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Abstract—This paper studies the error rate performance and
low-complexity receiver design for zero-padded affine frequency
division multiplexing (ZP-AFDM) systems. By exploiting the
unique ZP-aided lower triangular structure of the time domain
(TD) channel matrix, we propose a novel low-complexity min-
imum mean square error (MMSE) detector and a maximum
ratio combining-based TD (MRC-TD) detector. Furthermore, the
theoretical bit error rate (BER) performance of both the MMSE
and maximum likelihood detectors is analyzed. Simulation results
demonstrate that the proposed detectors can achieve identical
BER performance to that of the conventional MMSE detector
based on matrix inversion while enjoying significantly reduced
complexity.

Index Terms—Affine frequency division multiplexing (AFDM),
zero padding (ZP), doubly-selective channels, low-complexity
detection, performance analysis.

I. INTRODUCTION

The next generation of wireless communication systems is
deemed to support reliable data transmission in high-mobility
scenarios, including high-speed trains, vehicle-to-everything
systems, and low-earth-orbit satellite networks [1]. In those
scenarios, the conventional orthogonal frequency division mul-
tiplexing (OFDM) may experience significant performance
degradation due to Doppler-induced inter-carrier interference
(ICT) [2]'. Against this background, affine frequency division
multiplexing (AFDM) [6] has emerged recently as a promis-
ing Doppler-resilient waveform. In AFDM, every information
symbol is modulated using the inverse discrete affine Fourier
transform (IDAFT) onto a chirp subcarrier that occupies the
entire bandwidth, thereby leading to enhanced robustness
against Doppler spread. At the same time, AFDM enjoys
excellent backwards compatibility as it can be efficiently
implemented through the minimal modification of the OFDM
systems [7]. Additionally, AFDM is capable of achieving a
separable channel representation and attaining full diversity in
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'Under frequency selective Rayleigh fading channels, Doppler shifts in
OFDM can be estimated and cancelled using maximum likelihood (ML)
techniques [3], [4]. However, in doubly selective channels, residual Doppler
estimation errors may remain [5], which motivates the investigation of
Doppler-resilient waveforms.

doubly selective channels by appropriately tuning the chirp
rate according to the maximum Doppler spread [8].

There has been a substantial body of research on AFDM,
including pilot-aided channel estimation for AFDM [6], non-
orthogonal AFDM [9], [10], AFDM aided integrated sens-
ing and communications [11], as well as various integration
schemes with sparse code multiple access [12], index modu-
lation [13], and generalized spatial modulation [14]. However,
most existing studies have only considered AFDM with a
cyclic periodic prefix (CPP). As a parallel development, zero
padding (ZP) has been widely adopted in OFDM as an alterna-
tive to cyclic prefix (CP) to eliminate inter-symbol interference
(IST) while preserving the advantageous sparsity and lower-
triangular structure of the time-domain (TD) channel matrix
[15]-[17]. Moreover, ZP-based multicarrier systems enjoy
higher power transmission efficiency, ensure reliable symbol
recovery under deep channel fading (i.e., channel spectral
nulls), and provide enhanced capabilities in channel estimation
and tracking [15]. These structural and performance benefits
motivate us to exploit ZP-aided AFDM systems in this work.

Although low-complexity linear detection schemes, such
as the maximum-ratio combining (MRC) detector, have been
developed for CPP-AFDM systems by exploiting the ap-
proximate sparsity of the DAFT-domain channel matrix [6],
they suffer from noticeable performance degradation compared
with the conventional minimum mean square error (MMSE)
detector. Our work aims to address this backdrop. The main
contributions are summarized as follows:

o We derive the generic transceiver architecture for the pro-
posed ZP-AFDM system, and design two low-complexity
detectors: 1) MMSE detector based on Cholesky decom-
position without matrix inversion, and 2) MRC-based
TD (MRC-TD) detector, followed by detailed complexity
analysis. Both detectors leverage the sparse and lower-
triangular structure of the TD channel matrix inherent to
ZP-AFDM systems.

e We derive the closed-form bit error rate (BER) ex-
pressions for ZP-AFDM under both ML and MMSE
detection. For the ML detector, the conditional pairwise
error probability (PEP) is first obtained, followed by the
derivation of a tight BER upper bound based on the
union bound technique. For the MMSE detector, the BER
is approximated by analyzing the signal-to-interference-
plus-noise ratio (SINR) of each chirp subcarrier.

e Numerical results demonstrate that 1) the derived BER
curves closely match the results from Monte Carlo simu-
lations; 2) the proposed ZP-AFDM outperforms its CPP-
AFDM counterpart, as a higher power will be allocated
to the data symbols for the former; and 3) the proposed
detectors attain BER performance nearly identical to
that of the conventional MMSE detector while offering
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Fig. 1. Transceiver diagram of the proposed ZP-AFDM system.

significantly reduced complexity.

II. SYSTEM MODEL

As demonstrated in Fig. 1, the information symbol vector
x = [z[0], z[1],...,2[N —1]] € CV*! in the affine frequency
domain is transformed into the TD by using IDAFT, yielding

1 = 2(12+2 2+m)

sln] = — x[mlet<m\n TeemiTy 1

= — mizjo [m] SN

forn =0,...,N — 1, where N denotes the number of chirp
subcarriers, and c; and cy represent the chirp parameters.
The TD signal in (1) can be rewritten in matrix form as
s = Afx, where A = A, FA,, represents the DAFT matrix,
A, = diag (6*12”"2, n=0,...,N — 1) and F is the unitary

discrete Fourier matrix with entries —=e~*% ™", To mitigate
ISI, an Nyzp-length ZP is appended to the modulated signal,
where Nzp is no smaller than the maximum normalized delay
spread.

We consider a doubly selective channel with P propagation
paths, whose impulse response at time n and delay [ is
expressed as

P

gn() =" hi e RS- 1), )

i=1
where h;, v; € [~Vmax, Ymax)>» and [; denote the complex-
valued path gain, normalized Doppler shift, and integer delay
of the i-th path, respectively, and §(-) is the Dirac delta
function. The maximum normalized Doppler shift is denoted
by Vmax, While the maximum delay spread is defined as
@ = max(L), where L = {l1,...,lp} denotes the set of

normalized delay indices.
At the receiver, the discrete-time received signal can be

expressed as

rln] = sfn —llgn (1) + wr(n], 3)

el
where r[n] represents the n-th sample of the received TD
signal, and wr[n] ~ CN(0,0?) denotes the additive white
Gaussian noise. By stacking all received samples, the received
TD signal can be equivalently expressed in vector form as
r = [r[0],r[1],...,7[N — 1]]7 = Hs + wr, where the
TD channel matrix is given by H = .7 h; A, TT% with
A, = diag eﬂ%”i",n =0,1,...,N — 1) and the forward
linear shift matrix II. As illustrated in Fig. 2, H in ZP-
AFDM exhibits a lower-triangular structure with a bandwidth
of (Q + 1), owing to the linear convolution enabled by

CPP-AFDM ZP-AFDM

Fig. 2. Illustration of the TD channel matrix H for CPP-AFDM and ZP-
AFDM with N = 16 and Q = 3.

ZP. In contrast, in the CPP-AFDM system, CPP transforms
the channel convolution into a circular convolution, which
introduces additional non-zero entries in the upper-right corner
of H. Upon utilizing DAFT, the affine frequency domain
received signal can be expressed as y = Ar = HogX + wap,
where Hog = AHAX denotes the effective channel matrix
and war = Awr has the same statistics as wT since A
is unitary. Consequently, the input-output relationship of our
ZP-AFDM can be derived as

P
y =Y hiHix+war, “
i=1

where H; = AA,,I,H“AH denotes the subchannel matrix of
the i-th path, whose (p, ¢)-th entry is given by

1 ,2x
Hip.q) = e Nt atone6=Pleq, v p.q), (5)

. N—-1 _,2r(p_ ) )
with C(lla Vi, D, Q) = anli e 'N (» q+V1+2Ncll1)n.

III. DETECTION ALGORITHMS FOR ZP-AFDM

In this section, the ML detector is first presented, followed
by the conventional MMSE detector. Furthermore, we propose
low-complexity MMSE and MRC-TD detectors by exploiting
the sparse and lower-triangular structure of the TD channel
matrix. Finally, the complexity of the detectors is analyzed.

A. ML Detection
The optimal ML detector is expressed as
o . B 2
Ry = arg min |y — Heax]|5 , (6)

where A denotes the modulation alphabet.

B. Conventional MMSE Detection

The linear MMSE detector in the affine frequency domain
is written as
xmmse = Gary = GarHeax + Garwar, @)

where Gap denotes the equalization matrix in the affine
frequency domain, yielding

—1
1
Gar = (HfﬂcHeﬁ + VIN) H, (8)

S

and -y, represents the signal-to-noise ratio (SNR) per symbol.



2 1 Q] Q1

v L L

Fig. 3. The Cholesky factorization of the banded matrix ¥ with N = 8 and
Q=2

C. Proposed Low-Complexity MMSE Detection

By utilizing Hog = AHAY and y = Ar, the MMSE
detector in (7) can be reformulated in TD as

1 —1
)A(MMSE = (AHHHAH + IN) AHHI'
1 —1
=A <HHH + IN) Hr = AG'HYr, (9)

where ¥ = HFH + %IN. Note that HPH is Hermitian
and positive semi-definite, and the regularization term %I N
is strictly positive for finite SNR, yielding the Hermitian and
positive definite properties of W. Furthermore, as shown in
Fig. 3, ¥ exhibits a banded structure with a bandwidth of
(2Q +1) since H is lower-triangular banded with a bandwidth
of (Q+1). By leveraging this structured sparsity, we apply the
Cholesky decomposition [18] to derive ¥ = LL¥, where L
remains lower-triangular banded with a bandwidth of (Q + 1).

Then, the estimated symbol vector can be expressed as
b

N Hy\1 —1/_/1&?
XMMSE:A(L ) L H r,

z

(10)

S
where z = L~!'b and § = (L)~1z can be efficiently com-
puted via forward and backward substitution, i.e., Lz = b and
L3 = z, respectively. The detailed procedure is summarized
in Algorithm 1.

D. Proposed MRC-TD Detection

In this subsection, we propose an MRC-TD detector that
directly exploits the sparse lower-triangular structure of the
TD channel matrix H. By coherently combining the nonzero
channel coefficients, the proposed detector refines the desired
symbol estimate while iteratively cancelling ISI from previ-
ously detected symbols.

During the k-th iteration, each symbol 3(*)(n) is sequen-
tially updated as

(k) g’
A —__Jn 11
Vs
with
g =Y Hp,n) ArtD(p) + d,8*D(m),  (12)
PEPn
pEPn

Algorithm 1 Proposed Low-Complexity MMSE Detection

Input: TD channel matrix H, TD received signal r, and SNR ~,
Output: Estimated symbol vector x
1: Notation: In all loops, define jstart = max(0,i—Q), jong = min(N—
Li+Q)

2: Step 1: Compute ¥ = HFH + %IN

3: fori=0to N —1do °

4: for j = jstart to @ do

: (i, j) = H(:, i) TH(, 5)

6: (i, 1) = w(i,j)*

7 end for

8: W(i,i) = W(i,0) + o=

9: end for °

10: Step 2: Cholesky Factorization ¥ = LLY

11: L(0,0) = /¥(0,0)

12: fori=1to N —1do

13: for j = jstart to @ do

14: if j =i then

15: Li,i) =/ ¥(ii) - 2k LGP
o T LawiGa
17: L(i,j) = pr“(‘;.’jj)

18: end if

19: end for
20: end for

21: Step 3: Compute b = Hr

22: fori=0to N — 1 do

230 b(i) = X0 H(p,i)* - r(p)

24: end for

25: Step 4: Fl?rward Substitution Lz = b
0

26: 2(0) = 2%

27: for i =1to N — 1 do

8 2i) = gy [b0) - i), LG6.0)20)]

29: end for

30: Step 5: Backward Substitution L5 = z
~ N—1

31: 3(N = 1) = 7y wigye

32: fort =N —2to 0.do )
3. 8(0) = gk [20) = T LG - 50))
34: end for

35: return x = AS.

where Ar(*=1) denotes the residual error, and P,, = {n+
I|1eL, n+1 < N} represents the set of row indices
corresponding to the non-zero entries in column n of matrix
H. After each update, the residual vector Ar is refined by
subtracting the contribution of the updated symbol as

Ar D (p) = ArED () = H(p,m) [$9) () = 35D ()]
(14)

for p € P,. Once all the symbols are estimated, the estimated
results will be exploited for interference cancellation in the
next iteration. This process iterates among all the symbols
until the updated input symbol vector is nearly identical to the
previous one or the maximum iteration number K is reached.
Finally, the estimated symbol vector in the affine frequency
domain is obtained as x = A§), The MRC-TD detector is
detailed in Algorithm 2.

Remark 1: Without loss of generality, the proposed low-
complexity MMSE and MRC-TD detectors for AFDM can be
applied to OFDM by setting c; = co = 0.

E. Complexity Analysis

The conventional MMSE detector exhibits the complexity
on the order of O(N?). Based on the analysis in Subsec-
tion III-C, the computation of ¥ and its Cholesky factoriza-



Algorithm 2 Proposed MRC-TD Detection

Input: TD channel matrix H, TD received signal r, maximum iterations K,
and SNR ~,
Output: Estimated symbol vector %
1: Initialize $(©) = 0, Ar(® =r
2: for k =1to K do

3: forn=0to N —1do

4: Pn={n+l|leLl, n+Il< N}

5: dn =3 ep, [H(p,n)?

6: 9 =3 pep, H(p,n)* Art=D (p) + dn 3= (n)
k

T 0 =

8: for p € P,, do

0 ArF=D(p)

Art =D (p) = H(p,n) [59) () = 57D (n) |
10: end for

11: end for
12: Ar(®) = Ap(k=1)
13:  if |8 — 3(A=1)|| < € then EXIT

14: end for

15: return x = A§(F)

tion are on the order of O(NQ?), while the complexity of
forward and backward substitution is on the order of O(NQ),
and we have O(N log, N) for the complexity order of the
final unitary transform. Therefore, the overall complexity of
the proposed low-complexity MMSE detector is given by
O(NQ? + Nlog, N). For the proposed MRC-TD detector,
since both symbol and residual updates involve at most @ + 1
non-zero channel coefficients, the complexity per iteration
can be formulated as O(NQ). Accordingly, considering K
iterations and the final unitary transform, the overall com-
plexity of the proposed MRC-TD detector is on the order of
O(KNQ + Nlog, N).

IV. PERFORMANCE ANALYSIS
A. BER Analysis for ML Detection
The received signal y in (4) can be rewritten as

P
y = ZhiHix +war = ®(x)h + warp, (15)

i=1
where h = [hy,ho,....hp]T € CP*! and ®(x) =
[Hix, Hox, - ,Hpx] € CV*P. Assuming perfect channel

state information at the receiver, the conditional PEP relying
on the error event (x — X) can be expressed as [19]

@ (VIe@ma.z2).

where A = x — %. Let ® = ®(A)T®(A), which is
a Hermitian matrix and can be eigenvalue decomposed as
® = UXUH where U is a unitary matrix and X =
diag{\1, Ao, ..., Ap}. We then have [®(A)h|® =h¥Oh =
W7 USUYh = 3°7_ A, || , where 7 = rank(®) and h =
Ufh. Applying Q(z) ~ 15 exp(—2?/2) + 1 exp(—22?/3),
the conditional PEP in (16) can be rewritten as
2
. a7

Pr(x - x| h) = (16)

P(x—>x|h)~exp<

1 Vs
+ 1P (—32&

Assuming each path has an independent Rayleigh distribution,

the unconditional PEP can be formulated as
T

1 1
Prix—=%x)~ = || ——— —_— 18
( ) H 1+ L'Ys 4 H 1+ z’Y ( )
At high SNRs, (18) can be further approxrmated as
) Y 4y -
P ~ (7) G
o5 ~ (% ( ) H a9

It can be observed from (19) that the decay rate of the derived
unconditional PEP in the high SNR regime is determined by
r, which also characterizes the diversity order [6]. Finally, the
upper bound of the average BER is expressed as’

1
Pg_ngPrxﬁx) (X X)

where e(x, %) denotes the number of bit errors between the
symbol vectors x and X.

(20)

B. BER Analysis for MMSE Detection

According to (7) and (9), the MMSE detectors in the
affine frequency domain and TD are mathematically equiv-
alent, yielding identical detection performance. For analytical
convenience, the following performance analysis is based on
the TD expression of the MMSE detector in (9), which can
be further written as

fvmse = APTTHIHAx + AP 'HAwr.  (21)

Hence, the i-th element of the detected signal Xpvisg can be

expressed as
#(i) = 2(i) + Y T(i, §)x(5) + (i),
J#i

where T = AU 'HYHAY and w = A¥'H¥ w. Based
on (22), the SINR for the i-th chirp subcarrier can be expressed
as [20]

B =

(22)

T(i,i)?
Var (52, TG0, 3)a (i) + (7))
where Var(-) denotes the variance operator.
The theoretical average BER of ZP-AFDM systems em-
ploying PSK or QAM modulation with Gray coding can be
approximated as a function of SINR, given by’

Pyvse = Z aps erfc ( bu T (i, 7) ) , 24)

—T(i,1)
where a,; and by, are constants depending on the modulation
scheme [21] and the complementary error function is defined

as erfc(x) \/E [Ze et dt.

V. SIMULATION RESULTS

_ TG
1—T(i,)

(23)

In this section, we present simulation results to evaluate
the performance of the proposed ZP-AFDM system and low-

2From (5), the entries of H; explicitly depend on the AFDM-specific chirp
parameters c¢1 and ca. Therefore, the key objects involved in (16)—(18), such
as ®(A), O, its rank r, and the eigenvalues \;, as well as the BER upper
bound in (20), are all related to ¢; and ca.

31t should be noted that the matrix T and the average BER in (24) depend
on the DAFT matrix A, which is uniquely determined by AFDM chirp
parameters c¢1 and ca.
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Fig. 4. BER performance of the ML detector and upper bounds for the ZP-
AFDM system with different numbers of paths.

complexity detectors. Unless otherwise specified, the channel
coefficients are modelled as h; ~ CN(0,1/P), and the
maximum delay spread is set as Q = P — 1. The Doppler
shift of each path is generated according to Jake’s model, i.e.,
Vi = Umax €08(0;), where 0; ~ U[—, ]. For fair comparison,
the ZP-AFDM system employs the same overall transmit
power as the CPP-AFDM system.

Fig. 4 shows the BER performance of the ML detector and
its theoretical upper bounds for the ZP-AFDM system with
N = 6, Nzp = 2, and BPSK modulation. Moreover, doubly
selective channels with P = {2,3,4} paths are considered,
and the normalized maximum Doppler shift is set to vy ax =
1. It can be seen that the BER curves of ZP-AFDM closely
approach the analytical upper bounds at high SNRs, validating
the effectiveness of our derived error performance analysis. In
addition, increasing P leads to improved BER performance
due to enhanced multipath diversity.

Next, we characterize the BER performance of the con-
ventional MMSE and the proposed low-complexity detectors.
Unless otherwise specified, all subsequent simulations are
conducted using N = 256, Nzp = 64 [15]. Fig. 5 compares
the simulated and analytical BER of CPP-AFDM and ZP-
AFDM systems using the conventional MMSE detector under
three configurations: “BPSK, P = 107, “BPSK, P = 4”, and
“QPSK, P = 2”. As shown in Fig. 5, there is a perfect over-
lap between the analytical curves and the simulated results,
demonstrating the accuracy of our derived BER expressions
for the MMSE detector. Moreover, ZP-AFDM consistently
outperforms CPP-AFDM, as it allocates all transmit energy
to data symbols, whereas CPP-AFDM needs to allocate the
entire transmit power across both data and prefixes. This trend
is consistent with the observation in [15], where ZP-OFDM
outperforms CP-OFDM in terms of BER.

Fig. 6 illustrates the BER performance of ZP-AFDM and
ZP-OFDM systems employing the conventional MMSE, pro-
posed low-complexity MMSE, and proposed MRC-TD detec-
tors, as well as CPP-AFDM and CP-OFDM systems using the
conventional MMSE detector. The simulations are conducted
with QPSK modulation under the Extended Vehicular A (EVA)
channel model [22]. It can be observed that the proposed
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Fig. 5. Simulated and analytical BER comparisons of CPP-AFDM and ZP-
AFDM systems using conventional MMSE detector under vmax = 0.5.
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Fig. 6. BER performance of ZP-AFDM and ZP-OFDM employing the
conventional MMSE, proposed low-complexity MMSE, and proposed MRC-

TD detectors, as well as CPP-AFDM and CP-OFDM using the conventional
MMSE detector under the EVA channel model [22].

low-complexity MMSE detector for ZP-AFDM achieves the
same BER as its conventional counterpart, while a similar
trend can be observed in ZP-OFDM. In addition, the proposed
MRC-TD detector for ZP-AFDM is capable of achieving
BER performance nearly identical to that of the conventional
MMSE detector. Moreover, both ZP-AFDM and CPP-AFDM
significantly outperform their OFDM counterparts. In partic-
ular, at a BER of 10~2, ZP-AFDM and CPP-AFDM provide
approximately Ej, /Ny gains of 3.81 dB and 3.82 dB over ZP-
OFDM and CP-OFDM, respectively.

In Fig. 7, we investigate the convergence behavior of
the proposed iterative MRC-TD detector and the associated
detection complexity in ZP-AFDM systems. The simulation
parameters and channel settings are identical to those in Fig. 6.
Fig. 7(a) depicts the BER performance of the proposed MRC-
TD detector versus the number of iterations under different
Ey/Ny values. It can be observed that increasing the num-
ber of iterations improves the detection performance, as the
receiver can progressively mitigate residual interference and
the BER converges after several iterations. Accordingly, the
converged iteration numbers can be approximately summa-
rized as K = {2,3,6,12} for E,/Ny = {0,5,10,15} dB,



o~ R K =6
= 10~ 4
M y
—e—E,/Ny = 0 dB
—e— /Ny = 5 dB
1073 K =12 |——Ei/Ny=10dBY
—— E, /N, = 15 dB
h
1074 L L L
0 5 10 15 20
Number of iterations
(a)
108
I Conv. MMSE
107 [ mProp. MMSE ]

227 0Prop. MRC-TD, K = 2
9088 Prop. MRC-TD, K = 3
90000 Prop. MRC-TD, K = 6

""" . MRC-TD, K

Detection Complexity
SLA

Detectors

(b)

Fig. 7. Convergence behavior of the proposed iterative MRC-TD detector
and detection complexity comparison for ZP-AFDM: (a) BER convergence
of the proposed MRC-TD detector versus the number of iterations under
different E}/No values; (b) complexity comparison of the conventional
MMSE, proposed low-complexity MMSE, and proposed MRC-TD detectors,
where the number of iterations for the MRC-TD detector is set to the
converged values obtained from Fig. 7(a), ie., K = {2,3,6,12} for
E,/No = {0,5,10,15} dB, respectively.

respectively. Based on these convergence results, Fig. 7(b)
compares the complexity of the conventional MMSE, proposed
low-complexity MMSE, and proposed MRC-TD detectors,
where the number of iterations for the MRC-TD detector
is set to K = {2,3,6,12}. It can be seen that both the
proposed low-complexity MMSE and MRC-TD detectors
provide substantial complexity reductions while achieving
BER performance nearly identical to that of the conventional
MMSE detector. Moreover, compared with the proposed low-
complexity MMSE detector, MRC-TD offers a flexible BER
vs. complexity trade-off by varying the number of iterations.

VI. CONCLUSION

In this letter, we have proposed a ZP-AFDM system and
derived its corresponding input-output relationship in the
affine frequency domain. By exploiting the unique lower-
triangular and sparse structure of the TD channel matrix,
low-complexity MMSE and MRC-TD detectors have been
developed. Furthermore, the error rate performance of the ZP-
AFDM system has been derived under both ML and MMSE
detection. Our numerical experiments have shown that 1) there
is a perfect overlap between the derived BER and Monte-

Carlo simulations; and 2) the proposed detectors can achieve
BER performance nearly identical to that of the conventional
MMSE detector with a substantial reduction in complexity.
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