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Abstract

Machine learning approaches for forecasting chaotic dynamical systems typically rely on neural networks trained on ar-
bitrarily selected trajectory data from a target system. However, this conventional strategy often limits predictive perfor-
mance to short horizons, due to the inherent sensitivity and complexity of chaotic dynamics. Here, we show that carefully
curated ensembles of initial conditions spanning a large extent of an attractor, such as the Lorenz attractor, enable longer
prediction horizons. This demonstrates that prediction quality depends not only on sampling more trajectories per se,
but also on capturing the right range of dynamical behaviours, driven by shadowing and structural stability. As is well
known, the Lorenz attractor is structurally stable, meaning small perturbations in initial conditions lead to trajectories that
“shadow” each other, leading to higher synchronisation levels among them. Motivated by this insight, we introduce a novel
data filtering method based on phase synchrony analysis, using the Kuramoto Order Parameter (KOP) to select training
trajectories with low synchronisation levels, still evolving chaotically on the attractor. We demonstrate the approach on
feedforward neural networks applied to the Lorenz system, comparing models trained on KOP-filtered datasets with those
trained on unfiltered datasets. Evaluation across varying perturbation scales shows that KOP-based filtering substantially
improves predictive performance. Models trained on low-KOP data achieve longer prediction horizons, exhibit superior
agreement with ground truth dynamics, and produce output probability distributions closely approximating Gaussian be-
haviour, significantly outperforming traditional strategies that do not provide insight into the dynamical properties of the
datasets. Our results highlight the importance of considering the properties of the dataset to increase dynamical diversity in
the training datasets and suggest a principled pathway for enhancing machine learning-based forecasts of chaotic systems.

Keywords: Lorenz system, Lorenz attractor, chaos, Lyapunov exponents, Kuramoto order parameter, neural networks,
machine learning, prediction horizon, chaotic prediction

1. Introduction

Predicting the future state of a chaotic dynamical system from time series observations is a long-standing scientific
endeavour [1-3]. Although these systems are governed by deterministic equations, they exhibit extreme sensitivity to initial
conditions and thus, nearby trajectories diverge exponentially. Hence, an infinitesimal error in the initial state exponentially
amplifies, making long-term predictions impossible. Early work established the foundations of attractor reconstruction and
nonlinear forecasting, while more recent studies have demonstrated that data-driven and machine learning methods can
substantially improve predictions in chaotic regimes [4-6]. An example of such a system is the Lorenz model [7], which
has become a standard test bed for assessing techniques that attempt to forecast chaotic dynamics [8].

Recent progress in machine learning, especially in the use of neural networks, has revived interest in data-driven
methods for modelling and forecasting chaotic systems [9, 10]. These approaches do not need explicit information about
the underlying dynamical equations and can discover patterns directly from observational data. Yet, neural networks
trained on chaotic time series data frequently struggle with long-term prediction. Trained models would drift away from
the actual dynamics after a brief prediction horizon (PH), typically due to compounded errors and overfitting to specific
characteristics in the training data [11]. Recent advances have also demonstrated successful prediction of extreme events
in chaotic systems using neural networks. For instance, Coulibaly et al. [12] showed that neural networks can forecast
extreme events following bifurcation to spatiotemporal chaos in microcavity lasers, while Pammi et al. [13] demonstrated
prediction of spatiotemporal extreme events in laser systems with saturable absorbers. These studies highlight the broader
applicability of machine learning approaches to capturing rare and extreme dynamical behaviours in chaotic systems.
Work by Jiang et al. [14] has demonstrated that chaotic systems can be leveraged for machine learning predictions by
embedding data into networks of chaotic oscillators coupled through topological structures, achieving accurate predictions
across diverse applications including molecular-scale, cellular-scale and organ-scale problems. While their approach uses
chaotic dynamics as a computational framework for predicting real-world data, the complementary challenge of directly
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predicting the evolution of chaotic systems themselves remains fundamentally dependent on the quality and diversity of
training data used to learn the underlying dynamics.

An important but overlooked determinant of prediction performance is the selection and composition of training data.
In much research, training trajectories are sampled randomly or according to uniform criteria such as closeness to the
attractor or long integration durations, without considering the dynamical properties of the datasets [15, 16]. While prag-
matic, these methods can result in training datasets that may be synchronised or correlated to such a degree that they might
undermine learning and generalisation. For example, this might be the case for coupled dynamical systems exhibiting
chaotic synchronisation, in which an emphasis on diversity among training data is critical for capturing the system’s com-
plex dynamics. By diversity here we mean that the datasets should be composed of trajectories with the same dynamical,
correlation and phase-synchronisation levels, so avoiding datasets where some of the trajectories are more synchronised
than others.

To address this, we propose using the Kuramoto Order Parameter (KOP), defined in Eq. (2), as a quantitative selection
criterion for training trajectories with low synchronisation levels. KOP is a popular measure of global synchrony, originally
introduced in research on coupled oscillator systems [17]. It has since had its theoretical underpinnings and applications
substantially extended, most prominently by Strogatz, who established its significance in the emergence of collective
dynamics in a wide range of nonlinear systems, from neural, to chemical, to ecological networks [18] to name a few. KOP
computes the collective phase coherence of a system of oscillators, quantifying how synchronised the system is at any
given time. Values close to 1 reflect strong synchrony (almost full synchronisation where the oscillators are nearly phase-
synchronised) and values close to 0O reflect phase dispersion (oscillators are uniformly spread on the unit circle, meaning
there is no global synchronisation). Applied to chaotic systems, KOP allows for a measure of collective phase alignment
and thus, provides a practical metric for filtering data according to dynamical diversity.

Our analysis concentrates on the Lorenz system [7] as a case study. By removing highly synchronised trajectories and
retaining only those with low-KOP values, we create training datasets that are more geometrically and statistically diverse,
and consequently, produce more generalisable and temporally stable model predictions. Most importantly, the selection
criterion is explicitly based on the Kuramoto order parameter: trajectories are included only if they fall below a chosen
low-KOP threshold. We apply this KOP-based selection method to both training and test datasets to guarantee consistency
in dynamical structure throughout the evaluation pipeline.

To assess our method, we carry out hyperparameter tuning over a set of model architectures on typical regression
metrics, such as the mean squared error. We take the top ten models derived from the hyperparameter tuning performed on
100 trajectories and train the models on 100 trajectories. We then derive another set of top 10 models from hyperparameter
tuning on 1,000 trajectories and train these 10 models on data containing 1,000 trajectories. In both cases no KOP screening
has taken place. Subsequently, we train each set of top ten performing models on data from 100 low-KOP trajectories and
then 1,000 low-KOP trajectories. Performance is measured on perturbed initial conditions with predictions compared to
ground-truth solutions found using the RK45 numerical integrator [19, 20]. We examine how the prediction error changes
with time and perturbation size and investigate the statistical structure of the resulting distributions of the prediction
horizons.

Our findings suggest that the inclusion of a dynamical synchrony filter, using KOP, in the data selection procedure can
substantially enhance model robustness and long-term predictive accuracy. In addition, we note that low-KOP training
data suppresses the characteristic rapid divergence seen in neural models trained on more synchronised or unfiltered data.
Our results here demonstrate that using phase-dynamical measures, such as KOP, is a well-founded approach for training
data selection in machine learning models used for the prediction of chaotic, nonlinear dynamical systems.

2. Theoretical framework and background

2.1. The Lorenz system and its chaotic attractor

The Lorenz system, originally derived from simplified atmospheric convection equations, represents a paradigmatic
example of a system that exhibits deterministic chaos and serves as a cornerstone for understanding non-linear dynamical
behaviour [7]. Beyond its role as a paradigmatic chaotic system, the Lorenz equations also serve as a universal model
describing bifurcations in nearly conservative and quasi-reversible systems [21]. This universality underscores the broader
theoretical significance of our results, as improvements in predicting Lorenz dynamics may generalize to other systems
undergoing similar bifurcation structures. The Lorenz system is governed by three coupled, non-linear ordinary differential
equations:

dx d dz
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where ¢ = 10, p = 28, and f = 8/3 represent the classical parameter values that give rise to the so-called Lorenz attrac-
tor [22]. The system exhibits sensitive dependence on initial conditions, with nearby trajectories diverging exponentially
at a rate characterised by the positive Lyapunov exponent A; =~ 0.9036 [23] for the above set of parameters. This funda-
mental property limits predictability, as small uncertainties in initial conditions grow exponentially in time, resulting in



a finite PH that scales logarithmically with initial uncertainty [24]. Hence the Lorenz attractor is a strange attractor with
a fractal dimension approximately equal to 2.06 [25] indicating that although the system evolves in a three-dimensional
phase space, the long-term dynamics are confined to a lower-dimensional manifold with complex and fractal geometric
structure. The Lorenz attractor is structurally stable, meaning small perturbations in initial conditions resulting in tra-
jectories that “shadow” each other, leading to higher synchronisation levels among them. Understanding this geometric
complexity and phase-synchronisation exhibited by the system, is crucial for developing effective prediction strategies,
as successful models must capture both the local dynamical rules and the global topological constraints imposed by the
strange attractor.

2.2. Phase synchronisation and the Kuramoto order parameter

Phase synchronisation in chaotic systems manifests as coordinated patterns of activity that differ markedly from the
dynamics observed in non-synchronised trajectories [26]. In particular, chaotic synchronisation is when chaotic oscilla-
tors lock their phases (maintaining a bounded phase difference) while their amplitudes remain chaotic. This is a weaker
but more realistic form of synchronisation than complete synchronisation in chaotic dynamics. In such cases, while the
amplitude and full trajectories of individual components may remain chaotic, their phases can become temporally aligned,
revealing a subtle but significant form of synchrony. In this study, we are not analysing a network of coupled oscillators,
but rather ensembles of trajectories originating from a single chaotic system, the Lorenz model in Eq. (1). We aim to
ensure sufficient variability in the ensemble used for machine learning, as excessive synchronisation among trajectories
would diminish the diversity of input data and potentially bias the learning process. To detect and quantify the degree
of phase alignment across these trajectories, we used the Kuramoto Order Parameter (KOP) [17, 27], a well-established
measure of phase coherence. This allows us to track synchrony over time by computing the collective phase alignment
among multiple trajectories, providing a continuous and interpretable metric that is sensitive to the emergence of phase
synchronisation.

Particularly, following [17, 27], the instantaneous KOP, R(?), is defined by:

N
R(t) = % Z 0 )

n=1

where 6,,(¢) is the instantaneous phase of the nth oscillator at time ¢, and N is the number of trajectories or signals consid-
ered. Here, the concept of a population of oscillators is replaced by a set of trajectories of the Lorenz system (1) and || is
the modulus of the complex number given by the sum in Eq. (2). R(¥) quantifies the degree of phase synchronisation among
a population of oscillators (dataset of trajectories in our case) and takes values in the range O < R(¢) < 1. When R(¢) =1,
all trajectories are perfectly phase-locked, meaning they share the same phase and the system is fully synchronised. At
the other extreme, R(¢f) = 0 indicates complete desynchronisation, where the phases of the trajectories are uniformly dis-
tributed around the unit circle and no coherent pattern emerges. Intermediate values of R(?), i.e., 0 < R(¢) < 1, reflect
partial synchrony, where some level of phase coherence exists despite individual differences in trajectory dynamics. Thus,
the value of R(¥) provides a measure of the system’s collective synchronisation state in time.

To investigate the phase synchronisation of the Lorenz trajectories within the datasets using Eq. (2), it is necessary to
compute the instantaneous phase, 8, of each component of the solutions. We discuss 6 given by Eq. (4) in more detail
in Sec. 2.2.1. A widely used technique utilised to compute 6 is the Hilbert transform, which provides a simple means of
constructing an analytic signal from a real-valued time series, which in our case, is one of the components of the solutions
in the dataset. This allows for the extraction of both the instantaneous amplitude and phase, 6, of all components of the
trajectories in the dataset [28, 29].

2.2.1. The Hilbert transform
The Hilbert transform H[x](¢) of a real signal x(¢) is defined by:

® x(1)

t—7

Hx](t) = %P.V. / dr, 3)

—00
where P.V. denotes the Cauchy principal value of the integral. This transformation can be understood as the convolution

of the signal with the impulse response function A(t) = i:

Hx]() = x(®)h(t) = %x(l).

In the frequency domain, the Hilbert transform applies a phase shift of —% to positive frequencies and +§ to negative
frequencies, effectively multiplying the Fourier transform by —isgn(w), where sgn(w) is the signum function [29].



Upon computation of the Hilbert transform H[x](¢), we construct the analytic signal, z(t), corresponding to x(¢) as:
z(t) = x(t) + iH[x](®).

This complex-valued signal enables us to extract the instantaneous amplitude, A(t), and instantaneous phase, 6(t), as:

A®) = |z(0)] = Vx(1)? + H[x](1)?

0(1) = arg(z()) = arctan 2(H[x](?), x(t)). 4)

The arctan?2 function is essential as it provides the phase angle in the full range [—z, 7] by considering the signs of
both the real and imaginary components, ensuring correct quadrant determination. Unlike the standard arctan function,
which is limited to [—z /2, 7 /2], the arctan 2 function avoids phase ambiguities and handles cases where the real part x(z)
approaches zero, making it more robust for analysing chaotic signals where the trajectory can traverse all quadrants of the
complex plane.

The Hilbert transform is a powerful tool for extracting instantaneous phase and amplitude via the analytic signal repre-
sentation [28-30]. Its correct interpretation relies on several structural assumptions. First, it is mathematically well-defined
for narrowband or monocomponent signals; when applied to broadband, multicomponent, or strongly nonstationary sig-
nals, the resulting instantaneous phase and frequency may become ambiguous or physically misleading [26, 29, 31].

Second, the method assumes sufficient smoothness and integrability of the signal. In practical implementations, finite-
length data require windowing, padding, or filtering, which introduce boundary artefacts and edge effects [30, 32].

Third, the Hilbert transform assumes adequate signal-to-noise ratio and absence of strong residual trends; without
appropriate preprocessing (e.g. detrending or band-pass filtering), spurious phase dynamics may arise [26, 29].

Fourth, interpretation of instantaneous frequency derived via the analytic signal implicitly assumes approximate va-
lidity of Bedrosian-type conditions [33], which are often only approximately satisfied in empirical data.

Finally, as a linear transformation, it assumes that interacting components are sufficiently separated in frequency;
in the presence of mode mixing or overlapping spectral content it cannot uniquely attribute phase dynamics to distinct
underlying processes [26, 34]. For these reasons, the Hilbert-based quantities we compute should be interpreted within
the assumptions of approximate narrowband structure and adequate signal-to-noise ratio.

By approximate narrowband structure, we refer to signals whose spectral energy is concentrated within a relatively
small frequency interval around a dominant carrier frequency [29]. More precisely, a signal x(¢) is approximately narrow-
band if it can be represented in the form

x(1) = A(t) cos ((1)),

where the amplitude A(7) varies slowly compared to the oscillatory timescale, and the instantaneous frequency w(f) = ¢’ (¢)
also varies slowly in time. Equivalently, the Fourier spectrum of x(¢) is concentrated around a central frequency w,, with
bandwidth Aw satisfying

Aw < .

Under these assumptions, the analytic signal constructed via the Hilbert transform yields a well-defined and physically
interpretable instantaneous phase and frequency [26, 29].

By Bedrosian-type conditions, we refer to the assumption that the amplitude envelope and the carrier oscillation of a
signal occupy well-separated frequency bands [33]. For a signal written as

x(1) = A(t) cos(¢(1)),

these assumptions are approximately satisfied when the envelope A(?) varies slowly (i.e. is concentrated at low frequencies),
while the carrier cos(¢(¢)) is narrowband around a dominant non-zero frequency w,, with minimal spectral overlap between
the two. When such approximate spectral separation holds, the Hilbert transform produces a meaningful analytic signal
and well-defined instantaneous phase and frequency [29, 31].

We note, however, that in more general dynamical settings the Hilbert transform may still be used even when some
of the above assumptions are only partially satisfied. In practice, appropriate preprocessing (e.g. band-pass filtering,
detrending, or empirical mode decomposition) can improve approximate narrowband structure and reduce spectral overlap
[26, 34]. Moreover, for chaotic or weakly multicomponent oscillatory systems, the Hilbert phase can serve as a consistent
protophase that captures the dominant rotational dynamics of the attractor, even if strict Bedrosian conditions are not
met [26, 31]. In such cases, the extracted phase should be interpreted geometrically rather than strictly spectrally, and its
validity can be assessed by consistency checks (e.g. phase continuity, monotonicity, or comparison with alternative phase
definitions). Accordingly, while the assumptions above provide the ideal theoretical framework, controlled relaxation of
these assumptions does not preclude the meaningful application of the Hilbert transform in practice.



2.2.2. Application to the Lorenz system

In the case of system (1), the state variables x(), y(#), and z(f) can be thought of as time series data from which
a phase, 0, for each would be extracted. The x(#) or y(¢#) component is typically taken, particularly if there is interest in
oscillatory activity in the vicinity of attractors. Following the calculation of the instantaneous phases 6, (¢) for all oscillators
or trajectories using the Hilbert transform, the phases can subsequently be used to compute the Kuramoto Order Parameter:

N

R(t)eV® = % 3 eitnt0, 5)

n=1

where R(¢) € [0, 1] measures the level of synchrony (0 for complete desynchronisation and 1 for complete synchronisation),
w(t) is the average phase of all trajectories, and N is the number of oscillators (or trajectories, if using machine learning
ensembles as in our case). This metric enables the quantification of phase coherence among the trajectories of the machine
learning model, enabling a more dynamical-system-compliant evaluation of model performance [26, 35].

While the Lorenz attractor does not strictly satisfy narrowband or Bedrosian-type conditions required for ideal Hilbert
phase extraction, due to its broadband chaotic spectrum and amplitude—phase coupling, after appropriate preprocessing
and in regimes of coherent rotational dynamics, the analytic signal yields a consistent protophase that captures the system’s
effective oscillatory structure.

With respect to the Lorenz system (1), KOP enables the detection of synchronisation among various realisations of the
x-component of the system, which is often employed as the variable in prediction experiments. Values of R close to 1 are
characteristic of globally synchronised phase dynamics in the trajectory ensemble, and small values are representative of
desynchronised dynamics. This has serious implications for machine learning algorithms whose goal is to predict the x,
y or z components. Datasets with R values close to 1 may very well have inherent structural constraints on phase-space
exploration and hence manifest apparently high predictability during both training and test stages as sensitivity to initial
conditions is reduced due to the “shadowing” effect [36]. The filtering of trajectory ensembles using R thus, constitutes
a critical first step in ascertaining that training and test datasets accurately reflect the variability of the chaotic domain of
the system.

The Kuramoto order parameter does not require oscillators to be harmonic; it requires only that a meaningful phase
variable can be defined for each unit. For nonlinear or non-sinusoidal oscillators, the phase can be constructed through
standard phase-reduction techniques. In particular, if the system possesses a stable limit cycle, one may define a geometric
(isochronal) phase via isochrons in the basin of attraction [37, 38]. This construction yields a well-defined phase variable
even when the waveform is strongly non-sinusoidal. In experimental or time-series settings, the phase may be extracted
from the analytic signal using the Hilbert transform under approximate narrowband conditions [26], or via alternative con-
structions such as Poincaré sections or protophase-to-phase transformations [39]. Once a consistent phase variable 6;(¢) is
defined for each oscillator, KOP remains well-defined, independently of waveform shape or nonlinear amplitude dynamics
[27]. It is worth noting that the meaningful application of KOP works best when: (i) coherent oscillatory behaviour is
present (e.g. stable limit-cycle dynamics), and (ii) a consistent and comparable phase definition can be established across
oscillators. In strongly nonstationary, broadband, or non-oscillatory regimes, phase extraction warrants additional care
and the interpretation of R(¢) should be approached accordingly [26, 40].

2.3. Limitations of high-KOP training data for chaotic system modelling

The inability of high-KOP training sets to yield neural models that generalise well for chaotic systems is because neural
networks make use of the artificial coherence and low variability that are characteristic of globally synchronised states,
rather than learning the basic non-linear dynamical rules that govern the system’s evolution. This behaviour creates a
biased numerical probability density function, in which the model’s learned representations tend to over-represent regular
dynamical regimes that only occupy a tiny fraction of the overall dynamical space of the system [27, 41].

Geometrically, these high-KOP states are equivalent to orbits probing the attractor in a biased way, spending prolonged
periods in phase space regions where there is long-term synchrony due to structural stability and “shadowing” [36], and
without sufficiently exploring areas where rapid phase desynchronisation and more complicated transient behaviour domi-
nate. Moreover, models trained on high-KOP data may fail to capture rare dynamical events or extreme behaviours [12, 13],
as these phenomena typically occur in desynchronised, high-diversity regions of the attractor that are underrepresented
in synchronised training sets. This form of bias for selective sampling can be seen within the framework of ergodicity
breaking theory [42, 43].

In fully chaotic systems, ergodicity ensures that time averages along individual trajectories are equivalent to ensemble
averages over the entire attractor. However, persistently high-KOP trajectories violate this principle by excessively dwelling
in low-dimensional manifolds within the attractor, thus hampering the learning algorithm’s ability to explore more chaotic
regions. As aresult, models trained on high-KOP data learn conditional distributions P(x;|x,) that are valid only within
the constrained dynamical regime of global synchrony. Consequently, the models generalise poorly to more heterogeneous
or weakly synchronised regimes [44].



The temporal correlation structure in high-KOP data exacerbates this issue by introducing spurious long-range pre-
dictability. The artificial correlations discovered are beyond the inherent predictability limits of chaotic systems, and thus
neural networks learn non-robust patterns that extend far beyond the synchronised regime. Such models are prone to pro-
ducing overconfident forecasts and biased, non-Gaussian error distributions when inferring. Their performance is highly
contingent on how extensively test trajectories are extended into equally high-KOP regimes, thus heavily restricting their
applicability to the larger class of chaotic dynamical behaviours represented by the overall system [4, 45].

Incorporating a dynamic synchronisation filter using KOP in the data selection process significantly enhances the
model’s robustness and long-term predictive accuracy for several reasons. First, synchronisation-based filtering improves
attractor coverage by retaining segments that traverse broader regions of state space while preserving coherent phase or-
ganisation. This reduces extrapolation during forecasting and improves generalisation across dynamical regimes. Second,
it mitigates the influence of short-lived transients and incoherent fluctuations, thereby increasing the effective signal-to-
noise ratio of the training data. Third, synchronised regimes exhibit stronger collective structure and effective dimensional
reduction, which stabilises the mapping learned by the neural network and reduces overfitting. Finally, long-term forecast-
ing in chaotic systems is highly sensitive to phase drift; training on phase-coherent intervals improves phase continuity and
reduces error amplification under iterative prediction. Importantly, the filter does not constrain the dynamics artificially;
rather, it selects segments that are statistically and geometrically more representative of the attractor’s invariant structure.

3. Methodology

3.1. Data description: Trajectory generation and data preprocessing

To ensure a comprehensive representation of the Lorenz attractor, we generated training and prediction datasets through
a two-stage process:

Training Data Generation
Starting with random initial conditions drawn from the uniform distribution over S = (xg, yg,2z9) € [—0.5,29.5) X
[-0.5,29.5) x [-0.5,29.5), we integrated the Lorenz system for T = 50 (5,000 time steps with Az = 0.01) to allow
trajectories to evolve onto the attractor. We then perturbed only the x-component of each endpoint by 1072 and integrated
forward for an additional T" = 20 (2,000 time steps). This procedure yielded two training datasets: .S; containing 100
trajectories and S, containing 1,000 trajectories. The ten-fold increase in dataset size was chosen deliberately, in order
to assess whether an N-fold increase in the number of training trajectories results in a commensurate improvement in
predictive performance, and to investigate the extent to which dataset size interacts with the KOP-filtering procedure. Hy-
perparameter tuning then produced 1,200 models for both S| and a further 1,200 models for .S,, with the top 10 models
selected in each case based on the smallest Mean Squared Error (MSE) evaluated on the respective S| and S, training
datasets. We then trained these top 10 neural network models for S| and .S, on their respective datasets. The top 10 model
architectures selected are detailed in Tables 1 and 2.

Prediction Data Generation
To evaluate model performance, we generated two groupings of initial conditions

(a) Grouping 1 (measuring the sensitivity to perturbations): Using the same initial conditions from the training datasets
S, and S,, we created eight prediction datasets by perturbing each component of every initial condition by 10713,
10713, 107,107, 1077, 1073, 103, and 10~!. These perturbation magnitudes were applied sequentially to gener-
ate sets Py (S;), P,(S), ..., Py(S)) and P, (S,), P5(S,), ..., Py(.S,), allowing us to assess models sensitivity to initial
condition variations.

(b) Grouping 2 (measuring the generalisation to unseen data): To test generalisation beyond the training set distribution,
we generated five independent sets of 1,000 initial conditions each using different random seeds drawn from a
uniform distribution over .S = (x, ¥, 2o9) € [—0.5,29.5) X[-0.5,29.5) X[-0.5,29.5). Each set underwent the same
integration procedure as the training data (integrate for T = 50, perturb x-component by 1072, integrate for T = 20)
to place initial conditions on the attractor while ensuring they were distinct from any training examples.

3.2. Neural network architecture

We implemented a fully connected feedforward artificial neural network, also referred to as a multi-layer perceptron
(MLP), constructed using the Keras Sequential API in Python. The network is designed to accept as input a three-
dimensional vector representing the state variables (x, y, z) of the Lorenz system (1) at a given time step.

The architecture consists of two hidden layers and an output layer, with the number of neurons and activation functions
in each layer treated as tunable hyperparameters. Specifically: (a) The first hidden layer receives the three-dimensional
input and contains _layer1 neurons, with an activation function specified by _activation_fn_1. (b) The second hidden
layer contains _layer2 neurons, using _activation_fn_2 asits activation function. (c) The output layer consists of three
neurons with a linear activation function, corresponding to the predicted x, y, and z coordinates at the next time step. The



specific values used for _layerl, _layer2, _activation_fn_1 and _activation_fn_2 are shown in Tables 1 and 2.
This architecture offers flexibility through parametrisation, allowing systematic tuning of the model’s complexity and non-
linearity. The use of a linear activation function in the output layer is appropriate for the regression task we are employing,
where the goal is to predict continuous-valued outputs from a chaotic dynamical system.

Mathematically, this can be represented as follows: Let the input vector be denoted as x, = [x, y, z]” € R3, representing
the state of the Lorenz system (1) at time step . The neural network maps this input through two hidden layers and an
output layer to produce a prediction ,,, = [%, §, 2]7 € R3, corresponding to the estimated state at time step (t + 1):

h, =0, (W;x,+b;), W, eR"™3 b €R",
h, =0, (Woh; +b,), W, e R b, e R™,
%,,1 = W3hy, + by, W5 € R by € R,

where h; € R™ and h, € R™ denote the outputs of the first and second hidden layers, respectively and where all vectors
are column vectors (e.g., X, € R*¥!). Here, n; and n, represent the number of neurons in these layers, corresponding to
_layer1land _layer2, o,(:) and o,(:) are the activation functions for these layers, corresponding to _activation_fn_1
and _activation_fn_2, and the output layer uses a linear activation function.

This structure defines a parametric function fy : R3 — R3, where 9 represents the set of all learnable parameters
{W,.b;,W,,b,, W5,bs}. The model is trained to minimise a loss function that measures the discrepancy between the
predicted, X, , and true, X, ;, future states of the system. In our case, we have used the mean squared error (MSE) as a
loss function and discuss the details in the following section.

Our design enables systematic comparison of model performance across different training dataset sizes (100 vs. 1,000
trajectories) and hyperparameter configurations, as shown in Table 3, providing a comprehensive evaluation of neural
network architectures for capturing the complex non-linear dynamics of the Lorenz chaotic attractor.

Model Layer1 Layer2 Activationl  Activation2 Learning Optimiser
Neurons Neurons Rate

Model A 30 25 Sigmoid Sigmoid 0.001 Adamax
Model B 30 30 Sigmoid Sigmoid 0.001 Adamax
Model C 30 30 Tanh Sigmoid 0.0001 NAdam
Model D 30 30 Tanh Sigmoid 0.001 Adamax
Model E 25 30 Tanh Sigmoid 0.0001 Adam

Model F 25 30 Tanh Tanh 0.0001 NAdam
Model G 20 30 Sigmoid Sigmoid 0.001 Adam

Model H 30 30 Sigmoid Tanh 0.001 NAdam
Model I 15 30 Tanh Sigmoid 0.001 NAdam
Model J 30 30 Sigmoid Tanh 0.001 Adamax

Table 1: The configuration parameters after hyperparameter tuning for Models A through to J trained on 100 trajectories (grouping .S) with learning
rates of 0.001 (Models A, B, D, G, H, 1, J) and 0.0001 (Models C, E, F), employing Adamax [46], NAdam [47], and Adam [46] optimisers.

3.3. Model Training

In order to train the models, we firstly perform hyperparameter tuning (described in Subsec 3.3.1) to determine the
top 10 architectural structures for training sets .S and S, (as described in 3.1). Once these architectural structures were
defined, we then trained the models using a custom metric, detailed in 3.3.2, to determine the optimum number of training
epochs to avoid overtraining and underfitting. Once we have defined the optimal structures and epochs we train the models
derived and shown in Tables 1 and 2, in preparation for the prediction phase.

3.3.1. Hyperparameter tuning

To optimise the model architecture and training configuration, a structured hyperparameter search, using a grid search
strategy, was conducted training sets S} and .S, . Table 1 shows the configuration parameters for ten MLP models trained
on the 100-trajectory training set (.S;). Similarly, Table 2 shows the configuration parameters for an additional ten MLP



Model Layer1 Layer2 Activationl Activation2  Learning Optimiser

Neurons Neurons Rate
Model K 15 30 Sigmoid Tanh 0.0001 NAdam
Model L 25 25 Softmax ReLU 0.0001 NAdam
Model M 25 25 Sigmoid Tanh 0.0001 NAdam
Model N 30 20 Softmax Tanh 0.0001 NAdam
Model O 25 30 Sigmoid Sigmoid 0.0001 Adam
Model P 25 20 Sigmoid Sigmoid 0.0001 NAdam
Model Q 30 30 Softmax ReLU 0.0001 NAdam
Model R 15 30 Sigmoid Tanh 0.0001 NAdam
Model S 30 30 Sigmoid Tanh 0.0001 Adam
Model T 25 30 Tanh Tanh 0.0001 NAdam

Table 2: The configuration parameters after hyperparameter tuning for Models K through to T trained on 1,000 trajectories (grouping .S, ) with a consistent
learning rate of 0.0001, predominantly using NAdam optimisation (8 models) with Adam employed for Models O and S.

models trained on the 1,000-trajectory training set (.5,). 1200 models were generated in the hyperparameter tuning stage
for each training set .§; and .S, and the model performance assessed on MSE to determine in the top 10 in each case. It is
worth noting that the variation in learning rates between the two tables reflects the optimisation requirements at different
training dataset scales: larger datasets, and by extension larger batch sizes, produce more accurate gradient estimates,
necessitating lower learning rates to prevent overfitting and ensure stable convergence [48, 49].

Hyperparameter Values Tested
Neurons per hidden layer 5, 10, 15, 20, 25, 30
Optimisers SGD, RMSprop, Adam,
AdamW, NAdam, Adamax, Adadelta
Learning rates 1072,1073, 10~
Activation functions Sigmoid, ReLLU, Tanh, Softmax

Table 3: The hyperparameter search space used in model tuning.

3.3.2. Custom epoch measurement metric

A common challenge in training neural networks is the selection of an appropriate number of training epochs. Often,
this decision is based on heuristics or prior experience, leading to suboptimal outcomes [50, 51]. Excessive training can
result in overfitting, where the model learns spurious patterns in the training data that do not generalise to unseen inputs.
Conversely, insufficient training (underfitting) fails to capture the underlying dynamics of the system being modelled.

Before fully training the neural network models defined in Tables 1 and 2, we implemented a more formalised approach
to finding an optimum number of training epochs to predict the x, y and z components of the Lorenz system (1). Instead
of depending on early stopping procedures or ad hoc limits on epoch numbers, our novel method fuses two distinct mea-
sures that simultaneously encompass model performance and dynamical consistency within a single framework for epoch
evaluation.

Our custom epoch measure metric combines the MSE and PH to capture complementary aspects of a models perfor-
mance. The MSE is defined by:

TP
MSE = —— Y %) - xOI, ©)
P =1

where T, is a prediction horizon of fixed length. MSE is a standard pointwise measure that evaluates the average deviation
of predicted, X(¢), from observed, x(¢), values, thus measuring the accuracy of predictions. At the same time, the PH



measures how long the predicted trajectory remains within a pre-specified error tolerance (f = 0.4 following the approach
in [11]), of the ground truth values (as provided by RK45). Thus, measuring the temporal reliability of the model.

To examine predictability, we generated predictions over a horizon of fixed length 7, = 20 steps and evaluated perfor-
mance according to our custom MSE-PH measure.

The custom metric finds the intersection between the peak prediction horizon and minimum of the MSE. This can be
seen in Fig. 1. During training we observed that PH typically increases as the model begins to learn, peaks, and then
declines as overfitting sets in, while MSE continues to decrease or plateau. The intersection point where PH reaches its
maximum and MSE approaches its minimum represents a trade-off between overfitting and underfitting. This point was
taken as the optimal epoch count for the model.

Most importantly, during this process, we set the batch size to be the length of the number of time points we are
investigating. Here we set T, = 20, with A7 = 0.01, giving us a batch size of 2001. This approach removed the stochastic
variation introduced by mini-batching, resulting in smoother convergence behaviour and more consistent metric tracking
across epochs.

This two-metric approach guarantees that the chosen number of epochs maximises both short-term predictive accuracy
and long-term dynamical coherence, resulting in a more comprehensive model selection criterion.

To ensure robustness, this procedure was repeated across the two sets of 10 MLP models for .S and .S, (see Tables
1 and 2). The resulting intersection points were averaged, yielding an empirically derived optimal epoch count of 365
for the training dataset. This strategy provides a dynamically grounded, data-driven alternative to conventional heuristics,
especially relevant for chaotic systems where traditional validation loss alone may not fully capture the stability of temporal
predictions.

3.3.3. Final model training in preparation for prediction

After we have derived the optimal number of epochs and optimal architectural structures as described in Tables 1 and
2, we train the models, reverting to a batch size of 32, removing the custom metric and measure the performance using the
MSE alone. All neural network models were implemented using the Keras API with a TensorFlow backend in Python.
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Figure 1: Evolution of log-scaled MSE and PH during training of Model A on 2000 trajectories over 500 epochs. While MSE decreases steadily, PH
increases and then saturates, indicating a trade-off between learning and overfitting. The vertical green line marks the empirically selected optimal epoch
(epoch 357 in this instance), where PH is near its peak (18.07 Lyapunov Times) and MSE is low (4.28). This criterion, averaged over 10 independently
initialised MLPs, yielded a robust stopping point at 365 epochs.

3.4. Kuramoto order parameter filtered datasets

Initial training and model development were carried out using datasets without any filtering or evaluation based on their
KOP values. Although these baseline models yielded different prediction horizons, a closer inspection of their probability
density functions (PDFs) revealed substantial skewing to the left of the mean prediction horizon, particularly within specific
histogram bins as can be seen in Fig. 2(a). Gaussian fitting of the output PDFs demonstrated this skew clearly, with three
bins to the left of the mean exhibiting heightened asymmetry and departure from the Gaussian PDF. Trajectory analysis
further showed that these bins corresponded to trajectories with elevated KOP values as opposed to the KOP values of the
remaining trajectories in the datasets, seen in Fig. 2(b), suggesting a relation between elevated KOP values and skewness
to the left of the mean of the PDF of the prediction horizons, seen in Fig. 2(a).
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Figure 2: PDF and KOP results from Model P where the initial conditions were perturbed by 10=>. Panel (a): An example of a PDF plot of prediction
horizons. Here we use 33 bins, which highlight the three bins to the left of the mean (red dashed line), leading to a skewing of the distribution of the
prediction horizons, non-conforming to the Gaussian distribution. Panel (b): KOP values of the predicted trajectories from Model P within bins 11, 12
& 13 compared to all other bins from the histogram in panel (a).

This discovery, an example of which is shown in Fig. 2(b), highlighted the necessity to look into the synchronisation
patterns of the trajectories in the dataset and motivated the construction of a revised dataset, explicitly curated to contain
only low-KOP dynamics as computed by using Eq. (2). By low-KOP dynamics, we mean datasets of trajectories with a very
low Kuramoto order parameter R. In this work, we have opted for R < 0.053 to ensure there is almost no synchronisation
in the trajectory datasets.

Models A-J (Table 1) and K-T (Table 2) were retrained using the low KOP-adapted dataset, while preserving their
original architectural hyperparameters, such as neuron counts, activation functions, and structural layers. This retraining
phase aimed to isolate and assess the effect of KOP suppression on output prediction accuracy.

To test the generalisability of these low-KOP-trained models, we used the same approach as before, and created datasets
by perturbing the x, y and z components of the training trajectories by varying degrees of external perturbation (10713,
10713, 1071, ..., 107"). Preliminary testing demonstrated notable improvements in the Gaussian fitting of the output
PDFs, meaning that the numerical PDF conformed better to the Gaussian PDF. These preliminary results indicated en-
hanced distributional consistency when models are trained on low-KOP data, that is data with R < 0.053.

To further substantiate these findings, five additional datasets were generated using different random seeds, all verified
to maintain minimal KOP (R < 0.053). The combination of these differing datasets gave rise to three distinct cases: (1)
models trained and tested without any explicit control over KOP, (2) models trained on low-KOP datasets and tested on
datasets with externally perturbed trajectories, and (3) models trained and evaluated exclusively on independently generated
low-KOP datasets.

The improved distributional alignment observed in these experiments (for example see the PDF in Fig. 3) supports
the conclusion that datasets with trajectories with high-KOP values contribute to skewed PDFs. Hence, we will continue
with refined data curation strategies that lead to low-KOP dynamics. This approach is expected to generate datasets with
numerical PDFs conforming better to the Gaussian PDF.

3.5. Computation of the probability density functions

To evaluate how effectively our machine learning models capture the statistical behaviour of the Lorenz system (1)
over finite-time forecasts, we analysed the PDFs of the prediction horizons. Instead of examining the PDFs of the raw
state variables x(t), y(t), or z(t) over long time series, we focused on the distribution of values specifically within the
fixed-length forecast windows produced by the models. This approach captures how uncertainty and spread evolve within
prediction intervals, providing insight into the model’s ability to emulate the system’s inherent variability over short- to
medium-term horizons.

In particular, we employed a histogram-based method to estimate these numerical PDFs. For a given prediction hori-
zon, we aggregated the predicted values across an ensemble of realisations or initial conditions and constructed numerical
PDFs for each time step in the horizon. At a particular forecast step, given a dataset {x; };T=1 , the probability of having a
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data point in bin k is given by:
N N
=X 7
PO =7 h (N
where n, is the number of values in bin k, A is the bin width, and T is the total number of predicted samples at that time
step. The set of all p(x, ) probabilities is the numerical PDF of the predicted horizons. The normalisation in Eq. (7) ensures

that the resulting histogram integrates to one, conforming to the properties of a PDF.

3.5.1. Selection of the optimal number of bins: The Freedman—Diaconis rule

An essential step in histogram-based PDF estimation is the choice of bin width or number of bins. An inappropriate bin
width can either obscure important features or introduce noise. We used the Freedman—Diaconis rule [52] to determine
an optimal bin width and consequently, the number of bins, adaptively based on the statistical dispersion of the forecasted
values. The Freedman—Diaconis rule defines the bin width £ as:

IQR(x)

h=2 T1/3

®)
where IQR(x) is the interquartile range of the data. This choice is robust against outliers and well suited to the often skewed
and multi-modal distributions encountered in chaotic systems. The corresponding number of bins is then calculated as:

©))

Number of bins = [w] ,

h

where [ ] denotes the ceiling function, which rounds up to the nearest integer to ensure a whole number of bins. The
number of bins in Eq. (9) is the maximum number of bins discussed in Subsec. 3.5 and used throughout the paper.

This data-driven approach ensures that the histogram reflects meaningful features in the predictive distribution, rather
than artefacts of sampling or resolution.

3.5.2. Implementation in Python

In implementation, we used Python’s numpy . histogram function to compute numerically the PDFs of the resulting
prediction horizons, specifying the number of bins according to the Freedman-Diaconis rule (9). In particular, we collected
the prediction horizons resulting from the use of the different models in Tables 1 and 2 and computed 10 PDFs for the
models in Table 1 and another 10 PDFs for the models in Table 2, following the idea in Subsec: 3.5. In the paper, we
present those cases of PDFs that conformed well with the Gaussian PDF, denoted by solid black curves in the figures,
superimposed on the numerical PDFs represented by histograms (for example, see the PDF in Fig. 2(a)).

3.6. Prediction framework and evaluation

To evaluate the predictive accuracy of the MLP neural network, we calculate the relative error between the ground
truth trajectory (computed using RK45) and the predicted trajectory over time, for multiples of the Lyapunov time of the
system. The Lyapunov time is a characteristic timescale that quantifies how quickly nearby trajectories in a dynamical
system diverge due to sensitivity to initial conditions. It is defined in terms of the largest Lyapunov exponent [53, 54],
which is a measure of the average exponential rate of divergence of infinitesimally close trajectories in phase space [53, 54].

The Lyapunov time is defined by:
1
Amax ’
where LT is the Lyapunov time and 4., is the largest Lyapunov exponent of the system. It represents the time it takes

for a small perturbation in the initial conditions to grow by a factor of e, due to exponential divergence:

LT =

(10)

8(t) & Syetmax!, (1D

where 6, 6(¢) are the initial separation and separation at time ¢ of two trajectories. After a time LT, the deviation becomes
approximately:
S6(LT) ~ bye. (12)

This exponential growth implies that the system becomes unpredictable beyond a few Lyapunov times.
The relative error at time ¢ is defined as:
”Xtrue(t) - Xpred(t)HZ

E®) = s 13
© el (13)

where Xyue(t) = [Xqrue(!)s Vigue (s Zirue ()] Tepresents the ground truth state vector obtained from the RK45 integration,
Xpred () = [Xprea(1)s Yprea (D) zpred(t)]T represents the predicted state vector from the neural network, and || - ||, denotes the
Euclidean norm.
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This relative error metric provides a normalised measure of the prediction accuracy that accounts for the magnitude
of the true state vector. The error is computed at each time step of the trajectory, allowing for analysis of how the neural
network’s predictive capability degrades over the Lyapunov time scale. For the Lorenz system (1) with standard parameters
o =10, p = 28, p = 8/3, the maximum Lyapunov exponent A,,,, =~ 0.9036 that corresponds to a Lyapunov time (10)
of approximately 1.1 time units, beyond which small errors in initial conditions lead to exponential divergence in chaotic
trajectories, and thus to unpredictability.

Following the approach in Pathak et al. [11], we define a prediction as tolerable if the relative error remains below a
fixed threshold. Specifically, a threshold value of f = 0.4 is adopted, beyond which the predicted trajectory is considered
to have diverged significantly from the ground truth trajectory and is no longer deemed reliable. This threshold serves as
an operational definition for the temporal limit of predictive validity in chaotic systems.

4. Results

We evaluate the performance of our models in Tables 1 and 2, using a combination of prediction horizon statistics,
direct trajectory comparisons against the RK45 ground truth, and distributional metrics that account for the sensitivity of
the initial conditions. All models were trained on the Lorenz system (1) using unfiltered and KOP-filtered trajectory data
(on both S| and S,), where filtering was conducted using R < 0.053 as a KOP threshold.

4.1. Prediction horizon comparison

Following [11], PH was defined as the first time point where the L, error between the predicted and reference trajecto-
ries exceeded the fixed threshold f = 0.4. In our simulations, we have seen that across multiple perturbation scales, models
trained on low-KOP trajectories consistently outperformed those trained on unfiltered or high-KOP datasets, as demon-
strated by comparing the probability density functions in Fig. 6 (unfiltered data) with those in Figs. 7 and 8 (KOP-filtered
data). For instance, Model Q trained on unfiltered data at perturbation level 10~ achieved a mean prediction horizon of
2.270 Lyapunov times (Fig. 6(a)), whereas the same model trained on low-KOP filtered data achieved a mean prediction
horizon of 2.89 Lyapunov times (Fig. 7(a)), representing a 27% improvement. Results for all models at perturbation level
1075 when trained on 1,000 low-KOP trajectories, are summarised in Table 5.

This result was consistent across ten independent training runs, underscoring the robustness of the screening approach.
These findings suggest that using only weakly synchronised trajectories, i.e. filtered ones with R < 0.053, the numerical
PDFs better conform to the Gaussian PDF and that the mean prediction horizons increase.
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Figure 3: PDF plot of PH from Model R: A low-KOP value set at 0.053 was used for testing, yielding a near-Gaussian fit with a mean of 3.09 (denoted
by the red dashed line) and standard deviation of 1.29. The pink bars denote prediction horizons within one standard deviation around the mean.

We note that Table 4 does not include a KOP-filtered comparison column equivalent to that presented in Table 5 for
S,. This asymmetry reflects a practical constraint of the .S dataset: with only 100 trajectories available, applying the low-
KOP selection criterion (R < 0.053) did not yield a sufficiently distinct filtered subset. The limited pool size meant that the
synchronisation properties of the retained trajectories were not statistically separable from those of the full unfiltered set,
producing negligible differences in prediction performance. KOP-based filtering therefore requires a minimum trajectory
pool of sufficient size to ensure that a genuinely low-synchrony subset can be isolated, a condition met by .S, (1,000
trajectories) but not by .S;. This practical threshold represents an important consideration for the application of KOP
filtering in future work.
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Model Mean PH Std Dev
Model A 1.63 1.00
Model B 1.11 0.97
Model C 2.56 1.05
Model D 0.79 0.43
Model E 1.35 0.85
Model F 0.92 0.52
Model G 0.84 0.59
Model H 1.30 0.62
Model I 1.63 0.93
Model J 1.13 0.69

Table 4: Prediction horizon statistics for Models A-J trained on unfiltered data (100 trajectories - .S) at perturbation level 10~>. Mean and standard
deviation are reported in Lyapunov times.

4.2. Trajectory agreement and robustness

Comparative plots of model predictions against the RK45 ground truth reveal that low-KOP-trained models track the
true trajectory with greater accuracy (i.e., for longer), particularly over short to medium timescales (i.e. before exponential
divergence dominates). Figure 5 demonstrates this behaviour for Model R, showing the relative error E(¢) for both the mean
prediction horizon (Fig. 5a and an extended prediction horizon of 12.02 Lyapunov times (Fig. 5b. To further illustrate the
improvement in trajectory tracking, we present direct comparisons between ground truth and predicted trajectories in Fig.
4, which shows the x-component evolution for both unfiltered and KOP-filtered models.
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Figure 4: Panel (a) shows the ground truth (blue) and predicted trajectories (orange) for the x component evolution of a selected initial condition
from the unfiltered set of predicted trajectories (grouping 1). Here the predicted trajectory breaks down after only 3.02 Lyapunov times. Whilst
initially staying close to the ground truth, the predicted trajectory fails to follow the swapping from the positive *wing’ to the negative 'wing’.
Panel (b) similarly shows the ground truth and predicted trajectories for a selected initial condition from the low-KOP filtered set of trajectories
(grouping 1). In this case, the predicted trajectory follows the ground truth closely for 12.02 Lyapunov times but thereafter fails to follow the
ground truth as before. Note that here we have used Model R in Table 2 in both cases.

Moreover, the standard deviation of PH across multiple test conditions was significantly reduced in these models,
as shown in Tables 4 and 5. This indicates a higher degree of robustness to small variations in initial conditions, an
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Figure 5: Relative error E(t) from Model R: Panel (a) shows the relative error for the prediction horizon of 3.02 Lyapunov times in Fig. 4a and
panel (b) shows the relative error for the prediction horizon of 12.02 Lyapunov times. Note that here we have used Model R in Table 2.

essential quality when forecasting chaotic systems. In contrast, models trained on unfiltered data often exhibited erratic
generalisation behaviour, suggestive of implicit bias toward over-synchronised attractor substructures.

The effect of KOP filtering on prediction performance is not uniform across all models, and in some cases reveals an
interesting tension between mean prediction horizon improvement and variability reduction. Model R provides a partic-
ularly instructive example: KOP filtering yields a substantial improvement in mean PH of 33.2%, increasing from 2.32
to 3.09 Lyapunov times, yet simultaneously produces an increase in standard deviation of 15.2%, rising from 1.12 to
1.29 Lyapunov times. This apparent contradiction can be understood by considering that low-KOP trajectories do not
simply select more uniform or easier-to-predict regions of the attractor, but rather trajectories that are more dynamically
informative. Training on a filtered ensemble that better captures the underlying attractor geometry exposes the model
to a more diverse set of phase space trajectories, elevating mean prediction quality whilst broadening the distribution of
outcomes. This suggests that the relationship between KOP filtering, trajectory diversity, and prediction performance is
more nuanced than a simple improvement across all metrics, and warrants further investigation into the interplay between
ensemble composition and model generalisation.

4.3. Probability density distribution analysis of prediction horizons and generation of initial conditions for prediction

Histograms of PH across varying perturbation amplitudes offer further insight into the model’s predictive behaviour.
Models trained on unfiltered data exhibited highly skewed distributions, often marked by premature divergence and pro-
nounced kurtosis. Such characteristics are indicative of overfitting to specific trajectories or to dynamically coherent
regions within the attractor, thereby limiting the model’s ability to generalise across the full phase space.

For instance, Fig. 6(a) and (c) show the PDFs for Model Q at perturbation levels 10~ and 10~!3 respectively, where
clear left-skewing is evident, with several bins to the left of the mean contributing to the asymmetry.

By contrast, models trained on low-KOP filtered data yielded substantially smoother and more symmetric distributions
(Figs. 7 and 8), thus conforming better to the Gaussian PDF. Comparing Fig. 6(a) with Fig. 7(a) directly illustrates
this improvement: the same Model Q at the same perturbation level (107°) transitions from a skewed distribution with
mean 2.270 to a near-Gaussian distribution with mean 2.886 when trained on low-KOP data. This effect was particularly
pronounced at perturbations of 107> and below, where the filtered models demonstrated significantly greater predictive
consistency relative to the unfiltered baseline. These results suggest that training on low-KOP data facilitates a more faithful
encoding of the attractor’s geometric structure, thereby enhancing the model’s generalisation capacity and robustness to
small perturbations.

Figure 8 further demonstrates the robustness of this approach across independently generated datasets. All five sets of
low-KOP filtered data (panels (a) through (j)) show consistent near-Gaussian PDFs with comparable mean prediction hori-
zons, indicating that the improvement is not an artefact of a particular random seed but rather a fundamental consequence
of the KOP-based filtering approach.
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Unfiltered Data KOP-Filtered Data (R < 0.053) Mean PH Std Dev

Model Improvement (%) / Reduction (%)
Mean PH Std Dev Mean PH Std Dev Degradation (%)
Model K 3.34 1.32 2.19 1.04 -34.4 +21.2
Model L 2.36 0.98 2.83 1.25 +19.9 -27.6
Model M 3.10 1.43 2.03 0.90 -34.5 +37.1
Model N 2.40 0.91 2.63 1.30 +9.6 -42.9
Model O 2.47 1.19 2.14 1.02 -13.4 +14.3
Model P 2.64 1.19 1.86 0.88 -29.6 +26.1
Model Q 2.27 1.26 2.89 1.20 +27.3 +4.8
Model R 2.32 1.12 3.09 1.29 +33.2 -15.2
Model S 1.97 0.92 291 1.19 +47.7 -29.3
Model T 391 1.44 1.97 1.17 -49.6 +18.8

Table 5: Comparison of prediction horizon statistics for Models K-T trained on unfiltered vs. KOP-filtered datasets at perturbation level 10~> with 1,000
trajectories (.S,). Mean and standard deviation are reported in Lyapunov times. For mean PH, positive values indicate improvement and negative values
indicate degradation. For std dev, positive values indicate a reduction in variability and negative values indicate an increase in variability when using
KOP-filtered data. Note that improvements in mean PH and std dev reduction are not always concurrent, reflecting the nuanced effect of KOP filtering
on prediction quality and trajectory diversity.
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Figure 6: Probability density functions of prediction horizons for neural network models Q and R in Table 2 evaluated under differently perturbed initial
conditions. The left column (panels (a) and (c)) presents PDFs computed from predictions on synchronised (high-KOP or unfiltered) data for Model Q at
1073 and 10~ perturbations, while the right column (panels (b) and (d)) shows predictions on synchronised (high-KOP or unfiltered data) from Model
R again at 10~ and 10~!5 perturbations. In the cases with higher synchronisation there is evidence of greater skewness.
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Figure 7: Probability density functions of prediction horizons for neural network models Q and R in Table 2 evaluated under differently perturbed initial
conditions where the data have been subject to low-KOP filtering. The left column (panels (a) and (c)) presents PDFs computed from predictions on
synchronised (low-KOP or filtered) data for Model Q at 10~5 and 10~!5 perturbations, while the right column (panels (b) and (d)) shows predictions
on synchronised (Iow-KOP or filtered) from Model R again at 10~ and 10~!3 perturbations. In contrast to 6, which shows evidence of skewness, the
numerical PDFs here align much more closely with a Gaussian distribution denoted by black solid curves. The low-KOP filtered data, removes skewness,
leading to a higher mean prediction horizon for the same models.
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Figure 8: Probability density functions of prediction horizons for neural network models Q and R evaluated under low-KOP (low synchrony) conditions.
The left column (panels (a), (c), (e), (g), (i)) presents PDFs computed for Model Q low-KOP data and the right column (panels (b), (d), (f), (h), (j))
presents PDFs computed for Model R low-KOP data. Each row corresponds to a different “set” of data filtered for low-KOP, where each “set” of data is
generated using a different random seed before being screened for low synchrony.
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Next, to evaluate the generalisation and robustness of the KOP-filtering approach across different initial condition
distributions, we applied our trained models to the prediction datasets from both groupings described in Subsec. 3.1.
Grouping 1 consists of initial conditions derived by perturbing the training trajectories across a range of perturbation
magnitudes (10~13 to 10~1), enabling assessment of model sensitivity to initial condition variations. Grouping 2 consists
of independently generated initial conditions using different random seeds, providing a test of generalisation to truly unseen
data. The results of these evaluations are presented in the following section.

4.4. Influence of initial conditions on prediction horizon probability density functions

Here, we investigate the effect of different sets of initial conditions on the conformance of the PDFs to the Gaussian
PDF and the conclusions that can be drawn. As we have seen in Sec. 3.4, using unfiltered datasets, results in skewed
PDFs, as can be seen in Fig. 2. This is because there is a considerable amount of trajectories in the unfiltered datasets
with different phase-synchronisation properties that give rise to smaller prediction horizons and thus, to skewness. As the
Lorenz system (1) is well-known for exhibiting chaotic synchronisation due to “shadowing” and structural stability, we
checked the datasets of trajectories for phase-synchronisation using the well-known Kuramoto order parameter in Eq. (5).
We wanted to understand whether there is a group of trajectories that synchronises for considerably long integration times
compared with others in the same dataset that stay almost desynchronised throughout integration.

We present the results for the computations of the extents of the x, y and z components of grouping 1 in Table 6 (see
Subsec. 3.1 for grouping definitions). To compute the extents, we computed the global minima and maxima of the three
components separately, and then subtracted the global minimum from the global maximum for each component. These
results for the different perturbation levels (in column one) are shown in column two in Table 6, where each entry in the
triplet is the extent in the x, y and z directions. The triplets in column three in the Table show the extents of the attractor
in the three directions computed by calculating the global minima and global maxima of the ground-truth trajectories
integrated numerically using RK45. Analogous results for grouping 2 are reported in Table 7, where column one is the
index of each set, column two is the extents of the initial conditions for the set in column one, and column three is the
extents of the Lorenz attractor for each set. We observe that in both groupings, the sizes of the cubes that contain the initial
conditions for training and prediction are comparable to the size of the cube that contains the attractor.

We then used the sets of initial conditions in the two groupings and based on the evidence in Sec. 3.4, we applied the
low-KOP filtering discussed in 2.2, ending up with a subset of 1,000 trajectories for both groupings, with very low-KOP
synchronisation levels (i.e, with R < 0.053). Next, we retrained the models using these low-KOP datasets and ran the PH
calculations to compute the new PDFs, presented in Figs. 7 and 8. By comparing Fig. 6 for unfiltered datasets with Fig.
7 for filtered datasets, we observe that (a) there is no longer as much skewness in the PDFs of the low-KOP datasets and
(b), the PDFs conform better to the Gaussian PDF.

4.4.1. The role of synchronisation in predictability

While the geometric extent of trajectories is predetermined by the initial ensemble, not all trajectories within these
bounds are equally valuable for training predictive models. Our analysis reveals that synchronised trajectories due to
shadowing and structural stability of the Lorenz system, where phase relationships become temporarily coordinated, sig-
nificantly degrade prediction accuracy. Trajectories exhibiting high synchronisation (high-KOP values) represent dynam-
ical behaviour that is not as diverse as that of low-KOP trajectories. This explains why random sampling, which may
inadvertently select synchronised trajectory segments, fails to capture the full dynamical diversity necessary for robust
prediction. Conversely, trajectories with low synchronisation (low-KOP values) provide maximally independent samples
of the attractor’s dynamics, enabling neural networks to learn the complete repertoire of dynamical behaviours within the
geometrically invariant bounds of the attractor.

4.4.2. Implications for chaotic dynamics

This geometric invariance coupled with the effects of synchronisation in the Lorenz system, has profound implications
for our understanding of chaotic dynamics. Despite exponential divergence of individual trajectories, the collective spatial
bounds are essentially predetermined by the initial ensemble spread, with the chaotic dynamics redistributing trajectories
within these bounds.

The geometric invariance and synchronisation fundamentally challenge conventional approaches to sampling chaotic
systems. Since the geometric extent is predetermined by the initial ensemble distribution, and synchronisation reduces
the effective dynamical diversity of the training data, improving prediction models requires strategic filtering to select
desynchronised trajectories that capture independent dynamical behaviours within these fixed bounds, precisely what
KOP filtering achieves. The invariance between initial and final extents represents a fundamental constraint on chaotic
dynamics, revealing that while chaos ensures sensitive dependence at the trajectory level, it operates within geometrically
invariant bounds at the ensemble level. This distinction between local unpredictability and global geometric constraint,
combined with the effect of synchronisation diminishing predictive model performance, has important implications for
both theoretical understanding and practical applications in neural network training for chaotic system prediction.
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Perturbation Levels

Extents of Perturbed ICs

Extents of the Attractor

35.11504786896894 34.706582678284185
10713 47.40301630245102 45.957618428155065
40.828271056049026 38.0962690353708
35.11504786896894 34.70657620572245
10713 47.40301630245102 45.957665671895974
40.82827105604903 38.09621670874611
35.11504786896894 34.70547164307637
10~ 47.40301630245102 45.95740295279348
40.82827105604903 38.09224745240886
35.11504786896894 34.70691816658985
107 47.40301630245102 45.954832024216145
40.828271056049026 38.10253189243813
35.11504786896894 34.684124375626
1077 47.40301630245102 45.91967432161095
40.828271056049026 38.08102177091558
35.11504786896894 34.716189493588175
1073 47.40301630245102 45.9759830445415
40.82827105604903 38.197805660485116
35.11504786896894 34.68993064554021
1073 47.40301630245102 45.929148570908524
40.828271056049026 38.190395499986174
35.11504786896894 34.73082473525957
107! 47.40301630245102 45.99767224899058

40.828271056049026 38.13025584849451

Table 6: Perturbation levels (first column), where “Extents of Perturbed ICs” (second column) and “Extents of the Attractor” (third column) are the
extents of the attractor computed numerically by using the perturbed and ground-truth trajectories, respectively. Here we have used the trajectories in
grouping 1.

Extended integration times or additional trajectories produce negligible changes to these global extents (< 3% varia-
tion), confirming the robustness of this geometric invariance property. This invariance between initial and final extents,
together with our findings on synchronisation effects, represents fundamental constraints on chaotic dynamics that directly
inform optimal strategies for data selection in machine learning applications.

4.5. Discussion on Gaussian probability density function fitting

The use of KOP as a screening metric provides a systematic method for filtering data by considering the underlying
phase synchrony of the trajectories in the dataset. From a statistical mechanics perspective, low-KOP values correspond to a
regime in which constituent oscillators exhibit little phase coherence, such that dominant collective modes are non-existent
or weak [27, 41]. In such states, the collective behaviour is dominated by stochastic or uncorrelated fluctuations, which,
through the central limit theorem, naturally give rise to unimodal, symmetric distributions [55]. This theoretical relation
explains why data filtered for low-KOP more consistently satisfy Gaussian assumptions and contain fewer higher-order
statistical artefacts under downstream analyses.

In contrast, data drawn from higher-KOP regimes exhibit stronger synchronisation due to shadowing and structural
stability or emergent collective organisation across the system [56]. Such regimes impose long-range dependencies and
dynamic coupling that can impose multimodal or asymmetric characteristics on the underlying distribution. Importantly,
strong synchronisation may not be visually apparent in raw time series, but is expressed in the statistical profile of phase-
based observables. The imposition of these non-Gaussian characteristics frustrates inference procedures that assume dis-
tributional symmetry, leading to distortions in predictive modelling and statistical testing.
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Sets Extents of Set ICs Extents of the Attractor
35.22487805225061 34.66489871984085
1 50.78933389792624 45.8812774423619
42.174927473992675 38.1680942209734
33.94038522465193 34.68839554830721
2 44.23195444253331 45.92812552458531
40.48183287773829 38.05162073928093
35.919366596930914 34.66995045600162
3 45.375317908342865 45.88417560223456
41.06281358057437 38.030072511754405
35.262351788717204 34.7243650451591
4 48.11354553123794 45.991412921908136
38.94726060167497 38.0847171379738
36.62992503763881 34.646957138988746
5 44.195327290969715 45.83561906673275
40.2293728590208 37.91065988750479

Table 7: Different “Sets” of initial conditions (first column), where “Extents of Perturbed ICs” (second column) and “Extents of the Attractor” (third
column) are the extents of the attractor computed numerically by using the initial conditions in the sets (first column) and ground-truth trajectories,
respectively. Here we have used the trajectories in grouping 2.

Thus, KOP filtering is not merely a preprocessing step, but directly shapes the statistical geometry of the data. As shown
in Fig. 8, low-KOP screening suppresses latent synchronisation effects, yielding smoother, unimodal, and near-Gaussian
distributions compared to the more irregular profiles in Fig. 6. Across datasets, this screening isolates a more statistically
homogeneous regime, in which unimodality and isotropy assumptions are more likely to hold. These properties provide a
robust justification for KOP-based selection and strengthen the interpretability and generalisability of downstream models
across different perturbation scales.

5. Conclusions

In this paper, we have examined the role of phase synchrony filtering in enhancing the predictive capabilities of neural
networks applied to chaotic dynamical systems. We have demonstrated that the conventional approach of training machine
learning models on arbitrarily selected trajectory data fundamentally limits the model’s ability to capture the full dynam-
ical diversity of chaotic attractors. The Kuramoto Order Parameter (KOP) emerges as a powerful metric for identifying
trajectories that exhibit the dynamical diversity essential for robust model training. Our systematic comparison between
filtered and unfiltered datasets reveals that low-KOP trajectories, characterised by weak phase synchrony, provide neural
networks with training examples that are more representative of the underlying chaotic dynamics.

We have shown how KOP-based filtering directly impacts model performance across multiple evaluation criteria and
perturbation levels. Networks trained on low-KOP data consistently achieved extended prediction horizons compared
to those trained on conventional datasets. Moreover, these models demonstrate superior conformity to ground truth dy-
namics and produce output distributions that conform more closely to the Gaussian distribution. The robustness of these
improvements across varying perturbation scales demonstrates that the benefits of KOP filtering are not simply a result
of favourable initial conditions but reflect fundamental improvements in how neural networks learn to represent chaotic
dynamics. This enhanced performance arises from the reduced structural bias inherent in low-synchrony training data,
which forces neural networks to develop a more generalised internal representation of the system’s behaviour.

The implications of our findings extend beyond the specific case of the Lorenz system we studied here. The success of
phase synchrony analysis in improving neural network performance suggests that dynamical screening represents a fun-
damental principle for data-driven modelling of nonlinear systems. Traditional approaches assume all training data are
equally valuable, but our method shows that careful selection based on physical principles can significantly improve per-
formance. By choosing trajectories with specific dynamical properties, e.g., low-KOP, we can build models that maintain
accuracy over longer time periods. This improvement could benefit many fields requiring long-term predictions, from
weather forecasting to ecosystem modelling.
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It is important to acknowledge, however, that the results presented here rest on several working assumptions. The
phase extraction underpinning our KOP computation relies on the Hilbert transform, which performs optimally under ap-
proximate narrowband and Bedrosian-type conditions, as discussed in 2.2.1. While the Lorenz system exhibits sufficiently
coherent oscillatory structure for these assumptions to hold in practice, their validity should be carefully assessed before
applying this framework to other dynamical systems. Furthermore, the applicability of KOP as a filtering mechanism is
not guaranteed to generalise to all chaotic systems. Systems with more complex attractor geometries, higher-dimensional
phase spaces, or fundamentally different synchronisation properties may require alternative or complementary phase-based
metrics. We also note that KOP-based filtering requires a sufficiently large trajectory pool to be effective; our experiments
suggest that datasets of the order of 100 trajectories may be too small to yield a meaningfully distinct low-synchrony subset
under the criterion R < 0.053, and that a minimum pool size of the order of 1,000 trajectories is needed for the filtering to
produce a statistically separable low-synchrony subset. Investigating the extent to which KOP-based filtering transfers to
such systems represents an important direction for future work.

In summary, our results show that strategic training data curation based on phase synchrony analysis represents a
significant advancement in machine learning approaches to chaotic systems prediction. By using the Kuramoto Order Pa-
rameter to identify trajectories with high dynamical diversity, we achieve substantial improvements in prediction accuracy
and duration. While our work focuses on improving mean prediction horizons through dynamical diversity, the KOP-
filtering approach may prove particularly valuable for predicting extreme events and rare dynamical behaviours in chaotic
systems [12, 13]. Future work could investigate whether low-KOP training data enhances the detection and forecasting
of extreme events, which typically emerge from desynchronised, high-diversity attractor regions. These findings open
new possibilities for applying similar filtering techniques to other chaotic systems where long-term forecasting remains
challenging.

Data availability statement

The source code to reproduce the results in this paper is freely available in the GitHub repository [57].
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