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Abstract

In light of the escalating popularity of online shopping and the urgent need to reduce unnec-
essary driving to mitigate environmental impacts, it has become increasingly important to
provide cost-effective solutions for attended home deliveries. Extensive research efforts have
been dedicated to addressing challenges related to integrating demand management and
vehicle routing with time windows. In this paper, we present two key contributions. Firstly,
we propose an enhanced method for estimating opportunity cost, by leveraging a dynamic-
routing and distribution approach that incorporates forecast orders. This approach allows for
more accurate revenue-loss assessments, ultimately leading to improved decision-making on
the delivery charges. Secondly, we introduce a dynamic slot-combination strategy, aiming to
fully exploit the flexibility that customers possess in receiving their delivery, which enhances
overall route efficiency and customer satisfaction. Importantly, our proposed augmented time-
windows approach can be easily implemented within existing systems, employing standard
time windows, without necessitating any strategic changes or complex computational mod-
ifications to the routing system. To assess the performance of our proposed approach, we
conducted exhaustive experiments on real data. The results demonstrate that our generated
solution outperforms both recent and current state-of-the-art approaches in terms of profitabil-
ity and delivery efficiency. This signifies the effectiveness and practicality of our proposed
methodology in addressing the challenges associated with attended home deliveries.
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1 Introduction

In response to the rapid growth of e-commerce across various service sectors like e-retailers,
couriers, and parcel carriers, different strategies have been explored to address challenges in
last-mile delivery. This aspect has gained importance in ensuring efficient service in online
business deliveries. One notable trend highlighted in areport by Mintel (2022) is the surprising
17.1% increase in online grocery sales in 2021, defying initial predictions of a decline due to
COVID-19 pandemic control measures. In the UK, for instance, 58 % of consumers purchased
groceries online during this period.

Among the most noteworthy examples of last-mile delivery, Wang et al. (2014) argue that
attended home deliveries (AHD) have received considerable attention among researchers.
As part of the AHD program, Agatz et al. (2013) state that perishable foods, orders with
safety concerns, and/or orders with high quantities must be delivered to the customer at
home. Typically, the online service company is required to deliver customers’ orders within
a specified time slot that they have booked for delivery. By selecting a time slot, customers
are able to minimise their attending time at home, whereas companies aim to incentivise
customers to select a time slot that maximises its profits. These incentives can be financial,
or can be by explaining how a specific time slot will reduce the amount of driving and
greenhouse gas emissions, which is environmentally friendly.

The company’s decision combines two interdependent problem domains: (i) planning cost-
efficient delivery routes under capacity and time-window constraints (CVRPTW), and (ii)
managing demand as customer requests stochastically arrive over the booking horizon. These
decisions interact because accepting a request changes the future routing feasibility and costs,
while the set of feasible slots and prices shown to customers influences which requests are
accepted. Therefore, a practical solution for attended home delivery should simultaneously
(a) maintain a route plan with low delivery cost and (b) offer customers attractive feasible
time slots with competitive delivery fees. Since e-retailers begin the booking period with
uncertainty about customer numbers and spatial-temporal order patterns, indiscriminately
accepting all incoming orders—particularly from outlying areas—can create later slot shortages
and reduce profitability.

This work inherits the dynamic decision-making process of Abdollahi et al. (2023), main-
taining a forecast route with both actual orders (time-windowed) and forecast orders that have
no time-windows. Based on this forecast route, each slot’s time budget (i.e., expected rev-
enue income per unit time) can be estimated together with the incremental travel time/cost
of inserting the new order. Collectively, these factors determine the opportunity cost—the
potential profit foregone by allocating a slot to the current customer rather than saving it for
future customers. This calculation is pivotal for implementing dynamic slot pricing. While
Abdollahi et al. (2023) assume a fully persuadable customer choice, our research advances
this concept by exploring the boundary of customer choices under pricing within a range
[dmin, dnax]. This adds an extra layer of difficulty, as we are maintaining a set of forecast
orders without time windows (to offer routing flexibility), while we need to guarantee the
number of orders received in every time window is consistent with customer preference
under a realistic (but not fixed; as we are optimising it) pricing policy. To deal with this
difficulty, a CVRPTW-CAP ! problem is proposed for the first time in the literature, and a
carefully tailored Simulated Annealing (SA) approach is designed to solve it. The resulting
approach incorporates the practical boundary of a realistic pricing scheme when estimating

I CAP = per-slot order caps (upper bounds) on the number of orders per time window, computed under
admissible prices and checked for routing feasibility.
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the opportunity cost, which improves prediction accuracy and results in better performing
policies.

In addition, this work also exploits the benefits of deploying augmented slots in AHD
management, and proposes a dynamic slot-combination strategy to further enhance the flexi-
bility of the CVRPTW. Although the idea of flexible slot has been introduced by Strauss et al.
(2020), our work differs in both solution methods and application. Strauss et al. (2020) use
LP approximation to estimate opportunity cost, whereas our approach employs route-based
dynamic programming with forecast orders and evaluates per-slot time budgets based on the
current status of the delivery system. Additionally, unlike Strauss et al. (2020) who require
pre-determined slot combinations for their LP model (or combinations of any two standard
slots to facilitate the “customised flexible slots”), our system proposes the best slot combi-
nations dynamically, adapting to the real-time status of the system. This dynamic nature of
slot allocation in our model adds a layer of flexibility and responsiveness that Strauss et al.
(2020)’s approach lacks, thereby reducing the risk of sub-optimal outcomes due to fixed,
empirical initial combinations.

The contributions of this work are as follows:

e Enhanced Opportunity-Cost Estimation: The study enhances the estimation of opportu-
nity costs by strategically distributing forecast orders across time slots, factoring in the
popularity of slots. This refines the accuracy of estimating the potential costs and benefits
of using different time slots.

e Dynamic Slotting with Extended Time Windows: The research deploys extended-time
windows to enable dynamic slotting, thereby enhancing scheduling flexibility. Incentives
are optimised dynamically to encourage customers to opt for extended-duration time slots,
leading to improved slot availability and system efficiency.

The subsequent sections of the paper are summarised as follows: In Section 2, we present a
comprehensive review of related research streams. Section 3 introduces a model for the AHD
problem within the context of integrated demand management and dynamic routing. Further,
we propose our contributions to the problem from two aspects in Sections 4 and 5, where
we present a solution approach to the AHD problem and offer a novel strategy to enhance
routing performance, respectively. Section 6 explains the calculation of the optimal delivery
charges. The numerical results obtained from the two suggested approaches are discussed
in Section 7. These results are further analysed and summarised in Section 8, followed by
insights that were uncovered and future research directions. Additionally, Section 8 provides
a comprehensive summary of the key findings and conclusions of this study.

2 Literature Review

Last-mile delivery involves transporting goods from a distribution centre to an end user’s loca-
tion. It is the final step in the delivery of goods, which is usually the most expensive portion
of the process. The goal of last-mile delivery logistics is to ensure that demands are delivered
in a timely, accurate, and cost-effective fashion. There are two major classes of problems
associated with last-mile delivery, namely demand management and vehicle routing. There-
fore, a satisfactory solution to last-mile delivery will be achieved if both objectives of both
problems are taken into consideration. The following sections review the existing e-fulfilment
literature, particularly attended home deliveries (AHD), which fits with the direction of our
research. For a comprehensive overview of revenue management and latest development in
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this field, readers are advised to refer to studies (see (Agatz et al., 2013, 2008; Cordeau et
al., 2023; Klein et al., 2020; Snoeck et al., 2020; WalBmuth et al., 2023)).

The literature in AHD can be divided into two dominant factors to be optimised, namely,
time windows or delivery prices, by which researchers attempt to maximise an e-retailer’s
profitability. While the former factor implies which time windows are the best for customers
of a specific area, the latter focuses on how the time windows should be priced to meet
demand management targets. Both factors depend on correctly specified parameters, i.e.,
Opportunity Cost (OC), which calculates the monetary loss from selling an available time
slot too soon. Accurately determining opportunity costs requires anticipating future orders to
estimate their impact on overall profit. Various methods have been suggested in the literature
to estimate the opportunity cost, which are summarised below with two different focuses,
i.e., Insertion Cost (IC) and Revenue Loss (RL).

2.1 Insertion cost estimation

Insertion cost refers to the marginal increment of delivery cost with the acceptance of a new
order. Apart from Asdemir et al. (2009) who use constant delivery costs, nearly all other works
in AHD apply insertion heuristics to tentative routes to estimate the insertion cost. Campbell
and Savelsbergh (2005), who are the first to incorporate dynamic vehicle routing with the
scheduling problem for home delivery services, carry out a feasibility check on tentative
routes and approximate the opportunity cost based on the insertion cost using an insertion
heuristic. In cases where the current route plan allows the incoming request to be inserted into
the route, they decide whether to accept or reject the request according to the profit or cost
that the request may offer. This approach is extended by Campbell and Savelsbergh (2006)
to incorporate customer behaviour models and pricing optimisation. A simple linear model
is deployed to determine how likely a time slot is to be selected by a customer under a given
price scheme. Same insertion heuristic is applied to determine feasible slots of insertion and
to calculate their insertion costs, which are then fed into the pricing optimisation model to
determine price reductions.

Similar insertion-based approaches are also used in later studies including (Abdollahi et
al., 2023; Klein et al., 2018; Kohler et al., 2020; Yang et al., 2016) who deploy Multinomial
logit (MNL) model for customer behaviour instead of simple linear models. To make the
methodology anticipatory, some works introduce forecast orders into their tentative routes
(e.g., Abdollahi et al.,2023) and/or progressively construct foreseeing tentative routes through
iterations (e.g., Yang et al., 2016; Kohler et al., 2020). Despite the different ways of maintain-
ing tentative routes, heuristically calculated insertion cost is one decisive factor contributing
to the opportunity cost estimation.

2.2 Revenue loss estimation

Another main component of opportunity cost is revenue loss, which signifies the monetary
value of the time and capacity required to incorporate the new request into the route. Instead
of estimating opportunity cost, Asdemir et al. (2009) propose a dynamic programming (DP)
model whose value function captures the overall anticipated profit at a system state. To
simplify the problem they choose to ignore the entire routing component by assuming fixed
delivery costs and capacity across all service areas and slots when formulating the DP. This
makes the small scale problems solvable by backward induction, but prevents the approach
from being scaled. To deal with the dimensionality, Yang and Strauss (2017) use approximate
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dynamic programming with linear regression, Strauss et al. (2020) use LP approximation to
obtain estimated anticipated profits/opportunity costs. Both approaches are proven to work
well on large scale applications.

Other closely relevant revenue loss estimation methods include route-based approach as
used by (Abdollahi et al., 2023; Klein et al., 2018; Koch & Klein, 2020; Mackert et al., 2019;
Yang et al., 2016). Both (Klein et al., 2018; Mackert et al., 2019) use seed-based approach for
routing problem and propose mixed-integer (non-)linear programming problems that capture
both vehicle routing and customer choices, with Klein et al. (2018) focusing on anticipatory
pricing decisions and Mackert et al. (2019) focusing on finite-mixture multinomial logit
(MNL) choice model and differentiated slotting. In Klein et al. (2018), the MILP are solved
periodically with forecast orders to make the overall approach anticipatory. These are amongst
the first works that combine accepted orders with a forecast of expected customers in route
planning, nevertheless, the computational complexity involved in the repeat solving of the
MILP prevents the approach from being applicable on large scale industrial applications.

Both (Koch & Klein, 2020; Yang et al., 2016) employ tentative route plans with time-
windowed forecast orders to estimate insertion cost and revenue loss. They both maintain
two (set of) tentative route plans, one with actual orders only and one consists of artificial
requests to represent future customers, which are obtained through iterative simulations.
On revenue loss estimation, Yang et al. (2016) simply incorporate fixed penalty terms to
reflect the revenue loss when inserting the new order into a time slot in the artificial route
is infeasible, whereas Koch and Klein (2020) deploy a more advanced learning approach to
estimate the time budget of slots through simulation runs, which are then used to calculate
revenue loss.

One fundamental difference between our approach and Koch and Klein (2020) is that they
use time-windowed forecast orders and rely on simulation runs to align forecast order dis-
tribution across time slots with the optimised pricing. This learning-based approach requires
intensive offline training and the result is influenced by the selection of training parameters.
In addition, once converged, the number of forecast orders in each time slot is no longer
adjustable according to the specific booking status of the day. In comparison, we use forecast
orders without time windows, which can be moved from one slot to another so as to provide a
dynamically adjustable forecast route that is responsive to every little change in the booking
status.

On the other hand, Abdollahi et al. (2023) build anticipatory route plans by leveraging
historical data, which inherit the number of orders and geographical location of customers
without considering their chosen time windows. The forecast route is dynamically updated
and re-optimised upon the acceptance of new orders, so as to provide up-to-date insertion
cost and revenue loss estimations for new arrivals. As forecast orders are not time-windowed,
they can be moved freely to adapt to the changes brought by the newly inserted orders through
re-optimisation, and this is believed where the improved efficiency come from. Nevertheless,
given that forecast orders lack specific time windows, the distribution of planned delivery
times for forecast orders may deviate from customers’ natural slot preferences and/or be
unachievable under any pricing policies, which decrease the accuracy of insertion cost and
revenue loss estimation. This paper improves Abdollahi et al. (2023) by estimating the highest
committable order numbers for each time slot through simulation and incorporating them as
realistic upper bounds that guide the dynamic routing optimisation.
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2.3 Time window design and management

Following is a review of the literature regarding time window design and management, which
is closely related to our second contribution. As a standard practice in AHD, customers are
offered a range of fixed length, pre-determined time slots. Time slot availability assessment is
tailored to each customer, taking into consideration the customer’s location, order size, previ-
ously booked time slots and the orders collected so far, etc. According to (Lin & Mahmassani,
2002; Punakivi & Saranen, 2001), although catering to customer desires for shorter waiting
times is beneficial, excessive focus on this aspect can drive up delivery charges and even lead
to potential order rejections. In contrast, Gevaers et al. (2014) demonstrate that longer time
windows can bolster e-retailer profitability, offering another perspective to consider.

Strauss et al. (2020) propose an approach that exploits customers’ flexibility in home
delivery by combining regular time windows to form flexible slots. After dispatching the
delivery van, the customer is promptly informed of the specific delivery window. Discount
on delivery charge is offered to promote the usage of flexible slots. A LP approximation is
constructed to estimate opportunity cost. Our problem setting aligns with the work by Strauss
et al. (2020), involving tailored delivery prices derived from current and future customer
preferences. While as mentioned in Section 1, we use different approaches to achieve our
aim of insertion cost and revenue loss estimation, and allowing dynamically proposed time
window combinations according to the booking status.

Our research also fits within the category in which e-retailers can introduce flexibility into
time window management by offering both extended and standard time windows. Kohler et
al. (2020) propose a strategy where new customers are presented with a selection of short
and/or long time windows based on factors like travel time, current booking horizon time,
insertion time, and time span associated with order insertion. While their model provides fixed
delivery fees for both short and long windows, disregarding potential customer preferences
for lower charges to accommodate company flexibility. In our study, pricing optimisation is
considered together with dynamic slotting, which incentives extended time windows so as
to boost booking likelihood and ultimately leading to a higher acceptance rate.

2.4 Dynamic vehicle routing

In attended home delivery, requests come in progressively until a cut-off time. Each request
has a preferred delivery time, contingent on availability, and originates from various locations
and times. To keep total delivery costs low, it is crucial to have an operationally feasible
delivery sequence. Dynamic routing systems are therefore vital in managing the stochastic
arrival of customer requests and advising feasible slots to offer.

Building on the need for efficient dynamic routing, one strategy to minimise costs is
to offer incentives for customers to select more cost-effective delivery choices. Yildiz and
Savelsbergh (2020) delve into this concept within the vehicle routing problem that suggests
discount offering to alter a pre-agreed delivery day to another day with customers. Dynamic
programming and backward recursion are deployed to solve small scale problems with a
single vehicle, assuming all orders are known beforehand. One major difference from this
work to ours lies in the fact that, in Yildiz and Savelsbergh (2020), each day’s delivery
planing is independent from another. This makes the approach not directly applicable to
AHD applications where route planing has to be done for the whole day and there are strong
correlations between the delivery plan of different slots.
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Further advancing the field, Keskin et al. (2023) introduce the concept of dynamic
multi-period vehicle routing with touting. This approach integrates ‘touting’—proactively
encouraging potential customers to place orders—into vehicle routing strategies, demonstrat-
ing significant reductions in travel distances and improved efficiency in last-mile deliveries.
Similarly, Celen Naz Otken et al. (2023) introduce a novel business model in e-grocery,
emphasising profit maximisation by leveraging idle time and vehicle capacity for opportu-
nity sales (OS). The approach engages potential customers along delivery routes with the
opportunity to make purchases, enhancing sales and profit without compromising regular
service. In contrast to these methods’ reliance on end-of-day adjustments to fill in gaps
in predetermined routes and/or engaging customers re-actively through notifications, our
approach incorporates an incentivising mechanism during the customer booking phase. By
encouraging customers to select slots that align with more efficient and profitable delivery
routes right from the start, our method enables real-time optimisation of the delivery schedule
and therefore enhances operational efficiency and flexibility.

3 Dynamic pricing formulation in attended home delivery

We consider an e-retailer providing delivery services to customers who visit the website
during the booking horizon. As customers visit the website during this period, they log in,
input their home addresses, complete their shopping carts, choose a preferred delivery day,
and proceed to select a suitable delivery time slot. On the delivery day, vans are loaded and
dispatched at the day’s outset. Vans then proceed through their assigned deliveries without
returning to the distribution centre between stops. At each customer’s location, there exists
a service time required for the delivery handover process.

Figure 1 clarifies the timeline and the two perspectives used in our model. The booking
horizon is discretised into decision epochs (“stages”) t € {1, ..., T}, where T is the booking
cut-off; the discretisation is chosen so that at most one customer arrival is associated with an
epoch ¢ (early epochs may be empty and later epochs denser). The delivery day is divided
into delivery time slots (“slots”) s € S, which are the service windows used to execute routes.
The figure also contrasts the customer view (available slots and delivery charges displayed)
with the system view, where tentative route plans are maintained to assess slot feasibility as
orders are accepted.

Importantly, customers must select a specific delivery day before the slot-feasibility and
pricing routine is invoked. Therefore, the decision problem we formulate is defined per
delivery day: for each delivery day, there is a fixed booking window that opens K days in
advance (in our experiments, K = 21) and closes at the cut-off time on the day prior to
delivery. Delivery slots are day-specific and do not overlap across delivery days; hence, we
maintain an independent booking-horizon model (state and tentative route plan) for each
delivery day.

Given the discrete booking epochs defined above, we model the dynamic pricing problem
as a finite-horizon Markov decision process (MDP), equivalently a finite-horizon dynamic
program (DP). If a customer arrives at epoch 7, we denote the corresponding order by epoch
index ¢, with basket revenue r,. Although we model at most one arrival per epoch, no compu-
tation is performed at empty epochs; the online routine is invoked only when an order arrives.
Throughout the booking horizon, the state of the system at epoch ¢ is represented by a matrix
X(#) with dimensions |A| x |S|. The element [a, s] indicates the count of accepted orders up
to epoch ¢ for delivery in area @ € A and time slot s € S. We represent the column-major
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Booking Horizon (21 days ahead of the delivery day) Delivery Day

12
7-8am 11-12pm

| I | | | | |
6-7am 8-9am 10-11am 1pm
9-10am 1-2pm

Tentative Routes

Slots Vanl Van2 Van3
Slots Availability Price o o o
e IR I N - B
S2 No - S2 C5->C11 C13->C22 C21->C23
S3 Yes £2 S3 c8 (¢
S4 Yes £3 sS4 (;Jz l/ Cc19
S5 No - 5 C9(—C\1/2 c7€C2 C28€-C25
S6 No - S6 C20->C3 C10->C14 C24-C26
S7 No - S7 C22€-C15 C16€-C17 C29<C27
S8 Yes £2 S8 C18
D D b

Fig. 1 Booking epochs (stages ) in the order-collection horizon versus delivery time slots (slots s) on the
delivery day (routing execution); customer vs. system view

vectorisation of X(¢) by X; and denote the finite set of feasible states by X, where X; € X.
If a customer in area a books slot s, the system transitions to X¥,11 = X; + 1,,; otherwise,
X;+1 = X;, where 1,; denotes a unit increment at (a, s).

Atepoch ¢ and for area a, let the feasible time-slot set be F,(X;) = {s € S | X, + 145 € X},
where S is the set of delivery time slots and X; + 1,5 € X indicates that accepting (a, s)
preserves routing feasibility under the CVRPTW time-window and capacity constraints.
The delivery charges shown to a customer in area a are collected in Ja’, = {duss | 5 €
Fy (%), dys,t € [d;nin7 dflax]}-

In real-world scenarios, determining the probability of a customer selecting a time slot s
at epoch ¢, or opting not to select any time slot, is typically a challenge. In this context, we
build upon the Multinomial Logit (MNL) model, as introduced by McFaddgn et al. (1973).
This model defines the probability of a customer choosing a time slot, Ps(d, ;; F,(X;)), or
not choosing any time slot, Py (Ja,,; F, (X)), atepoch t, based on the feasible set of available
time slots and the delivery charge vector Ja, ; offered to the customer (in area a). Since the
probabilities sum to unity, we have Py(d, ;; Fy(X)) = 1 — > ser,Gy) Ps(dass Fa (X;)). For
simulation purposes, we adopt this model, which posits that these probabilities conform to
the following equation:

exp(:BU + ﬂs + ﬂddas,t)
> ker, G €XPBo + B + Badar.) + 17

Py(das: Fa(F)) = 3.1

where By, Bs, and B, represent the base utility of all choices, the utility corresponding to
slot s, and the utility sensitivity to the delivery charge d,; ;, respectively (See Appendix D,
Table 6). These B parameters capture the utilities that customers consider when choosing a
time slot. To derive the values of the B parameters, we leveraged historical purchasing data
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and employed an optimisation process that sought to maximise the likelihood of observed
customer choices. This enabled us to estimate the values of these key parameters accurately.
We use Py (Ja,t; F,(X,)) to denote the probability of a customer not choosing any of the time
slots offered to them, i.e., not making a booking. Note that delivery charges are bounded
within pre-defined limits, i.e., dj,ni“ < dgs,; < d™* . The service offering is not degraded: the
same routing feasibility constraints determine which slots can be offered (no hidden changes
to delivery quality or eligibility). Moreover, 8; < 0, so higher delivery fees decrease choice
probabilities; any acceptance gains produced by the proposed approach are therefore driven
primarily by feasibility/availability expansion rather than by price increases.

The parameter A; denotes the probability of an arrival in epoch ¢, obtained by discretising
a time-dependent Poisson arrival process so that at most one arrival is associated with an
epoch. This process starts with a lower arrival rate and gradually escalates as the booking
horizon advances. We assume that each customer will attempt to book only one time slot at
a given epoch. Additionally, . represents the probability that an arrival is from areaa € A,
where A encompasses all possible areas.

Under these assumptions, we write the Bellman recursion following Yang et al. (2016). Let
V;(X,) denote the value function in the DP formulation for the state X; at epoch ¢. This function
represents the maximum expected potential profit-to-go from epoch ¢ until the final epoch
(T); maximised over all possible choices of delivery-price vectors offered to customers over
all future epochs after 7, while assuming customers arrive according to the Poisson process
described above. Therefore, the objective is to determine the optimal delivery-price vector
Jj , to offer to the customer at epoch # to maximise the expected profit V; (¥;).

Vi) = max{ (Z hbta Y P(ads FaGo)[re +das.e + Vi1 Go + lm]) +

da,t s€Fq(F)

[1— D hna Y, Pslas Fao?,))]ml (f:)}

seFq(Xr)

= In_xaxzxzua > Pais FaGo)|ritdas,i—(Vis1 G =Vigy (it+1as))]] +Vi1 o),

da.l a SEF(I()?[)

VX e X, (3.2)
with the boundary condition being:
Vi1 (Rr41) = —C(r41) Vg1 € X (3.3)

where C(X;) represents the minimum cost for solving the CVRPTW, ensuring the delivery
of all orders within the chosen time slots, in which X; belongs to the set of feasible delivery
schedules X. In cases where there is no feasible solution to the CVRPTW, C(X;) is set to
infinity (+00).

The state transition above captures permanent insertion: once an order for area a, slot s is
accepted, itis added to ¥, and replaces a forecast order in the tentative route. The value function
Vi1 (+) reflects this in two respects: the feasible offer set F,, (X;) is updated to F, (X; +145) so
that only slots satisfying the revised CVRPTW capacity and time-window constraints remain
available for future customers; the continuation value V1 (X; +145) accounts for the updated
routing cost after insertion, which accumulates through to the terminal cost C(X7.1) in the
boundary conditign (3.3).

Note that Ps(d, ; Fa(X;)) denotes the probability in Equation (3.1), where a customer
selects time slot s from F (X;) given Ja,t. The DP formulation mentioned above encounters
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two challenges that render it computationally complex. Firstly, the size of the state space X
expands exponentially with the number of area—slot combinations and the feasible order-count
levels, resulting in computational intractability. Secondly, achieving an optimal solution for
the vehicle routing problem (3.3) becomes difficult when dealing with large-scale problems.
To address the first challenge, obtaining a reliable estimate of the opportunity cost is crucial
for determining the optimal delivery-price vector d .1~ This is because the decision regarding
d . involves a balance between the immediate profit (r; +dy;. ;) and the expected opportunity
cost (V,+1 X)) — Vi1 (% + las)). Further elaboration on approximating the opportunity cost
is provided in Section 4. In Section 5, we delve into the exploration of routing efficiency
enhancements through augmented time windows, addressing the second challenge.

4 Route-based demand management and opportunity-cost
approximation

At a high level, the solution method proceeds as follows. First, an initial forecast route is
constructed from historical demand information using forecast orders (Section 4). Second,
slot-wise order caps are estimated (Section 4.1) and used to regularise the placement of fore-
cast orders in the tentative route, solved via simulated annealing (Section 4.2). Third, when a
customer arrives, augmented time windows are formed by merging contiguous standard slots
that share the same insertion context (Section 5), and the opportunity cost is approximated
through insertion cost and revenue loss, from which delivery prices are computed (Section 6).
If a slot is chosen by the customer, the selected forecast order is replaced by the actual order
and the route is re-optimised (Section 4.2).

In Equation (3.2), the term (V,H X)) = Vi (G + 1,”)) represents the difference in profit
attime step 7 + 1 between not allocating slot s in area a to the current customer and allocating
it. This difference illustrates the potential profit loss, which is commonly referred toas OC. A
substantial challenge in dynamic pricing problems is accurately approximating the OC, which
critically relies on a crucial factor known as the revenue loss (R L). Much prior research has
focused on addressing the estimation of RL, as seen in works by (Klein et al., 2018; Strauss
et al., 2020; Yang & Strauss, 2017).

To address the demand challenges inherent in the AHD problem, we adopted the method-
ology proposed by Abdollahi et al. (2023). Specifically, this entails continually tracking
customer arrivals and their bookings across the horizon while maintaining (and updating)
two lists of actual orders (with time windows) and forecast orders (without time windows)—
and running a warm-started simulated annealing (SA) process that is invoked upon each
accepted order to refine a current best route plan so it remains feasible and near-optimal
for the evolving set of orders. The whole process of this approach is depicted in Figure 2.
This method involves the creation of a forecast delivery route plan using historical data as
a warm start at the beginning of the booking period. Forecast orders are generated using a
Simple Moving-Average (SMA) model to predict the total number of orders. Each forecast
order’s attributes, including address, order size and revenue, are randomly simulated based
on historical data. Previous selected time slots are intentionally ignored when generating
forecast orders. Following Abdollahi et al. (2023), forecast orders retain attributes that can
be inferred relatively reliably from historical data, such as customer location, order size and
revenue, while their delivery-slot choices are left unspecified because these depend on the
pricing policy and the evolving booking status.
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Fig. 2 Overview of the integrated dynamic routing and demand management problem. Incorporation of dis-
tribution mechanisms into the dynamic routing system is detailed in Section 4

Upon each new customer arrival, their order is temporarily inserted into the forecast route
in each time slot, to test each time slot for feasibility, IC and RL calculation. The result
informs the OC estimation for dynamic pricing, and the resulting slot availability, and prices
are displayed to the customer for their choice. If the customer selects one time slot, the order
becomes an actual order and is permanently inserted into the forecast route to replace one
forecast order (“Update route plan” in Figure 2). The dynamic routing system is therefore
re-optimised in response to new insertions/replacements (“Dynamic Routing” in Figure 2).
This predictive route plan serves as a dynamic approximation of the final route, and is used
to compute OC = IC + RL for each potential order.

To keep the forecast route plan policy-agnostic, forecast orders are introduced without
fixed time windows. Here, policy-agnostic means that the tentative route is not tied to the slot
distribution implied by any particular pricing rule. This preserves the geographical structure
needed for routing while allowing the heuristic to place forecast orders in whichever slots that
best support an efficient provisional route. These forecast orders, therefore, act as placeholders
that are progressively replaced by actual customer orders as bookings are made.

However, due to the ability to freely allocate forecast orders across time windows, the time-
allocations given to those forecast orders along the generated route might significantly deviate
from the original popularity of time slots. This deviation can render the forecast delivery plan
unrealistic, especially when employing dynamic pricing strategies with predetermined price
limits. For example, when forecast orders are modelled without time windows, the optimal
VRP solution may allocate 20 deliveries to the 67 a.m. slot given the available fleet. While
this allocation is operationally feasible, the 6—7 a.m. slot is typically unpopular; consequently,

it is unlikely that pricing alone can induce 20 customers to select it over the booking horizon.
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This creates a mismatch between the VRP solution obtained without time-window constraints
and realistic customer choice behaviour. To address this, we estimate the maximum demand
shift that any pricing policy can plausibly generate across slots and embed this limit into the
routing problem. The resulting VRP still does not impose fixed time windows on individual
orders (i.e., orders may be reassigned across slots), but each slot is subject to an upper bound
on the number of deliveries—potentially below its purely logistical capacity. This mechanism
incorporates realistic slot popularity into routing decisions while preserving flexibility by
retaining forecast orders without predefined time windows.

4.1 Order upper bound for every time slot

Assuming we possess knowledge of the optimal dynamic pricing policy, predicting the slot
choices made by customers under this policy becomes relatively straightforward, thus enhanc-
ing the accuracy of the final route predictions. However, a significant challenge arises from
the fact that the optimal dynamic pricing policy is not known in advance and is inherently
uncertain. In practical scenarios, retailers commonly impose specific limitations on the deliv-
ery prices they offer. These limitations can take the form of a defined continuous pricing
range, like [d;“i“, d™*], as observed by Yang and Strauss (2017). Alternatively, retailers
might choose to offer delivery prices from a predetermined set of discrete levels, such as
{d!,d?,...,d!}, as explored by Koch and Klein (2020).

The objective of this section is to determine the upper bound on the number of orders that
can feasibly be accepted for each time slot, considering the specified price limits. We refer

— —
to this as the “order capacity” for each time slot s, denoted by CA P. Also, CA P denotes
the vector of all per-slot bounds (C—'fﬁ)’ = {c'ﬁ s | s € S}). This determination allows us
to evaluate the degree to which dynamic pricing, operating within specified upper and lower
price limits ([d;ni“, d"™1]), can influence customer demand. For each time slot s, computing
m s involves setting the price of slot s to its lowest possible value, dsmi“, while assigning
the maximum possible price, d;"**, to all other slots:

drminif 5" =,
Price(sy = )% NE = @.1)
d™*  otherwise.

This setup explores the highest potential share for slot s to be chosen under the choice
model used in this study (MNL with selection probabilities in Eq. (3.1)).

Given the price setting of (4.1), a simulation study with historical data is carried out to
calculate m following Algorithm 1, as a pre-processing step before receiving any real
customer arrivals. Each Sim; here denotes a full run following the procedures of Figure 2
except for the OC estimation and pricing parts. Within each simulation run (Sim; ), acomplete
booking period is emulated using a time-dependent Poisson process to model stochastic
customer arrivals. An explicit dynamic routing and order replacement system (the left of
Figure 2) is deployed to advise on routing feasibility. The fixed pricing in (4.1) is applied
to the available slots, which replaces the three middle blocks on the “demand management”
side of Figure 2. Customer choice is determined through Eq. (3.1). The number of accepted
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orders for each time slot s is logged to facilitate the subsequent calculation of CAP; in
Algorithm 1.

Algorithm 1: Calculate upper-bound vector (C A P) for all slots

Input : Number of runs: n Run;
Available slots: S;
Slot price range: [d™", d™X]
—
Output: Set of upper bounds: CAP.
1 m <~ [0,0,...,0]; // Initialise upper-bound vector of all
slots
2 for each time slot s € S do
3 | Initialise all slots’ prices using (4.1)

_ _
4 | #Orders < [0,0,...,0]; // Accepted orders in slot s per run
5 | fori < 1tonRun do
6 Run simulation Sim; for a full booking period ; // Offer fixed prices
—

from Price to all arrivals (any area a, time t).

% . . . .
7 #Orders(i) < final number of accepted orders in slot s during Sim;

— — L

8 | CAP; < {avg(#Orders)—‘ ; // Ceiling of the mean

For each slot s, we run n Run = 100 independent booking-horizon simulations. Prices are
fixed per Eq. (4.1) with d;“in = —10 for the tested slot and dy, = &} forall k € S\ {s}. The
slot set starts with |S| = 17 non-overlapping one-hour windows; availability may decrease
during a run as slots fill. Arrivals follow the discretised time-dependent Poisson process with
per-epoch arrival probabilities A, and area mix pu, defined earlier; choices follow the MNL
in Eq. (3.1) using the estimated B parameters (see Appendix D, Table 6). Order locations,
sizes, and revenues are sampled from the historical dataset in Section 7.1. Routing feasibility
and accept/reject outcomes are evaluated by the dynamic-routing module in Fig. 2. For each
run we record the number of accepted orders in slot s; CAPg; = [mean over n Run runs].
We fix the random seed for each s to enable exact replication.

Note that while analytical calculations based on these equations allow us to predict the
selection probability for each delivery slot and estimate the total number of arrivals, they do
not fully account for the complexities of the routing problem, such as the physical capacity of
delivery vans and the actual use of time slots. Therefore, we employ simulations to incorporate
these critical factors, capturing the size and location of orders in a way that analytical methods
cannot, thereby providing a more accurate estimation of CTP:Y in the context of real-world
routing constraints.

A series of such simulations, as outlined in Algorithm 1, is performed for every slot s. The
value of m s 18 then calculated as the ceiling of the average number of accepted orders
in slot s by the conclusion of the booking horizon. This entire procedure is reiterated for all
slots, with multiple simulations conducted to derive an empirical upper bound for each slot.

The resulting vector of upper bounds (m) is then integrated into the CVRPTW to form
anew variant named the CVRPTW-CAP problem. This problem aims to identify the optimal
routes that serve all actual orders within their committed time slot and all forecast orders in
any time slot, while ensuring the number of orders in every time slot does not exceed the
prescribed upper bound m 5. This is a novel modification to the standard CVRPTW to
account for the expected spread of orders under different pricing policies, without directly
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controlling the time-slot choices of forecast orders. A MILP model is developed in this
work for the CVRPTW-CAP (Appendix A). Due to its NP-hardness, this model cannot be
solved for practical usage, especially in an online decision-making environment with dynamic
orders. _

For each slot s, CA P is a feasibility upper bound computed at the most slot-favourable
admissible prices (set dy to its lower bound and all other slots to their upper bounds) and
evaluated with routing feasibility. Under our price-sensitive MNL, this choice maximises
the attainable share for s within the admissible range; the resulting accepted-orders statistic
therefore provides an upper bound (in expectation) on the volume that can be induced into slot
s under any admissible pricing policy. We use the mean accepted count as a stable planning
cap (rather than a high percentile), which avoids excessive conservatism and keeps the cap
policy-agnostic. C A P regularises forecast-route construction only (hard cap in CVRPTW-
CAP; soft penalty in SA); prices are always set from OC = IC + RL on the current feasible
plan, not from CAP. We keep c—ﬁ’ policy-agnostic: while tighter per-slot forecasts could
be obtained by simulating under a fixed pricing rule, doing so would couple capacity control
to that rule and risk reinforcing it during search.

4.2 Simulated annealing (SA) for CVRPTW-CAP

To efficiently solve the CVRPTW-CAP, we employ Simulated Annealing (SA) as a heuristic.
SA is used to find the initial (sub-)optimal routes with forecast orders, and is called upon the
acceptance of every actual order to re-optimise the route. Figure 2 outlines the modifications
we introduce to the dynamic routing block of Abdollahi et al. (2023)’s approach. The SA,
as presented in Algorithm 2, is employed to solve the dynamic routing problem that is
highlighted in Figure 2.

The parameter setup for the Simulated Annealing (SA) algorithm, characterised by an
initial temperature (7p = 1000), a cooling rate (¢ = 0.99), a minimum temperature threshold
(Tmin = 0.1), and iterations per temperature level (Njer = 10 X +/number of orders), is
selected to efficiently tackle the dynamic routing problem inherent in CVRPTW-CAP. While
this configuration may not be universally optimal, given that the primary aim extends beyond
merely optimising dynamic routing via SA, it constitutes a reasoned compromise. Resulting
from extensive simulations and analytical assessments, this configuration has effectively
navigated the complexities of dynamic routing.
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Algorithm 2: Simulated Annealing for CVRPTW-CAP

Input : Current route plan with new order integration (Solcurrent), C A P, initial temperature
(Tp = 1000), cooling rate (¢ = 0.99), minimum temperature threshold (7T, = 0.1), iteration
per temperature level (Njer = 10 x +/number of orders).

Output: Optimised route with updated arrival times.

1 Initialise 7 < Ty
2 Determine initial cost Ceyrrent Of Solcurrent
3 Set Solpegt <— Solcurrent
4 while T > T, do
5 for i < 1 to Njs, do
6 Perturb Solcyrrent to generate new service sequence Solpew
7 Calculate earliest (E) and latest (L) arrival times according to the given sequence Solpew
8 Distribute forecast orders in Solpew using Algorithm 3, obtaining balanced arrival time E}p,
9 Evaluate Cpew, incorporating a linearly scaled penalty for each slot where
#Orders(s) > CAP;
10 if Cpew < Ceurrent then
11 Solcurrent <— Solpew, adopting the new solution
12 if Crew < Cpest then
13 L Solpest <— Solpew, updating the best solution
14 else
15 it rand(0, 1) < e~ Cnew=Ceurrent)/T then
16 Solcurrent < Solpew // Adopt the new solution and continue with
the next iteration of the loop
// Retain Solcyrrent and proceed with the next iteration of
the loop
17 T < « - T, cooling down the system

—

8 return Solp,.;

To impose the order limit C A Py as specified by constraint (A.12), we introduce a forecast-
order distribution step using Algorithm 3 into SA. During the operation of SA, when
generating a random tentative route plan, Algorithm 3 (re-)assigns arrival time to each order
in the route considering the C A Py values. In case when constraint (A.12) cannot be met
after (re-)assigning the visiting times, penalty terms are added to the objective to push the
SA search to feasible directions. In Section 4.2.1, we explain the employed forecast order
distribution approach in details.

4.2.1 Forecast order distribution of a route plan

Recall that C A P, represents the maximum number of orders expected in slot s. These orders
are to be serviced by the whole fleet, which normally consists of multiple delivery vans.
Nevertheless, during the distribution of orders across slots in the SA process, we work on
the route of each delivery van sequentially. To achieve a more balanced distribution across
all delivery vans, we introduce a refined C A Py per van, denoted by CA PpV;(k), to reflect
the slot-specific order limit in the route of delivery van k, based on the number of orders
currently assigned to that particular van:

—
length(order (k))

CAPpV,(k) = [CAP, - S CAP
N
S

4.2)

where length(order (k)) represents the number of orders for van k at time step ¢. Ceiling
function [-] is applied to ensure that CA PpV; (k) takes integer values. CA PpV (k) will not
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exceed C A Ps because the length(order (k)) is never higher than > CA Py. Indeed, Y CA Py

is considerably higher than the actual number of orders that Wiﬁ be received at thAe end of
booking period, as C A P represents the upper-bound for the total orders that can be delivered
in slot 5. We introduce C A Pp V; (k) to mirror the structure of C A P; while tailoring it to van
k. This approach captures the highest expected order count for slot s on van k, adhering to
the same pattern as in C A P, contingent on the current order count.

Algorithm 3 employs Equation (4.2) to guide re-assignment of earliest arrival time of
orders, denoted as Ej, on a tentative route plan in SA. Note that the earliest arrival time (E )
signifies the earliest moment when a delivery can arrive at the customer node according to
the current working route plan, ensuring that all routed orders before it (including itself) are
not serviced before the start of their chosen slots. On the contrary, the latest arrival time (Z)
denotes the latest allowable time by which the delivery van must arrive at the customer node,
ensuring that all routed orders after it (including itself) are not serviced later than the end of
their chosen slots. A route plan is feasible if E < Z,, i.e., the earliest arrival time is no greater
than the latest arrival time for all orders on the route.

Delving into further details, when the current time slot approaches its capacity threshold
(CAPpV;), Algorithm 3 assesses the feasibility of shifting the next forecast order and all
subsequent orders to later time slots (lines 10 to 19 in Algorithm 3). The feasibility of this
shifting operation hinges on the flexibility of subsequent actual and/or forecast orders, which
is determined by the slack between their earliest and latest arrival times (line 12). In line 14,
the required shift size is calculated by determining the time difference between the beginning
of the next time slot and the earliest arrival time of the forecast order under consideration.
If the required shift size is no greater than the minimum slack of all subsequent orders, the
current shifting of the forecast order is deemed valid and performed (line 15-19). However,
if the shifting is infeasible (normally due to the presence of actual orders), the earliest arrival
time remains unchanged. Note that this infeasibility only signals potential violation of the
C A P; but not necessarily leads to it, as the C A P is imposed collectively to the routes of all
vans. Suppose one van has less than expected number of orders assigned to the same slot,
the overall route plan may still be feasible.
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Algorithm 3: Distribution of forecast orders in time slots based on CA P

-
Input : For each van k: order sequence order (k);
Earliest and latest arrival times for each van k and order i: E (k, i) and Z(k, i);
Slots upper-bound: CAP;
Available slots: S;

Start and end time of all slots: (j/B, UE R
Output: Balanced earliest arrival times Ej.
Initialise Ej < E

2 for k < 1 to number of vans do

-

3 Initialise RS < [0,0,...,0]; // Record number of orders in each slot
—_—

4 | Calculate refined CAPpVy(k) < [CAP; - mg%#w .// Refined CAP; for van k

N s s
5 for i < 110 length(order(k)) do
6 s <« ﬁnd_slot_number(l::b(k, i)); // Find the corresponding slot number

for Ep(k,i)
7 RS(s) < RS(s)+1; // Add order i to slot s
8 if i is a forecast order then
9 if RS(s) > CAPpVs(k) then
10 if s is not the last slot in S then
—_—
11 for n < i + 1 to length(order(k)) do
12 Slack, <« Z(k, n) — Eb(k,n) ; // Calculate slack of subsequent
orders
13 Min_slack < min Slackp
i<n<length(order(k))
14 Shift « Uﬁrl - Eb(k, i); // Calculate required shift size
15 if Shift < Min_slack then
16 RS(s) < RS(s) —1; // Remove order i from slot s
17 RS(s+1) < RS(s+1)+1; // AAd order i to slot s+1
18 for h < i to length(order (k)) do
19 L E},(k, h) < Eb(k, h) + Shift ; // Delay following orders by
shift

20 return Eh

Note that although SA approach is used in this article to solve the CVRPTW-CAP, the
Algorithms 1 and 3 as proposed here can be integrated seamlessly with any existing dynamic
routing solvers/heuristics for CVRPTW used by a grocer. Algorithm 1 should be called offline
before the start of booking horizon, using historical data to predict C A Py through simulation.
Algorithm 3, on the other hand, contributes to the online distribution of forecast orders, which
is called upon obtaining a tentative route using any routing package and when evaluating the
tentative route’s fitness. Adopting this approach, an enhanced forecast route can be obtained
which aligns with the slot popularity, taking into consideration the influences of the future
pricing optimisation. Based on this enhance forecast route, more accurate opportunity cost
estimations can be achieved with a hope to improve the optimisation of dynamic pricing.

At each acceptance we warm-start SA from the incumbent plan Sol¢yrent, restrict moves
to time-window—feasible relocate/shift/2 -opt, and invoke the forecast-order rebalancing step
only when a slot approaches its cap. We then recompute OC = IC + RL on the updated
best route. This incremental update keeps OC aligned with the live plan while achieving
per-arrival runtimes < 0.014 s across areas (see Figure 9). For clarity, the pricing layer uses
OC = IC + RL recomputed on the updated feasible plan returned by Algorithm 2; the
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vector C A P only regularises forecast-route construction (hard cap; soft SA penalty) and is
not used directly in the pricing equation.

5 Augmented Time Window

The order distribution approach as proposed in Section 4 aims to improve opportunity cost
estimation when forecast orders without time windows are used to assist route planning.
In this section, on the other hand, we aim to further preserve the flexibility provided by
these forecast orders (not time-windowed) in the actual route, so as to improve the overall
routing efficiency. Remember that the decision framework proposed by Abdollahi et al. (2023)
invoke a replacement process when a new actual order is committed. With this replacement,
the system transits from having a forecast order without a predetermined time window to
having an actual order with a fixed, one-hour time window. However, it is important to
recognise that an order without a designated time window offers more flexibility in routing
optimisation, compared to an order with a fixed time window. To preserve routing flexibility
when forecast orders are progressively replaced by realised customer orders, we introduce
Augmented Time Windows (ATW). An ATW is an optional service window constructed by
merging contiguous standard slots around the selected insertion position. To avoid implicitly
making wider windows more attractive to customers, we apply a penalty parameter y so that
longer ATWSs do not receive an unwarranted utility advantage. These extended time windows
are offered in addition to the standard ones and incentivised through dynamic pricing, so as
to encourage customers to select.

The existing literature on variable or extended-duration time windows in the context of the
AHD problem has mainly explored two strategies: static short and long time slots (as shown
by Klein et al. (2020)), and the combination of less popular slots with more popular ones to
improve slot utility (as discussed by Strauss et al. (2020)). Differing from these methods, our
study introduces a dynamic approach for slot combination, building upon the foundation laid
by Abdollahi et al. (2023). Our approach leverages the flexibility inherent in forecast orders
without fixed time windows.

Every time a customer places an order, we dynamically determine the optimal combi-
nations of the existing set of Standard Time Windows (STW) to form Augmented Time
Windows (ATW). Figure 3 provides an example of how ATWs are formed from adjacent
STWs. Let us consider a scenario where a new actual order j is inserted into the tentative
route during the dynamic routing process. In Figure 3, j* represents the index of the most
appropriate forecast order to remove when inserting order j into slot s. Here, i and i + 1 rep-
resent the indices of the preceding and succeeding orders on the route, respectively, between
which order j is being inserted. The insertion cost of replacing j;* with j is denoted as 1 Cy.

It is evident that if we aim to service new order j in slots 1, 2, or 3, the best forecast
order to remove and the optimal insertion position on the route remain the same. This implies
that even after this replacement and insertion, actual order j retains the flexibility to move
across these three slots. However, if only STWs are available and the customer later selects
slot 2, for instance, order j becomes constrained by the start and end time of slot 2 (i.e.,
[7am, 8am]). Consequently, this reduces the route’s flexibility as any future new orders to be
serviced in slot 3 cannot be inserted into gaps before order j, even if travel time allows both
orders to be accommodated within a one-hour slot.

To maintain routing flexibility, we consolidate slots 1, 2, and 3 into an ATW that spans
from 6am to 9am, as highlighted in green in Figure 3. If selected, order j can be fit into any
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Fig.3 Constructing augmented time windows from standard time windows

time between [6am, 9am], making the tentative route more adaptable for absorbing a higher
number of future orders. This strategy helps enhance the overall efficiency and responsiveness
of the routing system.

In more generic terms, to generate ATW from STW, we examine the indices of the preced-
ing and succeeding orders (i and i4-1) during the order insertion and/or replacement process.
The time slots in STW that have matching values for i and i 4 1 are considered the desired time
slots to combine and form a new extended time window to add to ATW. Notably, since ATW
are generated from adjacent time slots, having them in following routing (re-)optimisation
does not burden the dynamic routing package with maintaining dis-connected aggregated
time windows. Instead, an order selecting ATW simply becomes a standard order in the
follow up routing (re-)optimisation with a longer time window. The utility parameterisa-
tion for ATWs (including the explicit formula and interpretation) is given in Section 7.4;
pricing remains unchanged and follows the same MNL/pricing equations as for ST W's (see
Section 6).

Figure 4 depicts the integration of dynamic routing and demand management, includ-
ing both forecast order distribution into dynamic routing (Section 4) and ATW calculation
(Section 5). This integration results in an improved route-based dynamic pricing process.
Note that the process of creating ATWs are carried out after order distribution procedures of
Section 4, on the already-revised earliest start time E}. So the resulting ATW will not include
combinations that lead to CAP violations.

6 Calculate optimal delivery charges

After aligning the earliest arrival times of all orders (Eb) using Algorithm 3 in Section 4, we
proceed to calculate the opportunity cost OC = IC + RL for all slots S = STW U ATW
as a result of formation of ATW as elaborated in Section 5. .

To calculate the insertion cost (denoted as I C), we introduce the term DC, (%;, f;), which
represents the total ‘Delivery Cost’” obtained from the dynamic routing system. Here, X,
denotes the vector of all accepted orders, whereas f; is defined as a vector of all forecast
orders that remain in the route at time ¢. If it is not feasiblg to fulfil all orders (X;, f;) due
to capacity and time slot constraints, we define DC;(X;, f;) = oo. The insertion cost of
accepting the order (a, s) at time ¢ is denoted by 1C;(X;, f_;, 1,5), which is calculated as
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Fig.4 Creation of ATW using the existing STW to enhance the efficiency of the routing process as shown in
the right oval and discussed in Section 5

follows:

L min [ DCrat Gy + Las. fi = 1e) = DCrt G /)] i fi # NULL
IC (Xy, fr Vas) = | Js€frad

DC,11(X; +145,0) — DCyy1 (X, 0) otherwise

(6.1)

where ﬁad is a vector derived from ft containing only those forecast orders that are within a
radius of rad miles from the new order. j; indicates the forecast order that is to be removed
while inserting the new order (a,s). j; represents the best forecast order that has been
identified for renloval, with its area denoted by a*.

Let RL (%, f7, {as) denote the expected revenue loss of accepting the order (a, s) at
time ¢. Let wy (X;, f;) denote the idle time in slot s’ before accepting the new order (a, s).
Suppose the forecast order to be replaced by the new order (a, s) is from area a*, the idle time
after replacing the forecast order by the new order is represented by wy (X, + 1,5, f; —1,4).

According to Abdollahi et al. (2023), the revenue loss for accepting the new order (a, s) is
given by:

RL G, fislas) = ) Oy (wy G, fi) = wor G + Lag, fi — 14+) (6.2)

s'eS

where 6, ¢ € R represents the monetary value of the consumed time by all orders in time

slot s”. To calculate 6; ;v we use Equation (6.3) which is based on the best route at time ¢
generated by the routing package:

> r(0)
; 0€l(5i, f): UE <Ep(0.k)<UE) 63
t,s — E B .
vk -Us

@ Springer



Annals of Operations Research

where Uf,g and Uf denote the start and end times, respectively, of time slot s”. Additionally,
Eb (i, k) signifies the balanced earliest arrival time for order i in van k, calculated as the
delivery time output by Algorithm 3. This output is determined based on the current solution
provided by the dynamic vehicle routing system. The concept of calculating revenue loss
was originally introduced by Abdollahi et al. (2023). However, in this study, we extend the
approach by considering both actual and forecast orders that remain in the system at time ¢
to calculate 6, ;. This inclusion allows us to account for the contribution of both actual and
forecast orders towards revenue loss until the end of the booking period.

Note that formulas (6.1), (6.2) and (6.3) are valid for both STWs and ATWs. With (6.1),
the IC of the ATW is identical to that of the STWs which are combined together, as they
are combined when their insertion costs are the same. With (6.2) and (6.3), the RL of the
ATW is similar to an average of all combined STWs. ATWs therefore use the same MNL and
pricing equations as STWs (Egs. (6.5)—(6.6)); no ATW-specific pricing rule is introduced.
Assembling the insertion cost Equation (6.1) and revenue loss Equation (6.2), we obtain the
opportunity cost estimate:

OC,(Fs, fi Vas) =1C e, fi Vas) + RL s, iy 1as) (6.4)

Therefore, the term (V,1(X;) — V;21(X; + 145)) in Equation (3.2) will be approximated
by the estimated opportunity cost as given in Equation (6.4). To compute the optimal slot
price d;, we use the following formula suggested by Dong et al. (2009):

-z h
df = OC/(%, fr, Las) — 11 — B (6.5)

where i shows the unique solution to:

(h—1) exp(h) = Z exp(Bo + Bs + Ba [ OC,(Xy, fislag) =11 1) (6.6)
s€Fa (e, 1)

where h value in Equation (6.6) is calculated using approximation methods like Bisection or
Newton.

7 Experimental Results

In the upcoming section, we will begin by outlining the areas of study and the methodolo-
gies employed to compare our method with several benchmarks. We will present the results
obtained from diverse experiments, evaluated against various measures. Moreover, we will
provide a detailed explanation of the implementation aspect pertaining to the distribution of
forecast orders. Furthermore, we will explore the potential of augmented time windows to
further enhance the effectiveness of our methods. We will illustrate the performance improve-
ments achieved through this approach and compare them to scenarios where standard time
windows are used exclusively.
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7.1 Data Specification

In order to examine the impact of forecast order distribution and augmented time windows,
we conducted experiments on seven distinct delivery areas. These areas were chosen to repre-
sent different customer densities and distribution patterns. The experiments were carried out
using actual customer locations and historical booking data, while ensuring the protection of
commercial information and customer privacy through appropriate measures. Table 1 pro-
vides a comprehensive overview of the selected areas, including their specific characteristics
and the number of vans deployed to fulfil the final accepted delivery orders.

Customer time-slot choice is modelled using the multinomial logit (MNL) formulation in
Eq. (3.1). The coefficient set (8o, B4, Bs) is held constant across areas to isolate the effects
of routing feasibility and pricing policy, and is reported in Appendix D (Table 6).

We benchmark the proposed approach against several comparison pricing methods, described
next. These methods include:

1. Static Pricing method (SP): This method applies a fixed delivery charge of £3 throughout
the booking horizon.

2. Dynamic Pricing with Insertion Cost without employing forecast order (DP-IC): In this
method, the pricing is dynamically adjusted based on the insertion cost, without consid-
ering the forecast orders. This method is a benchmark method which is used in different
works such as Yang and Strauss (2017).

3. Dynamic Pricing with Fixed Routing of Forecast order with time window (DP-FR-F):
This method involves dynamically adjusting the pricing based on fixed, time-windowed
forecast orders obtained from historical route; forecast route is not updated with new
order acceptance. The approach introduced by Yang et al. (2016) is referred to as the
“foresight policy” in this context.

4. Dynamic Pricing with Dynamic Routing of Forecast orders without time windows (DP-
DR-F): It is introduced by Abdollahi et al. (2023) which involves dynamically adjusting
pricing by considering a forecast route generated from forecast orders without time
windows as well as actual orders. The forecast route is continually updated as new orders
are accepted.

5. Dynamic Pricing with Dynamic Routing of Distributed Forecast orders without time
window (DP-DR-DF): This method considers dynamically adjusting the pricing based
on forecast route plan entailing distributed forecast orders; the forecast route is updated
upon new order acceptance. This is the approach proposed in Section 4.

6. Dynamic Pricing with Dynamic Routing of Distributed Forecast orders without time
windows entailing Augmented Time Windows (DP-DR-DF-ATW): This approach is
same as DP-DR-F, but with the inclusion of augmented time windows as proposed in
Section 5.

For a detailed breakdown of the components of each method, please refer to Table 2.

Lastly, the experiments were conducted using MATLAB on a high-performance com-
puting system equipped with an Intel Core 19-7940X 3.1GHz processor. To ensure reliable
results, we performed a total of 30 independent runs of the experiments and reported the
average.

7.2 Comparative analysis of the methods based on various metrics

To evaluate the effectiveness of the new approaches introduced earlier, namely the employ-
ment of distributed forecast order and dynamically extending feasible time windows through
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Fig. 5 Comparison of average profit across the studied methods over 30 runs for the seven study areas.
Areas 1-7 correspond to instances with 2, 4, 6, 9, 11, 14, and 16 vehicles, respectively. Percentage labels
report improvement relative to the static-pricing baseline

the implementation of augmented time windows, various measures have been considered.
Among these metrics, profit growth stands out as a crucial benchmark to assess the perfor-
mance of the methods. In Figure 5, we present the profit achieved for all the methods across
different areas, along with the percentage improvement in profit compared to the static pric-
ing method used as the baseline. This visualisation provides a comprehensive overview of
how each method performs in terms of generating profit and highlights the extent to which
they outperform the static pricing approach.

Analysing Figure 5, it is evident that DP-DR-DF outperforms DP-DR-F, highlighting the
significance of distributing forecast orders. This observation emphasises the importance of
accurately estimating revenue loss, as it enables a more realistic calculation of opportunity
costs. By considering and accurately estimating revenue loss, businesses can make more
informed decisions and achieve better financial outcomes by optimising their pricing policies.
For a more detailed investigation into the distribution of forecast orders and the estimation
of time budget as a component of revenue loss calculation, please refer to Section 7.3.

The DP-DR-DF-ATW model, enhanced by integrating augmented time windows, show-
cases a profit boost of 22% to 27% over static pricing. This uplift highlights augmented time
windows’ role in steering customers to more profitable time slots across the booking period.
Customers are offered broader time window choices and lower delivery charges, enabling
more efficient order management and countering the preference for popular time slots. This
approach ensures higher slot availability, elevating booking success rates. In Figure 5, the
assumed equal utility of combined slots may not always hold; Section 7.4 delves into utility
decrement variations and their effects on DP-DR-DF-ATW’s performance.

Another advantage of the methodology proposed in Section 5 for augmented time win-
dows (ATW) is its compatibility with various methods and approaches in dynamic pricing.
This approach can seamlessly function as an add-on to any insertion-based dynamic rout-
ing system, facilitating profit improvement without requiring modifications to the specific
method for dynamic pricing. This flexibility allows for easy integration into different meth-
ods with diverse approaches. Furthermore, the inclusion of ATW does not impose significant
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Fig.6 Comparison of the average number of accepted orders across the studied methods over 30 runs for the
seven study areas. Areas 1-7 correspond to instances with 2, 4, 6,9, 11, 14, and 16 vehicles, respectively

computational burdens on the methods. Instead, it simply redefines the standard time window
based on the inherent characteristics of each method. Consequently, the integration of aug-
mented time windows contributes to improved performance without introducing excessive
computational complexities.

Figures 6 and 7 highlight the improved efficiency the method brings to the dynamic routing
system. Figure 6 showcases the average number of accepted orders across all areas. This figure
highlights the effectiveness of our approaches in accommodating a greater number of orders
within the same problem setting. By optimising the routing process, the DP-DR-DF-ATW
excels in incorporating more orders into the routes, thereby maximising resource employment
and meeting customer demand effectively. In addition, the DP-DR-DF approach achieves a
slight increase in accepted orders while generating more profit through enhanced pricing of
time slots and more accurate R L estimation. Complete dispersion statistics (mean =+ sd and
[min, max]) and percentage improvements versus the SP baseline for all methods and areas
are provided in Appendix B.

In Figure 7, a graphical comparison is presented, focusing on the average travelling cost
required to serve an order and the average profit gain per mile in all areas. These metrics
directly reflect the efficiency of the final routes generated by the methods and their impact on
the overall performance of the dynamic routing system. The figure underscores the effective-
ness of our approaches in achieving cost-minimisation objectives while maximising profit
gains per mile. This emphasises the importance of an efficient forecast route plan, enabling
intelligent and strategic travel decisions, ultimately contributing to enhanced profitability. It
is important to note that the x—axis in Figure 7 does not represent increasing the fleet size
within a single fixed region, but rather a sequence of seven distinct areas, each with its own
fleet size, demand volume and spatial structure (see Table 1 and Appendix C). The local
increase in travelling cost per order around fleet sizes 9 and 11 (Areas 4 and 5) arises when
moving to larger, more geographically dispersed suburban regions in which the total number
of customers and the covered area grow faster than the fleet size. In these settings, routes
must still cover substantial line-haul distance to connect multiple customer clusters, which
increases the miles travelled per order. By contrast, the jump in profit per mile at fleet sizes
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Fig. 7 Comparison of average travelling cost per accepted order and average profit per mile over 30 runs for
the seven study areas. Areas 1-7 correspond to instances with 2, 4, 6,9, 11, 14, and 16 vehicles, respectively

14 and 16 (Areas 6 and 7) is associated with very dense urban layouts, where many closely
located customers allow each mile of travel to generate more revenue and the fixed and time-
related vehicle costs are spread over a larger number of delivered orders. These structural
differences across areas, rather than fleet size alone, therefore explain the non-monotonic
patterns observed in Figure 7.

The availability of time slots and their corresponding prices over the booking period sig-
nificantly impact the total profit. Figure 8 provides insights into the number of available time
slots and the average advised price for representative areas (1 and 7). When a new order
arrives, there exists a trade-off between immediate gain and long-term profit. This trade-off
explains why the prices offered by DP-IC and DP-FR-F approaches are consistently lower
than those of DP-DR-F, DP-DR-DF, and DP-DR-DF-ATW. Note that the DP-IC and DP-FR-F
approaches, lacking consideration for expected revenue loss in the opportunity-cost estima-
tion, primarily focus on the immediate gain associated with the order under consideration.
To entice the customer to make a purchase, these approaches lower the price offered signif-
icantly. However, in the case of DP-DR-F, DP-DR-DF, and DP-DR-DF-ATW approaches,
which anticipate future orders, there is less pressure to secure an immediate order. Con-
sequently, the prices offered tend to be higher on average. The variation in prices across
different approaches underscores the significance of incorporating an accurate assessment
of revenue loss in the opportunity-cost estimation. This consideration enables approaches
to strike a balance between immediate gains and long-term profitability, resulting in more
strategic pricing decisions and ultimately maximising the total profit.

When comparing DP-DR-DF and DP-DR-DF-ATW with DP-DR-F, it is evident that the
prices charged by DP-DR-F are generally lower. This is because in DP-DR-F, the best time
slot is determined solely based on the dynamic routing system without considering time
windows or the original popularity of time slots. Consequently, there is a higher pressure
to lower the price in order to persuade a customer to book an undesirable time slot if their
location is deemed the best fit for that particular slot. On the other hand, DP-DR-DF and
DP-DR-DF-ATW offer more stable delivery prices compared to DP-DR-F by leveraging
the benefits of forecast order distribution. Ideally, the pricing policy towards the end of the
booking horizon should aim to treat customers fairly by providing consistent prices across
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Fig.8 Evolution of average slot availability and average offered delivery price during the booking horizon for
two representative instances: Area 1 (2 vehicles) and Area 7 (16 vehicles), averaged over 30 runs

all time slots. This equitable approach is particularly evident in low-density areas with lower
complexity, where the demand system is less intricate. However, in areas with higher demand,
this advantage may be somewhat diminished due to factors such as increased order volume,
more delivery vans, and greater pressure on the dynamic routing system. Nevertheless, in
real-world scenarios, it is common for prices in dynamic pricing schemes to decrease over
time as slot availability dwindles. Typically, popular slots tend to be reserved earlier than less
popular ones, resulting in lower prices being offered towards the end of the booking period
to stimulate bookings for the less popular slots.

Figure 9 presents a run-time assessment of all methods across all seven areas. It quanti-
fies the time required by each method to evaluate and display feasible time slots and their
corresponding prices for a new order.

As shown in Fig. 9, the maximum observed per-arrival processing time is 0.014 s across
all areas—even under fine time discretisation. Note that the algorithm is event-driven: com-
putation is triggered only on arrivals (not on every epoch 7). The computational complexity,

@ Springer



Annals of Operations Research

Average run-time to display available slots and their price to a new order

00139

r 0128
7 00132
0.0053

6 00048

s 00045

o
00114
g ¢ 0.0021 0008
0.0026
00132
0.0130
3 0127
00028
0.0009
0.0008
03047° Methods
2 00014 - SP
0.0010
00010 mmm DP-IC
00021 DP-FR-F
N 00020 ;o027 DP-DR-F
0.0008 wmm DP-DR-DF

Emm DP-DR-DF-ATW

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014
Run-time (sec)

Fig.9 Per-arrival run-time required to evaluate feasible slots and compute the corresponding delivery prices
across the seven study areas. Areas 1-7 correspond to instances with 2, 4, 6, 9, 11, 14, and 16 vehicles,
respectively

therefore, scales with the number of arrivals rather than the number of discretised epochs;
in our test set, the average number of customers increases from 63 in Area 1 to 611 in
Area 7 (Table 1). All methods are therefore suitable for online use; moreover, DP-DR-DF is
marginally faster than DP-DR-F in many areas, because distributing forecast orders smooths
the route plan and shrinks the set of neighbouring forecast orders that must be considered for
replacement when a new order arrives.

7.3 The Impact of Forecast Order Distribution on Time Budget

In this section, we aim to demonstrate the impact of distributing forecast orders based on
the CAP. Figure 10 serves as a visual representation, highlighting how the distribution of
forecast orders contributes to aligning the time budget of each slot with the slot popularity
predicted by the MNL model. This comparison provides valuable insights into how effectively
the CAP-based distribution approach can optimise time slot employment and improve the
overall match between customer demand and available time slots.

The left heatmap corresponds to the DP-DR-F method, where forecast order distribution
is not considered. It reveals that the time budgets for the first half of the time slots exhibit
higher values across all customer arrivals. In contrast, the right heatmap representing the
DP-DR-DF method, which integrates forecast order distribution, demonstrates two distinct
peaks in the time slot values. This pattern aligns with the slot popularity observed in the
Multinomial Logit (MNL) model. Relative to DP-DR-F, DP-DR-DF shifts time budget away
from early slots (e.g., 1-8) and restores later slots (e.g., 9—17), consistent with per-slot caps
moderating early-slot concentration (Figure 10).

The line graph positioned below each heatmap illustrates the average time budget across
all customer arrivals, juxtaposed with the scaled slot popularity. Notably, the incorporation of
forecast order distribution in the DP-DR-DF method leads to a more pronounced alignment
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for Area 1. The left panel corresponds to DP-DR-F and the right panel to DP-DR-DF; the heatmaps show
slot-wise time budget over arrivals, and the line plots show the corresponding average profiles

between the slot popularity and the time budget, highlighting the impact of this approach on
achieving a closer match between predicted popularity and actual time allocations.

7.4 Incentives on the ATW by calculation of new MNL parameters corresponding to
for ATW

This section elaborates on the modification of the MNL choice model, incorporating ATW
parameters alongside the known STW parameters. As outlined in Section 3, Equation (3.1)
dictates the probabilities of selecting and not selecting a time slot s, respectively, based on
the delivery charge vector c?a,t. The B, parameter, indicative of slot utility, is pivotal in these
equations.

Since this is the first implementation of augmented time windows, no historical data is
available to estimate S, values for ATW. Thus, we need to adapt the B, parameter, initially
defined for STW, to suit ATW, using Equation (7.1). This equation averages the g values of
constituent slots forming s” and reduces it by a factor correlating with s” length.

For an augmented time window s/, comprising standard time windows {stw1, stw, ...,
stwy, }, the B value is calculated accordingly.
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Since an augmented time window has a broader time range and requires customers to wait
longer at the delivery location compared to a standard time window, its popularity among
customers is expected to decline. Equation (7.1) is constructed based on the assumption that
the utility of an augmented slot decreases linearly with its length, and the rate of reduction is
captured by the parameter y. During experiments, we test different values of y to examine
the influence of combining time slots.

To determine suitable scales for y values, we can interpret y in terms of monetary units.
Recall that B, represents the utility parameter associated with delivery price. Consequently,
as the price per unit increases, the utility will decrease by an amount proportional to |S,|
(where B, is a negative value). For example, if we assume that extending a time slot by one
hour leads to a utility reduction equivalent to increasing its price by £Z, then y can be set as
y = Z|Bq| (equivalently, y = —Z B, since Bz < 0).
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In our research, we consider a range of y values spanning from 0 to 0.2, approximately
corresponding to a price increment of £0 to £2.6. The summary of profit gains is visualised in
Figure 11, which highlights the performance of the DP-DR-DF-ATW method across various
y bands in comparison to other approaches.

Analysing Figure 11, we observe that areas with lower customer density exhibit higher
profit gains when using the DP-DR-DF-ATW method; areas with a higher volume of customer
requests show a lower profit gain. Nevertheless, the improvement in profit remains substantial.
This indicates the efficacy of applying ATW in exploring and exploiting customers’ flexibility
in time slots. A more comprehensive display of the impact of y values is presented in Table
3, which focuses on representative areas 1, 3, and 6.

In high-volume (dense) areas, larger fleets and tighter overlaps between delivery windows
leave limited routing slack, meaning DP-DR-DF typically operates close to the feasibility
boundary. Augmented time windows (ATWs) therefore provide fewer opportunities to unlock
additional feasible rearrangements of stops, resulting in a smaller incremental profit than in
lower-volume (sparser) areas, where latent slack can be converted into additional accepted
orders and improved route efficiency. This mechanism is reflected in Fig. 11: as y increases
(customers value ATWs less), both acceptance and profit decrease across all areas, while
DP-DR-DF-ATW consistently remains above DP-DR-DF. Per-area levels and dispersion
are reported in Appendix B (Table 4).

Table 3 provides a comparison of the performance metrics between DP-DR-DF and DP-
DR-DF-ATW variants using different y values. As explained before, higher y values mean
lower preference of ATWs and therefore lower selection rates of these slots. As a result, this
leads to increased mileage per order and a decrease in the number of orders, which justifies
ATWs’ ability of maintaining routing flexibility and conveying more orders. As y increases,
the total profit decreases. However, even with the largest y value, the DP-DR-DF-ATW
variants outperform DP-DR-DF. This is particularly evident when considering the profit
improvement, which shows that even at the largest y, DP-DR-DF-ATW still outperforms
DP-DR-DF.

In our final analysis, we examine the selection rate comparison between ATW and STW.
Figure 12 clearly demonstrates that a considerable proportion of customers, ranging from
8.5% to 13.2%, prioritise ATW over STW. This finding strongly suggests that a notable
segment of customers offer their flexibility and potential cost savings offered by choosing
from ATW, which typically have a lower delivery charge, as opposed to selecting specific
predefined time slots with a higher delivery charge associated with STW.

7.5 Impact of forecast accuracy on DP-DR-DF-ATW efficacy

In Figure 13, we explore the impact of varying forecast levels on the efficacy of DP-DR-
DF-ATW. This figure demonstrates how underestimating or overestimating order numbers
influences the performance of our proposed method. By intentionally varying the forecast
levels to be 20% lower or higher than the expected average, we seek to simulate real-world
scenarios where prediction inaccuracies are inevitable.

The DP-DR-DF-ATW method, characterised by its distinct brown bars, showcases notable
resilience against forecast inaccuracies. Under scenarios of both underestimation and over-
estimation, DP-DR-DF-ATW consistently outperforms, maintaining a significant advantage
over other evaluated methods, such as SP, DP-IC, DP-FR-F and DP-DR-F. This evidence of
resilience underscores DP-DR-DF-ATW’s superior adaptability and robustness in handling
forecast inaccuracies, highlighting its effectiveness across various scenarios.
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Fig. 12 Percentage distribution: selection of STW versus ATW in all areas

8 Discussion and Conclusion

This section synthesises our methodological contributions and empirical results, and draws
out implications for practice and research. We first recap the setting and the two proposed
enhancements—slot-wise feasibility caps (ﬁ) and Augmented Time Windows (ATW)-and
how they integrate with pricing. We then summarise the main empirical findings (acceptance
and prices, time-budget rebalancing, and online runtime) and close with limitations and
directions for future work.

Setting and contributions

We study integrated demand management and dynamic vehicle routing for attended home
delivery with price-sensitive slot choice. Two practical enhancements are proposed. First, we

regularise forecast-route construction using per-slot feasibility upper bounds (CA P), com-
puted under the most slot-favourable admissible prices and verified for routing feasibility;
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Fig. 13 The effect of inaccuracy of forecast level on the performance of DP-DR-DF-ATW

m acts only as a hard/soft cap in CVRPTW-CAP/SA and does not directly enter the pric-
ing equation. Second, we introduce Augmented Time Windows (ATW) formed by merging
contiguous STWs that share the same insertion context, thereby preserving routing flexibility
when forecast orders are replaced by actual orders. ATWs enter the same MNL/pricing as
STWs.

Empirical findings

(i) Acceptance and prices. Relative to the no-cap baseline (DP-DR-F), introducing CW’
(DP-DR-DF) and augmented time windows (DP-DR-DF-ATW) increases order accep-
tance, while the mean accepted delivery fee also rises (Figs. 6 and 8). This pattern is
consistent with reduced discount pressure on less-preferred early slots once feasibility is
regularised. Importantly, delivery fees remain determined by the opportunity-cost structure
OC = IC+RL; CAP acts only as a feasibility regulariser that mitigates early-slot crowding
rather than as a direct pricing driver.

(i) Time-budget rebalancing. m attenuates over-concentration in early slots and preserves
time budgets in later slots, yielding allocations that more closely track MNL-implied slot
popularity (Fig. 10). Augmented time windows can be deployed selectively to exploit routing
slack when it exists. Consistent with Fig. 11 and Appendix B, the incremental benefit of ATWs
is larger in sparser regions (where slack is available) and smaller in denser regions operating
near capacity.
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(iii) Online runtime. Warm-started simulated annealing with a time-window-feasible neigh-
bourhood delivers per-arrival decision times below 0.014s across areas (Fig. 9), while
maintaining alignment between OC = IC + RL and the current feasible plan. If required
operationally, non-negative delivery fees can be imposed by setting d;“i“ > ( without alter-
ing the pricing logic. Reporting both mean outcomes and dispersion remains important for
assessing policy stability and robustness.

Limitations and future work

The bound C—'fﬁ)’ is intentionally policy-agnostic. While tighter, slot-specific forecasts could
be simulated, doing so would couple capacity control to a particular policy and may risk rein-
forcing that policy during search. Future work includes retailer-specific or adaptive bounds,
richer choice models, alternative constructions of m, integration with additional fast
CVRPTW heuristics, and extending ATWs to non-adjacent slot combinations jointly with
incentive design.

Appendix A Formal statement of CVRPTW with order caps

We will now provide a formal formulation of the mathematical model that is the focus of our
study. As the formal mathematical model is not computationally tractable, it subsequently will
be addressed through an approximate solution using a Simulated Annealing (SA) algorithm.
Within the booking horizon, we define A, as the set of actual orders and F; as the set of
forecast orders at time step ¢. The cost of travel from order i to j is represented by C;;. The
binary variable X; ;i takes a value of 1 when there exists a direct connection between orders
i and j using van k on the proposed delivery route plan. /;; denotes the distance between
orders i and j. Each van in the problem has a specified capacity denoted by Q, and each
order i has a specific demand represented by ¢;. Additionally, ®;; denotes the calculated
time at which van k either begins service at order location i or departs from/arrives at the
depot (for i = 0 and i = D respectively). The problem setting provides a list of pre-defined
time windows, each of which has a designated start time denoted by U2 and an end time
denoted by U, XE AT WiB , T WiE ] signifies the agreed-upon time window of order i; for forecast
orders, this constraint is relaxed. We refer to this modified problem as CVRPTW-CAP, and
its formulation is as follows.

Constraints (A.2) and (A.6) enforce the requirement that each order is visited only once
and that the van’s capacity is not exceeded. The van departs from the depot at location 0, visits
the orders, and returns to the depot at location D, as indicated by constraints (A.3)-(A.5).
Inequality (A.7) is designed to calculate the arrival times of orders, ensuring that if van k is
travelling from location i to location j, it cannot arrive at j before a certain time. This time
is calculated as ®;; + b; + I’T’ — M(1 — X;j). Here, M represents a large number. The term
b; denotes the service time required at the order location 7, and v is the travel speed of the
delivery vehicle. Constraint (A.7) also eliminates possible sub-tours. The binary variables
a;s and §;5 ensure order allocation within a time slot’s start and end limits, respectively. &;
acts as an overall indicator confirming correct order placement within these time boundaries.
Constraint (A.8) guarantees that time windows are respected. Furthermore, constraints (A.9),
(A.10), and (A.11) verify whether order i is serviced within time slot s. Constraint (A.12)
counts the number of orders in slot s and ensures that it does not exceed the C A P;.
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Based on the provided formulation, it becomes apparent that this does not strictly fit the
definition of a CVRPTW problem. This is due to the fact that the study introduces constraints
solely on the maximum order count within each time slot, without directly assigning time
slots to specific forecast orders. Since forecast orders lack specific time windows, they have
the flexibility to be placed in any available slot based on their respective locations.

min > > > CiiXiji

ie A;UF U0} je A UF,U{D} k

s.t. Z inijIs

jeA, Fi.{D) keV

Z Xojk =1,

JjeAUFU{D}
> Xipk=1,
ie A UF; U{0}
> Xi= > Xk
ie A UF;U{0} JjeAUFU{D}
X o4 > Xigs0
ie Al UF jeAtUFU(D}

l..

@i + b + % = MU = Xiji) < P ji,
TW,-B = ®jp < TWiE,
UB > @y — Ms;

s = Pik iss

E
Uy < @jp + Muay,
Eis = iy + ;5 — 1,

> &g < CAP;,
ie At UF;

Xijk €10, 1},
ajs € {0, 1},
8;s €10, 1},
§is €10, 1},

D =0,

(A1)

Vie A UF;

(A.2)
VkeV

(A.3)
VkeV

(A4)
Vge A, UF;, Yk eV

(A.5)
VkeV

(A.6)

Vie A, UF, U{0},Vj e Ay UF; U{D},Vk eV
(A.7)

Vie A, Vk eV
(A.8)

Vie A, UF; ,YkeV,VseS§
(A.9)

Vie A, UF; YkeV,VseS
(A.10)

Vie A,UF,Vse§
(A.11)

Vs eSS

(A.12)
Vie AUF U{0},Vje A UF U{D}LVkeV
(A.13)
Vie A, UF;, Vs €S
(A.14)
Vie A;UF;, Vs €8
(A.15)
Vie AsUF;, Vs €8
(A.16)

Vie Ay UF U{0}U{D},Vk e V.
(A.17)

It is evident that the proposed CVRPTW-CAP is NP-hard, however it has to be solved
iteratively, upon every update of sets .4; and F; with the acceptance of new orders. As a
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consequence of its computational complexity, heuristic methods will be employed to find a
near-optimal solution for practical purposes.

Appendix B Summary statistics over 30 runs (Areas 1-7)

Each entry shows mean =+ sd [min, max] across n=30 independent runs. The last column
reports percentage improvement in Total profit relative to the SP baseline for that area.

Appendix C Spatial distribution of the test areas

To help interpret the area-wise performance results reported in Section 7, Figure 14 illustrates
the spatial distribution of forecast orders and depot locations for the seven areas summarised
in Table 1. Each panel shows the customer locations in local coordinates, expressed as Miles
(East) and Miles (North) relative to the corresponding depot and scaled into a common
[0, 100] x [0, 100] frame. This normalisation enables a direct visual comparison of the
relative spread and density of demand across areas.

The figure highlights the diversity of geographical patterns considered in our experiments:
Area 1 is a sparse rural region with a small number of customers spread over a wide area;
Areas 2-5 correspond to increasingly larger and more populated semi-rural and suburban
regions; and Areas 6—7 are dense urban areas where many customers are concentrated within
a relatively small spatial extent. These differences in spatial structure, together with the
varying number of orders and vehicles reported in Table 1, explain why several performance
curves in the main text are non-monotonic with respect to “fleet size”.
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Fig. 14 Spatial distribution of forecast orders (blue hollow circles) and depot locations (red filled circles) for
the seven test areas. Coordinates are shown in normalised local miles, Miles (East) on the horizontal axis and
Miles (North) on the vertical axis, to make densities and spread patterns comparable across areas

Appendix D MNL choice model parameters

We simulate customer slot choice with a Multinomial Logit (MNL) model

U‘v’ = /30 + ﬂs’ + ,Bd dS/7

where dy is the delivery charge for slot s”. Table 5 lists the global parameters, and Table 6
reports the slot-specific utilities B used for standard time windows (STWs). For Augmented
Time Windows (ATWs), By is computed from constituent STWSs via Eq. (7.1) in the main
text.
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Table5 Global MNL parameters

used in slot-choice simulation Parameter Symbol Value
Intercept Bo —2.5087
Price coefficient Ba —0.0766

Table 6 Slot-specific utilities B for the 17 STWs

s Bs s Bs s Bs s Bs s Bs

1 —1.0305 2 —0.3591 3 +0.3107 4 +0.5922 5 +0.6154
6 +0.0796 7 +0.5356 8 —0.2415 9 —0.6286 10 —1.6736
11 —0.4351 12 —0.1610 13 0 14 +0.2533 15 +0.0736

16 +0.5620 17 +0.2346

Note. For an ATW s’ formed by n; contiguous STWs {stwy, ..., stwy; }, we set as in Eq. (7.1). Experiments
vary y € [0, 0.2] as discussed in Section 7.4
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