Contracts and on-the-job search

ROBERTO BONILLA TREJOS

A thesis submitted for the degree of Doctor of Philosophy

Department of Economics
University of Essex
January 2004




Acknowledgements

This thesis was prepared at the Department of Economics of the
University of Essex, from September 1999 to July 2003, under the supervision of
Professor Kenneth Burdett and Professor Melvyn Coles.

I am extremely grateful to Professor Burdett. Each and every one of his
comments proved to be of invaluable help, not only in structuring my ideas but
also in improving their presentation. I have been immensely lucky to have had
his supervision and support throughout these years.

I am no less grateful to Professor Coles, whose guidance provided a clear
north for me to follow. The clarity of his ideas greatly improved my own
understanding of the issues considered in my research.

I would also like to thank Dr. Adrian Masters and Dr. Eric Smith for
comments and helpful suggestions on parts of the thesis.

All remaining errors are of course my own responsibility.

The financial support received from the Department of Economics
through a Graduate Teaching Assistantship is also gratefully acknowledged.

I also want to express my gratitude to my parents for their life-long
support. Finally, I would like to thank Elena for her constant encouragement.




Contents
Introduction ' ' 3

1 Contracts and on-fhe-job search I : 11
1.1 Introduction . . . ... ... ... .. ... .. ... ... Lo 11
1.2 TheFramework . ... .. .............. e 16
1.3 Confracts . ... ... . . .. e 20
1.4 Discounted Values of Contracts . .. ... ... ... ... ... 29
1.5 Strategies . ... ... . ... ........ e 34
1.6 Steady State Equilibria . . . . . .. .. ... ... IR 42
1.7 Sorting Effects. . . . . . .. ... . L oL 49
1.8 Externalities and Efficiency of the Equilibria . . . . ... ... .. 52
1.9 Asymmetric effects of the Freedom of Contract . . . . . ... ... 55
110 Conclusion . . . . . . . . .. e 62
111 Appendix . . . . . . . o e e e e e e e e 63

2 Contracts and on-the-job search II 69
2.1 Introduction ... ... ... e 69




CONTENTS

2.2 General environment and summary of the results . . . . ... ..

2.3

24

2.5

2.6

Three different environments with on-the-job search . . . . . . . .

2.3.1 Burdett-Mortensen Environment ( bm —case) . . . . . ..

2.3.2 Postel Vinay-Robin Environment ( m —case) .. ... ..

2.3.3 A contract approach: Thec—case . ............
Survival of low productivity firms. . . . . ... ... ... ... ..
Equilibrium proportion of low productivity firms. . .. ... o
Conclusion . . . . . . . . . . . i i e e

Bargaining and on-the-job-search

3.1 Imtroduction . . . . . . . . . . . . . .

3.2
3.3
3.4
3.5
3.6
3.7

3.8

Assumptions and Set-up of the model . . . . . . .. .

Individual Decision Problems . . . ... ... . ... ... ....

The bargaining process . . . . . . . . . . . .. oL

Steady States and Arrival Rates . . . . . . . L P

Contracts

................................

Numerical Example . . . . . .. . ... .. .. o o L.

Conclusion

...............................

74
81
81
88
103
112
113

119

121
121
126
134
137
142
147
167

172




Introduction

This thesis is comprised of three papers which address a common issue. This
is the issue of contracting in the presence of search frictions, focusing in partic-
ular on the case of on-the-job search. My intention is to analyse equilibrium
behaviour in long term relations formed through search, but alloWing-economic
agents to look for new possibilities even when they are in a given relationship
(referred to as on-the-job search). A typical example is that of a worker look-
ing for better employment while working on a firm; or associated professionals
looking for better options. A socially less acceptable- example would be spouses
looking for better partners while married. Hence, the general framework ex-
plicitly allows for the possibility of separations; the worker may want to Quit his
work in order to move to better employment; a lawyer may want to leave its
current partner to form a more profitable partnership with another lawye_r, or a
spouse may want to divorce its partner to engage in a new relationship.

The main coﬁéern of the research is on the (incentives and poésibility of)
forward looking contracting behaviour of agents when they know that this pos-

sibility exists; i.e. that at least one agent in the relationship will or may contact
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other prospective partners. In particular, I show how do certain labour market
institutions, which exist presumably with the purpose of protecting the workers’s
interests, may in some cases work against this same objective. In many cases,
which will be detailed below and throughout the document, the law negates the
agents the possibility of contracting on some relevant aspects of their relation-
ship, therefore not allowing them to extract all benefits of trade. In practice,
agents are not able to commit themselves to actions which would be beneficial
for all parties involved, therefore decreasing the potential surplus created in the
contracts.

The two elements in which I focus are the worker’s inability to cemmit to a
working relationship, either by renouncing search for other work possibilities or
directly by committing not to leave or break a contract. One could, mistakenly,
analyse these two phenomena as increasing the worker’s freedom in the labour
market and therefore working to their benefit. Amongst other things, what
this paper shows is that in certain cases, the worker would prefer to be able
commit not to leave a centract or commit not to engage in search for other work
possibilities, and receive in exchange some reward from the employer. Where
labour provides freedom to the worker in terms of ending a contract or looking
for alternative job options without legal consequences, the employer will Iiever
agree to reward an ”unbelievable” promise of loyalty.

In addition, the second paper touches on the possible implications of an-
other labour market institution, the minimum wage, for the optimal contractirig

between firms and workers. The paper will describe an intuitive mechanism
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whereby the firm allows the worker to extract rents from future possible em-
ployers, and in exchange the worker accepts a lower wage from the firm. Being
binding, the existence of minimum wages can work as an impediment for the
wage to decrease as it would be needed for the mechanism to be implemented.
There are, of course, other reasons why the wage could not decrease sufficiently,
like imperfections in the financial market which negate the worker the possibil-’
ity of borrowing against a future higher income, which they would need if the
determined wage falls below a subsistence level.

The first two papers ask how can agents better use the possibility of future
alternative productive relationships for their own benefit. If third agénts will be
met in the future, and turnover may occur, Can and should a contract bé designed
to maximise the joint value of any given relationship, using this future turnover
to their own benefit? Many papers study search environments with on-the-job
search, but the issue of agents contracting to exploit thisl for their own benefit
has been somewhat side-stepped, with very few examples (notzibly Diamond
and Maskin, 1979). ThlS point will be addressed after briefly introducing the
papers.

The first paper looks at the problem in a partnership/matching framework
with heterogenous agents. In the tradition of the matching literature, the rent-
sharing is determined by bargaining. In the absence of search frictions, agents
would match immediately in such a way that the match configuration is sta-
ble. With frictions but without on-the-job search, third agents are never mét,

so turnover as above would never occur. But in this last case, since entering a
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partnership denies future possibilities, agents may be selective and accept part-
nerships only with agents that are attractive enough. Hence, agents behave
cooperatively and aim to maximise the joint value of their contract. Further,
they use their contract to obtain full bargaining power vis-a-vis third agents.
This is done by contractually committing the partner that contacts a third agent
to make a take it or leave it bﬁer. This allows them to extract all rents from
third agents if and when turnovers occur. Hence, as single agents search for
potential partners, their best option is to find other single agent, with whom
utility is shared and with whom a contract can be signed to extract all rents
from future turnovers. In fact, if single agents do meet an agent Wh04iS already
in contract with another, they will not receive any surplus if turnovér occurs,
since this other agent holds all the bargaining power. The paper analyses, in
addition, the implications for the ”selectiveness” of the agents, (i.e. Will they
reject unattractive partnerships?) and for the welfare of different types of agents
(which can also be interpreted as the returns to quality).

- The second paper focuses not on partnership formation, but on a labour
market characterised by search frictions, homogeneous workers and heterogenous
firms (high and low productivity). It shifts from the matching tradition to the
search tradition in two respects: firms are éble to absorb as many workers as
they contact (and who accept their offer); and the rent-sharing is not decided
by bargaining. Rather, employers post wages before any contact occurs. I
look at two environments already existing in the literature, and I argue that in

neither of those do firms fully exploitk their contractual possibilities to maximise
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their profits. Then I propose a contract that forward looking firms would offer
the workers in order to maximise their own profits, contract which exploits the
fact that the workers will meet better firms in the future. The two models I
look at are the models presented in Burdett-Mortensen (1998) and in Postel-
Vinay (2002a and 2002b). In Burdett-Mortensen (1998), firms post a wage
offered to (unidentified) Workérs, and are constrained to paying this wage to the
workers they hire for as long as the relation remains. Firms never react to
outside offers received by their workers; offers which they find through search
on the job. In Postel-Vinay, the set-up is extended by allowing firms to identify
the employment status of a worker upon contact, and to react to oufside offers
received by their workers. This is an important innovation since now ﬁrms enjoy

a wider set of strategies: ﬁfst, they can recognise unemployed workers in order

to hire them by offering only their reservation value!; second, they may try to

retain their workers when these are tempted by better employment elsewhere.
As a consequence, firms compete (offering wages) a la Bertrand for the worker;
and an employed worker who meets another firm will continue employment in
the firm where it is more productive, but at a wage equal to its productivity
in the less productive firm (since the latter stops competing when the wage
reaches the worker’s productivity). In this set‘ up, although firms react optifnally
when their workers meet other firms, they do not fully exploit the opportunities

given by worker’s search on the job. I argue that forward looking firms would

!The same would be achieved by assuming that firms and workers bargain upon contact,
but that firms hold all the bargaining power.
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offer contracts which allow them to extract benefits from firms their workers
may meet in the future. They can do so by committing to bid up to the
worker’s productivity in the most productive of the two firms. Hence, when
employed workers meet more productive firms, their new wage will be equal
to its productivity in the high productive firm, not the low productive firm.
Ceteris paribus, this is a moré attractive deal for unemployed workers, so firms
that offer this contract can give them their reservation value by offering lower
wages compared to the Postel-Vinay set up, therefore making higher profits per
worker.

Other contributions to the literature address equilibrium behaviour in the
presence of on-the-job search, but do not address the issues considéred here.
Burdett and Coles (2000) study a matching market with on-the-job search but
without transferable utility, and hence there is no cooperation to maximise joint
value of matches using contracts. Hence, turnover Willyoccur whenever it is
individually rational for the partner involved. They focus on trust issues in the
presence of on-the-job séarch, so agents decisions to match and/or accept other
proposals while matched depends on their belief _about their partner’s behaviour.
Webb (1998) presents a matching model where workers and firms both search
on the job for better employment relationshjbs, but in her set up utility 1s not
transferable either; her focus is on the equilibrium quit rates and lay-off rates
generated by on-the-job search. Burdett and Mortensen (1998) was already
introduced above. Given the restrictions imposed on firms strategies, and the

lack of bargaining, contracting to exploit the possibilities that can arise through
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on-the-job-search are not considered. Their focus is oﬁ the consequences for
the equilibrium wage distribution, and for the relationship between wage paid
and firm’s size 2. Postel-Vinay and Robin (2002a, 2002b) were also introduced
above®.  Pissarides (1994) studies a matching model with firms and workers
where workers search bn the job and utility is transferable, but he rules out the
study of long-term contracts.v As a result, there is what he calls ”continuous
renegotiation”. The consequence is that an employed worker’s only credible
threat is unemployment. Hence, employed status does not affect the bargaining
position with firms met through search on the job.

Diamond and Maskin (1979) study an economy with on-the-job search and
transferable utility. They do allow matched agents to contract stratégically in
order to gain full bargaining power vis-a-vis other agents they can meet. This
model differs from Chapter I in this documeht in that they consider homogeneous
workers, so search on the job is justified by match heterogeneity. When two
agents realise a poor match, it may be in their (joint) interest to keep searching
for better matches. Hence, Diamond and Maskin (1979) cannot look at the

consequences for turnover behaviour and welfare in the presence of heterogenous

2They find that the outcome is one of wage dispersion where firms loose their workers when
the latter find higher paying jobs. This outcome results from two opposing effects: higher
wages imply lower profits per worker, but also a higher ability to retain existing workers and
hire new ones; thus higher supply of workers in steady state. There exists therefore a set of
wages, -the support of the wage distribution-, that imply equal and maximum profits for firms.
These wages balance the loss in profits per worker and the inscrease in total profits given by
the increase in workers supply when higher wages are offered.

3In their set up, a policy of matching outside offers allows the firm to retain their workers so
long as they do not have to offer a wage higher than the workers’ productivity. But matching
firms run into a moral hazard problem, since their wage matching policy encourages search by
their workers, increasing therefore the probability of loosing them to other firms.
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agents.

The third paper leaves aside the above issue, but is still concerned about con-
tracting in the presence of on-the-job search. It also presents a labour market
with search frictions, homogenous workers and heterogeneous firms. Neverthe-
less, it returns to the matching tradition: wages are determined by bargaining,
and firms can absorb at most’one worker. I introduce search costs, so workers’
face the decision to search on the job or not. I also make the (natural) assump-
tion that worker’s search behaviour is not contractible. The paper centers on the
consequences of search costs for the search behaviour of workers, in particular
employed workers; and for the wage determination process. Becausé firms are

heterogeneous, workers in bad firms may want to search on the job for better

firms. The fact that this is not a contractible decision, but one taken individu-

ally by the worker given the wage agreed, is what is at the heart of the model.

Another issue is that of the private efficiency of the equilibrium contracts in the

presence of this imperfection.




Chapter 1

Contracts and on-the-job search I

1.1 Introduction

The present paper addresses a partnership model in which agents must search
for other agents and match in pairs in order to engage in production. The focus
will be on the optimal behavior of single and matched agents and the welfare
properties given three particular conditions: (a) both agents in a partnership
keep contacting other agents even while their partnership or match is in place,
(b) utility between any two partnered or matched agents isrperfectly transférable
through bargaining; and (c) agents enjoy total freedom of contract and are able
to fully commit contractually to remain within the partnership. |

An interesting ‘point in the presence of condition (a) is that it allows for
agents to leave existing partnerships in order to form new ones with agents they

may meet; they may want to ”divorce” their current partner. Hence, matched

11
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agents may set up rules to govern their decisions to ”divorce” or separate, rules
which will be determined by the economic environment they face. In this pa-
per, conditions (b) and (c) above are the key features that describe the relevant
economic environment; and their coexistence is what drives the results of the
model.

Condition (c) deserves some words, since it is particular to the analysis of
partnerships as opposed to relationships of the ”firm-worker” type, more preva-
lent in the literature. In typical labour markets, it is not possible for workers to
commit themselves to remain in a contractual relationship; on the basis that such
a commitment is illegal. The worker is always free to leave the firm Withouf any
liability (maybe upon the previous placement of a notice). Such a coﬁtractual
restriction does not exist in a partnership relationship, and it is this in particular
what I mean by complete freedom of contract.

One main concern of the paper is to determine which is the best contract
two agents can design in this environment. The answer to that question is
very intuitive. Imagin;a and economy populated by teams and players, where
teams with better resources (better teams) are more able to exploit players’
qualities. Consider a player and his team as the two agents in a partnership.
They know that in the future there will be other (better) teams interestéd in
"buying” the player. Can they use their own contract to extract benefits from
these other teams, provided that trade occurs, i.e. the player changes teams?
If this is the case, will they agree to accept the player changing teams? The

answer to the first question is a definite yes. They could write a contract
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such that the player is legally required to make a take it or leave it offer to
third teams as a condition for changing teams, which allows him to extract all
the rents from other teams. In a way, the original partnership are using their
own contract as a way of gaining full bargaining power vis-a-vis other teams.
Turn now to the second question, will they agree to accept the player changing
teams? Notice that because utility is transferable and agents bargain over their’
contract, partnerships behave cooperatively and worry about joint utility. When
the player changes teams, the original teamn would suffer because it is loosing a
player; the player, on-the other hand, would win by enjoying all the benefits
from the new partnership, including the extracted rents. Is the loss of the team
higher or lower than the gain of the player? If it is higher, then theré is a net
loss in utility by letting the player go, so the team-player partnership should not
accept a move. If it is lower, then there is an overall net gain by letting the
player go. Then they should accept the player moving to 4the other team.

An interesting point is that, provided the player is expected to'change teams
in the future, the valué of any partnership includes not only the value created
as long as it remains, but also the value created in new partnerships when the
player changes teams.

An important angle of this analysis is to highlight that, in typical labour
markets, where workers cannot be legally tied to the current employer as in the
previous example, the law may be working against the workers interests rather
than in their favour. As will be seen, the degree to which this happens Will

depend on the relative qualities of the agents involved.
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The analysis will be carried out in what is referred to as a ”partnership”
model, so the economy will be populated by agents of the same kind -for example
lawyers setting up a joint office- although they will be of either of two types: high
and low productivity.

I will claim that pairs of agents will aim to maximise the value of their re-
lationship through the design’ of what I call a separation policy; i.e. a policy
that states when to separate and under which conditions. In equilibrium, con-
tracts are designed such that separations occur if and only if they yield a positive
total surplus; and the existing match will keep all this surplus by making non-
negotiable proposals to other agents. To simplify the analysis’, assumptions will
be made such that meetings between two matched agents are ruled out; avoiding
the potential complications of two agents both making non-negotiable proposals.

The other question asked in the paper regards the welfare consequences of
such contracts, compared to the case where, in the above example, the player
cannot be tied to his current team in any way. Hence, he cannot be legally
required to make a také it or leave it offer as a condition to change teams. The
answer is that the returns to quality are dinﬁnished. The third team will never
obtain any surplus from ”buying” the player, since any ex-ante surplus will be
appropriated by the player through the take. it or leave it offer. Hence, even
though players are more valuable with them, better teams do not benefit from
there higher quality as they could when they buy players, they just see a higher
ex-ante surplus being extracted from them. Hence, an important conclusion froin

the paper will be that, in an environment of heterogenous agents, such freedom of
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contract benefits less productive agents in detriment of more productive agents.
This conclusion is important since it has implications for the agents’s incentives
to invest in quality.

To stress these point, I analyse at the end of the paper a numerical example
with a slightly different set-up. In it, I consider a legislation with restricted
freedom of contract. As a consequence, agents in a match are not able to make’
non-negotiable proposals to single agents, and must thérefore bargain with them.
So now single agents may keep part of the gains of trade when turnover occurs.
This exercise, addressed in section 1.8, allows not only to compare the effects on
equilibrium strategies but also to compare the asymmetric welfare effécts across
types of agents. |

As already said above, the paper assumes that agents differ in productivity
levels. In the language used in the literature, there is ex-ante heterogeneity.
An important dimension of the problem in the presence of Qx-ante heterogeneity
is the possibility of elitist behavior: /if being in a partnership or match implies
a decrease in the eﬂiciéncy with which new agents are met, partnerships with
unattractive agents may be turned down in favor of continued search for attrac-
tive ones. A characteristic of the model presented here is that, even though
search efficiency is lower for matched agents éompéred to single agents, such a
rejection never occurs. In all equilibria in the model presented, agents match
always if they contact each other while single, regardless of their types. I call
this non-elitist matching. With the search technology assumed, the ability to

extract all surplus from third agents allows to compensate for the loss in arrival
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rate when forming a match!2.

Section 1.2 presents the framework, section 1.3 addresses in detail the con-
tracts designed by the agents, section 1.4 addresses derives the values of the
contracts signed, section 1.5 looks at the sets of strategies available to agents
given the joint-value maximising contracts, section 1.6 deals with the steady
state equilibria, section 1.7 analyses the sorting effects of equilibrium matching
and turnover behaviour, section 1.8 addresses the externalities and the gfﬁciency
of the equilibria. Finally, section 1.9 looks at the effects of the freedom of con-
tract on equilibrium (matching and turnover) strategies, as well as on the welfare
of the different types of agents. Section 1.10 concludes. The appendﬁ contains

proofs not included in the main body of the paper

1.2 The Framework

Time is continuous and there is a fixed number of agents normalized to 1. Agents

have a discount rate r > 0, are inﬁnitély lived and are expected utility maximiz-

1This result is particular to the search technology used, and has to do with the relationship
between the loss in search efliciency and the bargaining power of single agents vis-a-vis single
agents.

2Several related models have equilibria with elitist matching. Smith and Shimer (2000)
use a continuum of agents and find existence of assortative matching under special conditions
of the production function. Their framework has transferable utility but not on-the-job-
search. Burdett and Coles (2000) describe a partnership model with ex-ante heterogeneity
and find existence of equilibria with elitist matching; it allows for on-the-job search but not for
transferable utility. Burdett and Coles (1998) uses a continuum of types and find conditions
for the existence of a sorting equilibrium, but it does not allow for transferable utility and
agents only contact others while single. The key is that in neither of those papers are matched
agents able to keep all the surplus from a separation, and this is what drives my result.
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ers. All agents are risk neutral. The population is composed of two types of
agents, a proportion «y are Hs and the remaining 1 — « are Ls. If two Hs are
matched, they produce 2Q g per instant; two Ls produce 2Q;,, and an H and an
L produce 2Q)ps. We will be interested in the case Qg > Qp > Qr > 0. Agents
produce 0 flow output while single, and therefore their objective is to match in
order to produce output. At'any moment in time, any agent can be in one of’
three states denoted by s: matched to an H (s = h), matched to an L (s = 1),
or single (s = u). Let N;, denote the number of agents of type i in state s, where

i € {H, L}. Then adding up implies:

Nun+ N+ Ny = v

Nen+ N+ Npy = 1—49

Agents meet other agents both while matched aﬁd while single, in a way
specified below. When two single agents meet, they see each others’ type
and state, and decide wether to form a match or not. If two single agents
decide to match they engage in a bargaining prbcess to split the match surplus.
Single agents vis-a-vis single agents will be assumed to reach the symmetric Nash
bargaining solution, where each keeps 7 of the match surplus. Without any loss
of generality, I will assume that each agent in the match enjoys half of the flow
product of the match, which is not‘ transferable. The outcome of the bargaining

process will therefore be settled through lump-sum transfers, paid at the start
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of the relationship, and assuming that each agent will enjoy one half of the flow
product during the existence of the match. This assumption is made to ease.
exposition.

Only steady state situations will be considered, where individuals know the
constant distribution of agents in the market as well as the rate at which they
meet others. The steady staté is sustained by assuming that matches break at
an exogenous rate 0, and the two agents return to single search when their match
breaks up in this way3. To focus on pure strategies, I will assume a tie breaking
rule, whereby a match will not separate if the agents in the match are indifferent
between separation or not. Further, if two single agents are indifferenf between
matching or not, I will assume they form a match. I will call U, thé present
lifetime expected discounted value (or discounted value) of an agent of type i in
state s.

Finally, I will assume that agents are able to write binding contracts, without
legal restrictions. Anything that is technological]y possible can be included in
a contract between two }agents. In othef words, agents enjoy complete freedom
of contract. It is important to be aware that, at the moment of signing a
contract, it is signed in terms of discounted values, which may not be realised in
the future. Therefore, when contracts are signed, what agents are maxirrdsing

is their ezpected utility. Contracts are re-negotiable only if there is mutual

3As in Shimer and Smith (2000). Other ways to sustain a steady state are used in the
literature. Burdett and Coles (1998) assume an exogenous inflow of agents into the market,
while those who form matches (all stable without on-the-job search) leave the market for good.
Other studies assume that agents leave the market when they form stable matches and are
replaced by identical agents or clones (Webb, 2000). :
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agreement to do so.

The search technology To focus on essentials, a search technology with the
two following properties will be used:

(1) Matched agents will not be allowed to meet matched agents

(#¢)The rate at which matched agents meet single agents is lower than the
rate at which single agents meet single agents.

Denote a;,(8;,) the rate at which single (matched) agents meet agents of
type i in state u. An example of a search technology with such properties is the
following: Only when single, agents are able to make phone calls to other agents
at rate ¢, but all agents may recéive a phone call, regardless of their state. If
S denotes the total number of single agents, €S is the total .number of phone
calls made. Everybody receives a call at rate §1§ = ¢§ since the total number
of agents is normalized to 1. Hence, single agents can contact other agents by
making a call or by receiving one. If they make a call, it is received by a matched
agent with probability (1 —S) and by a single agent with probability S. If they
reéeive a call, it can only come from a single agent. This implies that the rate
at which single agents meet new agents (in any state) is (1 — S) + &S + &S =
€ + &S. This total rate can be broken down into ¢(1 — S), the rate at which a
singles meets matched agents; and 2¢S, the rate at which singles meet single
agents. Matched agents can only receive phone calls from single agents, at
rate €5. Hence, matched agents contact single agents at rate €S and contact

matched agents at rate 0. Phone calls are random, and this implies that given
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a contact with a single agent, the probability that it is of type i is %"‘ Given

a matched agent is contacted, the probability it is of type 7 in state s = h, [ is

Nis
1-S°

This allows to define the following contact rates:
(a) 2eS8m = 2¢V;, is the rate at which singles meet single agents of type .
(b) ES%M = eNN;, is the rate at which matched agents meet single agents of
type <. |
(c) (1 — S)£E = e, is the rate at which single agents meet agents of type

1 in state s = h, L.

Summarising:
Ay = 265%“‘ = 2€Niu IBiu = ESI—\%" = ENi

aisls;éu = E:(1 - S)(T]v—u;h) = gj\risls;éu ﬁisls#u = O

Hence, meetings between matched agents are ruled out; and matched agents
meet single agents at half the rate single agents meet single agents®. The results

obtained in the paper are particular to these properties.

1.3 Contracts

A contract is the set of rules that govern the behaviour of the agents within
the match. In what follows, the two words match and contract will be used
interchangeably referring to the economic unit that two partnered agents form.

Given the search technology, there can be contacts between two matched agents

4Single agents also meet matched agents, so their unconditional arrival rate is more than
twice that of matched agents.
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and between a single and a matched agent. Given the different states of the
agents involved in each case, the decision problems differ.

Consider first the case where two single agents meet. They must decide
whether to form a match or continue searching as single agents. Because utility
is transferable, they will behave cooperatively and match if and only if the total
surplus generated is positive. This total surplus is given by their joint discounted
value should they match, less of their values value in single search (their outside
option). For two single agents of types i € (H, L) and j € (H, L) , their match
surplus is given by Uj; + U;; — U, — Us. Because only the joint discounted value
matters for this decision, the outcome of the bargaining process befween two
single agents is irrelevant, since lump-sum transfers only transfer Valﬁe within
the match and do not affect the joint discounted value. I will therefore ignore
them in what follows.

In order to make the decision, two single agents must consider the maximum
joint discounted value in their potential match. What follows addresses this
maximisation strategy. " As will be seen, this strategy determines the contract
signed when a single agent and a matched agent meet.

Definition 1.1 Two agents in any given match will be said to separate when
either of them contacts a third agent, and leaves her current partner in order to
form a new match with the agent just contacted.

Definition 1.2 Assume i € (H,L), j € (H,L),k € (H,L). Sf is the total
surplus of a separation when a type j in an ij match contacts a single type k

agent and a separation occurs, creatz’ng a 7k = kj match, destroying the ij match
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and trading type i for type k into singleness. It is the net of the discounted values
created and destroyed in the process, given by Sy = (Uj, + Uxs) — (Uij + Uy) +
(Uin — Uku)

The model has only two types of agents; so there are only three types of
matches ~HH, HL = LH and LL—. Each agent in a match has the possibility
of meeting agents of any of the two types. I will address the decision problem
faced by a single H and a single L, and then easily generalise the resul'ps to the
case where both agents are of type H and the case where both agents are of type
L.

The joint discounted value of agents in an HL match (and any match) de-
pends on four things: (i) The flow product they generate during the niatch (t1)
The exogenous destruction rate 6 (i4¢) Their choice of action if either of them
contacts another agent and, (iv) The rate at which other agents are contacted.
The agents have no discretion on (%), (é4) and (iv), but they have discretion on
(i47). Whenever either of them meets a third agent, there are two possible out-
comes: either the match separates and a new match is formed, or it does not
separate and the third agent is rejected. They must decide, for each possible
future contact with a third agent, wether they want a separation to occur and
under which conditions; ze they must design a separation policy.

One must keep in mind that this separation policy is designed at the moment
of signing their own contract, and therefore before any possible meeting with a
third agent occurs. Because the separation policy is the only choice in their dis-

cretion that affects the joint discounted value, it constitutes the contract between
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the two agents. This policy will depend on the total surplus of a separation as

in Definition 1.2.

Remark 1.1 The following contract mazimises the joint discounted value of two
agents in an HL match: A vector X = [X HoOXE XEL X fH] , where each entry
Xikj is the value of a lump-sum transfer that type j must charge a single type k
in order to separate the existing ij match and form a new kj match. Xi’“j =0 |
denotes that the ij match will not accepi a separation to occur. Xz’; are not

negotiable.

X8y = Upn—Upgu if SEy > 0, XE, =04f SE, <0
Xk, = Up—Up if S5, >0, X5, =0if Sh;, <0

Xty = 0,XH, =0

The above contract characterises the separation policy that maximises the
joint discounted value for agents in an HL match. It says that a separation
should be implemented rupon the meeting of a third agent if the corresponding
total surplus is positive (S5 > 0). If so, the third agent must pay a lump-
sum transfer equal to the discounted value of the surplus she will enjoy if the
separation occurs and the new match is formed. This means that the third .agent
enjoys 0 surplus on discounted terms at the moment of the separation, and the
surplus accrues fully to the agents in the existing match. If the separation yields
negative total surplus (S < 0), the agent contacfed must be rejected and the

separation must not occur.
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Consider first the case where the H L match contemplate the possibility that
the H contacts another H: (i) They can use their contract to ex-ante govern
their behaviour, foreseeing that the H will in the future meet a single H. They
can commit contractually not to enter negotiations with other agents, and this
allows the H in the HL match to charge a non-negotiable lump-sum transfer in
order to form a new match with the single H. The single H must either accept
to form the new match under those conditions, or reject it, but cannot start a
bargaining process®.(ii) If the agents in the existing HL match do not want a
separation to occur, they should only reject any proposal made by the single H.
(#i7) If they do want the separation to occur, all that is needed is for type H to
charge a lump sum transfer to the single H as in Remark 1.1. The single H will
be indifferent to accepting or rejecting the proposal, so she will accept it and the
separation will occur, forming a new HH match and destroying the HL match.

Ifthe HL méutch will allow the separation to occur, the best that they can do
is to make to the single H a proposal as described in (4¢7). Such proposal would
allow them to jointly kéep the whole surplus generated by the separation. This
is because they are difectly suffering the change in discounted values because
of their change in state, and they are jointly éppropriating the surplus of the
single H, by means of the lump sum transfer she pays. The surplus accruing to

the agents (jointly) in the HL match if the separation occurs is given by

5To make this commitment strategy work, they must set high enough punishments so
that the matched agent involved in the contact never wants to breach the non-bargaining
commitment.
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(Urw — Urn) + Ugn — Um) + X[}y

= (Upy—Urk) + Ugn — Umn) + (Unn — Um) = Sy

If a higher lump sum transfer is charged, the single H would reject the pro- .
posal and the (profitable) separation would not occur. If a lower lump sum
transfer is charged, this would allow the single H to keep part of the surplus
generated by the separation, therefore reducing the surplus to the agents in the
HL match.

This reduces the choice of a separation policy regarding this particular contact
to a binary choice, limited to (a) Rejecting a separation, Which implies a surplus
equal to 0, or (b) Implementing the separation by making a proposal that leaves
fhe single H indifferent, and allows them to keep the whole surplus S#;. They
will implement a separation if S > 0. |

The previous reasoning argued that the choices are either to reject the cor-
responding separation, or to charge the single H a lump sum transfer of X, =
(U — Uny) and implement the separation. In 'SfH above, the first term is the
utility loss imposed by the separation on the agent that would be left single, L.
The last two brackets would be the utility change imposed on H, who would be
part of the new HH match and would receive the lump sum transfer XZ,.

If S&, > 0, the H expects to receive the lump sum transfer X H. upon a

separation, which increases her discounted value. But this is only as a conse-
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quence of being part of the H L contract, and this should be considered when the
bargaining originally takes place to form the HL match. Such a boost in utility
that results from the contract would then be recognised, in discounted value, in
the lump-sum transfer that results from the bargaining process.

If SE; <0, it must be the case that the loss that would be imposed on the L
(because she is left single) is higher than the utility gain that the H would enjoy -
(because she will move to the new HH match and receive the lump sum transfer).
Hence, the H would like to implement a separation, because it implies a positive
surplus for her; and the L would prefer not to implement a separation. The
L can transfer value to the H to convince her not to implement the éeparation
when the opportunity arises. This should be reflected in the lump-sum transfer

that results form their original bargaining process, given that the H gives up

a potential surplus when the opportunity comes. The H would then commit

contractually not to separate in the future when the single H is met.

Of course if a single H is actually met in the future, the H in the HL match
would like to separate, but she cannot since she is contractually bound, and
contracts can only be renegotiated upon mutual agreement. The maximisation
is therefore done in expected discounted terms ét the moment the original HL
match starts.

Consider now the new HH match that would arise from the separation just
described. It is not true that the two agents in this new match aim to maximise
their joint discounted value, since the H that comes from singleness is not playing

any active role. She is just accepting a proposal to form a new match because
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she is being left indifferent. But the agent (H) that comes from the HL match
has an incentive to maximise the joint discounted value in the new HH match,
since this allows her to maximise her own surplus. Hence, the contract governing
this new match is also written to maximise the joint discounted value; with only
one agent deciding on the separation policy and the other playing a passive role.
An adaptation of the abové completes the analysis of Remark 1.1. Consider’
the possibility that the L in the HL match contacts a single L. The separation
will be implemented if the total surplus 8%, = (Ugy — Umi) + (Ut — Urs) +
(Upi— Ury) > 0, and in that case she will make the si.ngle L a proposal to form a
new LL upon the payment of a lump sum transfer with value X§; = U 21— ULy.
If Sh;, <0, then the best is to reject the single L, case in which X, - 0.
Consider now the possibility that the H meets a single L. Because the
matches that would be created and destroyed by a separation are of the same
type, and the agents being traded into singleness are also of the same type, the
surplus generated is Sf; = 0. Therefore, the separatioﬁ is not 'implemented,
Xpr = 0 and the single L is rejected. For an analogue reason, if the L in

the HL match meets an H, the surplus generated S#, = 0. This implies that

Xrm = 0 and the H is rejected.

Remark 1.2 The following contract mazimises the joint discounted value bf two
agents in an HH match: A vectorY = [YI’}H,Y;IH], where each entry Y} is the
value of a lump sum transfer that type 7 must charge a single type k in order to
separate the existing ij match and form a new kjy match. Y;f = 0 denotes thdt

the ij match will not accept a separation to occur. Y;;? are not negotiable.
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YI?HZO

Rémark 1.3 The following contract mazimises the joint discounted value of two -
agents in an LL match: A vector Z = [Zg’L, ZfL], where each entry Zf; is the
value of a lump-sum transfer that type j must charge a single rtype-k in order to
separate the existing ij match and form a new kj match. Zz-kj = 0 denotes that

the ij match will not accept a separation to occur. ij are not negotiable.

Z{JJL:O

ZE = Um—Upa if S > 0,20, =0 4f SF <0

The reasoning for Remarks 1.2 and 1.3 are just an adaptation of that for
Remark 1.1. The only difference is that with two agents of the same type, only
two types of contacts must be considered.

When two agents form a match expected to separate in the future, their joint
discounted value includes not only the discounted value of the total prpduct
generated while the match lasts, but also the discounted value in the match
formed after the éeparation (net of the continuation values), since they jointly
keep the total surplus of any future separation.

One way of interpreting this is that forming a match involves two benefits
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compared to single search: (i) A flow product is generated at each instant while
the match exists (i7) It gives complete bargaining power vis-a-vis single agents®.
On the other hand, the (potential) cost of matching is the loss in search efficiency
as described in the previous section. This loss has two components: (i7) The
halving of the rate at which single agents are contacted and (¢v) The complete
loss of the rate at which matrched agents are contacted. Notice that (iv) is
irrelevant; the expectation of contacting matched agents while single does not
increase single agents’ discounted value, since any surplus is lost by single agents
after paying the lump-sum transfer to the matched agent. Loosing this arrival
rate is therefore not a cost. Hence, the contractual freedom enjoyed by all agents
increases the benefits of forming a match because of (i7), and it also decreases
the cost of doing it because of (tv). This increased incentive to form a match

will be key in understanding the nature of the equilibria described in section V.

1.4 Discounted Values of Contracts

The previous section made a strong case that what matters for the matching and
turnover decisions is:

(z) The joint discounted value of a contract

(t) The sign of the surplus of a separation.

There are four possible separations. It will prove useful later to spell out the

surplus created by each of them in terms of all U;,. The first two are when an

6The bargaining power of singles vis-a-vis singles is just %
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H leaves and L for another H (Sf%;), which is the opposite to when an H leaves

an H for an L (Sky).

St = —Shy =2Unn — Um — U + Upu — Upta

When an H leaves his contract with an L to form an HH match, the value .
of the new contract is 2Ux,. The value of the old contract, Ug; + Upp, is lost.
Further, an H that was single move into the new HH contract, so U, H; is lost.
The L in the old HL contract moves into singleness, so Uy, is created.

The other two are when an L leaves an H for another L (S%,), which is the

opposite to when an L leaves an L for an H (SH,):

Sk =—SE =2Un ~ U — U + Ugry — ULy,

The interpretation of the above surplus is analogue to that of SE, = —Sk ..

This section makes full use of the above in order to describe the joint dis-
counted value of contracts. From here on, I will ignore the cases that occur with
probability 0, i.e. cases in which Sf; =0

I will start with an HH contract. This type of contracts can be stable (it
does not allow for any separation) or separate when either agent meets a single

L, which I call unstable-l. Hence, the joint discounted value is given by:
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r2Um, = 2Qu + 2014 [s5u(Ski)| + 8Q@Unu — 2Unn) (1.1)
where

Sky = Um+Up, —2Unh + Unu — UL

There are two agents in the contract, and the total production is 2Q 5. The
joirt rate at which an L will be contacted by either of the agents in the contract
is 2ar,. The contact will lead to a separation if the corresponding total surplus
(SE ) is positive, éase in which s&, = 1, and the agents in the original HH
match keep all this surplus to themselves. The possible types of an HH contract

are:

If sk, = 0: stable contract, and Y, =0

If sk =1: wunstable — I contract, and Yy =Uh — ULy

Regarding LL contracts, they can either be stable or separate when either

agent meets an single H, which I call unstable-h. The joint lifetime discounted

value is given by
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r2Un = 2Q1 + 20 [sH(ST)] + 6(2UL. — 2U1) (1.2)

where

SE = Um+ U —2Uy + Uy — U

The joint rate at which an H will be contacted by either of the agents in
the contract is 2ag,. The contact will lead to a separation if the corresponding
total surplus is positive, S5 > 0, case in which sk, = 1, and the agents in the
original LL match keep all this surplus to themselves. The possible types of an

LL contract are:

If s, =0: stable contract, and Zf, =0
If s, =1: wunstable — h contract, and ZH =Ug — Uy
The case for HL contracts is a bit more Iengthy, since these contracts can
either be stable, break only when the H meets an H (unstable-h), break only
when the L meets an L (unstable-1), or break upon either of the previous cases

(unstable-hl). The joint lifetime discounted value is given by
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r(Um+Urh) = 2Qu+or. [S%JL(SZL)] + anu [ng(SfH)] (1.3)

+6(UHu + U, — [UHZ + ULh])

SII;JIL = -SEL SI{{H = _S}I‘JIH
b, =1if85, >0 sh, =1ifSH, >0
sk =0if S, <0 sy =0if SH, <0
At a rate oy ,, the L will contact a single L . A separation will occur if the
corresponding surplus Sk, is positive, case in which s%; = 1, and the agents in
the original HL contract keep all this surplus to themselves. At arate ay,, the
H will contact a single H type. A separation will occur if fhe corresponding
surplus SE,; is positive, case in which sy = 1, and the agents in the original
H L match keep all this surplus to themselves. The possible types of an HL

contract are:

If sk, =1,s8, =0: unstablel contract, and X}, = Uy — Uy, Xy =0
If sk, = 0,58, =1: unstable-h contract, and Xf;; =0, Xy = Unn — Up,
If sk, = 1,58, =1: unstable-hl contract, and Xk, = Up — Upa, X2y = Unn — Uty
If sk, = 0,5, =0: stable contract, and Xf;; =0, X/, =0
Notice that if LL matches will separate when one of them meets an H, then

HL matches will not separate when the L meets an L. Formally, S >0«

SE; < 0. Hence, LL contracts are unstable — h if and only if HL contracts are
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not unstable — | nor unstable — hl. Likewise, if HH matches will not separate
when one of them meets an L, then HL contracts will separate when the H
meets an H. Formally, Sk, <0< SE, > 0. Hence, HH contracts are stable

if and only if HL contracts are unstable — h or unstable — hl.

1.5 Strategies

The decision faced by two single agents is wether not to sign a contract, to sign
an unstable contract or to sign a stable contract. Instead, matched agents do
not have a strategy as such, since their behavior is given by the contracts they
have previously signed when forming their current partnership. | Further, the
behaviour of single agents vis-a-vis matched agents is determined by the ability
of matched agents to make non-negotiable proposals. Singles will accept to
form a new match (which implies the existing match separates) if they receive a
proposal from a matched agent which will extract all of its surplus.

Hence, two single Hs face a decision between‘ not signing a contract, signing
aﬁ unstable — | contract or signing a stable contract. Two single Ls must
decide between not signing a contract, signing a stable contract or signing an
unstable — h contract. A single H and a single L must decide between a not
signing a contract, signing a stable contract, signing an unstable-h contract,
signing an unstable-1 contract, or signing an unstable-hl contract.

The following four Propositions address the decision on the separation

policy for existing matches. Hence, it is not considered in them wether the
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matches should have been signed on the first place. This analysis is postponed
to further sections. In these Propositions, when I say that contracts are of a
given type, it must be understood that this type maximises the joint discounted

value of the match, and is therefore the contract type signed.

Proposition 1.1 Assume HL contracts are not unstable-l nor unstable-hl. Then

HH contracts are stable (and HL contracts are unstable-h ) if

2(Qr —2Qun) > r(Unu — ULw)

HH contracts are unstable-l (and HL contracts are stable) otherwise.

We first enquire when are stable HH contracts preferred to unstable—1 HH
contracts. The discounted value of stable HH contracts is represented by (1)
with s4, = 0. Solving, this is given by

QH +6 UHu
o= -
T+0

The discounted value of unstable —! H H contracts is represented by (1) with

sk g = 1. Solving, this is given by

2QH + ap o (Um + Uph + Unu — Ura) + 6Ug
6+1+2ar,

Stable HH contracts are signed if
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2QH + 6Up S 2QH + (Ui + Uk + Uy — ULy) + 6Un,)
r+6 641+ 200,

which can be reduced to:

Qn +6Unu

u u 2
Ui +Uph + Upy — Uy < RS

(1.4)

This is equivalent to the condition Sk, < 0 (or SF; > 0) evaluated using
the value of stable HH contracts, i.e. Ugp = 2—0'-3:r—6§]”-“. If the above condition
holds, S5 5 < 0 (SE; > 0) and sk =0 (s, =1).

Because the Proposition assumes that HL contracts are not unstabie — I nor

unstable — hl, we must use also sk, = 0.This means that HL contracts are

unstable — h, with value given by (3) with sf; = 1,5k, =0

r(Um+Uh) = 2Qun + agu(Sty) + 6(Usry + Uru — [Umn + Ura))

- 2Qu + apruQUxn + Uy — Uy) + 6(Uny + ULy)
r+6+ (079

Um+Up =

Using 2Upy, = 29808 into Up; + Urh, and plugging the result in condition

(4) above yields

2(Qu — Qum) > r(Unu — ULy)
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This condition is highly intuitive. #When an HL contract is destroyed in
favour of an HH contract, there is a gain in terms of flow product equal to
2(Qu—Qu). But at the same time, there is a loss in value equal to 7(Ugy —ULy);
since an H stops being single and moves into the new H H match, while the L
that was in the HL match moves into singleness.

This is equivalent to the condition S&, < 0, or Sf; > 0. Using the values |
of a stable HH contract and an unstable — h HL contract into SH, > 0, this

condition yields

r(Ue — Una) +2(Qu — Qu) D

SH =
L T+ o+ 6 T+ Qg+ 6

SH >0 2(Qu — Qu) > r(Unu — Ury)

Notice S¥,; is the discounted value of the surplus created by the corresponding
separation at the moment the HL contract is originally signed.

It follows from the above analysis that if HL contracts are not unstable-1 nor
unstable-hl, 2(Qx — 2Qu) < 7(Ugy — UL,) implies that SE; < 0 and S > 0,

so HH contracts are unstable —l and HL contracts are stable.

Proposition 1.2 Assume HL contracts are not unstable-h mnor unstable-hl.
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Then LL contracts are unstable-h (and HL contracts are stable) if

2(Qum —2QL) > r(Ugu — Ury)

LL contracts are stable ( and HL are unstable-l) otherwise.

The first concern is when are unstable — h LL contracts preferred to stable |
LL contracts. The discounted value of an unstable-h LL contracts is represented

by (2) with sf, = 1. Solving, this is given by

2QL + agy(Um + Urh + Uy — Uny) + 8ULy
6+ 1+ 20y,

The discounted value of a stable LL contracts is given by (2) with si, = 0.

Solving, this is given by

QL + 6UHu
2—.___.__
r+6

Unstable-h LL contracts are signed if

2QL + agu(Um + Uph + ULy — Una) + 6UL, S ZQL + 68Uy
6 + 7 2@]{“ r-+ 6
which can be reduced to:
QL + 6UH'u.

Ui +Uph + Uppy — ULy > 2

‘ r+6 (15)
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This is equivalent to the condition S#, > 0 (or S5, < 0) evaluated at

Uy, = 298

If the above condition holds, S¥ > 0 (S%, < 0) and s, =1 (s%,L = O).
Because the Proposition assumes that HL contracts are not unstable — h, we

must use also s, = 0. This means that HL contracts are stable, with value

given by (3) with sH, = sk, =0

r(Um+Un) = 2Qm + 6(Unu + ULy — (U + ULsl)

r+6

Ui+ Urn =

‘Using 22U, = 29=L{£—gﬂl into Ug; + ULy, and plugging the result in condition

(5) above yields

2(Qum — Q1) > r(Unu — ULu)

| The intuition is analogue to that of Proposition 1.4. When an LL contract
is destroyed in favour of an HL contract, there is a gain in terms of flow product
equal to 2(Qp — Q). But at the same time, there is a loss in value equal to
r(Ugy — ULy); since an H stops being single and moves into the new HL match,
while the L that Was in the LL match moves into singleness.
This is equivalent to the condition S > 0 (or S&; < 0). Using the values

of an unstable — h LL contract and a stable HL contract into S > 0, this
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condition yields

SH — T(ULu - UHu) + 2(CQM - QL)
LL T+ o, +6

and
SII/{L > 0 <:> 2(QM - 2QL) > T(UH'u, - UL’u)

As in Proposition 1.4, SH; is the discounted value of thé surplﬁs created by
the correspondiﬁg separation at the moment the LL contract is originally signed.
It follows from this analysis that if HL matches are not unstable-h not
unstable-hl, then 2(Qy — Q1) < 7(Usrw — Ury), implies S5, > 0 and SH, < 0,

so LL contracts are stable and H L contracts are unstable — [.

Proposition 1.3 Assume HL contracts are unstable-h or unstable-hl. Then LL

contracts are unstable-h (and HL contracts are unstable-h)'z‘f

CYHuD

2(Qnm — QL) + m

> T(UHu - ULu)

LL contracts are stable (and HL are unstable-hl) otherwise.

Proposition 1.6 shows that LL contracts are unstable — h if condition (5)

holds:

QL+ 0Unu

u'—U'u, 2
Ui +Uph +Un Lu > "

If the above holds, SE > 0, s¥, =1 and S5, <0, sk, =0
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The Proposition assumes that HL contracts are unstabze— h or unstable— hl.
This means that SE; > 0,s%; = 1, and also that HH matches are stable, so
8L <0,s5ky =0

The value of an HL contract is therefore given by (3) with s, = 0 and

H _
sig =1, and

2Qn + agu(2Ukn + ULy — Ugy) + 6(Unu + UtLw)

Um+Upn = it a
Hu

The value of an HH contract is given by (1) with s&;, = 0, and

Qu +8Un.

2Ugy = 2
Hh r+6

Using 2Ugy, in Ugy + Ury, and this in condition (5) yields

aHuD

Tram+6 U= Un)

2(Qm — Q) +

The intuition is analogue to that of previous propositions. But now the
benefit of destroying an LL match in favour of an HL match is not only the gain
in flow values 2(Qa — Qr). It includes also the discounted value of the surplus
created when the new HL match separates to form an HH match, as deri‘}ed in
Proposition 1.4 above. This must be higher than the value loss 7(Ugy — UrL)

in order to an LL match to separate in favour of an HL match.
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1.6 Steady State Equilibria

A set of contracts will be defined as a triple that describes the type of con-
tract signed by each possible pair of single agents. Hence contract set C =
(cuH,cLL,cuL), where cgy € {stable , unstable-l, no contmcf}, crr €{ stable,unstable-
h, no contract} and cy; €{stable , unstable-h , unstable-l , unstable-hl , no
contract}.

By deécribing the strategy chosen by any pair of single agents, a given set of

contracts determines:

(a)The joint discounted values for matched agents and the discounted values
for single agents in terms of the arrival rates.
(b)The steady state distribution of agents given by all N;s -and therefore the

relevant arrival rates- since it defines the matching and separation dynamics.

Because of (a) and (b) above, a steady state equilibrium can be described by
a set of contracts such that no agent has an incentive to write a contract that

does not belong to the set.

I only consider the two equilibrium configurations that are parametrically
relevant. In the first, referred to as Equilibrium A, two single Hs sign stable
HH contracts; a single H and single L sign unstable — h contracts and two single
Ls sign unstable — h contracts. In Equilibrium B, single Hs sign unstaéle —1
contracts; a single H and a single L sign stable HL contracts and two single Ls

sign unstable — h contracts.
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Theorem 1.1 Equilibrium A obtains if

Qu—Qum of,
Qu—-Qr ~ r+6+2af, +af,

Proof. Assume all agents follow the strategies described in Equilibrium A,
the contracts set is given by Ca= (stable, unstable-h , unstable-h). Then the
equilibrium equations are given by:

1) with sk, =0, (2) with s¥, =1 and (3) with s¥; =1,s%, =0
HH H HL

r2Unn = 2Qu + 6(Ugw — Unn)

r(Um +Un) = 2Qum + o (SHL) + 6(Usty + Ury — [UHz + ULh]‘)

7‘2UL1 = ZQL -+ 2a,“}u(SfL) + 5(ULu - ULl)

Because HL contracts are not unstable — [, we follow Proposition 1.4 in
writing the condition for HH matches to be stable and HL matches to be

uhstable —h:

(i) =Sk, = SEy >0+ 2(Qu —2Qum) > r(Unu — ULy)

Because H L contracts are unstable—h and H H contracts are stable, we follow

Proposition 1.6 in writing the condition for LL matches to be unstable — h

i

i .

|

.

i

H -

‘I g . ‘
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A
oD

(it) —SfIL:SfL >O<:>2(QM—QL)+m

> T(UHu - ULu)

These two conditions are evaluated using the lifetime discounted values of

single H and L types:

UL, = 2o, [UHI + Ut ; Ubw — ULu] + 204 [2ULI —2- QULu]
' Uh — Unru — ULu Witn — 2z
Uy = Qafu [Um + 5 il L } + 2a‘;}u [——-——Hh 5 Un ] v

In the Bellman equation for a single H, if she contacts a single L, which
happens at rate 2o, , they sign the equilibriumrunstable — h contract aﬁd share
its surplus equally. If a single H is met, which happens at rate af,,, a stable
contract is signed and the surplus is again shared equally. The possibility of
contacting matched agents does not increase the discounted value, since any
surplus if a separation occurs is extracted from the single agent by means of
the lump sum transfer charged by the matched agent. The interpretation of
the equation for a single L is analogue, with the difference that equilibrium LL
contracts are unstable — h |

Conditions (7) and (i¢) can be respectively reduced to

Qu— Qum of,
QM"'QL ‘r+6+2a§u+aé‘u

(2)
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() (Qu—QL)>0

We need three more conditions for the configuration to represent an equi-
librium, which are that the contracts conjectured are preferred to not signing a

contract at all:

(ZZ'I,) ZUHh > 20Uy,
(iv) 20U > 2UL.

(’U) Ui +Uh > Ugy + UL

These three conditions are evaluated using the solution to the equilibrium
equations and the equations for single Hs and single Ls. Their reduced form is,

réspectively

‘ 2
2QMaLu(7' + 0+ 2(1'13“ + 2aLu) — QQL (chu)
(r+ 0+ 204, +20f,)(r + 0+ 2af, +of,)

(111)Qu =
(v) QL >0

(v) Qu >

Qrag,
r+ 0+ 204, + 204,

Conditions (i), (iv)and (v) always hold. Condition (#i) can be proven to
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hold if condition () holds. Hence, (i) is the only binding condition. Given

@ this conditions holds if Qs is low and/or @y, is high. The intuition for this

condition is based on this and on the intuition given in Proposition 1.4. If Qs

is low compared to Q g, then the gain in flow output is very high when an AL

match destroys in favour of an HH match. Further, if )7, is high, then the

value loss 7(Ugy — UL,) addressed in Proposition 1.4 is low enough, since a high
Q1 increases the value of Ug,.

Given that forming a match implies a loss in the arrival rate, one would expect
to find parameter values for which such a loss is too high, and the agents prefer
not to sign a contract and continue looking for better options. Thé reason it
does not happen here is that the ability to keep all the surplus from a separation
compensates for the loss in arrival rate. Consider single agents of types H and
L. The ultimate goal for the A is to contact another single H, which occurs
at rate 2af, if she remains single, and create a stable HH match. She keeps
% of the surplus created if she does meet one. Alternatively, the arrival rate
halves to a4, if she aécepts to match with the L. Ceteris paribus, this just
halves the expected gain from meeting another . But signing a temporary
contract with an L also allows the H to keep whole surplus of the match formed
upon a separation, instead of only % if she doés while single given the bargaihjng
process. These two effects cancel on expected terms, and the loss in arrival
rate is compensated. Further, the L will always let the H keep all the surplus
from the expected HH match. The reason is that the expectation of an H H

match is not part of her continuation value as a single agent. Hence, giving it
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up completely will never make her utility after signing the contract lower than
her continuation value.

LL matches form always for an analogue reason. When single, each meets a
high type at rate 2a4,, and share equally with her the surplus created. Forming
an LL match halves the individual arrival rate, but if they do find an H, they
are able to keep the whole surﬁlus arising from the new HL match, rather than

just 2, and these two effects cancel out.

A

The arrival rates o are obtained from the solution of the adding up and

identity constraints and the flow equations:

Nm = N
Nyp+ N+ Npy = 7

Npn+Np+Npy, = 1=79

Ny 26 Ngo) + Now [ENm)] + Nui[eNgu] = 6Ngp

In the equation above, Hs can get into HH matches if: (a) A single H
contacts another single H. (b) A single H contacts an H in state . (c) An H

in state [ contacts a single H. Hs fall out of HH matches only if the exogenous

shock occurs.

Nyo [26 Npu) + N [eNL) = 6Ny + Ny [eNmi)
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Above, Hs get into HL matches if: (a) A single H contacts a single L. (b)
A single H contacts an L in state I. Hs fall out of HL matches if: (a) The

exogenous shock occurs. (b) An H in state [ contacts a single H.

Nr. [QENLu] = 6N + N [25NHu]

Finally, Ls get into LL matches if: (a) A single L contacts another single L.
Ls fall out of LL matches if: (a)The exogenous shock occurs (b) An L in state [

or his partner contacts a single H.

Theorem 1.2 Fquilibrium B obtains if

Qu—Qu of,
QM—QL T+6+2agu+a€u

The proof of Theorem 1.2 follows the same lines of the proof of Theorem
1.1, and is therefore relegated to the appendix. Becéuse HL contracts are not
unstable — I, we follow Proposition 1.4 in writing the condition such that HL
coﬁtracts are stable and HH contracts are unstable-l. Because HL contracts
are not unstable — h, we follow Proposition 5 in writing the condition such that
LL contracts are unstable — | and HL contracts are stable.

Given Qp, the inequality in Theorem 1.2 is likely to hold for high Qs and/or
low Q.. Opposite to Equilibrium A, if Qs is high relative to Qp, (assume Q4 is
high enough that Qs = Qg), then the loss in flow product is not very high when

a separation of this kind occurs. If in addition, Q) is very low, this decreases




CHAPTER 1. CONTRACTS AND ON-THE-JOB SEARCH I 49

the value of single Ls. Then the separation is profitable by employing an L in
its relatively more productive role: in a match with an H where it is almost as
good as another H, rather than single with very low Ur,. The single H that
results from the separation has a much higher discounted value than a single
L. This is because the single H can hope to produce Qg upon meeting an H
and Qy = Qg upon meeting van L. On the other hand, a single L can hope to
produce Qs = Qg upon meeting an H, but only a low ()1, upon meeting an L..

Again, if matching reduces the individual arrival rate, one would expect tem-
porary matches not to be profitable for some parameter values which would
make this reduction too high a loss. The argument for single Ls to aiways sign
unstable— h contracts is the same as in Equilibrium 1. With HH matches being
temporary as well, two single Hs always find it worth it to form a unstable — [

HH match for an analogue reason.

1.7 Sorting Effects

The conditions for Equilibria A and B to obtain can be rewritten respectively

as:

Qu —Qum > F(afy,,07,)(Qm — QL)

Qu—Qu < F(afy,01.)(@m — QL)
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where
Cag ,

T+ 6+ 20%, + a5,

F(0fu at,0) =

Theorem 1.3 Parameter configurations exist such that there is no set of con-

tracts that represent a pure strategy steady state equilibrium.

Proof. The arrival rates a5, 0§, differ across the two equilibria. In par-
ticular, o, > af, and af, < of,. That is because in Equilibrium A, LH
matches break to give rise to H H matches, which decreases the number of single
Hs and increases the number of single Ls. In Equilibrium B, the opposite is
true. Other than this, the matching and separation behavior is equal across
these two equilibria. Further, it is easy to show that:

Fe > 0

CLu
As a consequence of that:

F(of, 0t ) (Qu — QL) > F(afh, afu»)(QM - QL) if Qu > QL

Fla,, ab)Qu —Qu) = F(ob,,ol)(@m— QL) =0if Qu = Qs

so the lower limit of Qg — @ for Equilibrium A to obtain is higher than the

upper limit of Qg — Qa for Equilibrium B to obtain’. Given the values of the

"For Qpr > Qr. They are both 0if Q@ = Q1.
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GRAPH 1

QHQM

QM-QL

Figure 1-1:

6ther parameters, there is a range of Qg values such that neither Equilibrium A
nor Equilibrium B exist.

In Graph 1, the two dark lines repfesent both F(a%,,0f ,)(Qm —Qr). The
solid line that limits zone A from below corresponds to F(afy ,, of ) (Qm — QL)
Zone A represents parameter configurations such that Equilibrium A obtains.
The solid line that limits zone B from above corresponds to F(af,, of,)(Qu —~
Q1), hence, Zone B represents parameter configurations such that Equilibrium
B obtains. Zones A and B exclude the lower énd upper limit respectively, which
belong to the zone of no equilibrium (N.E.). The 45° line in the Graph will be

considered when addressing the efficiency of the equilibria. Notice that
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O0Qr—Qm) _ . .
a(QM _ QL) - F(aH,u’ aL,u)

so F(ag,,af ) represents the slope of the limits in Graph 1. Using this

leads also to the construction of Graph 1.

1.8 Externalities and Efficiency of the Equilib-

*

ria

The amount of search increases with the number of single agents, since it is only
single agents who search actively (by making phone calls). On that regard, there
is a thick market externality, whereby a decision to match imposes costs on other
égents because it decreases the number of singles and therefore of active searchers
(callers); which makes it more difficult to contact new pedple. Notice that Uj,
do not depend on the number of métched agents, but only on the ’number of
single agents and the total number of agents in the market, 1. That is because
single agents do not obtain any surplus from Ia separation that forms a new
match, should there be one. Hence, a decision to match imposes an externality
on other agents only because the number of single agents decreases, and not
because the number of matched agents increases. Matching decisions affect not
only the amount of search but also the composition of active searchers, which is

affected differently depending on the types involved. Hence, matching decisions
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impose both a thick market and a composition externality.

When a separation occurs, the total number of searchers remains constant,
so there is no thick market externality. The externality in these cases has to
do only with changing the composition of searchers. Hence, the sign of the

externality is determined by the direction of the change in composition.

All decisions taken regarding matching and separations (the type of contract

signed) are privately efficient, by considering the costs of the three agents in-
volved in any possible separation. Because new agents must be offered their
continuation value to agree to form a new match (after the existing match sep-
arates), their cost is being considered as well, although they are not ‘beneﬁting
from the separation. Nevertheless, because all matching and separation deci-

sions impose an externality on other agents, the equilibria need not be socially
efficient. The notion of efficiency used is the same as in Diamond and Maskin
(1979), where efﬁciency is measured by total output net of search costs in steady
state®. Because both equilibria exhibit non-elitist matching, I will addréss only
the separation dynamics, and say that an equilibrium is efficient if the separation
dynamics are efficient.

Separations just trade one agent for another into a match and into singleness.
This means that both equilibria exhibit the same number of matches and they
only differ in the match composition. Hence, by comparing the efficiency of the
separation dynamics across equilibria, we are actually comparing the efficiency

across the equilibria.

8Search costas are 0 here.

i
%
ii
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Taking the number of matches as given, the condition Qr+Q 1 > 2Q s implies
that an assortative (elitist) matching configuration is efficient. Qu+Qr < 2Qx
implies that a negative-assortative matching configuration is efficient (see Roth
and Sotomayor, 1990). In Graph 1, the condition Qg + Qr = 2Qy = Qn —

Qu = Qum — Q1 is represented by the zone above the 45° line.

In all points above the 45°, Equilibrium A dynamics are constrained efficient,

but not efficient because it would still be possible to improve upon them by not
allowing L L matches to destroy in favor of HL matches. In all points below the
45°, separation dynamics in Equilibrium B are efficient, because they maximize

the number of HL matches by destroying HH and LL matches in favor of HL

matches

Theorem 1.4 If the separation dynamics in Equilibrium A are constrained ef-

ficient, Equilibrium A obtains.

Proof.

RQu+QL > 2Quw = Qu—Qu >Qu—Qr =
4

aLu _
Qu—Qm > T+5+2aﬁu+afu(QH QL)

and therefore Equilibrium A obtains (Claim 4). The slope of the lower limit

C!A . . .
of Zone A is given by mﬁ < 1, so it lies always below the 45° lme.
It can still be the case that Equilibrium A obtains, but Equilibrium B dynamics

are efficient. This would happen if Qg — Qs lies in Zone A below the 459 line;

¥
3
i
:
]
!
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Theorem 1.5 If Equilibrium B obtains, the separation dynamics in Equilibrium

B are efficient.

Proof. Theorem 1.2 states that Equilibrium B obtains if

' B
ALy
H M r 5 2aBu agu( M L)

= Qu-—Qum<Qu-QrL=>Qu+QL<2Qu

and the last inequality implies that Equilibrium B dynamics are efficient. In

Graph 1, notice that all points that lie in Zone B also lie below the 45° line.

1.9 Asymmetric effects of the Freedom of Con-

tract

Equilibrium A is the case that best reflects the spirit of the model. In this
configuration, H H mat;:hes are stable and only single H types are able to break
existing matches. Separations only occur when an L in an LL match or an H
in an HL match contact a single H. The problem for single H types is that,
upon a separation, their surplus is extracted by means of the lump sum traﬁsfef,
so they do not benefit from the ability to break existing matches.

I will use a benchmark model to illustrate this point. Assume that matched
agents are not able to commit not to bargain with third agents. Thus, matched

agents are unable to make non-negotiable proposals, and therefore must bargain




CHAPTER 1. CONTRACTS AND ON-THE-JOB SEARCH I 56

with their single counterpart for the surplus of a separation that accrues to them.
I will then assume that, upon a separation, the agent leaving a match must
compensate her partner for the capital loss imposed on her? The surplus for the
two agents in the new contract is equal to the sum of their changes in discounted
values minus the compensation that must be paid to the agent left single; and
this is the surplus they split through bargaining. Therefore, if matching implies
the loss of arrival rate of matched agents, now there is a positive cost to entering
a match in terms of not meeting matched agents.

In the new setting, the separation rule is analogue for existing contracts. Since

the agents in the new match must compensate the one that will be left single after

the separation, it is still true that the costs and benefits of all agents involved are
being considered. In that sense, separation decisions are still privately efficient.
As before, if the total surplus generated by a separation (as defined in Definition

2) is not positive, the separation will not occur.

This new setting limits the "rent extraction” abilities of matched agents.
This implies that, whenever single Hs break existing matches, they will profit
from such separations. The following investigates how does this affect the dis-
counted value of a single H.

I will rely on a numerical example to addréss the issue, and find the equilibria
for parameter sets that would yield an equilibrium of the A type in the main

model, in the sense that HH contracts form and are stable (i.e. when Q is high

9 As in Burdett and Coles, 1999. This decreases the surplus of the separation accruing to
the potential match. :
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enough). In no way does this numerical exercise aim to be an analysis of the
matching and turnover behaviour of the alternative model, which can be proven

to exhibit a much richer set of equilibria.

Assume the following arbitrary values for the parameters:

r=0.1,6=01,Q,=1,Qu=2,e=1

With these parameter values, the steady state stocks and arrival rates are:

Ny, = 0.0582, Ny, = 0.1726, Ngp, = 0.2690

Ni, = 0.1417, N, = 0.1726, Ny, = 0.1855
and
afs = ENts = Nts
Equilibrium A obtains in the main model if

A
Qu — Qum o5

>
QM—QL T+6+2agu+aéu

= Qg > 231

The discounted value of a single H type results in

Up = 6.89 + 3.68Q

|
! _ : : , :
) o e

vé‘
i
3
3
i
1
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Let us go back to the model with compensation payments. With matched
agents unable to make non-negotiable proposals, single agents expect to receive
only % of the surplus of a separation as a result of the bargaining process (as
opposed to nothing in the main model). I report the results for two equilibria
that are possible for high values of Qy in order to illustrate the point.

Equilibrium C' exhibits the same contracts set as Equilibrium A, and there-
fore the same dynamics, the same steady state equations and arrival rates. The
difference is given only by the sharing of the separation surpluses. The corre-

sponding Bellman Equations are:

rUpn = Qn + 6(Uny — Uny)
SH

r(Um + Urr) = 2Qum + 0§, 5% + 86Uy + Urw — Ui — Ups)

rUn = QL+ a?;,uﬁéi + 6(Urw — Ut)

—Upr=U 22U —2U
rUp, = 2agu [UH!+ULh 2UH Lu] 4+ 2agu [_L%_Lu]

rUste = 205, [UH[-FVULh—ZUHu—ULu] +2a§, [LUm_;}Qm] + agl%”a + a%'l&;l

The stocks and arrival rates in Equilibrium C are equal to those in Equilib—
rium A.

The equations for Uy, and Uy, reflect that single agents keep % of the Sﬁrplus
of separation when matched agents are contacted, and this is reflected in the
Bellman Equations for the discounted value of the contracts. Solving the system
given above the U,, of the candidate equilibrium. The equilibrium conditioﬁs

are analogue to those in Equilibrium A, since the private separation rules are

;
1
3
i
i.




CHAPTER 1. CONTRACTS AND ON-THE-JOB SEARCH I 99

the same. These use the Uy, obtained from above. Ireport the results obtained

using the parameter values assumed:

H
SLH

St
UL
Unn

Ugi + Urp,

0= Qg > 247
0= Qy <523

U, = Qg > —18.11
Uy, = Qg > 1.06

UHu + ULu = QH < 7.74

The difference is that now two of the conditions are relevant. Condition

SE, > 0 says that Qg must be high enough that it is profitable to break HL

‘matches when the H contacts a single H; and therefore HH matches are stable

contracts. This is analogue to the condition for Equilibrium A to obtain. But

now condition S > 0 is also binding. It must also be the case that, although

high enough, Qg is not very high. The way of looking at it is the following.

If Qg is very high, then Uy, is very high, and it is more efficient to have him

searching for another H than in a contract with an L. If this is the case, Sf, <0

and the separation is inefficient when an L in an LL match contacts an E.

Hence, Equilibrium C obtains for 2.47 < @ < 5.23 and

UG, =525+ 5.05Qx
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In Equilibrium D, two single Ls sign stable contracts, two single Hs sign

stable contracts, and a single H and a single L sign a unstable — hl contract®.

.z.
i
|
f’

In this equilibrium, Qg is high and Uy, therefore. Hence, the surplus created

by the separation S}” = Upy +2ULp —2Up; — Uy, is positive and the separation

is efficient.

The Bellman equations are functions satisfy

rUuh = Qu + 6(Unw — Uny)

L

H
r(Um + Urn) = 2Qu + a?{u%‘-’i +C¥1L)’u§f2u‘ + 6(Uhu + ULy — U — Upn)
U = QL+ 6(Uru — ULi)
2 Hl 2

. H
rUmu =209, [3 (Um + Urh — Unu — Ura)| + 208, [R520i] 4 of S

L
ULy = 20, [% (Um +Urh — Unu — ULu)] + 2ap, [ZQ“;—WL“] + afh%“‘

The steady state stocks and arrival rates are given by the solution to the

steady state equations in the Appendix:

Ny, = 0.1, Ny = 0.6666, Ny, = 0.3333

N, = 0.1, Ny, =0.6666, Ny, = 0.3333

and

D
Oy s = eNgs = Ny

10The match will break when the H meets an single H or the L meets a single L.




CHAPTER 1.  CONTRACTS AND ON-THE-JOB SEARCH I 61

Solving the system above yields the candidate Uy,. The Equilibrium condi-

tions are:

Sty > 0= Qu>228

Sk, > 0= Qy > 6.60

U > Upy= Qg > —20.40
Ugn > Upgy = Qy > 2.28

Ui+ Uy > Ugu+ U, = Qg <997

The condition on S&; > 0, where S5, = —SH,, is the _cdmplemént to the
condition on S#; for equilibrium C. Now, because is high @y enough, it is not
efficient to break LL matches in favour of HL matches. It is therefore efficient
to break HL matches in favour of LL matches. The intuition was given when
addressing Equilibrium C. Notice that now we need Qy < 9.97 for HL contracts
to form. If Qy was véry high, then H types prefer to remain single, searching
more efficiently for another H, rather than signing a contract with an L. Hence,

Equilibrium D obtains if 6.60 < Q < 9.97 and
UL, =2.81+543Qg

The reader may be puzzled by the big difference between the upper limit for

Equilibrium C to obtain and the lower limit for Equilibrium D to obtain. Thjs

:
3
3
i
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is due to sorting effects of the type described in section (1.7).

Finally, it is easy to show that

Ug, > Uf, if247 < Qpy < 5.23

Up, > U#, if6.60 <Qy <9.97

This implies that single Hs are better off if matched agents are not able to
commit not to bargain with single agents. Of course, two agents who have just
met would like to sign contracts to commit their fﬁrther bargaining behaviour,
but this is because they have already contacted. Before any contact has occurred,
single Hs prefer a system where such contracts are not possible, so that already

existing matches cannot extract surplus from them.

1.10 Conclusion

This paper has analised equilibrium contracting behaviour in a partnership model
with on-the-job search, and the matching and turnover behaviour implied, as well
as the welfare consequences for heterogenous agents. I have argued that in the
presence of i) bargaining and 4i) complete freedom of contract, agents Will, on
the one hand, éim to maximise the joint value of their relationship; and, on
the other, use their relationship to gain full bargaining power vis-a-vis agents

they may contact in the future. Given this, partnerships between high and low
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productive agents will separate when the former meets another high productive
agent -and a new high-high match will be formed-, provided that i) Ceteris
paribus, the productivity in the high-low match is low enough, or ii)Ceteris
paribus, the productivity in the high-high match is high enough, or iii) Ceteris
paribus, the productivity in a low-low match is high enough. Either of this
three conditions implies that such turnover would be privately efficient for the
agents in the high-low match, who will then force it to occur. I also showed how
the composition effects of agents equilibrium turnover behaviour creates regions
where no pure strategy steady state equilibrium exists.

I also argued that, although the turnover behaviour implied is privately ef-
ficient, the market outcome need not be socially efficient. When agénts decide
to form a match or implement a turnover, they do not consider the externality
imposed on the other agents in the market. This is a well known feature of
search and matching models. Finally, I showed through a numerical example
that such equilibrium contracting behaviour decreases the returns to quality for
single agents. Because rents are extracted by matched agents, when a turnover
occurs, if the third agent is a high productive agent he just sees a higher rent

extracted from him, rather than benefit from his own high productivity.

1.11 Appendix

Proof of Theorem 1.2 The contract set conjectured for Equilibrium B is

given by Cg= (unstableél , unstable-h , s). In words, single Hs sign unstable-I
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HH contracts; single Ls sign unstable-h LL contracts; and single Hs and single

Ls sign stable HL contracts. The equilibrium equations are given by:

(1) with sk, = 1,(2) with s¥, =1 and (3) with sk, = s, =0

’I‘QUHh
’T'ZULI

(U + Ury)

= 2Qu+2af, [Sf{H(SfLIH)] + 6(Utru — Unn)
= 2Qr + 207, (S7;) + 6(ULu — Un)

= 2Qm+6(Unu+ ULy — [Um + ULs])

Because HL contracts are not unstable — I, Proposition 1.4 is ’followed in

writing the condition such that HL contracts are stable and HH contracts are

unstable — I:

(%) 2(Qu — Qum) < 7(Unu — ULy)

Because HL contracts are not unstable — h, Proposition 1.4 is followed in

writing the condition such that HL contracts are stable and LL contracts are

unstable — [ :

(i) 2(Q@m — 2Q1) > 7(Ubtu — ULu)

These conditions are evaluated respectively using the discounted value of

single Hs and single Ls:.

i
3
3
1
4
1
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UL, = 205 [UHI + ULy ; Ubtu — ULu] n 2aﬁu [ZULI ; 2ULu]

Ui +Urh — Ugy — Up, 2Unn — 2UHu:|
2 2

Uy, = ZaLB,u [ ] + 202 [

Using the solution to the above equations and three equilibrium equations

above, conditions (7) and (i7) can be reduced to:

QH - QM ag,u
QM - QL T+ 6 + 2052,,” + agu

(2)

Qu—Qum < (r+0+20f,+af,)

Qum— QL af,u

(é)

We need three more conditions for the proof, which are that the equilibrium

contracts are preferred to not forming a match:

(uz) 2UHh > QUHU
(iv) 2Un > 2UL

(v) Ui +Uh > Ubgu+ ULy

These three conditions are evaluated using the solution to the equilibrium

equations. There reduced form is, respectively
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(i) Qu > 0

(iv)Qr = 0

QM(T +0+ 2af,u + 2ag,u) B QLaE,u
(v) Qn b

IA

Conditions (4i¢) and (iv) always hold. Conditions (i¢) and (v) can be shown
to hold if (z) holds. Hence, (7) is the only binding condition.

The arrival rates P solve the system of steady state equations:

Nm = Np,
Ngn+ Ngi+ Ny = €

Npp+ N+ Np, = 1—¢

’ N [2ENHu] = 6Ny + Nyn [26NLu]

Hs can get into HH matches if: (a) A single H contacts another single H.

Hs fall out of HH matches only if: (a) the exogenous shock occurs. (b) An H

in state h or her partner contacts a single L.

Nru [26NLu] + Ny [8NL1] + Nygn [ENLu] = 6Np,

TR e e i s B 0 SN A KD S S
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Hs agents get into H L matches if: (a) A single H contacts a single L. (b) A
single H contacts an L in state [ (¢) A single L contacts an H in state h. Hs

fall out of HL matches if the exogenous shock occurs.
NLu [26‘NLu] = 5NL1 + NLl [25NHu]

Ls get into LL matches if: (a) A single L contacts another single L. Ls fall
out of LL matches if: (a)The exogenous shock occurs (b) An L in state [ or her

partner contacts a single H.

Steady State Equations for Equilibrium D The arrival rates _aiD are ob-
tained from the solution of the adding up and identity constraints and the flow

equations:

Nm = Np

Ngn + Nui + Ny,

I
2

Npp+ N+ N, = 1—79

N [26Ngry) + Nuw [eNm) + Ny [eNgo] = 6Ngy,

Hs can get into HH matches if: (a) A single H contacts another single H.
(b) A single H contacts an H in state l. (c) An H in state [ contacts a single H.

Hs fall out of HH matches only if the exogenous shock occurs.
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Nyu [2eNpy] = 6N + Ny [eNpy] + Ni [eNL]

Hs agents get into HL matches if: (a) A single H contacts a single L. Hs
fall out of HL matches if: (a) The exogenous shock occurs. (b) An H in state !

contacts a single H (c¢) The partner of an H in state ! contacts a single L.

Nrw[2eNpy) + Npo [eNzw] + Ny [eNp,] = 6Np,

Ls can get into LL matches if: (a) A single L contacts another single L. (b)
A single L contacts an L in state h. (¢) An L in state h contacts a single L. Ls

fall out of LL matches only if the exogenous shock occurs.




Chapter 2

Contracts and on—the-job search

IT

2.1 Introduction

Assume a labour market with homogenous workers and heterbgenous firms: low
and high productivity. Now assume this is a frictionless labour market. This is
certainly a set of assumptions you would not like to include in your job market
paper, or any other paper for that matter. In a frictionless market, high pro-
ductivity firms would attract all the workers, condemning low productivity firms
to disappear. But assume instead a frictional market, say search frictions, and
you are back in business. Given the frictions, every time a firm (high or low
productivity) and a worker meet through search, monopoly rents are generated; 7

it is the existence of these rents what allows the low productivity firms to survive

69
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in the market.

The present paper addresses, amongst other things, the existence of low pro-
ductivity firms alongside high productivity firms in a model with search frictions,
focusing on the case known as on-the job search. The latter implies that work-
ers will be searching for firms both while unemployed and employed. T'wo other
phenomena are of particular intérest when there exists on-the-job search. Oneis -
the nature of the turnover dynamics, i.e. how do workers move from firm to firm;

“the other is the shape of the distribution of wages being offered and paid in the
market. Inthe presence of on-the-job search, the market wage distribution is not
degenerate, while the actual shape of the distribution depends on the partiCLllar
environment. The previous two phenomena are particularly_interestihg when
one.considers environments with heterogenous firms. The paper will consider
two types: low productivity (LP) and high productivity (HP). Three cases
will be considered, briefly described in what follows:

(I) The Burdett-Mortensen environment (the bm — case). In Burdett-
Mortensen (1998), firms are assumed to post wages to attract workers. Since
they have imperfect information about the employment status of the workers they
meet, each firm posts only one wage, good for aﬁy worker they meet. Further,
firms are assumed not to counter the outside offers received by their workers, or -
in any way change the wage earned by their workers. The posted wage will be

earned by any worker who accepts it for as long as he stays with the firm?, and

1The firm could offer wage-tenure contracts, as in Burdett-Coles 2003. The firm increases
the worker’s original wage as a function of the worker’s tenure in the firm, considering that,
as time ellapses, some (unidentified) workers will in fact receive better (unobserved) outside
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he will stay until he finds a better wage offer in another firm. In other words,
better wages imply better employment opportunities, and workers accept them.
A non-degenerate continuous wage offer distribution is generated, whereby firms
offering higher wages make less rproﬁts per worker, but have more workers in
steady state?. The wages in the support of the distribution are such that these
two effects balance each other, therefore implying equal profits for equal firms in -
steady state.

(II)The Postel-Vinay and Robin environment (the m — case). - In eontrast
with Burdett-Mortensen, Postel-Vinay and Robin (2002a and 2002b) consider
models in which firms are assumed to: (i) Observe the employment staﬁrls of any
workers met, and (¢) Match the outside offers received by their workers (therefore
the m — case designation). As a result, firms offer all unemployed workers their
reservation wage®, and pay this wage until the worker meets another firm. At
this moment, the incumbent and poaching firm engage in a Bertrand competition
for the worker. The incumbent firm can bid up to a wage equal to the worker’s
productivity in the firm. The wage that results from this competition depends
on the productivity of the two firms involved, but is limited by the productivity
of the worker in the incumbent firm. Hence, t}re distribution of wages paid is
not continuous, but has mass points determined by the reservation wage and the

productivities of the firms in the market. In this case, workers move from firm to

offers. This is not allowed in Burdett-Mortensen (1998)

2Firms attract workers from more firms and loose workers to less firms as the wage offered
increases; resulting in a higher number of workers in strady state.

3The minimum wage needed for the worker to accept employment in the firm
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firm as better employment opportunities come along. Interestingly enough, and
different from Burdett and Mortensen, higher wages do not necessarily imply
better employment opportunities. As more productive firms are able to bid
up to higher wages in a Bertrand competition with other firm, they represent
higher future wage increases for the worker, and therefore better employment
opportunities for any given wage. The implication is that HP firms can attract -
workers from LP firms.by offering lower wages in some cases.

This is an innovation from the bm — case, since it allows firms to reaf:t opti-
mally when their workers receive offers from other firms. But, as will be made
clear in case I11 below, firms are still not fully exploiting all possibiliti’es, which
they can do by contracting strategically.

tI II) A contract approach (the ¢ — case). A third environment is intro-
duced in the paper, in which the information structure is equal to that of the
Postel-Vinay and Robin environment. The novelty is that firms and workers
sign strategic contracts, whereby firms commit to bid up to a wage equal to the
worker’s productivity in the poaching (maybe more productive) firm. This type
of contract is forward-looking, as opposed to those offered in the previous two
cases, in the sense that they provide contingenciés for possible future events, i.e.
the worker contacting another firm through search on the job. The basic differ-
ence compared to Postel-Vinay and Robin is that the wage increase that results
from Bertrand competition is not limited by the productivity in the incumbent

firm, but by the productivity in the poaching firm. Hence, it is no longer true

that HP offer higher future wage increases; and as a result they are not able
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to attract workers by offering lower wages. In terms of worker turnover, this
implies that workers will never move from LP to HP firms accepting a wage
cut, and this is different from Postel-Vinay and Robin.

In particular, the focus of the paper will be on the implications of each of the
previous environments for (¢) The coexistence of HP and LP firms in the market;
exogenous and endogenous proportions of HP and LP firms will be considered,
(it) The worker turnover dynamics, for exogenously given proportions of HP
~and LP firms, and (ii¢) The distribution of wages paid and offered, fbr given
proportions of HP and LP firms.

One important question is the following: If the contract approach ’described
above is privately efficient for firm and worker, because they are extracting rents
frofn future employers, why don’t we see them more often in reality? As will
be seen, and as is intuitive, the LP firm is in fact benefiting the worker by
promising him a high wage increase when a more productive firm is found, and
as a compensation for this, the worker accepts a lower wage from the LP firm.
Hence, all reasons why the worker will not or cannot accept a sufficiently lower
wage will imply that such contract cannot be implemented. In particular, two
important reasons can be the existence of mlmmum wages and the imperfection
of financial markers. Ther former case is clear, since it impedes the wage from
decreasing from a determined level. The latter case would occur if the wage
needed for the contract approach to be implemented falls below a minimum
subsistence level. If imperfections in the financial market impede the worker

from borrowing for subsistence against its (expected) increased wage, then the
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contract approach will not be implemented.

Section 2.2 presents the general environment in which each particular case
will be embedded, as well as a summary of the results obtained. Section 2.3
addresses, for each case considered, the equilibrium outcomes regarding the wage
distribution and turnover dynamics. In each case, the results of endogenising
the proportions of HP and LP firms is given, by allowing firms to become HP -
firms at a positive investment cost, or LP at 0 investment cost. Section 2.4
looks at the survival of LP firms in each case, and Section 2.5 compéres the
endogenous proportion of HP and LP firms across the three cases considered.

Section 2.6 concludes.

2.2 General environment and suminary of the

results

There are a large fixed number of workers and firms and equal td 1. Workers
are homogenous. Focu;ing on essentials, assume there are two types of firms;
high productivity (HP) and low productivity (LP). In particular, assume
a proportion v;, j = bm,m,c, of firms are HP firms with productivity ps,
whereas a proportion 1 — vy, are LP firms, with productivity p; < pp. A ﬁrm
with productivity p; generates revenue p; per unit of time for each worker it
employs, ¢ = h for HP firms, ¢ = [ for LP firms. All workers, regardless of

their employment status, contact firms at Poisson rate A. Each worker obtains

unemployment benefit b per unit of time while unemployed
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Any worker’s life in the market can be described by an exponential random
variable with parameter 6. Any worker who leaves the market is replaced by
another who is initially unemployed. Firms live forever. Finally, keeping things
as simple as possible, assume that agents do not discount the future, i.e. we
will work in the limit were the discount rate r — 0. Workers maximise there

expected lifetime income, whereas firms maximise steady state profits.

- Summary of results

Wages Paid for given proportions of H P and LP firms

The following sequence shows the values of extreme wages paid by LP and HP
firms in the b — case, compared to relevant parameter valugs in the environ-
meﬁt. w' (') is the minimum (maximum) wage offered by a firm of type ¢ in

the bm — case. i =1 for LP firms, ¢ = h for HP firms.

w=b<@ =w'<p <o <p

| The minimum wage in the market is paid by an LP firm, and it is equal to the
unemployment benefit 5. The maximum wage is paid by an HP firm, and it is
strictly lower than the productivity of H P firms. The distribution of wages paid
in the market is a convex combination of the distribution of wages paid by LP and
HP firms, where the weights are given by the respective proportions. Because

the arrival rate of firms is independent of the employment status, unemployed

workers accept employment if they are offered at least what they are currently
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"earning” in unemployment, i.e. benefit b. This also implies that the firm offering
the lowest wage in the market is also equal to b.

Notice that the existence of a wage distribution, where w' = b, implies that
workers always share part of the monopoly rents created in any firm-worker
contact, because they are offered more than their reservation wage.

I now add to that sequence the values of the wages paid in the m — case.
These are those values sub-indexed by m, plus p; and p,. Again, super-index

i = h, [ refers to which type of firm pays the wage.

The minimum wage in the m — case, w?, is paid by an H P firm to workers
met while unemployed; and it is lower than the minimum wage paid in the
bm — case, w' = b (paid by an LP firm). When firms of either type meet
unemployed workers, it represents for the latter the eﬁpectlation of a large wage
increase when they contact another ﬁrm through on-the-job search, and both
firms compete for him. This expectation allows firms to offer these workers
less than what they are ”earning” while unempldyed, b. Because HP firms offer
higher wage increase when their workers meet another firm, they are able to pay
unemployed workers lower wages than LP firms do, w® < w!,. The maximum

wage in the m — case, py, is also paid by HP firms. Imagine a worker earning

4 h

Zm < W' =w is also a possibility. But this is not central to any argument in the paper.

What is important is that b < @' =w" < p; and b <zm <p
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a wage other than p, in an HP firm. When that worker contacts another HP
firm, his wage is increased to p;, through the Bertrand competition in which the
firms engage. Wage p; arises in a similar situation, but when the firms involved
are both LP. Finally, wage =%, arises from the competition of an HP and an LP
firm for a worker. The LP is willing to bid up to p;, but the HP firm is able to
attract him for a lower wage; for any given wage, the H P firm is more attractive -
for the worker because it offers a higher future wage increase. Therefore z* < p;.

In this case, notice that firms keep all the monopoly rents in aﬁy firm-
unemployed worker contact, since they offer unemployed workers only their reser-
vation wage.

I now add to the sequence the wages paid in the ¢ — case. These are those

sub-indexed with ¢, plus p; and py.

wf=wlc=wﬁl<w£,L<b<1D'=vyh<m21<:pZ=pl<u')h<ph

Notice that now the wages paid be HP and LP firms to workers that come
from unemployment are equal, w" = w!. This is because in this environment, all
firms offer the same expectation of wage increase when the worker meets other
firms®. For this same reason, the wage that arises from the competition between
an HP and an LP is :cfj =p > :vfn The HP firm is not more attractive than

the LP in terms of expected wage increases. Wages p; and p;, arise for reasons

analogue to those in the m — case. In this case firms also keep all the monopoly

5And this is also the reason they are equal to to wh,.
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rents in any firm-unemployed worker meeting.
As a consequence, the distribution of wages paid becomes more spread as we

move from the bm — case to the m — case to the ¢ — case.

Worker Turnover, exogenously given proportions of HP and LP firms
In the bm — case, workers move from lower to higher wages. In terms of move-
ments across firms, they can be:

(¢) From an LP to‘an LP, provided the second offers a higher wage

(i7) From an HP to an HP, provided the second offers a higher wage.

(i41) Always from an LP to an HP, given that w' =w"

(iv) Never from and H Ptoan LP, for the same reason as in (%)

TIn terms of social efficiency, turnovers as in (¢) and (i) are neutral®, because
they imply no change in total output. Turnovers as in (ii7) are efficient, because
f,hey imply an increase in total output. Inefficient turnovers do not occur, case
(iv).

In both the m — case and the ¢ — case, turnover never occurs from like firm
tor like firm”. In these two cases, it is also true that turnover occurs always from
and LP to an HP firm, and never from an HP to an LP firm.

This implies that all the three cases considered share the feature of efficient

turnover.

But there is one distinction. In the bm —case, workers always move to higher

5This is because both search and turnover are costless. It would be a different case if either
was costly, but it also would be a different model. ’

" Assuming they prefer to stay with current firm if both firms offered same wage. In any
case, this type of turnover would be neutral efficiency-wise ‘
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wages. In the c — case, workers move from lower to higher wages always, except
if they move form an LP where they are earning p; to an HP that offers z* = p;.
In the m — case, it is possible the workers change jobs accepting a wage cut.
This is the case if they were earning p; in an LP firm and an HP firm attracts

them by offering @7, < pi.

Survival of LP firms in the market Assume LP firms can either remain

~ in the market or exit the market, where 7r§- are the profits of LP firms in case

j =bm, m,c. It is shown in the paper that:
> o>

For given proportions of HP and LP firms, LP firms do better under the
¢ — case than under the m — case than under the bm — case. This is very
intuitive:

o >77rf,m is always true, as Postel-Vinay (2002a) put it, because in the
m— case all firms have a wider set of strategies than in the bm —case, as they can
both (i) Identify unemployed workers and offer them only their reservation wage,
and (iz) Match the outside offers received by their workers. Nevertheless, notice
that (i) is irrelevant for LP firms. When they enter the process of Berfrand

competition with other firm by matching outside offers, they either (a) keep the

worker at wage p; if competing with another L P firm; the worker is not profitable

anymore, or (b) loose the worker to a HP firm. This is relevant when addressing
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the equilibrium proportion of HP firms (section 2.4)

nl > wl_is always true because, as LP firms offer workers a higher wage
increase when they meet an H P firm, they can exploit that to attract unemployed
workers by offering lower wages (w] < wl,) and make a higher profits.

Hence, given an outside option, it is more likely that LP firms survive in the

¢ — case than in the m — case than in the bm — case.

Equilibrium proportions of HP and LP firms Assume 'that firms can be
either L P firms at 0 cost of investment, or become H P upon a positive investment
cost (k in the paper), where v} is the equilibrium proportion of H P firms in case

j = bm,m,c. In the paper, it is shown that:
0<7:<Vm STm <1

The previous subsection noted that }, > i, because in the m — case firms
can recogrﬁse unemployed workers and therefore offer them only their reservation
wage. It was also noted that, although firms can match the outside offers
received by their workers, this is not really to the advantage of LP firms, since
whenever they enter a Bertrand competition with other firm they will always
loose a profitable worker. This is not true for HP firms. If they are combeting
for a worker with a LP firm, they will keep the worker at wage " < ps : The

worker is still profitable for the HP firm. This implies that, as one moves from

the bm — case to the m — case, HP firms benefit more than LP firms. Hence,
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for a given investment level to become H P, the equilibrium proportion of HP
firms is higher under the m — case: ~,,, <~v,, <1.

It was also noted in the previous section that #! > =} . The paper also
shows that 7% < w};, : HP firms do better under the bn — case than under the
¢ — case. In this latter case, they pay very low wages to unemployed workers
they meet, but they loose proﬁtable workers every time their workers meet any -
firm ( HP or LP). Both 7l > 7, and n" < ! imply unambiguously that, for
a given investment level to become H P, the equilibrium proportion of H P firms
is higher under the bm — case: v, < v, < 1.

Finally, it is shown in the paper that, in each case, there exists ihvestment
costs so high (low) that, in equilibrium, all firms are LP (HP). The levels and
ranidng of these investment costs are used to show formally that 0 < v <~} <

Tm < 1.

2.3 Three different environments with on-the-

job search

2.3.1 Burdett-Mortensen Environment ( bm — case)

In the bm — case, each firm posts a wage it will offer any workers who contact
it. The market then works as follows: When an unemployed worker contacts a

firm, he either accepts the wage offer of that firm, or rejects it and continues to

search unemployed. If he accepts the offer, he will earn this wage for as long as
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he stays with the firm. If an employed worker contacts another firm, he changes
firms if the wage offered by the contacted firm is higher than his current wage.
The firm is assumed not to counter the outside offers received by the worker.

The following are results derived in Burdett-Mortensen (1998):

(i)The market wage offer distribution is given by F (w) = (1 —~, )F'(w) +
Ton () |

where F*(w) is the distribution of wages offered by type 4 firms, ¢ = for LP
forms. i = h for HP firms. vy,  is the fraction of HP firms in the market.

(#)w' = b, @' =w",

where w; (@;) is the lowest (highest) wage in the support of E(w) distribu-
tion.

'(m') F(o)=F(w)=1-7,,

(iv) F!(w) and F"(w) are continuous over their support, which implies that

F (w) is continuous at all w # @' =w", and it has a "kink” at w = @' =w".
(v) The distribution of wages paid in the market is given by G (w) = =5 (%FE(wL))

(vi) Given (iv), the supply of workers for a firm offering wage w is given by:

Ab
l(w| R, F (w)) =
Wl B ) = A= F )P
With these ”tools”, we can derive the shape of F' (w), F'(w) and F*(w); the

values of the minimum and maximum wages on their support: w' = b, @' =w"

and w", as well as the profits obtained by firms of type ¢ = {,h. This is of
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course just an application of results derived in Burdett-Mortensen (1998) The
derivation is based on the condition that all firms of same type must earn the

same profits in equilibrium.

LP Firms Let us commence with LP firms. The profits of a firm offering
wage w is given by the profit per worker (py —w) times the supply of workers in
steady state, given by I(w | R, F (w)) above. F (v_v' = b) = 0, since F* (v_v’) =
Fh (v_v’) =0: No lowér wages can be found in the market. Hence, the profit of

firms offering w = b are given by

Tom(®) = (o0 =) [1(b| R, F (w))]
A
= (pl _b)(/\+6)2

For any other firm offering a wage w >w' in the support of F*(w) it is true
that F"(w) = 0. Hence, for any such wage

F(w) = (1 = Y4, F'(w). The profits of such firm are given by:

Tm(d < w< @)= (p—w)[l(w]|R,F(w))]
A
[6+A(L = (1 = Ypm) Fi(w))]”

= (o —w)

Since firms of the same productivity must earn the same profits in equilib-

rium, 7} (b) = 7} (w) = 7},,,, and this equation allows to solve for the shape of
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the distribution F*(w). Setting =}, (b) = !, (w) and solving implies:

A+ D —w
Ft =1
(w) Al =1,.) ( \ pz—b)

Notice that when +,,, = 0 (only LP firms exist), this collapses to the result

in Burdett-Mortensen (1998) for only one type of firms. When +,,, = 1, no LP .
firms exist, this expression is undetermined.
For the maximum wage offered by LP firms, F!(@') = 1. | Substituting this
in the above equation implies:
M7, A+,,) +26)p+ (64 M,,)%

b<w = O+ 6) D

Again, this collapses to the result reported in Burdett-Mortensen (1998) for

only one type of firm when ~,,, = 0. It is a matter of algebra to check that

l

bm*

7 (@') = n} . Hence, the profits of LP firms are given by:

Y]
Ty = (01 — b)m

HP Firms Let us now turn to HP firms. By (i) and (4ii) above, w" = @'

and F (u‘)’) =F (v_vh) =1—+, . This implies that the profits of firms offering

the lowest wage in the support of F}, (w) are given by:

A A6
T (W) = (Pﬁ - Wh)m
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Using w" = @' in the above expression implies 7l (wh) =

A6 A%6(1 = Y )AL + 7, + 26) ¥

- S
6+ My, )2Pn G+ My, )2(6+N)? SN CEYP

For any other wage w >w", (offered by H P firms), we have that Fj(w) = 1, so
F(w) = (1 —~)+~Fn(w). This implies that the profits of any HP firm offering

wage w >w" are given by:

A8
[6+ X, (1 Fuw))]’

Ty (W" < w < 3*) = (P — )

Setting the equilibrium condition 74 (w") = mp(w > w") = 7, allows to solve

for the shape of Fj(w)

Fhw) = Q%&nl(l_\ﬁ5+k>2$ph—w)>

T = (§+2)%Ph— AL = Vo) AL+ V) +26)p1 — (6 + My, )%

Again, if y = 1 (only HP firms exist), then the shape of F*(w) collapses to
the result found in Burdett-Mortensen (1998) for only one type of firm in the
market. When v, = 0 the above expression is not determined, since 'yb,; =0
implies no HP firms in the market.

Setting F*(w) = 1 allows to find the highest wage offered by H P firms, which

implies w" =




CHAPTER 2. CONTRACTS AND ON-THE-JOB SEARCH II 86

M (MY + 26) )\52(1 — Vo) (AL + Vo) + 26) n 6
6+ Ny, )2 G+226+M, )7 DTN

b

which is strictly lower than pg.

Proposition 2.1 Suppose firms can be either LP at no investment cost or HP -

at investment cost k. A proportion 0 < "y:m <1 are HP firms in equilibrium.

Notice that:

Tom < meV’ybm >0

l
67Tb'm, = QV ,me 2 0
67bm

h
OTom < Qvy, >0
6’me

This implies that, as the measure of HP firms increases (v,,, increases),
the profits of LP firms is unchanged and the profits of good firms decreases.
Therefore, the incentive to pay cost k and become an H P decreases. For values
of k within a suitable range, an interior solution can be found where 0 < v, <L

One can find the critical values of k£ such that:

@) v, = 0if k> kim

(i) v, = 1ifk<kpm
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(41) 0 < v, S Lif kym <k < kom

To obtain the values of ky,,, and kg, note that v, solves ml,, = = —k,

which implies:

by
k= — —_— 2.1) .
(ph pl) (>\7:m + 6)2 ( )
From where
v, _ (M, +6)°
5 = (P pn) 33— <0

Hence, as the cost of becoming an H P increases, the equilibrium proportion
of HP firms decreases.
To obtain kyn, use v, =0 into equation (2) above. The result is:
! h : A A
Tom |7bm=0> Tom [,1‘,m=0 —k if k > kym = (pn —pl)g.
Hence, if k > kpm no firm has the incentive to become and HP firm even if

there are no HP firms in the market.

To obtain ki, use 7, =1 in equation (2) above. The result is:

A6
(A +6)?

ng |’me=1 —k > ﬂ—i’m l’)’bm=1 if £ < l_(bm = (ph - pl)

Hence, if k <kpm = (pn — p[)(:\i_%)—g it is profitable to become an HP firm at

cost k even if all firms are HP ﬁrms.‘
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It is easy to show that Kem < kpm. Hence, kem <k <k =>0<7, < 1.

2.3.2 Postel Vinay-Robin Environment ( m — case)

The basic difference with respect to the bm — case is that now firms may match
the outside offers received by their current workers , and firms contacted by a
worker observe the employment status of these worker. Given this, (i) Each
firm posts a wage it will offer unemployéd workers, (i¢)When an unemployed
worker contacts ar firm, he accepté the wage offer of that firm, or rejects it and
continues to search unemployed, and (#44) When an employed worker contacts
another firm, the two firms involved will start a bid competition for the services
of the worker.

With little loss of generality, assume that if two equally productive firms bid
the same wage fqr the worker, the worker remains with the current employer. If
a worker is indifferent between working with an HP or an LP firm, he chooses
the HP firm. |

- In this m — case, w,’;(wﬁn) denotes the wage that an HP(LP) firm offers a
worker that contacted the firm while unemployed. z* will denote the wage
at which an HP firm attracts a worker that contacts her while working in an
LP firm, or keeps a worker who, while working with her, contacts an LP ﬁrm.
V., denotes the return to an unemployed worker, while V*(y) [V,fl(y)] denotes
the return to a worker in an HP [LP] firm earning wage y . The respective

proportions of firms are now denoted v,,, and 1 —+y,, . Then:

(7) Suppose a worker is unemployed, enjoying return V;,. He is receiving
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unemployment benefit b. If he contacts an HP(LP) firm, he will accept the
wage offer wl, [wﬁn] provided that Vi (wh) > V,, [V,ln('win) > Vm] . The worker
will reject the offer and continue search otherwise. Assuming the previous two

conditions hold, V,,, solves:
Vi = b+ My, [VEwh) = V] + A1 = 7,,) [VE () = Vin] +6[0 = Vi)

(#) Suppose a worker is employed at an LP firm at wage w!,. He is enjoying
a return V;,(wy,). If he contacts an HP firm, both firms bid for his services.
The LP firm is willing to bid up to a Wage Dr. Being more productive, the HP
firm is able to attract the worker, and she does this by offering a wage at which
the worker is indifferent between staying with the LP firm or fnoving to the HP
firm. This wage we denoted z,. The worker then enjoys V;2(z},). If he contacts
another LP firm, the two firms bid up to p; for his services. The worker then
remains with the current firm, with an increased wége D1, and starts enjoying

V% (p). Hence, V! (w!,) solves:

rVh(wh) = wh+ My, [VA) - Vh(h)] +

M1 —1,) [Va@) = Vi(wh)] + 8 [0 - Vi (wh)]

(i#i) Suppose a worker is at an LP firm at wage pi. He is enjoying V(m).

If he contacts an LP firm, he stays with the current employer at the same wage,
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since both firms bid up to a wage p;. He continues enjoying V,(p;). If he contacts
an HP firm, the H P firm attracts him by offering wage " . The worker changes

m

firms and starts enjoying V*(z"). Vi(p) solves

rVL(p) = pi+ Xy, [Vi(@) - V@) + 6 [0 = Vi)

(iv) Suppose the erker is employed at an H P firm at wage w’ . He is enjoying
~ VR(wh). If he contacts an HP firm, both firms bid for him so the worker stays
with the current employer at a wage bid up to p,. He starts enjoying V,*(py). If
he contacts an LP firm, the two firms bid for him, and the worker stays with the
HP firm at the wage =", that makes him indifferent between firms. He starts

enjoying V*(z*). Hence

rVRwh) = wh+ Ny, [VADs) - Via(wh)] +

ML=, [VAeh) = Vih(wh)] +6 [0 - VA(wh)]

(v) Suppose a worker is employed at an HP firm at wage z,. He is enjoying

V(zh). If he contacts an LP firm, the HP firm can keep him at the same
wage. The worker remains enjoying VI(zh). If he contacts an HP firm, both
firms bid a wage up to p, and the worker stays with the current employer. He

starts enjoying V*(ps). Hence, V,%(zk) solves:
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rVm(@h) = T + N7, [Vih(pn) = ViA(ah)] + 6 [0 = Vi(zh)]

(iv) Suppose a worker is employed at an HP firm at wage p,. He is enjoying
V2 (ps). In this case he ignores all alternative offers and he earns pj, until he

leaves the market. Hence, V,"(py) solves:

TV, (pr) = P + 6 [0 — Vi(pn)]

Each of the above equations can be solved individually. To focus on the case
where workers do not discount the future, we take the limit as r — 0. The

results are:

b+ My, ViR(wh) + M1 — v, Vi (uwh,)

Vi = 5+ A (22)
Viwl) = win+A7mVn’i(mﬁ(;):)\/\(1—’Ym)VT’n(pz) 23)
Vi) = 2 +;¥:Kmh6(xf”) (2.4)
SRR Ra A7 (AL VERRIZCS 25
Vhah) = m?n_; :\-7K:mh(ph) (2.6)
Vi(on) = L 27)

6
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Equilibrium behaviour pins down the endogenous wages w?, w!,, z*,. In par-
ticular, when a firm of either type contacts an unemployed worker, she will offer
him a wage such that he is indifferent to accepting it or not. A lower wage
implies that the worker will not accept. A higher wage just decreases the profit

of the firm unnecessarily. Hence, the first two equilibrium conditions are:

Va(wm) = Vi (2.9)

We need one more equilibrium condition to pin down the value of z”. This
comes from the bidding game between an LP and an HP ﬁl;m. LP firms are
willing to bid up to a wage equal to p; in order to keep the worker. This would
leave the worker enjoying V!, (p;). The HP firm must offer a wage to the worker
such that he prefers to work in the HP firm at Wagé zh, to working in an LP

firm at wage p;. Hence, the last equilibrium condition is given by

V(@) = V(1) (2.10)

This determines a system of 9 equations (2-10) and 9 unknowns: the six

values corresponding to the returns to the different status:

Va(n), Vin(@m), Va(wn), Vi (1), Vi (), Vi
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and the three wages endogenous wages:

! ,h .h
m? " mrm

The solution to the system is simple, mainly because the wages w;, w, are
such that the unemployed workers see no profit when moving into employment, .

regardless the type of the firm. Hence,

Vi) = &
6+ 2\ \2~2 B
Vn};(mf}l) _ pl( + ’Ym) + . 'YM 5
(AYm + 6)
mi(6+2)y, ) + Ny
Vi) = 2 'y
(M, +6)
, b
Vi) = Vi(wh)=Vn= 5
A+6. A2\ +9) - A3y2
4 — b _ m — m
W 5 M +06)2 ' D +o)2n
A+6, AM1l-7,) AV (A +0) '
oo _ m),  AVm
T M +6 BT 50wy v o)
22y, + 0 Ay
h _ m _ m
Ty, = )\'ym+5pl A'ym+6ph <p

Notice two things in particular. First, w? < wl,. HP Firms can offer

unemployed workers a lower wage in order to make them indifferent between
unemployment and accepting the offer. This is due to the prospect of meeting

an HP firm in the future. If the worker is in an H P firm, and contacts another

HP firm, both firms will bid up to a wage px, and the worker will remain with




CHAPTER 2. CONTRACTS AND ON-THE-JOB SEARCH II 94

the current employer at wage pn. On the other hand, if the worker is in an LP
firm and contacts and HP firm, the LP firm will bid up to a wage only equal to
pi, and the HP firm will attract him at wage =" < p,. This implies that, for
a given wage, it is more attractive to work in an HP firm than in an LP firm,
since working in H P firms yields a wage increase when an HP is met. HP firms
use this to offer unemployed Wbrkers a wage wl < wl,.

Second, z < p;. The argument is exactly the same. When ,H P and LP firms
bid for a worker, the LP firm is willing to bid up to a wage p;." Butr because
HP firms yield a higher wage increase as above, so the HP firm can attract the
worker at a wage lower than p;, this wage is =" < p,

In addition to the three endogenous wages, there are other two wagesrobserved
in fhe market, pr, and p.

Two other facts are worth noticing. As in Burdett and Coles (2003), some
workers obtain é wage increase without changing jobs. As in Postel-Vinay and
Robin (2002), some workers change jpbs accepting a wage decrease. These are
those that move from LP firms earning p; to HP firms earning z .

It is not surprising that the equilibrium outcome resembles the Diamond
Paradox (in the sense that unemployed workers ba.re offered just their reservation
wage) even in the presence of on-the-job search. After all, the wage posting
game only occurs vis-a-vis unemployed workers. Notice that, although the
wages posted are just high enough to make unemployed workers indifferent to
accepting the job offer, those wages are not the only wages paid in the market.

The dispersion of wages posted is reduced, but the dispersion of wages paid is
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increased compared to the bm — case. In the bm — case, the wages posted (and
paid) range from the lowest wage in the market w! = b, to a highest wage which
is strictly lower than p,. In the m — case considered in this section, the wages
posted are more concentrated at low values wP, < w!, < b. But the wages
paid range from the low value of w® < b up to a highest wage equal to the
productivity in HP firms, py,. |

An interesting issue is the analysis not only of the market wage dispersion,
* but the dispersion of wages within firm types. Notice that in the bm — éase, the
lowest wage in the market is offered and paid by LP firms, while the maximum
wage is offered and paid by HP firms. In fact, the minimum wage paid by
HP firms is equal to the maximum wage paid by LP firms. In cohtrast, in
thié m — case, the lowest and highest wage in the market are paid by H P firms
(wh < b and pp > @" respectively). The distribution of wages paid by HP
firms is more dispersed in the m — case. The same is true for LP firms. In
the m — case they pay a lowest wage lower than the minimum wage under the

bm — case (w!, < b), and a highest wage higher than the maximum wage paid

by LP firms under the bm — case (p; > @').

Steady States Considering the above dynamics, we can characterise the steady
state stocks of workers in each possible state in the market.
(i) Steady state stock of unemployed workers: p,,

Unemployed workers contact a firm at rate A, so p,,A represents the flow

out of unemployment. Employed workers loose employment if they leave the
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market, which occurs at rate 8. (1— y,,)é represents the flow into unemployment:

:u‘m)‘ = (1 - /‘Lm)6

6

Hm = X5

(i1) Steady state stock of workers in LP firms: €.,

Unemployed workers contact HP firms at rate A(1 — 7, ), so p,A(1 —7,)
represents the flow of workers into LP firms. Workers in LP firms leave those
firms either because they leave the market (at rate §) or because they contact

an HP firm and leave the LP firm (at rate Ay_). The flow of workers out of

LP firms is then €, (6 + Ay, ) :

N1 —7,) = e (6+Mv,)

el =’\(1_’7m) 6
™ b4+ Ay, 6+ A

(iii) Steady state stock of workers at HP firms: ef,
Unemployed workers and workers in LP firms contact HP firms at rate Ay_.
In both cases, the workers move to the H P firm, so the flow of workers into HP

firms is given by (u,, +e€l,)Av,.. Workers loose employment on HP firms only if
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they leave the market, so the flow of workers out of HP firms is given by €6 :
(Hm + €m)AY,, = €

Using el and p,, from above,

M (A+6) 6

“m =+ Xy )66+ X

(iv) Steady state stock of workers in LP firms earning w},: e}

m

Workers in LP firms earn wage w', only if they contacted the firm while

unemployed, and the firm offered them only the reservation wage w!,. Since
unemployed workers contact LP firms at rate A(1 —+_), the flow of worker into
LP firms earning w!, is given by g,,A(1—+_). Workers in LP firms earﬁing wh,
loose that status either because they meet another LP firm, and their wage is
bid up to p;, or because they contact an HP firm and change firms at wage z.

They also loose the status if they leave the market. Hence, the flow of workers

out of stock el is given by (6 + A)el, :

X1 —7,) = 5+ Ve,

o = 200 —7,)
(A+0)

(v) Steady state stock of workers in HP firms earning w}, : €2

m

Workers in H P firms earn wage w?, only if they contacted the firm while un-
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employed, and the firm offered only the reservation wage w”,. Since unemployed
workers contact H P firms at rate Ay_, the flow of worker into H P firms earning
wh is given by M Ay, . Workers in HP firms earning wh loose that status either

because they meet another H P firm, and their wage is bid up to ps, or because

h

they meet an LP firm and their is bid up to z;},. Hence, the flow of workers out

of stock €2, is given by (6 + A)eZ,

BT, = em(8+A)

2 Aby
™ (A +6)°

(vi) Steady state stock of workers in HP firms earning pj, : €,

Workers flow into the stoék of HP firms earning p;, if they are working in an
HP, not earning py,, and contact an HP firm, 5o their wage is bid up to p,. This
flow is then given by (e, —e3,)\y,_ . Workers in H P firms earning py, loose their

status only if they leave the market, so the flow out of stock 3, is represented

by €2 6.

Using e from above,
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4

(vii) Steady state stock workers in HP firms earning z?, : e

Workers in H P firms are earning either wage w}, p, or z". Hence, the stock
of workers in HP firms earning z", is just equal to the total stock of workers in
HP firms (ef)) minus those earning w}* or py : (€2, +e3,) Hence:

=e€e,— € —¢€

€ m m m

s _ N,80-7,)26+ (v, +1)
m™ (X +8)2(6 + My )2

[

(viii) Steady state stock of workers in LP firms earning p; : ed,
‘This stock is fueled by workers in LP firms earning w!, that find LP firms

emA(1 — v ), and is decreased by those in LP firms earning p; that die or find

an HP firm (e3,(6 + Ay,,)). Hence:

eeMl—7 ) = e> (6 + Ay,)
5)\2(1 - 'ym)2
™ 6+ M, )6 +7,)?

LP firms LP firms have workers that earn a wage p; and workers that earn

a wage w' . They only make profits on the second group. If the measure of

workers on LP firms earning w, is given by e}, then the measure of workers

per firm is given by 1__%: = (7%‘,5\)—2. Hence, the profits of individual LP firms is
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given by, where

A6
U (ol
Tm = (pl wm) (5 + )\)2
Using w}, from above, this reduces to:
oo Ay MO A N6+ 2,) A .
6 (M, +6)2(6+ N)? (M +6)2(6 + N)?

- HP firms H P firms have workers earning w", workers earning =", and workers

earning p,. They only make profits on the first two groups. The measure

of workers on HP firms earning w” is given by e2; and of those earning z*
is given by e3. The respective measures per firm are thus % = (/\’\T‘;)g and
%1& = )\26((1/\_-:672)((625/‘\-2(7)751- 1 Hence, the profit of each individual HP firm is given
by:
A6 A26(1—~ )26+ A(y. +1)
h — _ h o _ wh m m
T = (P = wm) gy ®n = o) R 526 4 )

* The use of w”, and z* from above implies

Y A28 [—1+ ] [)«ym (M, +2X4+38) +6(A + 6)]

+.
™ = el (6 + Mm)? (0 + 6)2 P
M, [N, (0, +28) +8(A + 26) (21 + 8] +6°(\+ 5)2A
G+ Xy 3(r+6)? Ph

Proposition 2.2 Suppose firms can be either LP at no investment cost or HP

at investment cost k. A proportion 0 < 'y:n <1 are HP firms in equilibrium..
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The conjecture is easy to prove formally, by noting that

yo>
orl, _ 2X'6(pn —pi)y,.

&y, (M, +6)3(6+ A)? >0

orh X% [,\3(7m —4)y,, — (5 +48\y, +6)\%y + A2+ 6]

51, | 6+ 7,0+ 0 (P~ 1)
h

On < Ofor0<~vy_ <1

oy, m

This implies that as the stock of H P firms increases, (v , increases), it is both
true that the profits of individual H P firms decrease and the profits of individual
LP firms increase, and therefore the incentives to invest k£ and become an HP
firm decrease. This ensures that, for a high enough &, and interior solu;cion will
be found where the equilibrium proportion of H P firms is such that 0 < * < 1.

8

One can find the values of investment cost k£ such that:

2
8Regarding the profits of HP firms: As 7, increases, -sm— remains constant since the flow

m

3 .
out of stock e2, is independent of 7, %m— decreases since the rate at which a worker on an HP

firm contacts an HP is higher. Both wages z,, and wh, decrease, precisely because the rate
at which HPs are met is higher and this is attractive for workers because their wage is b1d up

to ps. On the whole, this four effects are such that —m = < 0.

1
Regarding the proﬁts of LP firms: As «,, increases, l—fm— remains constant since the

Y
flow out of stock el,is independent of v,,. As 7, increases, the wage w’,, decreases and this
increases the proﬁts of LP firms. wl, decreases because, as wh, decreases, the return V,, to

an unemployed worker decreases, and therefore the wage w!, to make an unemployed worker
indifferent also decreases.
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@)y = 0ifk>k,
@)y = 1ifk <k,

(#5)0 < 45 <1lifkyp <k<ky

First, v* solves n, — k ==l . Using n? and 7!, from above, this implies

AS(2A6%7;, + 5AZ6v", + A [2]” 4+ 2037, 4+ 2267 + 6)% 4 6°)

= v+ 6)3(6 + A)? (P — )
(2.11)
from where
ov* Ay, + 8+ N)? <0

Ok X28(p1 — pn)(AN6%y_ + 6 + 8A%6y_ + A2 + X392 + 423y +6)%)

This implies that, as the cost becoming HP increases, the equilibrium pro-
portion of HP firms decreases.

For case (z), we use 7 = 0 in equation 11. This yields

> >

Wﬁn .I’Ym=o> an |’7m=o —kif k 2 ]_Cm = (ph - pl)

In other words, if k¥ > k,, there is no incentive for any firm to become and

HP even if no firms are HP. There is a corner solution where Y. =0

For case (ii), we use 7* = 1 in equation for 11. This yields:
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A8 [BA(\ + 6) + 67

. Oh + 6) (on — p1)

Tm I’Ym=1 —k > 7r'lrn. |",’m=1=> k S k'm. =

Hence, if k£ <k,, firms have an incentive to become HP even when all firms
are HP. There is a corner solution where 7* = 1.
It is easy to show that k., < ky,.

For k;, < k < kp,, case (44i) holds and 0 < ¥ <1

2.3.3 A contract approach: The c — case

Consider the m—case with one exception. Assume that LP firms offer a contract
to bunemployed workers that specifies: |

(i) The wage initially paid to the worker

(1) A guarantee that it will bid strategically, up to p, (not p;) should the
worker contact an HP firm. | |

The contracts in (i¢) are forward-looking contracts, as opposed to those of-
fered in the previous caées, in the sense that they consider the future possibilities
presented by the workers on-the-job search effort.

With this contract, the increased attractiveness for workers of H P firms com-
pared to LP firm in terms of expected future wages is lost. Now any employed
workers’ wage will be bid up to p, when they contact an H P, regardless of the
type of the current employer. Hence, the returns to each possible state must

be slightly modified. All endogencus variables are subindexed c (for contract)
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instead of m.

The return to an unemployed worker remains as before in terms of the cor-

responding endogenous and exogenous variables:

b My VR wl) + AV (wh) — My VE(wh)
o 5+ A

v, (2.12)

The return to a worker earning wage p; on an LP firm changes. Given the
new contract, a worker in an LP firm earning wage p; moves to HP firms but

at wage equal to p, not zt.

P+ M, Vi ()
Ay, +6

Vcl(Pl) = (2-13)

The return to a worker eafning w! at an LP firm changes, for the same reason.

Hence,

_ Wl A V) A0 =7 )V ()
= )

Vi (wl) (2.14)

The remaining returns are unchanged in terms of the corresponding endogenous

and exogenous variables:

h h h(..h
Vellwe) = S+ M. +A1—=7) (215)
zh + MV (pr)
V@) = i (2.16)
Vi) = % (2.17)
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Again, equilibrium behaviour pins down the endogenous wages w?,w!, 2",

[+

The equilibrium conditions are analogue to the previous case:

Viwl) = Ve (2.18)
VEiwh) = V. (2.19)
VAR = Vip) )

This determines a system of 9 equations (12-20) and 9 unknowns: the six

values corresponding to the returns to the different status:
V2 (pn), VI (ah), Vo (wp), Ve (m), Vi (w), Ve

and the three wages endogenous:

The solution to the system yields:

‘ D
Vi (pn) = '(sﬁ
h Pa
hr h . T, + >‘7c é
Ve'lae) = Ay, + 6
o+ Ay B
Vcl(Pl) = =

Ay, +6
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k(. h 11 b
‘/c(wc) = ‘/c(wc = 625
o+ A M1 — Ay (64 A
wp = wh= _ A 7°)pz B ACRL) )ph
1) Ay, +6 6(Ny, +9)
37? =

Different from the previous case, now the wages posted by HP firms for
unemployed workers is equal to the wage posted by LP firms. Further the wage»
at which H P firms attract workers from LP firms (z1) is equal to the wage LP
firms are willing to bid for them (p;). The intuition was already advanced. With
the new contract, the increased attractiveness of H P firms compared to LP firms
in terms of expected future wages is lost. While it is still true that some workers
see their wage increased without changing jobs, it is now not the case that some
workers change jobs and accépt a wage decrease. The discussion on the effect on
the wage distribution is relegated to the next sub-section of steady sfates stocks,
since it is the change in this values what determines the change in the market

wage distribution.

Steady States The c—case represents a slightly modified dynamics. Although

the flows into and out of each type of firms reinains, the flows into and out of
some wage status changes slightly.

The flows in and out the stocks of unemployment, workers in LP firms,
workers in LP firms earning w', workers in LP firms earning p;, workers in HP

. . h . . . B
firms and workers in HP firms earning w, remains. This is because the new

contract does not affect them directly. Hence
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heh e=el
(i) Steady state stock of workers in H P firms earning z" = p, : e
The flow into the stock of workers in HP firms earning z* = p; changes.

Now workers move into stock e only if, while working in an HP firm earning

h

wh, they contact an LP firm and their wage is bid up to z". Hence, the flow
into stock e} is given by e2A\(1 — ). Workers flow out of stock e} if they leave
the market or if they contact an H P firm and their wage is bid up to p,. This

is given by e2(6 + \v,).
EAN1—7)=€:(6+Ny,)

and using €2

64 — /\2766(1 — ’70)
¢ (A6 + M)

(ii) Steady state stock of workers in HP firms earning py, : €
Workers flow into stock €3 if they contact an HP firm either while they are
in an LP firm or when they are in an HP firm not earning ps. The flow is

therefore given by (€2 + e + el)Xy,. Workers flow out of stock e} only if they

leave the market.
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(e2+ ek +e)dy =els

o3 — )\2’)’c
B HFM)E+)

Notice what this means in terms of the dispersion of wages earned compared
to the m — case. The distribution of wages paid by LP firms remains intact,
since all that the stratégic bidding does is affect the wages paid by HP firms.
In fact, the measure of workers earning p, is higher in the ¢ — case than in
the m — case (€2 > e3,). For the same reason, the measure of workers earning
middle wages in HP firms decreases e < e . In fact, it is easy to show that
3 = et — ¢t ie. those workers who are not earning middle wages in
HP firms are now earning p, at HP firms. This is just one of the effect of the
strategic bidding on the dispersion of wages earned in HP firms. The other is
that the middle wages paid by HP firms increase in the ¢ — case: = = p, >z,

The distribution has become more spread, as the measure of high earners in HP

firms has increased.

LP firms Again, LP firms only make profits on the workers earning p;, and

not on those earning w'. With the total measure of workers in LP firms earning

. . el 1
w! equal to !, the measure of workers per firm is given by T = (/\%5)—2 The
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profits of an individual LP firm are

Ab
U
e = (pl wc) ()\ + 6)2
Which, using w! from above, reduces to
, A 26 A2y

= — b e
Te= T a0 T (6+)\)()\'yc+6)pl+ G+N0. +0)"

HP firms HP firms make profits only on those workers earning w” or z* = p,.
The corresponding measures of workers per firm are given by ;‘f— and 53“— The

c

profits of an HP firm are given by:

2
c

o w

€ €

h_ h
e = (Ph — W)~ +Pr — D)~
(pn )’Yc' ( )’Yc
Using w!, €2 and €3 implies
h_ Aen—b)
¢ 6+ A

Proposition 2.3 Suppose firms can be either LP at no investment cost or HP

at investment cost k.A proportion 0 < 'y: <1 are HP firms in equilibrium.

Formally, the proof follows the same lines as that of Propositions 2.1 and 2.2.

3

o
\%
3

ol
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ol A6 0

oy (6+)\)(>\7:+6)2(p"_p’)>
h

O’ _ 0

ovy*

c

This implies that as the stock of HP firms increases, (7, increases), the
profits of individual HP firms is unchanged and the profits of individual LP
firms increase, and therefore the incentives to invest & and become an HP ﬁrm
decrease. This ensurés that, for a high énough k, and interior solution will be
found where the equilibrium proportion of HP firms is such that 0 < v* < 1.7

One can find the values of investment cost & such that

(@)yy: = 0ifk >k
(id)y* = 1lifk <k,

c

(i) 0 < 7' <1lifk. <k<ke
~ First, 4* solves n% — k = nl. Using 7% and 7!, from above, this implies

B A6
TG+ Ny, +6

k ) (pn — 1) (2.21)

9Regarding the profits of HP firms: As 7 increases, %72 remains constant since the flow
out of stock ey is independent of 7, %11 decreases since the rate at which a worker on an HP
firm contacts an HP is increases with v. Wage wy, decreases, precisely because the rate at
which HPs are met is higher, and this is attractive for workers because their wage is bid up to
pr. One can prove that the positive effect on profits of the decrease in wy, exactly offsets the

negative effec on profits of the decrease in <.
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from where

v, _ 6+ N0, +6? 1
Ok A%6 (Pz - Ph)

<0

Hence, as the cost to become an H P increases, the equilibrium proportion of
HP firms decreases.

For case (i), we use v* = 0 into equation 21. This yields

A
6+ A

7.‘—lc I'yc:q> 7TJCL |’Yc=0 —k if k 2 Ec = (ph - pl)

In other words, if & > k. there is no incentive for any firm to become and
HP even if no firms are HP.
For case (it), we use 7* = 1 into equation 21. This yields:

ot I‘rc=1 —k > 71"0 l7c=1 ifk <k.= (pn — m)

c

A6
(64 \)?

- Hence, if & <k, firms have an incentive to become HP even when all firms

are HP.

It is easy to show that k. < k.. For k. < k < k., case (iii) holds and

0<y <1
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2.4 Survival of low productivity firms.

Proposition 2.4 nl >l >l . For given proportions of HP and LP firms
in the market, LP firms do better under the c — case than under the m — case.

In turn, they do better under the m — case than under the bm — case.

l

Ty => T

l
bm

is always true, as Postel-Vinay (2002a) put it, because in the
m—case all firms have a wider set of strategies than in the bm — case, as they can
both () Identify unemployed workers and cffer them only their reservation wage,
and (24) Match the outside offers received by their workers. Nevertheless, notice
that (i1) is irrelevant for LP firms. When they enter the process of Bertrand
competition with other firm by matching outside offers, they either (a) keep the
Wofker at wage p; if competing with another low productivity firm, the worker
is not profitable or (b) loose the worker to a high productivity ﬁrrﬁ. This is
relevant when addressing the equilibrium proportion of high productivity firms
(next section)

7l > 7l is always true because,4 as low productivity firms offer workers a
higher wage increase when they meet a high productivity firm, they can exploit
that to attract unemployed workers by offering lower wages ((wl < w!) and
make a higher profits.

Hence, given an outside option, it is more likely that low productivity firms

survive in the ¢ — case than in the m — case than in the dm — case.
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2.5 Equilibrium proportion of low productivity
firms.

This section highlights the fact that, while frictions are necessary LP firms to
survive in the market, the degree to which it occurs is directly affected by the type
of contracts signed. Propositidns 2.5,2.6 and 2.7 below compare the equilibrium
proportion of HP firms, assuming firms can be either LP at 0 investment cost
or become HP at investment cost k, across the three environments cénsidered
in the previous section. In all cases, it can be unambiguously determined under
which environment the proportion of HP firms will be higher. Aé expected,
the environment with the lowest equilibrium proportion of HP firms is the ¢ —
ca‘;e, for two reasons: (i) Direct competition between two firms can be triggered
" through on-the-job search. This feature is shared with the m — case. (i7) Most
importantly, the strategic bidding allows workers and LP rﬁrms to extract rents
from HP firms whenever this competition is triggered. This is dealt with in

Proposition 2.5.

Proposition 2.5 v* < v, . The eguilibrium proportion of HP firms in the

bm — case is never lower than the equilibrium proportion of HP firms in the

C — case.

Proposition 2.1 shows that 7t > wl . Through simple algebra, it is also easy

to prove that m* < 7%, : HP firms do better under the bm — case than under

the ¢ — case. In this latter case, they pay very low wages to unemployed workers
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they meet, but they loose profitable workers every time their workers meet any
firm, HP or LP. Both n}, > #l_ and 7* < 7} imply unambiguously that, for a
given investment level to become H P, the equilibrium proportion of HP firms
is higher under the bm — case: v, < v, < 1.

More formally, note that:

AS
= —_— _— = k m
1_<c (pH pL) ()\ + 6)2 Bp
v, Vo
ok~ ok

and as a consequence

>

A _
ke = (pH—PL)(S_*_)\ < kym = (pu —PL) <

>

Therefore,

Consider then the following values of k: |
(i) k <ke =Kpm < k. < kpm. In the bm — case '7;". = 1 because k <Kgm; .in the
¢ — case v, = 1 because k >k.. Hence v =7

(i6) ko =kom < k < k¢ < Kpm. In the bm —case 0 < 7,.. < 1 because kyn, <

- * ' T 6‘7‘ 67*
k < kym,inthec—case 0 <y, <1 bgcause k. < k < k.. But because 5 < —=,
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the decrease in 'y: is higher than the decrease in 'y;m as k increases from k, =ke,,.
Hence vy, > 7..

(é41) ke =Kpm < ko < ¢ < Kym. In the bm —case 0 <, < 1 because , in the
¢ — case 7, = 0 because k, < k. < c. Hence 7, > ..

(1v) ke =kpm < ke < ki < k. In the bm — case v, =0 because kv < k, in

the ¢ — case 7. = 0 because k. < k.

~ Proposition 2.6 v} < «; .The equilibrium proportion of HP firms in the m —

case is never lower than the equilibrium proportion of HP firms in the bm — case

Proposition 2.1 noted that 7!, > =i, because in the m — case, firms can
recognise unemployed workers and therefore offer them only their reservation
Waée, which they cannot do in the bm — case. It was also noted that, although
firms can match the outside offers received by their workers, this is not really
to the advantagé of LP, since whenever they enter Bertrand competition with
other firm they will always loose a profitable worker. This is not true for HP
firms. If they are competing for a worker with an LP firm, they will keep the
worker at wage z{ < p}, : the worker is still profitable for the HP firm. This
implies that, as one moves from the bm — case té the m — case, HP firms benefit
more than LP firms. This intuition implies the following relation, which is easy

to prove through simple algebra: %, — 7, >« — .

More formally, note that:
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A6 §(3A[A + 6] + 6%)
bm ()\+ 5)2 (Ph Pz) ()\+6) (ph pz)

kom = ’—fm = 3 (Ph —pl)
And this implies that:
l_{bm < km < Ebm = Em

Hence, consider ther following values of k:

(1) k <kpm <K < kpm = km. In the bm —case, y! =1 since k <kgm. In the
m — case, 7y, = 1 since k <k,,. Hence vy, =7, .

(i) ko < k <k < Kt = k. In the bm — case, 0 < vy < 1 since
kym < k < kppp. In the m — case, Vi, = 1 since k <kn,. Hence 7 <}, .

(1i5) kpm <km < k < ktm = K. In the bm — case, 0 < 4% < 1 since

kom < k < kpn. In the m — case, 0 < 7%, < 1 since ky, < k < k,,. The relation

Y: < vk remains true'® until:

1086 far, we have interpreted the proportion of HP firms as a function of the cost c, as
implied by equations (2) and (22), for obvious reasons of interpretation. Nevertheless, for

analytical purposes one can reverse the emphasis and write:
 AS(2AS2 5N S+ X3 [Y]2 4203+ 2082 +62%+6%)
km = (p1 — pn)

v m+8)3(6+2)%

kom = ()\74_5)2 (Pl ph)

And it is easy to prove that kem < km if v > 0.

In a graph with - in the vertival axis and k in the horizontal axis, for a given c, vy, <7y,
For any k, the equilibrium proportion of HPs is lower under the bm-case than under m—case,

except for those k values that imply a corner solution in both cases.
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(iv) Ko <Km < Kb = km, < k. In the bm — case, v; = 0 since k< k. In

the m — case, vy, = 0 since k, < k. Hence v* = ~*.

Proposition 2.7 v* < vr.. The equilibrium proportion of HP firms in the
m — case is never lower than the equilibrium proportion of HP firms in the

Cc— case

This Proposition is a consequence of Propositions 2.4 and 2.5. It is hardly
surprising since the only difference between the ¢ — case and the m — cdse is that
in the ¢ — case HP firms see part of their rents extracted by LP firms through
the strategic bidding commitment. This reduces the profits of H P firms and
increases the profits of HP firms. As noted in Proposition 2.1, 7t > win, and the
previous intuition implies an easy to prove relation 7% < 7 The formal proof is

by noting that:

To be rigorous, one must allow for two possible cases. Assume first that

kn < k1. If this is true, then

UThis occurs if

382 +1+v/-36+66%+1
< 66

A
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Consider the following values of k :

(i) k <k.<kn < k¢ < kmn. Then Y5 = 7: = L since k <k, and k <k,

(i) ke < k <k, < k, < k. In the m — case, ~vx, = 1 since k <k,,. In the
c—case, 0 <y* <1 éince k. < k < k.. Hence, v* <},

(#2) As k increases higher than k,,, both v* and v* decrease. It can be
shown that %’YCZ < ngn; Because v* < 77, to start with, this ensures it remains
lower as long as both continue decreasing.

(iv) ko <km < ke < k < kpp- Inthe m—case, 0 <}, <1 since ky» <‘k < k.
In the ¢ — case, v = 0 since k. < k . Hence v* < ~},.

(v) ke <Km < ke < kp < k, then 4* = 7}, = 0 since k. < k and k,, < k.

Assume now that k. <k,,*2. Then
ke < ke <km <kn

Consider the following values of & :

(i) k <k, < ke <km < km. Then v, =% = 1 since k <k. and k <km

(i) k. < k < ko <Km < km. In the m — case, 7}, = 1 because k <k, . In

the ¢ — case, 0 < y* < 1since k. <k < k.. Hence, 7" < 75

. —362414++4/ —361+662+1
RTypye if ) > =30 H+

66
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(i41) ke < ke < k <K < km. In the m — case, vy, = 1 since k <k,,. In the
c— case, v: = 0 since k. < k. Hence Y >V

(i) ke < ke <km < k < Ep,. In the m—case, 0 < v:, < 1sincek, < k < k.
In the ¢ — case v* = 0,since k. < k. Hence, Vi< Y

(V) ke < ke <km < b < k Then v* =+, = 0 since k > k,, > k..

2.6 Conclusion

This paper has analysed three environments with on-the-job search; the focus
has been on the type of contracts signed between firms and workers, and its
consequences regarding wage distributions, firms profits and endogenous invest-
ment decisions. The first two environments shown are applications of existing
contributions to the literature, namely Burdett and Mortensen (1998) and Postel
‘Vinay and Robin (2002a and 2002b). I have shown how the contracts offered by
the firms in those two environments are not optimai, in the sense that they do
not fully exploit the possibilities offered by the worker’s on-the-job search effort.
Iﬁ Burdett-Mortensen, because firms are completely passive to the outside offers
their workers may receive; in Postel Vinay and Robin because, although firms
are not passive, they do not offer forward looking contracts. When ﬁrms do
offer forward looking contracts, which is the third case presented, they are able
to extract beneﬁfs from alternative firms met by their workers, by forcing those
firms to attract the workers but pay them their full productivity. Because this

is a more attractive contract for unemployed workers, firms can attract them
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by offering lower wages, therefore making higher profits. This has implications
for the incentives to invest in quality. As firms will see rents extracted by any
employed worker that they attract, firm’s investments in productivity need not
be more attractive, since they only imply higher wages for those workers, rather
than higher profits for the firm. Hence, although these forward looking contracts
are privately efficient for individual firms, they may result in lower investments
in productivity in the market.

If lower wages are needed in order to implement the contract approach de-
scribed in the paper, then any reason why the wage cannot be sufficiently low will
means that such a contract cannot be implemented. The existence of minimium
wages is one reason. Another can be the imperfection of financial markets, which
inipede the workers to borrow against a (expected) higher income, which they
would need if the wage determined by the contract falls below a given subsistence

level




Chapter 3
Bargainihg and on-the-job-search

3.1 Introduction

The present paper addresses a search market with ex-ante heterogendus firms
and on-the-job search, with two particular characteristics: (a) Wages are deter-
mined through Nash Bargaining (b) Workers on-the-job search effort, which is
undertaken at a cost, is not contractible.

The aim is to characterise in detail the process of Wage formation and search
behaviour in an economy where search is costly and non-contractible. The
non-contractibility of the worker’s search effort seems like a natural assumption,
almost in the same category as the worker’s freedom to leave their employment
without any liability: in modern labour markets, workers cannot be tied legally
to their employment. Even though this may be natural assumptions, they still

are imperfections that limit the contractual arrangements in any employment

121
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relationship.  In particular, I look at how does this imperfection affect the
wage formation process. Do the conditions of the labour market matter for
the wage determination process, other than just for the wage level? How does
this affect the worker’s search behaviour? The paper therefore endogenises not
only the wage level, but also the wage formation process, which will differ in
equilibrium according to the parameter values of the model. The reason is that
the non-contractibility of search effort imposes a constraint that may or may
not be binding in the Nash Bargaining process whenever ﬁrm-workef pairs are
negotiating over a possible contract.

In any firm-worker relationship, there will always be two variablés which are
at the discretion of at least one of the agents involved: the_ wage level and the
search behaviour of the worker, who may search for better employment. In
the absence of imperfections, and given the adoption of the Nash Bargaining
solution, the agents would choose the worker’s seargh behaviour that maximises
the joint value of their contract; and subject to this they ’WOuld choose the wage
level that "settles the score” given the Nash Bargaining solution.

With the imperfection introduced by the non-contractibility of on-the-job
search, things change. The pair cannot agreé on the search behaviour to max-
imise the value of the contract, since it is not contractible. Rather, in the
bargaining process, the firm knows that the worker will always undertake on-
the-job search if he individually has incentives to do so. 'These incentives are
of course affected by the wage finally agreed upon. Given search is costly, the

worker is less likely to engage in search for better wages if he is already earning
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a high enough wage. In particular, for high enough current wages, the relative
expected gain of on-the-job search is too low compared to the cost of search.
For low enough wages, the relative expected gain of on-the-job search is high
enough to justify costly search by the worker. The wage that separates those
two wage ranges can be though of as an incentive compatible wage level (ICW).
The bargaining process therefore must consider the constraint imposed by the
imperfection, i.e. the existence of ICW, which says when the worker will or will
not search on the job. Focusing on the Nash Bargaining problem, the effect on
the frontier of the utility space must be considered: When the wage is higher
than the ICW, the contract will be ”stable” in the sense that the’worker will
not search on the job. For wages above the ICW, changes in the wage represent
only a pure transfer of utility. When the wage decreases below the ICW, the
contract stops being ”stable”, since now the wage gives the worker incentives to
search on the j‘ob. In addition to being a pure trapsfer of utility, this decrease
represents a change in the total value of the contract, which results from the
change in the search behaviour of the worker. This creates a discontinuity in
the frontier at this pafticular wage level. Further wage decreases represent only
a pure transfer of utility from firm to worker, While the worker remains searching
on the job.

When on-the-job search is a possibility, one must consider how current em-
ployers react to outside offers received by their workers. The paper will abstract
from such complication by following an assumptiqn introduced in Pissarides

(1994) and Gautier (2002): Workers must leave their current employment in
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order to negotiate with firms met through search on the job!. Formally, this
assumption implies that the workers’ only threat in any bargaining is unemploy-
ment. Pissarides interprets this assumption as the study of short term contracts.
With long term contracts, a worker could negotiate with the new employer whilst
holding the current job, which would favour him in this bargaining process. The
assumption therefore decreases the workers’ incentives to search on the job, as
they cannot use their employment status to bargain better wages. Gautier de-
fends it on the grounds that the outside option of any new job is unerﬁployment.
I believe this latter argument is only valid if one actually assumes that only
short term contracts can be signed. I argue that this assumption Qualitatively
does not affect qualitatively the results obtained; but only Aquantitatively, since
it just decreases the workers incentives to search on the job. Further, it allows
to focus on the role of firm heterogeneity as a reason for on-the-job search: be-

cause worker’s only threat in any bargaining is unemployment, there is no point

If such an assumption was not made, then one would have to consider in more detail how
do firm’s react to outside offers reeived by their workers. This has been addressed in various
ways in the literature.

Burdett and Mortensen (1998) assume that firms do not respond to outside offers received
by their workers. Burdett and Coles (2003) acknowledge that, even if firms cannot observe
if their workers actually received an outside offers, the porbability that they do is possitive.
This results in firms offering wage-tenure contracts, in which wage increases with tenure.

Postel-Vinay and Robin (2003a, 2003b) assume that firms can observe the outside offfars
received by their employers, and therefore enter a Bertrand competition for the wo_rker with
the outside firm when their workers find one. The result is that the worker goes to the more
productive firm, but at a wage equal to the productivity at th'e least produ.ctive ﬁrm: The.re is
another way of handling the issue. One can, in the Postel-Vlnz.a.y. z.a.nd Robin setup, 1mag}ne a
firm-worker pair contracting in a way that anticipates the possibility of 1ihe worker I{leetmg.a
more productive firm. The current, less productive err.lployer, may con.mut. to.strategxcall}.' bid
up to the productivity of the poaching, more productive firm .(str.ateglc bidding contractmg).
The worker then moves to the most productive firm, but this time at a wage equal to his
productivity at the poaching firm. This Would ?extract” rents from the poaching fiirm.
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in leaving one employer for another of the same productivity; both will pay the

same wage.

Rocheteau (2001) also presents a search model, without on-the-job search, in
which wages are sometimes determined by an interior solution to the Nash Bar-
gaining problem, and sometimes by a corner solution determined by an incentive
compatibility constraint. The need to meet an incentive compatibility constraint
comes from the introduction of imperfectly observable shirking by the worker.
In his model, workers have an incentive to shirk, and this incentive cbmes from
an exogenously given cost of effort €. In the present paper, the need for incen-
tive compatible wages comes from the workers’ incentives to search on the job,
the attractiveness of which is endogenously given by the expectatioh of finding
a better wage through search, and how better that wage is. While Rocheteau
endogenises the wage formation process by introducing efficiency wage consider-
ations, the present paper endogenises both the wage formation process and the
worker’s search behaviour by introducing (non-contractible) costly search.

The next section introduces and discusses the assumptions of the model, and
gives a summary of the results obtained. Section 3 addresses the individual de-

cisions faced by the agents. Section 4 addresses the bargaining process between

firms (good and bad) and workers, paving the way for the results in Section 6.
Section 5 discusses the steady state conditions and Section 6 closes the model
by addressing the types of contracts signed‘ in equilibrium. Section 7 gives a nu-
merical example of the workings of the model. The Propositions and Theorems

in the main body present explicit solutions to all relevant values.
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3.2 Assumptions and Set-up of the model

Al There is a unit mass of workers and a unit mass of vacancies. Workers
are homogenous, but vacancies may be good or bad. These types will be denoted
by subscript ¢ = g,b. Half of the vacancies are good (g) and half of them are bad
(). Vacancies can accept at most one worker. The measure of unemployed
workers is denoted by u. The measures of empty vacancies, good and bad, are

identified respectively as v, and ;.

A2 The production of a worker is denoted as Y in a good vacancy and
X <Y in a bad vacancy. The wages paid to the worker in a good and in a bad
vacancy are respectively identified as wy and wy. I will assume that these wages
are determined by Nash Bargaining between vacancy and worker. Vacancies

can accept at most one worker.

A3 Workers, regardless of their employment stétus, may search for vacan-
cies at a cost denoted by c. Vacancies are assumed to be in the search market
only while empty, and for them this is costless. If a worker does pay the cost c,
he contacts good (empty) vacancies at a rate Ag, and bad (empty) vacancies at
rate \,. The rate at which vacancies, regardless of the type, contact workers is

given by e. Worker’s on-the-job search behaviour is not contractible.

A4 The arrival rates previously described are determined by a quadratic

search technology, where the number of contacts is the product of the measure




CHAPTER 3. BARGAINING AND ON-THE-JOB-SEARCH 127

of searching workers and the measure of searching vacancies.

A5 In any given worker-firm relationship, there is a risk of relationship

breakdown, that comes at a rate given by 6.

A6 I will assume quit fees are illegal for workers, so they can leave their
employment relationship costlessly whenever they have incentives to do so. Fur-
ther, I rule out bond posting by firms. Other than that, workers and vacancies
sign enforceable contracts to rule the employment relationship.

Workers can be either unemployed, employed in a bad vacancy or employed
in a good vacancy. In each case, they may be searching or not. Only cases
where unemployed workers engage in search will be considered. Their lifetime
discounted value will be dénoted by W*. The lifetime discounted value of a
worker employed in a vacancy of type ¢ = g,b will be denoted as W The
lifetime discounted value of an empty vacancy of type ¢ will be denoted by V*
for i = b and V9% for i = g. The lifetime discounted value of filled vacancies of
type ¢ will be denoted V.

Because search effort is not contractible, workers will always search on the
job if there are incentives to do it. For any given wage, the attractiveness of
on-the-job search comes from the prospect of finding a better wage with another
vacancy. Workers must compare this benefit with the cost ¢ in order to decide
wether to search or not. Intuitively, if a worker is already earning a relatively

high wage, the expected benefit of searching on the job is not very high, and
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therefore he should have weaker incentives to search on the job.

Employers know if a given wage provides incentives to the worker to search
on the job. Hence, for any given wage, they know what the search behaviour of
the worker will be. This is crucial in understanding the wage formation process.
Because the search behaviour affects the total value of the contract, and the
wages are determined through’Nash bargaining, it affects the wage finally agreed
upon because the employers know it. This would not be thg case if employers
where not able to discern the workers’ search behaviour for any given Wage level,
since then they could not discern the exact value of their contract.

Because of the above, even though the contract finally signed /betWeen a
firm and a worker will only include the wage level, the bargaining pfocess will
determine both the wage level and the search behaviour, and this bargaining
process is in turn affected by the possibilities of on-the-job search.

I finally come to an assumption that both simplifies the analysis and allows

to focus on the role of vacancy heterogeneity:

J

AT Upon meeting a firm, any worker (employed or unemployed) observes
its type and decides wether to enter negotiations with her. If the worker is
employed, he must become unemployed before starting these negotiationszT ‘This
means that, should negotiations fail, he would not be able to go back to his

previous employment, but if he rejects negotiations completely, then he can stay

2The assumption assumes away the potential complication that an employed worker may
find another firm and trigger a Bertrand competition for his services, as in Postel-Vinay and

Robin (2003a, 2003b).
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in his current employment.

The formal implication is that worker’s outside option when bargaining with
a firm is always unemployment, regardless of the actual employment status at
the time of the contact. Being able to use employment status as an outside
option would only improve an employed worker’s bargaining position vis-a-vis
new employers, and therefore increase the attractiveness of on-the-job search:
For this reason, I argue that this latter assumption only reinforces the results of
the paper, since it only means that workers have less incentives to search on the
job.

Because the bargaining position of a worker vis-a-vis any given ﬁrﬁl is always

unemployment, regardless of employment status, workers will not leave a vacancy
of type i = k for another vacancy of the same type i = k, since the wage
Athat will be paid in either is the same. Because of Nash Bargaining, better
wages are only paid by firms in which workers are more productive. In the
context of the paper, this means that workers in bad vacéncies will search only
for the prospect of ﬁnding a good vacancy, which will pay a higher wage since
the worker’s productivity is higher there. It also means that workers in good
vacancies have no incentive to search on the j>ob, since there is no prospect of
finding a better wage. The derivations that follows make full use of these two
conclusions.

Throughout the paper, when I refer to a given type of match or contract

as dominant, or when I say that it dominates, it must be understood that it is

jointly efficient in the sense that it maximises the joint value for the firm and
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the worker. As will be seen, transferable utility through Nash Bargaining will
not suffice for dominant contracts to be signed, and this inefficiency is due to

the imperfection created by the non-contractibility of on-the-job search

Summary of Results The paper focuses on the wage and search behaviour
in worker-bad firm relationships. The result in worker-good firms relationships is
not interesting; the assumptions made force them to be ”stable” in the sense that
the worker never has an incentive to search on the job. This implies also that
the wages are always determined by an interior solution to the Nash Bargaining
problem.

Further, the paper focuses on the cases where worker-bad firm relationships
value is maximised if the worker abstracts from on-the-job search. I‘call this
ns — contracts (ns for no search), as opposed to relationships where the worker
searches on the job, which I call s—contracts. Notice that this is true, everything
else being equal, for high enough values of X as comi)ared to Y. A high enough
value of X implies that it is not jointly efficient for the worker to engage in costly
séarch for a new job in which the productivity is not that much higher. Two
equilibria are possible:

Case 1

i) ns — contracts are signed, which can only be true if

i1) The wage'agreed upon is incentive compatible, higher than or equal to
the ICW.

Case 2
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i) s — contracts are signed, which can only be true if

i) The wage agreed upon is lower than the JCW.

Consider Case 1 first. For contracts to be of the ns type, it must be the case
that the wage is higher than or equal to the ICW, so that the worker decides
not to search on the job. There are two possible ways in which this can be
the case. The first one can be thought of as the ”natural” way. It occurs
if, under the assumption that the worker will not search on the job, the wage
that splits the surplus in two (i.e. the simple solution to the Nash Bargaining
problem) is actually compatible with this assumption, i.e. is higher than or equal
to the ICW. Everything else being equal, this is more likely to be fhe case for
X high enough; Nash Bargaining implies the wage increases'directly with X.
This implies that, if agents behave ignoring the constraint that the wage must
be high enough, the constraint is not relevant in equilibrium . Givén that we
work in the region where ns — contracts dominate, this is a sufficient conditions
for ns — contracts to be signed. If there were no imperfections (or if they are
irrelevant in equilibrium), then the agents will sign the contract that dominates.

But it is also possible that ns — contracts are signed even if the above is not
true. Imagine that the wage that splits the émplus in two is lower than the
ICW, so the worker would actually search on the job if that wage was agreed.
Then the wage must be increased up to th¢ level of the IC'W if the worker is
going to give up search. But this implies a "redistribution” of profits, in which
firms are losers and workers are winners. For high enough values of X compared

to the ICW, the ICW will not "redistribute” too much of these profits, hence
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both parties will still agree that the ns — contract is their better option. For low
enough value of X compared to the ICW, it may be that the firms are so worse-
off that they would prefer to sign an s—contract; and pay the worker lower wages.
In this case, firms and workers interests are in conflict; which contract is signed
would depend on the bargaining power of each party. Because the bargaining
powers are fixed to 0.5 for each agent, the result would actually depend on how
worse-off (relatively) firms are if they pay the I C’W.v If X is low, but not very
low, then the damage done to the firm is not too much; and the worker would
"win” in the bargaining and the ns — contract would be signed. If X is very
low, then firms are so worse-off that they are winners in the bargaifn’ng, which
results in Case 2. |

Hence, one expects the equilibrium in Case 1 to arise for high enough values
of X, and the equilibrium in C’aée 2 to obtain for low enough values of X. Case
1 and its two pbssibilities are addressed in Propositions and Theorems 3.1 and
3.2 in Section 6. Case 2 is addressed in Proposition and Theorem 3.3.

Notice that a particularly relevant variable in determining which case occurs
is the (endogenous) IC W Any factor that increases its value makes it more likely
that the outcome will be Case 1. A relevant -variable that affects the ICW is
Y, since the value of Y implies a higher Wagé in a worker-good firm match, and
therefore stronger incentives for- workers in bad firms to search on the job. But
this is not so interesting because Y is exogenous. More interesting is to note that
the IOW is also affected by the conditions of the labour market, in particular

the endogenously determined number of good vacancies in the searching in the
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market?. If there are less good vacancies, the attractiveness of on-the-job search
is lower, since it is less likely that search will result in contacting a good vacancy.
This implies that the ICW level will be lower. -

Notice the implications of all of the above for the wage formation process.
The wage in an ns — contract will sometimes be determined by the workers pro-
ductivity in his employment with the bad firm (if the equal split of the surplus
results in an incentive compatible wage); and sometimes the wage will be deter-
mined by the workers productivity in an alternative employment with a good
firm, even though the worker does not search on the job for a good firm (if the
firm must increase the wage to meet the ICW level, which in turn depends on
Y). This distinction is also addressed in Propositions and Theorems 3.1 and
32,

A further, a quite intuitive, finding is the existence of parameter values such
that no pure stfategy steady state equilibrium exists. This is exemplified in the
numerical exercise in Section 7. As is usually the case in matching models, the
result has to do with the composition effects caused by the workers’ equilibrium
search behaviour. Compare the steady state numbers of firms of either type in
Cases 1 and 2. Since in Case 2 workers in Bad firms search on the job, they
will be leaving bad firms empty as they move to fill good firms met through
search. Hence, the steady state number of empty bad firms is higher and the

number of empty good firms is lower in Case 2 compared to Case 1. This means

3The number of good vacancies affects the rate at which workers meet good firms. The
assumption of a quadratic search technology implies that this arrival rate is independent of

the number of workers searching.
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that the rate at which workers find good firms is lower in Case 2 compared to
Case 1, if they do search on the job. This makes search less attractive, and
therefore reduces the ICW level. For any value of X, the profits of firms that
pay the ICW will be higher with the arrival rate consistent with Case 2, since
the implied ICW is lower. Hence, there will be values of X which (i) Are not
consistent with ns—contracts equilibrium arrival rate, since firms’ profits are too
low if the implied /CW is paid, and hence s — contracts will be signed, but (%)
Are not consistent either with the s — contracts equilibrium arrival rate, since
firms’ profits are high enough when the implied IJCW is paid, and ns — contracts

will be signed.

3.3 Individual Decision Problems

Workers Because search is costly when unemployed, the first problem of
the workers is whether to participate in the search market while unemployed, i.e.
they will search of W* > 0. The conditions for this to be the case will arise as

part of the analysis. Hence, I only worry in this section about the decision of

employed workers of whether to search on the job or not.

Workers in Good Vacancies Workers in good vacancies have no incentive
to search on the job, since there are no better vacancies to be found in the market.
Further, vacancies have been assumed to search only while empty. Hence, any

relationship between a worker and a good vacancy is broken only for exogenous
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reasons. The lifetime discounted value of a worker in such a contract is given

by:
TWI = w, + §(W* ~ W9)

Filled Good Vacancies For the above reasons, the lifetime discounted

value of a filled good vacancy is given by:
rVI=Y —w, + 6(VI* — V9)

Workers in Bad Vacancies Consider now the case of a worker in a bad
vacancy. Because search effort is not contractible, workers with bad vacancies
will always search on the job, provided that the incentives are given. Assuming
wy > wp, (which is intuitivé given wage bargaining and ¥ > X. It will be
formally confirmed later), then a worker should prefer to be working in a good
vacancy than in a bad vacancy; and this implies that he may have incentives to
search on the job for a good vacancy. For any given wage level wy, the lifetime
discounted value of a Qorker in a bad vacancy is therefore given by:

W? = max(W", W*), where :

W™ = wp+ (WY —W™) (3.1)

WS = wy+ 6(W* = W)+ A, (W9 —W?) —c (3.2)

Using 1 and 2 and WY above:
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Agwy — c(r + 6)

Wn32W3<=>wa,-c= b\
g

(3.3)

This implies that the worker will give up on-the-job search only if the wage
received in the bad vacancy is high enough. I call this lower limit for w, the
incentive compatibility constraint. If w, > w;, the worker has no incentive to
search on the job. If w, < w,. then the worker prefers to pay the cost of search
and look for a good {racancy, where a higher wage will be earned. Notice that
for a higher cost of search, w;. is lower, implying that the current wage need
not be so high to be incentive compatible, since search is already very costly.
Likewise, w;, increases with w, and with ;. If either of them is higher, search
is more attractive since the expected wage to be found through search is higher.
Hence, w;, needs to be higher in order to be incentive compatible. Inpérticular,
‘a higher )\, implies the prospect of finding a good ﬁrmris better, and this makes

on-the-job search more attractive.

Filled Bad Vacancies Given a wage level wp, the firms lifetime discounted

value is determined by the worker’s search behaviour.

VP = V™ = X —wp + 6(VE = V™) if wy > wie (3.4)

PVt o= rVi=X—wy+ (6 + )\g)(Vu - Vs) if wy < w;e (35)
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3.4 The bargaining process

Workers-Bad Vacancies Strictly speaking, firm and worker bargain over
the wage level. Not over the search behaviour, since it is not contractible.
Nevertheless, the wage level affects the search behaviour of the worker, and
therefore the total value of the contract. Because firms know if the wages give
the correct incentives to the worker, they know the total value of the contract
for any given wage level, and this affects the bargaining process.

The contract can be of one of two types:

1- Firms pay wages that meet the incentive compatibility level and the
worker does not search on the job. Since there is no search in these contracts, I
will refer to them as ns — contracts.

2—Firms pay wages that do not meet the incentive compatibility ‘Ievel and

“ the worker searchés on the job. Since there is search in these contracts, I will
refer to them as s — contracts.

The bargaining process determines both the search behaviour and the wage
level. In general, the contract type (ns or s) finally égreed upon depends on
which of the two maximises the global Nash Product.

ns — contracts contracts will be signed if:

max [Vns(wns) _ Vu]% [Wns(wns) _ Wu]5 >

WnbZWic
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S ‘U,l 8 U] s
0, max [V*(ws) = V]2 [(W*(w,) — W}

s — contracts will be signed if:

max [V*(w,) = V¥)? [W*(w,) = W5 >

0, Jmax [V™(wns) = V¥E W™ () — W2
Notice the two constraints above. In the ns—contracts, the constraint wy, >
w;, says that the final wage agreed upon cannot be lower than the w;.. Otherwise
| the worker would search on the job, contradicting the initial assumption of no
search. In the s — contracts case, the constraint says that the final wage agreed
upon cannot be higher than the w;.. Otherwise, the worker would not search
on the job, contradicting the initial assumption that the worker would search on
the job. It will be important, and it is done léter, to identify the cases in which
either constraint is or is not binding.
A further analysis of each individual case will prove helpful for further sec-
tions, Section 6 in particular. Consider first an ns — contract. Abusing notation
slightly, I will call w,s = wj, if the constraint on the maximisation problem

is not binding, i.e. the solution to the Nash Bargaining problem is an interior

T I ——
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solution; and wys = w;. if the constraint is binding, i.e. the solution to the Nash

Bargaining problem is a corner solution. The first case occurs if:
wk, = arg max V™ (wns) — V“]% (W™ (wys) — W“]% > Wie
Applying the well known solution to the Nash Bargaining problem:

wly = 5 X+ (W = V) (3:5)

and it is known that this implies an equal split of the contract surplus, hence:
1 ns * U ns * U
V™ (why) = V¥ = W () — W = o [V (wl) = V£ W™ () - W

In turn, this implies that the (maximum of the) corresponding Nash Product

simplifies to :

D=

(V™ (wly) — V)2 W (w)y) — W]
| (V7 (why) — V¥ + W™ (wh,) — W] 3.7)

If the constraint is binding, then:

Wps = Wic > Wy, = aIgMmax [V (Wns) — V¥]2 [W™ (was) — WH]2

_ Agwy —c(r + 1))

Wps = Wic ey as given by equation 3
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Because this constraint binds, then the (maximum of the) corresponding Nash

Product cannot be reduced, and it remains:
[V (wie) — V]2 W™ (wie) — W (3.8)
Naturally, the unbounded maximum is higher than the bounded maximum:
SV (W) = V4 W (000) = W > [V (i) = V¥ (7 () — W2

A particularly relevant condition for further sections will be the condition for

the constraint not to be binding:

Wiy = Wie : (3.9)
Using equations 6 and 3 above, this reduces to:

AV — 2¢(r +8) | 2Y(r+6) +reW*
Ag 2r+¢+26

X > f(V,W*) =

This says that X must be high enough for the constraint in the bargaining
over an ns— contract not to be binding. This is very intuitive, since wy, iqcreases
directly with X.

For s — contracts, the case is analogue. Again abusing notation slightly, I
will call w, = w* if the constraint is not binding, and w, = w, if the constraint

is binding. Because only the first case will be relevant in what follows, I only
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analyse this one.

If the constraint is not binding, then:
ws = wy = argmax [V*(w,) — V”]% [We(w,) — W“]% < Wic
The application of the Nash Bargaining solution implies:

1 B
w, = W) = 5 (X +c+r(We — Vo) + A,(Wy — W)] (3.10)

and because this is the unconstrained solution, the (maximum of the) corre-

sponding Nash Product can be reduced to:

V2 (ws) — V¥E [ (w,) — W3 = %Vs(ws) CVEE W) - W (3.11)

Notice that the wages, in all cases, are a pure transfer from firm to worker,
Ve(w) + W#(w) and V™ (w) + W"*(w) is independent of w. I use this from now
on to ease notation, and write V°(.) + W*(.) as V* + W?, and V™(.) + W™(.)

as Vns + Wns_

Workers-Good Vacancies Because workers never have an incentive to
search on the job, there is never a problem of incentives in contracts between
workers and good vacancies. Further, these contracts will always be signed since

neither the worker nor the firm can expect a better opportunity. Hence, the

m
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wage is always given by the Nash bargaining solution:

wy = arg max(V9(w,) — Vg'“)%(Wg(wg) —W*)z = % Y +r(W* - Vo))

3.5 Steady States and Arrival Rates

The arrival rates and steady state numbers of unemployed and employed workers,
and of filled and empty vacancies of either type, depend on the search and
matching behaviour of workers and vacancies. The only cases that will concern
us are where workers search while unemployed; and always sign avcontract of
type either ns or s if they meet a vacancy of any type.

Vacancies have been assumed to search only while empty. But workers search
. behaviour while employed depends on the outcome of the bargaining problem

analysed in the previous section.

No search on the job I will analyse first the case when ns — contracts
are signed. Given the quadratic meeting technology, the number of contacts
is given by u(v, 4 v5). The arrival rate for workers is ﬂgﬂﬁl = v, + v,. The
unconditional arrival rate for firms of either type is € = 2%%;?2 = u, since both
are searching in the same side of the market (they cause congestion to each -
other). I will denote with 77 the effective a.frival rate for bad vacancies and ¢ for

good vacancies. Because all contacts lead to a contract being signed, regardless

of the type of the vacancy, the effective arrival rates are both equal to u.
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The measure of unemployed and employed workers is constant when the flow

into unemployment equals the flow out of unemployment:

u(vy,+w) = (1—uw)b=
_ b
T vg+vp+0

The measures of filled and empty vacancies (good and bad) are determined

by:

vou = (0.5—14)6

MU = (0.5—’01,)5

The simultaneous solution to these equations gives the steady state measures

of unemployed workers and filled vacancies:

0 < vg,'vb<0.5and0<u<lifv0<6<oo
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Search on the job Let us turn now to the case when search-contracts are
signed. In this case, the total number of workers searching is the sum of those
unemployed (u) and those working in bad vacancies 0.5 — v,. The number of
contacts is then given by (u+0.5—v,)(v,+v,). The unconditional arrival rate for
workers is therefore (vg+wv,), and for vacancies of either type is € = (u+0.5—v;)

The employed and unemployed stocks of workers are constant when:

u(vy,+wv) = (1—-u)d=

_ o

Vg +Vp -+ 6
The unconditional arrival rate for vacancies of either type ise = (u+0.5—uy).
- Good vacancies are filled every time they meet a worker, since they attract both
employed or unemployed workers because they pay the highest wages. So their
effective arrival rate is actually ¢ = €. Bad vacancies are only filled if they
meet an unemployed &orker (employed workers either with good or bad firms
reject them) which occurs with probability mo.uT—vb_) conditional on having met
a worker. Hence, their effective arrival rate is n = (u+0.5— v) ey =
u. Further, good vacancies with a worker become unfilled only if the coritfact is
exogenously destroyed. On the other hand, bad vacancies with a worker become
unfilled both if the exogenous destruction comes or if their worker meets a good
vacancy, which occurs with probability [vg + vs) ;g—”h; = v,. The stocks of empty

and filled vacancies are therefore constant when:
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vg(u + 0.5 — vp) = (0.5 — vy)é

v = (0.5 — ) (6 + vgy)

The solution to these three equations yields:

1
_ L5+ foa 5)

w = 5 (-6+/60+9)

v, = k

v, = u—=~k

where:

1 1 1Jir———j
= [ =5§—=4+=4/46 126 +1
5 2(5 S+ 5146 126+

0 < vg,vb<0.5if0<6<oo

To avoid confusion , I will distinguish the arrival rates in the following way:
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When ns — contracts are signed: When s — contractsare signed:

n=u,p=u f)=ﬁ=u,(}b=(u+0.5—ﬁb)
)\g='Ug X‘q:’i}g
Ap = vy : X = Dy

The solutions above yield the following conclusions regarding steady state
stocks and arrival rates:

(¢) The number of unemployed workers is indepéndent of on-the-job search
behaviour. This is because when workers search on the job, the total number
of unfilled vacancies does not change as they move from bad to good firms.

(i) The rate at which empty good vacancies become filled is higher when
workers search on the job (¢ > ¢). This is because there are more workers

searching, and good vacancies attract them either if they are employed or unem-

ployed.

(#ii) The rate at which empty bad vacancies become filled is independent of
on-the-job search behaviour (f# = 7). This is because they contact workers at a
higher rate when there is on-the-job search, but only attract them if the workers
are unemployed.

(iv) The number of unfilled good vacancieé is lower if workers search on the
job. This is a consequence of (i) and implies that the rate at which workers
contact good empty vacancies (Ag < Ag) is lower.

(v) The number of unfilled bad vacancies is higher if workers search on the
job. Hence, the rate at which workers contact bad vacancies (3\,, < X) is higher..

Notice that (iv) has important implications for the level of the /CW. When
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all workers search on the job, the rate at which employed workers meet good
vacancies is lower. This implies that the incentives to search on the job are
lower, which reduces the level of the ICW. This composition effect and its
consequences will be addressed further in Section 6

Summing up:

N=1,0< g Ag > Ay do < A

3.6 Contracts

In order to get to the stage of the contract decision between vacancies and
workers, it must be the case that unemployed workers dé find it optimal to
search while employed. They will do it if, after paying the search cost ¢, W* > 0
is still true. Hence, a common condition to all the derivations below is that
w* > 0.

Below are several Propositions that address when do workers and vacancies

sign each type of confract. As we will see later, the conditions under which

these decisions represent equilibrium decisions imply W* > 0.

Workers-Good Firm Contracts The lifetime discounted values in con-
tracts between workers and good firms have been stated above. They can be
completed by the lifetime discounted value of an empty good vacancy and solved

separately from the rest of the model. Since good firms contact workers at rate
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¢, the lifetime discounted value of a good empty vacancy is given by

rVov = g(V9 — Vo)

Using V9%, V9, W9 and w,, the solutions to the system of equations is re-

ported in Set of Equations 3.7

Y — W) (r + ¢)

9 3.12

v (2 + ¢+ 26) - G

—— W (r+¢+20)+Y

2r+¢+26
vou Y —rW*)¢
r(2r + ¢ + 26)
_ TWEr+¢+6)+Y(r+96)
Yo = or + ¢ + 26

It is helpful to solve for them at this stage since they will be of use later.

Workers-Bad firms contracts This three propositions that follow ad-
dress the contracts signed by workers and bad firms. Whenever confusion may

arise, endogenous variables are sub-indexed with the number of the correspond-
Ing proposition.

Proposition 3.1 Workers and bad firms sign ns — contracts and the wage 1is
determined by an interior solution to the Nash Bargaining problem (wp = w},, =

wyy) if
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X > f(V, W) > g(V, W, ¢)
X>r(V*+Wp)

where

f(vvlu, Wiu) _ TAg V¥ —2c(r+6) + 2Y (r+6)+roWp

P 2r+p+26
u Ti/u _ TAGVE—c(r+4) ()Y +r(r+b+p)Wp
g( 17W17¢)_ Ag + rré+26

Keeping W3* and V}* exogenous for the moment, the equations corresponding
to configuration are 7, but luckily we already have a closed form solution for 4
of them, which we solved for and reported in Set of Equations 3.12. The full

set of equations is given by Set P1:
Wb = W™ and V? = V™ as given by equations 3.1 and 3.4

wp = Wns = Wiy as given by equation 3.6

Vot V9 W9 and w, as given by Set of Equations 3.12

Proposition 3.1 is the simplest case, and it occurs when the constraint in the -

bargaining for an ns — contract does not bind, given by equation 3.9:

Why = Wic =

T T —lLE
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S AgVP —2 é 2Y ) g
X 2 f(vwy) = DSR2 00 AV 9) ol
g r+¢+26

Notice that in this case, the wage is given by w}, = £ [X + r(W¥ — V)]; it is
mainly determined by X, the workers productivity in the current employment.

This establishes that if X > f(Vi*, W), then the constraint in the determi-
nation of w}, is not binding, so w, = W}, > w;,

Using V; and W, from equations 3.2 and 3.5, V* + W™ >V 4+ W* &

AV — c(r + ) + (r+86)Y +7(r+6+)Wp

X > g(V", Wi, ¢) = A 2r+ ¢+ 26

Hence, ns — contracts dominate s — contracts if the above condition holds.
' Finally, ns — contracts dominate not signing a contract at all if and V,, 4+ W, >
W+ Wwre
(Vi + W) < X

The three conditions are sufficient conditions for ns —contracts to be signed.
In fact, what they mean is that the constraint is not binding if the agents behave
as if the constraint did not exist. Therefore‘the equilibrium that obtains is the
equilibrium that would obtain if there were no imperfections.

For this to be interesting, it must be the case that:

FVE W ) > (Ve Wi, ¢)
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If the above holds, then when X is high enough that w, > w;, it is also true
that the ns—contract dominates. But it also implies there exists an interval such
that if g(Vi*, Wi, ¢) < X < f(V*, W), then ns — contracts dominate, but the
wage that results from the equal split of the surplus is not incentive compatible.
A different contract is signed, addressed in Proposition 3.2*. Since the condition
fVE W ¢) > g(Vi*, W, ¢) is needed for incentive compatibility problems to
arise, I will only consider parameter values such that it is true. Hence, all the
Propositions below are stated for cases when f(V¥, W¢, ¢) > g(V¥*, W, &)

Functions f and g will be recurrent in the Propositions that follow. In order
to save space, the explicit functional form will not be written unless’ particularly
relevant for the argument. Keep in mind then that

(i) f is the limit such that X > f = wns = wpy 2 Wic

(i3) g is the limit such that X > g= V™ + W™ 2 V* +W?*

Proposition 3.2 Workers and bad firms sign ns — contracts and the wage is

determined by a corner solution to the Nash Bargaining problem, wy, = Wps = Wi,

if:

hVE W) < X < (V3 W5, ¢)

pe V> 0, =Wy >0

i “, W, ¢)(a no search contract
Notice, if g(V*, W) > f(Vi¥, Wi, then when X _>.g(V1 W, :
dominates)’ it is (ahlre,ad; true that X > f(V, wi). If th1§ is thP: case, w;‘,g, > wj, is true always
if ns — contracts are dominant. There is no problem of incentives in this case.
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where

i 2/ (Mg (6 + 7+ Xg)3) (c(2r + ¢ + 26) + A,rWE — A,Y)
(r + )Xy (2r + ¢ + 26)

[r =+ 8] [(—(26 + 2r + 3X + 2XA2) (c(2r + ¢ + 26) ~ A\, Y)]+

VaiAg(2r + ¢ + 268) — WEAr(2X2 + 3\, — 8))

The fact that the wages paid are determined by the corner solution to the
Nash Bargaining problem occurs because the equal split of the surplus results
in a wage lower than the JCW. Hence, an ns — contract is only possible if the
firm increases the wage offer up to the ICW level. This implies a redistribution
of profits from the firm to the worker, harming the interests of the firm. If
the productivity X falls within the specified range, then decrease in ﬁrms’ flow
profits (X minus the wage paid) is not so high and the agents still sign an ns —

contract. Notice that the contracts signed are the workers’ preferred contract,
the ns — contract in which they get high ICW.

Keeping W andVj* exogenous for the moment, the equations that describe
this configuration are the same as for Proposition 1, with one exception, which
is that now the wage is given by the incentive compatibility condition. Hence,

we now must use a slightly different Set of Equations P2:

Wb = W™ and V? = V™ as given by 3.1 and 3.4
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Wp = Wps = W; = as given by equation 3.3

Ve VI, W9 and wy as given by Set of Equations 3.12

In this configuration, the wage resulting from the unconstrained Nash Bar-
gaining in an ns — contract is lower than the wage given by the incentive com-

patibility constraint. Condition 3.9 implies:
Wic > Wy, <= X < f(V2u:W2u’¢)

Notice that in this case, the wage is given by w;,. = 59——”-"%@. Even though
the worker is not searching on the job for a good firm, his wage is determined
not by X, but by w, which is the wage he would earn if employed in a good firm.

It can be shown thét X < f(Vy, Wg,¢) implies w; < w;. : The equal split
of the surplus of an s — contract actually gives the workers incentives to search. |
This is also intuitive; if an ns — contract dominates, then one expects the wage
determined by equal split of surplus to be ‘higher in an ns — contract than in
an s — contract, w* < wy,. Because X < f(V3, W2, ¢) < wy, < wi, then

w! < w¥, < wi.. Hence, the (the maximum of the) corresponding Nash product
* .

in a s — contract is given by:
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1
SV =V W —wg

as shown in Section 3.4.

Because the wage paid in the conjectured contract ns — contract is a corner
solution to the Nash Bargaining problem (w, = wic > w}y), the surplus of the
contract is not split in equal shares. The (maximum of the) corresponding Nash

Product is therefore given by:
1 wil
[Vas(wic) — V5']2 [Was(wic) — Wy

Hence, to prove that ns — contracts will be signed, one must prove that:

Nl

[Vis (wic) — V1% [Whs(wic) — Wal7 >

0, %[%—%“+W;—W5‘]

Provided all the expréssions in parenthesis are positive, one can replace the

previous inequality with the equivalent:

Vo (i) = V] Waalwie) = W31 2 [5 Ve = V3 + W = W31
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The two roots are given by h(V3, W) in Proposition 3.2. For consistency,
it must be the case that:

(1) At least one of the roots is lower than f(Vj*, W¥, ¢), and therefore con-
sistent with the behaviour assumed. |

(41) Both V,s(wi.) — V5* and Wys(w;) — WE are positive for the root that
satisfies (7). Otherwise no contract would be signed.

In this configuration, ns — contracts dominate a s — contracts if

Vas + Wi > Vo, + W, where V, and W, are given by 3.2 and 3.5. This

condition can be reduced to
X > g(Vy', W', ¢)

Finally, if g(V3*, Wg,¢) < X < h(V3, W3, ¢), then ns — contracts domi-
‘ nate, but are no longer signed. This inefficiency would be caused by the non-

contractibility of the search effort. This case is addressed in Proposition 3.

Proposition 3.3 Workers and bad firms sign s — contracts and the wage is

determined by an interior solution to the Nash Bargaining problem (wi = wk) if:

X < fV*W&e)

X < h(V5, Wy, ¢)

X > VW)
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Proposition 3.3 considers the case where the wage in an alternative ns —
contract would be a corner solution to the Nash Bargaining problem, i.e.,when
Wns = Wic > Wiy, As in Proposition 3.2, the firm must increase the wage up to
the ICW for the contract to be an ns — contract. But now, for very low values
of X, as specified above, firms’ profits X — w;. fall so low that firms and workers
interests are in conflict. Firms have a strong preference for an s — contract that
allows them to pay lower wages, and workers prefer an ns — contract that pays
them higher wages. Because firms’ profits are so low, they are ”winners” in the
Nash Bargaining, and their preferred contract, not the workers’, is signed.

Keeping W and V3 exogenous for the moment, the equations cbrresponding

to this configuration are given by Set of Equations P3:
Wb = W* and V? = V* as given by 3.2 and 3.5

wy = w, = w, as given by equation 3.10
yor VI, W9 and wicas Set of Equations 3.12

Proposition 3.3 considers the case where the wage in an alternative ns —

contract would be a corner solution to the Nash Bargaining problem, i.e.,when:

*
Wps = Wic > Wpp
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Again, condition 3.9 implies that this is true if:

X < f(V", W, $)

Because the wage in the ns — contract is a corner solution to the Nash Bar-
gaining problem, the corresponding Nash Product cannot be reduced, and in

general is given by:

=

[V (wie) — V32 (W™ (wic) — Wa? .

© Again, one can show that X < f(V3, W3, #) = w* < w;’. This means that

the (maximum of the) corresponding Nash product is given by:

SV Wy =15

s — contracts will be signed if:

LWV - W=V >

0, [V™(wie) — Va2 W™ (wie) — W3]

5This can be explained intuitively with the same reasoning as in Proposiion 2.
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Provided that all the expressions in parenthesis are positive, one can replace

this inequality with the equivalent:
1 2
5V + Ve =W =] > V(i) — Vi) W i) — W]

The solutions to this quadratic are given by h(V3, W, g%) As in Proposition
2, consistency requires that:

(i) At least one of the roots is lower than f(Vy, W&, $), and therefore con-
sistent with the behaviour assumed.

(it) Ws + Vs — W — V3 is positive.

Finally, in this equilibrium s —contracts dominate ns—contracts if W,+V, >

Whs — Vi, which can be reduced to

~

X < g(Vs', Wy, ¢)

Notice if g(V3*, W3, P) < X < h(‘/},d, W) , then s — contracts are signed, but
ns — contracts domin’ate. The inefficiency in the contract decision is caused by
the non-contractibility of on-the-job search.

A fourth case could be considered, coniplementing Proposition 3.3." This
would be the case where (i) Workers and bad firms sign search contracts and -
the wage is given by wjas in Proposition 3.3, and (4¢) Wages in an alternative
ns — contract would be an interior solution to the Nash Bargaining problem:

wk, > wi. Although interesting, this case would be out of the scope of the paper,
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since a necessary condition for this configuration to obtain is that s — contracts

dominate.

Composition Effects Section 3.5 introduced the composition effects cre-
ated by the workers equilibrium search behaviour.

Consider the two configurations in Propositions 3.2 and 3.3. They differ
in the workers’ search behaviour, and this has consequences on the steady state
numbers of searching workers and of empty good and bad vacancies. This
"composition effect” Qf workers’ equilibrium search behaviour implies that, for
some parameter values, no steady state equilibrium will obtain. Compare the
steady state numbers of firms of either type implied by worker’s search behaviour
in Propositions 3.2 and 3.3. Since in Proposition 3.3 workers in bad firms search
on the job, they will be leaving bad firms empty as they move to fill good firms
" met through search. Hence, the steady state number of empty bad firms is
higher and the number of empty good firms is lower in Proposition 3.3 compared
to Proposition 3.2. This means that the rate at which workers find good firms
ié lower in Propositioh 3 compared to Proposition 3.2, if they do search on the
job. This makes search less attractive, and therefore reduces the ICW level. |
For any value of X, the profits of firms that pay the JCW will be higher with
the arrival rate consistent with Case 2, since the implied ICW is lower. Hence,
there will be values of X which (i) Are not consistent with ns — contracts
since firms’ profits are too low if the implied ICW

equilibrium arrival rate,

is paid, and hence s — contracts will be signed, but (i¢) Are not consistent
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either with the s — contracts equilibrium arrival rate, since firms’ profits are
high enough when the implied ICW is paid, and ns — contracts will be signed.
Ceteris paribus, there exists a range such that if X falls within that range, no
steady state equilibrium will obtain. In terms of the limits obtained above, this
implies that h(V3*, W3) < h(Vy*, W), and no steady state equilibrium obtains
if R(V5, W) < X < h(V3*, W¥). This is exemplified is the numerical example
in Section 3.7%. It is also true that the number of searching workers differs
across the configurations. But the assumption of a quadratic search technology
implies that the rate at which workers meet firms is independent of the number
of workers searching. Therefore, this has no consequence.. |

On the contrary, the limits that separate Propositions 3.1 and 3.2 are equal,
since the search behaviour across them is the same. Hence, f(V{*, Wy, ¢) =

F(V, W, $). This will be shown in the following Theorems 3.1 and 3.2 and in

the numerical example in Section 3.7.

Theorem 3.1 Workers and bad firms sign ns—contracts and the wage is deter-
mined by an interior solution to the Nash Bargaining problem (w, = w}, = w},)
if:

Y >VYE=2c(6+1+ )5

6There is a further reason why h(Vs, W3) < X < h(Vg, W), In Prol.)osftion 2, workers -

are "winners” in the bargaining, in the sense that their preferred contract is signed (the ns —
iti workers are

S?:;Z;cst,;s )m iﬁepl?az(fflg;fg:{ning, as the contracts singed are the ﬁrmsf prfeferred co.n'tracts
(the s — contracts). Workers are therefore worse-off in the conﬁgurat19n in Proposition 3.
This means that, when they encounter goosl ﬁrms, they can only bargain low?,r wages frf)m
them, as compared to Proposition 2, and this is another reason why the I, ’C'W”m Proposition
3 is lower than that in Proposition 2, contributing to the existence of the ”gap”.
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a _ Pe¥Y —c(2r+264 ) [(26+Xp +2r 47+
X2 Xl - Ag(Ab+2r+26+¢4I:Ag) g

Theorem 3.1 determines when does the configuration in Proposition 3.1 ob-
tains as an equilibrium configuration. This is done by endogenising the values
of Wi and V;*.Because firms and workers sign stable contracts, these values are

given by the following Bellman Equations:

Wy = )‘b(WnS(w:b) - W)+ )‘g(Wg - W)

Vi = n(Vas(wip) — V1)

Here, bad vacancies effective arrival rate n = ¢,as was detailed in Section
3.5. The solutions to W and V;* are found using W"*(w},,), V"*(wy,,) from the
solutions to Set of Equations P1.

Limits g(V*, W, ¢) and f(Vy*, W7') become respectively:

Fvnwy) = Xi
[\Y — c(2r +26 + )] [(26 + Ao +2r + 1+ A
Ag(Ap +2r + 20+ ¢+ Ag)

Il

gV, Wi, ¢) = Xi

Y —2c(2r+26+ &) (26 + Ay +2r + 142X
Ag(o + 47 + 46 +2¢ + 2X)

Il
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And it is easy to show that X¢ > X?, (as required by Proposition 1), if

Y >Y? =2c(6+r+¢)xlg~.

The intuition is given by fhe incentives to search on the job. When Y is high
enough, the expected profit of on-the-job search is high, since w, will be higher.
Hence, the worker gives up search even for very high wage levels, which would
be the result of very high levels of X This implies that the limit X{ is very high.
Hence, if Y is high enough, (Y > Y;?) then X¢ is high enough (X¢ > X?)

Finally:

AgY —c(26+n+2r)
2r + 10+ Ag +26

X>r(VP+ W) <= X >

L. ) MY —c(26+n+2r)
and this is true when X > X because Y > Y{* <= X7 > T T

Endogenising W and V;* allows also to find and explicit solution to:

* _'(6+T+7’l(266+c¢“—YAg+2CT)+X[(§+"‘) (264+Ag+d+22+27)+ 0y 8]
nb = MAg+NP+Apd+H2(6+1)(26+Ag+n+d+Ap+2r)

w,

For further reference, notice that using X = F(VE#, W) in wy, yields:

(6+ 7+ g+ X)(AY — c(2r +26 + ¢))
Wnsey = (26 +Ag+ D+ X +27))

Since condition Y > Y = 2c(6+7‘+¢);\1; is needed for incentive compatibility

problems to arise, I will restrict the parameter value of Y in such a way that

Y >YL
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Theorem 3.2 Workers and bad firms sign ns — contracts and the wage is de-

termined by a corner solution to the Nash Bargaining problem, wy = Wns = Wi
if:

X < X9 — DY —c(2r + 26+ @) [(26 + s +2r + 1+ 2]
2 A+ 2r 26+ 0+ N,)

and X > X5 =

(5 £2¢/Ag(r+ 1+ 8)2(8 + 1+ Ag)?| [c(26 + 2r + 6) — A Y]
(r+6)2X,(As + Ag + &+ 2r +26)

G=—(r+8) [(r+8) (26 + X + 40 +2r +1) + 30X, +2X)]| — 2}y

Theorem 3.2 states the conditions for the configuration in Proposition 3.2
to obtain as an equilibrium. Again, firms and workers sign stable contracts.
Hence, the values of filled vacancies and unemployed workers are as in Theorem

3.1,

'I‘qu = Ab(I/V:'zs('wic) - W2u) + )‘y(Wg - W2u)

'I'Véu = n(Vns(wic)_%u)

The solutions to W3 and V5" are found using Wps, Vs from the solutions to Set

of Equations P2. Using them in f (V, Wg, ¢) and h(Vy*, Wy, ¢) in Proposition
3.2 yields f(Vy, Wi, ) = X§ and h(Ve', W, ¢) = X

The following conditions, as required by Proposition 3.2, can easily be shown
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with algebraic manipulations:

(1) The root X5 with a — sign is higher than f(Vg, W), and therefore incon-
sistent with the behaviour assumed. The root with the + sign is always lower
than f(V3*, W), hence this is the one that concerns us. Further,

(¢1)Plugging this root in [V — V3], [W"* — W] and [V, — V¥ + W, — W]
results in all being positive.

As regards to limit g(V3*, W3'), in Proposition 3.2, the use of V3, W3 allows

to reduce it to:

g(V2u7W2u) = Xg .
(Mo +Ag +7+6) YA —c(26+2r+9))
264+ Ay + X +2r+ @) A

Hence, if X > X2, ns — contracts dominate if everybody else signs no-search
contracts. It can also be shown that X§ > XZ. This means that as X falls lower
than X$, agents no longer sign no-search contracts, but they still dominate. This
inefficiency in the deéision of contract is caused by the non-contractibility of on-
the-job search behaviour.

Notice that X? (from Theorem 3.1) differs from X%. The limit such that a

no-search contract dominates the search contract changes when the wage paid -

changes from wp, to w; At first glance, it seems strange that a differences
ns C*

in wages paid causes X? to differ from X2. This because the wage is only a

transfer between the twb agents in the contract, and changing it should therefore
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not cause changes in the total value of the contract. This would be true if no
other agents were involved in the determination of the equilibrium. In this case,
the presence of good vacancies, with whom workers interact, invalidates the
previous reasoning. The reason is that, when workers earn wages determined by
the incentive compatibility constraint, their lifetime value both in a bad vacancy
and when unemployed, increases. As a consequence of this increase, they are
able to bargain better wages from good vacancies whenever they meet them.
This ”additional” extraction of value from good vacancies increases the total
value in search-contracts. Hence, as a result of having a third party with whom
workers interact, the wages stop being a pure transfer of value and4 do affect the
total value of a search contract.

The wages paid in this equilibrium are given by the incentive compatibility

~ constraint, and can be reduced to:

(BT A M)A Xy —c2r+26+9) _ L
Wie =TT @6+ Mg+ ¢+ X+ 21)) et

Theorem 3.3 Workers and bad firms sign s — contracts and the wage is deter-
mined by an interior solution to the Nash Bargaining problem (w; = w?) if:

Y <Ye=2e(6+7+ )%
: [k:!:\/ig( b+r+Ag)(2r+ig+2 5+ &)2] (20842035 Y +c@)(26+2r+i1+235+3)
X<X3= 5‘§[(T+6)(4(r+6)(5+5\g+$+T+5\b)+(:\b+<2’)2+5\g(65‘b+2&+5‘9)]+;\gib(:\b+2a’+25\g))

kz_(r+5)(26+5\b+35\g+<§>+2r)—/\(<?)+5\g+/\b)

Theorem 3.3 shows if and when the configuration in Proposition 3.3 obtains
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as an equilibrium configuration. The endogenous values of unemployed workers

and filled vacancies are given by:

W = N(Wi(w)) = WE) + (W, - W)

Vgt = n(Ve(w)) - V)

Their explicit values are obtained by using the solutions to the system P3.

Using this, one can show that:

F(V3,W3,¢) = X3

h(Vs, W3,9) = X;

is as specified in Theorem 3.3.
As required by Pfoposition 3.3, it is east to show that:

() The root X§ with a ”+” sign is lowgr than Xg. This is the one that‘
concerns us since it is consistent with the behaviour assumed (The root with a
" sign is higher than X3) |

(i7) Plugging the solution from (i) into [V (wic) — V5] [W™*(wic) — W3] and |
W, +V, — W — Vg results in all being positive.

Finally, using W3 and V3* in g(V5", W5, @) yields:
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9(1/13”7 W;, &5) = Xg
(2r + 26 + 1)+ 2X, + M) (A,Y — (26 + ¢ + 2r))
Ae(he + 2X, + 46 + 4r + 29)

And it can be shown that X} < X§. This means that there is an interval
(X%, X%) such that if X lies within that interval, ns — contracts dominate but
s — contracts are signed. This inefficiency is caused by the non—céntractibility
of on-the-job search behaviour.

The wage paid in this case is given by:

(g + 6+ 1) (AY — c(2r + 26 + )
(2r + g + 26 + ) Ag
M6+ + )X
* (2r + X, + 26 + 3)(23g + Xy + 2r + 7 + 26)

3.7 Numerical Example

This section addresses a numerical example in order to provide a better under-

standing of the workings of the model. I will use the following values for theA

relevant parameters:

r=01,6=01Y =40,c=2
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For this I first report the steady state stocks and arrival rates when there is

no on-the-job search. These come from the derivations in section 3.5:

u=3(-6+/6(4+6) =027 $=n=u=027
vy =1(—6+,/6(4+6) =013 X\ =v, =013
v=3(—6+/6(4+6) =013 X =013
I will investigate first if and when do the configurations in Theorems 3.1
and 3.2 obtain as an equilibrium. The first thing to note is that a problem of

incentives exists if Y = 40 > Y, 1, where:
1
VP = 026 +2r + ¢) 3 = 10.30
g

We conclude that a problem of incentives may arise depending on the value

of X. The next step is to address the configuration in Theorem 3.1.  For this

configuration to obtain as an equilibrium, we must have:

Y —c(@r +26+ )] [(26 + Ao + 2r + 1+ A
- Ag(Ap + 2r 4+ 26 + ¢+ Ag)

X > X7

X > X¢=30.77

Hence. the workers and bad firms sign no-search contracts, and the wage is

given by the wy if X = 30.77. The thing to note is that a no search contract

dominates if:
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\Y

Xt = MY — 2¢(2r + 26 + @) [(26 + Ny + 2r + 1 + 2]
N + 4r + 46 + 29+ 2Ny

> X% =18.53.

The wage paid is w}, =

—(64r4n)(2e6-+cd—Y Ag+2er)+ X [(§4T)(26+ A g+d+20p+2r )+ M )]
NAg+NG+Xo¢+2(8+7)(26+Ag+n+d+Xy+2r)

3.029571593 + .3992048651.X

Hence, there is an interval such that if 18.53 < X < 30.77, ns — contracts
dominate, but the wage must be determined by the incentive compatibility con-

straint to implement them.

This takes us to investigate the configuration in Theorem 3.2. It obtains as

an equilibrium strategy if:

Y —2¢(2r 426 +
X < X§=[g ()\ )
g

X < X§5=30.77
and

X& > X§=20.66
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Hence, provided that 20.66 < X < 29.69, an equilibrium obtains where
workers and bad firms sign no-search contracts, but the wage is given by the

incentive compatibility constraint. This wage is:

_ (6474 Ag+ Xo)(AY — c(2r + 26 + ¢))

ic = 15.03
26+ 25+ + X+ 2r),

Notice that w;, = wy if X = 29.69

Again, one must note that ns — contracts dominate if:

(Mo + Ay +7+68) (YA —c(26+2r + ¢))
(26+Xy +X +2r+ @) A,

X > X)=

X > X;=1503

This implies that for 15.03 < X < 20.66, ns = contractsdominate, but s —
contracts are signed because they maximise the global Nash Product. The
‘inefficiency in the contract decision is caused by the non-contractibility of on-

the-job search behaviour.

We turn now to the configurations in Theorem 3.3. I first report the steady

state arrival rates if workers search on the job.

= L1(=6+,/6(4+6) =027 f=1=027
1 %,/52 +126+1) 4+ 1/6(4+8) =0.19 Ay =D, =0.19

(
b= M6+ BIFF 1) =007 Sy =0y =007
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What we must ask is if and when does the configuration in Theorem 3.3

obtains. We must ask if Y > Y3, where

Ve = c(26 + 2r + ¢)— = 26.21

y’l'—l

g

Hence, we conclude that it may obtain for suitable values of X. The three

conditions are:

X < X£=9.89

X < Xe=1778

Notice that if X§ = 7.78 < X < 20.66 = X3, then no pure strategy steady

state equilibria obtains. This is a consequence of the composition effects referred

to in Sections 3.5 and 3.6

But notice that s — contractsdominate only if:

X < X: =6.07

Hence, for X such that 6.07 < X < 7.78, s — contractsare signed but ns —

contracts dominate. This inefficiency is again caused by the non-contractibility
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of on-the-job search behaviour. The wages are given by

(Mg + 8+ 7)Y — c(2r + 26 + ¢))
(2r + X, + 26+ P4,
| M6 +7+P)X
(27 + Ag + 26+ 0) (23, + Ay + 2r + 7 + 26)
= 3.584717043 + .1426473611X

Wps =

3.8 Conclusion

This paper has studied equilibrium contracting when on-the-job search is costly
and the terms of contract are decided by bargaining; and the consequences for
the search effort of employed workers and for wage formatibn . With the nat-
ural assumption that the search effort is non contractible, the search decision is
individually made by the worker, taking as given the wage level agreed upon. I
have shown that two search equilibria exist, and that the imperfection created
by non-contractible search may imply that the contract signed is privately ineffi-
cient, even in the pr(;sence of bargaining. Further, I have shown how a worker’s
wage need not be determined by his productivity in the firm, but may be de-

termined by his productivity in alternative (better) employment, although (or

perhaps because) he is not searching for better employment. Asa consequence of

the matching framework used, the composition effects of the equilibrium search

behaviour of employed workers implies that there is a region such that no pure

strategy steady state equilibrium exists.
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