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Abstract—This paper presents two new constructions of mutu-
ally orthogonal complementary sets (MOCSs), which have found
wide applications in engineering. The first is a direct method
utilizing extended generalized Boolean functions (EGBFs) to
generate MOCSs with flexible, non-power-of-two lengths. This
method can also produce complete complementary codes (CCCs)
and is well-suited for hardware implementation. The second is an
indirect method that combines existing complementary sequence
sets (CSSs) and MOCSs to create larger sets. To further expand
the existence space of MOCSs, we also propose a novel direct
construction method for CSSs.

Index Terms—Multi-carrier code division multiple access (MC-
CDMA), Mutually orthogonal complementary sets (MOCSs),
Extended generalized Boolean functions (EGBFs)

I. INTRODUCTION

An (M,N,L)-mutually orthogonal complementary set
(MOCS) refers to M (N,L)- complementary sequence sets
(CSSs), where any two distinct CSSs have zero cross-
correlation sums at all time shifts [1]. Suehiro and Hatori
showed that M < N in [2], and when the equality is met, it is
called a set of (M, L)-complete complementary codes (CCCs).
Owing to the ideal auto-correlation and cross-correlation prop-
erties, CCCs and MOCSs are useful for a wide range of
applications, including synthetic aperture imaging systems [3]
and orthogonal frequency division multiplexing-code division
multiple access (OFDM-CDMA) systems [4]. MOCSs can
be used to eliminate both multi-user interference (MUI) and
multi-path interference (MPI), making them particularly ef-
fective in multi-carrier code division multiple access (MC-
CDMA) systems [5] and massive multiple-input multiple-
output (MIMO) communication systems for applications like
channel estimation [6] and cell search [7].

The construction methods of MOCSs can be broadly cate-
gorized into two types: direct construction, which often uses
mathematical tools such as Boolean functions (BFs) and multi-
variable functions (MVFs), and indirect constructions, which
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utilize techniques such as the Kronecker product, interleaving
and paraunitary (PU) matrices. Davis and Jedwab proposed
the direct construction of Golay complementary pairs (GCPs)
with length 2" (m > 2) using generalized Boolean functions
(GBFs) in [8]. In [9], Paterson linked even g-ary GCPs with
second-order GBFs based on the method of Davis and Jedwab.
Moreover, direct constructions of g-ary MOCSs with flexible
non-power-of-two lengths were developed [11], [12]. In [12],
Sarkar et al. proposed g-ary (p"*!,p™)-CCCs, where p is a
prime number and ¢ is a positive integer multiple of p, but
the sequence lengths of the constructed CCCs only exists in
the form of prime power.

Recently, a new construction of (qd/7qv+d ,7)-MOCSs with
flexible lengths has been proposed in [13] based on ex-
tended Boolean functions (EBFs), where y = czmq”"1 +
ZZ;}akqm_Hk_l +q', 0<d <d<m 0<v<m a €
Zq,am € Z, and q are positive integers no less than 2. However,
since d’ < d and v are positive integers, the number of
sequences ¢" ¢ in each set is at least (when v = 1) ¢ times
the number of sets qd/ in the MOCSs, resulting in certain
gaps in the set sizes. In addition, some indirect construction
methods are also provided in [14]-[20], which require complex
calculations and are not suitable for hardware generation.
In [18]-[20], Das et al. proposed methods of constructing
CCCs and MOCSs of distinct lengths using PU matrices. It
should be noted that the construction of MOCSs based on PU
matrices is not as straightforward as that based on GBFs.In
[21], [22], Wang et al. intensively investigated the PU matrix
construction.

Building upon prior research on MOCSs, this paper first
presents a new construction of g-ary (bK,bFV . pm1)-
MOCSs based on extended generalized Boolean functions
(EGBFs), where k <m—v, v<m, blg and b > 2, N € N,.
Our proposed MOCSs have flexible and variable lengths, thus
filling some gaps with respect to the results in [13]. It should
be noted that by limiting the values of certain parameters, this
construction also yields (b*,5™)-CCCs. In addition, we present
a direct construction of CSSs based on EGBFs. With the
aid of the Kronecker product and by using (K,L;)-CSSs and
(M,N,L,)-MOCSs as basic sequences, another construction of
(M,NK,LL,)-MOCSs is further proposed.



II. PRELIMINARIES

First, some symbols that will be used throughout the paper
are presented as: & = e™V=1/4 denotes the g-th roots of
unity; x = (xp,x1,...,x;—1) refers to a sequence of length
L; Zg = {0,1,...,q—1} is the ring of the integers modulo
g, and Z; = Z,\{0}; N; = {1,2,...,t} denotes the set of
positive integers from 1 to t; |a| is the largest integer less
than or equal to a; b|q denotes that b divides ¢; x B a =
(xo®a,x) Ba,...,x;—1 Ba), where © denotes the element-wise
addition at corresponding positions; (-)* refers to the conjugate
of (-); % (D) A {t : ged(b,t) = 1}, where t € {1,2,...,b—1};
® denotes the Kronecker product.

Definition 1. Assume that a = (ao,ai,...,a;—1) and b =
(bo,b1,...,br—1) are Zg-valued sequences of length L. The
aperiodic cross-correlation function (ACCF) R, () between
a and b at 7 is defined as follows:

L—1-7
Y gai*biﬂ 0<7<L-1
Rap(t)=4¢ ,5°, (1)
Eaiebi [ 41<1<0
i=0

When a = b, R,(7) is referred to as the AACF. Given the
definition above, it is easy to derive that Ry 4(—7) =R; , (7).

Definition 2. The set G = {g(,g,.--.&y_;} composed of
N sequences, each of length L, is called a complementary
sequence set, denoted as (N, L)-CSS, if for all T #0, Rg(7) =
Yo Re,(7) = 0 holds.

Definition 3. A set ¥ = {G°,G',...,GM~!} consisting of M
sequence sets is referred to as an (M,N,L) -MOCS if the
following conditions are met:

Nt NL 7=0,i=j

Rgi i ()= = jo(,gi(f) { 0 otherwise
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Any sequence set G = {g(},8", ...
CSS, where 0 <m <M —1.

Lemma 1. [2] For an (M,N,L)-MOCS, the upper bound of
the set size satisfies M < N. When the equality holds, it is
denoted as (M,L)-CCC.

gN_1} in & is clearly a

EGBFs f :Z)' — Z, involves m variables x,x2,...,Xn,
where x; € Z, for i = 1,2,...,m, and b | g. A degree-d
monomial is defined as the product of d distinct variables.
For example, x1xpx3 is a degree-3 monomial. The sequence
f associated with the function f over m variables is de-
fined as f = (fo, f1,---, fom—1), where f; = f(i1,i2,...,im), and
(i1,i2,...,im) corresponds to the b-ary representation of the
integer i = Y7 ixbF L.

III. MAIN WORKS

A. A Direction Construction of MOCSs

Theorem 1. Let m, k,v,b,q be non-negative integers such that
k<m—v,v<m,b>2, and b|q. Assume that {I},1,,...,I;} be
a partition of the set N,,_,, Ty is a permutation from N, to

Io, where o € Ny, |y
as follows:

k
q
V=L

LB
where do g € % (b),

= mg. Define the EGBFs f:Z)) — 7Z,

m q—1 m

Z (Xﬁxﬂa VX (B+1) +ZZP:M‘ +po (3)

s=1i=1

x; € Zy, and p; g, po € Z4. Then define

n+= Zdunk+uxm Vi

k
) = S0+ ) Y, nav
- P 4)

q k
B Z daraxn:a (me)

where (ry,72,...,r¢) and (ny,na,...,ng,) are the b-ary rep-
resentations of r and n, respectively, do,d, € % (b). Then,
¢ ={G°,G',...,G" 1} forms an (b*, 6K’ 1 -p"~1)-MOCS,
where n € N,, and G" = {g(’),g{,..wgzkﬂ,il}.

Proof. Part 1: Let g, = (g,0s---+8) pisv_;)- 1t suffices to
show that for any two sets G'! and G" 2. the cross-correlation
satisfies:

n=0
T )

Z Z ggnt gnHr‘r:

where 0 < rj,;, <bK—1, L=1n-p""', and 0 < |t <L-—
1. For an arbitrary integer i, let j =i+ 7. Let (i1,i2,...,im)
and (ji,j2,...,Jjm) denote the b-ary representations of i and
J, respectively.

Case 1: Assume that for some o € {1,2,...
Jma(1)» or for some p € {1,2,...
(5), we derive

kY i, 1) #

Y} im—vip 7 Jm—vu. From

L—1—1

RG”,GQ(T): Z gflifjABC:O (6)
i=0
where A = H’(‘x:l< na— g"a g (1)~ jnoc(l))>7B _
Hk érlaina(n1a)_r2ajna(pna)7C _
(Zzylkf (gny+k(im—v+u*jmfv+u) .

Case 2: Assume that iz, (1) = jg, (1) and in—viy = jm—vip

hold for all @ € {1,2,...,k} and p € {1,2,...,v}. When i, =
Jjm =0, we have
L-t—1 k ) )
R g (1) = pEty Z gfi=ti H ENaina (me)—r2qjng (ma) (7)
1=0 a=1

Let o be the largest integer such that ing(B) = Jrg(p) Tor all
oa=1,2,....,a'—land B =1,2,. ma,andﬁ’bethesmallest
integer satisfying iy (1) # J . Let " and j" be integers
Ty / Ty /

differing from i and j only at posmon T (B’ — 1), specifically,
”a J(B/—1) =h®i, o (B'—=1) -]717 J(B/—1) =h®j, o (B'—1)> where 1 <
h < b—1. Consequently, we derive

Jn=fi=(fp—fi) =

hdg pr—1(iz g1y = Jzy(p))  (8)



Since d g € % (b), it follows that
b=l
g/i*fj + Z éfihffjh — 0 (9)
h=1

Combining (7) and (9), we have Rgri ¢ (T) = 0.

Case 3: Assume similarly that iz, 1) = jz, (1) and im—yipy =
Jm—v+u for all o € {1,2,...,k} and p € {1,2,...,v}. When
im= jm=1n#0, let o be the largest integer such that Ing(B) =
Jagp) foralla=1,2,...;&' =1 and B =1,2,...,mq, and B’
denotes the smallest integer satisfying iz, (B') #* Ju,(p)- Let
i" and j" as integers differing from i and j only at position
Tt (B’ —1), where 1 <h <b—1. Since (') <m—v+u,
it follows that 7y (B’ — 1) <m—v+ p, implying iz (g 1) <
im =1 and similarly jr ,g'—1) <1. Thus, i"jh<a-pm =L
Following an analogous argument to Case 2, we obtain:

b—1
iy =0 (10)
h=1

Combining all three cases above, we conclude that (5) holds
forO<t<L-—1.

Part 2: Next, we prove that for any two distinct sets G'!
and G2 when 0 <r| #r, < b* — 1, have

11, o,
Rongn(0)= ), ) & %i=0 (11)
n=0 i=0

Since r # rp, there exists a minimal integer k € {1,2,...,k}
such that ry x # r; . Analogous to Case 2, for any integer
0 <i<L—1, define i" as differing from i only at position k,
ie., (1,02, 01,0k Dy ixt1y. . yim), where 1 <h <b—1.
Given that dj, € % (b), we have:

b—1 r r
l 2 —
ggn.i_gn,i + Z 5gn,ih gnﬁih
h=1

h—1 (12)
rl r2 _
:5‘%’",1'—8”,,- + Z 5zd;<(r1,( i) _ 0.
h=1
Obviously, we get that

-1 .,

RGrl G2 (0) = Z Z égn,iignﬁi -0 (13)

n=0 i=0

Combining the above two parts, Theorem 1 is proved. [

Remark 1. In Theorem 1, by setting different values for the
parameters b, k and v, a highly flexible range of set sizes
and sequence counts can be obtained. Moreover, when the
set size and sequence count are b* and H** respectively, the
constructed MOCSs can generate flexible sequence lengths
based on the value of 1. These further extend the existence
space of MOCSs. It is worth mentioning that when the
parameters v = 0 and 1 = b, (b*,0**V,n-b"~1)-MOCSs can
be enhanced to (b*,b™)-CCCs.

Example 1. Setting g =6, b=3, m=4, v=k=1,
m =3 n=2 r =0 djdy =2 d =1,
(1 (1), m(2),m(3)) = (2,1,3), (p1,1,P21,P3,1,P4,1,P51) =

(0,0,3,3,5), (P12,P22,P32:P42,D052) = (4,4,1,4,5),
(P13,P2.3,P33:P43,P53) = (5,0,3,1,0) and
(p1’4,p2’4,p3’4,p474,p574) = (4,0,4,4,2) in Theorem 1.
Then a (3,9,54)-MOCS ¢ = {G°,G',G?} can be obtained,
and this MOCS is a new set with parameters that have not
been proposed in existing results. G°,G! and G? are given in
Table 1.

B. An Indirect Construction of MOCSs

Theorem 2. Let m,b,k be non-negative integers with b > 2
and k < m. Let = be a permutation of the set {1,2,...,m}.
Define EGBFs f : Z]' — Z as follows:

m—1 m

q

flx)= b (Z Xr(a)Xm(a+1) +xn'(m)> + Y puxu+po (14)
a=1 u=1

where b | g, xy € Zp, and py,po € Zg. Let

k—1

q q
S = f(X)+ <mxz) + = Y NaXm kta (15)
N N &=
where N > b, N | g, and ny,ng € Zy. Then, S =
{50,81,-..,8yk_, } forms a g-ary (N*,b™)-CSS.
Proof. By the definition of AACF, we have
NE—1p"m—7—1
Rs(1) = (16)

éSn,ifsnj#»‘t
L &

n=»

where s,; denotes the i-th element of the sequence s,. For

an arbitrary integer i, let j =i+, and let (i1,i,...,iy,) and
(j1,J2,---,Jm) represent the b-ary representations of i and j,
respectively.

Case 1: Assume ip(j) # jg(1), or there exists an o €
{1,2,...,k—1} such that i, 4 ¢ # jm—k+q-The proof follows
similar reasoning to that employed in Case 1 of Part 1 in the
demonstration of Theorem 1.

Case 2: Assume iz(1) = jp(1), and im—k+o = jm—k+o for all
o€ {l1,2,....k— 1}, then we have

p—1—1

Rs(t) =N Y} &/l
i=0

a7)

Let B denote the smallest integer such that izg) # jz(p)-
Define " and j" as integers differing from i and j only at
position (3 — 1). From (14), we obtain

fo—fi—=(fp—1)= h%(in(ﬁ) — Jz(p))

Further, we have

(18)

b—1 . b—1 . .
A glnIn — ghitfi 4 y gnlizp—inp) =0 (19)
o ]
From (17) and (19), it follows that
Rs(7) =0 (20)

In conclusion, we conclude that the set S forms a CSS. [



TABLE 1
THE SPECIFIC NUMERICAL FORMS OF G°, G! AND G?

4 Number Result

232343010325214325250523412505010343052541052523250145;232505454325430103250145250505232121052103430523412523
232121232325052541250301034505454505052325214523034301;232343010325214325250523412121232505214103214145412301;
G0 232505454325430103250145250121454343214325052145034145;232121232325052541250301034121010121214541430145250523
232343010325214325250523412343454121430325430301034523;232505454325430103250145250343010505430541214301250301;
232121232325052541250301034343232343430103052301412145

250301034343232343214541430523034301010505010541214103,250523412343454121214103214523250145010121454541430541,;
250145250343010505214325052523412523010343232541052325;250301034343232343214541430145250523232121232103430325
G' 250523412343454121214103214145412301232343010103052103;250145250343010505214325052145034145232505454103214541;
250301034343232343214541430301412145454343454325052541;250523412343454121214103214301034523454505232325214325
250145250343010505214325052301250301454121010325430103

214325052301250301232505454541052325034523034505232121;214541430301412145232121232541214103034145412505454505
214103214301034523232343010541430541034301250505010343;214325052301250301232505454103214541250145250121454343
G? 214541430301412145232121232103430325250301034121010121;214103214301034523232343010103052103250523412121232505
214325052301250301232505454325430103412301412343010505;214541430301412145232121232325052541412523250343232343
214103214301034523232343010325214325412145034343454121

Lemma 2. [12] Let (x1,x;) be two sequences of length L;
and (y;,y,) be two sequences of length L,. Then aperiodic
correlation of x; ®y; and x, ®y, is given by

R\ oy, 2209, (T) = Ry 3, (K1 )Ry, (k2) (21)
+ Ry xy (k1 + 1Ry, y, (k2 — L2)

where T = k1L, + k2, and ® denotes the Kronecker product.

Theorem 3. Let S = {s¢,s1,...,5xk—1} be a (K,L;)-CSS, and
let ¥ = {G°,G",...,GM~'} be an (M,N,L,)-MOCS. Define
wn = {wg,w’]",...,w%,(i]} as follows:

508y
SOQZN_1
wi so®G™ s1087
" wi' 51 R G™ :
wm = - - . 22
: sog, | %7
w}’G](,l Sxk—1®@G™
Sk—198(
[SKk—1Q8N_,]

where G" = {g(,....gN_} and m=0,....M —1. Then, # =
(WO ..., WM=11 forms an (M,NK,L,L;)-MOCS.

Proof. First, we demonstrate that for 0 < m < M, W™ forms
a CSS of length LL,.

By Lemma 2, we have

K—1
Z Rsi®g;,"l ,S,'@Q,’lnz (TO)
i=0 (23)
:{ KLIRQZ"I g (k2), k=0
0, otherwise

where Tg = k1L + kp. For W™, considering T = rL{ L, + T, it
follows that
NK—1
Y Rer(0)
1=0
K—1N—1—r
& Zo <Rs,-®g;"l sizen (10) + Rsegn siogy , (To —L1L2)>
=0 e

(24)

i
where n, = nj +r.
Clearly, when r > 1, we obtain
NK-1

Y Run(1)=0 (25)
=0

Consider r = 0, then
NK-—1 K—1 N-1

;‘) Rup(t)=Y ¥

Rst@g,’{‘l ,8i®gn, (TO)
i=0 ny :Vl2:O

N-1
KLy Y Rgpgn(ka), ki=0
n1:n2:0

0, ki #0
{ KNL\L,, k1 =0,k =0

(26)

0, otherwise

Next, we show that for mj # my, i.e., any two distinct
sequence sets W™ and W2 are mutually orthogonal.

Considering the sum of cross-correlations between W™t and
W™ analogous to (24),(25) and (26), when r > 1 or r =0,
we always can obtain Z;V:I%_lme',w”’z (r)=0.

Combining all cases, Theorerr[1 3 {s proved. O

IV. COMPARISON

Previous methods for constructing MOCSs have significant
limitations, as summarized in Table 1. Constructions based on
GBFs for instance, are often restricted to sequence lengths
that are powers of two or simple sums thereof [10], [11].
While other methods, like those in [12] and [13], offer more
flexibility with non-power of two lengths, they still face
constraints. Notably, the method in [13] introduces parameter
gaps, where the number of sequences per set is at least g>




TABLE II
PARAMETER COMPARISON OF EXISTING RESULTS FOR MOCSs

Ref. Parameters Conditions Based on

[10] (2k 2K 2m) 0<k<m GBFs

[11] (2K 2kFHT om 4 o1 0<kt<mO<k <t;kl <k—1 GBFs

[12] (P prime p, 0 <n<m g-ary function

[18] (M,M,N"™) NIM,m >0 PU matrix

[15] (M,M,MN|N;) (M,M,N;)-CCC and (M,M,N,)-CCC Kronecker product

[17] (MM /2,M 1M /2,2L,L,) even My,M>, L;,L, € NT Concatenation

[13] (@". ¢ ang" "+ L ag" " +g") | 0<d <d<m, ay €Ly an €L} g>2 EBFs
Theorem 1 (BF, 05 -1 v<mk<m—v,b>2Dblg, neEN, EGBFs
Theorem 3 (M,NK,LiL) (K,L;)-CSS and (M,N,L,)-MOCS Kronecker product

times larger than the number of sets, limiting the flexibility of
set sizes.

Our first method, detailed in Theorem 1, uses EGBFs to
construct MOCSs with flexible set sizes and variable sequence
lengths. This approach overcomes the parameter gaps found
in [13]. Furthermore, by setting specific parameters (as shown
in Remark 1), these MOCSs can be specialized to CCCs.

We introduce a novel indirect construction method in The-
orem 3. Unlike previous indirect methods that use techniques
like PU matrices [18], Kronecker products [15] or concate-
nation [17], our approach uses existing CSSs and MOCSs
as building blocks with the Kronecker product. This expands
the parameter space of MOCSs, particularly the number of
sequences, beyond power-of-two forms. More specifically, by
combining the MOCSs from Theorem 1 and the CSSs from
Theorem 2, we can construct new MOCSs with parameters
like (b*,N*- ¥V n-b>"=1). This enables the creation of pre-
viously unattainable MOCSs, such as (3,12,L)-MOCSs,where
L=mn-b""" denotes the sequence lengths, and L can also take
on flexible lengths based on the value of 7).

V. CONCLUSION

In this work, we have introduced two novel methods for
constructing MOCSs. The first is a direct method using
EGBFs, which generates MOCSs with flexible set sizes and
variable sequence lengths, addressing parameter gaps found in
existing literature [13]. Under certain conditions, it has been
shown that it leads to CCCs. We have also proposed a direct
construction for CSSs where the number of sequences and
their lengths are powers of different integers. Based on these
newly constructed CSSs and MOCSs as building blocks and
via the Kronecker product, the existence space of MOCSs has
been significantly expanded.
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