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Abstract
The unsolved Andrews-Curtis conjecture in group theory gives rise to many famously chal-
lenging theorem-proving problems. Automated reasoning is one of the best state-of-the-art
approaches to solving them.We have developed a new classifier inspired by group theory and
a new search algorithm orientated at using for the Andrews-Curtis conjecture. We combine
them with automated reasoning and compare their performance with automated reasoning.

Keywords Automated theorem proving · Supervised learning · Group theory ·
Andrews–Curtis conjecture · Finite automaton

1 Introduction

This paper applies automated reasoning to experimental mathematics; namely, it focuses
on applying automated theorem proving to a long-standing open problem in combinatorial
group theory, the Andrews–Curtis conjecture (ACC) [2]. Sects. 1, 2 provide the context of
this work in the study of ACC; then our approach is described in detail in Sects. 3, 4, 4.2,
and experiments are presented in Sects. 5, 6, 7.

Broadly speaking (for precise details, see the following section), ACC asserts that any
balanced presentation of the trivial group can be simplified (or AC-simplified), that is,
transformed into the trivial presentation by applying a finite sequence of elementary trans-
formations. The conjecture is widely believed to be false, but no counterexamples have been
found yet. Many presentations remain unsimplified despite considerable effort, and some of
them are considered potential counterexamples.

Despite its simple formulation, the problem is highly nontrivial. Whereas verifying that a
given presentation satisfies the conjecture is, in theory, decidable via exhaustive application
of all transformation sequences, in practice such brute-force enumeration is infeasible: the
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search space grows exponentially with the length of presentation, and known lower bounds
on simplification lengths are superexponential [5, 15].

Over the past three decades, a range of computational strategies have been developed to
explore potential counterexamples to the ACC. Early heuristic methods based on genetic
algorithms [23] managed to simplify some presentations which were previously considered
difficult. These techniques were refined and extended in subsequent work [14, 33], simpli-
fying broader families of presentations.

At the same time, amore exhaustive approach based on breadth-first search through the tree
ofAC-equivalent presentationswas developed in [9]. This enabled systematic classification of
presentations up to bounded length and showed, for example, that each balanced presentation
of the trivial group with two generators and relator length up to 13 is AC-equivalent either
to the trivial presentation or to the presentation

〈a, b | a3b−4, abab−1a−1b−1〉,
known as AK3, which remains one of the most prominent potential counterexamples.

Subsequent work addressed practical implementation of these strategies at scale. Disk-
based hash tables and parallel computingwere employed in [21] to improve tractability, while
alternative approaches based on coset enumeration were explored in [8]. Other developments
include transformation rules inspired by the conjugacy search problem [26] and methods
based on discrete Morse theory [7], combining topological and algorithmic techniques.

Reinforcement learning has also emerged as a promising direction. In a large-scale empiri-
cal investigation, Shehper et al. [32] applied learning-guided search to explore transformation
sequences for presentations of bounded size, leading to numerous new simplifications and
demonstrating the potential of adaptive strategies.

A complementary line ofwork is based on automated reasoning.A logical approach toAC-
simplification based on encoding AC-transformations as first-order axioms was introduced
in [16, 18, 19]. This method reduces simplification to a theorem-proving task and allows
the use of general-purpose automated theorem provers. It has proved highly effective in
practice, discovering long and nontrivial simplification sequences — in one case exceeding
8000 transformation steps [20]. Moreover, in all known instances where simplifications have
been obtained by other computational methods, corresponding simplifications have also been
found using this logical approach, while additional new simplifications have been discovered.

Despite this progress, important challenges remain. The performance of automated rea-
soning is highly sensitive to the logical encoding and to the internal strategies of the prover,
and it is often unclear whether failure to find a simplification reflects an inherent mathemati-
cal obstruction or limitations of the method. Furthermore, some simplifications may require
extremely long proofs: for example, [20] reports a case where a simplification was found
only after approximately 74 days of computation.

In addition, several infinite families of presentations are known whose simplifiability
remains open, including the Akbulut–Kirby family AKn [3], the Miller–Schupp family
MSn(w) [11], and the Gordon family Gn,m,p,q [6]. These examples illustrate the persistent
difficulty of the conjecture and motivate the development of new computational approaches.

Against this background, it is natural to explore whether alternative paradigms can com-
plement existing methods and help navigate the complex search space of ACC simplification.

In this work we propose and investigate a novel approach based onmachine learning, clas-
sification, and search. In contrast to approaches that integrate machine learning directly into
the internal proof search of automated theorem provers (e.g. overviewed in [4]), our method
applies classification externally to guide the selection of equivalent starting presentations.
This approach can be used both independently and in combination with automated reasoning.
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Our experiments indicate that the search algorithm itself can be effective in finding simpli-
fications, while the benefit of combining the two approaches remains inconclusive: in some
cases, combining them provides a clear advantage, while in others automated reasoning alone
is already highly effective. This behaviour reflects the complexity of the ACC landscape and
suggests that different computational techniques may be better suited to different classes of
instances.

2 Theoretical Introduction to ACC

This section introduces the Andrews–Curtis conjecture and outlines how it can be studied
using automated reasoning. We first present the group-theoretic formulation of the problem,
and then give a high-level overview of its translation into a logical framework used throughout
the paper.

2.1 The Andrews-Curtis Conjecture

Within this subsection we assume that the reader is familiar with basic concepts of group
theory, including group presentation. A classical introduction in combinatorial group theory
can be found in [24]. A group presentation 〈x1, . . . , xn; r1, . . . , rm〉 is said to be balanced if
the number of generators x1, . . . , xn equals the number of relators R1, . . . , rm , i.e., n = m.
A balanced group presentation is said to be trivial if all its relators are exactly generators:
〈x1, . . . , xn; x1, . . . , xn〉.

The Andrews–Curtis framework uses the following transformations (called AC-
transformations) of balanced presentations.

(AC1) Replace a relator ri by its inverse r
−1
i .

(AC2) Replace ri by ri r j , for j �= i .
(AC3) Replace ri by its conjugate wriw−1, where w is any word over the generators.
(AC4) Introduce or delete a generator y together with a relator y.

Two presentations are said to be Andrews-Curtis equivalent or AC-equivalent if one can
be obtained from the other using a sequence of transformations of types AC1–AC3. If trans-
formation AC4 is also allowed, the presentations are said to be stably AC-equivalent. Given
a balanced presentation p, the simplification (stable simplification) is a sequence of trans-
formations showing that p is AC-equivalent (stably AC-equivalent) to a trivial balanced
presentation.

Conjecture 1 (Andrews-Curtis [2]) If 〈x1, . . . , xn; r1, . . . rn〉 is a balanced presentation of
the trivial group then it can be simplified, that is, it is AC-equivalent to the trivial presentation
〈x1, . . . , xn; x1, . . . xn〉.

A weaker form of the conjecture states that every balanced presentation of the trivial
group can be stably simplified (i.e. transformations AC4 are allowed). Both variants of the
conjecture remain open and challenging problems. In what follows, we focus on the strong
form of the conjecture and its particular case of dimension 2, that is, the number of generators
(and, equivalently, the number of relators) is 2.

It is useful to note that other types of AC-transformations apart from AC1–AC4 also have
been considered. For example, one can change the order in which the relators are listed in
the presentation; it is straightforward to show that performing such a change does not affect
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AC-equivalence as this transformation can be obtained as a composition of applications of
AC1–AC3. Another example is a cyclic permutation transformation, as follows.

(CAC) Replace a relator ri with a cyclic permutation r̃i of ri

In [12] it is shown that the cyclic version of Andrew-Curtis conjecture, in which AC3
is replaced with CAC transformation, is equivalent to the original one. Our random search
algorithm used for producing datasets uses the CAC transformation, as we will describe in
more detail in 6.1.

2.2 Automated Reasoning for ACC Simplification

A powerful approach to AC-simplification based on automated reasoning in first-order logic
has been proposed and developed in [16, 17, 19]. In this approach, AC-transformations
are translated into logical axioms, combining group-theoretical rewriting with first-order
inference, so that simplification can be formulated as a proof search problem for an automated
theorem prover.

Several logical encodings of this idea have been explored, including implicational and
equational formulations, each in ground and non-ground variants. No systematic advantage
of any one of these variants has been established; rather, their effectiveness appears to depend
substantially on the specific problem instance and prover behaviour. In the present paper we
focus on non-ground formulations and consider two representative encodings: the implica-
tional non-ground encoding (IN) and the equational non-ground encoding (EN), which we
describe in turn.

2.2.1 Implicational Non-Ground Encoding IN

Denote by IACT the first-order theory that includes the following axioms.

(G1) (x ∗ y) ∗ z = x ∗ (y ∗ z)
(G2) x ∗ x ′ = e & x ′ ∗ x = e
(G3) x ∗ e = x & e ∗ x = x
(I-R1L) R(x, y) → R(x ′, y)
(I-R2L) R(x, y) → R(x ∗ y, y)
(I-R2R) R(x, y) → R(x, y ∗ x)
(I-R3LZ) R(x, y) → R((z ∗ x) · z′, y)

We briefly clarify the structure of the theory IACT . The axioms labeled G1, G2, and
G3 represent the standard group axioms, associativity, identity, and the inverse, expressed
equationally using the function symbols ∗ (group multiplication), e (identity element), and
postfix notation x ′ for inverses. The additional axioms, I-R1L, I-R2L, I-R2R, and I-R3Z,
formalize a version of AC-transformations for balanced presentations with 2 generators and
2 relators. The list of generators is the same in all these presentations (to be specific, in our
experiments the generators are denoted by a, b, as in examples of presentations in Sect. 1).

This shortened list of transformations omits certain transformations (inversion and conju-
gation of the second relator), but those transformations can be obtained as compositions of
the transformations which are included in the list [16, 19].

To represent transformation sequences within this logical method, we introduce the binary
predicate R(t1, t2), where t1 and t2 are ground terms denoting relators in a presentation. The
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intended interpretation of R(t1, t2) being true is that the presentation 〈a, b; t1, t2〉 is AC-
equivalent to a specified initial presentation. This interpretation is formalized in the following
proposition [16, 19, 20].

Proposition 1 For ground terms t1, t2, t3, t4 in group theory built of constants e (group unit),
a and b (group generators), we have

IACT � R(t1, t2) → R(t3, t4)

if and only if presentations 〈a, b; t1, t2〉 and 〈a, b; t3, t4〉 are AC-equivalent.

2.2.2 Equational Non-Ground Encoding (EN

Denote by EACT an equational theory TG ∪ ACT= where TG includes groups axioms G1,
G2, G3 and ACT= includes the following axioms:

E-R1L f (x, y) = f (x ′, y)
E-R1R f (x, y) = f (x, y′)
E-R2L f (x, y) = f (x · y, y)
E-R2R f (x, y) = f (x, y · x)
E-R3Li f (x, y) = f ((z · x) · z′, y)
We have now an analogue of Proposition 1 for equational encoding [16, 19]:

Proposition 2 For ground terms t1, t2, t3, t4 in group theory built of constants e (group unit),
a and b (group generators), we have

EACT � f (t1, t2) = f (t3, t4)

if and only if presentations 〈a, b; t1, t2〉 and 〈a, b; t3, t4〉 are AC-equivalent.
Propositions 1 and 2 allow us to reduce any question concerning the AC-equivalence

of specific balanced group presentations of dimension 2 to a derivability problem in first-
order logic over the theories IACT , and EACT , respectively . These derivability problems are
then handed over to automated theorem provers, making use of the capabilities of modern
automated deduction systems.

2.2.3 Experimental Settings

For experiments reported in this paper we have used Prover9 theorem prover [22] as a part of
ProverXplatform [30] running on single Intel(R)Core(TM) i7-6700CPU@3.400GHz64GB
RAM, Rocky Linux 8.10 (green Obsidian), kernel: Linux 4.18.0-533.8.1.el8_10.x86_64.

The choice of Prover9 for these experiments is motivated by prior experience with ACC-
related and similar mathematical reasoning tasks, where in our experiments it has proved
particularly useful in practice. Although we have also experimented with other first-order
provers, including E and Vampire, we did not obtain comparable results on problems of this
type. A systematic comparative evaluation of prover performance, however, lies outside the
scope of the present work.

Prover9 was run with fixed configurations for each group of experiments reported in
this paper. The relevant limits and search parameters are indicated in the description of the
corresponding experiments. For reproducibility, the exact Prover9 configurations used for all
reported runs are provided in Appendix.

Python code for the algorithms introduced in Sects. 4 and 6 was run on Intel(R) Core(TM)
i5-11500 @ 2.70GHz, 16.0 GB RAM, Windows 11 23H2.
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3 Overview of our Learning-Guided Search Approach

In this section we outline the main idea of the learning-guided search approach proposed
in this paper. The approach combines three components: a search algorithm browsing the
space of presentations, a classifier trained to distinguish regions of this space, and, optionally,
automated reasoning used to construct simplifications. The key intuition is to guide the search
for simplifications by identifying intermediate presentations that are simultaneously close to
both the initial and target presentations. The approach can be applied both independently
of automated reasoning and in combination with it. We first describe the underlying graph-
theoretic perspective and then present the heuristic algorithm based on classification and
search.

Many search tasks can be usefully visualized as searching for a path in an infinite graph;
this includes the simplification problem described in Sect. 2. Consider an infinite graph � in
which each vertex is a presentation, and two vertices are connected with an edge if and only if
they can be transformed to one another by a single application of one of AC-transformations.
Then simplification is a path from the vertex corresponding to the original presentation to the
vertex corresponding to the trivial presentation. If we ask, for instance, if the presentation
AK3 can be simplified, the question can be reformulated as finding a path in the graph �

from a vertex that is the presentation AK3 to the vertex that is the trivial presentation.
In this graph-theoretical language, the new approach we introduce in this paper is as

follows. Consider two vertices p, q in �. Suppose we want to find a path from p to q in �.
One approach is to use the search algorithm; we shall denote this approach by S. Another
approach is to use automated reasoning; we shall denote this approach by AR.

Or, to find a path from p to q , we can use the following heuristic approach.

1. By applying random sequences of AC-transformations to p, produce a family of vertices
P . Within the graph �, vertices in P can be thought of a being close to p (with the
word ‘close’ understood informally as likely to be reachable either by random search or
automated reasoning). Likewise, by applying random sequences of AC-transformations
to q , produce a family of vertices Q. Within the graph �, vertices in Q can be thought
of as being close to q .

2. A classifier is an algorithm which can be trained to categorize data into classes. Using
the classes P and Q above, train a classifier to distinguish between vertices belonging to
P and vertices belonging to Q.

3. Suppose a vertex r lies in P , but the classifier misclassifies r as belonging to Q; this
might be a mere mistake, but also this might be interpreted as an indication that r is close
to both p and q .

(a) Then we can begin search again starting from misclassified presentations and repeat
steps 1, 2 above several times, until a path from p to q is found. We shall denote this
approach, which uses the search and the classifier iteratively, by S � C.

(b) Or, we can expand the approach S � C in (a) above by passing its results (after
several iterations) to automated reasoning and using automated reasoning to finish
finding a path from p to q . We shall denote this approach, which uses the search and
the classifier iteratively and then automated reasoning, by S � C → AR.

Speaking of applying automated reasoning to simplification in ACC, it is useful to note
that previous experiments show that automated reasoning can find a way to transform one
presentation into another more successfully when the latter transformation is the trivial trans-
formation, see e.g. [17]. Therefore, in most of our experiments, when we use AR to find a
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Fig. 1 An example of transitions corresponding to letters x and y

path between two AC-equivalent presentations, one of which is the trivial presentation, we
start from the non-trivial presentation and transform it to the trivial presentation.

4 Automaton-Based Classifier and Training

4.1 Automaton Classifiers

Inmathematics (more specifically, in group theory and semigroup theory) an old and standard
way of classifying words into classes is using finite automata. Note that this classification
is done by hand-picking the automata, without using machine learning; typical applications
of this approach are presented in [25]. Now we will describe how a finite automaton works.
Choose a positive integer s; numbers in the range 0, 1, . . . , s − 1 will be called states.
Accordingly, when we consider matrices of size s × s or rows of length s, positions in such
matrices or rows will be indexed by numbers in the range 0, 1, . . . , s − 1.

For each i is in the range 0, 1, . . . , s − 1, by 
ei we will denote a row of length s in which
the entry at the position i is 1 and all others are 0. In particular, 
e0 will be used repeatedly,
so let us stress that 
e0 is (1, 0, . . . , 0). The reader familiar with one-hot encoding can notice
that each 
ei is one-hot encoding of i ; therefore, we will refer to rows 
ei as one-hot vectors.

For each letter x , consider an s × s matrix Tx , which we will call a transition matrix, such
that each row of Tx is a one-hot vector. It is traditional to represent Tx by a directed graph
whose nodes are the states, and there is an edge (marked with x) from state i to state j if and

only if the entry at the position i, j is 1. For example, suppose Tx =
[
0 1
1 0

]
and Ty =

[
0 1
0 1

]
.

The corresponding directed graphs are shown in Fig. 1. It is convenient to think of a transition
matrix as describing, literally, a transition from one state to another produced by a letter.

Once we have fixed the transition matrices for each letter, for each word we can define
the state corresponding to this word; here is how it is done. Fix a word w and denote the i-th
letter in w by w(i). Define T to be the list of all transition matrices, and define

f (w, T ) := 
e0
∏
i

Tw(i) (1)

Recall that 
e0 has size 1 × s and each Tw(i) has size s × s; hence, 
e0 ∏
i Tw(i) has size

1 × s, that is, it is a row of length s. It is useful to notice that f (w, T ) is not just any row,
but a one-hot row vector 
e j .

Instead of matrix notation 
e0 ∏
i Tw(i) used above, if we use graph-theoretical language, j

in the previous sentence is the state at whichwe end up if we start from state 0 and transition to
other states as indicated by the directed graphs corresponding to letters, proceeding through
all letters of the word one at a time, from the beginning of the word to its end.

To turn a finite automaton into a classifier, we add a final step which maps the one-
hot vector outputs produced by (1) into classification categories. Suppose there are c classes
0, 1, . . . , c−1. Introduce a vector 
c of length s, inwhich each entry is in the range 0, 1, . . . , c−
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1. Define the classification of a word w as:

f ′(w, T , 
c) := f (w, T ) · 
c

=
(


e0
∏
i

Tw(i)

)
· 
c (2)

where · denotes the usual inner product. Now f ′ is the final definition of our finite-automaton
classifier.

In simpler terms, the i-th component of the vector 
c indicates which class should be chosen
when the i-th entry of f (w, T ) is 1. Note that since f (w, T ) is a one-hot vector, this results
in a unique classification of the input word w as belonging to one of the classes.

To make the classifier work correctly, it needs training, i.e. choosing the appropriate
entries for the T matrices and for the 
c vector. This is discussed in the next section. To train
an automaton, we will generalize automata in the following way.

The definition so far has assumed that the transition matrices T consisted of one-hot
rows; we will refer to such transition matrices as classical transition matrices. We can extend
the definition of transition matrices to allow for non-negative real-valued entries. In these
probabilistic transition matrices, each row in Tx is not necessarily a one-hot vector, but any
probability distribution, that is, any row consisting of non-negative numbers such that their
sum is 1 (some readers might be familiar with this kind of matrices under a name of right
stochastic matrices). This generalized kind of automata is known as probabilistic automata
[27].

In Sect. 4.2 we describe an efficient algorithm for training classifiers using probabilistic
automata. Classifiers using finite automata are more difficult to train. Therefore, one can be
tempted to ask whether it might be better to work only with probabilistic automata classifiers
and not with finite automata classifiers. We believe that the advantage of a finite automaton
classifier in the context of our research is that its transition matrices have a very simple
structure and are, therefore, inspectable; this is useful for double-checking results or when
looking for mathematical insights. This is why in our experiments we train probabilistic
automata classifiers and after they are trained, we convert them to finite automata classifiers
as described in Subsection 4.2.3.

4.2 Training an Automaton

In this section we describe how to train the classifier defined in equation (2). Recall that
gradient descent, in machine learning, is a process of iteratively improving parameters in
search of an optimal solution. Instead of conducting a brute-force search through the space
of possible values for T and 
c, we define a closed-form solution for 
c in terms of T , and
then define an objective function on T on which to do gradient descent, with respect to
T . In order to allow gradient descent, which is naturally a continuous-valued process, we
use probabilistic transition matrices instead of classical transition matrices, and then convert
probabilistic transition matrices to classical transition matrices after training is complete.

4.2.1 Objective Function for Training the Classifier

Recall that we are working in the supervised learning scenario. Consider a training
dataset D consisting of words wi and their corresponding labels yi ; specifically, D =
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{(w0, y0), (w1, y1), . . . , (wN−1, yN−1)}. As discussed in Sect. 3, for our purposes it is suffi-
cient to consider 2 classes; following notation used in Sect. 4, we will denote them by 0 and
1. Let D0 = {wi : yi = 0}, i.e. the set of words with label 0, and D1 = {wi : yi = 1} be the
set of words with label 1.

To obtain a closed-form expression for 
c, we first note that the job of 
c is to convert the
one-hot output vector of f in equation (1) into a single classification in the range 0, 1. We
want to choose 
c that performs best on the training set D, given the current set of tentative
values of T . Hence we choose each component of 
c so that it maximises the number of
correct classifications given by (2), when counted over the whole training set. This solution
is given by:


c := argmaxcol

(∑
w∈D0

f (w, T )∑
w∈D1

f (w, T )

)
(3)

where argmaxcol is applied to each column of the 2 × s matrix given in (3). This equation
ensures that 
c is a vector of length s, with all of its elements either 0 or 1.

When the definition of 
c given in (3) is used in (2), we can see that the number of correct
classifications made by the classifier over the whole dataset will be given by

Correct count = maxcol

(∑
w∈D0

f (w, T )∑
w∈D1

f (w, T )

)
· 
1, (4)

where 
1 := (1, 1, . . . , 1) is a vector of length s comprised of all 1s. (This inner product with

1 is simply designed to sum over all components of the vector produced by the max operator.)

Likewise, we can see that the number of incorrect classifications over the whole dataset
is given by

L(D, T ) := mincol

(∑
w∈D0

f (w, T )∑
w∈D1

f (w, T )

)
· 
1. (5)

As this is the number of incorrect classifications, which we would ideally like to be zero,
this makes a good objective function to minimise during training. We refer to L(D, T ) as the
loss function, which we seek to minimize. Note that the loss function does not depend on 
c.
So it is just necessary to minimize (5) with respect to T , i.e. independently of 
c; and then
afterwards one can calculate 
c via its definition in ((3)).

4.2.2 Training Procedure by Gradient Descent

To train the classifier function f (w, T ), we would like to use gradient descent on L(D, T )

with respect to the T matrices; however this aim is complicated by the fact that the classical
transition matrices T consist of one-hot rows and cannot have arbitrary entries. Hence we
relax this constraint so that we will now consider probabilistic transition matrices. To achieve
this, we replace each transition matrix T ∈ T by an entirely unconstrained (but identically
shaped) floating-point valued matrix T ′. (These T ′ matrices can include both positive and
negative values; and their rows do not necessarily sum to 1.)

In order to recover valid probabilistic matrices, i.e. with non-negative rows that sum to
one, we apply a softmax function to each row of each transition matrix, and thus do gradient
descent on L(D, so f tmax(T ′)). The softmax function is applied to each row of each T ′
matrix. We define the softmax function for an arbitrary row vector 
a with components ai ,
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by:

(so f tmax(
a))i := exp(ai )∑
k exp(a

k)
, (for i = 0, 1, . . . , s − 1) (6)

Initially, we start with completely random values for the T ′ matrices. To perform each
step of gradient descent, we apply the update equation:

�T ′ = −η
∂L(D, so f tmax(T ′))

∂T ′ (7)

where η > 0 is a small learning rate. To compute the gradients in the right-hand side of (7)
efficiently, we can use the back-propagation algorithm [29, 35], or equivalently automatic
differentiation packages provided by a neural-network software library [1, 28, 37].

It is necessary to apply multiple iterations of (7) to form the full training process. It is also
possible to switch the simple fixed-size gradient descent step given by (7) into something
more elaborate, which speeds up and slows down more dynamically, in a high-dimensional
loss-function surface. For this we use the Adam optimiser [13] in our experiments, but also
many other possibilities are available from the machine-learning literature.

We acknowledge that there could be other methods to search through the parameter space
than gradient descent on unconstrained T ′ parameters. For example, we could search directly
on the constrained stochastic parameters T if we used instead a constrained optimisation
search method, or genetic algorithms, or similar. However we find that the unconstrained
gradient descent method works well enough for our purposes in this paper and leave those
alternative search possibilities to future research.

4.2.3 Converting to Finite Automata After Training

Whereas it is perfectly possible to use probabilistic automata for classification, using formula
(3), in our research we prefer a simpler construction of finite automata, for the reasons
explained in the end of Sect. 4.

Gradient descent described in Subsection 4.2.2 gradually improves the value of the loss
function and accuracy of classification performed by a probabilistic automaton. As we
observed in all our experiments, this process simultaneously also improves accuracy of clas-
sification performed by a finite automaton whose transition matrices are formed of one-hot
rows approximating the distributions in the rows of the probabilistic transition matrices; see
details below.

After training the T ′ matrices to optimise the function L(D, so f tmax(T ′)), even after
going through the softmax function, the values of so f tmax(T ′) will generally not be just
0s and 1s. We can convert probabilistic transition matrices to their maximum-likelihood
discrete-valued equivalent matrices by finding the largest entry in each row, making it 1, and
making all other entries 0, by:

T ← onehot(argmaxrow(T ′)), (8)

where argmaxrow is applied to each row of each T ′ matrix; and onehot converts an integer
back into a one-hot encoded vector of length s.

After applying this update, the T matrices will be comprised entirely of 0s or 1s, and their
rows will sum to one.

We then set the 
c vector as defined by (3). This gives us our final trained classifier,
f ′(w, T , 
c), given by (2).
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Given the training set D, or even an unseen test set D′, we can define the accuracy as
the fraction of correct classifications (i.e. the fraction of classifications f ′(wi , T , 
c) that are
equal to their true label yi ).

4.2.4 Comparison with Recurrent Neural Networks

The central dynamical equation of the automaton, given by (1), is very closely related to the
dynamics of a recurrent neural network (RNN) [31, 36]. In a RNN, at each discrete time step
t , we have a row-vector state, st , and a row-vector input, xt . At each time step, the RNN’s
state vector evolves according to:

st+1 = g(st · W1 + xt · W2 + b), (9)

where · denotes matrix multiplication, g is a non-linear “activation” function (e.g. tanh)
and W1, W2 are appropriately-dimensioned learnable weight matrices, and b is the neural
network’s learnable bias vector.

For illustration of how similar this is to the automaton, we could re-write the automaton
equation (1) as:

st+1 = st · Tw(t), (10)

with s0 = 
e0 and xt = w(t).
Key differences between the automaton classifier and the RNN equation are that there

is no activation function g or bias vector required in the automaton; This is possible partly
because the transition matrices in the automaton are stochastic, i.e. their rows sum to 1. So
the state vector’s magnitude cannot grow indefinitely through each multiplication of a new
transition matrix in (10). Also, in the automaton, non-linearity at each time step is provided
by choosing which transition matrix to use at each time step, i.e. via the subscript ofw(t − 1)
in (10). This choice of transition matrix acts as an “if statement”, which provides a form of
non-linearity, and allows the automaton to be flexible and powerful like a RNN. Having non-
linearity is a key component of neural networks which allows them to be universal function
approximators [34].

Another key difference between a RNN and the automaton is that the input vectors arrive
as different xt vectors at each time step in (9), but in the automaton, the inputs arrive as
different letters w(t) at each time step, and these affect the choice of transition matrices at
each time step t , in (10).

We trained a simple RNN, and also a long-short term memory (LSTM) RNN [10], on
the S3 group-theory classification task described in Sect. 5.1. Results are shown in Fig.
2. Despite the similarity between the automaton and recurrent neural networks, the RNN
experimental results were much worse than those of our classifier. In each RNN experiment,
the RNN/LSTM layer consisted of 25 hidden nodes with a tanh activation function, followed
by a fully connected layer with one sigmoid output node. Training used the Adam optimiser
with leaning rate 0.01, and cross-entropy loss function [13]. We attempted other learning
rates (0.001, 0.1), and also different context sizes (64 and 25), but found they did not make
any improvement for the RNN performances.

A hypothesis for why the RNN experiments did not perform as well as the automaton
classifier is that the automaton can switch the entire weight matrix being used in the recurrent
layer; dependent on a single input letter xt at each time step t (by (10)). In contrast, with
a RNN, changing the value of a single one-hot encoded input letter xt merely generates a
rank-1 adjustment to the output of the matrix product xt .W2 in (9); so this does not generate
as much flexibility as achieved by (10).

123



   11 Page 12 of 24 M. Fairbank et al.

Fig. 2 Performance of a Simple RNN and a LSTM RNN on the S3 group-theory classification task. Results
over 100 trials using each classifier type

5 Our Classifier Learns Algebra

Before applying the proposed approach toACC simplification tasks, we examine the behavior
of the classifier on simpler and controlled examples. The aim of this section is to assess
whether the classifier is able to learn group-theoretical facts and capturemeaningful structural
distinctions in the space of presentations. These experiments serve as a preliminary validation
of the classifier component and help to understand its strengths.

5.1 TheWord Problem of Group S3

Using an automaton classifier (instead of an off-the-shelf classifier) has conceptual advan-
tages. As we have said, the automaton produced by training has a clear structure and few
parameters. Hence, it can be inspected, for example, to look for mathematical insights.

In addition to this, one can conjecture that since finite automata originate from group
theory (and its generalization semigroup theory), an automaton classifier might be expected
to perform well in applications to group theory. We have conducted several small-scale
experiments applying the automaton classifier to group theory; we will describe one. A
group known as S3 has a presentation 〈a, b|aa, bb, ababab〉. We considered words over the
alphabet a, b of length up to 20, and trained classifiers to recognize the words that are equal to
the identity element of S3. To produce the histogram below, we repeated the experiment 100
times. In each experiment, we produced a dataset consisting of two classes. For one class, we
randomly chose 500 words equal to the identity element. For the other class, we randomly
chose 500 words not equal to the identity element. Then we split each of the two classes
equally (into 250 and 250 words) to form a training set and a test set1. We compared the
performance of our classifier (with 25 states, trained for 500 iterations) with that of decision
trees and gradient boosting trees (as implemented in the sklearn library). Note that decision

1 Data related to experiments described in this paper can be found at https://doi.org/10.5281/zenodo.
16088111. As to this experiment, one of the datasets is included in the data provided with this paper, as
an example.
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Fig. 3 Transitions of letter a

0
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3
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Fig. 4 Transitions of letter b
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Fig. 5 Gradient boosting trees, decision trees, and our classifier learning on group-theory data. Results over
100 trials using each classifier type

trees are a type of finite automata, so one could expect that their performance would be
relatively close to that of an automaton classifier.

A histogram of the accuracy of the three classifier types on test sets is presented in Fig. 5.
As you can see, on average, the decision trees and gradient boosting trees have 60% − 65%
accuracy on the test sets. Our classifier had higher accuracy on test sets. Frequently, our
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classifier’s accuracy on test sets was 100%; this means that our training process successfully
managed to construct an automaton that included a version of the automaton shown in Figs.
3, 4 (Figs. 3, 4 present the smallest automaton that can solve this classification problem
correctly). In cases when our classifier failed to achieve 100% accuracy on test sets, it was,
on average, about 70%.

To attempt to improve the performance of the decision (and gradient-boosting) tree clas-
sifiers, we varied the tree depths, learning rate, and number of trees used in the ensembles.
However none of these variations yielded any noticeable improvement. We assume these
classifiers do not perform well on this task because the task is a time-sequence classification
task, comprised of up to 20 time steps. In this situation, decision-tree classifiers treat each of
those 20 input time steps as independent features; whereas our classifier treats all time-step
transitions identically. This means that once our classifier learns the physics of how the sys-
tem gets from one given time step to the next, it will automatically apply the same physics at
all later time steps. In contrast, the decision-tree based classifiers must learn the given rule
independently for all 20 time steps. For this reason, it might be better to compare our classifier
against classifiers more suited to time-sequences– which we do in the next subsection.

5.2 Learning the Difference Between Group Presentations

The first question to ask is whether the classifier is just brute memorizing the dataset or is
actually learning something mathematically significant about the problem. The answer is
that if we split the dataset into a training set and a test set, there is good learning both on
the training set and on the test set. We have conducted such experiments repeatedly; here are
some specific examples.

Recall that in each of our experiments we consider two presentations p and q . By using
AC-transformations at random starting from p, we produce a family of presentations P .
Likewise, by using AC-transformations at random starting from q , we produce a family of
presentations Q. To make the datasets more homogeneous, in these experiments we only
used presentations whose total length is within a reasonable range, namely, between 10 and
30 letters (this measure has ensured, most importantly, that the classifier is not tempted to
classify shorter presentations as produced from the trivial presentation).

As to the choice of the original presentations p and q , we will now concentrate on 3
examples. (We use these examples because they are the same examples that we use in more
complicated experiments in the following subsections, so it is good to get familiar with them.)

• The trivial presentation with relators a, b; we will refer to the family of presentations
produced from the trivial presentation as 〈Tr〉.

• The presentation with relators a−1b3ab−4, a−1b−1ab−3a−1b−1 introduced in Theorem
10 in [32]; we will refer to this presentation as Th10-1 and the family of presentations
produced from this presentation as 〈Th10-1〉.

• The presentation with relators a−1b4ab−5, a−1bab−1a−1b−3, also introduced in The-
orem 10 in [32]; we will refer to this presentation as Th10-2 and to the family of
presentations produced from this presentation as 〈Th10-2〉.
When one inspects presentations in 〈Tr〉, 〈Th10-1〉 and 〈Th10-2〉 visually, it is impossible

to spot any obvious differences between these families of presentations, they look similar2.
For these experiments, the size of each family of presentations is 500, and each family

of presentations is split at random into 250 presentations in the training set and 250 in the

2 Classes 〈Tr〉, 〈Th10-1〉, 〈Th10-2〉 are included in the data provided with this paper.
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test set. The classifier using a 50-state automaton is trained for 1000 iterations. The alphabet
of the automaton of the classifier consists of 5 letters, standing for a, a−1, b, b−1 and the
separator symbol used to separate the two words in a presentation.

When we train the classifier to distinguish between 〈Tr〉 and 〈Th10-1〉, accuracy on the
training set is about 89%, and accuracy on the test set is about 81%.

When we train the classifier to distinguish between 〈Tr〉 and 〈Th10-2〉, accuracy on the
training set is about 91%, and accuracy on the test set is about 83%.

When we train the classifier to distinguish between 〈Th10-1〉 and 〈Th10-2〉, accuracy on
the training set is about 89%, and accuracy on the test set is about 83%.

The fact that the classifier demonstrates good learning both on the training set and the
testing set demonstrates that the classifier is not overfitting on the training set but learns
something relevant about the two classes in the dataset.

6 A Search Algorithm and ExperimentsWith It

Wenow introduce the search procedure used in the proposed approach and apply it to simplifi-
cation tasks in the Andrews–Curtis setting. The procedure explores the space of presentations
by generating candidates through sequences of AC-transformations and attempts to identify
simplification paths through this exploration.Wefirst describe the algorithmand then evaluate
its ability to find simplifications on representative instances.

6.1 Search Algorithm

This subsection describes the search algorithm that we used to producemultiple presentations
at random, starting from a given presentation (such as 〈Tr〉, 〈Th10-1〉 and 〈Th10-2〉 used in
Subsection 5.2). We designed it to be used as step 1 of the multi-step approach introduced
in Sect. 3; to remind you, this search algorithm is needed to produce a training set for the
classifier to work on. As noted in Subsection 2.1, although the transformations of words used
by our search algorithmmight look different from those in Subsection 2.1, they are equivalent
to them.

Our search algorithm performs a random search and is not designed to simplify presen-
tations, but in our experiments, frequently it is unexpectedly successful at finding the trivial
presentation. These results are described in the following subsections of this section.

Below are the steps of our random search algorithm. In this description we refer to group
presentations as pairs of words in the group alphabet.

A1 We begin from a pair of words u, v which is chosen at random from a list including the
initial presentation and, if this algorithm has already successfully produced some other
presentations, those presentations, too.

A2 Repeat the following steps for the chosen number of iterations (in our experiments, 500,
but this number is of little significance due to another, more frequently used termination
condition below).

A3 split the word u into two words u = u1u2 at a random position and produce a word
u′ = u2u1.

A4 Split the word v into two words v = v1v2 at a random position and produce a word
v′ = v2v1.

A5 Produce the word v′′ at random as either v′ or (v′)−1.
A6 Produce the word w as v′′u′.

123



   11 Page 16 of 24 M. Fairbank et al.

A7 Produce thewordw′ by reducing thewordw, that is,wedelete all consecutive occurrences
of a letter and its inverse, including at the ends of w.

A8 Choose the new pair of words at random as either w′, u or w′, v.
A9 If the total length of the new pair is longer than the maximal chosen length of an inter-

mediate pair (in our experiments, usually 55 letters), stop. This is done to prevent having
to work with unwieldy long presentations.

We only use presentations in our dataset whose length is locally minimal. This is done to
prevent having presentations in the dataset which are too close to one other, and to encourage
finding presentations which are sufficiently far from one another. Thus, after a pair has been
produced by the steps above, the following exhaustive search is performed. To keep notation
simple, we assume that these steps start from a pair of words u, v.

B1 Split the word u into two words u = u1u2 in all possible ways, producing a word
u′ = u2u1.

B2 Split the word v into two words v = v1v2 in all possible ways, producing a word
v′ = v2v1.

B3 Produce the word v′′ in both ways, as v′ and (v′)−1.
B4 Produce the word w as v′′u′.
B5 Produce the word w′ by reducing the word w.
B6 Choose the new pair of words in both ways, as w′, u and w′, v.
B7 If none of the pairs produced is shorter than the pair u, v, keep the pair u, v; otherwise,

as soon as a shorter pair has been found, repeat these steps beginning from that shorter
pair.

After a pair whose length is locally minimal has been found by the steps above, we finalise
the selection process by the following steps.

C1 The two words in the presentation are swapped with one another, and the cyclic shifts and
the group inversion are applied to the two words in all possible combinations, and among
these presentations, the one which is smallest in the lexicographical order is selected.
This is done to prevent having presentations in the dataset which are essentially the same
and only differ in notation.

C2 If the presentation is longer than the chosen maximal length (in our experiments, 30
letters), it is discarded. This is done to prevent having to work with unwieldy long
presentations. Also, together with the next condition, this prevents the classifier learning
to classify by length, instead of learning more pertinent mathematical features.

C3 If the presentation is shorter than the chosen minimal length (in our experiments, 10
letters), it is discarded.

C4 After that, if the presentation has not been produced before, it is added to the dataset.

The steps above are repeated until a desired number of presentations has been found (in
our experiments, usually 50).

6.2 Simplifying Presentations Th10-1 and Th10-2

Recall presentations Th10-1 and Th10-2 used in Subsection 5.2. It was recently proved (by
computer, using approach known as reinforcement learning) [32] that presentation Th10-2
can be simplified.

In our experiments, the search algorithm described above simplifies both Th10-1 and
Th10-2 within approximately one minute.
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For comparison, automated reasoning requires substantially longer runtimes on these
instances. Using the implicational non-ground (IN) encoding, simplifications were obtained
in approximately 29,000s and 380,000s, respectively.3 The equational non-ground (EN)
encoding reduces these times to approximately 11,400s and 35,000s, respectively; however,
these runtimes remain significantly higher than those achieved by the proposed search-based
method.

The two proofs produced by our search algorithm are so short that we present their
summaries below.

First, below is a summary of how Th10-1 is simplified.

• Begin with ababbbAb, abbbbABBB. (Note that step C1 is applied before we begin, to
have all presentations in a canonical form.)

• After 6 moves (steps A2–A9) it becomes aabbbAb, aaBAbbbb
• After 5 moves it becomes aaBabbbbAAb, aaBAbbbb
• After 8 moves it becomes aaaaBAAbAAB, aaBAbbbb
• After 5 moves it becomes aaaBAAbAAB, aaBAbababab
• After 4 moves it becomes aaaaBBAb, abbABBBBAbb
• After 5 moves it becomes aaaabbaBBAB, aaaaBBAb
• After 6 moves it becomes aaaabbaBBAB, ababbAbbaBBBBAB
• After 3 moves it becomes aabbAbbaBBBBAB, abaBBABaBaBaB
• After 4 moves it becomes aaaaBBAb, aaabaBB
• After 5 moves it becomes aaabaBB, abABBAb
• After 5 moves it becomes aaabaBAB, aaBAbaB
• After 5 moves it becomes aaabaBAAB, abAbAB
• After 6 moves it becomes aaBABBB, abbAB
• After 6 moves it becomes a, b

Second, below is a summary of how Th10-2 is simplified.

• Begin with abABabbb, abbbbbABBBB.
• After 4 moves it becomes ababAB, abbbbbABBBB
• After 4 moves it becomes aabAB, aaBBBBAbbb
• After 5 moves it becomes aaaaBBBAbb, aabAB
• After 5 moves it becomes aaaaaaaBBab, aabAB
• After 5 moves it becomes aabAB, aaBaBaBabab
• After 4 moves it becomes aaaBBBabb, aabAB
• After 6 moves it becomes aabAB, aaBaBBabb
• After 5 moves it becomes aaBabbbab, ababAB
• After 6 moves it becomes aaabbbbb, aaaBAAbaBABBAAb
• After 4 moves it becomes aaababAAABaabbabABAAB, aaabbbbb
• After 3 moves it becomes aaabbAAABaabAbbABAB, aabAbAbAbAb
• After 4 moves it becomes aaaaaBBB, aaBBAbbbaBaBBBAbbAbaB
• After 5 moves it becomes aaaaaBBB, aaBBAbbbabbABBBaBAbaB
• After 5 moves it becomes aaaaaBBB, aaBBabbbAbbABBBaBAbaB
• After 5 moves it becomes aabaBabbbAbABBBaBAb, ababababaBB
• After 4 moves it becomes aaaaaBBB, aaBBabbbABBAbaB
• After 4 moves it becomes aaaaaBBB, aaBBabbabABBBabbAbABBAbaB

3 These results were obtained using configuration C1; both IN and EN experiments reported here use this
configuration (see Appendix).
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• After 4 moves it becomes aaaaaBBB, aaBBabbabABBBabbAbAbABBaB
• After 4 moves it becomes aaaaaBBB, aaBBaBabbbbABBBabbAbAbABBaB
• After 2 moves it becomes aaaBBBAAbABAAbb, ababababaBB
• After 4 moves it becomes aaaaaBBB, aaBBaBabbbAbAbABBaB
• After 5 moves it becomes aaaaaBBB, aaBBabbbAbABBaB
• After 4 moves it becomes aabaBabbbAABB, ababababaBB
• After 4 moves it becomes abaBAb, abbbbaBaB
• After 5 moves it becomes aaabbbbb, abABBAB
• After 5 moves it becomes aabAABaBBB, abAbbAB
• After 5 moves it becomes aabbaBBaB, aaBAb
• After 8 moves it becomes aaabAbbaB, abaBAb
• After 5 moves it becomes aaaabbAB, aabaBAb
• After 5 moves it becomes aaababbAB, abaBAb
• After 5 moves it becomes aabbaBBB, aaBAb
• After 6 moves it becomes aaaabaBB, aaBAb
• After 5 moves it becomes ababbbAb, abABB
• After 7 moves it becomes aabbbAb, abABB
• After 5 moves it becomes aabbAABaB, abABB
• After 4 moves it becomes ababbAb, abABB
• After 7 moves it becomes aabbAb, abABB
• After 10 moves it becomes a, b

7 ComparingAR andS � C andS � C → AR

In this section we investigate the interaction between the search-based method, the clas-
sifier, and automated reasoning across several classes of ACC instances. The aim is to
understand how the effectiveness of these approaches varies depending on the problem and
the logical encoding. We present three representative experiments: instances derived from
Th10-1, the family MSn(w∗), and instances from the datasets in [26].

7.1 AR Applied to 〈Th10-1〉 and Compared with C

Recall from Subsection 5.2 that 〈Th10-1〉 is a large family of presentations produced by our
search algorithmS from presentation Th10-1. In [32], it was established (using reinforcement
learning) that Th10-1 can be simplified. With automated reasoning, simplifications of Th10-
1 and presentations in 〈Th10-1〉 typically found within several hours. Our search algorithm
S simplifies Th10-1 within seconds; in other words, the trivial presentation is contained in
〈Th10-1〉. The purpose of the current experiment is, on the one hand, to apply AR to the
non-trivial presentations in 〈Th10-1〉 and, on the other hand, apply the classifier C to the same
presentations. We compare how quickly AR simplifies these presentations with how likely
these presentations are to be misclassified by C.

We consider the family of 500 presentations 〈Th10-1〉 produced from Th10-1 by our
search algorithm (excluding one presentation which is the trivial presentation). For each
presentation, we recorded:
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Table 1 Results for Th10-1, implicational non-ground encoding (IN)

classified incorrectly classified correctly

simplified within 30m 14 22

not simplified within 30 m 39 424

Table 2 Results for Th10-1, equational non-ground encoding (EN)

classified incorrectly classified correctly

simplified within 30m 27 262

not simplified within 30 m 26 164

• whether it can be simplified by automated reasoning within 30 minutes,4

• whether it is classified correctly as belonging to 〈Th10-1〉 or misclassified as belonging
to 〈Tr〉.
If classifier-guided search is useful for supporting automated reasoning, one would expect

that presentations that simplify quickly are more likely to be misclassified. On this assump-
tion, those presentations that are misclassified by C are good candidates to pass to AR to
attempt to simplify.

The results for the implicational non-ground encoding (IN)5 are shown in Table 1. As you
can see, indeed, incorrectly classified presentations are 36% likely to be simplified within
30 minutes, compared with correctly classified presentations, which are only 5% likely to be
simplified within 30 minutes.

We repeated the same experiment using the equational non-ground encoding (EN in auto-
mated reasoning. The results are shown in Table 2. As you can see, in this experiment, being
misclassified by C is not a good predictor for being simplified quickly by AR.

As discussed earlier, all presentations considered here are equivalent variants of a presen-
tation known to admit a simplification. For this class of instances, the EN encoding appears to
be substantially more effective for automated reasoning than the IN encoding. Consequently,
while Table 1 shows a clear concentration of successful simplifications among misclassified
presentations, Table 2 exhibits a much more uniform distribution.

Thus, the benefit of combining classifier-guided search with automated reasoning seems
to be a mixed picture. For the IN encoding, where automated reasoning alone encounters
greater difficulty, selecting promising starting points via the classifier significantly improves
performance. In contrast, for the EN encoding, where automated reasoning is relatively
efficient, the additional guidance from the classifier does not provide a noticeable advantage.
This illustrates that the interaction between search-based methods and automated reasoning
depends on the encoding and the structure of the instance, reflecting the complexity of the
ACC landscape.

7.2 The Family of PresentationsMSn(w∗)

We now consider the family of presentations MSn(w∗), which has been studied extensively
in the literature. TheMiller–Schupp family of balanced presentations of the trivial group was

4 Proofs and outputs are included in the data accompanying this paper.
5 for all experimnents reported in this section we used configutaion C2 of Prover9 (see Appendix).
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introduced in [11] and is defined by

MSn(w) = 〈a, b | a−1bnab−(n+1), a−1w〉,
where n ≥ 1 and w is a word with exponent sum 0 on a. A particular subfamily MSn(w∗),
obtained by fixingw∗ = b−1aba−1 for n ≥ 1, has been investigated in a number of works [8,
19, 23, 32]. The approach based on reinforcement learning and then human generalization
of experimental results allowed authors of [32] to prove that MSn(w∗) presentations are
AC-simplifiable for all n ≥ 2

Automated reasoning methods have proved highly effective on this family: using both
generic and specialized encodings, presentations for n = 2, . . . , 9 have been successfully
simplified, see [19, 20].

We evaluated the proposed search-based method on this family in order to assess its
effectiveness both as a standalone approach S � C and in combination with automated
reasoning S � C → AR.

As a standalone method, S � C is able to simplify instances up to n = 4 within a short
time (within 5 minutes). For comparison, automated reasoning solves these instances almost
instantaneously (within seconds). Thus, while the search-based approach is effective on small
instances, it is less efficient than automated reasoning on these examples.

For larger instances, the search-based approach S � C is unable to produce simplifi-
cations. For n = 5, the approach S � C was able to demonstrate (within 5 minutes) that
this presentation is AC-equivalent to that corresponding to n = 4, and the latter can be
successfully simplified by S � C.

We also investigated whether the search-based approach and automated reasoning can
assist one another in the combined approach S � C → AR. In the family of presentations
MSn(w∗), this combined approach was not beneficial. For n = 6, we identified an equivalent
presentation that led to a marginal improvement in proof search time (less than 3% in our
experiments, with proof times on the order of 104 seconds). For other tested instances (n = 5
and n = 6), no consistent improvement was observed 6.

To summarise, these results indicate that on the family of presentations MSn(w∗), auto-
mated reasoning is very effective, whereas S � C is much less so, and combining these
approaches S � C → AR does not seem to produce any benefits.

7.3 Presentations from [26]

We now consider instances from [26], which provide a wide range of test cases for evaluating
different approaches to AC-simplification.

Instances known to be simplifiable. The instances listed in Table 4 of [26] are known to
admit Andrews–Curtis simplification. For all 12 such instances, both automated reasoning
(see [16]) and the proposed search-based method are able to find simplifications quickly
(within seconds in our experiments). This confirms that both approaches are effective on
relatively accessible cases.

Open instances. Table 2 of [26] lists instances for which simplification remains an open
problem. In our experiments, neither automated reasoning nor the search-based method was
able to resolve these cases, however much time we spent on this task. This is consistent with

6 EN encoding and C2 configuration for Prover9 were used for experiments reported in this section (see
Appendix).
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the current state of knowledge and indicates that these instances remain challenging for both
approaches.

Automorphic reductions. The most interesting cases are those listed in Table 3 of [26].
Table 3 in [26] gives 16 examples of presentations which nobody has managed to simplify
yet. However, it is reported in [26] that each of the presentations in Table 3 satisfies a weaker
property, namely, it is AC-equivalent to the presentation produced from it by replacing every a
by b and vice versa, although explicit reductions were not provided. (Slightly more generally,
for these instances, it was reported in [26] that they are AC-equivalent to their automorphic
images, meaning automorphisms of F2.)

Previous attempts to obtain suchAC-equivalences using automated reasoningwere unsuc-
cessful (see [17]).

When we used S � C, that is, our search algorithm and classifier together, applying
them in turns, we were partially successful; namely, for presentations 1, 2, 7, 8, 12, 16 in the
table we were able to prove that these presentations are AC-equivalent to those produced by
applying the automorphism a �→ b, b �→ a. For each presentation, it took up to 10 minutes
to complete the proof. For the other presentations in the table, we could not find a proof even
when running search for much longer time.

These results demonstrate that the approach S � C can capture structural transformations
that are difficult to obtain using automated reasoning alone. Having said this, the success of
S � C with Table 3 is only partial, and further investigation is required to determine the full
scope of applicability of S � C.

To summarize, the experiments with presentations from [26] provide evidence showing
that both approaches S � C andAR perform well on known solvable cases and struggle on
currently open instances; S � C is able to find AC-equivalences in some situations where
AR alone has not been successful.

8 Conclusion

In this paper we present a new way of searching for results to complement automated reason-
ing. Our combined approach employs a search algorithm and a classifier to find promising
search directions, and we investigate whether it is beneficial to use them before automated
reasoning is applied or whether they perform as well as automated reasoning. We test effec-
tiveness of the newapproach on a range of examples taken froma famously hardmathematical
problem, the Andrews-Curtis conjecture. For the classifier part of our work, we introduce
a new way to train automaton classifiers, explain their relationship to RNNs, and demon-
strate their effectiveness. In future work, we will look at alternative training methods for the
classifier, including studying alternative training loss functions, and expanding the search
parameters to include 
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Appendix: Prover9 Configurations Used in Experiments

The experiments reported in this paper were performed using a small number of fixed Prover9
configurations, each tailored to a particular class of instances. For clarity and reproducibility,
we list these configurations below. Each configuration is referenced in the main text by its
label (C1, C2, etc.).

Configuration C1 (Th10-1 and Th10-2 Experiments)

This configurationwas used for experiments on the presentations Th10-1 and Th10-2, includ-
ing both implicational non-ground (IN) and equational non-ground (EN) encodings. All other
parameters were left at their default values.

assign(order, kbo).
assign(max_weight,70).
assigne(max_megs,20000).

Configuration C2 (〈Th10 − 1〉 andMSn(w∗) Experiments)

This configuration was used for experiments on the families 〈Th10 − 1〉) and MSn(w∗) All
other parameters were left at their default values.

assign(order, kbo).
assign(max_weight,120).
assigne(max_megs,20000).
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