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Heterogeneous multicore embedded systems can handle complex tasks such as data collection, processing,
and wireless communication. However, these systems often face constraints due to limited computational
resources, requiring efficient task deployment strategies to manage dependent and real-time tasks. Despite
advancements, existing methods rarely address the deployment of Imprecise Computation (IC) tasks on
heterogeneous multicore platforms that utilize both Dynamic Voltage/Frequency Scaling (DVFS) and Dynamic
Power Management (DPM). This article introduces a novel QoS-aware task deployment methodology to
enhance the Quality of Service (QoS) under resource limitations. The proposed approach simultaneously
optimizes frequency assignment, processor state transitions, task allocation, scheduling, and task execution
cycle adjustments to maximize system QoS while adhering to time, energy, and dependency constraints. The
problem is initially formulated as a Mixed Integer Non-Linear Programming (MINLP) model, then transformed
into a Mixed Integer Linear Programming (MILP) formulation to obtain optimal solutions. We developed a
heuristic method with low computational complexity to address scalability challenges, employing problem
decomposition and a greedy algorithm. The process operates in two stages: task allocation and frequency
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assignment, followed by task scheduling and cycle adjustment. The simulation results demonstrate that the
proposed method achieves superior system performance compared to existing approaches, particularly in QoS
(41.30%), task schedulability (58.67%), and execution efficiency.

CCS Concepts: • Computer systems organization→ Real-time systems; • Computing methodologies
→ Parallel computing methodologies;

Additional Key Words and Phrases: Heterogeneous platform, task deployment, DVFS, DPM, IC task, QoS
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1 Introduction
High-performance embedded systems have a wide range of applications [35], such as mobile devices
and Unmanned Aerial Vehicles (UAVs) [19, 45]. By mapping (allocating and executing) the appli-
cations on the embedded systems, the desired performances, e.g., IoT federated learning and UAV
flight control, can be achieved. The heterogeneous multicore platforms, such as ARM big.LITTLE
processors [41] are energy-efficient platforms to satisfy the complex demand of applications, as the
big cores and LITTLE cores have different characteristics, i.e., the big cores have higher computation
performance. In comparison, LITTLE cores offer better energy efficiency. Energy consumption and
real-time response are two critical metrics for task execution on multicore platforms. On one hand,
multicore platforms are generally energy-restricted, especially for battery-powered devices, e.g.,
mobile devices and UAVs, and high energy consumption will reduce the lifetime of devices and
cause critical failure and thermal issues [7]. On the other hand, the applications usually contain a
series of real-time tasks and must be finished within the given deadlines [19], the tasks that violate
real-time requirements will cause serious consequences, e.g., the attitude control of UAVs.

Dynamic Voltage and Frequency Scaling (DVFS) technology [13] can dynamically adjust pro-
cessors’ operating frequency and supply voltage to improve task execution efficiency. By enhancing
the Voltage/Frequency (V/F) level of task execution, task execution time can be shortened while
task execution energy increases. To balance task execution time and energy, a suitable V/F level
should be selected using DVFS [25]. Note that DVFS is primarily used to adjust processor power
consumption during task execution. The processors enter an idle or sleep state when the assigned
tasks are finished. Dynamic Power Management (DPM) technology [36] can further optimize
processor energy consumption in idle or sleep states. Therefore, combining DVFS and DPM can
optimize processor states during the scheduling horizon to enhance energy efficiency. Additionally,
the Imprecise Computation (IC) model [47] can be used to describe the tasks executed on multi-
core platforms under strict energy and time constraints, e.g., the control and optimization problems,
as the accuracy of the control result and the quality of the problem solution depend on the number
of algorithm iterations. In several application domains, an approximate – but still in time – result
is preferable to an exact result obtained too late. An IC task can be logically decomposed into a
mandatory subtask and an optional subtask, where the compulsory subtask must be fully executed
before the deadline to obtain an acceptable approximate computation result (basic task QoS). In
contrast, the optional subtask can remain unexecuted at the cost of reducing task QoS [5].
By mapping IC tasks onto heterogeneous multicore platforms using DVFS and DPM, we can

better utilize system resources to improve task QoS under multiple constraints, such as energy
supply (ES), real-time response, and task dependencies. Although some existing works consider
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task deployment problems for multicore platforms with DVFS and/or DPM [1, 8, 14, 17, 22–24, 26, 28,
31, 34, 40, 42, 46]; most of them target homogeneous multicore platforms [8, 14, 17, 22–24, 28, 46];
moreover, they consider precise computation tasks [1, 8, 14, 17, 22–24, 31, 34, 40, 42, 46], i.e., the
task execution cycle number is fixed. Thus, the improvement of task QoS is limited. Compared with
existing works, we jointly optimized the allocation and execution of dependent and real-time IC
tasks on heterogeneous multicore platforms through DVFS and DPM to enhance system QoS under
energy and real-time constraints. Our main contributions can be summarized as follows:

(1) We address the task deployment problem for heterogeneous multicore platforms executing
IC tasks with DVFS and DPM enabled. The problem involves optimizing task allocation
(TA), scheduling, frequency assignment (FA), optional cycle adjustment, and processor state
transitions to maximize system QoS while meeting constraints such as ES, real-time response,
and task dependencies. This complex joint design is formulated as a mixed-integer non-linear
programming problem. To obtain optimal solutions, we reformulate it as a mixed-integer linear
programming model by introducing auxiliary variables and additional constraints to replace
the nonlinear terms without degrading solution quality.

(2) To improve scalability, we propose a heuristic method leveraging decomposition, greedy policy,
and iterative feedback. The original problem is split into two subproblems: (1) TA and FA, and
(2) task scheduling (TS) and optional cycle adjustment. A low-complexity greedy algorithm
solves the first problem, while the second problem iteratively adjusts V/F levels and optional
cycles to refine the solution.

(3) Extensive experiments demonstrate that the proposed method surpasses existing approaches in
task QoS (41.30%), schedulability (58.67%), and execution efficiency. Compared to the optimal
method, the heuristic reduces computation time by 99.9% while incurring only a 28.18% QoS
loss.

The remaining part of the article is organized as follows. Section 2 presents the relevant literature
review and motivates the task deployment problem through an example. Section 3 introduces the
system model, and Section 4 mathematically formulates the target problem. Section 5 presents the
proposed heuristic. Section 6 shows the evaluation results, Section 7 discusses the extensions, and
Section 8 concludes this article.

2 Related Work
Table 1 compares representative works on task deployment for multicore platforms, categorized by
task types, platform characteristics, and optimization strategies. Tasks are classified as Independent
(I) or Dependent (D), and Precise (P) or Imprecise (IP), based on whether execution cycles are
fixed or adjustable. Platforms are categorized into Homogeneous (HO) or Heterogeneous (HE)
based on the uniformity of core capabilities. Task deployment leverages techniques like DVFS
and/or DPM for efficient energy management, handling FA, Processor State Selection (SS), TA,
and TS. The deployment of tasks must satisfy constraints such as Real-Time (RT) deadlines and ES
limits while achieving objectives like Energy-Aware (EA) or QoS-Aware (QA) optimization. The
categorization in Table 1 highlights the limitations of existing methods, emphasizing the need for a
comprehensive approach that addresses dependent and imprecise tasks, heterogeneous platforms,
and integrated DVFS and DPM for enhanced performance, detailed as follows:

Task Deployment with DVFS: DVFS-based approaches optimize energy consumption, execution
time, and QoS. Representative works include [24, 26, 28, 31, 40, 42]. The study [24] focuses on real-
time tasks on heterogeneous multicore platforms, optimizing TA and clustered DVFS to minimize
energy under time constraints. Similarly, [42] introduces an energy-efficient V/F scaling framework
for heterogeneous platforms using model-free constrained reinforcement learning. However, these
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Table 1. Task Deployment Methods

References Tasks Platforms Variables Constraints Objective
D ID P IP HO HE FA SS TA TS RT ES QA EA

[24] ✓ ✓ ✓ ✓ ✓ ✓ ✓
[42] ✓ ✓ ✓ ✓ ✓ ✓ ✓
[31] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[40] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[28] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[26] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[22] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[23] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[46] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[8] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[14] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[17] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[1] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
[34] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Proposed ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

methods primarily address independent tasks, neglecting task dependencies. Optimizing dependent
real-time tasks is considered in [31] and [40], which combine DVFS, task allocation, and scheduling
to reduce energy consumption. Despite these advancements, the focus remains on precise tasks,
limiting applicability to ICs. To address this, both [28] and [26] explore IC tasks to enhance QoS
under strict constraints. Ref. [28] employs a decomposition-based method combining DVFS and
an elastic task model to optimize QoS, execution time, and energy. Ref. [26], on the other hand,
incorporates task dependencies and combines DVFS with task migration, allowing tasks to shift
between cores with varying V/F levels and efficiencies, improving flexibility and resource utilization.
Task Deployment with DPM : DPM is extensively used to optimize energy consumption and

minimize idle time on multicore platforms [22, 23, 46]. Time-out heuristic policies, as proposed
in [22] and [23], transition processors into low-power states during inactivity. In [23], task allocation
and scheduling maximize sleep state durations to improve energy efficiency, while [22] employs task
migration to balance task sizes and time slots, optimizing idle and sleep intervals. Extending these
deterministic approaches, [46] introduces a stochastic, learning-based DPM that uses probabilistic
policies for dynamic state transitions, adapting to varying workloads and system conditions.
However, these methods primarily address independent real-time tasks and homogeneous multicore
platforms, limiting their applicability to heterogeneous, more complex scenarios.
Task Deployment with DVFS and DPM : Joint optimization of DVFS and DPM provides a more

comprehensive approach to balancing energy consumption and performance under multiple con-
straints [1, 8, 14, 17, 34]. For example, [8] explores the scheduling of real-time dependent tasks on
homogeneous multicore platforms, where idle interval lengths are optimized using DVFS and DPM
techniques. In [14] and [17], task allocation and scheduling are integrated with DVFS and DPM
to minimize overall energy consumption. Specifically, [14] addresses mixed task sets comprising
independent hard and soft real-time tasks, while [17] focuses on dependent real-time tasks. Despite
these advancements, both studies are limited to homogeneous multicore platforms. Heterogeneous
multicore platforms are considered in [1] and [34], where DVFS and DPM jointly optimize dy-
namic and static energy consumption. Compared to [1], which primarily addresses TS and energy
consumption, [34] incorporates task dependencies into the optimization process, enabling more
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Fig. 1. Dependent task dag.

efficient resource utilization and execution in heterogeneous environments. These methods target
precise computation tasks with fixed execution cycles. The given QoS is achieved when tasks finish
within the time threshold.

Besides [28] and [26], there are also some works that focus on the IC-task deployment problem,
e.g., [12, 27, 49], with the aim to maximize system QoS under multiple constraints. Compared
with the works considering independent tasks [28], single-core platforms [12], homogeneous
platforms [27], without DVFS [49] and DPM [26], this article focuses on the multi-dimensional
tug-of-war between active power reduction (DVFS) and static power reduction (DPM) within
an elastic execution framework (IC) for the heterogeneous multicore platforms. Note that the
optional parts of IC tasks are adjustable, and the V/F levels and ranges of processors in het-
erogeneous platforms are different. Task allocation and scheduling, and frequency and state ad-
justments are coupled with each other, which are restricted by dependency, energy, and time
constraints.
Toh ighlight the motivation, we showcase the example illustrated in Figures 1 and 2 to define

the target problem and motivate the proposed method. We consider six dependent and real-time IC
tasks {𝜏1, … , 𝜏6}. Tasks are allocated to a heterogeneous multicore platform with two processors, 𝜃1
and 𝜃2, that support DVFS and DPM, and the platform has an energy budget of 𝐸𝑏 = 1.17 𝐽. Based
on the length of the task critical path, the scheduling horizon is set to 𝐻 = 1.23 𝑠, and the task
relative deadlines are set to 𝐷1 = 0.33 𝑠, 𝐷2 = 0.29 𝑠, 𝐷3 = 0.20 𝑠, 𝐷4 = 0.38 𝑠, 𝐷5 = 0.27 𝑠, and
𝐷6 = 0.43 𝑠. We adopt the cumulative executed optional cycles as the system QoS. Figure 2 shows
the task deployment results implemented by the methods with DVFS and DPM (OPT), DVFS (TDV),
DPM (TDP), and fixed task-to-core allocation (FTA), where TDP considers the fixed processor
operating frequency. The system QoS are 9.2422 × 108, 6.8704 × 108, 9.058 × 108, and 8.0589 × 108
(cycles), respectively, under the same time and energy constraints.

Firstly, we can use DVFS to increase task execution frequency compared to the fixed-frequency
method, allowing more optional cycles to be executed within the same period. For instance, with
TDP, the execution time of task 𝜏1 is 0.33 𝑠, which is within the time range 𝐷1, and 3.1973 × 108
optional cycles can be executed with the fixed frequency 𝑓13, as shown in Figure 2(c). Since OPT
combines DVFS, it uses optimized (higher) frequency 𝑓14 to execute 𝜏1, and thus, more optional
cycles 3.9841 × 108 can be executed, as shown in Figure 2(a).
Secondly, with DPM, when no task is executing, the processor state can be switched to reduce

energy consumption. In Figure 2(b), during the period [0.53, 1.23], the processor 𝜃1 keeps the idle
state through TDV, while in Figure 2(a), the processor 𝜃1 enters the sleep state according to OPT, as
it combines DPM, which can reduce 0.2378 𝐽 energy. By utilizing the additional energy resource,
OPT can execute more optional subtasks than TDV within the same time and energy constraints.
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Fig. 2. Task deployment comparisons under different schemes.

Due to the heterogeneity of the multicore platform and dependency of the tasks, an appropriate
task-to-core allocation can also enhance the task execution efficiency, e.g., reduce task execution
time and energy. For example, task 𝜏2 is allocated to processor 𝜃1 and 𝜃2 by FTA (Figure 2(d))
and OPT (Figure 2(a)), respectively. Compared with 𝜃1, when 𝜏2 is allocated to 𝜃2, the execution
efficiency index 𝜆22 = 0.7659 > 𝜆21 = 0.6376, indicating this TA requires less task execution
energy and time. Moreover, 𝜏2 can be executed in parallel with 𝜏1 when 𝜏2 is allocated to 𝜃2. In
contrast, 𝜏1 and 𝜏2 can be executed only in sequence when allocated to 𝜃1, thereby degrading
task execution efficiency. In summary, by applying DVFS and DPM to the heterogeneous mul-
ticore platform, we can better utilize system resources to improve system QoS under multiple
constraints.

3 System Model
3.1 Task Model
We consider a task set including 𝑁 real-time, non-preemptive, and periodic IC tasks 𝒯 = {𝜏1, … , 𝜏𝑁}.
These tasks are represented by a Directed Acyclic Graph (DAG) 𝐺(𝑇 , 𝐸), where vertices 𝑇 denote
tasks and edges 𝐸 denote data dependencies. Task 𝜏𝑖 executes only after receiving data from all
predecessors, and its results are available to successors upon completion. For the tasks with different
periods, they can be involved in the hyper-period (i.e., the least common multiple of all task periods)
to construct 𝐺(𝑇 , 𝐸). Each task 𝜏𝑖 is characterized by a tuple {𝑀𝑖, 𝑜𝑖, 𝑂𝑖, 𝐴𝑖, 𝐷𝑖, 𝑡 𝑠𝑖 , 𝑡

𝑒
𝑖 }, where 𝑀𝑖

and 𝑜𝑖 represent the mandatory and optional cycles, respectively, and they are measured by the
Worst-Case Execution Cycles (WCEC). The optional cycles are adjustable to an upper bound
𝑂𝑖 (0 ≤ 𝑜𝑖 ≤ 𝑂𝑖). 𝐴𝑖 denotes the arrival time of task 𝜏𝑖, which is smaller than its start time 𝑡 𝑠𝑖 , i.e.,
𝑡 𝑠𝑖 ≥ 𝐴𝑖. 𝐷𝑖 is task relative deadline [28], with 𝑡𝑒𝑖 − 𝑡 𝑠𝑖 ≤ 𝐷𝑖, and 𝑡𝑒𝑖 is the end time of task 𝜏𝑖. The
scheduling horizon 𝐻 ensures that each task 𝜏𝑖 is completed within 𝑡𝑒𝑖 ≤ 𝐻, and is fixed.
The mandatory subtask ensures basic QoS, while optional subtasks improve QoS within the

same deadline. The optional subtask is executed after the mandatory subtask. Higher execution
of optional cycles results in better QoS, modeled using a QoS function. Linear and concave QoS
functions are widely used in applications such as image processing, speech processing, control
systems, and target tracking [2]. Here, we adopt a linear QoS function 𝑓𝑖(𝑜𝑖) = 𝑘𝑖𝑜𝑖 + 𝑅𝑖, where 𝑘𝑖 is
a constant, and 𝑅𝑖 is the basic QoS achieved after completing𝑀𝑖 cycles.
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3.2 Energy Model
We consider a multicore platform with𝑀 heterogeneous processors {𝜃1, … , 𝜃𝑀}, each supporting
DVFS. For each processor 𝜃𝑘, there are 𝑙𝑘 discrete V/F levels, 𝒱ℱ𝑘 = {(𝑣1, 𝑓1), … , (𝑣𝑙𝑘 , 𝑓𝑙𝑘)}, sorted in
ascending order. The relationship between voltage 𝑣𝑙 and frequency 𝑓𝑙 is approximately linear [13],
meaning changes in frequency also alter voltage. To handle varying 𝑙𝑘 across processors, we set
𝐿 = max1≤𝑘≤𝑀{𝑙𝑘} and extend matrices for processors with fewer V/F levels by repeating their
maximum 𝑣 and 𝑓 values.

A binary variable 𝑞𝑖𝑘𝑙 = 1 indicates that task 𝜏𝑖 is assigned to processor 𝜃𝑘 and executed at V/F level
(𝑣𝑘𝑙, 𝑓𝑘𝑙); otherwise, 𝑞𝑖𝑘𝑙 = 0. For processor heterogeneity, we define an execution efficiency index
𝜆𝑖𝑘 ∈ (0, 1] [25], representing the efficiency of processor 𝜃𝑘 executing task 𝜏𝑖. The computation
time for 𝜏𝑖 with 𝑀𝑖 + 𝑜𝑖 cycles on 𝜃𝑘 at V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙) is

𝑀𝑖+𝑜𝑖
𝑓𝑘𝑙𝜆𝑖𝑘

, which can be expressed as

∑𝑀
𝑘=1∑

𝐿
𝑙=1 𝑞𝑖𝑘𝑙

𝑀𝑖+𝑜𝑖
𝑓𝑘𝑙𝜆𝑖𝑘

. In practice, 𝜆𝑖𝑘 is measured empirically by executing the same task on each
processor at each V/F level and recording execution cycles [10]. If 𝜆𝑖𝑘 = 1 and all the processors
have the same characteristics, e.g., the V/F level, our method can be applied to the homogeneous
platforms.
Processor power consumption at V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙) [28] is given by

𝑃 𝑐𝑘𝑙 = 𝑃 𝑠𝑘𝑙 + 𝑃𝑑𝑘𝑙 = 𝐶𝑠𝑘𝑣
𝜌𝑘
𝑘𝑙 + 𝐶𝑑𝑘 𝑣𝑘𝑙𝑓

2
𝑘𝑙, (1)

where 𝑃 𝑠𝑘𝑙 and 𝑃𝑑𝑘𝑙 represent static and dynamic power, and 𝐶𝑠𝑘, 𝐶
𝑑
𝑘 , and 𝜌𝑘 depend on processor

type. A processor 𝜃𝑘 has three states: Active, Idle, and Sleep [8]. In the active state, dynamic power
dominates (𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 = 𝑃 𝑐𝑘𝑙), while idle and sleep states consume idle power 𝑃 𝑖𝑑𝑙𝑒𝑘 and sleep power
𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 , respectively, with 𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 < 𝑃 𝑖𝑑𝑙𝑒𝑘 [1].

3.3 DPMModel
Based on the active power 𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 , the energy consumed by processor 𝜃𝑘 at V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙) to
execute task 𝜏𝑖 with 𝑀𝑖 + 𝑜𝑖 cycles is

𝑀𝑖+𝑜𝑖
𝑓𝑘𝑙𝜆𝑖𝑘

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 . During a time interval 𝑇 when 𝜃𝑘 is idle or in

sleep state, the corresponding energy consumption is 𝑇𝑃 𝑖𝑑𝑙𝑒𝑘 or 𝑇𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 , respectively. While the
sleep state consumes less power than the idle state, switching states incurs additional time and
energy overheads [1]. To simplify the analysis, we convert time overhead into energy [8]. When the
idle period 𝑇 exceeds a threshold, the energy consumption in the idle state exceeds the switching
energy, making the sleep state more energy efficient. The break-even time 𝑇𝐵𝐸𝑇𝑘 represents the
minimum interval 𝑇 required for energy savings during state switching, which can be calculated as

𝑇𝐵𝐸𝑇𝑘 = max {𝑡 𝑠𝑤𝑘 ,
𝐸𝑠𝑤𝑘 − 𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 𝑡 𝑠𝑤𝑘
𝑃 𝑖𝑑𝑙𝑒𝑘 − 𝑃 𝑠𝑙𝑒𝑒𝑝𝑘

} . (2)

In Equation (2), 𝑡 𝑠𝑤𝑘 and 𝐸𝑠𝑤𝑘 are the time and energy required for state switching. If 𝜃𝑘 is idle for
the time interval 𝑇, the energy consumed in idle state is 𝑇𝑃 𝑖𝑑𝑙𝑒𝑘 , while switching to sleep state incurs
(𝑇 − 𝑡 𝑠𝑤𝑘 )𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 + 𝐸𝑠𝑤𝑘 . If 𝑇 ≥ 𝑇𝐵𝐸𝑇𝑘 , switching to a sleep state is more energy efficient. Conversely,
switching requires 𝑡 𝑠𝑤𝑘 time; 𝑇 ≥ 𝑡 𝑠𝑤𝑘 ensures sufficient time for the state transition. Thus, 𝑇 ≥ 𝑇𝐵𝐸𝑇𝑘
indicates that the sleep state is preferable. Efficient DPM relies on accurately calculating 𝑇𝐵𝐸𝑇𝑘 ,
which depends on task allocation and scheduling. Specifically, 𝑇𝐵𝐸𝑇𝑘 occurs between adjacent tasks
assigned to 𝜃𝑘. For tasks 𝜏𝑖 and 𝜏𝑗 assigned to 𝜃𝑘, where 𝜏𝑗 starts immediately after 𝜏𝑖, the gap
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𝑇 = 𝑡 𝑠𝑗 − 𝑡𝑒𝑖 must satisfy 𝑇 ≥ 𝑇𝐵𝐸𝑇𝑘 . If this condition is met, 𝜃𝑘 enters sleep after completing 𝜏𝑖 and
wakes up when 𝜏𝑗 begins. Compared to remaining idle, this approach reduces energy consumption.

We introduce a binary variable 𝑐𝑖 for task 𝜏𝑖 to implement the DPMmechanism. If 𝑐𝑖 = 1, 𝜃𝑘 enters
sleep state between 𝜏𝑖 and its successor; if 𝑐𝑖 = 0, it remains idle. Start and end times of tasks, 𝑡 𝑠𝑖 and
𝑡𝑒𝑖 , are influenced by task allocation and scheduling, which are optimization variables in this study.
For the scheduling horizon 𝐻, 𝜃𝑘 is initially in a sleep state before its first task and transitions back
to sleep after completing its last task. To model this process, two virtual tasks, 𝑉 𝑇𝑆𝑘 and 𝑉 𝑇𝐸𝑘,
represent the entry and exit states for 𝜃𝑘. These virtual tasks, with zero execution cycles, depend on
assigned tasks to capture the full state-switching process. Extending the task graph 𝐺(𝑇 , 𝐸) with
𝑉 𝑇𝑆𝑘 and 𝑉 𝑇𝐸𝑘, we construct a new task graph 𝐺′(𝑇 ′, 𝐸′) that models state-switching dynamics.

4 Problem Formulation
The task deployment problem aims to maximize system QoS under multiple constraints from both
tasks and multicore platforms, such as task dependencies, real-time response requirements, and ES
constraints. Therefore, we need to determine the decisions of (1) TA, (2) FA, (3) TS, (4) optional
subtask adjustment, and (5) state switching. To formulate the target problem, we introduce the
following binary and continuous variables: (1) 𝑞𝑖𝑘𝑙 = 1, if task 𝜏𝑖 is assigned to processor 𝜃𝑘 and
executed with the V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙), otherwise, 𝑞𝑖𝑘𝑙 = 0; (2) 𝑝𝑖𝑗𝑘 = 1, if 𝜏𝑖 and 𝜏𝑗 are assigned to
𝜃𝑘 and 𝜏𝑖 precedes 𝜏𝑗, otherwise, 𝑝𝑖𝑗𝑘 = 0; (3) 𝑐𝑖 = 1, if the processor switches from the idle state
to the sleep state after executing 𝜏𝑖; otherwise, 𝑐𝑖 = 0; 4) continuous variables 𝑡 𝑠𝑖 and 𝑜𝑖 denote
the start time and the optional cycles of 𝜏𝑖, respectively. During the problem formulation, 𝑜𝑖 is
considered a continuous variable. When the task deployment problem is solved, we round the result
down. The impact of one cycle is negligible, as the tasks typically execute hundreds of thousands
of cycles [28, 44]. The main symbols used in the problem formulation are summarized in Table 2.
For the sake of article presentation, let 𝒩 ≜ {1,… , 𝑁 }, ℳ ≜ {1,… ,𝑀}, and ℒ ≜ {1,… , 𝐿}. Note
that each processor 𝜃𝑘 has an entry task 𝑉 𝑇𝑆𝑘 and an exit task 𝑉 𝑇𝐸𝑘. Hence, we have 𝑁 original
tasks and 2𝑀 virtual tasks. Let 𝒩′ ≜ {1,… , 2𝑀 + 𝑁}. Figure 3 shows the structure of our task
deployment problem, and the constraints are as follows.

4.1 Task Allocation and Frequency Assignment Constraints
Without task migration [48] and with task-level DVFS [13, 25], since each task 𝜏𝑖 is assigned to one
processor and 𝜏𝑖 starts and ends its execution using one V/F level, the variable 𝑞𝑖𝑘𝑙 regarding TA
and FA is bounded by

∑
𝑘∈ℳ

∑
𝑙∈ℒ

𝑞𝑖𝑘𝑙 = 1, ∀𝑖 ∈ 𝒩′. (3)

Note that the value of 𝑞𝑖𝑘𝑙 is also related to the task-to-core allocation. We introduce an auxiliary
(binary) variable 𝑥𝑖𝑘, where 𝑥𝑖𝑘 = 1 represents that task 𝜏𝑖 is assigned to processor 𝜃𝑘, otherwise,
𝑥𝑖𝑘 = 0. Based on 𝑞𝑖𝑘𝑙, we have 𝑥𝑖𝑘 = ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙, ∀𝑖 ∈ 𝒩.

4.2 Task Real-Time Constraints
Since the execution time of task 𝜏𝑖 cannot exceed the relative deadline 𝐷𝑖, and all the tasks should
be finished within the scheduling period 𝐻 [28], we have the following time constraints:

𝑡𝑐𝑖 = ∑
𝑘∈ℳ

∑
𝑙∈ℒ

𝑞𝑖𝑘𝑙
𝑀𝑖 + 𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

≤ 𝐷𝑖, ∀𝑖 ∈ 𝒩′, (4)

𝑡𝑒𝑖 ≤ 𝐻, ∀𝑖 ∈ 𝒩′, (5)
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Table 2. Main Notations and Optimization Variables

Parameters
𝑁 number of tasks
𝑀 number of processors
𝜏𝑖 the 𝑖𝑡ℎ task
𝜃𝑘 the 𝑘𝑡ℎ processor
𝑓𝑘𝑙 the 𝑙 𝑡ℎ frequency level of 𝜃𝑘
𝑙𝑘 number of frequency levels in 𝜃𝑘
𝐿 maximum 𝑙𝑘 of processors
𝐻 scheduling horizon
𝑀𝑖 number of mandatory subtask cycles
𝑂𝑖 number of optional subtask cycles
𝐷𝑖 relative deadline of 𝜏𝑖
𝜆𝑖𝑘 execution efficiency of task 𝜏𝑖 on processor 𝜃𝑘
𝑠𝑖𝑗 = { 1 𝜏𝑗 depends on 𝜏𝑖

0 otherwise
Binary Variables

𝑞𝑖𝑘𝑙 = { 1 𝜏𝑖 is executed on 𝜃𝑘 at V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙)
0 otherwise

𝑝𝑖𝑗𝑘 = { 1 𝜏𝑖 is the predecessor of 𝜏𝑗 on 𝜃𝑘
0 otherwise

𝑐𝑖 = { 1 processor switches from idle to sleep state after 𝜏𝑖
0 otherwise

Continuous Variables
𝑜𝑖 optional cycles of 𝜏𝑖
𝑡 𝑠𝑖 start time of 𝜏𝑖

Problem 
Formulation

Task allocation

Real-time response 

Energy supply

Non-preemption

Task dependency DVFS and DPM

Objective (QoS)

MINLP

If-else comparison

Binary x continuous variables

Binary x binary variables

Linearization

Nonlinear items

MILP formulation

Constraints

Fig. 3. Structure of task deployment problem.

where 𝑡𝑒𝑖 = 𝑡 𝑠𝑖 + 𝑡𝑐𝑖 , and 𝑡
𝑐
𝑖 is the computation time of task 𝜏𝑖. If 𝐷𝑖 = 𝐻, Equation (4) can be replaced

by Equation (5) since 𝐷𝑖 ≤ 𝐻 and 𝑡 𝑠𝑖 ≥ 0.

4.3 Task Non-Preemption Constraints
Note that some tasks in the task set 𝒯 are independent. When the independent tasks, e.g., 𝜏𝑖 and 𝜏𝑗
with 𝑠𝑖𝑗 = 0 are assigned to the same processor, such as 𝜃𝑘, we need to determine task execution
sequence, since one processor 𝜃𝑘 cannot process multiple tasks at the same time, i.e., tasks assigned
on the same processor cannot overlap with each other [26]. Therefore, we have the following
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constraints:
∑
𝑘∈ℳ

𝑝𝑖𝑗𝑘𝑡𝑒𝑖 ≤ 𝑡 𝑠𝑗 , ∀𝑖 ≠ 𝑗 ∈ 𝒩′. (6)

If 𝑝𝑖𝑗𝑘 = 1, i.e., 𝜏𝑖 and 𝜏𝑗 are assigned to 𝜃𝑘 and 𝜏𝑖 precedes 𝜏𝑗, we have 𝑡𝑒𝑖 ≤ 𝑡 𝑠𝑗 by Equation (6);
otherwise, 𝜏𝑖 and 𝜏𝑗 are assigned to different processors, Equation (6) is always satisfied as 𝑝𝑖𝑗𝑘 = 0
and 𝑡 𝑠𝑗 ≥ 0. Since 𝑥𝑖𝑘 is influenced by 𝑝𝑖𝑗𝑘, we have 𝑥𝑖𝑘 = ∑𝑗∈𝒩′ 𝑝𝑖𝑗𝑘, ∀𝑖 ∈ 𝒩. This article does not
explicitly consider priorities among the tasks [4], as it leads to preemptive execution.

4.4 Task Dependency Constraints
For the dependent tasks, e.g., 𝜏𝑖 and 𝜏𝑗 with 𝑠𝑖𝑗 = 1, when they are assigned to the same processor or
different processors, the execution sequences between them are fixed. Thus, we have the following
constraints:

𝑡𝑒𝑖 ≤ 𝑡 𝑠𝑗 + (1 − 𝑠𝑖𝑗)𝐻 , ∀𝑖 ≠ 𝑗 ∈ 𝒩′. (7)

If task 𝜏𝑖 is the predecessor of 𝜏𝑗, as 𝑠𝑖𝑗 = 1, Equation (7) is relaxed to 𝑡𝑒𝑖 ≤ 𝑡 𝑠𝑗 , i.e., the start time of
𝜏𝑗 should not exceed the end time of 𝜏𝑖, otherwise (𝑠𝑖𝑗 = 0), Equation (7) is relaxed to 𝑡𝑒𝑖 ≤ 𝑡 𝑠𝑗 +𝐻 and
it is always satisfied as 0 ≤ 𝑡 𝑠𝑖 < 𝑡𝑒𝑖 ≤ 𝐻.

4.5 DPM Constraints
Note that the break-even time 𝑇𝐵𝐸𝑇𝑘 is given by Equation (2), and 𝐼 (𝜏𝑖) denotes the time interval
length after task 𝜏𝑖 is completed. If 𝜏𝑖 is assigned to processor 𝜃𝑘, and the time period 𝐼 (𝜏𝑖) of 𝜏𝑖 is larger
than 𝑇𝐵𝐸𝑇𝑘 , 𝜃𝑘 can enter sleep state, i.e., 𝑐𝑖 = 1. Therefore, we compare 𝐼 (𝜏𝑖) with∑𝑘∈ℳ 𝑥𝑖𝑘𝑇𝐵𝐸𝑇𝑘 to
determine the value of 𝑐𝑖. The relationship between them is given by

𝑐𝑖 =
⎧

⎨
⎩

0, 𝐼 (𝜏𝑖) ≤ ∑
𝑘∈ℳ

𝑥𝑖𝑘𝑇𝐵𝐸𝑇𝑘

1, 𝐼 (𝜏𝑖) > ∑
𝑘∈ℳ

𝑥𝑖𝑘𝑇𝐵𝐸𝑇𝑘
, ∀𝑖 ∈ 𝒩. (8)

4.6 Energy Constraints
Taking the available energy 𝐸𝑏 during the scheduling horizon 𝐻 into account, the system operation
can be divided into three states [44]:
(1) Low: the energy 𝐸𝑏 is insufficient to execute all the mandatory subtasks {𝑀1, … ,𝑀𝑁};
(2) High: the energy 𝐸𝑏 is sufficient to execute all themandatory and optional parts {𝑀1+𝑂1, … ,𝑀𝑁+

𝑂𝑁};
(3) Medium: all the mandatory subtasks are ensured to finish, while not all the optional subtasks

have enough energy to complete their executions.
In this article, we primarily focus on the system in a medium-energy state. The platform’s energy
consumption details are as follows.

The total energy consumption of the𝑀 processors within the period 𝐻 is the sum of the energy
consumption in the active, idle, and sleep states, plus the switching costs, denoted by 𝐸𝑎, 𝐸𝑖, 𝐸𝑠, and
𝐸𝑜𝑣, respectively. As the total energy consumption cannot exceed the budget 𝐸𝑏, we have

𝐸𝑎 + 𝐸𝑖 + 𝐸𝑠 + 𝐸𝑜𝑣 ≤ 𝐸𝑏. (9)

If task 𝜏𝑖 with𝑀𝑖 + 𝑜𝑖 cycles is assigned to processor 𝜃𝑘, and executed with the V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙),
the energy consumption of 𝜃𝑘 in the active state is 𝑀𝑖+𝑜𝑖

𝜆𝑖𝑘𝑓𝑘𝑙
𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 . Taking TA and FA 𝑞𝑖𝑘𝑙 into account,
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the energy consumption 𝐸𝑎 of the multicore platform in the active state is calculated as

𝐸𝑎 = ∑
𝑖∈𝒩

∑
𝑘∈ℳ

∑
𝑙∈ℒ

𝑞𝑖𝑘𝑙
𝑀𝑖 + 𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 . (10)

When the assigned task 𝜏𝑖 is finished, and the processor enters the idle (sleep) state, we have
𝑐𝑖 = 0 (𝑐𝑖 = 1). If the nearest task after 𝜏𝑖 is 𝜏𝑗, i.e., 𝑝𝑖𝑗𝑘 = 1, the value of time interval is 𝐼 (𝜏𝑖) =
∑𝑗∈𝒩 ∑𝑘∈ℳ 𝑝𝑖𝑗𝑘(𝑡 𝑠𝑗 − 𝑡𝑒𝑖 ). Taking the value of 𝑐𝑖 into account, the energy consumption 𝐸𝑖 of the
multicore platform in the idle state is

𝐸𝑖 = ∑
𝑖∈𝒩

∑
𝑘∈ℳ

(1 − 𝑐𝑖)𝐼 (𝜏𝑖)𝑥𝑖𝑘𝑃 𝑖𝑑𝑙𝑒𝑘 . (11)

It is relaxed to 𝐸𝑖 = ∑𝑖∈𝒩 ∑𝑘∈ℳ 𝐼 (𝜏𝑖)𝑥𝑖𝑘𝑃 𝑖𝑑𝑙𝑒𝑘 if 𝑐𝑖 = 0, else, we have 𝐸𝑖 = 0 as 𝑐𝑖 = 1. The execution
cycles of entry tasks {𝑉 𝑇 𝑆1, … , 𝑉 𝑇 𝑆𝑀} are zero, i.e., the corresponding task computation time is
also zero. It is in the sleep state before a processor 𝜃𝑘 executes the first assigned task, e.g., 𝜏𝑖 ∈ 𝒯.
Therefore, we restrict the original rather than the virtual tasks to calculate the energy consumption
𝐸𝑖 in an idle state.
The energy consumption 𝐸𝑠 in the sleep state is determined by the time spent in that state.

Considering that a processor is in the sleep state before the first task starts and after all the assigned
tasks end, 𝐸𝑠 is composed of three parts:

𝐸𝑠 = ∑
𝑘∈ℳ

[ ∑
𝑖∈𝒱𝒮

∑
𝑗∈𝒩

𝑝𝑖𝑗𝑘𝑡 𝑠𝑗
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(𝑎)

+ ∑
𝑖∈𝒩

∑
𝑗∈𝒱ℰ

𝑝𝑖𝑗𝑘 (𝐻 − 𝑡𝑒𝑖 )
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(𝑏)

+ ∑
𝑖∈𝒩

𝑐𝑖𝐼 (𝜏𝑖)𝑥𝑖𝑘
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(𝑐)

]𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 . (12)

Let 𝒱𝒮 and 𝒱ℰ denote the index sets of entry and exit tasks, respectively. For processor 𝜃𝑘:
(1) If the 𝑖𝑡ℎ entry task and the 𝑗 𝑡ℎ ordinary task (i.e., 𝜏𝑗) are the first and the second assigned tasks,

respectively, and 𝜃𝑘 is in the sleep state before 𝜏𝑗 starts its execution, as 𝑝𝑖𝑗𝑘 = 1, the period in
the sleep state is 𝑡 𝑠𝑗 , and thus, we have Equation (12)-(𝑎);

(2) If the 𝑖𝑡ℎ ordinary task (i.e., 𝜏𝑖) and the 𝑗 𝑡ℎ exit task are the penultimate and the last assigned
tasks of 𝜃𝑘, respectively, and 𝜃𝑘 is in the sleep state after 𝜏𝑖 is finished, the period of 𝜃𝑘 in the
sleep state is 𝐻 − 𝑡𝑒𝑖 , and thus, we have Equation (12)-(𝑏) as 𝑝𝑖𝑗𝑘 = 1;

(3) If the ordinary task 𝜏𝑖 is assigned to processor 𝜃𝑘, and 𝜃𝑘 is in the sleep state when 𝜏𝑖 is finished,
we have Equation (12)-(𝑐) as the period of 𝜃𝑘 in sleep state is 𝐼 (𝜏𝑖) and 𝑐𝑖 = 1.

Finally, taking𝑀 processors and sleep power 𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 into account, we get Equation (12). If there is
no ordinary task assigned to processor 𝜃𝑘, Equation (12)-(𝑎), Equation (12)-(𝑏), and Equation (12)-(𝑐)
are relaxed to 0 as 𝑝𝑖𝑗𝑘 = 0 and 𝑥𝑖𝑘 = 0.
When processor 𝜃𝑘 changes its state, e.g., from the active to the sleep states when the assigned

task 𝜏𝑖 is finished, the energy overhead 𝐸𝑠𝑤𝑘 is introduced due to the use of DPM technology. Since
in the switching process, we have 𝑐𝑖 = 1 and 𝑥𝑖𝑘 = 1, the total energy overhead can be given by

𝐸𝑜𝑣 = ∑
𝑖∈𝒩

∑
𝑘∈ℳ

𝑐𝑖𝑥𝑖𝑘𝐸𝑠𝑤𝑘 . (13)

4.7 Objective Function and Primal Problem
For each task 𝜏𝑖, a linear function 𝑓𝑖(𝑜𝑖) = 𝑘𝑖𝑜𝑖 + 𝑅𝑖 is introduced to describe the non-decreasing
relationship between task QoS and optional cycles 𝑜𝑖, where 𝑘𝑖 and 𝑅𝑖 are constants [2]. Considering
the number of tasks, the QoS function is defined as 𝑄 = ∑𝑖∈𝒩 𝑜𝑖 [28]. Based on the constraints and
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the objective (maximizing system QoS) mentioned above, the task deployment problem (primal
problem) can be formulated as follows:

PP ∶ Φ = min
𝑝,𝑞,𝑐,𝑜,𝑡 𝑠

(− ∑
𝑖∈𝒩

𝑜𝑖) (14)

s.t. {
(3) − (9),
𝑞𝑖𝑘𝑙, 𝑝𝑖𝑗𝑘, 𝑐𝑖 ∈ {0, 1}, 0 ≤ 𝑜𝑖 ≤ 𝑂𝑖, 0 ≤ 𝑡 𝑠𝑖 ≤ 𝐻.

4.8 Problem Linearization
There are three types of nonlinear items in PP:
(1) Nonlinear items caused by the comparison, e.g., Equation (8);
(2) Nonlinear items caused by the products of continuous and binary variables, e.g., 𝑜𝑖𝑞𝑖𝑘𝑙 in

Equation (10);
(3) Nonlinear items caused by the products of binary variables, e.g., 𝑐𝑖𝑥𝑖𝑘 in Equation (13).
Finding an optimal solution for the MINLP-based PP is complex. To solve this problem efficiently,
we simplify its structure and reformulate it as an MILP using the following linearization methods.

4.8.1 Nonlinear Item Caused by the If-Else Comparison. We introduce Lemma 4.1 to linearize
the comparison given by Equation (8).

Lemma 4.1. Assume that 𝑏 is a binary variable, while 𝑓 (𝑥) is a linear function and is bounded
by 𝐿 ≤ 𝑓 (𝑥) ≤ 𝑈 and 𝐿 < 0 < 𝑈. A linear constraint (1 − 𝑏)𝐿 + 𝑏𝜁 ≤ 𝑓 (𝑥) ≤ 𝑏𝑈 can be used to
describe the comparison 𝑓 (𝑥) ≤ 0 ⇒ 𝑏 = 0, and 𝑓 (𝑥) > 0 ⇒ 𝑏 = 1, where 𝜁 is a small enough positive
constant.

Proof. If 𝑓 (𝑥) ≤ 0, by the left part of (1 − 𝑏)𝐿 + 𝑏𝜁 ≤ 𝑓 (𝑥) ≤ 𝑏𝑈 (i.e., (1 − 𝑏)𝐿 + 𝑏𝜁 ≤ 0), we
have 𝑏 = 0, and the constraint is transformed to 𝐿 ≤ 𝑓 (𝑥) ≤ 0. If 𝑓 (𝑥) > 0, by the right part
of (1 − 𝑏)𝐿 + 𝑏𝜁 ≤ 𝑓 (𝑥) ≤ 𝑏𝑈 (i.e., 0 < 𝑏𝑈), we get 𝑏 = 1, and the constraint is transformed to
𝜁 ≤ 𝑓 (𝑥) ≤ 𝑈. �

Since −𝐻 ≤ 𝐼 (𝜏𝑖) − ∑𝑘∈ℳ 𝑥𝑖𝑘𝑇𝐵𝐸𝑇𝑘 ≤ 𝐻, according to Lemma 4.1, the comparison between time
interval 𝐼 (𝜏𝑖) and break-even time 𝑇𝐵𝐸𝑇𝑘 can be expressed linearly as follows:

−(1 − 𝑐𝑖)𝐻 + 𝑐𝑖𝜁 ≤ 𝐼 (𝜏𝑖) − ∑
𝑘∈ℳ

𝑥𝑖𝑘𝑇𝐵𝐸𝑇𝑘 ≤ 𝑐𝑖𝐻, ∀𝑖 ∈ 𝒩. (15)

4.8.2 Nonlinear Items Caused by the Products of Binary and Continuous Variables. We introduce
Lemma 4.2 to linearize nonlinear terms by multiplying integer and continuous variables.

Lemma 4.2. Assume that we have two constants 𝑠1, 𝑠2 > 0 and two constraint spaces 𝑃1 = {|𝑡, 𝑏, 𝑥| 𝑡 =
𝑏𝑥, −𝑠1 ≤ 𝑥 ≤ 𝑠2, 𝑏 ∈ {0, 1}}, 𝑃2 = {|𝑡, 𝑏, 𝑥| − 𝑏𝑠1 ≤ 𝑡 ≤ 𝑏𝑠2, −𝑠1(1 − 𝑏) ≤ 𝑥 − 𝑡 ≤ 𝑠2(1 − 𝑏), 𝑏 ∈ {0, 1}},
then 𝑃1 ⇌ 𝑃2.

Proof. 1) 𝑃1 ⇒ 𝑃2. Since 𝑡 = 𝑏𝑥 and −𝑠1 ≤ 𝑥 ≤ 𝑠2, we have −𝑏𝑠1 ≤ 𝑡 ≤ 𝑏𝑠2. By −𝑠1 ≤ 𝑥 ≤ 𝑠2
and 𝑏 ∈ {0, 1}, we get (𝑏 − 1)(𝑥 − 𝑠2) ≥ 0 and (𝑏 − 1)(𝑥 + 𝑠1) ≤ 0. Then, 𝑡 − 𝑏𝑠2 − 𝑥 + 𝑠2 ≥ 0 and
𝑡+𝑏𝑠1−𝑥−𝑠1 ≤ 0 hold. As 𝑥−𝑡 ≤ (1−𝑏)𝑠2 and−𝑠1(1−𝑏) ≤ 𝑥−𝑡, we have−𝑠1(1−𝑏) ≤ 𝑥−𝑡 ≤ 𝑠2(1−𝑏).
2) 𝑃2 ⇐ 𝑃1. If 𝑏 = 0, we have 𝑡 = 0 and −𝑠1 ≤ 𝑥 ≤ 𝑠2, else (i.e., 𝑏 = 1), we get −𝑠1 ≤ 𝑡 = 𝑏𝑥 = 𝑥 ≤ 𝑠2.
Therefore, 𝑃1 ⇌ 𝑃2. �

In this article, we need to handle the following several nonlinear terms caused by the products
of binary and continuous variables:
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—∑𝑘∈ℳ 𝑝𝑖𝑗𝑘𝑡𝑒𝑖 = ∑𝑘∈ℳ 𝑝𝑖𝑗𝑘 (𝑡 𝑠𝑖 + 𝑡𝑐𝑖 ) = ∑𝑘∈ℳ 𝑝𝑖𝑗𝑘 (𝑡 𝑠𝑖 +∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

) in Equation (6);

—∑𝑖∈𝒩 ∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

in Equation (10);

—∑𝑖∈𝒩 ∑𝑘∈ℳ(1 − 𝑐𝑖)𝐼 (𝜏𝑖)𝑥𝑖𝑘𝑃 𝑖𝑑𝑙𝑒𝑘 in Equation (11).
For the nonlinear items in Equation (11), as time interval 𝐼 (𝜏𝑖) = ∑𝑗∈𝒩 ∑𝑘∈ℳ 𝑝𝑖𝑗𝑘(𝑡 𝑠𝑗 − 𝑡𝑒𝑖 ), we

can get

∑
𝑖∈𝒩

∑
𝑘∈ℳ

(1 − 𝑐𝑖)𝐼 (𝜏𝑖)𝑥𝑖𝑘𝑃 𝑖𝑑𝑙𝑒𝑘

= ∑
𝑖∈𝒩

∑
𝑘∈ℳ

(1 − 𝑐𝑖) [∑
𝑗∈𝒩

∑
𝑘∈ℳ

𝑝𝑖𝑗𝑘(𝑡 𝑠𝑗 − 𝑡𝑒𝑖 )] 𝑥𝑖𝑘𝑃
𝑖𝑑𝑙𝑒
𝑘

= ∑
𝑖∈𝒩

∑
𝑘∈ℳ

(1 − 𝑐𝑖) [∑
𝑗∈𝒩

∑
𝑘∈ℳ

𝑝𝑖𝑗𝑘(𝑡 𝑠𝑗 − 𝑡 𝑠𝑖 − 𝑡𝑐𝑖 )] 𝑥𝑖𝑘𝑃
𝑖𝑑𝑙𝑒
𝑘

= ∑
𝑖∈𝒩

∑
𝑘∈ℳ

(1 − 𝑐𝑖) [∑
𝑗∈𝒩

∑
𝑘∈ℳ

𝑝𝑖𝑗𝑘 (𝑡 𝑠𝑗 − 𝑡 𝑠𝑖 − ∑
𝑘∈ℳ

∑
𝑙∈ℒ

𝑞𝑖𝑘𝑙
𝑀𝑖 + 𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

)] 𝑥𝑖𝑘𝑃 𝑖𝑑𝑙𝑒𝑘 . (16)

Note that in Equation (16) the processor index 𝑘 of the outer layer, middle layer, and inner layer
could be different. For the sake of presentation, we rewrite Equation (16) as follows:

∑
𝑖∈𝒩

∑
𝑘″∈ℳ

(1 − 𝑐𝑖) [∑
𝑗∈𝒩

∑
𝑘′∈ℳ

𝑝𝑖𝑗𝑘′ (𝑡 𝑠𝑗 − 𝑡 𝑠𝑖 − ∑
𝑘∈ℳ

∑
𝑙∈ℒ

𝑞𝑖𝑘𝑙
𝑀𝑖 + 𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

)] 𝑥𝑖𝑘″𝑃 𝑖𝑑𝑙𝑒𝑘″ . (17)

Similarly, we get ∑𝑘∈ℳ 𝑝𝑖𝑗𝑘 (𝑡 𝑠𝑖 +∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

) =

∑𝑘′∈ℳ 𝑝𝑖𝑗𝑘′ (𝑡 𝑠𝑖 +∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

) in Equation (6).
According to Lemma 4.2, we first introduce an auxiliary variable 𝑜_𝑞𝑖𝑘𝑙 to replace the nonlinear

item 𝑜𝑖𝑞𝑖𝑘𝑙 in∑𝑖∈𝒩 ∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

. Since 𝑞𝑖𝑘𝑙 ∈ {0, 1} and 𝑜𝑖 ∈ [0, 𝑂𝑖], we add the following
constraints to the problem (14):

{0 ≤ 𝑜𝑖 − 𝑜_𝑞𝑖𝑘𝑙 ≤ 𝑂𝑖(1 − 𝑞𝑖𝑘𝑙), 0 ≤ 𝑜_𝑞𝑖𝑘𝑙 ≤ 𝑂𝑖𝑞𝑖𝑘𝑙, ∀𝑖 ∈ 𝒩, ∀𝑘 ∈ ℳ, ∀𝑙 ∈ ℒ}. (18)

Then, we deal with the nonlinear items in∑𝑘′∈ℳ 𝑝𝑖𝑗𝑘′ (𝑡 𝑠𝑖 +∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

). According
to the linearization method in Section 4.8.3, to deal with the nonlinear item 𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙 caused by the
products of binary variables, we replace it with auxiliary variable 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙. Since 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 is also
a binary variable, we set 𝑜𝑖𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 = 𝑜_𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙. Similarly, we set 𝑝𝑖𝑗𝑘′ 𝑡 𝑠𝑖 = 𝑝_𝑡 𝑠𝑖𝑖𝑗𝑘′ . For 𝑜_𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙
and 𝑝_𝑡 𝑠𝑖𝑖𝑗𝑘′ , since 𝑡

𝑠
𝑖 ∈ [0, 𝐻], 𝑝𝑖𝑗𝑘′ ∈ {0, 1} and 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 ∈ {0, 1}, we add the following constraints

to the problem (14):

{0 ≤ 𝑜𝑖 − 𝑜_𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 ≤ 𝑂𝑖(1 − 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙), 0 ≤ 𝑜_𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 ≤ 𝑂𝑖𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙,
∀𝑖, 𝑗 ∈ 𝒩′, ∀𝑘, 𝑘′ ∈ ℳ, ∀𝑙 ∈ ℒ}, (19)

{0 ≤ 𝑡 𝑠𝑖 − 𝑝_𝑡 𝑠𝑖𝑖𝑗𝑘′ ≤ 𝐻(1 − 𝑝𝑖𝑗𝑘′), 0 ≤ 𝑝_𝑡 𝑠𝑖𝑖𝑗𝑘′ ≤ 𝐻𝑝𝑖𝑗𝑘′ , ∀𝑖, 𝑗 ∈ 𝒩′, ∀𝑘′ ∈ ℳ}, (20)

Next, we deal with the nonlinear items in Equation (17). To this end, we first set
𝑝𝑖𝑗𝑘′𝑥𝑖𝑘″ = 𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙𝑥𝑖𝑘″ = 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐𝑖𝑝𝑖𝑗𝑘′𝑥𝑖𝑘″ = 𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ , and 𝑐𝑖𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙𝑥𝑖𝑘″ =
𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙. Then, we set 𝑝_𝑥𝑖𝑗𝑘′𝑘″ 𝑡 𝑠𝑗 = 𝑝_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘′𝑘″ , 𝑝_𝑥𝑖𝑗𝑘′𝑘″ 𝑡

𝑠
𝑖 = 𝑝_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘′𝑘″ , 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑡

𝑠
𝑗 =
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𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑡
𝑠
𝑖 = 𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑜𝑖 = 𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, and

𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑜𝑖 = 𝑐_𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, and add the following constraints to the problem (14):

{0 ≤ 𝑡 𝑠𝑗 − 𝑝_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘′𝑘″ ≤ 𝐻(1 − 𝑝_𝑥𝑖𝑗𝑘′𝑘″), 0 ≤ 𝑝_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘′𝑘″ ≤ 𝐻𝑝_𝑥𝑖𝑗𝑘′𝑘″ , ∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘′, 𝑘″ ∈ ℳ},
(21)

{0 ≤ 𝑡 𝑠𝑖 − 𝑝_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘′𝑘″ ≤ 𝐻(1 − 𝑝_𝑥𝑖𝑗𝑘′𝑘″), 0 ≤ 𝑝_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘′𝑘″ ≤ 𝐻𝑝_𝑥𝑖𝑗𝑘′𝑘″ , ∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘′, 𝑘″ ∈ ℳ},
(22)

{0 ≤ 𝑡 𝑠𝑗 − 𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝐻(1 − 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙), 0 ≤ 𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝐻𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙,

∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘, 𝑘′, 𝑘″ ∈ ℳ, ∀𝑙 ∈ ℒ}, (23)

{0 ≤ 𝑡 𝑠𝑖 − 𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝐻(1 − 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙), 0 ≤ 𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝐻𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙,

∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘, 𝑘′, 𝑘″ ∈ ℳ, ∀𝑙 ∈ ℒ}, (24)

{0 ≤ 𝑜𝑖 − 𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑂𝑖(1 − 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙), 0 ≤ 𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑂𝑖𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙,
∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘, 𝑘′, 𝑘″ ∈ ℳ, ∀𝑙 ∈ ℒ}, (25)

{0 ≤ 𝑜𝑖 − 𝑐_𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑂𝑖(1 − 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙), 0 ≤ 𝑐_𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑂𝑖𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙,
∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘, 𝑘′, 𝑘″ ∈ ℳ, ∀𝑙 ∈ ℒ}, (26)

4.8.3 Nonlinear Items Caused by the Products of Binary Variables. We introduce Lemma 4.3 to
deal with nonlinear items that have the form of integer variable multiplication.

Lemma 4.3. Assume that 𝑥1 and 𝑥2 are binary variables, the nonlinear term 𝑥1𝑥2 can be replaced
by an auxiliary variable 𝑦 = 𝑥1𝑥2, and the additional linear constraints: (1) 𝑦 ≤ 𝑥1, (2) 𝑦 ≤ 𝑥2, and
(3) 𝑦 ≥ 𝑥1 + 𝑥2 − 1.

Proof. When 𝑥1 = 𝑥2 = 1, the constraints lead to 1 ≤ 𝑦 ≤ 1, i.e., 𝑦 = 𝑥1𝑥2 = 1. For the residual
cases: (1) 𝑥1 = 0, 𝑥2 = 1; (2) 𝑥1 = 1, 𝑥2 = 0; (3) 𝑥1 = 0, 𝑥2 = 0, the constraints lead to 0 ≤ 𝑦 ≤ 0, we
have 𝑦 = 𝑥1𝑥2 = 0. �

According to Lemma 4.3, to deal with the nonlinear item 𝑐𝑖𝑥𝑖𝑘 in Equation (13), we set 𝑐_𝑥𝑖𝑘 = 𝑐𝑖𝑥𝑖𝑘
and add the following constraints to the problem (14):

{𝑐_𝑥𝑖𝑘 ≤ 𝑥𝑖𝑘, 𝑐_𝑥𝑖𝑘 ≤ 𝑐𝑖, 𝑐_𝑥𝑖𝑘 ≥ 𝑥𝑖𝑘 + 𝑐𝑖 − 1, ∀𝑖 ∈ 𝒩, ∀𝑘 ∈ ℳ}. (27)

Then, to handle 𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙 in Equation (6), we introduce 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 and add the following constraints:

{𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 ≤ 𝑝𝑖𝑗𝑘′ , 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 ≤ 𝑞𝑖𝑘𝑙, 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 ≥ 𝑝𝑖𝑗𝑘′+𝑞𝑖𝑘𝑙−1, ∀𝑖, 𝑗 ∈ 𝒩′, ∀𝑘, 𝑘′ ∈ ℳ, ∀𝑙 ∈ ℒ}. (28)

Finally, we set 𝑝𝑖𝑗𝑘′𝑥𝑖𝑘″ = 𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙𝑥𝑖𝑘″ = 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐𝑖𝑝𝑖𝑗𝑘′𝑥𝑖𝑘″ = 𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ , and
𝑐𝑖𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙𝑥𝑖𝑘″ = 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, and add the following constraints to deal with the nonlinear items
in Equation (11).

{𝑝_𝑥𝑖𝑗𝑘′𝑘″ ≤ 𝑥𝑖𝑘″ , 𝑝_𝑥𝑖𝑗𝑘′𝑘″ ≤ 𝑝𝑖𝑗𝑘′ , 𝑝_𝑥𝑖𝑗𝑘′𝑘″ ≥ 𝑥𝑖𝑘″ + 𝑝𝑖𝑗𝑘′ − 1, ∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘′, 𝑘″ ∈ ℳ}, (29)

{𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑞𝑖𝑘𝑙, 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≥ 𝑝_𝑥𝑖𝑗𝑘′𝑘″ + 𝑞𝑖𝑘𝑙 − 1,
∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘, 𝑘′, 𝑘″ ∈ ℳ, ∀𝑙 ∈ ℒ}, (30)
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Table 3. Linearization Variables and Constraints

Nonlinear Items Auxiliary Variables Additional Constraints
𝑐𝑖𝑥𝑖𝑘 𝑐_𝑥𝑖𝑘 (27)
𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 (28)
𝑝𝑖𝑗𝑘′𝑥𝑖𝑘″ 𝑝_𝑥𝑖𝑗𝑘′𝑘″ (29)
𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙𝑥𝑖𝑘″ 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 (30)
𝑐𝑖𝑝𝑖𝑗𝑘′𝑥𝑖𝑘″ 𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ (31)
𝑐𝑖𝑝𝑖𝑗𝑘′𝑞𝑖𝑘𝑙𝑥𝑖𝑘″ 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 (32)
𝑜𝑖𝑞𝑖𝑘𝑙 𝑜_𝑞𝑖𝑘𝑙 (18)
𝑜𝑖𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 𝑜_𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙 (19)
𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑜𝑖 𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 (25)
𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑜𝑖 𝑐_𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 (26)
𝑝𝑖𝑗𝑘′ 𝑡 𝑠𝑖 𝑝_𝑡 𝑠𝑖𝑖𝑗𝑘′ (20)
𝑝_𝑥𝑖𝑗𝑘′𝑘″ 𝑡 𝑠𝑗 𝑝_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘′𝑘″ (21)
𝑝_𝑥𝑖𝑗𝑘′𝑘″ 𝑡 𝑠𝑖 𝑝_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘′𝑘″ (22)
𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑡 𝑠𝑗 𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑗𝑖𝑗𝑘𝑘′𝑘″𝑙 (23)
𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙𝑡 𝑠𝑖 𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘𝑘′𝑘″𝑙 (24)

{𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ ≤ 𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ ≤ 𝑐𝑖, 𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ ≥ 𝑝_𝑥𝑖𝑗𝑘′𝑘″+𝑐𝑖−1, ∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘′, 𝑘″ ∈ ℳ},
(31)

{𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑐𝑖, 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≥ 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 + 𝑐𝑖 − 1,
∀𝑖, 𝑗 ∈ 𝒩, ∀𝑘, 𝑘′, 𝑘″ ∈ ℳ, ∀𝑙 ∈ ℒ}, (32)

4.8.4 MILP-Based Primal Problem. The auxiliary variables and additional constraints used for
linearization are summarized in Table 3. Using the above linearization methods, problem (14) can
be transformed to the following MILP problem (33).

PP2 ∶ Φ = min
𝑝,𝑞,𝑐,𝑜,𝑡 𝑠,Ω

(− ∑
𝑖∈𝒩

𝑜𝑖) (33)

s.t.

⎧⎪

⎨
⎪
⎩

(3) − (7), (9), (15) − (32),
𝑞𝑖𝑘𝑙, 𝑝𝑖𝑗𝑘, 𝑐𝑖, 𝑐_𝑥𝑖𝑘, 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙, 𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ∈ {0, 1},
0 ≤ 𝑜𝑖, 𝑜_𝑞𝑖𝑘𝑙, 𝑜_𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙, 𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐_𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝑂𝑖,
0 ≤ 𝑡 𝑠𝑖 , 𝑝_𝑡

𝑠𝑖
𝑖𝑗𝑘′ , 𝑝_𝑥_𝑡

𝑠𝑗
𝑖𝑗𝑘′𝑘″ , 𝑝_𝑥_𝑡

𝑠𝑖
𝑖𝑗𝑘′𝑘″ , 𝑐_𝑝_𝑞_𝑥_𝑡

𝑠𝑗
𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐_𝑝_𝑞_𝑥_𝑡

𝑠𝑖
𝑖𝑗𝑘𝑘′𝑘″𝑙 ≤ 𝐻,

where Ω = {𝑐_𝑥𝑖𝑘, 𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙, 𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐_𝑝_𝑥𝑖𝑗𝑘′𝑘″ , 𝑐_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑜_𝑞𝑖𝑘𝑙,
𝑜_𝑝_𝑞𝑖𝑗𝑘𝑘′𝑙, 𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑐_𝑜_𝑝_𝑞_𝑥𝑖𝑗𝑘𝑘′𝑘″𝑙, 𝑝_𝑡 𝑠𝑖𝑖𝑗𝑘′ , 𝑝_𝑥_𝑡

𝑠𝑗
𝑖𝑗𝑘′𝑘″ , 𝑝_𝑥_𝑡

𝑠𝑖
𝑖𝑗𝑘′𝑘″ , 𝑐_𝑝_𝑞_𝑥_𝑡

𝑠𝑗
𝑖𝑗𝑘𝑘′𝑘″𝑙,

𝑐_𝑝_𝑞_𝑥_𝑡 𝑠𝑖𝑖𝑗𝑘𝑘′𝑘″𝑙} is the set of auxiliary variables. Although DVFS switching and core communica-
tion overheads are not considered in Equation (33), our method can be extended as follows.

Remark 4.1. DVFS switching overheads (i.e., switching energy and time) are mainly influenced by
the V/F level before and after the transition [32]. Let 𝑓𝑠 and 𝑓𝑒 denote the frequency before and after the
transition, respectively. The time and energy overheads can be given by 𝑡 𝑠𝑤𝑖𝑡𝑐ℎ(𝑓𝑠, 𝑓𝑒) = 𝑇𝑡𝑟𝑎𝑛𝑠 × |𝑓𝑒 −𝑓𝑠|
and 𝐸𝑠𝑤𝑖𝑡𝑐ℎ(𝑓𝑠, 𝑓𝑒) = 𝑃 𝑠𝑤𝑖𝑡𝑐ℎ𝑠 × 𝑡 𝑠𝑤𝑖𝑡𝑐ℎ(𝑓𝑠, 𝑓𝑒), respectively, where 𝑇𝑡𝑟𝑎𝑛𝑠 is a time transition parameter,
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and 𝑃 𝑠𝑤𝑖𝑡𝑐ℎ𝑠 is the power before the frequency transition. Based on 𝑡 𝑠𝑤𝑖𝑡𝑐ℎ(𝑓𝑠, 𝑓𝑒), 𝐸𝑠𝑤𝑖𝑡𝑐ℎ(𝑓𝑠, 𝑓𝑒), task
allocation, frequency selection, and task sequence variables 𝑞𝑖𝑘𝑙 and 𝑝𝑖𝑗𝑘, we can get 𝑡 𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑗𝑘 , where

𝑡 𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑗𝑘 denotes the time overhead, when tasks 𝜏𝑖 and 𝜏𝑗 are allocated to the same processor, e.g., 𝜃𝑘, and
executed in sequence with different frequencies. Similarly, we can calculate the energy overhead 𝐸𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑗𝑘 .
Thus, DVFS overheads can be added into time and energy constraints, e.g., (5), (6), (7), and (9).

Remark 4.2. When dependent tasks are allocated to different processors, additional communication
costs arise from data transfers between them. Let 𝑇𝐶 = [𝑡𝑐𝑚𝑛]𝑀×𝑀 (𝐸𝐶 = [𝑒𝑐𝑚𝑛]𝑀×𝑀) denote the
processor communication time (energy) matrix, where 𝑡𝑐𝑚𝑛 (𝑒𝑐𝑚𝑛) is the communication time (energy)
required to transmit unit task data from processor 𝜃𝑚 to 𝜃𝑛. If 𝑚 = 𝑛, we have 𝑡𝑐𝑚𝑛 = 0 (𝑒𝑐𝑚𝑛 = 0).
According to the edge of 𝐺(𝑇 , 𝐸), we can get a task data matrix 𝐷𝑇 = [𝑑𝑡𝑖𝑗]𝑁×𝑁, where 𝑑𝑡𝑖𝑗 is the
size of task data that 𝜏𝑖 transmits to 𝜏𝑗 when 𝜏𝑖 is finished. If 𝜏𝑖 and 𝜏𝑗 are independent or 𝑖 = 𝑗,
we have 𝑑𝑡𝑖𝑗 = 0. Assume that task 𝜏𝑖 is a predecessor of 𝜏𝑗, i.e., 𝑠𝑖𝑗 = 1. If 𝜏𝑖 and 𝜏𝑗 are allocated
to different processors, e.g., 𝜃𝑚 and 𝜃𝑛, the data communication time and energy among 𝜏𝑖 and 𝜏𝑗
are 𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑗 = ∑𝑚∈ℳ ∑𝑛∈ℳ 𝑑𝑡𝑖𝑗𝑥𝑖𝑚𝑥𝑗𝑛𝑡𝑐𝑚𝑛 and 𝐸𝑡𝑟𝑎𝑛𝑠𝑖𝑗 = ∑𝑚∈ℳ ∑𝑛∈ℳ 𝑑𝑡𝑖𝑗𝑥𝑖𝑚𝑥𝑗𝑛𝑒𝑐𝑚𝑛. Hence, the
constraints regarding time and energy can be updated accordingly.

5 Heuristic Task Deployment Algorithm
Using the above linearization methods, the original MINLP problem is transformed into an MILP
problem. This enables solving the problem optimally using methods like Branch-and-Bound
(B&B) and Benders Decomposition (BD) [28] or solvers such as IBM ILOG CPLEX and Gurobi [8].
However, as the problem size grows, e.g., with increasing task number 𝑁 or processor count 𝑀,
the solution time for the MILP problem scales exponentially, limiting its applicability in complex
scenarios. To address this, we propose a novel heuristic algorithm to improve scalability by effi-
ciently solving the task deployment problem. The original problem (PP) is decomposed into two
subproblems based on its structure, which are solved sequentially using low-complexity greedy
algorithms. A feedback mechanism is introduced to enhance the quality of the final solution by
refining decisions through adjustments to V/F levels and optional subtask cycles during iterations
between subproblems.
We design the heuristic algorithm for PP instead of the linearized problem (PP1) for two main

reasons:

(1) PP has fewer variables and constraints than PP1, simplifying algorithm design;
(2) Problem decomposition in PP decouples specific nonlinear terms, altering PP1’s structure.

Considering processor heterogeneity, we first determine task-to-core allocation and frequency-to-
task selection. Next, task execution order is optimized based on dependencies, TS, and optional
cycle adjustments to enable DPM. Finally, FA and optional cycle adjustments are further refined to
improve the results from earlier steps. The algorithm structure is shown in Figure 4.

5.1 Task Allocation and Frequency Assignment
Since the aim of the task deployment problem (14) is to maximize system QoS, i.e.,∑𝑖∈𝒩 𝑜𝑖, under
energy constraints (9) and time constraints (4) and (5), we set 𝑜𝑖 = 𝑂𝑖 in this step. Note that the
adjustments of FA 𝑞𝑖𝑘𝑙 and optional cycle 𝑜𝑖 will influence time and energy constraints. If these
constraints are hard to satisfy by changing 𝑞𝑖𝑘𝑙, we can further reduce 𝑜𝑖. Moreover, DPM is not
considered in this step, i.e., 𝑐𝑖, as task execution sequence and TS are unknown at the current step,
influencing the length of the time interval between the adjacent tasks.
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Fig. 4. Structure of the proposed heuristic method.

To minimize task execution energy 𝐸𝑎 by DVFS, the TA and FA problem is given by

SP1 ∶ min
𝑞

( ∑
𝑖∈𝒩′

∑
𝑘∈ℳ

∑
𝑙∈ℒ

𝑞𝑖𝑘𝑙
𝑀𝑖 + 𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 ) (34)

s.t. {
(3),
𝑞𝑖𝑘𝑙 ∈ {0, 1}.

Note that SP1 is an ILP. To solve this problem effectively, we design a heuristic method based on
the greedy algorithm, summarized in Algorithm 1. For the sake of presentation, we introduce a TA
index 𝑡2𝑝[𝑖] and a FA index 𝑓 2𝑡[𝑖] for each task 𝜏𝑖, where 𝑡2𝑝[𝑖] = 𝑘 and 𝑓 2𝑡[𝑖] = 𝑙 represents task 𝜏𝑖
is allocated to processor 𝜃𝑘, and executed with the V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙), respectively. In Algorithm 1, we
determine TA and FA at the same time. Specifically, for each task 𝜏𝑖 with𝑀𝑖 +𝑂𝑖 cycles, we allocate
it to processor 𝜃𝑘 and use V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙) to execute it. Then, we can obtain the corresponding
task execution energy 𝑀𝑖+𝑂𝑖

𝜆𝑖𝑘𝑓𝑘𝑙
𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 . When task 𝜏𝑖 is assigned to different processors and executed

with different V/F levels, we can find the smallest task execution energymin𝑘∈ℳ,𝑙∈ℒ{𝑀𝑖+𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 }.
By applying the above method for each task in the set {𝜏1, … , 𝜏𝑁}, we can get the solution to SP1.

In Algorithm 1, we begin by initializing the indexes 𝑓 2𝑡[𝑖] = 0, 𝑡2𝑝[𝑖] = 0, and 𝑜𝑖 = 𝑂𝑖 for all tasks.
Subsequently, we set 𝑒𝑀𝑖𝑛, which represents the minimum task execution energy consumption for
each task, and initialize it as 𝑒𝑀𝑖𝑛 = ∞. Since the processors are heterogeneous, the supply voltage
𝑣𝑘𝑙 and working frequency 𝑓𝑘𝑙 are influenced by task-to-core allocation; therefore, the values of
𝑓 2𝑡[𝑖] and 𝑡2𝑝[𝑖] must be considered simultaneously. When task 𝜏𝑖 is assigned to processor 𝜃𝑘 and
executed with the V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙), the task execution energy is calculated as 𝑒 = 𝑀𝑖+𝑜𝑖

𝜆𝑖𝑘𝑓𝑘𝑙
𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 . If

this energy value 𝑒 is less than the current minimum energy consumption 𝑒𝑀𝑖𝑛, we record this
TA and FA decision for 𝜏𝑖 and update 𝑡2𝑝[𝑖] = 𝑘, 𝑓 2𝑡[𝑖] = 𝑙, and 𝑒𝑀𝑖𝑛 = 𝑒. Otherwise, the values of
𝑡2𝑝[𝑖], 𝑓 2𝑡[𝑖], and 𝑒𝑀𝑖𝑛 remain unchanged. This process is applied iteratively for each task in the set
{𝜏1, … , 𝜏𝑁}, and the final decision 𝑞𝑖𝑘𝑙 is determined based on the updated values of 𝑡2𝑝[𝑖] and 𝑓 2𝑡[𝑖].

5.2 Task Scheduling and Optional Cycle Adjustment
Based on the solution to SP1, the execution time and energy of each task 𝜏𝑖 are known, i.e.,∑𝑖∈𝒩′

∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

and ∑𝑖∈𝒩′ ∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 . Substituting 𝑞𝑖𝑘𝑙 into PP, this
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ALGORITHM 1: GreedyMinEnergy
Input: Parameters in Table 2
Output: 𝑞𝑖𝑘𝑙

1 Initialization: 𝑡2𝑝[𝑖] = 0, 𝑓 2𝑡[𝑖] = 0, and 𝑜𝑖 = 𝑂𝑖;
2 for ∀𝑖 ∈ 𝒩 do
3 𝑒𝑀𝑖𝑛 = ∞;
4 for ∀𝑘 ∈ ℳ do
5 for ∀𝑙 ∈ ℒ do
6 𝑒 = 𝑀𝑖+𝑜𝑖

𝜆𝑖𝑘𝑓𝑘𝑙
𝑃 𝑎𝑐𝑡𝑖𝑣𝑒
𝑘𝑙 ;

7 if 𝑒 < 𝑒𝑀𝑖𝑛 then
8 Set 𝑒𝑀𝑖𝑛 = 𝑒, 𝑡2𝑝[𝑖] = 𝑘, and 𝑓 2𝑡[𝑖] = 𝑙;
9 else
10 continue;
11 end
12 end
13 end
14 Calculate 𝑞𝑖𝑘𝑙 according to 𝑡2𝑝[𝑖] and 𝑓 2𝑡[𝑖];
15 end

problem is relaxed to SP2.

SP2 ∶Φ = min
𝑝,𝑐,𝑜,𝑡 𝑠

(− ∑
𝑖∈𝒩

𝑜𝑖) (35)

s.t. {
(4) − (9),
𝑝𝑖𝑗𝑘, 𝑐𝑖 ∈ {0, 1},
0 ≤ 𝑜𝑖 ≤ 𝑂𝑖, 0 ≤ 𝑡 𝑠𝑖 ≤ 𝐻.

We divide the tasks into several layers based on their dependencies, as shown in Figure 1. Let
𝐿𝑎(𝜏𝑖) denote the layer of task 𝜏𝑖. For entry tasks, e.g., 𝜏1 and 𝜏2, we set 𝐿𝑎(𝜏1) = 𝐿𝑎(𝜏2) = 0. For
other tasks, the layer is defined as the maximum number of edges from the task to an entry task,
i.e., 𝐿𝑎(𝜏𝑖) = max𝑒𝑗𝑖∈𝐸{𝐿𝑎(𝜏𝑗)} + 1, where 𝑒𝑗𝑖 represents the edge from 𝜏𝑗 to 𝜏𝑖, and 𝐸 is the edge set
of 𝐺(𝑇 , 𝐸). For instance, 𝐿𝑎(𝜏3) = 𝐿𝑎(𝜏4) = 1, 𝐿𝑎(𝜏5) = 2, and 𝐿𝑎(𝜏6) = 3.

Tasks in adjacent layers are dependent, e.g., 𝜏1 and 𝜏3, while tasks in the same layer are indepen-
dent, e.g., 𝜏1 and 𝜏2. Scheduling tasks in the sequence {… , 𝐿𝑎(𝜏𝑚) = 𝑖, 𝐿𝑎(𝜏𝑛) = 𝑖 + 1,… } satisfies
non-preemption (6) and dependency constraints (7). To better satisfy time constraints (4) and (5),
we sort tasks within each layer in descending order of their relative deadlines. This rearranges 𝒯
into a new sequence 𝑇𝑎𝑠𝑘𝑆𝑒𝑞 (Line 3). Using 𝑇𝑎𝑠𝑘𝑆𝑒𝑞 and 𝑞𝑖𝑘𝑙, we update the start 𝑡 𝑠𝑖 and end 𝑡𝑒𝑖
times of each task 𝜏𝑖. For adjacent tasks on the same processor, e.g., 𝜏𝑖 and 𝜏𝑗, the DPM variable 𝑐𝑖 is
determined by comparing 𝑡 𝑠𝑗 − 𝑡𝑒𝑖 with 𝑇𝐵𝐸𝑇𝑘 using Equation (8).
When setting 𝑜𝑖 = 𝑂𝑖, variables 𝑞𝑖𝑘𝑙, 𝑝𝑖𝑗𝑘, 𝑐𝑖, and 𝑡 𝑠𝑖 are calculated. However, directly following

𝑇𝑎𝑠𝑘𝑆𝑒𝑞may render the problem infeasible due to difficulty satisfying constraints (4), (5), and (9). In
contrast, constraints such as TA and FA (3), dependency (7), and non-preemption (6) can be satisfied
by Algorithm 1 and the proposed classification method. Based on constraints (4), (5), and (9), we
consider the following four cases:
— (4), (5), and (9) are all satisfied, i.e., the solution, including 𝑞𝑖𝑘𝑙, 𝑝𝑖𝑗𝑘, 𝑐𝑖, 𝑡 𝑠𝑖 , and 𝑜𝑖 = 𝑂𝑖, is feasible;
— (4) and/or (5) are not satisfied, but (9) is;
— (9) is not satisfied, but (4) and (5) are;
— (4), (5), and (9) are all not satisfied.
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ALGORITHM 2: FOJointAdjust
Input: 𝑞𝑖𝑘𝑙, 𝑐𝑖, 𝑡 𝑠𝑖 , 𝑡 𝑒𝑖 , 𝑜𝑖, 𝑇𝑎𝑠𝑘𝑆𝑒𝑞, and parameters in Table 2
Output: 𝑞𝑖𝑘𝑙, 𝑐𝑖, 𝑡 𝑠𝑖 , 𝑡 𝑒𝑖 , 𝑜𝑖, and 𝑓 𝑙𝑎𝑔

1 Initialization: 𝑓 𝑙𝑎𝑔 = 0, 𝑓 𝑙𝑎𝑔𝑖 = 0, and 𝑡𝑝𝑜 ∈ (0, 1);
2 Calculate 𝑓 2𝑡[𝑖] and 𝑡2𝑝[𝑖] according to 𝑞𝑖𝑘𝑙;
3 Sort 𝜏𝑖 in order of 𝑇𝑎𝑠𝑘𝑆𝑒𝑞;
4 for ∀𝑖 ∈ 𝒩 do
5 if flag==0 then
6 while 𝑜𝑖 ≥ 𝑀𝑖 + 𝑡𝑝𝑜𝑂𝑖 & 𝑓 𝑙𝑎𝑔𝑖 == 0 do
7 𝑜𝑖 = 𝑜𝑖 − 𝑡𝑝𝑜𝑂𝑖;
8 while 𝑓 2𝑡[𝑖] < 𝐿 do
9 𝑓 2𝑡[𝑖] = 𝑓 2𝑡[𝑖] + 1;

10 if 𝑇 𝑜𝑡𝑎𝑙𝐸𝑛𝑒𝑟𝑔𝑦𝐶𝑜𝑠𝑡 ≤ 𝐸𝑏 then
11 Calculate the start and end time of all tasks;
12 if constraints (4) and (5) are satisfied then
13 Set 𝑓 𝑙𝑎𝑔𝑖 = 1 and 𝑓 𝑙𝑎𝑔 = 1;
14 break;
15 else if constraint (5) is satisfied & 𝑡 𝑒𝑖 − 𝑡 𝑠𝑖 ≤ 𝐷𝑖 then
16 Set 𝑓 𝑙𝑎𝑔𝑖 = 1 and 𝑓 𝑙𝑎𝑔 = 0;
17 break;
18 else
19 Set 𝑓 𝑙𝑎𝑔𝑖 = 0 and 𝑓 𝑙𝑎𝑔 = 0;
20 continue;
21 end
22 else
23 𝑓 2𝑡[𝑖] = 𝑓 2𝑡[𝑖] − 1;
24 break;
25 end
26 end
27 end
28 else
29 break;
30 end
31 end
32 Calculate 𝑞𝑖𝑘𝑙 according to 𝑓 2𝑡[𝑖], 𝑡2𝑝[𝑖];

For cases 2–4, we lower 𝑜𝑖 to reduce task execution time and energy, making constraints (4), (5),
and (9) easier to satisfy. However, as the objective is to maximize QoS (i.e.,∑𝑖∈𝒩 𝑜𝑖), 𝑜𝑖 reduction
should be minimal. Adjusting 𝑞𝑖𝑘𝑙, such as increasing the V/F level, can reduce execution time but in-
crease energy consumption. To balance these, we simultaneously optimize 𝑜𝑖 and 𝑞𝑖𝑘𝑙 in Algorithm 2.
Algorithm 2 adjusts 𝑜𝑖 and 𝑞𝑖𝑘𝑙 iteratively in a feedback control manner. The key ideas are:
(1) Increasing the V/F level reduces execution time but raises energy consumption;
(2) Optional cycles 𝑜𝑖 are adjusted sequentially for all tasks in 𝑇𝑎𝑠𝑘𝑆𝑒𝑞, starting with 𝑜𝑖 = 𝑂𝑖.

Updated 𝑜𝑖 values yield new execution times and energies. By comparing 𝑡𝑒𝑖 − 𝑡 𝑠𝑖 ≤ 𝐷𝑖 and
max𝑖∈𝒩{𝑡𝑒𝑖 } ≤ 𝐻, time constraints (4) and (5) are verified. Similarly, energy consumption is
recalculated and compared with the energy budget 𝐸𝑏 to verify (9).
If time and energy constraints (4), (5), and (9) are satisfied, the adjustment of 𝑜𝑖 is finished, else,

we continue to adjust the V/F selection by 𝑞𝑖𝑘𝑙. Thus, we have the following three cases:
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ALGORITHM 3: TotalEnergyCost
Input: 𝑞𝑖𝑘𝑙, 𝑡 𝑠𝑖 , 𝑡 𝑒𝑖 , and parameters in Table 2
Output: 𝑐𝑖 and 𝐸𝑐

1 Initialization: 𝐸𝑐 = 0 and calculate 𝑇 𝐵𝐸𝑇
𝑘 by (2);

2 Calculate 𝑡2𝑝[𝑖] and 𝑓 2𝑡[𝑖] according to 𝑞𝑖𝑘𝑙;
3 for ∀𝑘 ∈ ℳ do
4 Build task set 𝒩𝑘 ≜ {𝑖|𝑡2𝑝[𝑖] = 𝑘, ∀𝑖 ∈ 𝒩};
5 Sort tasks in the set 𝒩𝑘 in ascending order of start time;
6 for ∀𝑖 ∈ {𝑖|𝑖 ∈ 𝒩𝑘 ∧ 𝑡 𝑠𝑖 < max𝑖∈𝒩𝑘

{𝑡 𝑠𝑖 }} do
7 Calculate 𝐼 (𝜏𝑖);
8 if 𝐼 (𝜏𝑖) ≥ 𝑇 𝐵𝐸𝑇

𝑘 then
9 𝑐𝑖 = 1;

10 else
11 𝑐𝑖 = 0;
12 end
13 𝐸𝑐 = 𝐸𝑐 + (1 − 𝑐𝑖)𝐼 (𝜏𝑖)𝑃 𝑖𝑑𝑙𝑒

𝑡2𝑝[𝑖];
14 𝐸𝑐 = 𝐸𝑐 + 𝑐𝑖𝐼 (𝜏𝑖)𝑃

𝑠𝑙𝑒𝑒𝑝
𝑡2𝑝[𝑖];

15 𝐸𝑐 = 𝐸𝑐 + 𝑐𝑖𝐸𝑠𝑤
𝑡2𝑝[𝑖];

16 end
17 𝐸𝑐 = 𝐸𝑐 +min𝑖∈𝒩𝑘

{𝑡 𝑠𝑖 } 𝑃
𝑠𝑙𝑒𝑒𝑝
𝑘 ;

18 𝐸𝑐 = 𝐸𝑐 + [𝐻 −max𝑖∈𝒩𝑘
{𝑡 𝑒𝑖 }] 𝑃

𝑠𝑙𝑒𝑒𝑝
𝑘 ;

19 end
20 for ∀𝑖 ∈ 𝒩 do
21 𝐸𝑐 = 𝐸𝑐 + (𝑡 𝑒𝑖 − 𝑡 𝑠𝑖 )𝑃 𝑎𝑐𝑡𝑖𝑣𝑒

𝑡2𝑝[𝑖]𝑓 2𝑡[𝑖];
22 end

— If the energy constraint (9) is satisfied while the time constraints (4) and/or (5) are not satisfied,
we enhance 𝑞𝑖𝑘𝑙 to decrease the task execution time of 𝜏𝑖, with the cost of consuming more energy
to execute the task.

— If the energy constraint (9) is not satisfied while the time constraints (4) and (5) are satisfied,
we adjust 𝑜𝑖 in the next round. This is because 𝑞𝑖𝑘𝑙 is obtained by solving SP1, where the aim is
to reduce task execution energy consumption∑𝑖∈𝒩′ ∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙

𝑀𝑖+𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 , it is hard to
lower V/F level further; however, to reduce task execution energy, we have to lower the V/F level.

— If the energy and time constraints are unsatisfied, we adjust 𝑜𝑖 in the next round. Assume that the
current round’s index is 𝑚. We further reduce 𝑜𝑖 at the next round 𝑚 + 1. This process ends when
𝑜𝑖 = 0. We apply this method to each task in 𝑇𝑎𝑠𝑘𝑆𝑒𝑞 to complete the adjustment of 𝑜𝑖 and 𝑞𝑖𝑘𝑙.

The details of 𝑜𝑖 and 𝑞𝑖𝑘𝑙 adjustments are summarized in Algorithm 2. In Algorithm 2, we begin
by initializing the TS index 𝑓 𝑙𝑎𝑔 to zero, indicating that TS is infeasible, and update it to 1 when
scheduling becomes feasible. Similarly, the task adjustment index 𝑓 𝑙𝑎𝑔𝑖 for task 𝜏𝑖 is initialized
to zero, representing incomplete adjustments for 𝑜𝑖 and 𝑞𝑖𝑘𝑙. The adjustment of 𝑜𝑖 at round 𝑚 is
defined as (1 − 𝑚 × 𝑡𝑝𝑜)𝑂𝑖, where 𝑡𝑝𝑜 ∈ (0, 1) is a tuned parameter. While a smaller 𝑡𝑝𝑜 makes time
and energy constraints easier to satisfy, it increases the algorithm’s complexity due to the higher
number of adjustment rounds.
Tasks in the set 𝒯 are sorted into the sequence 𝑇𝑎𝑠𝑘𝑆𝑒𝑞 using the proposed task classification

method. At the 𝑚-th round, for each task 𝜏𝑖 in 𝑇𝑎𝑠𝑘𝑆𝑒𝑞, the optional cycle number 𝑜𝑖 is updated
to (1 − 𝑚 × 𝑡𝑝𝑜)𝑂𝑖, reducing by 𝑡𝑝𝑜 × 𝑂𝑖 in each round. Using the updated 𝑜𝑖, the execution time
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∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙
𝑀𝑖+(1−𝑚×𝑡𝑝𝑜)𝑂𝑖

𝜆𝑖𝑘𝑓𝑘𝑙
and end time 𝑡𝑒𝑖 of 𝜏𝑖 are recalculated. Algorithm 3 is then introduced

to compute the total energy consumption of the multicore platform, 𝐸𝑐. Based on the given 𝑜𝑖 and
𝐸𝑐, the algorithm verifies whether the time constraints (4) and (5), and the energy constraint (9),
are satisfied.
If the energy constraint (9) is satisfied but the time constraints (4) and/or (5) are violated, the

frequency index of 𝜏𝑖 is increased from 𝑓 2𝑡[𝑖] to 𝑓 2𝑡[𝑖] + 1 to reduce execution time, albeit at the
cost of higher energy consumption. This adjustment continues until the energy constraint (9) is
no longer satisfied. If the total energy cost satisfies 𝑇 𝑜𝑡𝑎𝑙𝐸𝑛𝑒𝑟𝑔𝑦𝐶𝑜𝑠𝑡 ≤ 𝐸𝑏 for 𝑓 2𝑡[𝑖] but exceeds
the budget when 𝑓 2𝑡[𝑖] is increased further, the maximum feasible FA for 𝜏𝑖 is recorded. If the
maximum frequency level 𝑓 2𝑡[𝑖] = 𝑙𝑘 still does not satisfy the energy constraint, we set 𝑓 2𝑡[𝑖] = 𝑙𝑘.
Contrarily, if the time constraints (4) and (5) are satisfied but the energy constraint (9) is not,

the optional cycle number 𝑜𝑖 is reduced from 𝑜𝑖 to 𝑜𝑖 − 𝑡𝑝𝑜 × 𝑂𝑖 to decrease energy consumption.
This adjustment continues until the constraints (4) and (5) are satisfied, or 𝑜𝑖 is reduced to zero.
Reducing 𝑜𝑖 satisfies the time constraints but violates the energy constraint; the most significant
feasible optional cycle number is recorded. If 𝑜𝑖 = 0 still does not meet the constraints, 𝑜𝑖 is set to
zero.
When both time constraints (4) and (5), and the energy constraint (9) are violated, a similar

approach is used to decrease 𝑜𝑖 iteratively. Adjustments to 𝑜𝑖 and 𝑞𝑖𝑘𝑙 for 𝜏𝑖 influence its own
execution time, but not the deadline constraints of other tasks 𝜏𝑗 (𝑗 ≠ 𝑖). During this process, the
deadline constraints 𝑡𝑒𝑖 − 𝑡 𝑠𝑖 ≤ 𝐷𝑖, 𝑡𝑒𝑖 ≤ 𝐻, and the energy constraint (9) are verified. However,
tasks scheduled after 𝜏𝑖 in 𝑇𝑎𝑠𝑘𝑆𝑒𝑞, such as 𝜏𝑗, may temporarily violate their deadline constraints
𝑡𝑒𝑗 − 𝑡 𝑠𝑗 ≤ 𝐷𝑗 until adjustments for 𝑜𝑗 and 𝑞𝑗𝑘𝑙 are made. Once the adjustments for 𝑜𝑖 and 𝑞𝑖𝑘𝑙 are
complete, the task adjustment index for 𝜏𝑖 is updated to 𝑓 𝑙𝑎𝑔𝑖 = 1.

This process is applied iteratively for all tasks in 𝑇𝑎𝑠𝑘𝑆𝑒𝑞, adjusting the optional cycle numbers
𝑜𝑖 and V/F selections 𝑞𝑖𝑘𝑙. When all constraints (4), (5), and (9) are satisfied, the TS index 𝑓 𝑙𝑎𝑔 is
set to 1, indicating feasible scheduling. If constraints remain unsatisfied, 𝑓 𝑙𝑎𝑔 remains 0, and the
scheduling is deemed infeasible.
In Algorithm 2, to check whether the energy constraint (9) is satisfied or not, we introduce

Algorithm 3 to calculate the total energy consumption of the multicore platform, which is composed
of task execution energy and energy consumed when the assigned tasks are finished. On one hand,
the execution energy of task 𝜏𝑖 can be calculated as (𝑡𝑒𝑖 − 𝑡 𝑠𝑖 )𝑃

𝑎𝑐𝑡𝑖𝑣𝑒
𝑡2𝑝[𝑖]𝑓 2𝑡[𝑖], where 𝑡

𝑒
𝑖 − 𝑡 𝑠𝑖 is the task

execution time and 𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑡2𝑝[𝑖]𝑓 2𝑡[𝑖] is the power of the processor, when 𝜏𝑖 is assigned to 𝜃𝑘, i.e., 𝑡2𝑝[𝑖] = 𝑘
and is executed with the V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙), i.e., 𝑓 2𝑡[𝑖] = 𝑙. On the other hand, when the assigned
tasks are finished, the target processor will be in the idle or sleep state, based on the DPM decision
𝑐𝑖, which influences the processor’s energy consumption. Assume that 𝜏𝑖 and 𝜏𝑗 are two adjacent
tasks assigned to processor 𝜃𝑘. By comparing the interval length 𝐼 (𝜏𝑖) = 𝑡 𝑠𝑗 − 𝑡𝑒𝑖 with the break-even
time 𝑇𝐵𝐸𝑇𝑘 , we can determine the state of 𝜃𝑘 during the time interval 𝐼 (𝜏𝑖), i.e., we can determine
the value of 𝑐𝑖. The details of Algorithm 3 are summarized as follows:

—At the beginning of Algorithm 3, we initialize the total energy consumption 𝐸𝑐 = 0, and calculate
break-even time 𝑇𝐵𝐸𝑇𝑘 according to (2) (Line 1). For processor 𝜃𝑘, as TA and FA 𝑞𝑖𝑘𝑙 and task
sequence 𝑝𝑖𝑗𝑘 are fixed, the tasks assigned to 𝜃𝑘 are known. Let 𝒩𝑘 denote the index set of tasks
assigned to 𝜃𝑘, i.e., 𝒩𝑘 ≜ {𝑖|𝑡2𝑝[𝑖] = 𝑘, ∀𝑖 ∈ 𝒩} (Line 4). By sorting all the tasks on processor 𝜃𝑘
in ascending order of task start time 𝑡 𝑠𝑖 , we can get the adjacent relationship between the tasks in
the set 𝒩𝑘 (Line 5), and calculate the time interval between these tasks (Line 7). Note that each
processor 𝜃𝑘 is in a sleep state before executing the first assigned task and after all the assigned
tasks are finished. The processor state during these two periods is not influenced by the DPM
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constraint (8). Therefore, according to constraint (8), we can only determine the state of processor
𝜃𝑘 in the intervals after the first task ends and before the last task starts. When determining the
DPM decision 𝑐𝑖 for task 𝜏𝑖, where 𝜏𝑖 is assigned to processor 𝜃𝑘, i.e., 𝑖 ∈ 𝒩𝑘, the task index 𝑖
should satisfy 𝑡 𝑠𝑖 < max𝑗∈𝒩𝑘

{𝑡 𝑠𝑗 }, where max𝑗∈𝒩𝑘
{𝑡 𝑠𝑗 } is the start time of the last task assigned to

processor 𝜃𝑘. Assume that 𝜏𝑖 and 𝜏𝑗 are assigned to processor 𝜃𝑘 (i.e., 𝑖 ≠ 𝑗 ∈ 𝒩𝑘), and they are
not the last task of 𝜃𝑘. In addition, 𝜏𝑗 is the nearest task after 𝜏𝑖 (i.e., no task exists between 𝜏𝑖 and
𝜏𝑗). The time interval between 𝜏𝑖 and 𝜏𝑗 is given by 𝐼 (𝜏𝑖) = 𝑡 𝑠𝑗 − 𝑡𝑒𝑖 . By comparing 𝐼 (𝜏𝑖) with 𝑇𝐵𝐸𝑇𝑘 ,
we can determine the DPM decision 𝑐𝑖 for 𝜏𝑖 (Lines 8–12).

— If 𝑐𝑖 = 0, the processor 𝜃𝑘 is in an idle state during the time interval 𝐼 (𝜏𝑖), and the corresponding
energy consumption can be calculated as (1 − 𝑐𝑖)(𝑡𝑒𝑖 − 𝑡 𝑠𝑖 )𝑃

𝑖𝑑𝑙𝑒
𝑘 (Line 13), where 𝑃 𝑖𝑑𝑙𝑒𝑘 is the idle

power of the processor 𝜃𝑘. The idle energy consumption equals zero when 𝑐𝑖 = 1, as the processor
𝜃𝑘 is in a sleep state during the time interval 𝐼 (𝜏𝑖).

— If 𝑐𝑖 = 1, the processor 𝜃𝑘 is in a sleep state during the time interval 𝐼 (𝜏𝑖). The corresponding energy
consumption includes processor sleep and switching energy (from sleep to idle states). Similarly,
the sleep energy of processor 𝜃𝑘 in the time interval 𝐼 (𝜏𝑖) can be calculated as 𝑐𝑖(𝑡𝑒𝑖 − 𝑡 𝑠𝑖 )𝑃

𝑠𝑙𝑒𝑒𝑝
𝑘

(Line 14), which equals zero when 𝑐𝑖 = 0, i.e., the processor 𝜃𝑘 is in an idle state during 𝐼 (𝜏𝑖), and
𝑃 𝑠𝑙𝑒𝑒𝑝𝑘 is the idle power of the processor 𝜃𝑘. In addition, the switching energy of processor 𝜃𝑘 from
idle state to sleep state can be calculated as 𝑐𝑖𝐸𝑠𝑤𝑘 , and it equals zero when 𝑐𝑖 = 0 (Line 15).

— Note that processor 𝜃𝑘 is in a sleep state before the first assigned task starts and after all the
assigned tasks end.We denote them as the first and the last sleep intervals.The energy of processor
𝜃𝑘 consumed in the first sleep interval is given by (min𝑖∈𝒩𝑘

{𝑡 𝑠𝑖 })𝑃
𝑠𝑙𝑒𝑒𝑝
𝑘 , where min𝑖∈𝒩𝑘

{𝑡 𝑠𝑖 } is the
length of the first sleep interval (Line 17). Similarly, the energy of processor 𝜃𝑘 consumed in the
last sleep interval can be calculate as (𝐻 −max𝑖∈𝒩𝑘

{𝑡𝑒𝑖 })𝑃
𝑠𝑙𝑒𝑒𝑝
𝑘 , where (𝐻 −max∀𝑖∈𝒩𝑘

{𝑡𝑒𝑖 }) is the
length of the last sleep interval (Line 18).

— By applying the above methods for each processor 𝜃𝑘 in the set {𝜃1, … , 𝜃𝑀}, we can calculate the
idle and sleep energy consumption of the multicore system under the given frequency-to-task
assignment and task-to-core allocation decisions.

—The execution energy of task 𝜏𝑖 can be calculated as (𝑡𝑒𝑖 − 𝑡 𝑠𝑖 )𝑃
𝑎𝑐𝑡𝑖𝑣𝑒
𝑡2𝑝[𝑖]𝑓 2𝑡[𝑖], where 𝑡

𝑒
𝑖 − 𝑡 𝑠𝑖 is the task

execution time, and 𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑡2𝑝[𝑖]𝑓 2𝑡[𝑖] is the power of the processor, when 𝜏𝑖 is assigned to processor 𝜃𝑘,
i.e., 𝑡2𝑝[𝑖] = 𝑘, and is executed with the V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙), i.e., 𝑓 2𝑡[𝑖] = 𝑙. Then, we can calculate
the execution energy for all tasks in the set 𝒯 and obtain the active energy consumption of the
multicore system (Line 21).

From the above statement, we can see that the proposed heuristic mainly considers the QoS
function in the second step, and it uses a greedy-based algorithm to find proper values for the
optimization variables, e.g., 𝑡 𝑠𝑖 , 𝑝𝑖𝑗𝑘, and 𝑐𝑖, under multiple constraints. Unlike the optimal method,
the MILP formulation, e.g., the linear QoS function, has limited influence on the proposed heuristic;
our heuristic can be easily extended to the non-linear QoS function scenario.
The feedback-driven cycle adjustment (Algorithm 2) fundamentally relies on the principle

that reducing optional cycles (𝑜𝑖) saves execution time and energy at the cost of QoS. This core
principle holds for any monotonically non-decreasing QoS function, including concave func-
tions. If a nonlinear QoS model were adopted, the overall heuristic framework would remain
completely valid. The only necessary algorithmic adaptation would be to replace the uniform
cycle reduction step (𝑡𝑝𝑜) with a gradient-aware evaluation, allowing the algorithm to priori-
tize reducing optional cycles for tasks that incur the smallest marginal QoS loss (i.e., the lowest
ΔQoS/Δ𝑜𝑖).
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5.3 Algorithm Complexity
The proposed algorithm divides the primal problem PP (14) into two subproblems, SP1 (34) and
SP2 (35), and solves them sequentially through Algorithm 1 and Algorithm 2. To address the energy
constraint (9) in SP2 (35), we introduce Algorithm 3, which is incorporated into Algorithm 2. Below,
we detail the computational complexities of these algorithms.

Time complexity of Algorithm 1 depends on the number of binary variables in SP1 (34) [43],
represented by 𝒒 = [𝑞𝑖𝑘𝑙]𝑁×𝑀×𝐿. When task 𝜏𝑖 ∈ 𝒩 is assigned to processor 𝜃𝑘 ∈ ℳ and
executed at V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙) ∈ 𝒱ℱ𝑘, the corresponding task execution energy is given by
∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙

𝑀𝑖+𝑜𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 . To minimize this energy, we determine a suitable value for 𝑞𝑖𝑘𝑙. Since
the dimension of 𝒒 is 𝑁 × 𝑀 × 𝐿, the overall complexity of Algorithm 1 is 𝑂(𝑁𝑀𝐿).
Algorithm 2 adjusts the optional cycles 𝑜𝑖 and V/F levels 𝑞𝑖𝑘𝑙 for 𝑁 tasks. During this process,

for each task 𝜏𝑖, the optional cycle number 𝑜𝑖 is decreased iteratively from 𝑜𝑖 to 𝑜𝑖 − 𝑡𝑝𝑜 × 𝑂𝑖, and
the task execution frequency 𝑞𝑖𝑘𝑙 is increased. In the worst case, 𝐿 − 1 levels of task execution
frequency 𝑞𝑖𝑘𝑙 are increased, and adjusting 𝑜𝑖 requires 1

𝑡𝑝𝑜
iterations. For each iteration, the start and

end times of all tasks are recalculated with a complexity of 𝑂(𝑁 ), and the total energy consumption
of the multicore system is computed with a complexity of 𝑂(𝑁 log𝑁 + 2𝑁). Thus, the complexity
of adjusting one task is 𝑂 ( 1

𝑡𝑝𝑜
(𝐿 − 1)(𝑁 log𝑁 + 3𝑁)).

Additionally, to handle task dependencies in SP2 (35), a task-layer classification method is used to
determine the task sequence 𝑇𝑎𝑠𝑘𝑆𝑒𝑞. The complexity of this classification is 𝑂 (𝑁 log (𝑁)) [26]. In
the worst case, adjustments to 𝑜𝑖 and 𝑞𝑖𝑘𝑙 are made for all 𝑁 tasks in 𝑇𝑎𝑠𝑘𝑆𝑒𝑞 to satisfy the time and
energy constraints. The complexity of Algorithm 2 is 𝑂 ( 1

𝑡𝑝𝑜
(𝐿 − 1)(𝑁 log𝑁 + 3𝑁)𝑁 + 𝑁 log(𝑁 )).

Finally, Algorithm 3 primarily calculates the total energy consumption of the multicore system.
First, all tasks assigned to the same processor are sorted by their start times to form𝑀 task sequences.
In the worst case, 𝑁 tasks are allocated to one processor, resulting in a sorting complexity of
𝑂(𝑁 log𝑁) [30]. Based on these𝑀 task sequences, the DPM decision 𝑐𝑖 is determined by comparing
the time interval 𝐼 (𝜏𝑖) with the break-even time 𝑇𝐵𝐸𝑇𝑘 , followed by calculations for sleep and idle
energy consumption. Given that 𝒄 = [𝑐𝑖]1×𝑁, the complexity for this step is 𝑂(𝑁 ). Additionally, we
calculate the execution energy for 𝑁 tasks to obtain the active energy consumption, which has
complexity 𝑂(𝑁 ). Therefore, the total complexity of Algorithm 3 is 𝑂(𝑁 log𝑁 + 2𝑁).

6 Simulation Results
In this section, a wide range of experiments are performed to evaluate the performance and
effectiveness of our methods.

6.1 Simulation Setup
We consider the heterogeneous multicore platform that supports both DVFS and DPM technology
as a case study. The power parameters of the processors are adopted from [1]. The execution
efficiency factor 𝜆𝑖𝑘 is set within the range [0.4, 1] [25], which indicates the heterogeneity of a
task executed in different processors. In Table 4, 𝛼, 𝛽, and 𝛿 are the tuned parameters. To make
task deployment problem feasible and practical, 𝐸min denotes the minimum energy required to
execute all the mandatory subtasks, and 𝐸max denotes the maximum energy required to execute
all the mandatory and optional subtasks. Similarly, let 𝐶𝑃𝑇 denote the index set of tasks on the
critical path, then 𝐻min denotes the minimum time required to execute all the mandatory subtasks
on the critical path, and 𝐻max denotes the maximum time required to execute all the mandatory
and optional subtasks on the critical path. In addition, 𝐷min

𝑖 denotes the minimum time required to
execute the mandatory subtask of task 𝜏𝑖, and 𝐷max

𝑖 denotes the maximum time required to execute

ACM Trans. Des. Autom. Electron. Syst., Vol. 32, No. 2, Article 44. Publication date: March 2027.



44:24 H. Zhu et al.

Table 4. Experimental Setup

Energy Constraints
𝐸𝑏 = (1 − 𝛼)𝐸min + 𝛼𝐸max

𝐸min = min𝑘∈ℳ,𝑙∈ℒ
{∑𝑖∈𝒩

𝑀𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 }
𝐸max = max𝑘∈ℳ,𝑙∈ℒ
{∑𝑖∈𝒩

𝑀𝑖+𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

𝑃𝑎𝑐𝑡𝑖𝑣𝑒𝑘𝑙 }

Real-time Constraints
𝐻 = (1 − 𝛽)𝐻min + 𝛽𝐻max

𝐻min = min𝑘∈ℳ,𝑙∈ℒ
{∑𝑖∈𝐶𝑃𝑇

𝑀𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

}
𝐻max = max𝑘∈ℳ,𝑙∈ℒ

{∑𝑖∈𝐶𝑃𝑇
𝑀𝑖+𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

}

𝐷𝑖 = (1 − 𝛿)𝐷min
𝑖 + 𝛿𝐷max

𝑖

𝐷min
𝑖 = min𝑘∈ℳ,𝑙∈ℒ { 𝑀𝑖

𝜆𝑖𝑘𝑓𝑘𝑙
} 𝐷max

𝑖 = max𝑘∈ℳ,𝑙∈ℒ {𝑀𝑖+𝑂𝑖
𝜆𝑖𝑘𝑓𝑘𝑙

}

the mandatory and optional subtasks of 𝜏𝑖. Therefore, we can change time and energy constraints
by varying the parameters 𝛼, 𝛽, and 𝛿.

Although the parameters of different processors and tasks yield different task deployment results,
the problem structure remains the same. Therefore, the optimization problem and the proposed
heuristic method are still applicable. The simulations are carried out on a computer with the
Intel Core i5 processor operating at 1.80 GHz and 8 GB RAM, and the algorithms are implemented
through MATLAB R2022a, YALMIP 2023, and Gurobi 10.0. In the following section, we first compare
the system QoS and computation time of the proposed optimal (OPT) and heuristic (HEU) methods
and other task deployment methods: task deployment methods with DVFS (TDV) [26], DPM
(TDP) [23], and fixed task-to-core allocation with DVFS and DPM (FTA) [8]. Then, we compare the
performances of the HEU, TDV, TDP, and FTA methods, e.g., system QoS and task schedulability,
under different system parameters, e.g., energy parameter 𝛼, time parameters 𝛽 and 𝛿, and task
number 𝑁. Note that DVFS switching and core communication overheads are not involved in
Equation (33).

6.2 Results
Figure 6 compares the system QoS and the computation time of OPT and HEU methods in different
real applications, e.g., JPEG, K-means, Laplace Equation (LE), and Montage Workflows (MW),
and the energy and time parameters are set to 𝛼 = 0.45, 𝛽 = 0.45, and 𝛿 = 0.45. The task numbers
of JPEG, K-means, LE, and MW applications are 𝑁 = 12, 10, 9, 20, respectively [3, 9, 11, 38], and the
corresponding task DAGs are shown in Figure 5. The QoS of some tasks in JPEG, e.g., encode and
decode, is related to task execution cycles [47]. In addition, K-means, LE, andMWare iteration-based
methods [18, 21]. Therefore, the above applications can be modeled as IC tasks.
The results show that the computation time of the HEU method is much lower than that of the

OPT method, as the HEU method usually takes less than 0.5 seconds. However, the system QoS of
the HEU method is 28.18% (on average) lower than the OPT method. This is because the original
task deployment problem (14) is an MINLP problem, and to transform it into an MILP problem (33)
to find the optimal solution, the auxiliary variables 𝜁 and the additional constraints (15)–(32) are
added into problem (14). The computation time of the OPT method increases significantly with the
task number 𝑁, as more variables and constraints are involved in problem (33), thereby increasing
the computational complexity. However, the HEU method decomposes the primal problem (14) into
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Fig. 5. Task dags of jpeg, k-means, le, and mw applications.
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Fig. 6. QoS and time comparisons of opt and heu with jpeg, k-means, le, and mw applications.

two subproblems, SP1 and SP2, with fewer variables and constraints, and solves these subproblems
in sequence with low complexity greedy-based algorithms, i.e., Algorithm 1–Algorithm 3. This
result aligns with our complexity analysis in Section 5. The proposed HEU method is suitable for
large-scale systems due to its scalability.
Figure 6(a) also shows that the energy consumption of OPT and TDV is almost the same. No

matter whether DVFS+DPM or DVFS is applied to maximize QoS under time and energy constraints,
the ES is 𝐸𝑏. Therefore, all available energy is consumed to execute as many optional subtasks as
possible, thereby enhancing system QoS. If the task deployment problem is EA, i.e., the problem
aims to minimize the total energy consumption, the energy consumption of DVFS+DPM could be
lower than DVFS.
Figure 7 compares the system QoS achieved by the HEU, TDV, TDP, and FTA methods un-

der different task numbers 𝑁 ∈ [30, 40, 50, 60], where the QoS gain is defined as [𝑄𝑜𝑆(𝐻𝐸𝑈 ) −
𝑄𝑜𝑆(𝑚𝑒𝑡ℎ𝑜𝑑)]/𝑄𝑜𝑆(𝐻𝐸𝑈 ), and 𝑚𝑒𝑡ℎ𝑜𝑑 represents the TDV, TDP, or FTA. Under the given compar-
ison and parameters, e.g., 𝑁 = 30 and 𝜂 = 1, we perform 20 times of experiments, and each time,
we randomly generate a DAG with 𝑁 = 30 tasks through TGFF [16], using the task parameters
from [20]. The processor number is set to 𝑀 = 4, and the energy and time parameters are set
to 𝛼 = 0.45, 𝛽 = 0.45, and 𝛿 = 0.45. To show the influences of DVFS and DPM on system QoS,
we introduce a parameter 𝜂 ∈ (0, 1] for processor 𝜃𝑘, where the power of 𝜃𝑘 in the active state is
𝑃 𝑐𝑘𝑙 = 𝑃 𝑠𝑘𝑙 + 𝜂𝑃𝑑𝑘𝑙; when the value of 𝜂 is changed, the weights of dynamic power 𝑃𝑑𝑘𝑙 and static power
𝑃 𝑠𝑘𝑙 are changed as well.
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(b) 𝜂 = 0.1.

Fig. 7. QoS comparisons between heu, tdv, tdp, and fta under different 𝑛 and 𝜂 parameters.
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(a) 0.4 ≤ 𝜆𝑖𝑘 ≤ 1.
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(b) 0.8 ≤ 𝜆𝑖𝑘 ≤ 1.

Fig. 8. QoS comparisons between heu, tdv, tdp, and fta under different 𝑁 and 𝜆𝑖𝑘 parameters.

Figure 7 shows that HEU achieves a higher system QoS than TDV, TDP, and FTA (30.3%, 45.4%,
and 48.7% on average).This is because the proposed HEU simultaneously optimizes DVFS, DPM, and
task-to-core allocation. Although this joint design increases the number of optimization variables,
it also enlarges the feasible region of the task deployment problem, thereby achieving a better task
deployment solution. In Figure 7(a), we set 𝜂 = 1, and the QoS gain between HEU and TDV is
25.1%. However, when we set 𝜂 = 0.1 in Figure 7(b), the QoS gain between HEU and TDV changes
to 35.4%. As the value of 𝜂 decreases, HEU achieves a higher QoS gain over TDV. DVFS adjusts the
voltage and frequency of task execution to reduce processor energy consumption in the active state,
while DPM changes the processor state when no task is executing to reduce energy consumption
in the idle and sleep states. When parameter 𝜂 is small, the weight of dynamic power 𝑃𝑑𝑘𝑙 decreases,
compared with static power 𝑃 𝑠𝑘𝑙. In addition, the power of the processor 𝜃𝑘 in active state is mainly
influenced by 𝑃𝑑𝑘𝑙. Therefore, the energy consumption of processor 𝜃𝑘 in the idle state increases,
compared with that in the active state. By combining DVFS and DPM, the proposed HEU can save
more energy than TDV, which achieves a higher system QoS gain.
Figure 8 evaluates the influence of execution efficiency factor 𝜆𝑖𝑘 on QoS gain. The larger the

range of 𝜆𝑖𝑘, the more obvious the heterogeneity of the platform is. The results show that HEU
achieves a higher system QoS than TDV, TDP, and FTA (33.1%, 45.6%, and 44.7% on average). When
the range of 𝜆𝑖𝑘 varies from [0.4, 1] to [0.8, 1], the QoS gain between HEU and FTA reduces from
51.6% to 37.7%. This is because a smaller range of 𝜆𝑖𝑘 indicates less processor heterogeneity, thereby
reducing the benefit of optimizing task-to-core allocation.
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(a) 𝛼 = 0.25, 𝛽 = 0.45, 𝛿 = 0.45.
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(b) 𝛼 = 0.45, 𝛽 = 0.25, 𝛿 = 0.25.

Fig. 9. Feasibility comparisons of heu, tdv, tdp, and fta under different 𝑁, 𝛼, 𝛽, and 𝛿 parameters.

Figure 9 compares the problem feasibility of HEU, TDV, TDP, and FTA methods under different
task numbers 𝑁 ∈ [30, 40, 50, 60], where the processor number 𝑀 = 4. To evaluate problem
feasibility, we consider the system with restricted energy (time) constraints. Therefore, we set the
tuned parameters 𝛼 = 0.25, 𝛽 = 0.45, and 𝛿 = 0.45 (𝛼 = 0.45, 𝛽 = 0.25, and 𝛿 = 0.25). For each
HEU, TDV, TDP, and FTA method, given the parameters 𝛼, 𝛽, and 𝛿, we randomly generate 50
DAGs with 𝑁 tasks for evaluation. The problem feasibility is given by 𝑡𝑠𝑢𝑐𝑐𝑒𝑠𝑠/50, where 𝑡𝑠𝑢𝑐𝑐𝑒𝑠𝑠 is
the number of problems with feasible solutions.

Figure 9 shows that HEU achieves higher problem feasibility than TDV, TDP, and FTA under the
same energy parameter 𝛼 and time parameters 𝛽 and 𝛿. Specifically, the feasibility of HEU is 28.5%,
79.5%, and 68.0% (25.5%, 70.0%, and 64.5%) higher than that of TDV, TDP, and FTA under the same
energy (time) parameters, respectively. This is because HEU combines the benefits of DVFS with
DPM; it can save more energy compared with TDV and TDP, as they only consider DVFS or DPM,
and thus, the additional energy can be used to enhance the supply voltage and working frequency of
the processors, to make the time and energy constraints easier to satisfy. Compared with FTA, HEU
optimizes task-to-core allocation and accounts for processor heterogeneity. Because processors
have different task execution efficiencies (𝜆𝑖𝑘), HEU can better allocate system resources to balance
task execution time and energy.

Figure 10(a) compares the QoS achieved by HEU under different task numbers𝑁 ∈ [30, 40, 50, 60]
and energy and time parameters 𝛼 = 𝛽 = 𝛿 ∈ [0.3, 0.325, 0.35, 0.375, 0.4, 0.425, 0.45], and the
processor number is set to𝑀 = 4. The result shows that the system QoS increases with task number
𝑁, and time and energy parameters 𝛼, 𝛽, and 𝛿, as the higher the values of 𝑁, 𝛼, 𝛽, and 𝛿, the more
optional subtasks can be executed, due to more system resources. Figure 10(b) shows that the
computation time of HEU increases with task number 𝑁. However, as the parameters 𝛼, 𝛽, and 𝛿
increase, the computation time of HEU decreases. On one hand, as task number 𝑁 increases, the
dimensions of optimization variables of PP (14) (e.g., 𝑞𝑖𝑗𝑘, 𝑝𝑖𝑗𝑘, 𝑐𝑖, 𝑜𝑖, and 𝑡 𝑠𝑖 ) increase as well, which
adds to the complexity of the problem. However, the increment is limited, and the computation time
is usually within 1.5 𝑠. On the other hand, when HEU uses Algorithm 2 to perform the adjustment of
task 𝜏𝑖, it first decreases optional cycles 𝑜𝑖, and then increases task execution frequency 𝑞𝑖𝑘𝑙 until the
energy constraint (9) and the time constraints (4), (5) are satisfied at the same time. Therefore, the
smaller the parameters 𝛼, 𝛽, and 𝛿, the harder the energy constraint (9) and time constraints (4), (5)
are satisfied, and thus, increases the round number of task adjustment in Algorithm 2, i.e., increases
the computation time of HEU.

Figure 11 compares the system QoS and computation time of HEU under different 𝛼, 𝛽, 𝛿, and𝑀
parameters, where task number 𝑁 = 40. With the processor number𝑀 increasing, more options
to perform task-to-core allocation, i.e., more opportunities to exploit processor heterogeneity and
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Fig. 10. QoS and time comparisons of heu under different 𝑁, 𝛼, 𝛽, and 𝛿 parameters.
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Fig. 11. QoS and time comparisons of heu under different𝑀, 𝛼, 𝛽, and 𝛿 parameters.

parallel execution, thereby improving QoS. In addition, increasing the value of 𝑀 expands the
solution space for TA, TS, FA, and processor state transitions, thereby increasing the time required
to find a solution.

Finally, we use an ARM-based gem5 SE simulation platform to demonstrate the practical applica-
bility of our HEU method. Specifically, we select the LE application as a case study and execute
these tasks through gem5 under several processor/cache configurations (e.g., processor type and
cache size) to profile these tasks. We can obtain parameters such as execution efficiency factor
𝜆𝑖𝑘 and execution cycles𝑀𝑖 and 𝑂𝑖. Since task QoS is modeled as the cumulative optional cycles,
i.e.,∑𝑖∈𝒩 𝑜𝑖, we execute the task with 𝑜(𝜌)𝑖 = 𝜌𝑂𝑖 optional cycles, where 𝜌 ∈ {0.1, 0.2, … , 1.0}, and
record the corresponding task QoS. We use the above parameters in the design and the evaluation
of HEU.

We first formulate the task deployment problem and solve it using the proposed HEU method in
MATLAB. The obtained task deployment result is set as the input of gem5. When gem5 follows
this result to perform task allocation and scheduling, we get the actual task execution time. On
this basis, we can obtain the corresponding task QoS, real-time response, and energy consumption.
By comparing these results with time and energy constraints, we can evaluate the quality of the
solution.
Here, we mainly compare the achieved QoS and the consumed time and energy among HEU,

FTA, and TDV through gem5. To this end, we introduce the normalized QoS∑𝑖∈𝒩 𝑜𝑖/∑𝑖∈𝒩 𝑂𝑖,
and constraints 𝐸/𝐸𝑏 and 𝑇/𝐻, to evaluate the performances of HEU, FTA, and TDV, where 𝐸
and 𝑇 are the actual energy consumption and makespan measured by gem5, respectively. A task
deployment strategy is considered feasible only when both constraints 𝐸/𝐸𝑏 ≤ 1 and 𝑇/𝐻 ≤ 1 are
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satisfied. For HEU, the QoS, energy, and time metrics are 0.72, 0.89, and 0.92, respectively; for FTA,
the corresponding metrics are 0.54, 0.93, and 0.95, respectively; and for TDV, they are 0.65, 0.94,
and 0.91, respectively. Although the gem5-based simulations account for practical issues such as
cache interference [15, 37], the measured execution cycles remain within the WCEC range. The
results show that HEU achieves higher QoS than FTA and TDV while satisfying both time and
energy constraints.

7 Discussion and Extension
When DVFS is used to adjust task execution time and energy, it may lead to thermal- and reliability-
related issues [29, 39]. On one hand, the thermal behavior of the multicore platforms, e.g., the heat
transfer between the processor and the heat dissipation units, is a complex dynamic process influ-
enced by various physical factors. This dynamic heat transfer process can usually be approximated
using the RC model [6]:

0 = ∑
𝑛∈𝒩𝑚

[𝑇 (𝑡, 𝑚) − 𝑇 (𝑡, 𝑛)] ⋅ 𝐺𝑁(𝑚, 𝑛) + 𝐶(𝑚) ⋅
𝑑𝑇 (𝑡, 𝑚)

𝑑𝑡

+ [𝑇 (𝑡, 𝑚) − 𝑇 (𝑡, ℎ)] ⋅ 𝐺𝐻(𝑚) − ∑
𝑗∈𝒩

𝛼(𝑡, 𝑗, 𝑚) ⋅ 𝑃(𝑗, 𝑚),
(36)

where 𝑇 (𝑡, 𝑚) (𝑇 (𝑡, 𝑛)) represents the temperature of processor 𝜃𝑚 (𝜃𝑛) at time 𝑡, and 𝑇 (𝑡, ℎ) is
the temperature of the heat element ℎ attached to processor 𝜃𝑚 at time 𝑡. 𝐺𝐻(𝑚) represents the
conduction between the processor and the heat element. 𝐺𝑁(𝑚, 𝑛) denotes the conduction among
processors. 𝐶(𝑚) is the thermal capacitance of 𝜃𝑚, 𝑁𝑚 is the set of processors thermally adjacent to
𝜃𝑚. In addition, 𝑃(𝑗, 𝑚) is the power consumption of processor 𝜃𝑚 when executing task 𝜏𝑗, and is
related to TA and FA variable 𝑞𝑗𝑚𝑙, and 𝛼(𝑡, 𝑗, 𝑚) is a binary variable indicating whether task 𝜏𝑗 is
running on 𝜃𝑚 at time 𝑡.

The challenge of adding thermal-related issues to task deployment is how to handle the differential
item 𝑑𝑇 (𝑡,𝑚)

𝑑𝑡 . For problem-solving, one popular method for handling this item is to consider the
steady-state temperature. Moreover, the continuous-time expression in Equation (36) is converted
into a task-level discrete description [6]. Specifically, 𝑇 (𝑡, 𝑚), 𝑇 (𝑡, ℎ), and 𝛼(𝑡, 𝑗, 𝑚) are replaced
by 𝑇𝑖,𝑚 (the temperature of 𝜃𝑘 when executing 𝜏𝑖), 𝑇𝑖,ℎ (the temperature of heat element ℎ when
executing 𝜏𝑖), and 𝛽(𝑖, 𝑗, 𝑚) (𝜏𝑖 is assigned to 𝜃𝑘 and the executions of 𝜏𝑖 and 𝜏𝑗 have time overlap),
respectively. With the setting 𝑑𝑇 (𝑡,𝑚)

𝑑𝑡 = 0, Equation (36) can be rewritten as follows:

𝑇𝑖,𝑚 = 𝑇𝑖,ℎ +
1

𝐺𝐻(𝑚)
[∑
𝑗∈𝒩

𝛽(𝑖, 𝑗, 𝑚) ⋅ 𝑃(𝑗, 𝑚)] +
1

𝐺𝐻(𝑚)
∑

𝑛∈𝒩𝑚

𝐺𝑁(𝑚, 𝑛) ⋅ [𝑇𝑖,𝑛 − 𝑇𝑖,𝑚] . (37)

Based on Equation (37), we can add the following temperature constraint to the task deployment
problem.

𝑇𝑖,𝑚 ≤ 𝑇𝑡ℎ, ∀𝑖 ∈ 𝒩, ∀𝑚 ∈ ℳ, (38)
where 𝑇𝑡ℎ is the temperature threshold. From the above statement, we can see that binary variables
𝛽(𝑖, 𝑗, 𝑚) and 𝑞𝑗𝑚𝑙 in 𝑃(𝑗, 𝑚) are coupled nonlinearly in Equation (37). We can use Lemma 4.3 to
handle these nonlinear items.

On the other hand, the reliability issue, e.g., transient fault, is related to the processor state during
the task execution process. Specially, when task 𝜏𝑖 with 𝐶𝑖 cycles is assigned to processor 𝜃𝑘 and
executed with V/F level (𝑣𝑘𝑙, 𝑓𝑘𝑙), the task reliability [33] is

𝑟𝑖𝑘𝑙 = 𝑒−𝜂×10
𝑑(𝑓max−𝑓𝑘𝑙)
𝑓max−𝑓min × 𝐶𝑖

𝑓𝑘𝑙 , (39)

ACM Trans. Des. Autom. Electron. Syst., Vol. 32, No. 2, Article 44. Publication date: March 2027.



44:30 H. Zhu et al.

where 𝜂 is the maximum error-tolerant rate, 𝑑 is the sensitivity of the failure rate corresponding to
the frequency scaling, and 𝑓max and 𝑓min are the highest and lowest frequencies of the processor,
respectively.

Taking TA and FA variable 𝑞𝑖𝑘𝑙 into account, the reliability of 𝜏𝑖 is given by 𝑟𝑖 = ∑𝑘∈ℳ ∑𝑙∈ℒ 𝑞𝑖𝑘𝑙𝑟𝑖𝑘𝑙.
If the reliability of task 𝜏𝑖 is lower than the reliability threshold 𝑅𝑡ℎ, we perform task duplication
to enhance task reliability. To this end, we need to introduce an additional (binary) variable ℎ𝑖 to
indicate the existence of task 𝜏𝑖.
If the reliability of the original task 𝜏𝑖 is larger than the threshold 𝑅𝑡ℎ, i.e., 𝑟𝑖 ≥ 𝑅𝑡ℎ, there is no

need to duplicate task 𝜏𝑖, and task 𝜏𝑖+𝑁 (duplication of 𝜏𝑖) does not exist, i.e., ℎ𝑖+𝑁 = 0; otherwise,
task 𝜏𝑖 is duplicated, and task 𝜏𝑖+𝑁 exists, i.e., ℎ𝑖+𝑁 = 1. The following constraint can be used to
describe the above cases:

ℎ𝑖+𝑁 = {
0, 𝑟𝑖 ≥ 𝑅𝑡ℎ
1, 𝑟𝑖 < 𝑅𝑡ℎ

, ∀𝑖 ∈ 𝒩. (40)

Note that with task duplication, the reliability of task 𝜏𝑖 is changed to 𝑟 ′𝑖 = 1 − (1 − ℎ𝑖𝑟𝑖)(1 −
ℎ𝑖+𝑁𝑟𝑖+𝑁). To satisfy the reliability constraint, we set:

𝑟 ′𝑖 ≥ 𝑅𝑡ℎ, ∀𝑖 ∈ 𝒩. (41)

To deal with the logical comparison in Equation (40), we can use Lemma 4.1 to transform con-
straint (40) into a linear function, so as to incorporate the reliability issue into the task deployment
problem. Similarly, we can use Lemma 4.3 to handle the binary-based nonlinear items like ℎ𝑖𝑞𝑖𝑘𝑙.
From the above statement, we can see that when thermal- and reliability-related issues are

involved in the task deployment problem, we need to introduce additional variables (e.g., 𝛽(𝑖, 𝑗, 𝑚)
and ℎ𝑖) and constraints (e.g., temperature constraint (38) and reliability constraint (41)) into the
problem. We also need to address the nonlinearities arising from thermal and reliability constraints,
which greatly complicate our original task deployment problem. We will consider these issues in
future work.

8 Conclusion
This article considers the IC task model and optimizes task allocation and scheduling, frequency
allocation, and working status simultaneously for the heterogeneous multicore platforms that
support DVFS and DPM to maximize system QoS under energy and real-time constraints. Firstly,
the task deployment problem is formulated as an MINLP and converted to an MILP using the
linearization method to obtain the optimal solution. Secondly, to improve the scalability of the
proposed method, we divide the task deployment problem into two subproblems: (1) TA and FA,
and (2) TS and optional cycle adjustment, and solve these subproblems in sequence. Our method
has a shorter computation time because it decomposes the problem and combines polling and
greedy methods. Finally, the simulation results show that the proposed IC task deployment method
for the heterogeneous multicore platform, which combines DVFS and DPM, achieves higher system
QoS than existing methods (41.30% on average). Moreover, the computation time of the heuristic
method is negligible compared to the optimal method, with an acceptable performance loss (28.18%
on average). In future work, we will extend our method to scenarios considering thermal- and
reliability-related issues.
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