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Abstract—The impact of both multiplicative and additive
hardware impairments (HWIs) on multiple-input multiple-
output affine frequency division multiplexing (MIMO-
AFDM) systems is investigated. For small-scale MIMO-
AFDM systems, a tight bit error rate (BER) upper bound
associated with the maximum likelihood (ML) detector is
derived. By contrast, for large-scale systems, a closed-form
BER approximation associated with the linear minimum
mean squared error (LMMSE) detector is presented, in-
cluding realistic imperfect channel estimation scenarios. Our
first key observation is that the full diversity order of a
hardware-impaired AFDM system remains unaffected, which
is a unique advantage. Furthermore, our analysis shows that
1) the BER results derived accurately predict the simulated
ML performance in moderate-to-high signal-to-noise ratios
(SNRs), while the theoretical BER curve of the LMMSE
detector closely matches that of the Monte-Carlo based
one. 2) MIMO-AFDM is more resilient to multiplicative
distortions, such as phase noise and carrier frequency offset,
compared to its orthogonal frequency division multiplexing
(OFDM) counterparts. This is attributed to its inherent
chirp signal characteristics; 3) MIMO-AFDM consistently
achieves superior BER performance compared to conven-
tional MIMO-OFDM systems under the same additive HWI
conditions, as well as different velocity values. The latter
is because MIMO-AFDM is also resilient to the additional
inter-carrier interference (ICI) imposed by the nonlinear
distortions of additive HWIs. In a nutshell, compared to
OFDM, AFDM demonstrates stronger ICI resilience and
achieves the maximum full diversity attainable gain even
under HWIs, thanks to its intrinsic chirp signalling structure
as well as to the beneficial spreading effect of the discrete
affine Fourier transform.

Index Terms—AFDM, hardware impairment, MIMO com-
munications, OFDM, inter-carrier interference, performance
analysis.

I. INTRODUCTION

A. Background

Next-generation wireless networks are expected to sup-
port efficient and reliable communications in the high-
mobility environments of high-speed trains, vehicle-to-
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everything networks, flying drones, low-earth-orbit satel-
lites, etc. However, high velocity typically results in
severe inter-carrier interference (ICI) and inter-symbol
interference (ISI) [1]. Hence, classic orthogonal frequency
division multiplexing (OFDM) suffers from orthogonality
erosion owing to high Doppler [2]. To address this chal-
lenge, both multicarrier orthogonal time frequency space
(MC-OTFS) [3]–[5] and Zak-OTFS [6] transceivers have
been proposed. By sending the data symbols in the delay-
Doppler domain, one is able to exploit the sparse and
quasi-static wireless channels of OTFS systems. This leads
to high Doppler resilience. However, as a two-dimensional
(2D) modulation scheme, the transceiver complexity of
OTFS is excessive, and it may require a significant change
to the transceiver design compared to the family of OFDM
systems.

More recently, affine frequency division multiplexing
(AFDM) was introduced in [7], whereby orthogonal chirp
subcarriers are employed, and the information symbols
are multiplexed in the discrete affine Fourier transform
(DAFT)-domain. As a matter of fact, DAFT can be re-
garded as a generalization of both the discrete Fourier
transform (DFT) and the discrete Fresnel Transform
(DFnT) associated with the additional parameters c1 and
c2, which are associated with the chirp rate and the initial
phase, respectively. As a result, AFDM is highly flexible,
subsumes both OFDM and orthogonal chirp division mul-
tiplexing (OCDM) as a pair of special cases, and it can
be efficiently implemented through minimal modification
of the OFDM architecture [7]. Therefore, AFDM is rec-
ognized as a promising backward-compatible waveform
that permits seamless integration into the existing OFDM-
based wireless infrastructure1. By appropriately tuning c1
and c2 based on the specific delay and Doppler profiles
encountered, the non-zero elements of the effective DAFT-
domain channel matrix associated with different paths can
be well separated, thus yielding full diversity.

B. Related Works

1) AFDM: The bit error rate (BER) performance of
single-input single-output (SISO)-AFDM using maximum

1Let M and N denote the numbers of delay and Doppler bins in Zak-
OTFS. Under the condition that a constant amplitude zero autocorrelation
(CAZAC) basis is exploited to realize Zak-OTFS and the AFDM chirp
parameters satisfy c1MN, c2MN ∈ Z, Zak-OTFS and AFDM can be
observed as unitarily equivalent waveforms [6].
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likelihood (ML) detectors was derived in [7] and extended
to multiple-input multiple-output (MIMO)-AFDM systems
in [8]. It was also shown in [8] that the sparse DAFT-
domain channel matrix can be efficiently estimated by
exploiting its diagonal structure. However, in large-scale
AFDM systems having a high number of subcarriers, the
complexity of the ML detector may become excessive.
For low-complexity AFDM receiver design, the BER
performance of a linear minimum mean squared error
(LMMSE) detector was analyzed in [9]. A pair of chirp
parameter selection strategies were proposed for frequency
selective and doubly selective channels, respectively. As a
key enabler for high-mobility networks, AFDM has been
combined with other emerging techniques, such as sparse
code multiple access for supporting massive-scale connec-
tivity [10], generalized spatial modulation for enhanced
transmission reliability [11], bandwidth compression for
higher spectral efficiency [12], and zero-padding for im-
proved BER performance [13].

By exploiting the sparse structure of the DAFT-domain
channel matrix, advanced signal processing algorithms,
such as orthogonal approximate message passing [10],
belief propagation [14], and expectation propagation [15]
were studied. To further improve the BER and spectral
efficiency, index modulation aided AFDM systems were
developed, where extra information bits are mapped onto
the specific subcarrier activation patterns [16], [17], and
the chirp permutation domain [18].

Another interesting application of AFDM is found in se-
cure communications based on its unique features. Under
the assumption of conventional OTFS and AFDM systems
using brute-force demodulation, it was observed in [19]
that AFDM is more resilient to passive eavesdropping at-
tacks than OTFS. Furthermore, by permuting the diagonal
elements of the c2-related chirp matrix, a secure AFDM
system was designed in [20].

Thanks to its unique chirp signalling property, AFDM
can also be employed for the efficient design of multicar-
rier integrated sensing and communication systems [21].
In short, AFDM is attractive due to its versatile capabilities
as well as its backwards compatibility with OFDM [22],
[23], making it an excellent waveform candidate for next-
generation networks.

2) Hardware Imperfections: It is noted that the afore-
mentioned AFDM studies were conducted under the as-
sumption of either perfect hardware or perfect channel
state information (CSI). In practical communication sys-
tems, severe performance loss may be encountered due to
non-ideal hardware and/or imperfect CSI [24], [25]. Some
of the grave hardware impairments (HWIs), include oscil-
lator phase noise (PN) [24], carrier frequency offset (CFO)
[26], quantization distortions of low-resolution digital-to-
analog converters (DACs) [27], in-phase and quadrature
imbalance (IQI) [28], nonlinear power amplifier nonlin-
earity (NPA) [29], and direct current offset (DCO) [30].
Physically, oscillator PN arises from thermal noise, flicker
noise, and local oscillator (LO) imperfections, leading
to random phase fluctuations that may destroy subcarrier

orthogonality. CFO arises in realistic oscillators, which is
caused by frequency mismatches between the transmit and
receive LOs or by Doppler shifts, leading to a time-linear
phase rotation that further impairs the received waveform.

As these front-end distortions accumulate, DAC lim-
itations become another contributing factor. Specifically,
DAC power consumption follows the relationship of
PDAC ∝ fs×2b, where b represents the quantizer resolution
and fs denotes the sampling rate [31], making the design
of high-resolution DACs challenging for high-throughput
yet energy-efficient systems. When low-resolution DACs
are employed, their coarse quantization introduces non-
linear distortions that further reduce the effective signal-
to-noise ratio (SNR). Furthermore, from the mixer per-
spective, IQI induces additional distortions, such as mirror
interference. This is due to amplitude and phase mis-
matches between the in-phase and quadrature branches,
thereby deforming the received signal constellation [32].
Furthermore, the above distortions are compounded when
the power amplifier (PA) input signal enters the nonlinear
region, where it imposes additional signal deformation and
shortens the communication range. Finally, DCO arises
from leakage, bias mismatches, and insufficient alternating
current coupling, resulting in a static offset that limits the
dynamic range.

Collectively, these HWIs originate from unavoidable
imperfections in oscillators, converters, mixers, and PAs,
and their combined effects can significantly degrade both
the BER performance and SE. The above HWIs can be
modelled as multiplicative and additive distortion terms
that are uncorrelated with transmit/receive signals. These
HWIs have been investigated in the OFDM literature. For
example, the BER performance of sparse code multiple
access-based OFDM systems impaired by CFO was ana-
lyzed in [26]. The authors of [30] analyzed the BER per-
formance of OFDM under CFO as well as DCO, and pro-
posed corresponding estimation and mitigation methods.
Later in [33], low-complexity CFO estimation algorithms
were proposed for OFDM systems, which can attain near-
optimal performance. Considering a large-scale multiuser
MIMO-OFDM system with low-resolution DACs, both
BER performance and a lower bound of the sum rate
were derived in [34]. The authors of [35] proposed an
IQI estimation algorithm for wideband MIMO-OFDM
systems, which also considered CFO. More recently, in
[36], a meta-learning receiver was designed for a MIMO-
OFDM system, whereby a deep neural network detector
was proposed for nonlinear distortion compensation in the
PA and denoising. However, the in-depth investigation of
hardware-impaired AFDM systems is still an open issue.

C. Motivations and Contributions

Against the above context, we aim to provide a compre-
hensive performance analysis of MIMO-AFDM systems,
under both realistic HWIs and imperfect CSI, both quan-
titatively and qualitatively. Our research is driven by the
following fundamental questions:
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TABLE I
CONTRASTING CONTRIBUTIONS TO THE RELATED HARDWARE IMPAIRED-OFDM/AFDM LITERATURE.

Contributions Our work [37] [26] [30] [33] [34] [35] [36]
Phase noise (PN) ✓ ✓ ✓
Carrier frequency offset (CFO) ✓ ✓ ✓ ✓ ✓
Low-resolution DACs ✓ ✓
In-phase and quadrature imbalance (IQI) ✓ ✓
Nonlinear power amplifier (NPA) ✓ ✓
Direct current offset (DCO) ✓ ✓
BER upper bound of ML detector with HWIs ✓
Approximated BER of LMMSE detector with HWIs ✓
Imperfect CSI and hardware ✓
Diversity order analysis with HWIs ✓

• How can the AFDM input-output relationship be
modelled and modified when the aforementioned
HWIs are incorporated?

• How does the system perform under real-life practical
scenarios? In particular, how to characterize AFDM’s
resilience to CFO and PN due to its chirp signalling
properties?

• How can the error performance of MIMO-AFDM be
analytically characterized under HWIs and imperfect
CSI across different system scales?

Our contributions are boldly contrasted to the existing
AFDM and OFDM literature in Table I, which are detailed
as follows:

• For the first time in the AFDM literature, we study
the impact of various HWIs, such as PN, CFO,
low-resolution DACs, IQI, NPA, and DCO. We first
derive the DAFT-domain input-output relationship of
MIMO-AFDM systems under realistic HWIs. Both
multiplicative and additive distortion terms are mod-
elled, yielding extra mirror interference, DC interfer-
ence, and nonlinear-distortion interference terms.

• Given a specific pairwise error event, we derive a
closed-form expression of the BER upper bound as-
sociated with the ML detector. Moreover, we demon-
strate that the channel diversity of MIMO-AFDM
systems employing an ML detector remains full even
under HWIs, since the multiplicative HWI-related
matrices are diagonal. In addition, the signal-to-
interference-plus-noise ratio (SINR) of each chirp
subcarrier and the approximate BER of large-scale
MIMO-AFDM under HWIs are derived using an
LMMSE detector, whereby the channel estimation
error is also considered.

• Simulation results demonstrate that MIMO-AFDM is
resilient to both PN and CFO, owing to its inherent
chirp signal characteristics. By contrast, the BER
performance of MIMO-OFDM becomes saturated in
the high SNR region. Moreover, MIMO-AFDM con-
sistently outperforms MIMO-OFDM under identical
additive HWI settings. This is because MIMO-AFDM
is capable of achieving stronger ICI resilience and
full time-frequency diversity due to its inherent chirp
characteristics and the spreading effect of DAFT
modulation. Furthermore, the BER upper bound as-
sociated with the ML detector becomes tight as the

SNR grows, while a close match is observed between
the simulated BER using LMMSE detection and the
approximate BER derived.

The rest of our paper is organized as follows. In Section II,
we first present the conventional HWI-free AFDM system
model, followed by a brief introduction to various HWIs
in Section III. The end-to-end input-output relationship of
MIMO-AFDM under realistic HWIs is derived in Section
IV, while we analyze the BER performance of ML and
LMMSE detectors in both small- and large-scale MIMO-
AFDM systems relying on both HWIs and imperfect
CSI in Section V. Our simulation results are provided in
Section VI. Finally, we conclude in Section VII.

Notation: CN (a,B) represents a complex Gaussian
distribution having mean vector a and covariance matrix
B. The vectors and matrices are denoted by lower- and
upper-case boldface letters, respectively. The transpose,
conjugate transpose and inverse of the matrix A are
represented as AT , AH and A−1, respectively. Further-
more, the delta function and uniform distribution between
a and b are respectively denoted as δ(·) and U [a, b].
blkmtx

(
{Aj,m}J−1,M−1

j=0,m=0

)
denotes a block matrix with

submatrices Aj,m in the jth row block and mth column
block. The lth eigenvalue of A and the ring of integers
are denoted by µl(A) and Z, respectively. The real and
imaginary parts of a complex number can be denoted by
R{·} and I{·}, respectively. The imaginary unit and the
normalized discrete Fourier transform matrix are denoted
as ι and F , respectively. The complementary error func-
tion is denoted by erfc(·). Finally, ⊙ and (·)N denote the
Hadamard product and modulo-N operators.

II. HWI-FREE MIMO-AFDM SYSTEM MODEL

A. AFDM Modulation

Let us consider a limited-dimensional MIMO-AFDM
system having M transmit antennas (TAs) and J receive
antennas (RAs) relying on N chirp subcarriers. We denote
the subcarrier spacing and the symbol duration as ∆f and
T = 1/∆f , respectively. As seen in Fig. 1, we can obtain
the signal transmitted from the mth TA as xm ∈ AN based
on |A|-ary QAM, where |A| represents the cardinality of
the normalized signal constellation A. Hence, the length
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Fig. 1. The block diagram and main circuits of MIMO-AFDM, where M TAs and J RAs are involved. LNA: low noise amplifier.

of the transmit bit sequence is Lb = MN log2 |A|. We
can express the mth TD signal as

sm(n) =

N−1∑
n′=0

xm(n′)ϕn(n
′), n = 0, . . . , N − 1, (1)

where ϕn(n
′) = eι2π[c1n

2+c2(n
′)2+nn′/N ]/

√
N denotes

the inverse DAFT kernel of the n′th chirp subcarrier
parameterized by c1 and c2. It should be noted that the
above model can be simplified to that of OFDM when
c1 = c2 = 0. We note that (1) can be rewritten as

sm = AHxm = ΛH
c1F

HΛH
c2xm, (2)

where A = Λc2FΛc1 denotes the DAFT matrix,
and Λc = diag

(
1, e−ι2πc, . . . , e−ι2πc(N−1)2

)
given the

AFDM parameters c ∈ {c1, c2}. To harness circulant
convolution and alleviate ISI, we employ a chirp-periodic
prefix (CPP) of length LCPP within the AFDM frame,
which can be formulated as

sm(n) = sm(N + n)e−ι2πc1(N
2+2Nn), (3)

for n = −LCPP, . . . ,−1.

B. Channel Model
Given the jth TA and the mth RA for j = 0, . . . , J − 1

and m = 0, . . . ,M − 1, let us consider that there
are P clusters of reflectors associated with the channel
impulse response in the delay-Doppler domain, where
(hp,j,m, τp,j,m, νp,j,m) represent the channel gain, delay
shifts, and Doppler shifts of the pth path from the TA
m to the RA j, respectively. Hence, the channel impulse
response can be formulated as

hj,m(τ, ν) =

P∑
p=1

hp,j,mδ(τ − τp,j,m)δ(ν − νp,j,m), (4)

where hp,j,m ∼ CN (0, 1/P ). Given the bandwidth of
B = N∆f , the sampling interval and the sampling rate
are expressed as Ts = 1/B = 1/(N∆f) and fs = 1/Ts,
respectively. The Doppler and delay indices associated
with the pth path can be respectively formulated as

νp,j,m =
kp,j,m
T

=
kp,j,mfs
N

, τp =
lp,j,m
N∆f

= lp,j,mTs,

(5)

where kp,j,m = αp,j,m + ᾱp,j,m and lp,j,m represent the
normalized Doppler and delay shifts, respectively. Further-
more, αp,j,m ∈ [−kmax, kmax] and lp,j,m ∈ [0, lmax] are the
integer components, and the fractional Doppler shifts are
denoted by ᾱp,j,m ∈ [−1/2, 1/2]. The maximum delay is
given by τmax = lmax/(N∆f) with lmax = LP < N . Upon
sampling at {t = nTs, n = 0, . . . , N − 1}, the discrete
delay-time (DT)-domain channel response between the j
th RA and mth TA can be formulated as

h̃j,m(n, u) =

P∑
p=1

hp,j,me
j2π

νp,j,m
fs

(n−u)δ

(
u− τp,j,m

Ts

)
,

(6)

where u = τ/Ts denotes the normalized index of delay.

C. AFDM Demodulation

After discarding the CPP, the corresponding TD re-
ceived signal between the jth RA and the mth TA can
be formulated as

rj,m(n) =

∞∑
u=0

sm(n− u)h̃j,m(n, u) + w̄j,m(n), (7)

for n = 0, . . . , N − 1. Consequently, the TD signal
received at the jth RA associated with mth TA can be
formulated as rj,m = H̄j,msm + w̄j,m, where w̄j is the
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Fig. 2. The DAFT-domain channel matrix Hj,m with N = 16, kν = 2,
lmax = 1, kmax = 1, {k1, k2} = {0.3, 1.2} and {l1, l2} = {0, 1}.

TD additive white Gaussian noise (AWGN) vector, and
the TD channel matrix can be expressed as [7]

H̄j,m =

P∑
p=1

hp,j,mΓp,j,m∆kp,j,mΠlp,j,m , (8)

where Πlp,j,m is the forward cyclic shift matrix associated
with the delay, while the Doppler effect is characterized by
∆kp,j,m

= diag
{
1, eι2πkp,j,m/N , . . . , eι2πkp,j,m(N−1)/N

}
.

Moreover, the CPP matrix is given by Γp,j,m =
diag{ξ0,p,j,m, . . . , ξN−1,p,j,m} with

ξn,p,j,m =

{
e−ι2πc1[N

2−2N(lp,j,m−n)], n < lp,j,m,

1, otherwise
(9)

for n = 0, . . . , N − 1. Then, the DAFT-domain received
signal can be formulated as

yj,m = Arj,m = Hj,mxm +wj,m, (10)

where the DAFT-domain channel matrix is given by

Hj,m = AH̄j,mAH . (11)

Based on (8), the DAFT-domain channel matrix can be
rewritten as Hj,m =

∑P
p=1 hp,j,mHp,j,m with Hp,j,m =

AΓp,j,m∆kp,j,m
Πlp,j,mAH . Consequently, the element-

wise input-output relationship in the DAFT-domain can
be formulated as

yj,m(n) =
1

N

P∑
p=1

N−1∑
n′=0

hp,j,mζ1(lp,j,m, n, n
′)

× ζ2(lp,j,m, kp,j,m, n, n
′)xm(n′) + wj(n), (12)

where we have

ζ1(lp,j,m, n, n
′) = eι

2π
N [Nc1l

2
p,j,m−n′lp,j,m+Nc2((n′)2−n2)],

(13)

ζ2(lp,j,m, kp,j,m, n, n
′) =

e−ι2π(n−n′+Indp) − 1

e−ι 2π
N (n−n′+Indp,j,m) − 1

,

(14)

with the index indicator Indp,j,m = (kp,j,m +
2Nc1lp,j,m)N . Explicitly, each column and row of Hp

only has (2kν +1) non-zero elements associated with the

parameter kν , and the indices of the central point of non-
zero elements is given as npeak

p = round[(n + Indp)N ].
Hence, (12) can be rewritten as

yj,m(n) ≈ 1

N

P∑
p=1

(npeak
p +kν)N∑

n′=(npeak
p −kν)N

hp,j,mζ1(lp,j,m, n, n
′)

× ζ2(lp,j,m, kp,j,m, n, n
′)xm(n′) + wj(n).

(15)

Moreover, to achieve full channel diversity, the parameter
c1 is set as [7]

c1 =
2(kmax + kν) + 1

2N
, (16)

and the parameter kν should satisfy

2(kmax + kν)(lmax + 1) + lmax < N. (17)

Under integer Doppler shift cases, we have kν = 0.
The parameter c2 can be set as a rational number suf-
ficiently smaller than 1/(2N) or an arbitrary irrational
number. Consequently, the non-zero elements of Hp with
∀p ∈ {1, . . . , P} can avoid overlapping. An example
of the sparse structure of Hj,m is shown in Fig. 2.
Upon stacking the DAFT-domain transmit signal, the
receive signal and AWGN vectors, we can obtain x =
[xT

0 , . . . ,x
T
M−1]

T ∈ CNM , y = [yT
0 , . . . ,y

T
J−1]

T ∈ CNJ

and w = [wT
0 , . . . ,w

T
J−1]

T ∈ CNJ . Furthermore, the
DAFT-domain end-to-end MIMO channel matrix H ∈
CNJ×NM can be formulated as

H =

 H0,0 · · · H0,M−1

...
. . .

...
HJ−1,0 · · · HJ−1,M−1

 . (18)

Upon substituting (8) and (11) into (18), we can rewrite
(18) as

H = (IJ ⊗A)H̄(IM ⊗AH), (19)

where the (j,m)th component of H̄ can be attained based
on (8). Finally, the end-to-end DAFT-domain input-output
relationship can be formulated as

y = Hx+w, (20)

where w ∼ CN (0, σ2INJ) denotes the AWGN vector.
In this Section, we have introduced the basis of MIMO-

AFDM transceivers, where perfect hardware is considered.
Next, in Section III, we will introduce various types of
HWIs, and then formulate the end-to-end input-output
relationship, when all the HWIs are characterized.

III. HARDWARE IMPAIRMENTS

In this section, we introduce the multiplicative and
additive distortions of various HWIs. Specifically, for our
performance analysis, we assume having low-resolution
DACs, IQI, DCO, and NPA at the transmitter side. The
CFO appears at the receiver side, and both the transmitters
and receivers are influenced by PN. Moreover, except
for PN, all types of HWIs are assumed to be identical
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TABLE II
SUMMARY OF HWIS AND THEIR IMPACT ON RECEIVE SIGNALS.

Type HWI Tx/Rx Impact on receive signals

Multiplicative
Phase noise (PN) Tx & Rx

Random phase rotation in DAFT-domain
Carrier frequency offset (CFO) Rx

Additive

Low-resolution DACs Tx
Reduced signal power & distortion noise

Nonlinear power amplifier (NPA) Tx
Direct current offset (DCO) Tx DC component as interference

In-phase and quadrature imbalance (IQI) Tx Mismatch between I- and Q- branches

across all antennas. The above HWIs and their impacts
are summarized in Table II.

A. Multiplicative Distortions

1) Phase noise: Let us consider a practical scenario
where the transceivers are equipped with free-running
LOs, and the PN is generated within the baseband signal
up-conversion and the passband signal down-conversion
process. Explicitly, following the Wiener process, the time-
domain (TD) PN terms associated with the transmitter
(denoted by “T”) and receiver (denoted by “R”) sides can
be respectively formulated as [24], [25]

θT,m(n) = θT,m(n− 1) + ξT,m(n), ξT,m(n) ∼ N (0, ς2T,m),

θR,j(n) = θR,j(n− 1) + ξR,j(n), ξR,j(n) ∼ N (0, ς2R,j),
(21)

for n = 1, . . . , N − 1, where n denotes the TD sam-
ples. Moreover, ξT,m(n) and ξR,j(n) denote the additive
PN terms, while ς2T,m and ς2R,j are the corresponding
PN variances, respectively. For our analysis, we assume
ς2T,m = ς2T and ς2R,j = ς2R, ∀m, j. Specifically, the variances
can be formulated as ς2i = 4π2f2c ψiTs, where ψi with
i ∈ {T,R} representing the oscillator constants. Then, the
mth transmit and jth receive PN diagonal matrices can be
formulated as ΦT,m = diag

{
eιθT,m(0), . . . , eιθT,m(N−1)

}
and ΦR,j = diag

{
eιθR,j(0), . . . , eιθR,j(N−1)

}
, respectively.

Specifically, there are two types of transmit LOs [25]:
1) the transceivers are equipped with co-located arrays,
yileidng a common LO (CLO) with identical ΦT,m and
ΦR,j , ∀m, j; 2) each TA and RA has distributed arrays
relying on separate LOs (SLOs), hence the transmit PN
components are independent. We consider both the cases
of CLO and SLOs in this paper.

2) Carrier frequency offset: The CFO is imposed by the
imperfect carrier synchronization at the receive LOs. The
CFO matrix from the TA m to the RA j can be expressed
as Pj = diag

{
1, eι2πφCFO/N , . . . , eι2πφCFO(N−1)/N

}
,

where φCFO denotes the normalized CFO factor [26], [37].
Upon considering PN and CFO, the TD transmit and

receive signals can be respectively formulated as

sm → ΦT,msm, rj → PjΦR,jrj . (22)

B. Additive Distortions

1) Low-resolution DACs: The additive quantization
noise model (AQNM) is exploited to describe the output

TABLE III
DAC SCALING FACTORS WITH b ≤ 5.

b 1 2 3 4 5
η 0.3634 0.1175 0.03454 0.009497 0.002499

[27]. Upon utilizing the Bussgang decomposition2, the
output of DACs can be expressed as the scaled input signal
plus uncorrelated noise, yielding

sm → Q(sm) =
√
1− ηsm + nm, (23)

where η ∈ [0, 1] denotes the DAC scaling factor and nm ∼
CN (0, ηIN ) is the quantization distortion noise vector.
The DAC scaling factor η depends on the number of (bits)
b used for quantization, whose values under b ≤ 5 are
provided in Table III. By contrast, for b > 5, the scaling
factors can be formulated as η ≈

√
3π2−2b−1 [27].

2) In-phase and quadrature imbalance: IQI is gener-
ated in the mixers of the direct conversion receivers. We
assume that the receiver-side radio frequency (RF) chains
are perfect, and we focus on the RF front-ends at the
transmitter. Specifically, the IQI at the transmitter side
occurs in TD, and the transmit vector can be rewritten
as [32]

sm → ρ1sm + ρ2s
∗
m, (24)

where the IQI parameters can be formulated as ρ1 =
cos(β)+ιλ sin(β) and ρ2 = λ cos(β)−ι sin(β). Moreover,
λ ∈ [0, 1] and β ∈ [0, π2 ] denote the gain and IQ-
imbalanced phase between the sine and cosine compo-
nents, respectively. Due to IQI, the received waveform
contains a superposition of the desired signal and its con-
jugate component. In AFDM/OFDM systems, this implies
that the observation at the kth subcarrier is contaminated
by a conjugate “mirror” component originating from sub-
carrier (N − k), resulting in ICI [32].

3) Nonlinear power amplifier: NPA refers to the non-
linear distortion imposed by the RF power amplifier when
it operates in the saturated power region. Upon exploiting
the Bussgang decomposition, the TD output of the non-

2Given two jointly circularly symmetric complex Gaussian random
variables x ∈ C and y ∈ C and the deterministic function z = U(x) ∈
C, then we have E{zy∗} = gE{xy∗} with the Bussgang gain g =
E{U(x)x∗}/E{|x|2}. The deterministic function can be decomposed
as z = U(x) = gx + w, where w is a zero-mean complex random
variable, which is uncorrelated with both x and y.
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linear PA can be formulated as [29]

sm(n) → KPAsm(n) + qm(n), (25)

for n = 0, . . . , N − 1 and m = 0, . . . ,M − 1, where
KPA denotes the linear component gain, while qm(n) ∼
CN (0, σ2

q ) represents nonlinear distortion. Explicitly, we
leverage the soft-envelope limiter (SEL) [29] to describe
the element-wise NPA, while KPA and σ2

q can be respec-
tively formulated as

KPA = 1− exp(−ν2clip) +
1

2

√
πνcliperfc(νclip), (26)

σ2
q = Ps

[
1− exp(−ν2clip)−K2

PA

]
. (27)

In (26) and (27), νclip = Ais/
√
Ps denotes the clipping

level with average symbol power Ps and input saturation
voltage Ais.

4) Direct current offset: The DCO includes self-mixing
of LO leakage, transistor mismatches, and interference
leakage [30]. Consequently, the TD transmit signal can be
modified as sm → sm + dT1N , where dT is the complex-
valued DCO factor, and 1N is an all-one vector.

The comprehensive types of HWIs have been introduced
in this Section, then, we will work on system modelling
upon considering the above HWIs.

IV. INPUT-OUTPUT RELATIONSHIP WITH HWIS

In this section, we derive the end-to-end input-output
relationship of MIMO-AFDM systems by taking into
account various HWIs introduced in Section III.

Upon considering all the above-mentioned transmit side
HWIs, the TD transmit signal can be formulated as

šm = KPA
(
ρ1s̃T,m + ρ2s̃

∗
T,m + dT1N

)
+ qm, (28)

where s̃T,m = ΦT,mQ(sm). The power of the terms in
the right-hand side of (28) is given by K2

PAρ
2
1N , K2

PAρ
2
2N ,

K2
PAd

2
TN , and σ2

qN , respectively. The (j,m)th component
of the end-to-end TD channel matrix Θ is given by

Θj,m =

P∑
p=1

hp,j,mBp,j,m, (29)

where Bp,j,m = Γp,j,m∆kp,j,mΠlp,j,m . The TD input-
output relationship is given by r̄ = Θš + w̃, where
š = [šT0 , . . . , š

T
M−1]

T , w̃ = [w̄T
0 , . . . , w̃

T
J−1]

T denotes

the AWGN vector, and Θ = blkmtx
(
{Θj,m}J−1,M−1

j=0,m=0

)
.

Then, based on (22), the TD received signal involving CFO
and reveiver-side PN can be expressed as r̃ = PΦRr̄,
where P = diag {P0, . . . ,PJ−1} ∈ CNJ×NJ and ΦR =
diag {ΦR,0, . . . ,ΦR,J−1} denote the block diagonal CFO
and receive-PN matrices, respectively. Consequently, we
can express the DAFT-domain received signal as

y = (IJ ⊗A)PΦRΘš+ (IJ ⊗A)PΦRw̃, (30)

where y =
[
yT
0 , . . . ,y

T
J−1

]T
. Finally, let ΦT =

diag {ΦT,0, . . . ,ΦT,M−1} and q = [qT
0 , . . . , q

T
M−1]

T .
Then, based on (23), (28), and (30), we can derive the end-
to-end input-output relationship with HWI as (31), which

TABLE IV
LIST OF MAIN DEFINITIONS IN (31)

Notation Definition
M Number of TAs
J Number of RAs
N Number of subcarriers
ρ1, ρ2 IQI parameters
KPA Linear gain of PA
η DAC scaling factor
A DAFT matrix
P CFO matrix
ΦT, ΦT Transmit and receive CFO matrices
Θ HWI-free TD channel matrix
x DAFT-domain transmit symbol vector
dT DCO factor
n DAC quantization noise
q Nonlienar distortion of PA

is shown at the top of the next page, and we have the
following observations. The main notations and definations
of (31) are listed in Table IV,

1) The HWI-imposed DAFT-domain effective channel
matrix in the first desired signal term can be regarded
as the conventional HWI-free channel matrix of (19)
multiplied by HWI factors, diagonal PN matrices,
and diagonal CFO matrices. Therefore, the number of
non-zero elements of the effective hardware-impaired
channel matrix Heff retains the same sparse structure
as that of its HWI-free counterpart. This property
renders the family of sparse channel matrix-based
channel estimation and data detection algorithms emi-
nently applicable, such as message passing and sparse
Bayesian learning.

2) The second term vMI of (31) is the mirror interference
associated with all the HWIs and the conjugation of
the transmit symbol vector. The power difference be-
tween the desired signal and mirror interference terms
is only associated with ρ1 and ρ2. Moreover, the non-
zero elements of the effective channel matrices in the
desired signal and mirror interference terms are fully
overlapped. Hence, the mirror interference term may
result in significant SINR loss.

3) The third term vDI of (31) denotes the DC interfer-
ence term imposed by the DCO, NPA, PN, and CFO,
which can be considered as a DC component of the
receive DAFT-domain signal.

4) The fourth term vNI of (31) represents the nonlinear-
distortion interference term, which corresponds to
the nonlinear-distortion noise of the NPA and low-
resolution DACs, as well as transmit PN and CFO.

5) The fifth term w̄ of (31) represents the Gaussian noise
term associated with the received CFO and PN.

6) Let us for a moment consider ideal hardware with
η = 0, ΦT = INM , ΦR = P = INJ , ρ1 = 1,
ρ2 = 0, KPA = 1, σ2

q = 0, and dT = 0. Then the
DAFT-domain end-to-end input-output relationship of
(31) can converge to that of the HWI-free system of
(20).

7) The covariance matrix of the Gaussian noise term w̄
of (31) can be expressed as cov(w̄) = σ2INJ .
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y = ρ1KPA
√

1− η(IJ ⊗A)PΦRΘΦT(IM ⊗AH)︸ ︷︷ ︸
Heff:DAFT-domain effective channel matrix

x

︸ ︷︷ ︸
desired signal

+ ρ2KPA
√

1− η(IJ ⊗A)PΦRΘΦ∗
T(IM ⊗AH)x∗︸ ︷︷ ︸

vMI:mirror interference

+KPAdT(IJ ⊗A)PΦRΘ1NM︸ ︷︷ ︸
vDI:DC interference

+(IJ ⊗A)PΦRΘ(KPAΦTn+ q)︸ ︷︷ ︸
vNI:nonlinear-distortion interference

+(IJ ⊗A)PΦRw̃︸ ︷︷ ︸
w̄:noise

, (31)

8) We emphasize that different types of HWIs in (31)
are independent, and the input-output relationship still
holds when we remove any types of HWIs.

Following our input-output relationship derived in (31),
we will carry out the analysis of error rate for both ML
and LMMSE detectors in Section V.

V. ERROR RATE ANALYSIS

In this section, we analyze the BER performance of
hardware-impaired MIMO-AFDM systems using the ML
detector in small-scale systems and the LMMSE detec-
tors for large-scale systems, respectively. Both ideal and
imperfect CSI scenarios are considered.

A. Error Performance Analysis using ML detector

1) Perfect CSI Conditions: The signal received at the
jth RA from the mth TA can be formulated based on (29)
and (31) as

yj,m = Ξj,m(xm)hj,m + w̄j,m, (32)

where hj,m = [h1,j,m, . . . , hP,j,m]T . Let us de-
note the effective codeword matrix as Ξj,m(xm) =
[Ξ1,j,m(xm), . . . ,ΞP,j,m(xm)] ∈ CN×P along with

Ξp,j,m(xm) = ρ1Υ
1
p,j,mxm + ρ2Υ̃

1
p,j,mx∗

m

+KPAdTΥ
2
p,j,m1N +Υ2

p,j,muj,m, (33)

where we leverage uj,m = KPAΦR,jnm + qm, and

Υ1
p,j,m = KPA

√
1− ηΥ2

p,j,mBp,j,mΦT,mAH

Υ̃1
p,j,m = KPA

√
1− ηΥ2

p,j,mBp,j,mΦ∗
T,mAH , (34)

with Υ2
p,j,m = APjΦR,jBp,j,m for p = 1, . . . , P . Let

us furthermore represent the effective stacked channel
matrices and the channel coefficient vector as Ξj(x) =
[Ξj,0(x0), . . . ,Ξj,M−1(xM−1)] ∈ CN×MP and hj =[
hT
j,0, . . . ,h

T
j,M−1

]T
, respectively. Hence, the jth received

signal can be formulated as yj =
∑M−1

m=0 yjm =
Ξj(x)hj + w̄j . The input-output relationship of (31) may
then be rewritten as

y = Ξ(x)h+ w̄, (35)

where Ξ(x) = diag{Ξ0(x), . . . ,ΞJ−1(x)} ∈ CNJ×PMJ

and h = [hT
0 , . . . ,h

T
J−1]

T ∈ CPMJ . Based on (35), the
ML detector can be formulated as

xML = argmin
x∈ANM

∥y −Ξ(x)h∥2 . (36)

Let us consider the pairwise error event {xc,xe}, where
xc denotes the transmit symbol vector, while xe represents

the error-infested received symbol vector. By defining the
error vector as e = xe − xc, the effective Euclidean
distance associated with this error event is given as

dE = ||Ξ(e)h||2 = hH [Ξ(e)]
H
Ξ(e)h = hHΩh, (37)

where Ξ(e) = Ξ(xe) − Ξ(xc) denotes the codeword
difference matrix, and the L × L-dimensional codeword
distance matrix associated with L = PMJ can be for-
mulated as Ω = diag {Ω0, . . . ,ΩJ−1}, where Ωj(e) =
[Ξj(e)]

HΞj(e) for j = 0, . . . , J − 1. Hence, the CPEP
can be formulated as

P (xc,xe|h) = P
[
||y −Ξ(xe)h||2 ≤ ||y −Ξ(xc)h||2

]
= P

[
2ℜ
{
yHΞ(xe)h

}
− 2ℜ

{
yHΞ(xc)h

}
≥ ||Ξ(xe)h||2 − ||Ξ(xc)h||2

]
. (38)

By using (35) and substituting the codeword difference
matrix Ξ(xe) into (38), we can further rewrite (38) as

P (xc,xe|h) = P

[
ℜ{w̄HΞ(e)h} ≥ ∥Ξ(e)h∥2

2

]
. (39)

It can be readily shown that ℜ{w̄HΞ(e)h} follows the
Gaussian distribution with zero mean and a variance of
σ2d2E/2. Hence, we have

P (xc,xe|h) = Q

(√
dE
2σ2

)
, (40)

where Q(·) denotes the Gaussian Q-function of Q(x) ≈
1
12 exp(−x

2/2)+ 1
4 exp(−2x2/3) [38]. Hence, the uncon-

ditional PEP (UPEP) can be expressed based on (40) as

P (xc,xe) = Eh

{
1

12
exp(−γ1dE) +

1

4
exp(−γ2dE)

}
,

(41)

where γ1 = 1/(4σ2) and γ2 = 1/(3σ2). Let r = rank(Γ),
where Γ = E{hhH} is the channel coefficient covariance
matrix. Then, we can derive Γ = ZUZH and h = Zu
with a diagonal E{uuH} = U ∈ Cr×r [39]. Hence, the
probability density function (PDF) of u is given by

f(u) =
π−r

det(U)
exp(−uHU−1u). (42)

Using (42) to calculate the expectation operation of (41)
and following some algebraic simplifications, the UPEP
can be derived as

P (xc,xe) ≈ 1

12 det(IL + γ1ΓΩ)
+

1

4 det(IL + γ2ΓΩ)
.

(43)
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Let us now dfine Di = IL + γiK with K = ΓΩ for i =
1, 2. We can readily show that det(Di) =

∏L
l=1 µl(Di) =∏R

l=1[1+γiµl(K)], where R = rank(K). In the high-SNR
region of γi ≫ 1, (43) can be rewritten as

P (xc,xe) ≈

[
12γR1

R∏
l=1

µl(K)

]−1

+

[
4γR2

R∏
l=1

µl(K)

]−1

.

(44)

Finally, upon exploiting the union bounding tech-
nique, the average BER (ABER) of the hardware-impaired
MIMO-AFDM system can be approximated by

Pa ≈ 1

2LbLb

∑
bc

∑
be

D(be, bc)P (xc,xe), (45)

where D(be, bc) represents the Hamming distance be-
tween the bit sequences be and bc representing the symbol
vectors xe and xc.

Next, let us analyze the system’s diversity order
and coding gain. Firstly, we can observe from (44)
that the diversity order can be formulated as VD =
min∀e{r, rank(Ω)}. Explicitly, we have r = PJ , since the
channel coefficients are generated independently. More-
over, it can be readily shown that the PN and CFO
matrices Pj , ΦT,m and ΦR,j are all diagonal matrices,
∀j,m, hence rank(Ω) is independent of the CFO and
PN matrices. It has also been observed in [8] that we
have min∀e,j rank(Ωj) = P,∀j. Furthermore, since the
transmit symbols associated with each TA are independent,
we have rank(Ω) = PJ , i.e., the diversity order of our
hardware-impaired MIMO-AFDM systems is VD = PJ3.

2) Imperfect CSI Conditions: Under realistic imperfect
channel estimation scenarios, the channel coefficient vec-
tor can be expressed as ȟ = h + eh [41], where the
channel estimation error obeys eh ∼ CN (0, σ2

hIL) with
the variance 0 ≤ σ2

h ≤ 1. Consequently, we can rewrite
the input-output relationship of (35) as

y = Ξ(x)ȟ−Ξ(x)eh + w̄ = Ξ(x)ȟ+ w̌, (46)

where w̌ = −Ξ(x)eh + w̄ represents the effective noise
term. Similar to (39), the CPEP relying on imperfect CSI
can be formulated as

P (xc,xe|ȟ) = P

[
ℜ{w̌HΞ(e)ȟ} ≥

∥∥Ξ(e)ȟ
∥∥2

2

]
.

(47)

We can readily show that ℜ{w̌HΞ(e)ȟ} obeys a Gaussian
distribution with a zero mean and a variance of

σ2
I =

σ2
h

∥∥Ξ(xc)HΞ(e)ȟ
∥∥2 + σ2

∥∥Ξ(e)ȟ
∥∥2

2
. (48)

3The diversity order characterizes the system’s capability to combat
channel fading [40], which can be reflected by the BER curve slope as a
function of the SNR [7], [8], [16]. By contrast, the degrees of freedom
(DoF) are determined by the number of parallel independent information
streams that can be transmitted at high SNRs, which is related to the
channel capacity. Moreover, there is a fundamental trade-off between
diversity and DoF as shown in [40].

Hence, the CPEP can be expressed as

P (xc,xe|ȟ)

= Q

 ∥∥Ξ(e)ȟ
∥∥2√

2σ2
h

∥∥Ξ(xc)HΞ(e)ȟ
∥∥2 + 2σ2

∥∥Ξ(e)ȟ
∥∥2
 .

(49)

Specifically, the UPEP can be formulated as P (xc,xe) =
Eȟ

{
P (xc,xe|ȟ)

}
, and ȟ has the multivariate complex

Gaussian PDF of f(ȟ) = π−L

det(Γ) exp
(
−ȟHΓ̌−1ȟ

)
, where

Γ̌ = E
{
ȟȟH

}
= Γ + σ2

hIL. Nonetheless, given the
complex structure of (49), it remains an open challenge
how to directly calculate the UPEP. Since we leverage the
normalized constellation A having a constant envelope, we
have

∥∥Ξ(xc)HΞ(e)ȟ
∥∥2 ≤

∥∥Ξ(e)ȟ
∥∥2. Then, the CPEP

upper-bound is given by

P (xc,xe|ȟ) = Q


√√√√∥∥Ξ(e)ȟ

∥∥2
2σ2

h + 2σ2

 . (50)

Then, the UPEP in the presence of channel estimation
imperfections can be formulated similarly to (43) as

P (xc,xe) ≈ 1

12 det(IL + κ1Γ̌Ω)
+

1

4 det(IL + κ2Γ̌Ω)
,

(51)

where κ1 = 1/4(σ2
h+σ

2) and κ2 = 1/3(σ2
h+σ

2). Finally,
the BER upper bound of imperfect CSI can be obtained
based on (45).

B. Performance Analysis of LMMSE Detection

In this subsection, we leverage the assumption in [28]
that the mirror interference term vMI represents inter-
ference. Upon considering imperfect CSI scenarios, the
channel estimation error matrix can be expressed as
H̃eff = Heff − Ĥeff, where Ĥeff denotes the estimated
channel matrix. Moreover, the structure of the estimation
error matrix H̃eff is the same as Heff, whose non-zero
elements obey CN (0, σ2

h). Then, based on (31), the end-
to-end input-output relationship can be rewritten as

y = Ĥeffx+ H̃effx+ v, (52)

where v = vMI + vDI + vNI + w̄ represents the effective
DAFT-domain noise term, whose covariance matrix Rv =
E{vvH} can be calculated based on the popular Monte-
Carlo averaging method. Upon exploiting the LMMSE
detector, the estimated symbol vector can be expressed
as

x̂ = Gy = G(Ĥeffx+ H̃effx+ v), (53)

where the LMMSE equalization matrix is G = ĤH
effW

−1,
associated with the Hermitan matrix W = ĤeffĤ

H
eff +

H̃effH̃
H
eff +Rv . Therefore, we can write Ĥeff = WGH .

Let us denote the estimates of the nth symbol transmitted
by the mth TA as x̂(c), where c = Nm + n for m =
0, . . . ,M − 1 and n = 0, . . . , N − 1. Hence, x̂(c) can be
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expressed as

x̂(c) = T (c, c)x(c) +
∑
d̸=c

T (c, d)x(d) + ṽ(c), (54)

where T = GĤeff and ṽ = GH̃effx + Gv. The corre-
sponding output SINR of the cth symbol can be formulated
as

χc =
E{|T (c, c)|2}∑

d̸=c

E{|T (c, d)|2}+ E{|ṽ(c)|2}
. (55)

According to (53), the corvariance matrix of x̂ can be
formulated as E

{
x̂x̂H

}
= GWGH (a)

= GĤeff = T ,

where
(a)
= exploits the fact that Ĥeff = WGH . Hence,

we have E{|x̂(c)|2} = T (c, c) and the denominator of
(55) can be written as E{|x̂(c)|2}− |T (c, c)|2 = T (c, c)−
|T (c, c)|2. Then, the SINR of (55) can be reformulated as

χc =
|T (c, c)|2

T (c, c)− |T (c, c)|2
=

T (c, c)

1− T (c, c)
. (56)

Then, upon using an |A|-ary QAM constellation, the
approximated BER can be formulated as [42]

Pe ≈
1

NM

NM−1∑
c=0

u1Q (
√
u2χc) ,

u1 =
4

log2 |A|

(
1− 1√

|A|

)
, u2 =

3

|A| − 1
, (57)

where |A| denotes the modulation order. Similar to [9],
we can readily show that the function Q(

√
u2x) is convex

under each constellation mapping scheme. Finally, upon
substituting (56) into (57) and harnessing Jensen’s inequal-
ity, the BER lower bound can be formulated as

Pe ≥ Pl = u1Q

(√
u2 tr(T )/(NM)

1− tr(T )/(NM)

)
, (58)

and the lower bound can be achieved when T (c, c) =
tr(T )/NM, ∀c, which implies that all the diagonal el-
ements of T have the same value.

VI. SIMULATION RESULTS

In this section, we evaluate the overall system perfor-
mance of MIMO-AFDM systems under realistic HWIs.
We first characterize the BER performance of AFDM sys-
tems using an LMMSE detector under different HWIs, and
evaluate the accuracy of our analytical results. Moreover,
we adopt the assumption in [8] that we have τp,j,m = τp
and νp,j,m = νp, ∀j,m. Unless stated otherwise, we adopt
the parameters shown in Table V. The pth normalized
Doppler index is given by kp = kmax cos(θp), with
θ ∈ U [0, π] based on Jakes’ spectrum. We set l1 = 0 and
the normalized maximum delay shift as lmax = P − 1.
Then, the delay indices associated with the pth path can
be denoted as lp ∈ U [1, lmax], ∀p ̸= 1. The pth complex-
valued channel gain obeys hp ∼ CN (0, 1/P ).

In Fig. 3, we investigate the BER performance of
both MIMO-AFDM and MIMO-OFDM under different

TABLE V
SIMULATION PARAMETERS

Parameters Values
Number of TAs, M 4
Number of RAs, J 4
Number of subcarriers, N 64
Subcarrier spacing, ∆f 15 kHz
Carrier frequency, fc 4 GHz
Number of channel paths, P 3
Velocity, v 540 km/h
Modulation type QPSK

normalized CFOs. We can infer the following observations
from Fig. 3. Firstly, under ideal hardware, MIMO-AFDM
achieves about 9 dB SNR gain over MIMO-OFDM at the
BER of 10−5 under high-mobility scenarios. Secondly, the
BER performance of MIMO-AFDM impaired by CFOs
remains nearly identical to that of the ideal hardware case.
This trend is primarily due to AFDM’s orthogonal chirp
subcarriers, which have strong intrinsic resilience to both
Doppler shifts and CFO. By contrast, at the BER of 10−4,
MIMO-OFDM associated with φCFO = 0.08 suffers an
SNR loss of 8 dB and 1 dB for φCFO = 0.04, respectively
compared to the ideal hardware scenario. Moreover, the
BER of MIMO-OFDM at φCFO = 0.08 exhibits an error
floor as the SNR increases, since CFO imposes significant
ICI on the OFDM subcarriers.

We then compare the BER performance of MIMO-
AFDM having ideal hardware and practical SLOs and
CLO in Fig. 4, where we use ψT = ψR = 10−17 [25].
Similar to Fig. 3, it can be observed that AFDM systems
attain similar BER performance for both ideal and im-
perfect LOs, while MIMO-OFDM suffering from SLOs is
capable of achieving better BER than its CLO counterpart,
since the PHN is averaged out in MIMO systems [25].
Specifically, at the BER of 3 × 10−5, an SNR gap of 15
dB can be observed between the curves of MIMO-AFDM
(CLO) and MIMO-OFDM (CLO). Furthermore, there is
an SNR loss of 6 dB and 9 dB, when comparing MIMO-
OFDM with CLO to its SLOs and ideal counterparts,
respectively. The above observations confirm that AFDM
is more resilient to phase noise than OFDM, regardless of
the type of LOs. This is due to the full channel diversity
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ferent settings of normalized CFOs.
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Fig. 4. BER performance of MIMO-AFDM/OFDM systems equipped
with SLOs and CLO, corresponding to the effects of PN.

achievable by AFDM, as well as owing to the chirp
signalling’s intrinsic resilience to phase changes.

In Fig. 5, the BER performance of MIMO-AFDM using
low-resolution DACs is characterized for b = {3, 4, 5}
quantization bits. Observe from Fig. 5 that low-resolution
DACs yield a significant BER degradation; the lower the
values of b, the higher the BER. Moreover, given b = 5
and BER of 10−4, the MIMO-AFDM system only suffers
about 1 dB SNR loss compared to the ideal hardware
case, while its OFDM counterpart exhibits about 8 dB
SNR erosion. This can be explained by the following
details. The frequency-domain orthogonality of OFDM
subcarriers may not be retained under substantial nonlinear
distortions imposed by low-resolution DACs, implying that
there is higher energy leakage among OFDM subcarriers
compared to AFDM, yielding severe ICI and out-of-band
emissions [34]. By contrast, each AFDM chirp subcarrier
spreads across the entire time-frequency domain. Hence,
the uncorrelated quantization noise can be averaged with
the aid of the DAFT process, implying that AFDM is capa-
ble of achieving better BER performance and higher SINR.
Furthermore, the BERs of MIMO-AFDM and MIMO-
OFDM systems relying on b = {3, 4} saturate, when the
SNR exceeds 24 dB and 32 dB, respectively. This trend is
attributable to the quantization noise and the scaling factor
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Fig. 5. BER performance of MIMO-AFDM/OFDM systems using low-
resolution DACs with different numbers of quantization bits.
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Fig. 6. BER performance of MIMO-AFDM and MIMO-OFDM systems
under different IQI parameters.

dominating the BER performance.
In Fig. 6, we depict the BER performance of both

ideal and IQI-infested MIMO-AFDM and MIMO-OFDM
systems using LMMSE detection, where we harness “λ =
0.05, β = 1◦”, “λ = 0.05, β = 2◦”, and “λ = 0.1,
β = 1◦” IQ parameter settings. As seen in Fig. 6, among
all the AFDM systems, the cases of “λ = 0.05, β = 2◦”
and “λ = 0.05, β = 1◦” yield an SNR loss of about
6 dB and 4 dB over the ideal condition, respectively,
while the BER curve of “λ = 0.1, β = 1◦” exhibits
a floor at 5 × 10−5, when the SNR is higher than 32
dB. This trend is driven by the dominance of the mirror
interference term in (31), whose power is comparable
to that of the desired signal term. Furthermore, given
the IQI parameters of “λ = 0.05, β = 1◦” and the
BER of 2 × 10−4, the MIMO-AFDM system is capable
of attaining an 8 dB SNR gain compared to MIMO-
OFDM. This is owing to ICI terms contaminating the
mirror subcarriers, as shown in our analysis of Subsection
III-B2 and (31). By contrast, due to the intrinsic ICI
resilience of chirp subcarriers and the spreading effect of
DAFT modulation, AFDM achieves higher time-frequency
diversity and, consequently, improved BER compared to
OFDM using the same IQI parameters.

The BER performance of MIMO-AFDM/OFDM sys-
tems equipped with nonlinear PA operating at the clipping
levels of νclip = {4, 2, 1} dB is shown in Fig. 7. We infer
the following observations from Fig. 7. Firstly, at a given
clipping level, MIMO-AFDM consistently achieves better
BER than its MIMO-AFDM counterparts. This trend is
attributable to the fact that AFDM is more resilient to
ICI due to its chirp signalling and the spreading effect
of DAFT. This is similar to the rationale behind Fig. 6.
Explicitly, the energy of NPA distortions spreads across
different frequency bins, yielding in-band energy leakage,
i.e., ICI of the spectral regrowth phenomenon [43]. More-
over, the NPA-induced ICI behaves similarly to thermal
noise, yielding a decision “ambiguity” in the constellation,
which is similar to the PN-induced ICI. Secondly, the
BER of MIMO-AFDM associated with νclip = 4 dB is
nearly identical to that of MIMO-AFDM employing ideal
hardware. This trend can be explained by the fact that the
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Fig. 7. BER versus SNR for MIMO-AFDM/OFDM systems with SEL-
modelled NPA operating at different clipping levels.

ideal PA can be regarded as having νclip = 6 dB, and
AFDM is resilient to this minimal ICI imposed by a PA
with νclip = 4 dB. By contrast, there is an 8 dB SNR gap
between the ideal and νclip = 4 dB scenarios employing
MIMO-OFDM at a BER of 3×10−5. Additionally, except
for the MIMO-AFDM scenario with νclip = 4 dB, at high
SNRs, a constant BER is observed among the non-ideal
PA cases in MIMO-AFDM/OFDM systems. This can be
explained by the fact that the NPA not only generates KPA,
which reduces the power of the desired signal term in
(31), but also introduces DC interference and nonlinear-
distortion terms.

Fig. 8 shows the average output SINR of the LMMSE
detector in MIMO-AFDM systems, where different DCO
factors dT as well as both perfect and imperfect CSI
(σ2

h = 0.01) conditions are considered, while we set
M = J = 2. From Fig. 8, we have the following
observations. Firstly, given the input SNR and channel
estimation error σ2

h, higher values of |dT| lead to lower
average output SINR. It stems from the DC interference
term of (31) that becomes more pronounced under this
scenario. Secondly, when perfect CSI is achieved, DCO
can significantly reduce the output SINR compared to the
ideal hardware scenario. Specifically, the average output
SINR operating in perfect CSI scenarios can be reduced
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Fig. 8. Average output SINR of the LMMSE detector of MIMO-
AFDM systems versus input SNR operating at different DCO factors
and imperfect CSI.

by up to 39.6% compared to the dT = 0.4 case. This
observation can be explained by the fact that DCO in-
troduces the DC interference term in (31), yielding high
values of interference in the SINR of (55). However, the
output SINRs of the dT = 0.4 and dT = 0.8 paradigms
are nearly identical, regardless of whether the CSI is
perfect. Since other HWIs are not considered in this
figure, it is challenging to further quantify the amount of
DCO-induced interference by using higher values of dT,
although we have already exploited high DCO factors.
As a matter of fact, the overall interference is mainly
imposed by doubly-selective channels in this scenario.
This observation is consistent with [30]. Moreover, the
average output SINRs become saturated under the scenario
of imperfect CSI and moderate to high SNR, since the
channel estimation error dominates them. Consequently,
DCO only imposes approximately 0.4 dB of output SINR
reduction at an input SNR of 28 dB, when σ2

h = 0.01.
Then, we characterize the BER performance of the ML

detector and the theoretical BER upper bounds of (45)
in Fig. 9, where both imperfect CSI (Imp. CSI) using
σ2
h = 0.02 and HWI scenarios are investigated. The HWI

parameters are shown as Scheme 1 in Table VI. Moreover,
N = 8 subcarriers and BPSK modulation are employed,
and we harness M = 1, J = 2, and two-path doubly-
selective channels. Based on the simulation results of
Fig. 9, we have the following observations. Firstly, the
BER upper bound derived becomes tight at moderate to
high SNRs, which validates the accuracy of our analytical
results. Moreover, for a given BER of 10−4, the “Imp.
CSI” and “HWI” cases suffer from approximately 1.5
dB and 0.8 dB lower SNRs than the ideal counterpart,
while the “Imp. CSI & HWI” scenario yields 3.8 dB SNR
loss. Furthermore, it can be observed that the “Ideal” and
“HWI” BER curves have the same slopes, implying that
the hardware-impaired AFDM systems can also achieve
full diversity, as analyzed in Subsection V-A.

Furthermore, in Fig. 10, we provide the BER perfor-
mance of the LMMSE detector and compare it to our
closed-form expression of (57). Similar to Fig. 9, both
imperfect CSI (Imp. CSI) with σ2

h = 0.005 and HWI
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Fig. 9. BER performance of the ML detector and the upper bounds of
MIMO-AFDM systems based on (45), where both imperfect CSI (“Imp.
CSI”) and hardware imperfection (“HWI”) are considered.
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TABLE VI
HWI PARAMETERS IN SIMULATIONS

Settings |dT| b φCFO β λ νclip PN
Scheme 1 0.02 5 0.04 1◦ 0.02 4 dB SLO
Scheme 2 0.04 5 0.04 1◦ 0.05 4 dB CLO
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Fig. 10. BER performance of LMMSE detector and the theoretical BER
based on (57), where both imperfect CSI (“Imp. CSI”) and hardware
imperfection (“HWI”) are considered.

scenarios are characterized. The HWI parameters are rep-
resented by Scheme 2 of Table VI. From Fig. 10 we have
the following observations. Firstly, among all the system
settings, we observe a close match between the closed-
form BER expression and the Monte-Carlo simulation
results, even when both imperfect CSI and hardware are
considered. This validates the accuracy of our analytical
results. Secondly, for “Imp. CSI”, “HWI” and “Imp. CSI &
HWI” cases, the BER remains constant at 10−5, 9×10−5

and 3.2×10−4 when the SNRs are higher than 36 dB, 36
dB and 32 dB, respectively, since the channel estimation
error and/or interference imposed by HWIs dominate the
BER performance, even if the values of SNRs escalates.
Moreover, at the given BER of 10−4, the “HWI” scheme
attains approximately 15 dB and 18 dB lower SNR than
the “Imp. CSI” and ideal settings, respectively.

In Fig. 11, the BER performance of MIMO-
AFDM/OFDM systems vs. velocity is studied, where the
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Fig. 11. BER comparison of AFDM and OFDM with different velocity
values, whereby perfect CSI is assumed, where the HWI parameters are
shown in Scheme 1 of Table VI.
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Fig. 12. Illustration of the HWI-infested effective channel matrices of
(a) OFDM in frequency-domain and (b) AFDM in DAFT-domain based
on (18), by using the HWI parameters in Scheme 1 of Table VI.

LMMSE detector and additive HWIs, i.e., DCO, IQI, low-
resolution DACs, and NPA are considered. We employ
N = 32 subcarriers for a system operating at the SNR of
20 dB. The HWI parameters are represented by Scheme
1 of Table VI. From Fig. 11 we can have the following
observations. Firstly, as expected, the higher the velocity,
the worse the BER performance for both AFDM and
OFDM. Moreover, MIMO-AFDM outperforms MIMO-
OFDM even in the face of additive HWIs in the static
or low-mobility scenarios, whereby additional ICI is im-
posed. This trend is also observed for our input-output
relationship of (31): when the system is free of PN and
CFO, i.e., ΦT = INM , ΦR = P = INJ , namely when the
nonlinear distortion terms of mirror interference, DC in-
terference and nonlinear-distortion interference still exist.
This is aligned with our analysis and observations from
Figs. 5-7. Furthermore, it can be observed that MIMO-
AFDM outperforms MIMO-OFDM under ideal hardware
scenarios, even in static conditions. This trend stems from
the fact that uncoded AFDM is capable of extracting mul-
tipath diversity from delay spread, even in the absence of
Doppler spread. By contrast, uncoded OFDM is unable to
exploit any multipath diversity, unless frequency-domain
spreading is used across the subcarriers, for example. More
importantly, we can see from all the simulation figures
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that OFDM is more sensitive to the ICI generated by both
doubly selective channels and HWIs. By contrast, AFDM
achieves better BER performance, validating our analytical
results in Subsection V-A. Explicitly, AFDM can always
achieve full diversity and ICI resilience.

Next, we compare the effective channel matrices of
MIMO-OFDM (in frequency domain) and MIMO-AFDM
(in DAFT-domain) under HWIs in Fig. 12. Specifically,
we adopt M = J = 2 TAs/RAs and N = 32 subcarriers,
a doubly selective channel having P = 4 paths, and the
maximum normalized Doppler shift is set to kmax = 1. The
corresponding HWI parameters are provided in Scheme 1
of Table VI. For the AFDM channel matrix, one can see
that the four dominant diagonal and sub-diagonal lines
(corresponding to the four paths) do not overlap with each
other, thus helping to achieve the full channel diversity. By
contrast, in the OFDM channel matrix, only one dominant
diagonal line can be observed, indicating that full channel
diversity cannot be achieved. The above observations are
consistent with our theoretical analysis in Subsection V-A.

To further justify the superior performance of AFDM
under HWIs, we compare the average output SINR of
LMMSE detectors in Fig. 13, calculated via (55). More-
over, we set N = 16 and P = 3, while the remaining
parameters are the same as those in Fig. 12. It can be
observed that AFDM achieves a higher average output
SINR in both “ideal” and “HWI” cases. Furthermore, in
the “HWI” scenario, the output SINRs of both AFDM and
OFDM become saturated when the values of SNRs are
higher than 30 dB. Both of the above observations show
that AFDM is more resilient to ICI in the face of doubly
selective channels and HWIs than OFDM.

In Fig. 14, we investigate the impact of different num-
bers of quantization bits on the BER performance, where
other parameters are the same as those in Fig. 13. From
Fig. 14, we have the following observations. Firstly, the
BER floors emerge at b = 4 and b = 5 under SNRs of 10
dB and 20 dB, respectively, regardless of the waveform.
This is because the DAC scaling factor is close to zero, and
the quantization noise can be omitted in the above DAC
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Fig. 13. Average output SINR of the LMMSE detector of MIMO-
OFDM and MIMO-AFDM systems based on (55), where both ideal
and imperfect hardware scenarios are considered, by using the HWI
parameters in Scheme 1 of Table VI.
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Fig. 14. BER performance of both MIMO-OFDM and MIMO-AFDM
versus different DAC quantization bits, where SNR= {10, 20} dB are
considered.

cases. Therefore, we may use fewer DAC quantization bits
under low-SNR scenarios, since the performance gain of
using more quantization bits is marginal. Moreover, the
BER performance of AFDM is better than that of OFDM
at a given SNR, indicating that AFDM is more resilient to
ICI introduced by low-resolution DACs. When the number
of DAC quantization bits is fixed, higher SNRs may
introduce a more pronounced BER gap between OFDM
and AFDM, since AFDM can attain higher diversity order
in the face of HWI, which confirms our observations in
Fig. 12.

In Fig. 15, we compare the BER performance of SISO-
OFDM and SISO-AFDM using LMMSE detectors with
N = 32 subcarriers. We adopt the HWI parameters shown
in Scheme 1 of Table VI, and the Extended Vehicular A
(EVA) channel [44] with P = 9 paths. As predicted, when
ideal hardware is considered, a 14 dB SNR gap is observed
at the BER of 10−4. Moreover, under the HWI scenario
and when SNR is higher than 40 dB, the BER curves of
both SISO-OFDM and SISO-AFDM get saturated at about
9 × 10−3 and 2 × 10−5, respectively. This trend is due
to the HWI-induced interference. The above-mentioned
observations further validate the superior performance of
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Fig. 15. BER of SISO-OFDM and SISO-AFDM using LMMSE detectors
via 9-path EVA channels [44], where both ideal and imperfect hardware
scenarios are considered, by using the HWI parameters in Scheme 1 of
Table VI.
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AFDM systems under realistic channel models.

VII. CONCLUSIONS

This work has studied the performance of MIMO-
AFDM systems under various types of HWIs, including
both multiplicative and additive distortions. We first de-
rived the corresponding input-output relationship in the
face of additional HWI-induced interference terms. It was
demonstrated that its diversity order remains full, as that
of the AFDM systems with ideal hardware. Moreover,
in small-scale MIMO-AFDM systems, we have derived
the asymptotic BER upper bound corresponding to the
ML detector. For large-scale MIMO-AFDM systems, an
approximated BER associated with the LMMSE detector
was presented. It was shown that the upper bound becomes
tight as the SNR increases, and that the simulated BER
is well aligned with the approximated BER. The impact
of HWIs on the overall system performance has also
been quantified. Simulation results illustrated that AFDM
systems are resilient to both CFO and PN, while they
are relatively sensitive to additive HWIs. Furthermore, it
was found that MIMO-AFDM consistently outperforms
MIMO-OFDM under identical HWIs and channel estima-
tion error settings, thanks to its specific chirp subcarrier
structure and full time-frequency diversity.

Observe from Figs. 5 and 14 that a higher DAC reso-
lution reduces quantization distortion. Moreover, it can be
seen from Figs. 4 and 7 that increased clipping threshold
alleviates nonlinear distortion at the PA, and a lower phase-
noise variance helps preserve phase coherence, respec-
tively. In practical system design, parameters such as DAC
resolution, clipping level, and phase-noise variance should
be carefully selected to balance the performance metrics
vs. the receiver complexity, hardware cost, and power
consumption.

Future research should include synchronization, HWI
mitigation, channel estimation, and data detection of
hardware-impaired AFDM systems in the presence of
forward error correction-aided mitigation. Specifically, be-
sides conventional energy- and correlation-based schemes,
machine learning solutions can also be harnessed for syn-
chronization and TO compensation [45], as well as HWI
mitigation [46]. Since the HWI-infested DAFT-domain
channel matrix still exhibits a sparse structure, we may
utilize the family of compressed sensing algorithms, such
as message passing and sparse Bayesian learning, to carry
out channel estimation and data detection.

The impact of fractional delay on AFDM systems has
been investigated in [47]. When the optimal chirp parame-
ters c1 and c2 were determined for integer-delay channels,
a BER performance loss was observed in fractional-delay
scenarios. To date, a comprehensive performance analysis
of AFDM under both fractional delay and Doppler is
lacking. Additionally, similar to techniques such as cyclic
delay diversity [17], space-time coding [41], and cyclic
delay-Doppler shift [48], which achieve transmit diversity
by introducing deterministic delays, time offset (TO) is
also a constant at the transmitter side [47]. Nonetheless,

any TO estimation error may degrade the receiver’s BER
performance. How to achieve a higher (or full) diversity
order in fractional delay channels in the face of TO for
AFDM systems is worthy of further investigation. In this
case, machine learning may play a more effective role than
conventional model-based approaches, in view of the need
for both channel estimation and data detection.
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