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Introduction

This thesis is comprised of three papers which address a common issue. This 

is the issue of contracting in the presence of search frictions, focusing in partic­

ular on the case of on-the-job search. My intention is to analyse equilibrium 

behaviour in long term relations formed through search, but allowing economic 

agents to look for new possibilities even when they are in a given relationship 

(referred to as on-the-job search). A typical example is that of a worker look­

ing for better employment while working on a firm; or associated professionals 

looking for better options. A socially less acceptable example would be spouses 

looking for better partners while married. Hence, the general framework ex­

plicitly allows for the possibility of separations; the worker may want to quit his 

work in order to move to better employment; a lawyer may want to leave its 

current partner to form a more profitable partnership with another lawyer, or a 

spouse may want to divorce its partner to engage in a new relationship.

The main concern of the research is on the (incentives and possibility of) 

forward looking contracting behaviour of agents when they know that this pos­

sibility exists; i.e. that at least one agent in the relationship will or may contact 
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other prospective partners. In particular, I show how do certain labour market 

institutions, which exist presumably with the purpose of protecting the workers’s 

interests, may in some cases work against this same objective. In many cases, 

which will be detailed below and throughout the document, the law negates the 

agents the possibility of contracting on some relevant aspects of their relation­

ship, therefore not allowing them to extract all benefits of trade. In practice, 

agents are not able to commit themselves to actions which would be beneficial 

for all parties involved, therefore decreasing the potential surplus created in the 

contracts.

The two elements in which I focus are the worker’s inability to commit to a 

working relationship, either by renouncing search for other work possibilities or 

directly by committing not to leave or break a contract. One could, mistakenly, 

analyse these two phenomena as increasing the worker’s freedom in the labour 

market and therefore working to their benefit. Amongst other things, what 

this paper shows is that in certain cases, the worker would prefer to be able 

commit not to leave a contract or commit not to engage in search for other work 

possibilities, and receive in exchange some reward from the employer. Where 

labour provides freedom to the worker in terms of ending a contract or looking 

for alternative job options without legal consequences, the employer will never 

agree to reward an ’’unbelievable” promise of loyalty.

In addition, the second paper touches on the possible implications of an­

other labour market institution, the minimum wage, for the optimal contracting 

between firms and workers. The paper will describe an intuitive mechanism 
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whereby the firm allows the worker to extract rents from future possible em­

ployers, and in exchange the worker accepts a lower wage from the firm. Being 

binding, the existence of minimum wages can work as an impediment for the 

wage to decrease as it would be needed for the mechanism to be implemented. 

There are, of course, other reasons why the wage could not decrease sufficiently, 

like imperfections in the financial market which negate the worker the possibil­

ity of borrowing against a future higher income, which they would need if the 

determined wage falls below a subsistence level.

The first two papers ask how can agents better use the possibility of future 

alternative productive relationships for their own benefit. If third agents will be 

met in the future, and turnover may occur, Can and should a contract be designed 

to maximise the joint value of any given relationship, using this future turnover 

to their own benefit? Many papers study search environments with on-the-job 

search, but the issue of agents contracting to exploit this for their own benefit 

has been somewhat side-stepped, with very few examples (notably Diamond 

and Maskin, 1979). This point will be addressed after briefly introducing the 

papers.

The first paper looks at the problem in a partnership/matching framework 

with heterogenous agents. In the tradition of the matching literature, the rent­

sharing is determined by bargaining. In the absence of search frictions, agents 

would match immediately in such a way that the match configuration is sta­

ble. With frictions but without on-the-job search, third agents are never met, 

so turnover as above would never occur. But in this last case, since entering a 
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partnership denies future possibilities, agents may be selective and accept part­

nerships only with agents that are attractive enough. Hence, agents behave 

cooperatively and aim to maximise the joint value of their contract. Further, 

they use their contract to obtain full bargaining power vis-a-vis third agents. 

This is done by contractually committing the partner that contacts a third agent 

to make a take it or leave it offer. This allows them to extract all rents from 

third agents if and when turnovers occur. Hence, as single agents search for 

potential partners, their best option is to find other single agent, with whom 

utility is shared and with whom a contract can be signed to extract all rents 

from future turnovers. In fact, if single agents do meet an agent who is already 

in contract with another, they will not receive any surplus if turnover occurs, 

since this other agent holds all the bargaining power. The paper analyses, in 

addition, the implications for the ’’selectiveness” of the agents, (i.e. Will they 

reject unattractive partnerships?) and for the welfare of different types of agents 

(which can also be interpreted as the returns to quality).

The second paper focuses not on partnership formation, but on a labour 

market characterised by search frictions, homogeneous workers and heterogenous 

firms (high and low productivity). It shifts from the matching tradition to the 

search tradition in two respects: firms are able to absorb as many workers as 

they contact (and who accept their offer); and the rent-sharing is not decided 

by bargaining. Rather, employers post wages before any contact occurs. I 

look at two environments already existing in the literature, and I argue that in 

neither of those do firms fully exploit their contractual possibilities to maximise 
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their profits. Then I propose a contract that forward looking firms would offer 

the workers in order to maximise their own profits, contract which exploits the 

fact that the workers will meet better firms in the future. The two models I 

look at are the models presented in Burdett-Mortensen (1998) and in Postel- 

Vinay (2002a and 2002b). In Burdett-Mortensen (1998), firms post a wage 

offered to (unidentified) workers, and are constrained to paying this wage to the 

workers they hire for as long as the relation remains. Firms never react to 

outside offers received by their workers; offers which they find through search 

on the job. In Postel-Vinay, the set-up is extended by allowing firms to identify 

the employment status of a worker upon contact, and to react to outside offers 

received by their workers. This is an important innovation since now firms enjoy 

a wider set of strategies: first, they can recognise unemployed workers in order 

to hire them by offering only their reservation value1; second, they may try to 

retain their workers when these are tempted by better employment elsewhere. 

As a consequence, firms compete (offering wages) a la Bertrand for the worker; 

and an employed worker who meets another firm will continue employment in 

the firm where it is more productive, but at a wage equal to its productivity 

in the less productive firm (since the latter stops competing when the wage 

reaches the worker’s productivity). In this set up, although firms react optimally 

when their workers meet other firms, they do not fully exploit the opportunities 

given by worker’s search on the job. I argue that forward looking firms would 

lrDie same would be achieved by assuming that firms and workers bargain upon contact, 
but that firms hold all the bargaining power.
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offer contracts which allow them to extract benefits from firms their workers 

may meet in the future. They can do so by committing to bid up to the 

worker’s productivity in the most productive of the two firms. Hence, when 

employed workers meet more productive firms, their new wage will be equal 

to its productivity in the high productive firm, not the low productive firm. 

Ceteris paribus, this is a more attractive deal for unemployed workers, so firms 

that offer this contract can give them their reservation value by offering lower 

wages compared to the Postel-Vinay set up, therefore making higher profits per 

worker.

Other contributions to the literature address equilibrium behaviour in the 

presence of on-the-job search, but do not address the issues considered here. 

Burdett and Coles (2000) study a matching market with on-the-job search but 

without transferable utility, and hence there is no cooperation to maximise joint 

value of matches using contracts. Hence, turnover will occur whenever it is 

individually rational for the partner involved. They focus on trust issues in the 

presence of on-the-job search, so agents decisions to match and/or accept other 

proposals while matched depends on their belief about their partner’s behaviour. 

Webb (1998) presents a matching model where workers and firms both search 

on the job for better employment relationships, but in her set up utility is not 

transferable either; her focus is on the equilibrium quit rates and lay-off rates 

generated by on-the-job search. Burdett and Mortensen (1998) was already 

introduced above. Given the restrictions imposed on firms strategies, and the 

lack of bargaining, contracting to exploit the possibilities that can arise through 
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on-the-job-search are not considered. Their focus is on the consequences for 

the equilibrium wage distribution, and for the relationship between wage paid 

and firm’s size 2. Postel-Vinay and Robin (2002a, 2002b) were also introduced 

above3. Pissarides (1994) studies a matching model with firms and workers 

where workers search on the job and utility is transferable, but he rules out the 

study of long-term contracts. As a result, there is what he calls ’’continuous 

renegotiation”. The consequence is that an employed worker’s only credible 

threat is unemployment. Hence, employed status does not affect the bargaining 

position with firms met through search on the job.

2 They find that the outcome is one of wage dispersion where firms loose their workers when 
the latter find higher paying jobs. This outcome results from two opposing effects: higher 
wages imply lower profits per worker, but also a higher ability to retain existing workers and 
hire new ones; thus higher supply of workers in steady state. There exists therefore a set of 
wages, -the support of the wage distribution-, that imply equal and maximum profits for firms. 
These wages balance the loss in profits per worker and the inscrease in total profits given by 
the increase in workers supply when higher wages are offered.

3In their set up, a policy of matching outside offers allows the firm to retain their workers so 
long as they do not have to offer a wage higher than the workers’ productivity. But matching 
firms run into a moral hazard problem, since their wage matching policy encourages search by 
their workers, increasing therefore the probability of loosing them to other firms.

Diamond and Maskin (1979) study an economy with on-the-job search and 

transferable utility. They do allow matched agents to contract strategically in 

order to gain full bargaining power vis-a-vis other agents they can meet. This 

model differs from Chapter I in this document in that they consider homogeneous 

workers, so search on the job is justified by match heterogeneity. When two 

agents realise a poor match, it may be in their (joint) interest to keep searching 

for better matches. Hence, Diamond and Maskin (1979) cannot look at the 

consequences for turnover behaviour and welfare in the presence of heterogenous 
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agents.

The third paper leaves aside the above issue, but is still concerned about con­

tracting in the presence of on-the-job search. It also presents a labour market 

with search frictions, homogenous workers and heterogeneous firms. Neverthe­

less, it returns to the matching tradition: wages are determined by bargaining, 

and firms can absorb at most one worker. I introduce search costs, so workers 

face the decision to search on the job or not. I also make the (natural) assump­

tion that worker’s search behaviour is not contractible. The paper centers on the 

consequences of search costs for the search behaviour of workers, in particular 

employed workers; and for the wage determination process. Because firms are 

heterogeneous, workers in bad firms may want to search on the job for better 

firms. The fact that this is not a contractible decision, but one taken individu­

ally by the worker given the wage agreed, is what is at the heart of the model. 

Another issue is that of the private efficiency of the equilibrium contracts in the 

presence of this imperfection.



Chapter 1

Contracts and on-the-job search I

1.1 Introduction

The present paper addresses a partnership model in which agents must search 

for other agents and match in pairs in order to engage in production. The focus 

will be on the optimal behavior of single and matched agents and the welfare 

properties given three particular conditions: (a) both agents in a partnership 

keep contacting other agents even while their partnership or match is in place, 

(6) utility between any two partnered or matched agents is perfectly transferable 

through bargaining; and (c) agents enjoy total freedom of contract and are able 

to fully commit contractually to remain within the partnership.

An interesting point in the presence of condition (a) is that it allows for 

agents to leave existing partnerships in order to form new ones with agents they 

may meet; they may want to ’’divorce” their current partner. Hence, matched 
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agents may set up rules to govern their decisions to ’’divorce” or separate, rules 

which will be determined by the economic environment they face. In this pa­

per, conditions (6) and (c) above are the key features that describe the relevant 

economic environment; and their coexistence is what drives the results of the 

model.

Condition (c) deserves some words, since it is particular to the analysis of 

partnerships as opposed to relationships of the ’’firm-worker” type, more preva­

lent in the literature. In typical labour markets, it is not possible for workers to 

commit themselves to remain in a contractual relationship; on the basis that such 

a commitment is illegal. The worker is always free to leave the firm without any 

liability (maybe upon the previous placement of a notice). Such a contractual 

restriction does not exist in a partnership relationship, and it is this in particular 

what I mean by complete freedom of contract.

One main concern of the paper is to determine which is the best contract 

two agents can design in this environment. The answer to that question is 

very intuitive. Imagine and economy populated by teams and players, where 

teams with better resources (better teams) are more able to exploit players’ 

qualities. Consider a player and his team as the two agents in a partnership. 

They know that in the future there will be other (better) teams interested in 

’’buying” the player. Can they use their own contract to extract benefits from 

these other teams, provided that trade occurs, i.e. the player changes teams? 

If this is the case, will they agree to accept the player changing teams? The 

answer to the first question is a definite yes. They could write a contract 
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such that the player is legally required to make a take it or leave it offer to 

third teams as a condition for changing teams, which allows him to extract all 

the rents from other teams. In a way, the original partnership are using their 

own contract as a way of gaining full bargaining power vis-a-vis other teams. 

Turn now to the second question, will they agree to accept the player changing 

teams? Notice that because utility is transferable and agents bargain over their 

contract, partnerships behave cooperatively and worry about joint utility. When 

the player changes teams, the original team would suffer because it is loosing a 

player; the player, on the other hand, would win by enjoying all the benefits 

from the new partnership, including the extracted rents. Is the loss of the team 

higher or lower than the gain of the player? If it is higher, then there is a net 

loss in utility by letting the player go, so the team-player partnership should not 

accept a move. If it is lower, then there is an overall net gain by letting the 

player go. Then they should accept the player moving to the other team.

An interesting point is that, provided the player is expected to change teams 
)

in the future, the value of any partnership includes not only the value created 

as long as it remains, but also the value created in new partnerships when the 

player changes teams.

An important angle of this analysis is to highlight that, in typical labour 

markets, where workers cannot be legally tied to the current employer as in the 

previous example, the law may be working against the workers interests rather 

than in their favour. As will be seen, the degree to which this happens will 

depend on the relative qualities of the agents involved.
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The analysis will be carried out in what is referred to as a ’’partnership” 

model, so the economy will be populated by agents of the same kind -for example 

lawyers setting up a joint office- although they will be of either of two types: high 

and low productivity.

I will claim that pairs of agents will aim to maximise the value of their re­

lationship through the design of what I call a separation policy; i.e. a policy 

that states when to separate and under which conditions. In equilibrium, con­

tracts are designed such that separations occur if and only if they yield a positive 

total surplus; and the existing match will keep all this surplus by making non- 

negotiable proposals to other agents. To simplify the analysis, assumptions will 

be made such that meetings between two matched agents are ruled out, avoiding 

the potential complications of two agents both making non-negotiable proposals.

The other question asked in the paper regards the welfare consequences of 

such contracts, compared to the case where, in the above example, the player 

cannot be tied to his current team in any way. Hence, he cannot be legally 

required to make a take it or leave it offer as a condition to change teams. The 

answer is that the returns to quality are diminished. The third team will never 

obtain any surplus from ’’buying” the player, since any ex-ante surplus will be 

appropriated by the player through the take it or leave it offer. Hence, even 

though players are more valuable with them, better teams do not benefit from 

there higher quality as they could when they buy players, they just see a higher 

ex-ante surplus being extracted from them. Hence, an important conclusion from 

the paper will be that, in an environment of heterogenous agents, such freedom of 
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contract benefits less productive agents in detriment of more productive agents. 

This conclusion is important since it has implications for the agents’s incentives 

to invest in quality.

To stress these point, I analyse at the end of the paper a numerical example 

with a slightly different set-up. In it, I consider a legislation with restricted 

freedom of contract. As a consequence, agents in a match are not able to make 

non-negotiable proposals to single agents, and must therefore bargain with them. 

So now single agents may keep part of the gains of trade when turnover occurs. 

This exercise, addressed in section 1.8, allows not only to compare the effects on 

equilibrium strategies but also to compare the asymmetric welfare effects across 

types of agents.

As already said above, the paper assumes that agents differ in productivity 

levels. In the language used in the literature, there is ex-ante heterogeneity. 

An important dimension of the problem in the presence of ex-ante heterogeneity 

is the possibility of elitist behavior: if being in a partnership or match implies 

a decrease in the efficiency with which new agents are met, partnerships with 

unattractive agents may be turned down in favor of continued search for attrac­

tive ones. A characteristic of the model presented here is that, even though 

search efficiency is lower for matched agents compared to single agents, such a 

rejection never occurs. In all equilibria in the model presented, agents match 

always if they contact each other while single, regardless of their types. I call 

this non-elitist matching. With the search technology assumed, the ability to 

extract all surplus from third agents allows to compensate for the loss in arrival 
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rate when forming a match12.

Section 1.2 presents the framework, section 1.3 addresses in detail the con­

tracts designed by the agents, section 1.4 addresses derives the values of the 

contracts signed, section 1.5 looks at the sets of strategies available to agents 

given the joint-value maximising contracts, section 1.6 deals with the steady 

state equilibria, section 1.7 analyses the sorting effects of equilibrium matching 

and turnover behaviour, section 1.8 addresses the externalities and the efficiency 

of the equilibria. Finally, section 1.9 looks at the effects of the freedom of con­

tract on equilibrium (matching and turnover) strategies, as well as on the welfare 

of the different types of agents. Section 1.10 concludes. The appendix contains 

proofs not included in the main body of the paper

1.2 The Framework

Time is continuous and there is a fixed number of agents normalized to 1. Agents 

have a discount rate r > 0, are infinitely lived and are expected utility maximiz-

1This result is particular to the search technology used, and has to do with the relationship 
between the loss in search efficiency and the bargaining power of single agents vis-a-vis single 
agents.

2 Several related models have equilibria with elitist matching. Smith and Shimer (2000) 
use a continuum of agents and find existence of assortative matching under special conditions 
of the production function. Their framework has transferable utility but not on-the-job- 
search. Burdett and Coles (2000) describe a partnership model with ex-ante heterogeneity 
and find existence of equilibria with elitist matching; it allows for on-the-job search but not for 
transferable utility. Burdett and Coles (1998) uses a continuum of types and find conditions 
for the existence of a sorting equilibrium, but it does not allow for transferable utility and 
agents only contact others while single. The key is that in neither of those papers are matched 
agents able to keep all the surplus from a separation, and this is what drives my result.
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ers. All agents are risk neutral. The population is composed of two types of 

agents, a proportion 7 are Hs and the remaining 1 — 7 are Ls. If two Hs are 

matched, they produce 2QH per instant; two Ls produce 2QL, and an H and an 

L produce 2QM. We will be interested in the case QH > QM > Ql > 0. Agents 

produce 0 flow output while single, and therefore their objective is to match in 

order to produce output. At any moment in time, any agent can be in one of 

three states denoted by s : matched to an H (s = h), matched to an A (s = /), 

or single (s = u). Let Nis denote the number of agents of type i in state s, where 

i G {H, L}. Then adding up implies:

Nnh + Nm + NHu = J

Nih + Nu + NLu = 1 — 7

Agents meet other agents both while matched and while single, in a way 

specified below. When two single agents meet, they see each others’ type 

and state, and decide wether to form a match or not. If two single agents 

decide to match they engage in a bargaining process to split the match surplus. 

Single agents vis-a-vis single agents will be assumed to reach the symmetric Nash 

bargaining solution, where each keeps | of the match surplus. Without any loss 

of generality, I will assume that each agent in the match enjoys half of the flow 

product of the match, which is not transferable. The outcome of the bargaining 

process will therefore be settled through lump-sum transfers, paid at the start 
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of the relationship, and assuming that each agent will enjoy one half of the flow 

product during the existence of the match. This assumption is made to ease 

exposition.

Only steady state situations will be considered, where individuals know the 

constant distribution of agents in the market as well as the rate at which they 

meet others. The steady state is sustained by assuming that matches break at 

an exogenous rate d, and the two agents return to single search when their match 

breaks up in this way3. To focus on pure strategies, I will assume a tie breaking 

rule, whereby a match will not separate if the agents in the match are indifferent 

between separation or not. Further, if two single agents are indifferent between 

matching or not, I will assume they form a match. I will call Uis the present 

lifetime expected discounted value (or discounted value) of an agent of type i in 

state s.

3 As in Shimer and Smith (2000). Other ways to sustain a steady state are used in the 
literature. Burdett and Coles (1998) assume an exogenous inflow of agents into the market, 
while those who form matches (all stable without on-the-job search) leave the market for good. 
Other studies assume that agents leave the market when they form stable matches and are 
replaced by identical agents or clones (Webb, 2000).

Finally, I will assume that agents are able to write binding contracts, without 

legal restrictions. Anything that is technologically possible can be included in 

a contract between two agents. In other words, agents enjoy complete freedom 

of contract. It is important to be aware that, at the moment of signing a 

contract, it is signed in terms of discounted values, which may not be realised in 

the future. Therefore, when contracts are signed, what agents are maximising 

is their expected utility. Contracts are re-negotiable only if there is mutual 
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agreement to do so.

The search technology To focus on essentials, a search technology with the 

two following properties will be used:

(i) Matched agents will not be allowed to meet matched agents

(?z)The rate at which matched agents meet single agents is lower than the 

rate at which single agents meet single agents.

Denote aiu(j3iu) the rate at which single (matched) agents meet agents of 

type i in state u. An example of a search technology with such properties is the 

following: Only when single, agents are able to make phone calls to other agents 

at rate s, but all agents may receive a phone call, regardless of their state. If 

S denotes the total number of single agents, eS is the total number of phone 

calls made. Everybody receives a call at rate = eS since the total number 

of agents is normalized to 1. Hence, single agents can contact other agents by 

making a call or by receiving one. If they make a call, it is received by a matched 

agent with probability (1 — S') and by a single agent with probability S. If they 

receive a call, it can only come from a single agent. This implies that the rate 

at which single agents meet new agents (in any state) is s(l — S') + eS + eS = 

e + eS. This total rate can be broken down into s(l — S'), the rate at which a 

singles meets matched agents; and 2eS, the rate at which singles meet single 

agents. Matched agents can only receive phone calls from single agents, at 

rate eS. Hence, matched agents contact single agents at rate eS and contact 

matched agents at rate 0. Phone calls are random, and this implies that given 
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a contact with a single agent, the probability that it is of type i is Given 

a matched agent is contacted, the probability it is of type i in state s = h, I is

This allows to define the following contact rates:

(a) 2sS^ = 2eNiu is the rate at which singles meet single agents of type i.

(6) = eNiu is the rate at which matched agents meet single agents of

type i.

(c) s(l — = eNis is the rate at which single agents meet agents of type

i in state s = h,l.

Summarising:

aiu = 2eS^ = 2eNiu piu = eS^ = ENiu

= £(1 “ = £Nis\S*u Pis\a^u = 0
Hence, meetings between matched agents are ruled out; and matched agents 

meet single agents at half the rate single agents meet single agents4. The results 

obtained in the paper are particular to these properties.

4 Single agents also meet matched agents, so their unconditional arrival rate is more than 
twice that of matched agents.

1.3 Contracts

A contract is the set of rules that govern the behaviour of the agents within 

the match. In what follows, the two words match and contract will be used 

interchangeably referring to the economic unit that two partnered agents form. 

Given the search technology, there can be contacts between two matched agents 
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and between a single and a matched agent. Given the different states of the 

agents involved in each case, the decision problems differ.

Consider first the case where two single agents meet. They must decide 

whether to form a match or continue searching as single agents. Because utility 

is transferable, they will behave cooperatively and match if and only if the total 

surplus generated is positive. This total surplus is given by their joint discounted 

value should they match, less of their values value in single search (their outside 

option). For two single agents of types i E (H,^ and j E (H,L) , their match 

surplus is given by Uji + Uij — Uju — Uiu. Because only the joint discounted value 

matters for this decision, the outcome of the bargaining process between two 

single agents is irrelevant, since lump-sum transfers only transfer value within 

the match and do not affect the joint discounted value. I will therefore ignore 

them in what follows.

In order to make the decision, two single agents must consider the maximum 

joint discounted value in their potential match. What follows addresses this 

maximisation strategy. As will be seen, this strategy determines the contract 

signed when a single agent and a matched agent meet.

Definition 1.1 Two agents in any given match will be said to separate when 

either of them contacts a third agent, and leaves her current partner in order to 

form a new match with the agent just contacted.

Definition 1.2 Assume i E (H,L}, j E (H,L),k E (H,L). S^ is the total 

surplus of a separation when a type j in an ij match contacts a single type k 

agent and a separation occurs, creating a jk = kj match, destroying the ij match 
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and trading type i for type k into singleness. It is the net of the discounted values 

created and destroyed in the process, given by S^ = (Ujk + Ukj) - (Uij + Uji) + 

(Uiu Uku)

The model has only two types of agents; so there are only three types of 

matches —HH, HL = LH and LL—. Each agent in a match has the possibility 

of meeting agents of any of the two types. I will address the decision problem 

faced by a single H and a single L, and then easily generalise the results to the 

case where both agents are of type H and the case where both agents are of type 

L.

The joint discounted value of agents in an HL match (and any match) de­

pends on four things: (i) The flow product they generate during the match (ii) 

The exogenous destruction rate 8 (iii) Their choice of action if either of them 

contacts another agent and, (iv) The rate at which other agents are contacted. 

The agents have no discretion on (i), (ii) and (iv), but they have discretion on 

(iii). Whenever either of them meets a third agent, there are two possible out­

comes: either the match separates and a new match is formed, or it does not 

separate and the third agent is rejected. They must decide, for each possible 

future contact with a third agent, wether they want a separation to occur and 

under which conditions; i.e. they must design a separation policy.

One must keep in mind that this separation policy is designed at the moment 

of signing their own contract, and therefore before any possible meeting with a 

third agent occurs. Because the separation policy is the only choice in their dis­

cretion that affects the joint discounted value, it constitutes the contract between 
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the two agents.. This policy will depend on the total surplus of a separation as 

in Definition 1.2.

Remark 1.1 The following contract maximises the joint discounted value of two 

agents in an HL match: A vector X = \^hl^hl^lh^lh\ > where each entry 

Xf.j is the value of a lump-sum transfer that type j must charge a single type k 

in order to separate the existing ij match and form a new kj match. X^ = 0 

denotes that the ij match will not accept a separation to occur. X^ are not 

negotiable.

x?H = UHh-UHuifSS„>0,X«H = 0ifSSH<0

X^ = Uli — Ulu if > 0, X^L = 0 if < 0

Xi„ = 0,x$L = 0

The above contract characterises the separation policy that maximises the 

joint discounted value for agents in an HL match. It says that a separation 

should be implemented upon the meeting of a third agent if the corresponding 

total surplus is positive (S1̂ >0). If so, the third agent must pay a lump- 

sum transfer equal to the discounted value of the surplus she will enjoy if the 

separation occurs and the new match is formed. This means that the third agent 

enjoys 0 surplus on discounted terms at the moment of the separation, and the 

surplus accrues fully to the agents in the existing match. If the separation yields 

negative total surplus {S^ < 0), the agent contacted must be rejected and the 

separation must not occur.
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Consider first the case where the HL match contemplate the possibility that 

the H contacts another H: (?) They can use their contract to ex-ante govern 

their behaviour, foreseeing that the H will in the future meet a single H. They 

can commit contractually not to enter negotiations with other agents, and this 

allows the H in the HL match to charge a non-negotiable lump-sum transfer in 

order to form a new match with the single H. The single H must either accept 

to form the new match under those conditions, or reject it, but cannot start a 

bargaining process5.(w) If the agents in the existing HL match do not want a 

separation to occur, they should only reject any proposal made by the single H. 

(iii) If they do want the separation to occur, all that is needed is for type H to 

charge a lump sum transfer to the single H as in Remark 1.1. The single H will 

be indifferent to accepting or rejecting the proposal, so she will accept it and the 

separation will occur, forming a new HH match and destroying the HL match.

5 To make this commitment strategy work, they must set high enough punishments so 
that the matched agent involved in the contact never wants to breach the non-bargaining 
commitment.

If the HL match will allow the separation to occur, the best that they can do 

is to make to the single H a proposal as described in (iii). Such proposal would 

allow them to jointly keep the whole surplus generated by the separation. This 

is because they are directly suffering the change in discounted values because 

of their change in state, and they are jointly appropriating the surplus of the 

single H, by means of the lump sum transfer she pays. The surplus accruing to 

the agents (jointly) in the HL match if the separation occurs is given by
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(Ulu — ULh) + (Unh ~ Uhi) + XlH

= (Ulu ~ ULh) + (UHh — Uhi) + (Unh — Uhi) = S^H

If a higher lump sum transfer is charged, the single H would reject the pro- . 

posal and the (profitable) separation would not occur. If a lower lump sum 

transfer is charged, this would allow the single H to keep part of the surplus 

generated by the separation, therefore reducing the surplus to the agents in the 

HL match.

This reduces the choice of a separation policy regarding this particular contact 

to a binary choice, limited to (a) Rejecting a separation, which implies a surplus 

equal to 0, or (6) Implementing the separation by making a proposal that leaves 

the single H indifferent, and allows them to keep the whole surplus S^h- They 

will implement a separation if S^h > 0-

The previous reasoning argued that the choices are either to reject the cor­

responding separation, or to charge the single H a lump sum transfer of X^H = 

(UHu ~ Uhu) and implement the separation. In S^h above, the first term is the 

utility loss imposed by the separation on the agent that would be left single, L. 

The last two brackets would be the utility change imposed on H, who would be 

part of the new HH match and would receive the lump sum transfer X^H.

If S^H > 0, the H expects to receive the lump sum transfer X^H upon a 

separation, which increases her discounted value. But this is only as a conse­
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quence of being part of the HL contract, and this should be considered when the 

bargaining originally takes place to form the HL match. Such a boost in utility 

that results from the contract would then be recognised, in discounted value, in 

the lump-sum transfer that results from the bargaining process.

If S^h < 0, it must be the case that the loss that would be imposed on the L 

(because she is left single) is higher than the utility gain that the H would enjoy 

(because she will move to the new HH match and receive the lump sum transfer). 

Hence, the H would like to implement a separation, because it implies a positive 

surplus for her; and the L would prefer not to implement a separation. The 

L can transfer value to the H to convince her not to implement the separation 

when the opportunity arises. This should be reflected in the lump-sum transfer 

that results form their original bargaining process, given that the H gives up 

a potential surplus when the opportunity comes. The H would then commit 

contractually not to separate in the future when the single H is met.

Of course if a single H is actually met in the future, the H in the HL match 

would like to separate, but she cannot since she is contractually bound, and 

contracts can only be renegotiated upon mutual agreement. The maximisation 

is therefore done in expected discounted terms at the moment the original HL 

match starts.

Consider now the new HH match that would arise from the separation just 

described. It is not true that the two agents in this new match aim to maximise 

their joint discounted value, since the H that comes from singleness is not playing 

any active role. She is just accepting a proposal to form a new match because 
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she is being left indifferent. But the agent (H) that comes from the HL match 

has an incentive to maximise the joint discounted value in the new HH match, 

since this allows her to maximise her own surplus. Hence, the contract governing 

this new match is also written to maximise the joint discounted value; with only 

one agent deciding on the separation policy and the other playing a passive role.

An adaptation of the above completes the analysis of Remark 1.1. Consider 

the possibility that the L in the HL match contacts a single L. The separation 

will be implemented if the total surplus SfIL = (Uhu — Uhi) + (Uli — Ulh) + 

(Uli — Ulu) > 0, and in that case she will make the single L a proposal to form a 

new LL upon the payment of a lump sum transfer with value = Uli — Ulu- 

If SjjL < 0, then the best is to reject the single L, case in which XLl = 0.

Consider now the possibility that the H meets a single L. Because the 

matches that would be created and destroyed by a separation are of the same 

type, and the agents being traded into singleness are also of the same type, the 

surplus generated is S^H = 0. Therefore, the separation is not implemented, 

Xhl = 0 and the single L is rejected. For an analogue reason, if the L in 

the HL match meets an H, the surplus generated S§L = 0. This implies that 

XLh = 0 and the H is rejected.

Remark 1.2 The following contract maximises the joint discounted value of two 

agents in an HH match: A vector Y — \y^h,Y^h^, where each entry Y^ is the 

value of a lump sum transfer that type j must charge a single type k in order to 

separate the existing ij match and form a new kj match. Y-f = 0 denotes that 

the ij match will not accept a separation to occur. Y^ are not negotiable.
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rHHH 0

^HH ~ ^Lh Ulu if S^H > 0, Y^h if SffH < 0

Remark 1.3 The following contract maximises the joint discounted value of two 

agents in an LL match. A vector Z = [ZlL, Z^j^, where each entry Z^ is the 

value of a lump-sum transfer that type j must charge a single type k in order to 

separate the existing ij match and form a new kj match. Z^ = 0 denotes that 

the ij match will not accept a separation to occur. Z^ are not negotiable.

zlll = 0

Z?L = UHl-UHuifS£L>0,Z£L = 0ifS“L<0

The reasoning for Remarks 1.2 and 1.3 are just an adaptation of that for 

Remark 1.1. The only difference is that with two agents of the same type, only 

two types of contacts must be considered.

When two agents form a match expected to separate in the future, their joint 

discounted value includes not only the discounted value of the total product 

generated while the match lasts, but also the discounted value in the match 

formed after the separation (net of the continuation values), since they jointly 

keep the total surplus of any future separation.

One way of interpreting this is that forming a match involves two benefits 
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compared to single search: (i) A flow product is generated at each instant while 

the match exists (ii) It gives complete bargaining power vis-a-vis single agents6. 

On the other hand, the (potential) cost of matching is the loss in search efficiency 

as described in the previous section. This loss has two components: (Hi) The 

halving of the rate at which single agents are contacted and (iv) The complete 

loss of the rate at which matched agents are contacted. Notice that (iv) is 

irrelevant; the expectation of contacting matched agents while single does not 

increase single agents’ discounted value, since any surplus is lost by single agents 

after paying the lump-sum transfer to the matched agent. Loosing this arrival 

rate is therefore not a cost. Hence, the contractual freedom enjoyed by all agents 

increases the benefits of forming a match because of (ii), and it also decreases 

the cost of doing it because of (iv). This increased incentive to form a match 

will be key in understanding the nature of the equilibria described in section V.

6 The bargaining power of singles vis-a-vis singles is just

1.4 Discounted Values of Contracts

The previous section made a strong case that what matters for the matching and 

turnover decisions is:

(i) The joint discounted value of a contract

(it) The sign of the surplus of a separation.

There are four possible separations. It will prove useful later to spell out the 

surplus created by each of them in terms of all Uts. The first two are when an
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H leaves and L for another H (S^H), which is the opposite to when an H leaves 

an H for an L (S^^).

Slh = ~^hh = — Uhi — Ul,h + Ulu — Uhu

When an H leaves his contract with an L to form an HH match, the value 

of the new contract is 2Uhh- The value of the old contract, Uhi + is lost. 

Further, an H that was single move into the new HH contract, so Uhu is lost. 

The L in the old HL contract moves into singleness, so Ulu is created.

The other two are when an L leaves an H for another L (Shl), which is the 

opposite to when an L leaves an L for an H (S^L) :

Shl = ~SSl = Wu - UHl - ULh + UHu - ULu

The interpretation of the above surplus is analogue to that of S^H = —Shh-

This section makes full use of the above in order to describe the joint dis­

counted value of contracts. From here on, I will ignore the cases that occur with 

probability 0, i.e. cases in which = 0

I will start with an HH contract. This type of contracts can be stable (it 

does not allow for any separation) or separate when either agent meets a single 

L, which I call unstable-1. Hence, the joint discounted value is given by:
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r2UHh = 2QH + 2aLu [4h(^h)] + 6&UHu - 2UHh) (1.1)

where

^hh = Uhi + Uth — TUhu, + Uhu ~ Ulu

SHH = 1 if &HH >0

SHH = 0 if StfH < 0

There are two agents in the contract, and the total production is 2Qh. The 

joint rate at which an L will be contacted by either of the agents in the contract 

is 2a Lu. The contact will lead to a separation if the corresponding total surplus 

(^hh) is positive, case in which sj^H = 1, and the agents in the original HH 

match keep all this surplus to themselves. The possible types of an HH contract 

are:

If sjjH — 0 : stable contract, and Y£h = 0

If = 1 : unstable — I contract, and — Ulu

Regarding LL contracts, they can either be stable or separate when either 

agent meets an single H, which I call unstable-h. The joint lifetime discounted 

value is given by
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r2ULl = 2Ql + 2^ + 6{2ULu - 2UU) (1.2)

where

S”L Uhi + Uli,. — 2Uli + Ulu — Uhu

= lifS£,>0

slL = 0 if < 0

The joint rate at which an H will be contacted by either of the agents in 

the contract is 2aH,u- The contact will lead to a separation if the corresponding 

total surplus is positive, SjjH > 0, case in which s^jH = 1, and the agents in the 

original LL match keep all this surplus to themselves. The possible types of an 

LL contract are:

If = 0 : stable contract, and Z^L — 0

If s^L = 1 : unstable — h contract, and Z^L = Uhi — Uhu

The case for HL contracts is a bit more lengthy, since these contracts can 

either be stable, break only when the H meets an H (unstable-h), break only 

when the L meets an L (unstable-1), or break upon either of the previous cases 

(unstable-hl). The joint lifetime discounted value is given by
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t(Uhi + Ulh) ^Qm + aLu I + aHu (1-3)

+S(Uffu + Ulu — [Uni + ^Lh])

qL _ aH qH _ qLÖHL — ~^LL ^LH —

SHL = 1 if Shl > 0 SLH = 1 if ShL > 0

SHL = 0 if SjiL < 0 S^h — 0 if SjjL < 0

At a rate aL,u, the L will contact a single L . A separation will occur if the 

corresponding surplus ShL is positive, case in which = 1, and the agents in 

the original HL contract keep all this surplus to themselves. At a rate aH,u, the 

H will contact a single H type. A separation will occur if the corresponding 

surplus ShL is positive, case in which s^H = 1, and the agents in the original 

HL match keep all this surplus to themselves. The possible types of an HL 

contract are:

If S^L = l,s^H = 0 : unstable-1 contract, and X^L = Uu — ULu, X^H = 0

If S^L = 0, s^H = 1 : unstable-h contract, and X^L = 0, X^H = UHh — Uhu

If sjIL = 1, s^H = 1 : unstable-hl contract, and X^L = ULi - ULu, X^H = UHh - UHu

If sjjL = 0, s^H = 0 : stable contract, and X^L = 0, X^H = 0

Notice that if LL matches will separate when one of them meets an H, then 

HL matches will not separate when the L meets an L. Formally, S^L > 0 O 

^hl < 0- Hence, LL contracts are unstable — h if and only if HL contracts are 
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not unstable — I nor unstable — hl. Likewise, if HH matches will not separate 

when one of them meets an L, then HL contracts will separate when the H 

meets an H. Formally, S^h < 0 O S^ > 0. Hence, HH contracts are stable 

if and only if HL contracts are unstable — h or unstable — hl.

1.5 Strategies

The decision faced by two single agents is wether not to sign a contract, to sign 

an unstable contract or to sign a stable contract. Instead, matched agents do 

not have a strategy as such, since their behavior is given by the contracts they 

have previously signed when forming their current partnership. Further, the 

behaviour of single agents vis-a-vis matched agents is determined by the ability 

of matched agents to make non-negotiable proposals. Singles will accept to 

form a new match (which implies the existing match separates) if they receive a 

proposal from a matched agent which will extract all of its surplus.

Hence, two single Hs face a decision between not signing a contract, signing 

an unstable — I contract or signing a stable contract. Two single Ls must 

decide between not signing a contract, signing a stable contract or signing an 

unstable — h contract. A single H and a single L must decide between a not 

signing a contract, signing a stable contract, signing an unstable-h contract, 

signing an unstable-1 contract, or signing an unstable-hl contract.

The following four Propositions address the decision on the separation 

policy for existing matches. Hence, it is not considered in them wether the 
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matches should have been signed on the first place. This analysis is postponed 

to further sections. In these Propositions, when I say that contracts are of a 

given type, it must be understood that this type maximises the joint discounted 

value of the match, and is therefore the contract type signed.

Proposition 1.1 Assume HL contracts are not unstable-l nor unstable-hl. Then 

HH contracts are stable (and HL contracts are unstable-h ) if

- 2Qm) > r(UHu - UlJ

HH contracts are unstable-l (and HL contracts are stable) otherwise.

We first enquire when are stable HH contracts preferred to unstable — I HH 

contracts. The discounted value of stable HH contracts is represented by (1) 

with SffH = 0. Solving, this is given by

^Qh + bUHu 
r + 8

The discounted value of unstable —I HH contracts is represented by (1) with 

sLHH = 1. Solving, this is given by

oQh + (*l,u(Uhi + ULh + UHu — Ulu) + SUhu

8 + r + 2aLu

Stable HH contracts are signed if
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^Qh + 8Uhu > ^Qh + aLujUm + Ulh + Uhu — Ulu) + 6Uhu) 
r + S S + r + 2a Lu

which can be reduced to:

Um + Ulh + Uhu — Ulu < 2 f.Hu (1-4)
r + o

This is equivalent to the condition SftH < 0 (or S^H > 0) evaluated using 

the value of stable HH contracts, i.e. Unh = 2 . If the above condition

holds, SjjH < 0 (S”H > 0) and s^H = 0 = 1).

Because the Proposition assumes that HL contracts are not unstable — I nor 

unstable — hl, we must use also s^L = O.This means that HL contracts are 

unstable — h, with value given by (3) with s^H = 1, = 0

r(Um + Ulk) = 2Qm + + 6(Uhu + Ulu —[Uhi + Ulh])

Uhi + Ulh
2Qm + aHu(2UHh + Ulu ~ Uhu) + ¿(Uhu + Ulu)

r+ 6 + aHu

Using 2Uuh = 2 into Uhi + Uth, and plugging the result in condition

(4) above yields

~ Qm) > t(Uhu ~ Ulu)
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This condition is highly intuitive. When an HL contract is destroyed in 

favour of an HH contract, there is a gain in terms of flow product equal to 

2(Qh—Qm)- But at the same time, there is a loss in value equal to r(Uhu — Ulu); 

since an H stops being single and moves into the new HH match, while the L 

that was in the HL match moves into singleness.

This is equivalent to the condition S^H < 0, or S^H > 0. Using the values 

of a stable HH contract and an unstable — h HL contract into S^H > 0, this 

condition yields

_ r(ULu — Uhu) + 2(Qh — Qm) _ D
LH T + OiH,u + r + aHu + b

and

^lh > 0 O 2(Qh — Qm) > — Ulu)

Notice S^H is the discounted value of the surplus created by the corresponding 

separation at the moment the HL contract is originally signed.

It follows from the above analysis that if HL contracts are not unstable-1 nor 

unstable-hl, 2{Qh — ZQm) < ^(Uhu — Ulu) implies that S^ < 0 and S^H > 0, 

so HH contracts are unstable — I and HL contracts are stable.

Proposition 1.2 Assume HL contracts are not unstable-h nor unstable-hl.
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Then LL contracts are unstable-h (and HL contracts are stable) if

~ 2Ql) > r{UHu - ULu)

LL contracts are stable (and HL are unstable-l) otherwise.

The first concern is when are unstable — h LL contracts preferred to stable 

LL contracts. The discounted value of an unstable-h LL contracts is represented 

by (2) with s^L = 1. Solving, this is given by

+ aHu(UHi + ULh + ULu — Uhu) + 8Ulu 
8 + r + 2«^

The discounted value of a stable LL contracts is given by (2) with s^ = 0. 

Solving, this is given by

Ql + SUhu 
r + 6

Unstable-h LL contracts are signed if

^Ql + (*Hu(Uhi + Ulk + Ulu ~ Uhu} + SUlu > ^Ql + SUhu

8 + r + 2aHu r + 8

which can be reduced to:

UHl + ULh + UHu - ULu > (1.5)
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This is equivalent to the condition S^L > 0 (or SjiL < 0) evaluated at

2UU = 2^^. ui r+ô

If the above condition holds, S^L > 0 (S^L < 0) and s^ = 1 = o).

Because the Proposition assumes that HL contracts are not unstable — h, we 

must use also s^ = 0. This means that HL contracts are stable, with value 

given by (3) with s^H = s^L = Q

+ Unh) = ^Qm + 5(Uhu + Ulu — [Uhi + ^Lh])
TT TT 2Qm + 8(Uhu + Ulu)
Uhi + ULh — -------------—7-----------r + o

Using TUli = 2^^^ into Uhi + Ulh, and plugging the result in condition 

(5) above yields

2(Qm — Ql) > r(UiIu — Ulu)

The intuition is analogue to that of Proposition 1.4. When an LL contract 

is destroyed in favour of an HL contract, there is a gain in terms of flow product 

equal to 2(Qm — Ql)- But at the same time, there is a loss in value equal to 

i\UHu — Ulu)] since an H stops being single and moves into the new HL match, 

while the L that was in the LL match moves into singleness.

This is equivalent to the condition S^L > 0 (or S^l < 0)- Using the values 

of an unstable — h LL contract and a stable HL contract into S^L > 0, this
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condition yields

_ r(ÜLu — UHu) + 2(Qm — Ql)
LL T + aH,u + 8

and

S^L>0^ 2(QM - 2Ql) > r(Uffu - ULu)

As in Proposition 1.4, S^L is the discounted value of the surplus created by 

the corresponding separation at the moment the LL contract is originally signed.

It follows from this analysis that if HL matches are not unstable-h not 

unstable-hl, then 2(Qat — Ql) < ^(Uhu — Ulu), implies SjIL > 0 and S^L < 0, 

so LL contracts are stable and HL contracts are unstable — I.

Proposition 1.3 Assume HL contracts are unstable-h or unstable-hl. Then LL 

contracts are unstable-h (and HL contracts are unstable-h) if

)

2(Qm — Ql) 4—, HU , s > r^Hu — Ulu) 
r 4- a-Hu + o

LL contracts are stable (and HL are unstable-hl) otherwise.

Proposition 1.6 shows that LL contracts are unstable — h if condition (5) 

holds:

Um + Ulh + Uhu — Ulu > , cHu
r + b

If the above holds, S^L > 0, s^ = 1 and SfiL < 0, = 0
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The Proposition assumes that HL contracts are unstable — h or unstable—hl. 

This means that S^H > 0, s^H = 1, and also that HH matches are stable, so 

^hh < 0, shh = 0

The value of an HL contract is therefore given by (3) with s^L = 0 and 

Slh = !> and

Um + Ulh =
2Qm + &Hu(2UHh + Ulu — Uhu) + h{UHu + Ulu)

T + S + (%Hu

The value of an HH contract is given by (1) with = 0, and

2UHh = 2 Qh + 8Uhu 
r + 6

Using 2UHh in UHi + Unh, and this in condition (5) yields

2(Qm - Ql) + . > r(UHu - ULJ
r + oîhu + o

The intuition is analogue to that of previous propositions. But now the 

benefit of destroying an LL match in favour of an HL match is not only the gain 

in flow values 2{Qm — Ql)- It includes also the discounted value of the surplus 

created when the new HL match separates to form an HH match, as derived in 

Proposition 1.4 above. This must be higher than the value loss r(Unu — ULu) 

in order to an LL match to separate in favour of an HL match.
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1.6 Steady State Equilibria

A set of contracts will be defined as a triple that describes the type of con­

tract signed by each possible pair of single agents. Hence contract set C = 

(chh, clli chl), where chh ^{stable , unstable-l, no contract}, Cll G{stable,unstable- 

h, no contract} and chl ^{stable , unstable-h , unstable-l , unstable-hl , no 

contract}.

By describing the strategy chosen by any pair of single agents, a given set of 

contracts determines:

(tz)The joint discounted values for matched agents and the discounted values 

for single agents in terms of the arrival rates.

(6) The steady state distribution of agents given by all Nis -and therefore the 

relevant arrival rates- since it defines the matching and separation dynamics.

Because of (a) and (6) above, a steady state equilibrium can be described by 

a. set of contracts such that no agent has an incentive to write a contract that 

does not belong to the set.

I only consider the two equilibrium configurations that are parametrically 

relevant. In the first, referred to as Equilibrium A, two single Hs sign stable 

HH contracts; a single H and single L sign unstable — h contracts and two single 

Ls sign unstable — h contracts. In Equilibrium B, single Hs sign unstable — I 

contracts; a single H and a single L sign stable HL contracts and two single Ls 

sign unstable — h contracts.
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Theorem 1.1 Equilibrium A obtains if

Qh ~ Qm > _______ <*Lu______
Qm-Ql r + S + 2a^u + afu

Proof. Assume all agents follow the strategies described in Equilibrium A, 

the contracts set is given by Ca— (stable, unstable-h , unstable-h). Then the . 

equilibrium equations are given by:

(1) with sLHH = 0, (2) with s”L — 1 and (3) with s^H = 1, = 0

rZUffh = 2Qh + S(Uhu — Uhh)

t(Uhi + ULh) = ^Qm + + Ulu — [Um + ^Lh])

r2(7LZ = 2Ql + + S(Ulu — Uli}

Because HL contracts are not unstable — I, we follow Proposition 1.4 in 

writing the condition for HH matches to be stable and HL matches to be 

unstable — h:

(i) “ Æ > 0 O ^Qh - 2Qm} > r(UHu - ULu}

Because HL contracts are unstable—h and HH contracts are stable, we follow

Proposition 1.6 in writing the condition for LL matches to be unstable — h
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(») - SjjL = S?L>0^ 2(QM - Ql) + —> r(U„u - Ulu) 
r + aHu + 0

These two conditions are evaluated using the lifetime discounted values of

single H and L types:

rULu

rUHu

^aHu

^Lu

Um + Ulh ~ Uhu ~ Ulu

L 2 + ^aLu
"¿ULi - 2ULu 

2
'Um + Ulh — Uhu — Ulu'

+ ^Hu
ZUhh — TUhi

2 2

In the Bellman equation for a single H, if she contacts a single L, which 

happens at rate 2afM, they sign the equilibrium unstable — h contract and share 

its surplus equally. If a single H is met, which happens at rate a^u, a stable 

contract is signed and the surplus is again shared equally. The possibility of 

contacting matched agents does not increase the discounted value, since any 

surplus if a separation occurs is extracted from the single agent by means of 

the lump sum transfer charged by the matched agent. The interpretation of 

the equation for a single L is analogue, with the difference that equilibrium LL 

contracts are unstable — h

Conditions (i) and (ii) can be respectively reduced to

Qh ~ Qm aLu
Qm — Ql r + 6 +
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(ü) (Qm ~Ql) >0

We need three more conditions for the configuration to represent an equi­

librium, which are that the contracts conjectured are preferred to not signing a 

contract at all:

(Hi) ZUhh '> 2UHu

(w) 2ULl :> 2ULu

GO Uhi + Ulh -> Uhu + Ulu

These three conditions are evaluated using the solution to the equilibrium 

equations and the equations for single Hs and single Ls. Their reduced form is, 

respectively

2Qm<^Lu(^ + 9 + 2a^u + 2aLu) — 2Ql (aLu) 
m H> (r + d + 2a^u + (r + d + 2a$u + 

(iv) Ql >o

W Qm - r + d + 2aAu + 2aAu

Conditions (w),(w)and (v) always hold. Condition (Hi) can be proven to 



CHAPTER 1. CONTRACTS AND ON-THE-JOB SEARCHI 46

hold if condition (i) holds. Hence, (z) is the only binding condition. Given 

Qh this conditions holds if Qm is low and/or Ql is high. The intuition for this 

condition is based on this and on the intuition given in Proposition 1.4. If Qm 

is low compared to Qh, then the gain in flow output is very high when an HL 

match destroys in favour of an HH match. Further, if Ql is high, then the 

value loss t(Uhu — Ulu) addressed in Proposition 1.4 is low enough, since a high 

Ql increases the value of Ulu-

Given that forming a match implies a loss in the arrival rate, one would expect 

to find parameter values for which such a loss is too high, and the agents prefer 

not to sign a contract and continue looking for better options. The reason it 

does not happen here is that the ability to keep all the surplus from a separation 

compensates for the loss in arrival rate. Consider single agents of types H and 

L. The ultimate goal for the H is to contact another single H, which occurs 

at rate if she remains single, and create a stable HH match. She keeps 

| of the surplus created if she does meet one. Alternatively, the arrival rate 

halves to a^u if she accepts to match with the L. Ceteris paribus, this just 

halves the expected gain from meeting another H. But signing a temporary 

contract with an L also allows the H to keep whole surplus of the match formed 

upon a separation, instead of only j if she does while single given the bargaining 

process. These two effects cancel on expected terms, and the loss in arrival 

rate is compensated. Further, the L will always let the H keep all the surplus 

from the expected HH match. The reason is that the expectation of an HH 

match is not part of her continuation value as a single agent. Hence, giving it 
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up completely will never make her utility after signing the contract lower than 

her continuation value.

LL matches form always for an analogue reason. When single, each meets a 

high type at rate and share equally with her the surplus created. Forming 

an LL match halves the individual arrival rate, but if they do find an H, they 

are able to keep the whole surplus arising from the new HL match, rather than 

just and these two effects cancel out.

The arrival rates are obtained from the solution of the adding up and 

identity constraints and the flow equations:

Nm = NLh

Nhh + Nm + Nhu = 7

Nth + Nli + Nlu = 1 — 7

Nhu [2eAhu] + Nhu + Nhi = 8Nhk

In the equation above, Hs can get into HH matches if: (a) A single H 

contacts another single H. (6) A single H contacts an H in state I. (c) An H 

in state I contacts a single H. Hs fall out of HH matches only if the exogenous 

shock occurs.

NHu [SeAlu] + Nhu [eAl/] = 8NHi + Nhu [eAhz]



CHAPTER 1. CONTRACTS AND ON-THE-JOB SEARCH I 48

Above, Hs get into HL matches if: (a) A single H contacts a single L. (6) 

A single H contacts an L in state I. Hs fall out of HL matches if: (a) The 

exogenous shock occurs. (6) An H in state I contacts a single H.

NLu pcA^J = SNu + Nli [2eAh-u]

Finally, Ls get into LL matches if: (a) A single L contacts another single L. 

Ls fall out of LL matches if: (a) The exogenous shock occurs (6) An L in state I 

or his partner contacts a single H.

Theorem 1.2 Equilibrium B obtains if

Qh — Qm <_______ aLu______  
Qm - Ql r + b + 2agu + afu

The proof of Theorem 1.2 follows the same lines of the proof of Theorem 

1.1, and is therefore relegated to the appendix. Because HL contracts are not 

unstable — I, we follow Proposition 1.4 in writing the condition such that HL 

contracts are stable and HH contracts are unstable-1. Because HL contracts 

are not unstable — h, we follow Proposition 5 in writing the condition such that 

LL contracts are unstable — I and HL contracts are stable.

Given Qh, the inequality in Theorem 1.2 is likely to hold for high QM and/or 

low Ql. Opposite to Equilibrium A, if Qm is high relative to QH, (assume QM is 

high enough that Qm ~ Qh), then the loss in flow product is not very high when 

a separation of this kind occurs. If in addition, QL is very low, this decreases 
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the value of single Ls. Then the separation is profitable by employing an L in 

its relatively more productive role: in a match with an H where it is almost as 

good as another H, rather than single with very low Ulu. The single H that 

results from the separation has a much higher discounted value than a single 

L. This is because the single H can hope to produce Qh upon meeting an H 

and Qm ~ Qh upon meeting an L. On the other hand, a single L can hope to 

produce Qm ~ Qh upon meeting an H, but only a low Ql upon meeting an L..

Again, if matching reduces the individual arrival rate, one would expect tem­

porary matches not to be profitable for some parameter values which would 

make this reduction too high a loss. The argument for single Ls to always sign 

unstable —h contracts is the same as in Equilibrium 1. With HH matches being 

temporary as well, two single Hs always find it worth it to form a unstable — I 

HH match for an analogue reason.

1.7 Sorting Effects

The conditions for Equilibria A and B to obtain can be rewritten respectively 

as:

Qh — Qm > F(aHu> aLu)(QM — Ql)

Qh — Qm < F(aHU’aLuKQM - Ql)
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where

r + 5 + 2aeHu +

Theorem 1.3 Parameter configurations exist such that there is no set of con­

tracts that represent a pure strategy steady state equilibrium.

Proof. The arrival rates aeHu, aeLu differ across the two equilibria. In par­

ticular, a^u > afu and a^u < a^u. That is because in Equilibrium A, LH 

matches break to give rise to HH matches, which decreases the number of single 

Hs and increases the number of single Ls. In Equilibrium B, the opposite is 

true. Other than this, the matching and separation behavior is equal across 

these two equilibria. Further, it is easy to show that:

As a consequence of that:

F{aHu^aLu)(QM - Ql) > F{a^u, o^^Qm ~ Ql) if Qm > Ql

F^^Qm-Ql) F(a%u, aLu)(QM — Ql) —0 if Qm = Ql

so the lower limit of Qh — Qm for Equilibrium A to obtain is higher than the 

upper limit of Qh — Qm for Equilibrium B to obtain7. Given the values of the

7For Qm > Ql. They are both 0 if Qm = Ql.



CHAPTER 1. CONTRACTS AND ON-THE-JOB SEARCH I 51

GRAPH 1

Figure 1-1:

other parameters, there is a range of Qh values such that neither Equilibrium A 

nor Equilibrium B exist.

In Graph 1, the two dark lines represent both F(aeHu, aeLu)(QM — QL). The 

solid line that limits zone A from below corresponds to F(o^u, ol^ ^Qm -Ql)- 

Zone A represents parameter configurations such that Equilibrium A obtains. 

The solid line that limits zone B from above corresponds to F(a^u, -

Ql), hence, Zone B represents parameter configurations such that Equilibrium 

B obtains. Zones A and B exclude the lower and upper limit respectively, which 

belong to the zone of no equilibrium (N.E.). The 45° line in the Graph will be 

considered when addressing the efficiency of the equilibria. Notice that
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Q(Qh — Qm) 
9(Qm — Ql)

= F(aeH!U,aeLtU)

so F(aeHu, aeL u) represents the slope of the limits in Graph 1. Using this 

leads also to the construction of Graph 1.

1.8 Externalities and Efficiency of the Equilib­

ria

The amount of search increases with the number of single agents, since it is only- 

single agents who search actively (by making phone calls). On that regard, there 

is a thick market externality, whereby a decision to match imposes costs on other 

agents because it decreases the number of singles and therefore of active searchers 

(callers); which makes it more difficult to contact new people. Notice that Uis 

do not depend on the number of matched agents, but only on the number of 

single agents and the total number of agents in the market, 1. That is because 

single agents do not obtain any surplus from a separation that forms a new 

match, should there be one. Hence, a decision to match imposes an externality 

on other agents only because the number of single agents decreases, and not 

because the number of matched agents increases. Matching decisions affect not 

only the Amount of search but also the composition of active searchers, which is 

affected differently depending on the types involved. Hence, matching decisions 
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impose both a thick market and a composition externality.

When a separation occurs, the total number of searchers remains constant, 

so there is no thick market externality. The externality in these cases has to 

do only with changing the composition of searchers. Hence, the sign of the 

externality is determined by the direction of the change in composition.

All decisions taken regarding matching and separations (the type of contract 

signed) are privately efficient, by considering the costs of the three agents in­

volved in any possible separation. Because new agents must be offered their 

continuation value to agree to form a new match (after the existing match sep­

arates), their cost is being considered as well, although they are not benefiting 

from the separation. Nevertheless, because all matching and separation deci­

sions impose an externality on other agents, the equilibria need not be socially 

efficient. The notion of efficiency used is the same as in Diamond and Maskin 

(1979), where efficiency is measured by total output net of search costs in steady 

state8. Because both equilibria exhibit non-elitist matching, I will address only 

the separation dynamics, and say that an equilibrium is efficient if the separation 

dynamics are efficient.

8 Search costas are 0 here.

Separations just trade one agent for another into a match and into singleness. 

This means that both equilibria exhibit the same number of matches and they 

only differ in the match composition. Hence, by comparing the efficiency of the 

separation dynamics across equilibria, we are actually comparing the efficiency 

across the equilibria.
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Taking the number of matches as given, the condition Qh+Ql > ^Qm implies 

that an assortative (elitist) matching configuration is efficient. Qh + Ql < ^Qm 

implies that a negative-assortative matching configuration is efficient (see Roth 

and Sotomayor, 1990). In Graph 1, the condition Qh + Ql = ^Qm => Qh — 

Qm — Qm — Ql is represented by the zone above the 45° line.

In all points above the 45°, Equilibrium A dynamics are constrained efficient, 

but not efficient because it would still be possible to improve upon them by not 

allowing LL matches to destroy in favor of HL matches. In all points below the 

45°, separation dynamics in Equilibrium B are efficient, because they maximize 

the number of HL matches by destroying HH and LL matches in favor of HL 

matches

Theorem 1.4 If the separation dynamics in Equilibrium A are constrained ef­

ficient, Equilibrium A obtains.

Proof.

ZQm => Qh — Qm > Qm — Ql =>

_L_ a W»- r + 8 + 2afIu + afu

and therefore Equilibrium A obtains (Claim 4). The slope of the lower limit 

of Zone A is given by , , x°< 1, so it lies always below the 45° line. 

It can still be the case that Equilibrium A obtains, but Equilibrium B dynamics 

are efficient. This would happen if Qh - Qm Ues in Zone A below the 45° line.

Qh + Ql >

Qh ~ Qm >
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Theorem 1.5 If Equilibrium B obtains, the separation dynamics in Equilibrium 

B are efficient.

Proof Theorem 1.2 states that Equilibrium B obtains if

Qh — Qm r + S + + afu (Qm ~ Ql)

=> Qh — Qm < Qm — Ql => Qh + Ql < 2Qm

and the last inequality implies that Equilibrium B dynamics are efficient. In

Graph 1, notice that all points that lie in Zone B also lie below the 45° line.

1.9 Asymmetric effects of the Freedom of Con­

tract

Equilibrium A is the case that best reflects the spirit of the model. In this 

configuration, HH matches are stable and only single H types are able to break 

existing matches. Separations only occur when an L in an LL match or an H 

in an HL match contact a single H. The problem for single H types is that, 

upon a separation, their surplus is extracted by means of the lump sum transfer, 

so they do not benefit from the ability to break existing matches.

I will use a benchmark model to illustrate this point. Assume that matched 

agents are not able to commit not to bargain with third agents. Thus, matched 

agents are unable to make non-negotiable proposals, and therefore must bargain 
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with their single counterpart for the surplus of a separation that accrues to them. 

I will then assume that, upon a separation, the agent leaving a match must 

compensate her partner for the capital loss imposed on her9 The surplus for the 

two agents in the new contract is equal to the sum of their changes in discounted 

values minus the compensation that must be paid to the agent left single; and 

this is the surplus they split through bargaining. Therefore, if matching implies 

the loss of arrival rate of matched agents, now there is a positive cost to entering 

a match in terms of not meeting matched agents.

9As in Burdett and Coles, 1999. This decreases the surplus of the separation accruing to 
the potential match.

In the new setting, the separation rule is analogue for existing contracts. Since 

the agents in the new match must compensate the one that will be left single after 

the separation, it is still true that the costs and benefits of all agents involved are 

being considered. In that sense, separation decisions are still privately efficient. 

As before, if the total surplus generated by a separation (as defined in Definition 

2) is not positive, the separation will not occur.

This new setting limits the ’’rent extraction” abilities of matched agents. 

This implies that, whenever single Hs break existing matches, they will profit 

from such separations. The following investigates how does this affect the dis­

counted value of a single H.

I will rely on a numerical example to address the issue, and find the equilibria 

for parameter sets that would yield an equilibrium of the A type in the main 

model, in the sense that HH contracts form and are stable (i.e. when QH is high 
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enough). In no way does this numerical exercise aim to be an analysis of the 

matching and turnover behaviour of the alternative model, which can be proven 

to exhibit a much richer set of equilibria.

Assume the following arbitrary values for the parameters:

r = 0.1,S = 0.1, Ql = 1, QM = 2, £ = 1

With these parameter values, the steady state stocks and arrival rates are:

NHu = 0.0582,^ = 0.1726,^ = 0.2690

NLu = 0.1417,^ = 0.1726,^ = 0.1855

and

a£s = eNts = Nts

Equilibrium A obtains in the main model if

Qh ~ Qm >------------------------ ^Qh> 2.31
Qm ~ Ql r + 5 + 2aHu + aLu

The discounted value of a single H type results in

UHu = 6.89 + 3.68Qh
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Let us go back to the model with compensation payments. With matched 

agents unable to make non-negotiable proposals, single agents expect to receive 

only | of the surplus of a separation as a result of the bargaining process (as 

opposed to nothing in the main model). I report the results for two equilibria 

that are possible for high values of Qh in order to illustrate the point.

Equilibrium C exhibits the same contracts set as Equilibrium A, and there­

fore the same dynamics, the same steady state equations and arrival rates. The 

difference is given only by the sharing of the separation surpluses. The corre­

sponding Bellman Equations are:

rUHh = Qh + ^UHu — Uhk)

r (Um + ULh) = 2Qm + aH,u~+ Ulu — UhI — ULh)

rUu = Ql + aH,u^^ + — Uli)

rULu = 2agu ^m+urih-uHu-UL^ + 2^

rrj„ — 2nc \uffi+ULh-UHu-ULu\ I-2q£ 4. _l qC' uHu — ¿aLu [ 2 J ^Hu [ 2 J 2 ^Ll 2

The stocks and arrival rates in Equilibrium C are equal to those in Equilib­

rium A.

The equations for Uhu and Ulu reflect that single agents keep | of the surplus 

of separation when matched agents are contacted, and this is reflected in the 

Bellman Equations for the discounted value of the contracts. Solving the system 

given above the Uts of the candidate equilibrium. The equilibrium conditions 

are analogue to those in Equilibrium A, since the private separation rules are 
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the same. These use the Uts obtained from above. I report the results obtained 

using the parameter values assumed:

Slh > 0 => QH > 2.47

Sll > 0 => Qh < 5.23

Uli > Ulu Qh > —18.11

Unh > Uhu => Qh > 1-06

Uhi + Ulh > Uhu + ULu => Qh < 7.74

The difference is that now two of the conditions are relevant. Condition 

^lh > 0 says that Qh must be high enough that it is profitable to break HL 

matches when the H contacts a single H; and therefore HH matches are stable 

contracts. This is analogue to the condition for Equilibrium A to obtain. But 

now condition S[!L > 0 is also binding. It must also be the case that, although 

high enough, QH is not very high. The way of looking at it is the following. 

If Qh is very high, then Uhu is very high, and it is more efficient to have him 

searching for another H than in a contract with an L. If this is the case, S^L < 0 

and the separation is inefficient when an L in an LL match contacts an H.

Hence, Equilibrium C obtains for 2.47 < Qh < 5.23 and

U%u = 5.25 + 5.05^
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In Equilibrium D, two single Ls sign stable contracts, two single Hs sign 

stable contracts, and a single H and a single L sign a unstable — hl contract10. 

In this equilibrium, QH is high and Uhu therefore. Hence, the surplus created 

by the separation Slm = Uhu + TUll — 2Um — Ulu is positive and the separation 

is efficient.

10 The match will break when the H meets an single H or the L meets a single L.

The Bellman equations are functions satisfy

rUffh = Qh + b(UHu ~ Unh)

r(Um + Ulh) = ^Qm + + S(UHu + Ulu — Ulh — Um)

rULl = QL + 5(ULu-ULl)

rUHu = 2< [| (Um + ULh - UHu - U^)] + 2a^u + aD

rULu - 2a°u [| (UHl + ULh - UHu - U^] + 2< +

The steady state stocks and arrival rates are given by the solution to the 

steady state equations in the Appendix:

NHu = 0.1, Nm = 0.6666, NHh = 0.3333

NLu = 0.1, NLh = 0.6666, NLi — 0.3333

and

a^s = eNts = Nts
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Solving the system above yields the candidate U*s. The Equilibrium condi­

tions are:

S^h > 0=>Qh>2.28

ShL > 0 => Q# > 6.60

Un > Ulu => Qh > —20.40

Unh > Uhu => Qh > 2.28

Uhi + Ulk > Uhu + Ulu=>Qh< 9.97

The condition on S^L > 0, where S^L = —S^L, is the complement to the 

condition on Sll f°r equilibrium C. Now, because is high Qh enough, it is not 

efficient to break LL matches in favour of HL matches. It is therefore efficient 

to break HL matches in favour of LL matches. The intuition was given when 

addressing Equilibrium C. Notice that now we need Qh < 9.97 for HL contracts 

to form. If Qh was very high, then H types prefer to remain single, searching 

more efficiently for another H, rather than signing a contract with an L. Hence, 

Equilibrium D obtains if 6.60 < Qh < 9.97 and

U%u = 2.81 + 5.43Qh

The reader may be puzzled by the big difference between the upper limit for 

Equilibrium C to obtain and the lower limit for Equilibrium D to obtain. This 
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is due to sorting effects of the type described in section (1.7).

Finally, it is easy to show that

U%u > U$u if 2.47 <Qh< 5.23

U§u > U$u if 6.60 <Qh< 9.97

This implies that single Hs are better off if matched agents are not able to 

commit not to bargain with single agents. Of course, two agents who have just 

met would like to sign contracts to commit their further bargaining behaviour, 

but this is because they have already contacted. Before any contact has occurred, 

single Hs prefer a system where such contracts are not possible, so that already 

existing matches cannot extract surplus from them.

1.10 Conclusion

This paper has analised equilibrium contracting behaviour in a partnership model 

with on-the-job search, and the matching and turnover behaviour implied, as well 

as the welfare consequences for heterogenous agents. I have argued that in the 

presence of z) bargaining and ii) complete freedom of contract, agents will, on 

the one hand, aim to maximise the joint value of their relationship; and, on 

the other, use their relationship to gain full bargaining power vis-a-vis agents 

they may contact in the future. Given this, partnerships between high and low
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productive agents will separate when the former meets another high productive 

agent -and a new high-high match will be formed-, provided that i) Ceteris 

paribus, the productivity in the high-low match is low enough, or ii)Ceteris 

paribus, the productivity in the high-high match is high enough, or Hi) Ceteris 

paribus, the productivity in a low-low match is high enough. Either of this 

three conditions implies that such turnover would be privately efficient for the 

agents in the high-low match, who will then force it to occur. I also showed how 

the composition effects of agents equilibrium turnover behaviour creates regions 

where no pure strategy steady state equilibrium exists.

I also argued that, although the turnover behaviour implied is privately ef­

ficient, the market outcome need not be socially efficient. When agents decide 

to form a match or implement a turnover, they do not consider the externality 

imposed on the other agents in the market. This is a well known feature of 

search and matching models. Finally, I showed through a numerical example 

that such equilibrium contracting behaviour decreases the returns to quality for 

single agents. Because rents are extracted by matched agents, when a turnover 

occurs, if the third agent is a high productive agent he just sees a higher rent 

extracted from him, rather than benefit from his own high productivity.

1.11 Appendix

Proof of Theorem 1.2 The contract set conjectured for Equilibrium B is 

given by Cb= (unstable-l , unstable-h , s). In words, single Hs sign unstable-l
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HH contracts; single Ls sign unstable-h LL contracts; and single Hs and single

Ls sign stable HL contracts. The equilibrium equations are given by:

(1) with SfjH = 1, (2) with s^L = 1 and (3) with = s^H = 0

r2UHh — ^Qh + 2a^u + ô(Uhu - UHh)

r2ULl = 2QL + 2alu(S”L) + S(^

^(Um + ULh) — 2Qm + S(Uhu + Ulu — \Uffi + Ulii])

Because HL contracts are not unstable — I, Proposition 1.4 is followed in 

writing the condition such that HL contracts are stable and HH contracts are 

unstable — I:

(z) 2(Qh — Qm) < ^{Uhu — Ulu)

Because HL contracts are not unstable — h, Proposition 1.4 is followed in 

writing the condition such that HL contracts are stable and LL contracts are 

unstable — I :

(ii) 2{Qm — 2Ql} > r(UHu — Ulu)

These conditions are evaluated respectively using the discounted value of 

single Hs and single Ls:



CHAPTER 1. CONTRACTS AND ON-THE-JOB SEARCH I 65

rULu - 2nB Um + Uih — Uhu ~ ULu + 2af,U \2ULl -2ULu-\
2 2

rUu - 2aB Um + Ulh — Uhu — Ulv + \2UHh -2UHu1 v Hu L 2 2

Using the solution to the above equations and three equilibrium equations 

above, conditions (i) and (w) can be reduced to:

Qh — Qm _______ aL,u______
Qm ~Ql r + S+ 2af„ + a^u

/..x Qh — Qm (r + d + 2aBu +
W Qm ~ Ql alu

We need three more conditions for the proof, which are that the equilibrium 

contracts are preferred to not forming a match:

(m) 2Uhh > 2Uhu

{iv} 2ULl > 2ULu

(v) Um + Ulk > Uhu + Ulu

These three conditions are evaluated using the solution to the equilibrium 

equations. There reduced form is, respectively
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(m) Qh > 0

(w) Ql

GO Qh

0

QM(r + d + 2afu + 2af u) - Ql^l^ 

^H,u

Conditions (iii) and (w) always hold. Conditions (ü) and (v) can be shown 

to hold if (i) holds. Hence, (i) is the only binding condition.

The arrival rates a? solve the system of steady state equations:

Nhi = NLh

Nnh + Nhi + Nhu = £

NLh + Nu + Nlu = 1 — £

Nhu [2sA^u] = 8Nhk + Nhh [2s7Vlu]

Hs can get into HH matches if: (a) A single H contacts another single H. 

Hs fall out of HH matches only if: (a) the exogenous shock occurs. (6) An H 

in state h or her partner contacts a single L.

NHu [2sA^u] + Nhu [eMj] + Nhh [eAiu] = SNHi
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Hs agents get into HL matches if: (a) A single H contacts a single L. (b) A 

single H contacts an L in state I (c) A single L contacts an H in state h. Hs 

fall out of HL matches if the exogenous shock occurs.

NLu [2eA£U] — SNu + Nu [2sJV#u]

Ls get into LL matches if: (a) A single L contacts another single L. Ls fall 

out of LL matches if: (a)The exogenous shock occurs (6) An L in state I or her 

partner contacts a single H.

Steady State Equations for Equilibrium D The arrival rates af are ob­

tained from the solution of the adding up and identity constraints and the flow 

equations:

Nhi = NLh

Nhh + Nhi + NHu = 7

Nik + Nu + Nlu = 1 — 7

Nhu [SeAhu] + Nhu [e-Wm] + Nhi [eATHu] = SNHh.

Hs can get into HH matches if: (a) A single H contacts another single H. 

(b) A single H contacts an H in state I. (c) An H in state I contacts a single H. 

Hs fall out of HH matches only if the exogenous shock occurs.
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^Hu — 8NHi + Nhi [sAThu] + Nhi [eA/£U]

Hs agents get into HL matches if: (a) A single H contacts a single L. Hs 

fall out of HL matches if: (a) The exogenous shock occurs. (6) An H in state I 

contacts a single H (c) The partner of an H in state I contacts a single L.

NLu peA^u] + NLu [eA^/J + Nlh [sA^] = SNu

Ls can get into LL matches if: (a) A single L contacts another single L. (6) 

A single L contacts an L in state h. (c) An L in state h contacts a single L. Ls 

fall out of LL matches only if the exogenous shock occurs.



Chapter 2

Contracts and on-the-job search

II

2.1 Introduction

Assume a labour market with homogenous workers and heterogenous firms: low 

and high productivity. Now assume this is a frictionless labour market. This is 

certainly a set of assumptions you would not like to include in your job market 

paper, or any other paper for that matter. In a frictionless market, high pro­

ductivity firms would attract all the workers, condemning low productivity firms 

to disappear. But assume instead a frictional market, say search frictions, and 

you are back in business. Given the frictions, every time a firm (high or low 

productivity) and a worker meet through search, monopoly rents are generated; 

it is the existence of these rents what allows the low productivity firms to survive 

69
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in the market.

The present paper addresses, amongst other things, the existence of low pro­

ductivity firms alongside high productivity firms in a model with search frictions, 

focusing on the case known as on-the job search. The latter implies that work­

ers will be searching for firms both while unemployed and employed. Two other 

phenomena are of particular interest when there exists on-the-job search. One is 

the nature of the turnover dynamics, i.e. how do workers move from firm to firm; 

the other is the shape of the distribution of wages being offered and paid in the 

market. In the presence of on-the-job search, the market wage distribution is not 

degenerate, while the actual shape of the distribution depends on the particular 

environment. The previous two phenomena are particularly interesting when 

one considers environments with heterogenous firms. The paper will consider 

two types: low productivity (LP) and high productivity (HP). Three cases 

will be considered, briefly described in what follows:

(I) The Burdett-Mortensen environment (the bm — case). In Burdett- 

Mortensen (1998), firms are assumed to post wages to attract workers. Since 

they have imperfect information about the employment status of the workers they 

meet, each firm posts only one wage, good for any worker they meet. Further, 

firms are assumed not to counter the outside offers received by their workers, or 

in any way change the wage earned by their workers. The posted wage will be 

earned by any worker who accepts it for as long as he stays with the firm , and 1

LThe firm could offer wage-tenure contracts, as in Burdett-Coles 2003. The firm increases 
the worker’s original wage as a function of the worker’s tenure in the firm, considering that, 
as time ellapses, some (unidentified) workers will in fact receive better (unobserved) outside
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he will stay until he finds a better wage offer in another firm. In other words, 

better wages imply better employment opportunities, and workers accept them. 

A non-degenerate continuous wage offer distribution is generated, whereby firms 

offering higher wages make less profits per worker, but have more workers in 

steady state2. The wages in the support of the distribution are such that these 

two effects balance each other, therefore implying equal profits for equal firms in 

steady state.

2 Firms attract workers from more firms and loose workers to less firms as the wage offered 
increases; resulting in a higher number of workers in strady state.

3 The minimum wage needed for the worker to accept employment in the firm

(IJ)The Postel-Vinay and Robin environment (the m — case). In contrast 

with Burdett-Mortensen, Postel-Vinay and Robin (2002a and 2002b) consider 

models in which firms are assumed to: (t) Observe the employment status of any 

workers met, and (u) Match the outside offers received by their workers (therefore 

the m — case designation). As a result, firms offer all unemployed workers their 

reservation wage3, and pay this wage until the worker meets another firm. At 

this moment, the incumbent and poaching firm engage in a Bertrand competition 

for the worker. The incumbent firm can bid up to a wage equal to the worker’s 

productivity in the firm. The wage that results from this competition depends 

on the productivity of the two firms involved, but is limited by the productivity 

of the worker in the incumbent firm. Hence, the distribution of wages paid is 

not continuous, but has mass points determined by the reservation wage and the 

productivities of the firms in the market. In this case, workers move from firm to

offers. This is not allowed in Burdett-Mortensen (1998)
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firm as better employment opportunities come along. Interestingly enough, and 

different from Burdett and Mortensen, higher wages do not necessarily imply 

better employment opportunities. As more productive firms are able to bid 

up to higher wages in a Bertrand competition with other firm, they represent 

higher future wage increases for the worker, and therefore better employment 

opportunities for any given wage. The implication is that HP firms can attract 

workers from LP firms: by offering lower wages in some cases.

This is an innovation from the bm — case, since it allows firms to react opti­

mally when their workers receive offers from other firms. But, as will be made 

clear in case III below, firms are still not fully exploiting all possibilities, which 

they can do by contracting strategically.

(Ill') A contract approach (the c — case). A third environment is intro­

duced in the paper, in which the information structure is equal to that of the 

Postel-Vinay and Robin environment. The novelty is that firms and workers 

sign strategic contracts, whereby firms commit to bid up to a wage equal to the 

worker’s productivity in the poaching (maybe more productive) firm. This type 

of contract is forward-looking, as opposed to those offered in the previous two 

cases, in the sense that they provide contingencies for possible future events, i.e. 

the worker contacting another firm through search on the job. The basic differ­

ence compared to Postel-Vinay and Robin is that the wage increase that results 

from Bertrand competition is not limited by the productivity in the incumbent 

firm, but by the productivity in the poaching firm. Hence, it is no longer true 

that HP offer higher future wage increases; and as a result they are not able 
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to attract workers by offering lower wages. In terms of worker turnover, this 

implies that workers will never move from LP to HP firms accepting a wage 

cut, and this is different from Postel-Vinay and Robin.

In particular, the focus of the paper will be on the implications of each of the 

previous environments for (z) The coexistence of HP and LP firms in the market; 

exogenous and endogenous proportions of HP and LP firms will be considered, 

(zz) The worker turnover dynamics, for exogenously given proportions of HP 

and LP firms, and (iii) The distribution of wages paid and offered, for given 

proportions of HP and LP firms.

One important question is the following: If the contract approach described 

above is privately efficient for firm and worker, because they are extracting rents 

from future employers, why don’t we see them more often in reality? As will 

be seen, and as is intuitive, the LP firm is in fact benefiting the worker by 

promising him a high wage increase when a more productive firm is found, and 

as a compensation for this, the worker accepts a lower wage from the LP firm. 

Hence, all reasons why the worker will not or cannot accept a sufficiently lower 

wage will imply that such contract cannot be implemented. In particular, two 

important reasons can be the existence of minimum wages and the imperfection 

of financial markers. The former case is clear, since it impedes the wage from 

decreasing from a determined level. The latter case would occur if the wage 

needed for the contract approach to be implemented falls below a minimum 

subsistence level. If imperfections in the financial market impede the worker 

from borrowing for subsistence against its (expected) increased wage, then the 
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contract approach will not be implemented.

Section 2.2 presents the general environment in which each particular case 

will be embedded, as well as a summary of the results obtained. Section 2.3 

addresses, for each case considered, the equilibrium outcomes regarding the wage 

distribution and turnover dynamics. In each case, the results of endogenising 

the proportions of HP and LP firms is given, by allowing firms to become HP 

firms at a positive investment cost, or LP at 0 investment cost. Section 2.4 

looks at the survival of LP firms in each case, and Section 2.5 compares the 

endogenous proportion of HP and LP firms across the three cases considered. 

Section 2.6 concludes.

2.2 General environment and summary of the 

results

There are a large fixed number of workers and firms and equal to 1. Workers 

are homogenous. Focusing on essentials, assume there are two types of firms; 

high productivity (HP) and low productivity (LP). In particular, assume 

a proportion 7-, j = bm,m,c, of firms are HP firms with productivity ph, 

whereas a proportion 1 — 7- are LP firms, with productivity pi < ph. A firm 

with productivity pi generates revenue Pi per unit of time for each worker it 

employs, i = h for HP firms, i — I for LP firms. All workers, regardless of 

their employment status, contact firms at Poisson rate A. Each worker obtains 

unemployment benefit b per unit of time while unemployed
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Any worker’s life in the market can be described by an exponential random 

variable with parameter 6. Any worker who leaves the market is replaced by 

another who is initially unemployed. Firms live forever. Finally, keeping things 

as simple as possible, assume that agents do not discount the future, i.e. we 

will work in the limit were the discount rate r —> 0. Workers maximise there 

expected lifetime income, whereas firms maximise steady state profits.

Summary of results

Wages Paid for given proportions of HP and LP firms

The following sequence shows the values of extreme wages paid by LP and HP 

firms in the bm — case, compared to relevant parameter values in the environ­

ment. w’ (w®) is the minimum (maximum) wage offered by a firm of type i in 

the bm — case, i = I for LP firms, i - h for HP firms.

= b < wl = v/1 < pi < wh < ph

The minimum wage in the market is paid by an LP firm, and it is equal to the 

unemployment benefit b. The maximum wage is paid by an HP firm, and it is 

strictly lower than the productivity of HP firms. The distribution of wages paid 

in the market is a convex combination of the distribution of wages paid by LP and 

HP firms, where the weights are given by the respective proportions. Because 

the arrival rate of firms is independent of the employment status, unemployed 

workers accept employment if they are offered at least what they are currently 
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’’earning” in unemployment, i.e. benefit b. This also implies that the firm offering 

the lowest wage in the market is also equal to b.

Notice that the existence of a wage distribution, where = b, implies that 

workers always share part of the monopoly rents created in any firm-worker 

contact, because they are offered more than their reservation wage.

I now add to that sequence the values of the wages paid in the m — case. 

These are those values sub-indexed by m, plus pi and ph- Again, super-index 

i = h,l refers to which type of firm pays the wage.

w™<wlm = wl = b <wl = wh <x^<pi <wh < ph4

ixm < wl =wh is also a possibility. But this is not central to any argument in the paper.
What is important is that b < wl =wh < pi and b < xm < pi

The minimum wage in the m — case, w^, is paid by an HP firm to workers 

met while unemployed; and it is lower than the minimum wage paid in the 

bm — case, = b (paid by an LP firm). When firms of either type meet 

unemployed workers, it represents for the latter the expectation of a large wage 

increase when they contact another firm through on-the-job search, and both 

firms compete for him. This expectation allows firms to offer these workers 

less than what they are ’’earning” while unemployed, b. Because HP firms offer 

higher wage increase when their workers meet another firm, they are able to pay 

unemployed workers lower wages than LP firms do, < wlm. The maximum 

wage in the m — case, ph, is also paid by HP firms. Imagine a worker earning 
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a wage other than ph in an HP firm. When that worker contacts another HP 

firm, his wage is increased to ph through the Bertrand competition in which the 

firms engage. Wage pi arises in a similar situation, but when the firms involved 

are both LP. Finally, wage arises from the competition of an HP and an LP 

firm for a worker. The LP is willing to bid up to pi, but the HP firm is able to 

attract him for a lower wage; for any given wage, the HP firm is more attractive 

for the worker because it offers a higher future wage increase. Therefore x^ <pi.

In this case, notice that firms keep all the monopoly rents in any firm­

unemployed worker contact, since they offer unemployed workers only their reser­

vation wage.

I now add to the sequence the wages paid in the c — case. These are those 

sub-indexed with c, plus pi and ph.

= < wlm < b < wl = < xhc = pi <wh <ph

Notice that now the wages paid by HP and LP firms to workers that come 

from unemployment are equal, = wlc. This is because in this environment, all 

firms offer the same expectation of wage increase when the worker meets other 

firms5. For this same reason, the wage that arises from the competition between 

an HP and an LP is x^ = pi > x^. The HP firm is not more attractive than 

the LP in terms of expected wage increases. Wages pi and Ph arise for reasons 

analogue to those in the m — case. In this case firms also keep all the monopoly 

5 And this is also the reason they are equal to to w^.
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rents in any firm-unemployed worker meeting.

As a consequence, the distribution of wages paid becomes more spread as we 

move from the bm — case to the m — case to the c — case.

Worker Turnover, exogenously given proportions of HP and LP firms 

In the bm — case, workers move from lower to higher wages. In terms of move­

ments across firms, they can be:

(i) From an LP to an LP, provided the second offers a higher wage

(m) From an HP to an HP, provided the second offers a higher wage.

(iii) Always from an LP to an HP, given that wz =wh

(iv) Never from and HP to an LP, for the same reason as in (iii)

In terms of social efficiency, turnovers as in (i) and (ii) are neutral6, because 

they imply no change in total output. Turnovers as in (iii) are efficient, because 

they imply an increase in total output. Inefficient turnovers do not occur, case 

H-

6 This is because both search and turnover are costless. It would be a different case if either 
was costly, but it also would be a different model.

7 Assuming they prefer to stay with current firm if both firms offered same wage. In any 
case, this type of turnover would be neutral efficiency-wise

In both the m — case and the c — case, turnover never occurs from like firm 

to like firm7. In these two cases, it is also true that turnover occurs always from 

and LP to an HP firm, and never from an HP to an LP firm.

This implies that all the three cases considered share the feature of efficient 

turnover.

But there is one distinction. In the bm—case, workers always move to higher 
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wages. In the c — case, workers move from lower to higher wages always, except 

if they move form an LP where they are earning pi to an HP that offers x^ = pi. 

In the m — case, it is possible the workers change jobs accepting a wage cut. 

This is the case if they were earning pi in an LP firm and an HP firm attracts 

them by offering x^ < pi.

Survival of LP firms in the market Assume LP firms can either remain 

in the market or exit the market, where Trj- are the profits of LP firms in case 

j = bm, m, c. It is shown in the paper that:

c > > ^bm

For given proportions of HP and LP firms, LP firms do better under the 

c — case than under the m — case than under the bm — case. This is very 

intuitive:

tt^ > tf^ is always true, as Postel-Vinay (2002a) put it, because in the 

m — case all firms have a wider set of strategies than in the bm — case, as they can 

both (i) Identify unemployed workers and offer them only their reservation wage, 

and (ii) Match the outside offers received by their workers. Nevertheless, notice 

that (u) is irrelevant for LP firms. When they enter the process of Bertrand 

competition with other firm by matching outside offers, they either (a) keep the 

worker at wage pi if competing with another LP firm; the worker is not profitable 

anymore, or (6) loose the worker to a HP firm. This is relevant when addressing 
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the equilibrium proportion of HP firms (section 2.4)

> is always true because, as LP firms offer workers a higher wage 

increase when they meet an HP firm, they can exploit that to attract unemployed 

workers by offering lower wages ( wlc < w^) and make a higher profits.

Hence, given an outside option, it is more likely that LP firms survive in the 

c — case than in the m — case than in the bm — case.

Equilibrium proportions of HP and LP firms Assume that firms can be 

either LP firms at 0 cost of investment, or become HP upon a positive investment 

cost (k in the paper), where 7* is the equilibrium proportion of HP firms in case 

j = bm,m,c. In the paper, it is shown that:

0 < ^ < 7^ < 7m < 1

The previous subsection noted that tt^ > tt^, because in the m — case firms 

can recognise unemployed workers and therefore offer them only their reservation 

wage. It was also noted that, although firms can match the outside offers 

received by their workers, this is not really to the advantage of LP firms, since 

whenever they enter a Bertrand competition with other firm they will always 

loose a profitable worker. This is not true for HP firms. If they are competing 

for a worker with a LP firm, they will keep the worker at wage < ph : The 

worker is still profitable for the HP firm. This implies that, as one moves from 

the bm — case to the m — case, HP firms benefit more than LP firms. Hence, 
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for a given investment level to become HP, the equilibrium proportion of HP 

firms is higher under the m — case: 7^ < 7m < 1.

It was also noted in the previous section that 71^ > tt^. The paper also 

shows that tt^ < tt^ : HP firms do better under the bm — case than under the 

c — case. In this latter case, they pay very low wages to unemployed workers 

they meet, but they loose profitable workers every time their workers meet any 

firm ( HP or LP). Both tt1c > 7r[m and 7r^ < 7r£m imply unambiguously that, for 

a given investment level to become HP, the equilibrium proportion of HP firms 

is higher under the bm — case: < ^bm < 1.

Finally, it is shown in the paper that, in each case, there exists investment 

costs so high (low) that, in equilibrium, all firms are LP (HP). The levels and 

ranking of these investment costs are used to show formally that 0 < 7* < 7^ < 

7* < 1.I m —

2.3 Three different environments with on-the- 

job search

2.3.1 Burdett-Mortensen Environment ( bm — case)

In the bm — case, each firm posts a wage it will offer any workers who contact 

it. The market then works as follows: When an unemployed worker contacts a 

firm, he either accepts the wage offer of that firm, or rejects it and continues to 

search unemployed. If he accepts the offer, he will earn this wage for as long as 
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he stays with the firm. If an employed worker contacts another firm, he changes 

firms if the wage offered by the contacted firm is higher than his current wage. 

The firm is assumed not to counter the outside offers received by the worker.

The following are results derived in Burdett-Mortensen (1998):

(i)The market wage offer distribution is given by F (w) = (1 — y^F^w) +

where Fl(w) is the distribution of wages offered by type i firms, i = I for LP

forms, i = h for HP firms. 7, is the fraction of HP firms in the market.

(ii)^/1 = b, wl —wh,

where Wj (wj is the lowest (highest) wage in the support of Fifw) distribu­

tion.

(Hi) F (wl) = F (w'1) = 1 - 7hm

(iv)Fl(w) and Fh(w) are continuous over their support, which implies that 

F (w) is continuous at all w wl =wh, and it has a ’’kink” at w = wl =wh.

(v) The distribution of wages paid in the market is given by G (w) = (i-f(w))

(vi) Given (w), the supply of workers for a firm offering wage w is given by:

A8
l(w I R,F (w)) = ----------------- 2v 1 ’ v " [5 + A(1 - F (w))]2

With these ’’tools”, we can derive the shape of F(w), Fl(w) and Fh(w); the 

values of the minimum and maximum wages on their support: wz = b, wl =wh 

and wh, as well as the profits obtained by firms of type i = I, h. This is of 
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course just an application of results derived in Burdett-Mortensen (1998) The 

derivation is based on the condition that all firms of same type must earn the 

same profits in equilibrium.

LP Firms Let us commence with LP firms. The profits of a firm offering 

wage w is given by the profit per worker (pL — w) times the supply of workers in 

steady state, given by l(w | R, F (w)) above. F (wl = b^ =0, since Fl (wz) = 

Fh (w') = 0 : No lower wages can be found in the market. Hence, the profit of 

firms offering w = b are given by

¿bM = (Pl-b)[l(b\R,F(w))]

(A + <5)2

For any other firm offering a wage w >wz in the support of Fz(w) it is true 

that F\w) = 0. Hence, for any such wage

F(w) = (1 — 76m)Fz(w). The profits of such firm are given by:

4™^ < w < wz) = (pi - w) [l(w | R, F (w))]

W)[5 + A(l - (1 -7hJJiW)]2

Since firms of the same productivity must earn the same profits in equilib­

rium, ^^(b) = = 7rlbm, and this equation allows to solve for the shape of 



CHAPTER 2. CONTRACTS AND ON-THE-JOB SEARCH II

the distribution Fl(w). Setting Tr^Çb) = 7rlbm(w) and solving implies:

Notice that when 76m — 0 (only LP firms exist), this collapses to the result 

in Burdett-Mortensen (1998) for only one type of firms. When 7^ = 1, no LP . 

firms exist, this expression is undetermined.

For the maximum wage offered by LP firms, F^w1) = 1. Substituting this 

in the above equation implies:

A(! ~ 7bJ(A(l + 7,J + 26)Pl + (g + Ä7tJ2&
(a + sy

Again, this collapses to the result reported in Burdett-Mortensen (1998) for 

only one type of firm when 7bm = 0. It is a matter of algebra to check that 

7r[m(w!) = tf^. Hence, the profits of LP firms are given by:

^bm ~ (Pl + ¿y

HP Firms Let us now turn to HP firms. By (ü) and (m) above, wh = wl 

and F (w') = F (w^) = 1 — ybm. This implies that the profits of firms offering 

the lowest wage in the support of Fh (w) are given by:

= (p* - w‘) (5 + A )2
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Using w^ = wl in the above expression implies ^^(w^) =

n ^(i-TtJWi + Tj+a) xs
(s + V+x^yts + xy p‘ (s + xy

For any other wage w >wh, (offered by HP firms), we have that F^w) = 1, so 

F(w) = (1 — 7) + yFhiw). This implies that the profits of any HP firm offering . 

wage w >wh are given by:

4™^ <w<wh) = [ph - w) - -------------------------- -2.

Setting the equilibrium condition ^^(w^1) = vr^w > wh) = allows to solve

for the shape of Fh(w)

A I V

(S + Xfph - A(1 - 76m)(A(l + 76m) + typt ~

Again, if 7 = 1 (only HP firms exist), then the shape of Fh(w) collapses to 

the result found in Burdett-Mortensen (1998) for only one type of firm in the 

market. When 7^ = 0 the above expression is not determined, since 7^ = 0 

implies no HP firms in the market.

Setting F^w) = 1 allows to find the highest wage offered by HP firms, which 

implies wh =
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+ 26) , A^2(l-7to)(A(l+7tm) + 2^) , 62
(i + ^J2 (6 + W + A7lJ* P‘+(6 + a/

which is strictly lower than pH.

Proposition 2.1 Suppose firms can be either LP at no investment cost or HP 

at investment cost k. A proportion 0 < 7*m < 1 are HP firms in equilibrium.

Notice that:

v 76m > 0

= 0V7 >0
57 bm -

' bm

< OV7 >0
' bm

This implies that, as the measure of HP firms increases (7^ increases), 

the profits of LP firms is unchanged and the profits of good firms decreases. 

Therefore, the incentive to pay cost k and become an HP decreases. For values 

of k within a suitable range, an interior solution can be found where 0 < 7^ < 1. 

One can find the critical values of k such that:

G) 7^ = 0 if k > kbm

(îî) ^fbrn = 1 if & < kfcm
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(Hi) 0 < 7^ < 1 if k^ < k <

To obtain the values of k6m and kbm, note that 7*m solves 7r(m = tf^ — k, 

which implies:

(2-1)

From where

Km (^L + < (J2A25 <0-

Hence, as the cost of becoming an HP increases, the equilibrium proportion 

of HP firms decreases.

To obtain use y*bm = 0 into equation (2) above. The result is:

4m k =0> ^bm L _0 ~k if k > kbm = (Ph ~Pl)^- 
om v bm~ (J

Hence, if k > kbm no firm has the incentive to become and HP firm even if 

there are no HP firms in the market.

To obtain k^, use 7*m = 1 in equation (2) above. The result is:

X6
^bm l7brn=i ~k > ^bm ¡7^=1 k < k™ = (.Ph “ Pl) ^2

Hence, if k <k6m = (ph - Pi) ^+5^ is profitable to become an HP firm at 

cost k even if all firms are HP firms.
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It is easy to show that k{,m < Hence, kbm < k < kbm => 0 < 7* < 1.

2.3.2 Postel Vinay-Robin Environment ( m — case)

The basic difference with respect to the bm — case is that now firms may match 

the outside offers received by their current workers , and firms contacted by a 

worker observe the employment status of these worker. Given this, (z) Each 

firm posts a wage it will offer unemployed workers, (zz)When an unemployed 

worker contacts a firm, he accepts the wage offer of that firm, or rejects it and 

continues to search unemployed, and (zzz) When an employed worker contacts 

another firm, the two firms involved will start a bid competition for the services 

of the worker.

With little loss of generality, assume that if two equally productive firms bid 

the same wage for the worker, the worker remains with the current employer. If 

a worker is indifferent between working with an HP or an LP firm, he chooses 

the HP firm.

In this m — case, w^w1̂  denotes the wage that an HP(LP] firm offers a 

worker that contacted the firm while unemployed, will denote the wage 

at which an HP firm attracts a worker that contacts her while working in an 

LP firm, or keeps a worker who, while working with her, contacts an LP firm. 

Vm denotes the return to an unemployed worker, while V£(y) [v^(z/)jdenotes 

the return to a worker in an HP [LP] firm earning wage y . The respective 

proportions of firms are now denoted and 1 — . Then:

(i) Suppose a worker is unemployed, enjoying return Vm. He is receiving 
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unemployment benefit b. If he contacts an HP^LP) firm, he will accept the 

wage offer [w^] provided that > Vm > V^] . The worker

will reject the offer and continue search otherwise. Assuming the previous two 

conditions hold, Vm solves:

rVm = b + A7„ - K,] + A(1 - 7 J (wj„) - K»] + 6 [0 - KJ

(ii ) Suppose a worker is employed at an LP firm at wage wlm. He is enjoying 

a return VL(wL,). If he contacts an HP firm, both firms bid for his services. 

The LP firm is willing to bid up to a wage pi. Being more productive, the HP 

firm is able to attract the worker, and she does this by offering a wage at which 

the worker is indifferent between staying with the LP firm or moving to the HP 

firm. This wage we denoted x^. The worker then enjoys V^x^). If he contacts 

another LP firm, the two firms bid up to pi for his services. The worker then 

remains with the current firm, with an increased wage pi, and starts enjoying 

KtiPi)- Hence, solves:

rVMj - «i, + A7„ [V» - Ki«)] +

A(1 - 7j [Kito) - Kitoi.)] + 4° - Kitoi.)]

(ui) Suppose a worker is at an LP firm at wage pi. He is enjoying V^pt). 

If he contacts an LP firm, he stays with the current employer at the same wage, 
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since both, firms bid up to a wage p¡. He continues enjoying V^pi). If he contacts 

an HP firm, the HP firm attracts him by offering wage 2;^. The worker changes 

firms and starts enjoying V^x^). V¡(pi) solves

=Pl + [1O) - V]M\ + 6 [0 -

(w) Suppose the worker is employed at an HP firm at wage w^. He is enjoying 

VmW- If he contacts an HP firm, both firms bid for him so the worker stays 

with the current employer at a wage bid up to ph- He starts enjoying V^ph)- If 

he contacts an LP firm, the two firms bid for him, and the worker stays with the 

HP firm at the wage x^ that makes him indifferent between firms. He starts 

enjoying Kító). Hence

tótó = + A?. [V*W - V*«)] +

a(i - xJ [vitó - vittó] + 4° - 1Oi)]

(n) Suppose a worker is employed at an HP firm at wage x1^. He is enjoying 

Vh(xh). If he contacts an LP firm, the HP firm can keep him at the same 

wage. The worker remains enjoying V^(x^). If he contacts an HP firm, both 

firms bid a wage up to ph and the worker stays with the current employer. He 

starts enjoying V£(ph)- Hence, V^x1̂) solves:
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= 4. + [KitoJ - V>Ü] + 6 [0 - I«)]

(w) Suppose a worker is employed at an HP firm at wage ph- He is enjoying

In this case he ignores all alternative offers and he earns ph until he 

leaves the market. Hence, V^(ph) solves:

M = Ph + S [0 - Vh (Ph)]

Each of the above equations can be solved individually. To focus on the case 

where workers do not discount the future, we take the limit as r —► 0. The 

results are:

vm = <5 + A )

VM =
+ A(1 - ^JV/M , .

5 +A

rM = Pl + 4s
+ 5 ■

=
+ ^7mVm(Ph) + A(1 -

¿ + A7m + A(l-7J

«4) =
+ *7mVm(Ph) f9

AM == y (2.7)0
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Equilibrium behaviour pins down the endogenous wages w^, wlm, x^. In par­

ticular, when a firm of either type contacts an unemployed worker, she will offer 

him a wage such that he is indifferent to accepting it or not. A lower wage 

implies that the worker will not accept. A higher wage just decreases the profit 

of the firm unnecessarily. Hence, the first two equilibrium conditions are:

^(4.) = K, (2.8)

V^) = K, (2.9)

We need one more equilibrium condition to pin down the value of x^. This 

comes from the bidding game between an LP and an HP firm. LP firms are 

willing to bid up to a wage equal to pi in order to keep the worker. This would 

leave the worker enjoying V^(pi). The HP firm must offer a wage to the worker 

such that he prefers to work in the HP firm at wage x^ to working in an LP 

firm at wage pb Hence, the last equilibrium condition is given by

(2.10)

This determines a system of 9 equations (2-10) and 9 unknowns: the six 

values corresponding to the returns to the different status:
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and the three wages endogenous wages:

The solution to the system is simple, mainly because the wages whWh are 

such that the unemployed workers see no profit when moving into employment,. 

regardless the type of the firm. Hence,

_ Ph 
s

vM
«(£±2^42^1

(ATm + S)2

vM

= Kn(Wm) = = £

wlm
A + <5t A(2A7 +<5) A3^

- X b (\ Ix^ m J\\2Phs (xJm + s) Wm+b)2

wh = _ A(1 - 7 J _ .^(A +£) <
S A7m + 5 ¿(A7m+<5r

xh
_ 2A7m + 6^ _ A7m

A7 +8Pi Xjm + 6Ph Pl •Tn. ' m

Notice two things in particular. First, < wlm. HP Firms can offer 

unemployed workers a lower wage in order to make them indifferent between 

unemployment and accepting the offer. This is due to the prospect of meeting 

an. HP firm in the future. If the worker is in an HP firm, and contacts another 

HP firm, both firms will bid up to a wage ph, and the worker will remain with 
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the current employer at wage ph- On the other hand, if the worker is in an LP 

firm and contacts and HP firm, the LP firm will bid up to a wage only equal to 

pi, and the HP firm will attract him at wage x^ < Ph- This implies that, for 

a given wage, it is more attractive to work in an TIP firm than in an LP firm, 

since working in HP firms yields a wage increase when an HP is met. HP firms 

use this to offer unemployed workers a wage < wlm.

Second, x < pi. The argument is exactly the same. When HP and LP firms 

bid for a worker, the LP firm is willing to bid up to a wage pi. But because 

HP firms yield a higher wage increase as above, so the HP firm can attract the 

worker at a wage lower than pi, this wage is < pi

In addition to the three endogenous wages, there are other two wages observed 

in the market, ph and pi.

Two other facts are worth noticing. As in Burdett and Coles (2003), some 

workers obtain a wage increase without changing jobs. As in Postel-Vinay and 

Robin (2002), some workers change jobs accepting a wage decrease. These are 

those that move from LP firms earning pi to HP firms earning x1^.

It is not surprising that the equilibrium outcome resembles the Diamond 

Paradox (in the sense that unemployed workers are offered just their reservation 

wage) even in the presence of on-the-job search. After all, the wage posting 

game only occurs vis-a-vis unemployed workers. Notice that, although the 

wages posted are just high enough to make unemployed workers indifferent to 

accepting the job offer, those wages are not the only wages paid in the market. 

The dispersion of wages posted is reduced, but the dispersion of wages paid is
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increased compared to the bm — case. In the bm — case, the wages posted (and 

paid) range from the lowest wage in the market wlm = b, to a highest wage which 

is strictly lower than p^ In the m — case considered in this section, the wages 

posted are more concentrated at low values < wlm < b. But the wages 

paid range from the low value of < b up to a highest wage equal to the 

productivity in HP firms, ph.

An interesting issue is the analysis not only of the market wage dispersion, 

but the dispersion of wages within firm types. Notice that in the bm — case, the 

lowest wage in the market is offered and paid by LP firms, while the maximum 

wage is offered and paid by HP firms. In fact, the minimum wage paid by 

HP firms is equal to the maximum wage paid by LP firms. In contrast, in 

this m — case, the lowest and highest wage in the market are paid by HP firms 

(w^ < b and ph > wh respectively). The distribution of wages paid by HP 

firms is more dispersed in the m — case. The same is true for LP firms. In 

the m — case they pay a lowest wage lower than the minimum wage under the 

bm — case (wlm < b), and a highest wage higher than the maximum wage paid 

by LP firms under the bm — case (pi > wl).

Steady States Considering the above dynamics, we can characterise the steady 

state stocks of workers in each possible state in the market.

(i) Steady state stock of unemployed workers: p,m

Unemployed workers contact a firm at rate A, so pmX represents the flow 

out of unemployment. Employed workers loose employment if they leave the 
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market, which occurs at rate 8. (1 —represents the flow into unemployment:

= (1 -

<5 
“ A + <5

(ii) Steady state stock of workers in LP firms:

Unemployed workers contact HP firms at rate A(1 — 7m), so /zmA(l — 7m) 

represents the flow of workers into LP firms. Workers in LP firms leave those 

firms either because they leave the market (at rate 6) or because they contact 

an HP firm and leave the LP firm (at rate A7m). The flow of workers out of 

LP firms is then elm(8 + A7m) :

^(1-7^) =e^(<5 + A7m)

/ _ A(1 - 7 J 8
6 + A7 8 + A

(Hi) Steady state stock of workers at HP firms:

Unemployed workers and workers in LP firms contact HP firms at rate Xym. 

In both cases, the workers move to the HP firm, so the flow of workers into HP 

firms is given by (nm + e^) A7m. Workers loose employment on HP firms only if
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they leave the market, so the flow of workers out of HP firms is given by e^S :

(um + eL,)A7 = eit/ X* »»v ill>/ • 771 lilt

Using elm and pm from above,

t = A7JA + O 6
m (6 + A7m)«i + A

(w) Steady state stock of workers in LP firms earning wlm:

Workers in LP firms earn wage wlm only if they contacted the firm while 

unemployed, and the firm offered them only the reservation wage wlm. Since 

unemployed workers contact LP firms at rate A(1 — 7m), the flow of worker into 

LP firms earning wlm is given by — 7m). Workers in LP firms earning wlm 

loose that status either because they meet another LP firm, and their wage is 

bid up to pi, or because they contact an HP firm and change firms at wage x^. 

They also loose the status if they leave the market. Hence, the flow of workers 

out of stock is given by (<5 + A)e^ :

= (<5 +A)e^

= A£(l - 7 J
(A + 5)2

(v) Steady state stock of workers in HP firms earning

Workers in HP firms earn wage only if they contacted the firm while un­
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employed, and the firm offered only the reservation wage w^. Since unemployed 

workers contact HP firms at rate Aym, the flow of worker into HP firms earning

is given by MmAym. Workers in HP firms earning loose that status either 

because they meet another HP firm, and their wage is bid up to Ph, or because 

they meet an LP firm and their is bid up to Hence, the flow of workers out 

of stock is given by (6 + A)e^

MmAym = + A)

e2 =
m (A + 5)2

(vi) Steady state stock of workers in HP firms earning ph :

Workers flow into the stock of HP firms earning ph if they are working in an 

HP, not earning ph, and contact an HP firm, so their wage is bid up to ph. This 

flow is then given by (e^ - e^)Aym. Workers in HP firms earning ph loose their 

status only if they leave the market, so the flow out of stock is represented 

by

(£ - <)Aym =

Using from above, 

3 p^ — __________L™__
m (A7m + sy



CHAPTER 2. CONTRACTS AND ON-THE-JOB SEARCH II 99

(yii) Steady state stock workers in HP firms earning x1^ :

Workers in HP firms are earning either wage w^1, ph or x^. Hence, the stock 

of workers in HP firms earning x^ is just equal to the total stock of workers in 

HP firms (e^) minus those earning w^1 or pn : (e^ + e^) Hence:

e4 =eh — e2 - e3

p4 = yxAlzTjpi + Afx^
(a+w+atj2

(viii) Steady state stock of workers in LP firms earning pi :

This stock is fueled by workers in LP firms earning wlm that find LP firms 

e^A(l - 7m), and is decreased by those in LP firms earning pt that die or find 

an HP firm (e^(5 + A7m)). Hence:

=
(<5 + A7j2(<5 + 7j2

LP firms LP firms have workers that earn a wage pi and workers that earn 

a wage wlm. They only make profits on the second group. If the measure of 

workers on LP firms earning wlm is given by e^, then the measure of workers 

per firm is given by Hence, the profits of individual LP firms is 
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given by, where
i / i \ XS 

(Pl ~ Wm) + A)2

Using from above, this reduces to:

U = -A . ,
” i + A + (A7m +W + A)2 P‘ (A^-t-WH-A)2^

HP firms HP firms have workers earning w^, workers earning x^ and workers 

earning ph- They only make profits on the first two groups. The measure 

of workers on HP firms earning is given by e^; and of those earning 

is given by e3. The respective measures per firm are thus = ^^2 and 

= “"7x7^^ Hence, the profit of each individual HP firm is given

by:

h , XS , h , A25(l - ^^{25 + + 1)
+ + Xm (x + s)2(s + x7my

The use of and from above implies

—A A25[—1 + 7J [A7m(A7m + 2A 4- 35) + 5(A + 5)]
= Â+7 + (6 + A7m)3(A + S)2 P‘ +

Xjm [A27m(A7m T 25) + 5(A + 25) (2A + 5)j + 52(A + 5)2
— (i + A7J3(A + 02 XPh

Proposition 2.2 Suppose firms can be either LP at no investment cost or HP 

at investment cost k. A proportion 0 < 7^ < 1 are HP firms in equilibrium.



CHAPTER 2. CONTRACTS AND ON-THE-JOB SEARCH II 101

The conjecture is easy to prove formally, by noting that

(A7m +<5)3(7, + A)2

(s + x^x + ôy (Ph - Pl)

0 for 0 < 7 < 1' m

This implies that as the stock of HP firms increases, (7m increases), it is both 

true that the profits of individual HP firms decrease and the profits of individual 

LP firms increase, and therefore the incentives to invest k and become an HP 

firm decrease. This ensures that, for a high enough k, and interior solution will 

be found where the equilibrium proportion of HP firms is such that 0 < 7^ < 1. 

8

One can find the values of investment cost k such that:

Regarding the profits of HP firms: As ym increases, remains constant since the flow 

out of stock is independent of 7m, decreases since the rate at which a worker on an HP 
firm contacts an HP is higher. Both wages xm and decrease, precisely because the rate 
at which HPs are met is higher and this is attractive for workers because their wage is bid up 
to ph. On the whole, this four effects are such that < 0.

m e1
Regarding the profits of LP firms: As increases, remains constant since the 

flow out of stock e^is independent of 7m. As increases, the wage w‘m decreases and this 
increases the profits of LP firms. wlm decreases because, as decreases, the return Vm to 
an unemployed worker decreases, and therefore the wage wlm to make an unemployed worker 
indifferent also decreases.
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= 0 if fc > A;m

= 1 if

(m)0 < 7^ < lif A;m < A; < km

First, 7^ solves tt^ — k = 7r^. Using 7r^ andfrom above, this implies

A5(2A527* + 5A2^7* + A3 [7* I2 + 2A37* + 2A<52 + <5A2 + 63) 
k =------------------------------

(2.11)

from where

__________________ (A7„ + W + A)2 ________________  
3k A26(p, - pk)(4A«27m + 6s + 8A267m + A<52 + A3-£ + 4A37„ + ¿A2)

This implies that, as the cost becoming HP increases, the equilibrium pro­

portion of HP firms decreases.

For case (i), we use 7^ = 0 in equation 11. This yields

< ¡7m=o> -k ii k > km = -^Ph ~ Pl)

In other words, if k > km there is no incentive for any firm to become and

HP even if no firms are HP. There is a corner solution where 7* = 0

For case (ii), we use 7^ = 1 in equation for 11. This yields:
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km=i 1?^=! &
XS [3A(A + S) + ¿2] 

(A + 5^
(Ph - Pi)

Hence, if k <km firms have an incentive to become HP even when all firms

are HP. There is a corner solution where 7* = 1. ' m

It is easy to show that km < km.

For km < k < km, case (iii) holds and 0 < 7^ < 1

2.3.3 A contract approach: The c — case

Consider the m—case with one exception. Assume that LP firms offer a contract 

to unemployed workers that specifies:

(?) The wage initially paid to the worker

(u) A guarantee that it will bid strategically, up to ph (not pi) should the 

worker contact an HP firm.

The contracts in (m) are forward-looking contracts, as opposed to those of­

fered in the previous cases, in the sense that they consider the future possibilities 

presented by the workers on-the-job search effort.

With this contract, the increased attractiveness for workers of HP firms com­

pared to LP firm in terms of expected future wages is lost. Now any employed 

workers’ wage will be bid up to ph when they contact an HP, regardless of the 

type of the current employer. Hence, the returns to each possible state must 

be slightly modified. All endogenous variables are subindexed c (for contract)
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instead of m.

The return to an unemployed worker remains as before in terms of the cor-

responding endogenous and exogenous variables:

b + + ak'M) - ^ylM
(2-12)

The return to a worker earning wage pi on an LP firm changes. Given the 

new contract, a worker in an LP firm earning wage pi moves to HP firms but

at wage equal to ph, not x^

= Pl+yy^y
c A7 + <5 (2-13)

The return to a worker earning wlc at an LP firm changes, for the same reason.

Hence,

V1 v c
w*. + + A(1 - 7c)K;(^)

(2-14)

The remaining returns are unchanged in terms of the corresponding endogenous

and exogenous variables:

+ A7 V?(pl,) + A(l-7.)K'‘tö)
5 + Ä7c + A(i _ 7j

= 4+
Vc[c) <5 + A7c

Vc\ph) =

(2.15)

(2.16)

(2.17)
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Again, equilibrium behaviour pins down the endogenous wages w^,wlc,x^. 

The equilibrium conditions are analogue to the previous case:

= Vc (2.18)

^(wj) = K (2.19)

= ViM (2.20)

This determines a system of 9 equations (12-20) and 9 unknowns: the six 

values corresponding to the returns to the different status:

and the three wages endogenous:

wlc,w^,x^

The solution to the system yields:

Kk(ps)

viW

Ph
6

+ A?^
+ s

Pi + A7c^ 
A? +<$
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,_6 + A A(l-X) A^(5 + A)

Pi

Different from the previous case, now the wages posted by HP firms for 

unemployed workers is equal to the wage posted by LP firms. Further the wage 

at which HP firms attract workers from LP firms (x^) is equal to the wage LP 

firms are willing to bid for them (pi). The intuition was already advanced. With 

the new contract, the increased attractiveness of HP firms compared to LP firms 

in terms of expected future wages is lost. While it is still true that some workers 

see their wage increased without changing jobs, it is now not the case that some 

workers change jobs and accept a wage decrease. The discussion on the effect on 

the wage distribution is relegated to the next sub-section of steady states stocks, 

since it is the change in this values what determines the change in the market 

wage distribution.

Steady States The c—case represents a slightly modified dynamics. Although 

the flows into and out of each type of firms remains, the flows into and out of 

some wage status changes slightly.

The flows in and out the stocks of unemployment, workers in LP firms, 

workers in LP firms earning wlc, workers in LP firms earning ph workers in HP 

firms and workers in HP firms earning remains. This is because the new 

contract does not affect them directly. Hence
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1 1Me = Pm ec = em

e2 = e2

— £5^ ^5cc
(i) Steady state stock of workers in HP firms earning x^ = pi :

The flow into the stock of workers in HP firms earning x^ = pi changes. 

Now workers move into stock only if, while working in an HP firm earning 

w^, they contact an LP firm and their wage is bid up to x^. Hence, the flow 

into stock is given by e^A(l — 7c). Workers flow out of stock if they leave 

the market or if they contact an HP firm and their wage is bid up to ph. This 

is given by + A7J.

¿A(l - Tc) = + A7J

and using

4 = A27/(l - 7J 
c (A + <W + A7J

(u) Steady state stock of workers in HP firms earning ph :

Workers flow into stock if they contact an HP firm either while they are 

in an LP firm or when they are in an HP firm not earning ph. The flow is 

therefore given by (e^ + + e^)A7c. Workers flow out of stock only if they 

leave the market.
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(ec + e* + 4)A7c =

C3 _

Notice what this means in terms of the dispersion of wages earned compared 

to the m — case. The distribution of wages paid by LP firms remains intact, 

since all that the strategic bidding does is affect the wages paid by HP firms. 

In fact, the measure of workers earning ph is higher in the c — case than in 

the m — case (e^ > e^). For the same reason, the measure of workers earning 

middle wages in HP firms decreases < e^. In fact, it is easy to show that 

e| - — e^., i.e. those workers who are not earning middle wages in

HP firms are now earning pn at HP firms. This is just one of the effect of the 

strategic bidding on the dispersion of wages earned in HP firms. The other is 

that the middle wages paid by HP firms increase in the c - case: x^ =ph> x^. 

The distribution has become more spread, as the measure of high earners in HP 

firms has increased.

LP firms Again, LP firms only make profits on the workers earning ph and 

not on those earning wlc. With the total measure of workers in LP firms earning 

wlc equal to ej, the measure of workers per firm is given by • The
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profits of an individual LP firm are

i / ¡.XS 7TC - fa - Wc) +

Which, using wlc from above, reduces to

z _ A XS A27c
¿ + A + (5 + A)(A7c + (5 + A)(A7c +

HP firms HP firms make profits only on those workers earning or = pi.
2 3

The corresponding measures of workers per firm are given by 7e- and 7e-. The •c >c
profits of an HP firm are given by: 

e2 e3
^ = (ph-w^ + (Ph-Pl^ 

• C • c

Using w^, e2 and e3 implies

h X(ph - b)
”c S + X

Proposition 2.3 SuPPose firms can be either LP at no investment cost or HP

at investment cost kA proportion 0 < 7* < 1 are HP firms in equilibrium.

Formally, the proof follows the same lines as that of Propositions 2.1 and 2.2.

h „1
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_ A2S
“ (6 + X')(Xrc+^Ph~Pl^>Q

This implies that as the stock of HP firms increases, (7c increases), the 

profits of individual HP firms is unchanged and the profits of individual LP 

firms increase, and therefore the incentives to invest k and become an HP firm 

decrease. This ensures that, for a high enough k, and interior solution will be 

found where the equilibrium proportion of HP firms is such that 0 < 7* < l.9 

One can find the values of investment cost k such that

9 Regarding the profits of HP firms: As 7 increases, remains constant since the flow 
out of stock e2 is independent of 7, decreases since the rate at which a worker on an HP 
firm contacts an HP is increases with 7. Wage wh decreases, precisely because the rate at 
which HPs are met is higher, and this is attractive for workers because their wage is bid up to 
Ph- One can prove that the positive effect on profits of the decrease in Wh exactly offsets the 
negative effec on profits of the decrease in .

(2)7* — 0 H k> kc

(22)7* = lif k < kc

(iii) 0 < 7* < lif kc < k < kc

First, 7* solves - k = tt^ Using and from above, this implies

k~ ^ + X^c + 6^Ph Pl^ (2’21)
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from where

djl = (¿ + A)(A7c + <5)2 1
9k X26 (pi - ph)

Hence, as the cost to become an HP increases, the equilibrium proportion of 

HP firms decreases.

For case (z), we use 7* = 0 into equation 21. This yields

kc=o> kc=o ~ & if & > = g^Ph - Pl)

In other words, if k > kc there is no incentive for any firm to become and 

HP even if no firms are HP.

For case (zz), we use 7* = 1 into equation 21. This yields:

X6
< l7c=1 ~k > < l7c=iif k < kc = (¿—^2 - pA

Hence, if k <kc firms have an incentive to become HP even when all firms 

are HP.

It is easy to show that kc < kc. For kc < k < kc, case (zzz) holds and 

0<7c*<l



CHAPTER 2. CONTRACTS AND ON-THE-JOB SEARCH II 112

2.4 Survival of low productivity firms.

Proposition 2.4 tt1c > > tf^. For given proportions of HP and LP firms

in the market, LP firms do better under the c — case than under the m — case. 

In turn, they do better under the m — case than under the bm — case.

7r^ > tt^ is always true, as Postel-Vinay (2002a) put it, because in the 

m—case all firms have a wider set of strategies than in the bm—case, as they can 

both (?) Identify unemployed workers and offer them only their reservation wage, 

and (??) Match the outside offers received by their workers. Nevertheless, notice 

that (??) is irrelevant for LP firms. When they enter the process of Bertrand 

competition with other firm by matching outside offers, they either (a) keep the 

worker at wage pi if competing with another low productivity firm, the worker 

is not profitable or (b) loose the worker to a high productivity firm. This is 

relevant when addressing the equilibrium proportion of high productivity firms 

(next section)

is always true because, as low productivity firms offer workers a 

higher wage increase when they meet a high productivity firm, they can exploit 

that to attract unemployed workers by offering lower wages ( wlc < w^) and 

make a higher profits.

Hence, given an outside option, it is more likely that low productivity firms 

survive in the c — case than in the m — case than in the bm — case.
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2.5 Equilibrium proportion of low productivity 

firms.

This section, highlights the fact that, while frictions are necessary LP firms to 

survive in the market, the degree to which it occurs is directly affected by the type 

of contracts signed. Propositions 2.5,2.6 and 2.7 below compare the equilibrium 

proportion of HP firms, assuming firms can be either LP at 0 investment cost 

or become HP at investment cost k, across the three environments considered 

in the previous section. In all cases, it can be unambiguously determined under 

which environment the proportion of HP firms will be higher. As expected, 

the environment, with the lowest equilibrium proportion of HP firms is the c — 

case, for two reasons: (i) Direct competition between two firms can be triggered 

through on-the-job search. This feature is shared with the m — case, (u) Most 

importantly, the strategic bidding allows workers and LP firms to extract rents 

from HP firms whenever this competition is triggered. This is dealt with in 

Proposition 2.5.

Proposition 2.5 7* < 7*m. The equilibrium proportion of HP firms in the 

bm — case is never lower than the equilibrium proportion of HP firms in the 

c — case.

Proposition 2.1 shows that k1c > tt^. Through simple algebra, it is also easy 

to prove that 7r£ < tt^ : HP firms do better under the bm — case than under 

the c - case. In this latter case, they pay very low wages to unemployed workers 
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they meet, but they loose profitable workers every time their workers meet any 

firm, HP or LP. Both and 7r^ < imply unambiguously that, for a

given investment level to become HP, the equilibrium proportion of HP firms 

is higher under the bm — case-. yc < ybm < 1.

More formally, note that:

kc =

<
5k

( A XS V
(Ph — Pl),. = kt™ 

¿7** bm

6k

and as a consequence

kc = (.Ph - Pl)-^—^ <kbm = (ph -Pl)^

Therefore,

kc — kbm k^

Consider then the following values of k:

(z) k <kc =ktm < kc < k^. In the bm - case = 1 because k <^5 in the 

c — case 7* = 1 because k >kc. Hence 7c — 7^

(zz) kc =kbm <k <kc<kbm. In the bm - case 0 < ybm < 1 because k6m < 

fc < khm, in the c—case 0 < 7c < 1 because kc < k < kc. But because ,
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the decrease in 7 is higher than the decrease in 7* as k increases from k. =kbm. c ' om

Hence 7* > 7*. 
' bm ' c

(iii) kc =kbm < kc < c < kbm- In the bm — case 0 < 7*m < 1 because , in the 

c — case 7* = 0 because kc <kc < c. Hence 7* > .

(w) kc k^m < kc < kbm< k. In the bm — case 7* =0 because kbm < k, in ' ' ’ om

the c — case 7* = 0 because kc < k.

Proposition 2.6 7*^ < ^.The equilibrium proportion of HP firms in the m — 

case is never lower than the equilibrium proportion of HP firms in the bm — case

Proposition 2.1 noted that tt^ > tf^, because in the m — case firms can 

recognise unemployed workers and therefore offer them only their reservation 

wage, which they cannot do in the bm — case. It was also noted that, although 

firms can match the outside offers received by their workers, this is not really 

to the advantage of LP, since whenever they enter Bertrand competition with 

other firm they will always loose a profitable worker. This is not true for HP 

firms. If they are competing for a worker with an LP firm, they will keep the 

worker at wage x^ < ph ■ the worker is still profitable for the HP firm. This 

implies that, as one moves from the bm — case to the m — case, HP firms benefit 

more than LP firms. This intuition implies the following relation, which is easy 

to prove through simple algebra: 7F^ — tf^ >

More formally, note that:
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k — (n [A + 5] + ¿2) , .~ (x+8)APh~pi)<-m~——(ph~pi}

kbm " km — "g (j>h Pl)

And this implies that:

l?6m < km < ^bm

Hence, consider the following values of k\

(i) k <k6m <km < kbrn = km. In the bm — case, y*m = 1 since k <k6m. In the 

m — case, 7^ = 1 since k <km. Hence y*m = .

(u) kim < k <1^ < kbm = km. In the bm — case, 0 < 7*^ < 1 since 

^bm< k < k^. In the m - case, 7^ = 1 since k <krn. Hence 7*^ < 7^ .

(m) kbm <km < k < kbm — km. In the bm — case, 0 < 7*m < 1 since 

kbm < k < kbm. In the m — case, 0 < 7^ < 1 since km < k < km. The relation 

7* < 7* remains true10 until:

10 So far, we have interpreted the proportion of HP firms as a function of the cost c, as 
implied by equations (2) and (22), for obvious reasons of interpretation. Nevertheless, for 
analytical purposes one can reverse the emphasis and write:

l^m------- W Ph)
kbm = — Ph)
And it is easy to prove that kbm < km if 7 > 0.
In a graph with 7 in the vertival axis and k in the horizontal axis, for a given c, ybm < 

For any k, the equilibrium proportion of HPs is lower under the bm-case than under m-case, 
except for those k values that imply a corner solution in both cases.
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(w) kbm <km < kbm = km < k. In the bm — case, 7* =0 since kbm < k. In ' ' bm

the m — case, 7^ = 0 since km < k. Hence 7* = 7*.

Proposition 2.7 7* < 7^. The equilibrium proportion of HP firms in the 

m — case is never lower than the equilibrium proportion of HP firms in the 

c — case

This Proposition is a consequence of Propositions 2.4 and 2.5. It is hardly 

surprising since the only difference between the c — case and the m — case is that 

in the c — case HP firms see part of their rents extracted by LP firms through 

the strategic bidding commitment. This reduces the profits of HP firms and 

increases the profits of HP firms. As noted in Proposition 2.1, 7^ > 7rlm, and the 

previous intuition implies an easy to prove relation < 7r^.The formal proof is 

by noting that:

kc < and k^ < km 

km < km and kc < kc

To be rigorous, one must allow for two possible cases. Assume first that

km < kcn. If this is true, then

11 This occurs if

A <
-3b2 + 1 + \/-354 + 652 + 1

68
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kc < km < kc < km

Consider the following values of k :

(?) k <kc <km < kc < km. Then 7^ = 7* = 1 since k <kc and k <km

(??) kc < k <km < kc < km. In the m — case, 7^ = 1 since k <km. In the 

c — case, 0 < 7* < 1 since kc < k < kc. Hence, 7* < 7^

(in) As k increases higher than km, both 7* and 7* decrease. It can be 

shown that Because 7* < 7* to start with, this ensures it remains

lower as long as both continue decreasing.

(w) kc <km < kc < k < km. In the m - case, 0 < 7^ < 1 since km < k < km.

In the c — case, 7* = 0 since kc < k . Hence 7* < 7^.

(v) kc <km <kc<km<k, then 7* = 7m = 0 since kc < k and km < k.

Assume now that kc <km12. Then

kc < kc km < k,

Consider the following values of k :

(?) k <kc < kc <km < km. Then 7^ = 7* = 1 since k <kc and k <km

(w) kc < k < kc <km < km. In the m - case, 7^ = 1 because k <km • In 

the c - case, 0 < 7* < 1 since kc < k < kc- Hence, 7* < 7^.

6612True if A >
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(iii) kc < kc< k <km < km. In the m — case, = 1 since k <krn. In the 

c - case, 7* = 0 since kc < k. Hence 7^ > 7*

(w) kc < kc <km < k < km. In the m — case, 0 < 7^ < 1 since km < k < km. 

In the c - case y* = 0,since kc < k. Hence, 7* < 7^

(v) kc < kc <km < km < k Then 7* = 7^ = 0 since k > km > kc.

2.6 Conclusion

This paper has analysed three environments with on-the-job search; the focus 

has been on the type of contracts signed between firms and workers, and its 

consequences regarding wage distributions, firms profits and endogenous invest­

ment decisions. The first two environments shown are applications of existing 

contributions to the literature, namely Burdett and Mortensen (1998) and Postel 

Vinay and Robin (2002a and 2002b). I have shown how the contracts offered by 

the firms in those two environments are not optimal, in the sense that they do 

not fully exploit the possibilities offered by the worker’s on-the-job search effort. 

In Burdett-Mortensen, because firms are completely passive to the outside offers 

their workers may receive; in Postel Vinay and Robin because, although firms 

are not passive, they do not offer forward looking contracts. When firms do 

offer forward looking contracts, which is the third case presented, they are able 

to extract benefits from alternative firms met by their workers, by forcing those 

firms to attract the workers but pay them their full productivity. Because this 

is a more attractive contract for unemployed workers, firms can attract them 
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by offering lower wages, therefore making higher profits. This has implications 

for the incentives to invest in quality. As firms will see rents extracted by any 

employed worker that they attract, firm’s investments in productivity need not 

be more attractive, since they only imply higher wages for those workers, rather 

than higher profits for the firm. Hence, although these forward looking contracts 

are privately efficient for individual firms, they may result in lower investments 

in productivity in the market.

If lower wages are needed in order to implement the contract approach de­

scribed in the paper, then any reason why the wage cannot be sufficiently low will 

means that such a contract cannot be implemented. The existence of minimium 

wages is one reason. Another can be the imperfection of financial markets, which 

impede the workers to borrow against a (expected) higher income, which they 

would need if the wage determined by the contract falls below a given subsistence 

level



Chapter 3

Bargaining and on-the-job-search

3.1 Introduction

The present paper addresses a search market with ex-ante heterogenous firms 

and on-the-job search, with two particular characteristics: (a) Wages are deter­

mined through Nash Bargaining (6) Workers on-the-job search effort, which is 

undertaken at a cost, is not contractible.

The aim is to characterise in detail the process of wage formation and search 

behaviour in an economy where search is costly and non-contractible. The 

non-contractibility of the worker’s search effort seems like a natural assumption, 

almost in the same category as the worker’s freedom to leave their employment 

without any liability: in modern labour markets, workers cannot be tied legally 

to their employment. Even though this may be natural assumptions, they still 

are imperfections that limit the contractual arrangements in any employment 

121
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relationship. In particular, I look at how does this imperfection affect the 

wage formation process. Do the conditions of the labour market matter for 

the wage determination process, other than just for the wage level? How does 

this affect the worker’s search behaviour? The paper therefore endogenises not 

only the wage level, but also the wage formation process, which will differ in 

equilibrium according to the parameter values of the model. The reason is that 

the non-contractibility of search effort imposes a constraint that may or may 

not be binding in the Nash Bargaining process whenever firm-worker pairs are 

negotiating over a possible contract.

In any firm-worker relationship, there will always be two variables which are 

at the discretion of at least one of the agents involved: the wage level and the 

search behaviour of the worker, who may search for better employment. In 

the absence of imperfections, and given the adoption of the Nash Bargaining 

solution, the agents would choose the worker’s search behaviour that maximises 

the joint value of their contract; and subject to this they would choose the wage 

level that ’’settles the score” given the Nash Bargaining solution.

With the imperfection introduced by the non-contractibility of on-the-job 

search, things change. The pair cannot agree on the search behaviour to max­

imise the value of the contract, since it is not contractible. Rather, in the 

bargaining process, the firm knows that the worker will always undertake on- 

the-job search if he individually has incentives to do so. These incentives are 

of course affected by the wage finally agreed upon. Given search is costly, the 

worker is less likely to engage in search for better wages if he is already earning 
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a high enough wage. In particular, for high enough current wages, the relative 

expected gain of on-the-job search is too low compared to the cost of search. 

For low enough wages, the relative expected gain of on-the-job search is high 

enough to justify costly search by the worker. The wage that separates those 

two wage ranges can be though of as an incentive compatible wage level (I CW). 

The bargaining process therefore must consider the constraint imposed by the 

imperfection, i.e. the existence of I CW, which says when the worker will or will 

not search on the job. Focusing on the Nash Bargaining problem, the effect on 

the frontier of the utility space must be considered: When the wage is higher 

than the I CW, the contract will be ’’stable” in the sense that the worker will 

not search on the job. For wages above the I CW, changes in the wage represent 

only a pure transfer of utility. When the wage decreases below the I CW, the 

contract stops being ’’stable”, since now the wage gives the worker incentives to 

search on the job. In addition to being a pure transfer of utility, this decrease 

represents a change in the total value of the contract, which results from the 

change in the search behaviour of the worker. This creates a discontinuity in 

the frontier at this particular wage level. Further wage decreases represent only 

a pure transfer of utility from firm to worker, while the worker remains searching 

on the job.

When on-the-job search is a possibility, one must consider how current em­

ployers react to outside offers received by their workers. The paper will abstract 

from such complication by following an assumption introduced in Pissarides 

(1994) and Gautier (2002): Workers must leave their current employment in 
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order to negotiate with firms met through search on the job1. Formally, this 

assumption implies that the workers’ only threat in any bargaining is unemploy­

ment. Pissarides interprets this assumption as the study of short term contracts. 

With long term contracts, a worker could negotiate with the new employer whilst 

holding the current job, which would favour him in this bargaining process. The 

assumption therefore decreases the workers’ incentives to search on the job, as 

they cannot use their employment status to bargain better wages. Gautier de­

fends it on the grounds that the outside option of any new job is unemployment. 

I believe this latter argument is only valid if one actually assumes that only 

short term contracts can be signed. I argue that this assumption qualitatively 

does not affect qualitatively the results obtained; but only quantitatively, since 

it just decreases the workers incentives to search on the job. Further, it allows 

to focus on the role of firm heterogeneity as a reason for on-the-job search: be­

cause worker’s only threat in any bargaining is unemployment, there is no point

such an assumption was not made, then one would have to consider in more detail how 
do firm’s react to outside offers reeived by their workers. This has been addressed in various 
ways in the literature.

Burdett and Mortensen (1998) assume that firms do not respond to outside offers received 
by their workers. Burdett and Coles (2003) acknowledge that, even if firms cannot observe 
if their workers actually received an outside offers, the porbability that they do is possitive. 
This results in firms offering wage-tenure contracts, in which wage increases with tenure.

Postel-Vinay and Robin (2003a, 2003b) assume that firms can observe the outside offers 
received by their employers, and therefore enter a Bertrand competition for the worker with 
the outside firm when their workers find one. The result is that the worker goes to the more 
productive firm, but at a wage equal to the productivity at the least productive firm. There is 
another way of handling the issue. One can, in the Postel-Vinay and Robin setup, imagine a 
firm-worker pair contracting in a way that anticipates the possibility of the worker meeting a 
more productive firm. The current, less productive employer, may commit to strategically bid 
up to the productivity of the poaching, more productive firm (strategic bidding contracting). 
The worker then moves to the most productive firm, but this time at a wage equal to his 
productivity at the poaching firm. This would ’’extract” rents from the poaching fiirm.
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in leaving one employer for another of the same productivity; both will pay the 

same wage.

Rocheteau (2001) also presents a search model, without on-the-job search, in 

which wages are sometimes determined by an interior solution to the Nash Bar­

gaining problem, and sometimes by a corner solution determined by an incentive 

compatibility constraint. The need to meet an incentive compatibility constraint 

comes from the introduction of imperfectly observable shirking by the worker. 

In his model, workers have an incentive to shirk, and this incentive comes from 

an exogenously given cost of effort e. In the present paper, the need for incen­

tive compatible wages comes from the workers’ incentives to search on the job, 

the attractiveness of which is endogenously given by the expectation of finding 

a better wage through search, and how better that wage is. While Rocheteau 

endogenises the wage formation process by introducing efficiency wage consider­

ations, the present paper endogenises both the wage formation process and the 

worker’s search behaviour by introducing (non-contractible) costly search.

The next section introduces and discusses the assumptions of the model, and 

gives a summary of the results obtained. Section 3 addresses the individual de­

cisions faced by the agents. Section 4 addresses the bargaining process between 

firms (good and bad) and workers, paving the way for the results in Section 6. 

Section 5 discusses the steady state conditions and Section 6 closes the model 

by addressing the types of contracts signed in equilibrium. Section 7 gives a nu­

merical example of the workings of the model. The Propositions and Theorems 

in the main body present explicit solutions to all relevant values.
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3.2 Assumptions and Set-up of the model

Al There is a unit mass of workers and a unit mass of vacancies. Workers 

are homogenous, but vacancies may be good or bad. These types will be denoted 

by subscript i = g,b. Half of the vacancies are good (p) and half of them are bad 

(6). Vacancies can accept at most one worker. The measure of unemployed 

workers is denoted by u. The measures of empty vacancies, good and bad, are 

identified respectively as vg and Vb-

A2 The production of a worker is denoted as Y in a good vacancy and 

X < Y in a bad vacancy. The wages paid to the worker in a good and in a bad 

vacancy are respectively identified as wg and Wb. I will assume that these wages 

are determined by Nash Bargaining between vacancy and worker. Vacancies 

can accept at most one worker.

A3 Workers, regardless of their employment status, may search for vacan­

cies at a cost denoted by c. Vacancies are assumed to be in the search market 

only while empty, and for them this is costless. If a worker does pay the cost c, 

he contacts good (empty) vacancies at a rate Xg, and bad (empty) vacancies at 

rate A6. The rate at which vacancies, regardless of the type, contact workers is 

given by e. Worker’s on-the-job search behaviour is not contractible.

A4 The arrival rates previously described are determined by a quadratic 

search technology, where the number of contacts is the product of the measure
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of searching workers and the measure of searching vacancies.

A5 In any given worker-firm relationship, there is a risk of relationship 

breakdown, that comes at a rate given by 6.

A6 I will assume quit fees are illegal for workers, so they can leave their 

employment relationship costlessly whenever they have incentives to do so. Fur­

ther, I rule out bond posting by firms. Other than that, workers and vacancies 

sign enforceable contracts to rule the employment relationship.

Workers can be either unemployed, employed in a bad vacancy or employed 

in a good vacancy. In each case, they may be searching or not. Only cases 

where unemployed workers engage in search will be considered. Their lifetime 

discounted value will be denoted by Wu. The lifetime discounted value of a 

worker employed in a vacancy of type i = g,b will be denoted as Wl. The 

lifetime discounted value of an empty vacancy of type i will be denoted by Vu 

for i = b and V9,u for i = g. The lifetime discounted value of filled vacancies of 

type i will be denoted V1.

Because search effort is not contractible, workers will always search on the 

job if there are incentives to do it. For any given wage, the attractiveness of 

on-the-job search comes from the prospect of finding a better wage with another 

vacancy. Workers must compare this benefit with the cost c in order to decide 

wether to search or not. Intuitively, if a worker is already earning a relatively 

high wage, the expected benefit of searching on the job is not very high, and 
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therefore he should have weaker incentives to search on the job.

Employers know if a given wage provides incentives to the worker to search 

on the job. Hence, for any given wage, they know what the search behaviour of 

the worker will be. This is crucial in understanding the wage formation process. 

Because the search behaviour affects the total value of the contract, and the 

wages are determined through Nash bargaining, it affects the wage finally agreed 

upon because the employers know it. This would not be the case if employers 

where not able to discern the workers’ search behaviour for any given wage level, 

since then they could not discern the exact value of their contract.

Because of the above, even though the contract finally signed between a 

firm and a worker will only include the wage level, the bargaining process will 

determine both the wage level and the search behaviour, and this bargaining 

process is in turn affected by the possibilities of on-the-job search.

I finally come to an assumption that both simplifies the analysis and allows 

to focus on the role of vacancy heterogeneity:
)

A7 Upon meeting a firm, any worker (employed or unemployed) observes 

its type and decides wether to enter negotiations with her. If the worker is 

employed, he must become unemployed before starting these negotiations2. This 

means that, should negotiations fail, he would not be able to go back to his 

previous employment, but if he rejects negotiations completely, then he can stay 

2 The assumption assumes away the potential complication that an employed worker may 
find another firm and trigger a Bertrand competition for his services, as in Postel-Vinay and 
Robin (2003a, 2003b).
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in his current employment.

The formal implication is that worker’s outside option when bargaining with 

a firm is always unemployment, regardless of the actual employment status at 

the time of the contact. Being able to use employment status as an outside 

option would only improve an employed worker’s bargaining position vis-a-vis 

new employers, and therefore increase the attractiveness of on-the-job search: 

For this reason, I argue that this latter assumption only reinforces the results of 

the paper, since it only means that workers have less incentives to search on the 

job.

Because the bargaining position of a worker vis-a-vis any given firm is always 

unemployment, regardless of employment status, workers will not leave a vacancy 

of type i = k for another vacancy of the same type i = k, since the wage 

that will be paid in either is the same. Because of Nash Bargaining, better 

wages are only paid by firms in which workers are more productive. In the 

context of the paper, this means that workers in bad vacancies will search only 

for the prospect of finding a good vacancy, which will pay a higher wage since 

the worker’s productivity is higher there. It also means that workers in good 

vacancies have no incentive to search on the job, since there is no prospect of 

finding a better wage. The derivations that follows make full use of these two 

conclusions.

Throughout the paper, when I refer to a given type of match or contract 

as dominant, or when I say that it dominates, it must be understood that it is 

jointly efficient in the sense that it maximises the joint value for the firm and 
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the worker. As will be seen, transferable utility through Nash Bargaining will 

not suffice for dominant contracts to be signed, and this inefficiency is due to 

the imperfection created by the non-contractibility of on-the-job search

Summary of Results The paper focuses on the wage and search behaviour 

in worker-bad firm relationships. The result in worker-good firms relationships is 

not interesting; the assumptions made force them to be ’’stable” in the sense that 

the worker never has an incentive to search on the job. This implies also that 

the wages are always determined by an interior solution to the Nash Bargaining 

problem.

Further, the paper focuses on the cases where worker-bad firm relationships 

value is maximised if the worker abstracts from on-the-job search. I call this 

ns - contracts (ns for no search), as opposed to relationships where the worker 

searches on the job, which I call s - contracts. Notice that this is true, everything 

else being equal, for high enough values of X as compared to Y. A high enough 

value of X implies that it is not jointly efficient for the worker to engage in costly 

search for a new job in which the productivity is not that much higher. Two 

equilibria are possible:

Case 1

i) ns — contracts are signed, which can only be true if

H) The wage agreed upon is incentive compatible, higher than or equal to 

the ICW.

Case 2
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z) s — contracts are signed, which can only be true if

u) The wage agreed upon is lower than the ICW.

Consider Case 1 first. For contracts to be of the ns type, it must be the case 

that the wage is higher than or equal to the ICW, so that the worker decides 

not to search on the job. There are two possible ways in which this can be 

the case. The first one can be thought of as the ’’natural” way. It occurs 

if, under the assumption that the worker will not search on the job, the wage 

that splits the surplus in two (i.e. the simple solution to the Nash Bargaining 

problem) is actually compatible with this assumption, i.e. is higher than or equal 

to the ICW. Everything else being equal, this is more likely to be the case for 

X high enough; Nash Bargaining implies the wage increases directly with X. 

This implies that, if agents behave ignoring the constraint that the wage must 

be high enough, the constraint is not relevant in equilibrium . Given that we 

work in the region where ns — contracts dominate, this is a sufficient conditions 

for ns - contracts to be signed. If there were no imperfections (or if they are 

irrelevant in equilibrium), then the agents will sign the contract that dominates.

But it is also possible that ns - contracts are signed even if the above is not 

true. Imagine that the wage that splits the surplus in two is lower than the 

ICW, so the worker would actually search on the job if that wage was agreed. 

Then the wage must be increased up to the level of the ICW if the worker is 

going to give up search. But this implies a ’’redistribution” of profits, in which 

firms are losers and workers are winners. For high enough values of X compared 

to the ICW, the ICW will not ’’redistribute” too much of these profits, hence 
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both parties will still agree that the ns — contract is their better option. For low 

enough value of X compared to the I GW, it may be that the firms are so worse- 

off that they would prefer to sign an s—contract', and pay the worker lower wages. 

In this case, firms and workers interests are in conflict; which contract is signed 

would depend on the bargaining power of each party. Because the bargaining 

powers are fixed to 0.5 for each agent, the result would actually depend on how 

worse-off (relatively) firms are if they pay the ICW. If X is low, but not very 

low, then the damage done to the firm is not too much; and the worker would 

’’win” in the bargaining and the ns — contract would be signed. If X is very 

low, then firms are so worse-off that they are winners in the bargaining, which 

results in Case 2.

Hence, one expects the equilibrium in Case 1 to arise for high enough values 

of X, and the equilibrium in Case 2 to obtain for low enough values of X. Case 

1 and its two possibilities are addressed in Propositions and Theorems 3.1 and 

3.2 in Section 6. Case 2 is addressed in Proposition and Theorem 3.3.

Notice that a particularly relevant variable in determining which case occurs 

is the (endogenous) ICW. Any factor that increases its value makes it more likely 

that the outcome will be Case 1. A relevant variable that affects the ICW is 

Y, since the value of Y implies a higher wage in a worker-good firm match, and 

therefore stronger incentives for- workers in bad firms to search on the job. But 

this is not so interesting because Y is exogenous. More interesting is to note that 

the ICW is also affected by the conditions of the labour market, in particular 

the endogenously determined number of good vacancies in the searching in the 
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market3. If there are less good vacancies, the attractiveness of on-the-job search 

is lower, since it is less likely that search will result in contacting a good vacancy. 

This implies that the ICW level will be lower.

3 The number of good vacancies affects the rate at which workers meet good firms. The 
assumption of a quadratic search technology implies that this arrival rate is independent of 
the number of workers searching.

Notice the implications of all of the above for the wage formation process. 

The wage in an ns — contract will sometimes be determined by the workers pro­

ductivity in his employment with the bad firm (if the equal split of the surplus 

results in an incentive compatible wage); and sometimes the wage will be deter­

mined by the workers productivity in an alternative employment with a good 

firm, even though the worker does not search on the job for a good firm (if the 

firm must increase the wage to meet the ICW level, which in turn depends on 

y). This distinction is also addressed in Propositions and Theorems 3.1 and 

3.2.

A further, a quite intuitive, finding is the existence of parameter values such 

that no pure strategy steady state equilibrium exists. This is exemplified in the 

numerical exercise in Section 7. As is usually the case in matching models, the 

result has to do with the composition effects caused by the workers’ equilibrium 

search behaviour. Compare the steady state numbers of firms of either type in 

Cases 1 and 2. Since in Case 2 workers in bad firms search on the job, they 

will be leaving bad firms empty as they move to fill good firms met through 

search. Hence, the steady state number of empty bad firms is higher and the 

number of empty good firms is lower in Case 2 compared to Case 1. This means 
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that the rate at which workers find good firms is lower in Case 2 compared to 

Case 1, if they do search on the job. This makes search less attractive, and 

therefore reduces the ICW level. For any value of X, the profits of firms that 

pay the ICW will be higher with the arrival rate consistent with Case 2, since 

the implied ICW is lower. Hence, there will be values of X which (z) Are not 

consistent with ns —contracts equilibrium arrival rate, since firms’ profits are too 

low if the implied ICW is paid, and hence s — contracts will be signed, but (ii) 

Are not consistent either with the s — contracts equilibrium arrival rate, since 

firms’ profits are high enough when the implied ICW is paid, and ns — contracts 

will be signed.

3.3 Individual Decision Problems

Workers Because search is costly when unemployed, the first problem of 

the workers is whether to participate in the search market while unemployed, i.e. 

they will search of Wu > 0. The conditions for this to be the case will arise as 

part of the analysis. Hence, I only worry in this section about the decision of 

employed workers of whether to search on the job or not.

Workers in Good Vacancies Workers in good vacancies have no incentive 

to search on the job, since there are no better vacancies to be found in the market. 

Further, vacancies have been assumed to search only while empty. Hence, any 

relationship between a worker and a good vacancy is broken only for exogenous 
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reasons. The lifetime discounted value of a worker in such a contract is given 

by:

rW9 = wg + S(WU - W9)

Filled Good Vacancies For the above reasons, the lifetime discounted 

value of a filled good vacancy is given by:

rV9 = Y - wg + S(V9’U - V9}

Workers in Bad Vacancies Consider now the case of a worker in a bad 

vacancy. Because search effort is not contractible, workers with bad vacancies 

will always search on the job, provided that the incentives are given. Assuming 

wg > wb, (which is intuitive given wage bargaining and Y > X. It will be 

formally confirmed later), then a worker should prefer to be working in a good 

vacancy than in a bad vacancy; and this implies that he may have incentives to 

search on the job for a good vacancy. For any given wage level w6, the lifetime 

discounted value of a worker in a bad vacancy is therefore given by:

Wb = max(Wns, Ws), where :

rWns = wb + 6(WU - Wns) (3-1)

rWs = + Ws) + Xg(W9- Ws) — c (3.2)

Using 1 and 2 and W9 above:



CHAPTER 3. BARGAINING AND ON-THE-JOB-SEARCH 136

wn. > W. » w > wlc = gfr' + O (3.3)
^9

This implies that the worker will give up on-the-job search only if the wage 

received in the bad vacancy is high enough. I call this lower limit for wb the 

incentive compatibility constraint. If wb > wic, the worker has no incentive to 

search on the job. If wb < WiCt then the worker prefers to pay the cost of search 

and look for a good vacancy, where a higher wage will be earned. Notice that 

for a higher cost of search, wic is lower, implying that the current wage need 

not be so high to be incentive compatible, since search is already very costly. 

Likewise, wic increases with wg and with Xg. If either of them is higher, search 

is more attractive since the expected wage to be found through search is higher. 

Hence, wb needs to be higher in order to be incentive compatible. In particular, 

a higher Xg implies the prospect of finding a good firm is better, and this makes 

on-the-job search more attractive.

Filled Bad Vacancies Given a wage level wb, the firms lifetime discounted 

value is determined by the worker’s search behaviour.

ryb = rVns = X - wb + 6(VU - Vns) if wb > wic (3.4) 

ryb = rVs = X-wb +(8 +Xg)(Vu-Vs) if wb<wic (3.5)
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3.4 The bargaining process

Workers-Bad Vacancies Strictly speaking, firm and worker bargain over 

the wage level. Not over the search behaviour, since it is not contractible. 

Nevertheless, the wage level affects the search behaviour of the worker, and 

therefore the total value of the contract. Because firms know if the wages give 

the correct incentives to the worker, they know the total value of the contract 

for any given wage level, and this affects the bargaining process.

The contract can be of one of two types:

1— Firms pay wages that meet the incentive compatibility level and the 

worker does not search on the job. Since there is no search in these contracts, I 

will refer to them as ns — contracts.

2—Firms pay wages that do not meet the incentive compatibility level and 

the worker searches on the job. Since there is search in these contracts, I will 

refer to them as s — contracts.

The bargaining process determines both the search behaviour and the wage 

level. In general, the contract type (ns or s) finally agreed upon depends on 

which of the two maximises the global Nash Product.

ns — contracts contracts will be signed if:

max [Vns(wns)-Vu]M^n>ns)-
Wnb>Wic
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0 , max [Vs(ws) - Vu]i - Wu]^Ws <Wic J

s — contracts will be signed if:

max [Vs(ws) - Vu]^ [Ws(ws] - Wu]^ > 
ws<Wjc J

0 , max [Vns(wns) - Vu]± [Wns(ws) - Wu]l 
Wnb>Wic

Notice the two constraints above. In the ns —contracts, the constraint wnb > 

wic says that the final wage agreed upon cannot be lower than the wic. Otherwise 

the worker would search on the job, contradicting the initial assumption of no 

search. In the s — contracts case, the constraint says that the final wage agreed 

upon cannot be higher than the wic. Otherwise, the worker would not search 

on the job, contradicting the initial assumption that the worker would search on 

the job. It will be important, and it is done later, to identify the cases in which 

either constraint is or is not binding.

A further analysis of each individual case will prove helpful for further sec­

tions, Section 6 in particular. Consider first an ns - contract. Abusing notation 

slightly, I will call wns = w*b if the constraint on the maximisation problem 

is not binding, i.e. the solution to the Nash Bargaining problem is an interior 
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solution; and wns = WiC if the constraint is binding, i.e. the solution to the Nash 

Bargaining problem is a corner solution. The first case occurs if:

^nb = arg max [Vns(wns) - [Wns(wns) - Wu]^ > wic
wnb

Applying the well known solution to the Nash Bargaining problem:

= h* + - V,“)] (3.6)

and it is known that this implies an equal split of the contract surplus, hence:

^"s«b) - Vu = Wns- Wu = | [Vns(w*b) - Vu + ^(w^) - Wu]

In turn, this implies that the (maximum of the) corresponding Nash Product 

simplifies to :

[V"1 (A) - V“] i [IV"’ (w:b) - IV“] 4 =

+ (3.7)

If the constraint is binding, then:

_ w. — ~c(r+Q. as given by equation 3
dim o -- UJ'tf' 1
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Because this constraint binds, then the (maximum of the) corresponding Nash 

Product cannot be reduced, and it remains:

[Vns (wic) - > [W™ (wic) - Wu] 5 (3.8)

Naturally, the unbounded maximum is higher than the bounded maximum:

rK) - Vu + Wn\wns) - Wu] > [V™(wic) - vu]* [Wn\wicy- wu]t A

A particularly relevant condition for further sections will be the condition for 

the constraint not to be binding:

Kb > wic (3.9)

Using equations 6 and 3 above, this reduces to:

X > f(Vu,Wu) =
rXgVu - 2c(r + 5) 2Y(r + 8) + r<j)Wu

Xg + 2r + <j> + 26

This says that X must be high enough for the constraint in the bargaining 

over an ns—contract not to be binding. This is very intuitive, since wnb increases 

directly with X.

Por g — contracts, the case is analogue. Again abusing notation slightly, I 

will call ws = w* if the constraint is not binding, and ws = Wjc if the constraint 

is binding. Because only the first case will be relevant in what follows, I only 
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analyse this one.

If the constraint is not binding, then:

ws = w* = arg max [Vs (ws) - [IFs(ws) - Wu]? < wic

The application of the Nash Bargaining solution implies:

ws = w^^[X + c + r(Wu - K) + AS(WU - )] (3.10)

and because this is the unconstrained solution, the (maximum of the) corre­

sponding Nash Product can be reduced to:

[V>s) - Vu]^ [Ws(ws) - Wup = ^Vs(ws) - Vu + IV^) - Wu^ (3.11)

Notice that the wages, in all cases, are a pure transfer from firm to worker, 

Vs (w) _|_ V7S(W) and Vns(w) + IVns(w) is independent of w. I use this from now 

on to ease notation, and write Vs(.) + Ws(.) as Vs + Ws, and Vns(.) + Wns(.) 

as Vns + Wns.

Workers-Good Vacancies Because workers never have an incentive to 

search on the job, there is never a problem of incentives in contracts between 

workers and good vacancies. Further, these contracts will always be signed since 

neither the worker nor the firm can expect a better opportunity. Hence, the
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wage is always given by the Nash bargaining solution:

wg = argmax(y9(wg^ - Vg’u^(W9(wg) - Wu)^ = - [y 4- r(Wu - V51“)]
2

3.5 Steady States and Arrival Rates

The arrival rates and steady state numbers of unemployed and employed workers, 

and of filled and empty vacancies of either type, depend on the search and 

matching behaviour of workers and vacancies. The only cases that will concern 

us are where workers search while unemployed; and always sign a contract of 

type either ns or s if they meet a vacancy of any type.

Vacancies have been assumed to search only while empty. But workers search 

behaviour while employed depends on the outcome of the bargaining problem 

analysed in the previous section.

No search on the job I will analyse first the case when ns — contracts 

are signed. Given the quadratic meeting technology, the number of contacts 

is given by u(yg + vb). The arrival rate for workers is = Vg + vb. The 

unconditional arrival rate for firms of either type is s = = since both

are searching in the same side of the market (they cause congestion to each 

other). I will denote with 77 the effective arrival rate for bad vacancies and for 

good vacancies. Because all contacts lead to a contract being signed, regardless 

of the type of the vacancy, the effective arrival rates are both equal to u.
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The measure of unemployed and employed workers is constant when the flow 

into unemployment equals the flow out of unemployment:

u{yg + v^ = (1 — u)8 =>

<5 u = ------------- -
Vg + Vb + 0

The measures of filled and empty vacancies (good and bad) are determined

by:

VgU = (0.5 — Vg)8

vbu = (0.5 — Vh)8

The simultaneous solution to these equations gives the steady state measures

of unemployed workers and filled vacancies:

u

V9 vb = +

0 < vg, vb < 0.5 and 0<u<lif0<5<oo
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Search on the job Let us turn now to the case when search-contracts are 

signed. In this case, the total number of workers searching is the sum of those 

unemployed (u) and those working in bad vacancies 0.5 — Vb- The number of 

contacts is then given by («4-0.5 —Vb)(vg+ub). The unconditional arrival rate for 

workers is therefore (yg+vb), and for vacancies of either type is e = («4-0.5 — Vb)

The employed and unemployed stocks of workers are constant when:

u(yg 4- vb) = (1 — u)8 =>
6 

u = --------------Vg + Vb + 0

The unconditional arrival rate for vacancies of either type is e = («4-0.5—Vb). 

Good vacancies are filled every time they meet a worker, since they attract both 

employed or unemployed workers because they pay the highest wages. So their 

effective arrival rate is actually 0 = £. Bad vacancies axe only filled if they 

meet an unemployed worker (employed workers either with good or bad firms 

reject them) which occurs with probability (u+0"5_^ conditional on having met 

a worker. Hence, their effective arrival rate is r] = («4- 0.5 — Vb) ^u+0 5_Vb^ = 

u. Further, good vacancies with a worker become unfilled only if the contract is 

exogenously destroyed. On the other hand, bad vacancies with a worker become 

unfilled both if the exogenous destruction comes or if their worker meets a good 

vacancy, which occurs with probability [vg 4- «¿J Vg+V6 ~ vg- ^ke stocks of empty 

and filled vacancies are therefore constant when:
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Vg(U + 0.5 — = (0.5 — Vg)6

VbU = (0.5 - ^)(5 + Vg)

The solution to these three equations yields:

u = — (—8 + y 5(4 + 5)^

Vg = k

vb = u — k

where:

k = + 2 + 125 + 1

0 < vg,vb < 0.5 if 0 < 8 < oo

To avoid confusion , I will distinguish the arrival rates in the following way:
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When ns — contracts are signed: When s — contractsaxe signed:

T] = u,^> = u f] = u = u,^) = (u + 0.5 — Vb)

^9 ~ V9 ^9 = $9

N = Vb Ab = vb
The solutions above yield the following conclusions regarding steady state 

stocks and arrival rates:

(?) The number of unemployed workers is independent of on-the-job search 

behaviour. This is because when workers search on the job, the total number 

of unfilled vacancies does not change as they move from bad to good firms.

(ii) The rate at which empty good vacancies become filled is higher when 

workers search on the job (0 > ^). This is because there are more workers 

searching, and good vacancies attract them either if they are employed or unem­

ployed.

(Hi) The rate at which empty bad vacancies become filled is independent of 

on-the-job search behaviour (f/= rj). This is because they contact workers at a 

higher rate when there is on-the-job search, but only attract them if the workers 

are unemployed.

(iv) The number of unfilled good vacancies is lower if workers search on the 

job. This is a consequence of (w) and implies that the rate at which workers 

contact good empty vacancies (As < Xg) is lower.

(v) The number of unfilled bad vacancies is higher if workers search on the 

job. Hence, the rate at which workers contact bad vacancies (A6 < Afc) is higher..

Notice that (w) has important implications for the level of the ICW. When 
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all workers search on the job, the rate at which employed workers meet good 

vacancies is lower. This implies that the incentives to search on the job are 

lower, which reduces the level of the I CW. This composition effect and its 

consequences will be addressed further in Section 6

Summing up:

H 0, ^b < ^b

3.6 Contracts

In order to get to the stage of the contract decision between vacancies and 

workers, it must be the case that unemployed workers do find it optimal to 

search while employed. They will do it if, after paying the search cost c, Wu > 0 

is still true. Hence, a common condition to all the derivations below is that 

Wu > 0.

Below are several Propositions that address when do workers and vacancies 

sign each type of contract. As we will see later, the conditions under which 

these decisions represent equilibrium decisions imply Wu > 0.

Workers-Good Firm Contracts The lifetime discounted values in con­

tracts between workers and good firms have been stated above. They can be 

completed by the lifetime discounted value of an empty good vacancy and solved 

separately from the rest of the model. Since good firms contact workers at rate
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the lifetime discounted value of a good empty vacancy is given by

rV9’u = (/)(V9 - V9K

Using V9,U,V9, W9 and wg, the solutions to the system of equations is re-

ported in Set of Equations 3.7

V9

W9

V9’u

Wg

(Y - rWufir + 
r(2r + (j) + 25)

Wu(r + 0 + 25) + E
2r + <$ + 25

(Y - rWu)4> 
r(2r + ^ + 25) 
rWu(r + ^ + 6) +Y(r + 6)

(3-12)

2r + (¡> + 25

It is helpful to solve for them at this stage since they will be of use later.

Workers-Bad firms contracts This three propositions that follow ad­

dress the contracts signed by workers and bad firms. Whenever confusion may 

arise, endogenous variables are sub-indexed with the number of the correspond­

ing proposition.

Proposition 3.1 Workers and bad firms sign ns - contracts and the wage is 

determined by an interior solution to the Nash Bargaining problem (wb = < = 

Kb) ifi
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X > r(V“ + IP“)

where

ff\7u __ rXgVy—2c(r+6) 2Y(r+6)+r$>Wy
, ^1 ) - Xg + -----21-^6

g^.W^,^ = + <i±i2gfc±««£

Keeping W™ and exogenous for the moment, the equations corresponding 

to configuration are 7, but luckily we already have a closed form solution for 4 

of them, which we solved for and reported in Set of Equations 3.12. The full 

set of equations is given by Set Pl:

Wb — Wns and Vb = Vns as given by equations 3.1 and 3.4

wb = Wns = w^b as given by equation 3.6

yn^ yg, yyg an^ Wg as given by Set of Equations 3.12

Proposition 3.1 is the simplest case, and it occurs when the constraint in the 

bargaining for an ns — contract does not bind, given by equation 3.9.

%b > wic =>
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^>7(77^) = rXgV? - 2c(r + 5) 2Y(r + 5) + r^W?
Xg 2r + <7 + 25

Notice that in this case, the wage is given by w*b = | [X + r(Wf - Vi“)]; it is 

mainly determined by X, the workers productivity in the current employment.

This establishes that if X > /(¥“, W^), then the constraint in the determi­

nation of w*s is not binding, so wb = w*s > wic

Using Vs and Ws from equations 3.2 and 3.5, Vns + Wns > Vs + Ws o

X>g(V1u,W1u,^) = rXgV™ — c(r + , (r + + r(r + 5 +
Xg + 7+7+26

Hence, ns — contracts dominate s — contracts if the above condition holds.

Finally, ns — contracts dominate not signing a contract at all if and Vns + Wns >

U“ + W? o

r(V“+ 1+^ < X

The three conditions are sufficient conditions for ns contracts to be signed. 

In fact, what they mean is that the constraint is not binding if the agents behave 

as if the constraint did not exist. Therefore the equilibrium that obtains is the 

equilibrium that would obtain if there were no imperfections.

For this to be interesting, it must be the case that:
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If the above holds, then when X is high enough that w*6 > WiC, it is also true 

that the ns—contract dominates. But it also implies there exists an interval such 

that if giy^1, W™, 0) < X < /(V“, W™), then ns — contracts dominate, but the 

wage that results from the equal split of the surplus is not incentive compatible. 

A different contract is signed, addressed in Proposition 3.24. Since the condition 

fMfi VP“, 0) > g(Vy VP“, 0) is needed for incentive compatibility problems to 

arise, I will only consider parameter values such that it is true. Hence, all the 

Propositions below are stated for cases when f(V™, VP“, 0) > giYi, VP“, 0)

Functions f and g will be recurrent in the Propositions that follow. In order 

to save space, the explicit functional form will not be written unless particularly 

relevant for the argument. Keep in mind then that

(i) / is the limit such that X > / => wns = w*6 > wic

(it) g is the Umit such that X > g => Vns + VPns > Vs + VPS

Proposition 3.2 Workers and bad firms sign ns contracts and the wage is 

determined by a comer solution to the Nash Bargaining problem, wns WiC 

if:

h(V2u,W^ < x<fy2\w^ 

yns— > o, wns - w? > 0

then when X > no search contract
dominates) it is already true that X > fM, W?). If tins is the case, w*. > wic is true always 
if ns - contracts are dominant. There is no problem of incentives in this case.
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where

h = i ± + r + Ag)3)(c(2r + 0 + 25) + XgrW2 - XgY)
(r + ^Xg^r + + 25)

k + ¿] [(-(25 + 2r + 3AS + 2A^)(c(2r + 0 + 25) - XgY)]+
i =

V2Xgr(2r + <£ + 25) - W?Xgr(2X2 + 3AS - 0))

The fact that the wages paid are determined by the corner solution to the 

Nash Bargaining problem occurs because the equal split of the surplus results 

in a wage lower than the ICW. Hence, an ns — contract is only possible if the 

firm increases the wage offer up to the ICW level. This implies a redistribution 

of profits from the firm to the worker, harming the interests of the firm. If 

the productivity X falls within the specified range, then decrease in firms’ flow 

profits (X minus the wage paid) is not so high and the agents still sign an ns - 

contract. Notice that the contracts signed are the workers’ preferred contract, 

the ns — contract in which they get high ICW.

Keeping W2 andV2“ exogenous for the moment, the equations that describe 

this configuration are the same as for Proposition 1, with one exception, which 

is that now the wage is given by the incentive compatibility condition. Hence, 

we now must use a slightly different Set of Equations P2:

Wb - Wns and Vb = Vns as given by 3.1 and 3.4
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Wb = Wns = wic = as given by equation 3.3

yg,u^ yg, y^g anj gjven by Set of Equations 3.12

In this configuration, the wage resulting from the unconstrained Nash Bar­

gaining in an ns — contract is lower than the wage given by the incentive com­

patibility constraint. Condition 3.9 implies:

wic>w^b^x<f(y2u,w^,^

Notice that in this case, the wage is given by wic = Even though

the worker is not searching on the job for a good firm, his wage is determined 

not by X, but by wg which is the wage he would earn if employed in a good firm.

It can be shown that X < /W, implies w* < wic : The equal split 

of the surplus of an s - contract actually gives the workers incentives to search. 

This is also intuitive; if an ns — contract dominates, then one expects the wage 

determined by equal split of surplus to be higher in an ns - contract than in 

an s — contract, w* < w^b. Because X < /(V2 »> 0) wnb < then 

w* < < w- Hence the (the maximum of the) corresponding Nash products Tib • 5 \

in a s — contract is given by:
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| [Vs - V? + Ws - W^}

as shown in Section 3.4.

Because the wage paid in the conjectured contract ns — contract is a corner 

solution to the Nash Bargaining problem (wb = WiC > w*b), the surplus of the 

contract is not split in equal shares. The (maximum of the) corresponding Nash 

Product is therefore given by:

[Ks(w<e) - V2“]i [H'.M) - W2“]4

Hence, to prove that ns — contracts will be signed, one must prove that:

[K.W - ^1" >

0, i [K - V2“ + W, - W2"]

Provided all the expressions in parenthesis are positive, one can replace the 

previous inequality with the equivalent:

ri i2[K.W - V2«] - 1^1 > J W - v? + K - H?]]
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The two roots are given by h(V^, Wif) in Proposition 3.2. For consistency, 

it must be the case that:

(i) At least one of the roots is lower than f(V2,W2,<f), and therefore con­

sistent with the behaviour assumed.

(u) Both Vnstwic) — V2 and Wns(wic) — W2 are positive for the root that 

satisfies (i). Otherwise no contract would be signed.

In this configuration, ns — contracts dominate a s — contracts if

Vns + Wns > Vs + Ws, where Vs and Ws are given by 3.2 and 3.5. This 

condition can be reduced to

Finally, if g(V£, W2U, </>) < X < then ns - contracts domi­

nate, but are no longer signed. This inefficiency would be caused by the non- 

contractibility of the search effort. This case is addressed in Proposition 3.

Proposition 3.3 Workers and bad firms sign s contracts and the wage is 

determined by an interior solution to the Nash Bargaining problem (wb ws) if.

x <

x < hw,w^&
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Proposition 3.3 considers the case where the wage in an alternative ns — 

contract would be a corner solution to the Nash Bargaining problem, i.e.,when 

wns — wic > w*6. As in Proposition 3.2, the firm must increase the wage up to 

the ICW for the contract to be an ns — contract. But now, for very low values 

of X, as specified above, firms’ profits X — WiC fall so low that firms and workers 

interests are in conflict. Firms have a strong preference for an s — contract that 

allows them to pay lower wages, and workers prefer an ns — contract that pays 

them higher wages. Because firms’ profits are so low, they are ’’winners” in the 

Nash Bargaining, and their preferred contract, not the workers’, is signed.

Keeping Wg and exogenous for the moment, the equations corresponding 

to this configuration are given by Set of Equations P3:

Wb = Ws and Vb = Vs as given by 3.2 and 3.5

Wb = ws = w* as given by equation 3.10

yg>u V9, W9 and wicas Set of Equations 3.12

Proposition 3.3 considers the case where the wage in an alternative ns - 

contract would be a corner solution to the Nash Bargaining problem, i.e.,when:

Wns = Wie > ^nb
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Again, condition 3.9 implies that this is true if:

* < f(V3u,

Because the wage in the ns — contract is a corner solution to the Nash Bar­

gaining problem, the corresponding Nash Product cannot be reduced, and in 

general is given by:

- V3u]t [Wns(wic) - .

Again, one can show that X < f(V3, W%, w* < w^. This means that 

the (maximum of the) corresponding Nash product is given by:

1 + V* _ - V3U]

s — contracts will be signed if:

l(^ + ^-W3“-V3u)>

o , [vns(wic) - [vrns(wic) - w3u^

5This can be explained intuitively with the same reasoning as in Proposiion 2.
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Provided that all the expressions in parenthesis are positive, one can replace 

this inequality with the equivalent:

| (Ws + Vs - - V?) > [Vns(wic) - V3U] - W3U]

The solutions to this quadratic are given by h(y^, Wj1, As in Proposition 

2, consistency requires that:

(?) At least one of the roots is lower than f(V^, W^, (fy, and therefore con­

sistent with the behaviour assumed.

(z?) Ws + Vs — — V£ is positive.

Finally, in this equilibrium s — contracts dominate ns —contracts if Ws +Vs > 

Wns — Vns, which can be reduced to

x<g(y^w^^

Notice if g(V£, W^, 0) < X < h(V£, W3U) , then s - contracts are signed, but 

ns — contracts dominate. The inefficiency in the contract decision is caused by 

the non-contractibility of on-the-job search.

A fourth case could be considered, complementing Proposition 3.3. This 

would be the case where (?) Workers and bad firms sign search contracts and 

the wage is given by w*sas in Proposition 3.3, and (n) Wages in an alternative 

ns - contract would be an interior solution to the Nash Bargaining problem: 

w*s > WiC. Although interesting, this case would be out of the scope of the paper,
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since a necessary condition for this configuration to obtain is that s — contracts 

dominate.

Composition Effects Section 3.5 introduced the composition effects cre­

ated by the workers equilibrium search behaviour.

Consider the two configurations in Propositions 3.2 and 3.3. They differ 

in the workers’ search behaviour, and this has consequences on the steady state 

numbers of searching workers and of empty good and bad vacancies. This 

’’composition effect” of workers’ equilibrium search behaviour implies that, for 

some parameter values, no steady state equilibrium will obtain. Compare the 

steady state numbers of firms of either type implied by worker’s search behaviour 

in Propositions 3.2 and 3.3. Since in Proposition 3.3 workers in bad firms search 

on the job, they will be leaving bad firms empty as they move to fill good firms 

met through search. Hence, the steady state number of empty bad firms is 

higher and the number of empty good firms is lower in Proposition 3.3 compared 

to Proposition 3.2. This means that the rate at which workers find good firms 

is lower in Proposition 3 compared to Proposition 3.2, if they do search on the 

job. This makes search less attractive, and therefore reduces the I CW level. 

For any value of X, the profits of firms that pay the I CW will be higher with 

the arrival rate consistent with Case 2, since the implied ICW is lower. Hence, 

there will be values of X which (z) Are not consistent with ns — contracts 

equilibrium arrival rate, since firms profits are too low if the implied ICW^ 

is paid, and hence s - contracts will be signed, but (w) Are not consistent 
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either with the s — contracts equilibrium arrival rate, since firms’ profits are 

high enough when the implied ICW is paid, and ns — contracts will be signed. 

Ceteris paribus, there exists a range such that if X falls within that range, no 

steady state equilibrium will obtain. In terms of the limits obtained above, this 

implies that < h(V2u, and no steady state equilibrium obtains

if < X < W^). This is exemplified is the numerical example

in Section 3.76. It is also true that the number of searching workers differs 

across the configurations. But the assumption of a quadratic search technology 

implies that the rate at which workers meet firms is independent of the number 

of workers searching. Therefore, this has no consequence..

On the contrary, the limits that separate Propositions 3.1 and 3.2 are equal, 

since the search behaviour across them is the same. Hence, =

/(P2U, Wg, This will be shown in the following Theorems 3.1 and 3.2 and in 

the numerical example in Section 3.7.

Theorem 3.1 Workers and bad firms sign ns-contracts and the wage is deter­

mined by an interior solution to the Nash Bargaining problem (wb = wns = wnb) 

if:

K >y“ = 2c(<5 + r + 0)^

“ 6There is a further reason why h(V3u,W^ <X< h^W^- In Proposition 2, workers 
are ’’winners” in the bargaining, in the sense that their preferred contract is signed (the ns - 
contracts'). In Proposition 3, workers are
’’loosers” in the Nash Bargaining, as the contracts signed are the firms preferred contracts 
(the s - contracts) Workers are therefore worse-off in the configuration in Proposition 3. 
This means that, when they encounter good firms, they can only bargain lower wages from 
them, as compared to Proposition 2, and this is another reason why the ICW m Proposition 
3 is lower than that in Proposition 2, contributing to the existence of the gap .



CHAPTER 3. BARGAINING AND ON-THE-JOB-SEARCH 161

'a _ Pg^~c(^r+2<S+<^>)][(2é+Afc+2r+?7+Ag]
1 As(A|>+2r+25+<ÿ+Ag)

Theorem 3.1 determines when does the configuration in Proposition 3.1 ob­

tains as an equilibrium configuration. This is done by endogenising the values 

of VK“ and VyBecause firms and workers sign stable contracts, these values are 

given by the following Bellman Equations:

rW? = - WJ*) + - W?)

rV? = v(yn.w-v~)

Here, bad vacancies effective arrival rate 77 = <^,as was detailed in Section 

3.5. The solutions to and are found using Wns(w*s), Vns(w*s) from the 

solutions to Set of Equations Pl.

Limits and /(V“,^) become respectively:

[XgY — c(2r + 26 + </>)] [(26 + Ab + 2r + 77 + Ag]
— Xg(Xb + 2r + 25 + ^) + Xg)

= Xi
[AgE — 2c(2r + 26 + (/>)] [(26 + At + 2r + 77 + 2Xg]

= Xg(Xb + 4r + 4S + 2^ + 2Xg)
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And it is easy to show that X° > X^, (as required by Proposition 1), if

Y > y“ = 2C(<5 + r + ^i. 
^9

The intuition is given by the incentives to search on the job. When Y is high 

enough, the expected profit of on-the-job search is high, since wg will be higher. 

Hence, the worker gives up search even for very high wage levels, which would 

be the result of very high levels of X This implies that the limit X* is very high. 

Hence, if Y is high enough, (Y > Y°) then Xf is high enough (Xf > X^)

Finally:

X > r(V? + W?) ^-X>
XgY - c(25 + ?; + 2r) 

2r + Tj + Xg + 25

and this is true when X > X“ because Y > Y“ <=> X“ > XgY-c(26+v+2r)

Endogenising W* and V“ allows also to find arid explicit solution to:

* — (¿4-r+î?)(2c^+c</>—yAg+2cr)+X[(^+r)(2^+Ag+0+2A;,+2r)+A(,</>]
Wnb T)Xg+T]<t‘+Xb^+2(6+r)(26+Xg+ri+<j>+Xb+2T')

For further reference, notice that using X — f (Vj“, ) in wnb yields:

(3 + r + Xg + Xb)(XgY — c(2r + 25 + <ft))
wnsx=^f (28 _]_ Xg + (j) + Xb + 2r)Xg

Since condition Y > Yf = 2c(<5+r+<£)^ is needed for incentive compatibility 

problems to arise, I will restrict the parameter value of Y in such a way that 

y > y*1-
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Theorem 3.2 Workers and bad firms sign ns — contracts and the wage is de­

termined by a corner solution to the Nash Bargaining problem, Wb = wns = WiC 

if:
X < xa — ~ c^r + 25 + ^)] [(2# + A;, + 2r + ?? + Ag]

Ag(A& + 2r + 25 + + As)

and X > X2 =

[j ± a^/AgCr + ^ + ^^ + r + Ag)3] [c(25 + 2r + 0) - AgP] 
(r + 6)2Ag(A6+ As + <£ + 2r + 25)

J = — (r + 5) ^(r + 5) (25 + Ab + 4Aff + 2r + g) + 3gXg + 2A$j — 2A^7y

Theorem 3.2 states the conditions for the configuration in Proposition 3.2 

to obtain as an equilibrium. Again, firms and workers sign stable contracts. 

Hence, the values of filled vacancies and unemployed workers are as in Theorem 

3.1.

rW^ = Xb{Wns{wic)-W^ + Xg{Wg-W^ 

rV2 = g(Vns(wic) -

The solutions to W2 and V2 are found using Wns, Vns from the solutions to Set 

of Equations P2. Using them in f(V2u, Wf, and h{V^, in Proposition 

3.2 yields f(V^, W^, </>) = and h(V^, = X^

The following conditions, as required by Proposition 3.2, can easily be shown
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with algebraic manipulations:

(z) The root X£ with a — sign is higher than fÇV^, W^), and therefore incon­

sistent with the behaviour assumed. The root with the + sign is always lower 

than f(V^, W2), hence this is the one that concerns us. Further,

(w)Plugging this root in [Vns - V^}, [VPns - W^] and [Ps - V? + Ws - W%\ 

results in all being positive.

As regards to limit g(yy W^), in Proposition 3.2, the use of V^, allows 

to reduce it to:

¡WW = Xi

(Aft + Xg + r + S) (yXg — c(2S + 2r + ^>))
28 + Xg + Aft + 2r + if)) Xg

Hence, if X > X^ ns — contracts dominate if everybody else signs no-search 

contracts. It can also be shown that X% > X^. This means that as X falls lower 

th an X^, agents no longer sign no-search contracts, but they still dominate. This 

inefficiency in the decision of contract is caused by the non-contractibility of on- 

the-job search behaviour.

Notice that X[ (from Theorem 3.1) differs from X%. The limit such that a 

no-search contract dominates the search contract changes when the wage paid 

changes from wns to wic. At first glance, it seems strange that a differences 

in wages paid causes X* to differ from X%. This because the wage is only a 

transfer between the two agents in the contract, and changing it should therefore 
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not cause changes in the total value of the contract. This would be true if no 

other agents were involved in the determination of the equilibrium. In this case, 

the presence of good vacancies, with whom workers interact, invalidates the 

previous reasoning. The reason is that, when workers earn wages determined by 

the incentive compatibility constraint, their lifetime value both in a bad vacancy 

and when unemployed, increases. As a consequence of this increase, they are 

able to bargain better wages from good vacancies whenever they meet them. 

This ’’additional” extraction of value from good vacancies increases the total 

value in search-contracts. Hence, as a result of having a third party with whom 

workers interact, the wages stop being a pure transfer of value and do affect the 

total value of a search contract.

The wages paid in this equilibrium are given by the incentive compatibility 

constraint, and can be reduced to:

(6 + r + Ag + A6)(AgXH - c(2r + 26 + 0)) = 
(26 + Ag + ^ + Ab + 2r ) Ag

Theorem 3.3 Workers and bad firms sign s contracts and the wage is deter­

mined by an interior solution to the Nash Bargaining problem (w*b = w*s) if:

Y <y3“ = 2c(6 + r + ^)^
lfc±x/%( S+r+^gWr+Xg+Z ¿+ <£)2] (2c6+2cr-XgY+a/>)(26+2r+fi+2Xg+Xb)

X < X^ =

k = —(r + 6)(26 + Xb + 3Ag + + 2r) - A(0 + Ag + Ab)

Theorem 3.3 shows if and when the configuration in Proposition 3.3 obtains 
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as an equilibrium configuration. The endogenous values of unemployed workers 

and filled vacancies are given by:

= Â^.W) - W) + W, - «7)
rV? =

Their explicit values are obtained by using the solutions to the system P3.

Using this, one can show that:

h(vf,ws,i') = xj

is as specified in Theorem 3.3.

As required by Proposition 3.3, it is east to show that:

(i) The root XI with a ”+” sign is lower than X^. This is the one that 

concerns tis since it is consistent with the behaviour assumed (The root with a

sign is higher than X^)

(U) Plugging the solution from (i) into [Vns(wic) - V3U] [VUns(wic) - W3U] and 

+ _ w« _ y3u results in all being positive.

Finally, using and in , W3 , yields.
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_ (2r + 25 + fj + 2Ag 4- Ab)(AsY — c(25 4- c0 4- 2r)) 
Xg(Xb + 2A5 + 45 4- 4r + 2^>)

And it can be shown that X% < X^. This means that there is an interval 

(X|, A3) such that if X lies within that interval, ns — contracts dominate but 

s — contracts are signed. This inefficiency is caused by the non-contractibility 

of on-the-job search behaviour.

The wage paid in this case is given by:

(Ag 4- 5 4- r)(AgK - c(2r + 25 + fa)
(2r + Xg + 25 + ^>)Xg

Xb(8 + r + $)X
(2r + Xg + 25 + 0) (2 Xg + Xb + 2r + fj + 28)

3.7 Numerical Example

This section addresses a numerical example in order to provide a better under­

standing of the workings of the model. I will use the following values for the 

relevant parameters:

r = 0.1,5 = 0.1,y = 40,c = 2
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For this I first report the steady state stocks and arrival rates when there is 

no on-the-job search. These come from the derivations in section 3.5:

u= |(-6 +^5(4 + 6) =0.27 0 = 77 = u = 0.27

^ = z(-5 + V^^)=0-13 Ag = wg = 0.13

vb = | (-<5 + ^6(4 + 8) = 013 Ab = 0.13

I will investigate first if and when do the configurations in Theorems 3.1

and 3.2 obtain as an equilibrium. The first thing to note is that a problem of 

incentives exists if Y = 40 > Ya,i, where:

T“ = c(26 + 2r + <^)^-= 10.30 
^9

We conclude that a problem of incentives may arise depending on the value 

of X. The next step is to address the configuration in Theorem 3.1. For this 

configuration to obtain as an equilibrium, we must have:

a [Agy — c(2r + 28 + ^)] [(25 + Ab + 2r + 77 + Ag]
X - X“ = Xg(Xb + 2r + 26 + </> + Xg)

X > X“ = 30.77

Hence, the workers and bad firms sign no-search contracts, and the wage is 

given by the wnb if X > 30.77. The thing to note is that a no search contract 

dominates if:
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-^b _ [^g^ ~ 2c(2r + 26 + 0)] [(26 + Xb + 2r + r] + 2Ag] 
^g(Xb T 4r + 46 + 20 + 2Ag)

X > X* = 18.53.

The wage paid is w*b =

77 Ag+r/</>-}-Ab</H-2(6-H')(2<5+Afl-Hî+04-Afc4-2r)

3.029571593 + .3992048651%

Hence, there is an interval such that if 18.53 < X < 30.77, ns - contracts 

dominate, but the wage must be determined by the incentive compatibility con­

straint to implement them.

This takes us to investigate the configuration in Theorem 3.2. It obtains as 

an equilibrium strategy if:

[X„Y - 2c(2r + 24 + fl]
X < X'~ x.

X < %2 = 30-77

and

%“ = 20-66
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Hence, provided that 20.66 < X < 29.69, an equilibrium obtains where 

workers and bad firms sign no-search contracts, but the wage is given by the 

incentive compatibility constraint. This wage is:

^ic
(8 + r + Xg + Xb^XgY - c(2r + 26 + </>)) _ 

(26 4- Xg 4- (¡) 4- Xb + 2r) Xg

Notice that wic = wnb if X = 29.69

Again, one must note that ns — contracts dominate if:

h_(Xb +Xg + r + 6) (YXg-c(26 + 2r + ^ 
2 (26 4- Xg 4~ Xb 4- 2r 4- <^) Xg

X > X% = 15.03

This implies that for 15.03 < X < 20.66, ns - coniractsdominate, but s - 

contracts are signed because they maximise the global Nash Product. The 

inefficiency in the contract decision is caused by the non-contractibility of on- 

the-job search behaviour.

We turn now to the configurations in Theorem 3.3. 1 first report the steady 

state arrival rates if workers search on the job.
u = |(-54- yjW+8) = 0.27 f, = u = 0.27

= 1(1 _ l^2 4-125 4-1) 4- ^/5(4 4- 5) = 0.19 Xb = vb = 0.19

vg = _ 1 4- j#2 + 1254-1) = 0.07 Xg = vg = 0.07

0 = u 4- 0.5 — vb = 0.5741
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What we must ask is if and when does the configuration in Theorem 3.3

obtains. We must ask if y >Ya^, where

7 = c(2£ + 2r + 0)i = 26.21

Hence, we conclude that it may obtain for suitable values of X. The three 

conditions are:

< X“ = 9.89

< X3c = 7.78

Notice that if X% = 7.78 < X < 20.66 = X^, then no pure strategy steady 

state equilibria. obtains. This is a consequence of the composition effects referred 

to in Sections 3.5 and 3.6

But notice that s - contractsàorrânate only if:

X < X% = 6.07

Hence, for X such that 6.07 < X < 7.78, s - contractsare signed but ns - 

contracts dominate. This inefficiency is again caused by the non-contractibility 
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of on-the-job search behaviour. The wages are given by

_ (As + 8 + r)(XgY - c(2r + 28 +
^ns ----- x ----- x—------- H

(2r + Xg + 28 + 0)A^
Xb{8 + r + 0)X

(2r + Xg + 28 + 0)(2A9 + Af, + 2r + i) + 28) 
= 3.584717043 + .1426473611X

3.8 Conclusion

This paper has studied equilibrium contracting when on-the-job search is costly 

and the terms of contract are decided by bargaining; and the consequences for 

the search effort of employed workers and for wage formation . With the nat­

ural assumption that the search effort is non contractible, the search decision is 

individually made by the worker, taking as given the wage level agreed upon. I 

have shown that two search equilibria exist, and that the imperfection created 

by non-contractible search may imply that the contract signed is privately ineffi­

cient, even in the presence of bargaining. Further, I have shown how a worker’s 

wage need not be determined by his productivity in the firm, but may be de­

termined by his productivity in alternative (better) employment, although (or 

perhaps because) he is not searching for better employment. As a consequence of 

the matching framework used, the composition effects of the equilibrium search 

behaviour of employed workers implies that there is a region such that no pure 

strategy steady state equilibrium exists.
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