficient computation,
and distributionally informed robustness. The results presented in this thesis thus offer clear

theoretical insight and usable tools.
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