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Abstract

Graph neural networks (GNNs) have achieved strong performance on graph
learning tasks, but their message-passing mechanism makes it difficult to capture
long-range structural dependencies and may lead to over-smoothing in deeper ar-
chitectures. Graph transformers offer a possible remedy, yet existing approaches
typically rely on learnable attention or additional structural encodings, which
increase the number of trainable parameters and computational cost while not
always exploiting graph structure explicitly. Motivated by these limitations,
we propose GraFix+4, a graph transformer based on a fixed (non-learnable)
multi-head structural attention mechanism derived from graph kernels. Multiple
attention heads capture a range of structural similarities between substructures
in the input graph, while a GNN is employed to improve the node features ex-
traction. The resulting graph transformer showcases an excellent performance
on standard graph classification benchmarks, matching or surpassing a wide
range of alternative graph-based approaches. Furthermore, our model benefits
from a reduced number of learnable parameters and competitive training run-
time. In our experiments, we extensively evaluate the impact of various graph
kernels, multiple attention heads, and GNN integration, demonstrating their
collective contribution to the model’s superior performance.
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1. Introduction

Graphs provide a natural representation for a diverse range of entities, from
images [1, 2] and social networks [3] to molecular structures [4, 5], as they
capture relational information more effectively than unstructured feature sets.
While the non-Euclidean nature of graphs offers significant expressive power, it
also poses challenges for conventional deep learning approaches, which struggle
to directly operate on such data structures. Indeed, while models like Con-
volutional Neural Networks (CNNs) [6, 7] and transformers [8] have achieved
remarkable success in areas such as computer vision and natural language pro-
cessing, they are designed to process vectorial data, making them less effective
for tasks involving graphs, where structure plays a crucial role.

Specialized neural architectures, such as GCN [9], GraphSAGE [10], GIN [11],
and more recently interpretable models such as GKNN [12], have therefore
emerged as a result of the attempts to develop deep learning models better
suited to operate on graphs. These graph neural networks (GNNs) work by
iteratively propagating and aggregating node feature information between ad-
jacent nodes, thereby encoding the topological and structural characteristics of
graphs into learned representations. Prior to the development of GNNs, graph
kernels [13, 14], such as the subgraph kernel [15] and the Weisfeiler-Lehman
(WL) kernel [16], were considered the predominant methodology for apply-
ing traditional machine learning techniques to graph data. However, GNNs
have demonstrated significant empirical advantages, consistently outperform-
ing graph kernel-based approaches across a wide range of tasks. Nevertheless,
GNNs are not without their limitations. A critical challenge lies in their inabil-
ity to effectively model long-range dependencies between nodes, particularly as
the depth of the network increases [17]. This issue is further compounded by
the phenomenon of feature over-smoothing, wherein node representations tend

to converge to indistinguishable states, thereby undermining the ability of the
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model to capture nuanced structural information.

Motivated by these challenges, in recent years a number of researchers have
proposed to modify the original transformer architecture to deal with graph in-
puts [18], allowing them to tap into the transformer ability to model long-range
dependencies through the attention mechanism [8]. Standard approaches to
allow transformers to harness the structural information of graphs include pri-
marily processing the graph features with a GNN before then passing them to a
transformer, or vice-versa [18]. Other approaches include introducing structure-
aware positional encodings [19] and, more recently, developing graph-specific
attention mechanisms [20, 21] which are naturally able to capture structural
information. Inspired by these works, in [22] we have shown that it is possible
to replace the learnable attention mechanism of (graph) transformers with a
fixed, non-learnable one without negatively impacting the model performance
while significantly reducing the training time and number of learnable param-
eters [22]. Indeed, in some cases fixing the attention coefficients has lead to
improvements in the classification performance of model [22].

In the present work, we develop GraFix [22] further, introducing a new hy-
brid architecture that retains the fixed attention mechanism (extended to deal
with multiple attention head as opposed to a single on as in [22]) while incor-
porating a GNN to compute the value matrix from the original node features
(see Section 4). The resulting model (GraFix++) is able to exploit multiple
well-known graph kernels to measure the similarity between each node. The
transformer then leverages this information when attending to graph nodes.
We further enhance our model by replacing the standard linear transformation
layer in the transformer (used to compute the value matrix) with a GNN layer.
This modification enables the model to better leverage node features, thereby
improving its ability to encode and utilize both structural and feature infor-
mation within the graph. Indeed, while the original architecture [22] is able to
effectively capture structural information through the use of graph kernels, it
struggle to effectively utilize node-level features, resulting in suboptimal per-

formance on datasets where node features are rich and informative. Through
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an extensive set of experiments and an in-depth ablation study, we compare
our model with alternative GNNs and graph transformers (including GraFix),
demonstrating that GraFix++ achieves competitive graph classification accu-
racy while reducing the number of model parameters and training time.

In summary, our contributions are as follows:

e We enhance the model capabilities by extending GraFix from a single
attention mechanism to a multi-head attention mechanism (GraFix++),
introducing different graph kernels to extract structural features of the
graph. This in turn enables the model to capture the structural patterns

in the graph more comprehensively.

e In the processing of node features, we introduce a single-layer GNN to
enhance and enrich the node features, enabling the model to handle more

effectively datasets with richer and more complex node information.

e Through an extensive set of experiments, we show that GraFix++ signif-
icantly outperforms well-known alternative models on graph classification
tasks. Additionally, we conduct an in-depth exploration of the impact of
different graph kernels on our model, as well as the effectiveness of the

multi-head mechanism.

2. Related Work

In machine learning, graph kernels make it possible to apply kernel-based al-
gorithms, such as support vector machines, to graphs. This is achieved by defin-
ing appropriate kernel functions that can capture the structural characteristics
of graphs when mapping them to an (implicit) embedding space. Well-known
graph kernels include: 1) the Graphlet kernel [23], which counts occurrences
of small connected subgraphs called graphlets; 2) the Random Walk kernel,
which compares the behaviour of random walks [24] on pairs of input graphs;
3) quantum walk kernels [25], which use quantum [26] rather than random walk

to compare the graphs; 4) the Subgraph kernel [15], which compares graphs
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by enumerating common subgraphs; 5) the WL kernel [16], which refines node
labels iteratively based on neighborhood information and measures similarity
by evaluating label consistency across iterations; and 6) shortest-path kernel,
which is based on the distributions of shortest path lengths between all pairs of
nodes, capturing structural similarities by leveraging path-based features [27].
With the advent of deep neural networks, researchers have increasingly
focused on end-to-end models to generalize existing architectures for graph-
structured data. GNNs can be seen as an extension of the convolution operation,
a key component of CNNs, beyond the regular structure of pixel grids [12]. Most
existing GNNs adopt the message-passing paradigm, where nodes exchange in-
formation via edges to iteratively update their feature representations. Notable
GNN models include GCN [9], GraphSAGE [10], DiffPool [28], DGCNN [29],
and GIN [11], with more recent efforts focusing on developing interpretable GNN
architectures [12, 30, 31, 32]. As discussed in the previous section, a key limi-
tation of these models is their strong ability to capture local graph structures,
often at the expense of effectively modeling long-range node dependencies.
Graph transformers address the inability of standard transformers to take
structural information into account by incorporating some level structural aware-
ness. This integration can be primarily achieved through three approaches: 1)
passing graph features enriched by GNNs to a transformer, 2) employing unique
positional encodings to capture graph structures, and 3) designing more sophis-
ticated attention mechanisms tailored to graph data. For instance, Graph-
Trans [33] utilizes a GCN to extract local structural information, which is sub-
sequently fed into a transformer model. Similarly, GraphiT [20] replaces the
GCN with a Graph Convolutional Kernel Network (GCKN) [34], leveraging
kernel-based methods to encode local graph substructures. In terms of posi-
tional encoding, Dwivedi and Bresson [19] propose using the eigenvectors of the
graph Laplacian to represent node positions. Building on this, SAN [35] ex-
tends the approach by incorporating the entire Laplacian spectrum and learn-
ing interactions between different frequency components, thereby enhancing the

model’s ability to capture complex graph structures. Additionally, Ramp&sek et
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al. [36] introduce a random walk-based positional encoding, further expanding
the toolkit for graph representation learning.

A number of graph transformer methods propose to directly modify the at-
tention mechanism to account for structural information. The attention mech-
anism of the vanilla transformer can be regarded as propagating information
over a fully connected graph, thus disregarding the underlying structure of the
data. This however can be modified to take the graph structure into account.
Dwivedi and Bresson [19] propose to use the adjacency matrix to restrict the
attention mechanism to local information about the nodes. Inspired by Tsai
et al. [37], who show how the original attention mechanism can be interpreted
as the application of a kernel smoother over the input features, GraphiT [20]
applies this idea to graphs and uses kernels between graph nodes to modulate
the attention mechanism. Chen et al. [21] take this one step further and propose
to replace the entire attention mechanism with a kernel smoother, where the
attention between pair of nodes is a function of the similarity between the sub-
graphs rooted at those nodes. In particular, they propose to use an exponential
kernel between the features extracted by a GNN on the local subgraphs around
each node. Other approaches have sought to bias the attention using the the
shortest path distance [38] and the resistance distance [39] between the nodes.

Along these lines, Difformer [40, 41] formalizes the attention mechanism as a
constrained diffusion process, showing that standard transformers can be viewed
as a specific type of neural diffusion on a complete graph. To improve efficiency
and scalability, SGFormer [42] introduces a simplified, one-layer transformer
structure that utilizes a simple global attention mechanism to capture long-
range dependencies while relying on a GNN for local message passing. Other
approaches have sought to bias the attention using the shortest path distance
and the resistance distance between the nodes. Gradformer [43] introduces an
exponential decay mask into the self-attention mechanism, allowing the model
to focus on local details while maintaining the capacity to capture long-range
dependencies by correlating attention scores with node proximities. For a com-

prehensive survey of graph transformers, see [44].



149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

Our model is closely related to [19, 21], as we also formulate the attention
mechanism between nodes in terms of graph kernels. However, our attention
is fixed, i.e., it is not learned but precomputed as the graph kernel between
subgraphs rooted on different nodes. While [19, 21] use GNNs to compute the
embeddings of the nodes neighbourhoods, our framework allows to directly use
a wide variety of well-known (non-differentiable) graph kernels. Our work is
also inspired by [45, 46], which show that fixing the attention coefficients can
have little to no negative impact on the model performance (which can actually
improve [46]), while it results in a more computationally efficient model [47, 48]
thanks to the reduced number of parameters. At the same time, we also compare
the impact of different graph kernels on the model and combine multiple graph
kernels into a multi-head attention mechanism to improve the model’s percep-
tion of different structural features. To the best of our knowledge, our work is

the first to apply non-learnable attention patterns to graph transformers.

3. Background

Let G = (V, E, X) denote a node-attributed graph over n nodes with edge set
E, where X € R"*? is the matrix of d-dimensional features of the nodes v € V.
In this section we introduce the two main ingredients underpinning our model:

1) graph kernels and 2) the transformer multi-head attention mechanism.

3.1. Graph Kernels

Kernel methods are a class of algorithms that allow to learn from pairwise
inputs representing the similarity between data points, rather than the indi-
vidual points themselves. Consider a set X and a positive semi-definite kernel
function k : X x X — R such that k(x,y) = ¢(x) T é(y) for all z,y € X, where
¢: X — H is a map from X to the Hilbert space H.

While in general X can represent any type of data on which we can define
a kernel, in the context of this paper we are interested in kernels operating on

a finite set of graphs. A large number of graphs kernels have been introduced
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in the literature, the vast majority of which falls under the category of R-
convolution kernels [49]. The idea underpinning these kernels is to define the
similarity between two graphs in terms of simpler substructures, such as nodes,
edges, or subgraphs. These kernels can be either implicit (only the kernel K is
computed) or explicit (the map ¢ is also computed), with explicit kernels being

the most common type, i.e.,

k(G1,G2) = ¢(G1) " ¢(G2), (1)

where ¢(G) typically enumerates a certain type of substructures (e.g., nodes,
cycles, subtrees) present in G, and the type of these substructures differentiates
the various graph kernels. For example, in the WL kernel [16] hash tables
obtained by iteratively refining the initial node labels (or their degree, in the

case of unattributed graphs) are used to create the graph embedding vectors

¢(G1) and ¢(Ga).

8.2. The Transformer Architecture

Transformers [8] rose to prominence due to their unmatched performance
in language modelling tasks. At its core the transformer architecture revolves
around the attention mechanism, which allows the model to learn contextu-
alized representations of the input tokens encapsulating long-range dependen-
cies within the input sequence. Beyond language modelling, transformers have
been applied with success to fields including computer vision [50] and speech
processing [51], and now form the basis of nearly every modern deep learning
architecture.

Given a matrix of input features X, the transformer maps this to the matrices
Q (Query), K (Key), and V (Value) through three distinct linear transforma-

tions. With these matrices to hand, the attention is then defined as

T
Attention(X) = softmax ( (?/I; )V, (2)
k

where +/dy, is a scaling factor that depends on the dimension of Q. The updated

features X’ are then computed as

X" = Attention(X) + X, (3)
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which can eventually be used to solve the downstream task at hand, e.g., classi-
fication. In most modern transformer architectures it has now become common
practice to let Q = K and to use multiple attention heads whereby multiple
sets of matrices Q and V are learned to allow the network to model multi-
ple contexts. Note also that in a vanilla implementation of the transformer
model for graphs, where the input features are the node features, the model
inevitably ends up ignoring the crucial topological information intrinsic to the

graph structure.

3.8. Transformers as Kernel Machines

Note that in Eq. 2, the dot product QKT captures the pairwise similarity
information between the input tokens. In light of this, Tsai et al. [37] reformulate
Eq. 2 through the lens of kernels, rewriting the attention mechanism applied to

the i-th input feature z; as

;vz,;vj

Attention(z;) Z

k(z;,x
xje)(le iyl

] =3/ (@), (4)

where f denotes the value function (in the case of the original transformer, a
linear function), & is a kernel function between input features, and we omitted
the filtering function of the formulation in [37] for simplicity.

In the case of a graph G = (V, E, X), given a kernel function k(z,, x,,), where
Ty, Ty € X are the node features of v,u € V, this yields

k(2y, 24)

Attention(z,) = =
ZwEV k(xvv xu;)

ueV

fwu). (5)

In Chen et al. [21], the kernel in Eq. 5 is defined by first using a GNN to
create enriched features encapsulating the local neighbourhoods of the nodes
and then using an exponential kernel function & on these enriched features (see
Fig. 1). Dwivedi and Bresson [19] follow a similar but slightly more convoluted
approach where two kernels, one capturing the similarity between the features
and one capturing the similarity between the nodes positions with a graph, are

multiplied together.
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Figure 1: In [21] the authors use a GNN to create enriched features encapsulating the local
neighbourhoods and define the keys and queries of the transformer attention mechanism.
Note the similarities and difference with our model, GraFix++ (Fig. 2), where the attention
is defined by a precomputed set of graph kernels.

Equation (5) can be extended to a multi-head setup by using different kernel
functions kj, for each head. Let H denote the number of each heads, and let kj,
be the kernel function for the h-th head. The multi-head attention mechanism
can be defined as:

kh(x'm -Tu)
weV ZwEV kh(xvy xw)

Attentiony, (z,) = fr(@u), (6)

The outputs of all heads are combined to produce the final representation

MA (z,) = Concat(Attention; (), .. ., Attentiony (z,))Wo , (7)

where Wy is a learnable weight matrix used to project the concatenated outputs
back to the desired dimensionality.

As explained in the next section, we differ from both these approaches in
that, rather than learning k(x,,x,), we tap into the well-established graph
kernel literature, using multiple precomputed graph kernels to measure node
similarity. In other words, we propose to fix the attention coefficients rather
than learning them end-to-end. Our experiments demonstrate that this leads to
a significant reduction in training time (especially when just a single attention

head is used) while only minimally affecting the performance of the model.

10
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Figure 2: The structure of the proposed graph transformer. Given an input graph G and two
of its nodes uw and v, the multi-head attention mechanism is defined in terms of the graph
kernel similarity between subgraphs rooted around u and v, respectively. In each transformer
layer, the attention coefficient Aﬁm between u and v is defined in terms of the h-th kernel
output and multiplied by the transformed feature f(z,) output by a GNN (Eq. 11). The
results for all attention heads are then concatenated and projected down to a set dimension
(Eq. 7). Finally, the features output by the transformer layer are pooled and passed to a

classification head to solve the downstream task.

4. Our Model

Figure 2 illustrates the architecture of GraFix++. The two main compo-
nents of the proposed model are: 1) the GNN embedding layer and 2) the graph
kernel multi-head attention mechanism. This design addresses two limitations
of previous approaches, particularly GraFix. The GNN embedding layer in-
troduces a disentanglement between (continuous) node feature representations
updated via message passing and the kernel-based structural embeddings, while
the multi-head fixed-attention mechanism allows the model to simultaneously

capture multiple complementary structural contexts via different graph kernels.

GNN embedding layer. In the vanilla transformer a set of linear trans-
formations is employed to learn the matrices of values, keys, and queries. While
GraFix bypasses the need to learn keys and queries by employing a fixed kernel-
based attention mechanism [22], the values are still computed as a simple linear
transformation of the input node features. This in turn simply increases the

dimensionality of the node features without effectively extracting meaningful

11
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information from them. Therefore, we propose replacing the linear transforma-
tion layer with a GNN, which allows us to enrich the node features thanks to
message-passing mechanism of GNNs.

Let u be a node of the input graph G = (V, E, X). During the k-th message-
passing iteration, the node features from the neighborhood N (u) (i.e., the set

of nodes that share an edge with u) is aggregated to yield
k
m'§),, = AGGREGATE® ({hfﬁ%% € A/(u)}) : (8)

which is then used to update the node feature hq(f) to

hz(LkJrl) = UPDATE® (h&’“%mﬁzu)) ’ )

where UPDATE and AGGREGATE denote learnable differentiable functions

and hSﬁ) is initialized to x, € X.

Multi-head attention. Similarly to GraFix [22], we employed a set of pre-
computed graph kernels to define the attention coefficients of our graph trans-
former. However here we go beyond [22] by extending the original architec-
ture to incorporate multiple attention heads. This in turns enables GraFix++
to go beyond the extraction of a single graph structural pattern, as different
graph kernels can effectively capture diverse types of graph structural infor-
mation, including subgraph structures, path-based features, and neighborhood
subgraph characteristics. By leveraging multi-head fixed attention, these varied
structural features can be seamlessly integrated, allowing the model to harness
a richer and more comprehensive representation of the graph. To this end,
we commence by extracting the k-hop subgraph Si ¢(v) around each node v,
i.e., the subgraph induced by selecting the nodes that can be reached from
the central node by traversing at most k edges. Given a set of graph kernel
K = {ki,ko, - ,kn, - ,kg}, we compute the corresponding kernel matrices
encapsulating the similarity between all pairs of subgraphs using Eq. 1, where
all node features have been one-hot encoded. We stress that this step is pre-

computed, i.e., given a training set of graph we extract the k-hop subgraphs

12
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and compute the kernel matrices prior to training the network.
With the kernel matrices to hand, we then define the attention coefficients
h

of the graph transformer as follows. For each k;, € K, the element A}, corre-

sponding to the attention coefficient between the node v and u is
AL w = kn(Skc(v), Ska(u) . (10)

The attention mechanism used to update the node representations in the trans-
former layer(s) is then
Attentiony (z,) = Z Aﬁuf(mu) , (11)
u€v
where f(z,) denotes the input feature for the node u. For the first transformer
layer, this will be equal to the enriched GNN feature for u, while for successive
layers k it will be equal to the output of the previous k — 1 layer.

Note that the attention mechanism of Eq. 11 differs from that Eq. 4 in that
we omit the normalization factor which ensures the row-wise stochasticity of the
attention matrix. We experimentally observe that this leads to a better perfor-
mance of the model while not impacting its convergence. Finally the results for
different graph kernels are combined together according to Eq. 7, enabling the
updated node features to integrate the structural characteristics captured by
the kernels. Finally, the node features are passed through an an average graph
pooling layer and a multi-layer perceptron to solve the downstream task (e.g.,
graph classification task). Algorithm 1 shows the pseudocode underpinning the

proposed multi-head structural attention mechanism.

4.1. Computational Complexity

Different graph kernels have different computational complexities and, in
our model, graph kernels are all precomputed. We take the WL kernel as an
example and calculate its time complexity. The computational complexity of
the WL kernel can be expressed as O(slm + s%In), where s is the number of
subgraphs, [ represents the iteration count, n corresponds to the maximum

number of nodes and m denotes the maximum number of edges within the

13
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Algorithm 1 The proposed multi-head structural attention mechanism.

Input: Graph G = (V, E,X), graph kernels K = {k1,..., kg }
1. Extract the k-hop subgraph Sy ¢ (v) for each v € V
2: for each kj, € K do
3: Compute A, = kj(Sk,c(v), Sk, (u)) for all u,v € V
4: end for
5: for each k;, € K do
6: Compute Attentiony,(z,) = Y,y AL, f(ay) for all v € V
7: end for
8: Compute MA(z,) = Concat(Attention; (z,), ..., Attentiong (z,))Wo

9: return MA(z,) forallv e V

subgraphs. We consider the additional operations introduced by the GNN. The
time complexity of a single-layer GNN is O(|E|d + |V |d?), where |E| is the
number of edges, |V is the number of nodes, and d is the feature dimension.
Note that the computation of the WL kernel can be made more efficient by
exploiting GPU hardware. We use the scatter function of PyTorch Geometric
to efficiently aggregate the neighboring labels and then construct histograms to

enumerate the labels for each graph, before comparing their similarity.

5. Experimental Results

We compare GraFix++ against GraFix [22] as well as six state-of-the-art
GNNs and five different graph transformer methods on graph classification
tasks: GCN [9], DGCNN [29], DiffPool [28], ECC [52], GIN [11], Graph-
SAGE [10], vanilla transformer (node features only) [8], Structure-Aware Trans-
former (SAT) [21], GraphiT with diffusion coding, GraphiT with adjacency cod-
ing, GraphiT with GCKN coding [20]. In addition to [22], GraphiT [20] and
SAT [21] are the two most closely related architectures to ours, as they both
employ some sort of kernel to replace the standard attention mechanism, al-

though in both cases the attention is not fixed but learned. To further evaluate

14
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the performance on node classification, we also compare our model with ad-
ditional strong baselines, including GraphTransformer [19], Graphormer [38],
GraphGPS [36], NodeFormer [53], Difformer [40, 41] and SGFormer [42]. In
our experiments we use four RTX4090 GPUs, each with a memory capacity of

24GB. All our code is written in PyTorch and PyTorch Geometric!.

5.1. FExperimental Datasets

We evaluate our model on six commonly used datasets for graph classifica-
tion tasks. Five datasets are biological/chemical datasets (MUTAG, PTC, PRO-
TEINS, NCI1, AIDS) [4] and one is a social dataset (IMDB-BINARY) [54]. We
also evaluate our model on node classification tasks. For these tasks, we consider
three standard citation network datasets: Cora, CiteSeer, and PubMed [55].

Specifically, MUTAG is a collection of mutagenic aromatic and heteroaro-
matic nitro compounds, commonly used as a benchmark in graph classification
tasks to evaluate the ability of models to predict their mutagenic activity based
on molecular structures. PTC is a dataset consisting of chemical compounds
classified by their carcinogenicity in rodents. In this paper, we specifically utilize
the PTC_MR subset, which focuses on male rat data. PROTEINS is a widely
used benchmark in graph classification, comprising protein structures repre-
sented as graphs, where nodes correspond to amino acids and edges represent
interactions, with the task of classifying proteins into enzyme and non-enzyme
categories. NCI1 comprises chemical compounds tested for activity against non-
small cell lung cancer, with each molecule represented as a graph where nodes
denote atoms and edges represent chemical bonds. AIDS consists of chemical
compounds screened for activity against HIV, with each molecule represented
as a graph with atoms as nodes and covalent bonds as edges. IMDB-BINARY
is a dataset of ego networks derived from movie collaborations, where nodes
represent actors/actresses and edges indicate co-appearance in the same movie,

with the task of classifying the networks into types.

Ihttps://github.com/lcukyfuture/GraFix-
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Table 1: Summary statistics for the six graph datasets used in these experiments.

Dataset Size  Classes Avg. num. of nodes Avg. num. of edges Has node features
MUTAG 188 2 17.93 19.79 Yes
PTC 344 2 14.29 14.69 Yes
PROTEINS 1,113 2 39.06 72.82 Yes
NCI1 4,110 2 29.87 32.30 Yes
AIDS 2,000 2 15.69 16.20 Yes
IMDB-BINARY 1,000 2 19.77 96.53 No
Cora 1 7 2,708 5,429 Yes
CiterSeer 1 6 3,327 4,723 Yes
PubMed 1 3 19,717 44,338 Yes

Cora is a citation network where nodes represent scientific papers and edges
represent citations between them. Each paper is described by a binary word
vector indicating the presence of dictionary words, and the task is to classify
papers into one of seven research areas. CiteSeer is a similar citation network
consisting of scientific publications from the CiteSeer digital library. Nodes are
classified into six categories based on their research fields, using sparse bag-of-
words features derived from the document text. PubMed comprises scientific
publications from the PubMed database pertaining to diabetes. The network
consists of nodes categorized into three classes, with node features represented
by TF-IDF weighted word frequencies from the abstracts.

We apply one-hot encoding to the node features of all the datasets except for
IMDB-BINARY, which does not have node features and thus we use the degree
of each node instead. Table 1 shows some of the graph dataset basic statistics,

including number of graphs, classes, and average number of nodes and edges.

5.2. Experimental Setup

For the graph classification tasks, we evaluate the performance of each model
using 10-fold cross-validation, with a 90/10 training+validation/test split, fur-
ther splitting train+validation into training (90) and validation (10). For the

node classification tasks, we follow the evaluation protocol and experimental
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pipeline proposed in OpenGT [44]. In our experimental setup, GraFix++ is con-
structed by integrating a four-head attention mechanism with GraphConv [56],
where the attention mechanism is computed using four widely adopted graph
kernels: Random Walk (RW) [24], Shortest Path (SP) [27], Graphlet Sampling
(GL) [23], and Weisfeiler-Lehman (WL) [16]—each capturing distinct structural
features due to their significant differences in feature extraction. GraphConv,
a straightforward yet effective message-passing GNN module, is employed to
facilitate information propagation across the graph structure.

We use the training/validation sets to select the optimal model configura-
tions through grid search. To establish the hyperparameter search space, we
follow the ranges specified in [57] for GNNs, while for the vanilla transformer
and GraphiT we refer to the ranges outlined in [20]. For SAT [21], we vary: 1)
the number of GCN layers from 1 to 3; 2) the number of transformer layers from
1 to 3; 3) the number of attention heads in [1, 4, 8]; and 4) the weight decay
in [0.01, 0.001, 0.0001]. For our model, we vary: 1) the number of transformer
layers from 1 to 3; 2) the number of hops k to build the subgraphs from 1 to
3, with the exception of IMDB-BINARY where the range is limited to 1; 3)
the number of WL kernel iterations ranges from 1 to 5, except for the IMDB-
BINARY dataset where it is limited to 1 and 2. For the RW kernel we use a
step of 2 on all datasets, while for the GL kernel we set the sampling number to
5 on all datasets except for IMDB-BINARY and AIDS, where this is set to 3.
See GraKeL [58] for the explanation of these parameters. Finally, as the graph
kernels we employ are designed to work with low-dimensional discrete node fea-
tures, we discretize the node features of the Cora, Cornell, and Pubmed graphs
using k-means. We then define the search space for the number of clusters as
the range [16, 256], at intervals of 2.

For the node classification task baselines, we report the results directly
from [44]. For our model, and for all the graph classification baseline, given
the grid of hyperparameters, we select the model configuration with the lowest
loss on the validation set and we measure the accuracy on the test set. We re-

peat this procedure for every fold and finally we report the average accuracy £
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standard error over the 10 folds, except for the node classification tasks where we
follow [44] and compute the average accuracy + standard deviation over 3 runs
with 3 random seeds. During the training phase, stochastic gradient descent
and Adam are employed as optimization algorithms, with initial learning rates
set to 0.1 and 0.001, respectively. The learning rate is systematically reduced
to half of its current value every 50 epochs.

We set the maximum number of epochs for all models to 1000, with an early
stopping mechanism to minimize overfitting. To this end we use a predeter-
mined patience hyperparameter, which was set in alignment with the lowest
validation loss recorded within the initial 200 epochs. More specifically, if the
model validation loss failed to improve after the 200 epoch mark, this particular

loss value was identified as the optimal validation loss.

5.3. Graph Classification Results

Table 2 shows that our model outperforms the alternative ones, both tra-
ditional GNNs and transformer-based architectures, on five out of six datasets
(MUTAG, PTC, PROTEINS, AIDS, and IMDB-BINARY), while achieving a
higher mean accuracy than the vanilla transformer on all datasets.

On the one hand, we observe that GraFix exhibits varying performance
across datasets, with its effectiveness closely tied to the nature of the data.
Specifically, GraFix tends to underperform on datasets characterized by complex
node features, such as NCI1, where the intricate feature representations may not
be fully captured by its structural-focused approach. In contrast, GraFix excels
on datasets like IMDB-BINARY, where no node features are available. This
highlights the model strength in extracting and leveraging structural informa-
tion, making it suitable for tasks where graph topology plays a dominant role.

On the other hand, GraFix++ demonstrates significant improvements in
classification accuracy over the original GraFix framework, particularly on the
MUTAG, PTC, and NCI1 datasets. On MUTAG, GraFix++ achieves an accu-
racy of 87.25+ 1.5, outperforming all competing methods, including the original
GraFix (85.09 &+ 2.6). Similarly, on PTC, GraFix++ achieves an accuracy of
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Table 2: Average mean classification accuracy + standard error for our model (GraFix) and
the competing ones on the 6 datasets considered in this study. The best model for each dataset

is highlighted in bold, while the second best model is underlined.

Dataset MUTAG PTC PROTEINS NCI1 AIDS IMDB-BINARY
GCN 75.99 + 3.5 56.11 + 2.8 71.60 £ 0.8 74.53 £ 0.7  94.55 +£ 04 72.80 £ 1.8
GraphConv 82.51 £ 2.9 53.76 £ 2.7 7137+ 1.1 76.06 £+ 0.5 94.15 £ 0.5 72.90 £ 1.2
DGCNN 85.03 £+ 2.7 50.60 + 2.2 73.86 £ 0.7 7438 £0.7  99.40 £+ 0.1 71.90 £ 1.4
DiffPool 81.35 £ 2.5 57.83 £ 2.3 7125 £1.5 79.32 +£0.9 99.15 £ 0.1 70.50 £ 1.2
ECC 80.82 £ 4.2 50.87 £ 2.8 7117 £1.0 75.82 £ 0.5 96.05 £+ 0.2 70.40 £ 1.8
GIN 80.26 + 3.1 58.69 + 1.6 74.76 £ 0.9 78.89 £ 0.6  99.35 £ 0.2 7230 £ 1.2
GraphSAGE 72.22 + 2.8 55.78 £2.7 7125+ 15 7744 £ 0.7 9740 £ 0.3 71.30 £ 2.3
Vanilla transformer 72.78 £ 3.6 51.74 £ 2.0 7098 £1.1 65.67 £ 0.7 94.70 £ 0.5 72.40 £ 1.5
SAT 79.68 + 3.4 56.72 £ 2.2 7331+ 1.10 76.27 £0.5 96.90 £+ 0.4 7290 £ 1.4
GraphiT + Diffusion 81.46 2.6  60.14 + 2.1 7421 £1.2 76.69 £ 0.7  96.75 + 0.5 70.60 + 1.5
GraphiT + Adj 79.27 £ 1.7 57.84 £ 2.5 7107 £ 1.4 7796 +£ 0.7  95.85 + 04 7190 £ 1.4
GraphiT + GCKN 81.93 £ 2.2 59.91 + 3.2 70.98 £ 1.3 7891 £ 0.7 9840 £ 2.5 71.10 £ 1.5
GraFix 85.09 + 2.6 57.57 £ 2.4 75.11 £1.2 71.70 £ 0.5 99.45 £+ 0.1 7330 £ 14
GraFix++ 87.25 + 1.5 61.92 +1.8 76.19 £ 0.8 7647 £0.6 99.55 + 0.1 73.40 + 1.5

61.92 + 1.8, surpassing both GraFix (57.57 4+ 2.4) and the second-best method,
GraphiT + Diffusion (60.14 + 2.1). While GraFix++ does not achieve the
highest accuracy on NCI1, it shows a substantial improvement over GraFix,
increasing the accuracy from 71.70 £ 0.5 to 76.47 + 0.6. This improvement
underscores the effectiveness of enriching node features through a single-layer
GraphConv, which enhances the model’s ability to capture both structural and

feature-based information.

5.4. Node Classification Results

The experimental results for node classification on the Cora, CiteSeer, and
PubMed datasets are shown in Table 3, where GraFix++ (with either WL, or
SP, or both WL & SP kernels) is compared against several representative base-
lines, including GCN and advanced graph transformers. Our model achieves
state-of-the-art performance on the CiteSeer and PubMed datasets with an ac-
curacy of 0.6750 £ 0.0050 and 0.7793 + 0.0045, respectively, outperforming all
competitors including GraphTransformer and SGFormer. As discussed more in

detail in subsection 5.8, we observe that the combination of multiple kernels
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Table 3: Node classification accuracy + standard deviation on Cora, CiteSeer, and PubMed

datasets. For each dataset, the best (second best) model is highlighted in bold (underlined).

Dataset Cora CiteSeer PubMed
GCN 0.7180 £ 0.0298 0.6173 £ 0.0177 0.7150 £ 0.0297
Graphormer 0.4323 £ 0.0455 0.4360 £+ 0.0140 OOM
GraphTransformer 0.7913 + 0.0052  0.6717 + 0.0062 0.7420 + 0.0099
GraphGPS 0.7150 £ 0.0051 0.6227 + 0.0246 0.7327 + 0.0184
NodeFormer 0.7103 £ 0.0175 0.5903 + 0.0204 0.6953 + 0.0144
Difformer 0.7650 £ 0.0099 0.6447 £ 0.0217 0.7587 £ 0.0066
SGFormer 0.7703 £ 0.0021 0.6580 £ 0.0008 0.7347 £ 0.0034

GraFix++ (WL)
GraFix++ (SP)

0.7507 £ 0.0118
0.7560 £ 0.0060

0.6750 + 0.0050

0.6580 % 0.0060

0.7707 £ 0.0040
0.7450 £+ 0.0070

GraFix++ (WL+SP)  0.7720 + 0.0050 0.6740 £ 0.0080  0.7793 £ 0.0045

allows GraFix++ to match or surpass the classification accuracy of the best
performing single kernel instance of our model, effectively removing the need
to select a specific kernel. Overall, these results demonstrate that the strong
performance of our model persists when considering node instead of graph clas-

sification tasks.

5.5. Interpretability Analysis

To shed light on the inner workings of our model, we then conduct a struc-
tural sensitivity analysis and visualization on the MUTAG dataset using 2-hop
subgraphs. In the bar chart of Fig. 3 (right), we show the effect on the loss
of masking each head in turn from GraFix+4. We can see that the GL ker-
nel emerges as the most influential head, followed by the WL kernel. This in
turn is highly consistent with the nature of the MUTAG dataset, where specific
molecular sub-structures (specific molecular rings) are definitive indicators of
mutagenicity. The removal of GL information causes the most significant per-
formance degradation, proving its critical role in the model inference. While the
standalone accuracy of the WL kernel is higher than that of the GL kernel, our

ablation study shows that masking the GL kernel results in a more significant
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Figure 3: Distribution of the node attention values corresponding to the 4 attention heads

(left) and bar chart of the loss increase resulting in masking each of the heads (right).

loss increase. This suggests that while WL is a robust general-purpose descrip-
tor, its information may partially overlap with other kernels like SP or RW.
In contrast, the GL kernel captures highly specific, non-redundant structural
motifs (specific molecular rings) that the model becomes heavily dependent on
in a multi-head setting. Consequently, the GL kernel provides more unique dis-
criminative power that other heads cannot easily compensate for, leading to a
sharper drop in performance when it is removed.

The graphs in Fig. 3 (left) show instead the value of Attentiony(z,) (see
Eq. 11) for each node and attention head, with low values indicated in yellow
and high values indicated in blue. Once again, the graphs show that the GL
kernel captures more unique and discriminative information than the other ker-
nels. The WL head, on the other hand, captures localized atomic environments,
providing complementary information to the global-local graphlet patterns.

These interpretability findings align well with our quantitative experimental
results, where our model using the WL and GL kernels achieves the highest
classification accuracy. This suggests that our multi-head attention mechanism

effectively prioritizes the most relevant structural kernels for the given task.

5.6. Runtime Analysis
Table 4 shows that, in terms of training time, GraFix is significantly faster

than all the alternative graph transformers, including the vanilla transformer

21



489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

Table 4: Average per epoch training time + standard error (measured in seconds x1072).

For each dataset, the fastest (second fastest) model is highlighted in bold (underlined).

Dataset MUTAG PTC PROTEINS NCI1 AIDS IMDB-BINARY
Vanilla transformer 3.76+£0.25  5.22+0.26 19.2540.19 57.77+£0.27  27.9440.23 15.7640.28
SAT 23.64+0.27 43.35+£0.28 139.33+0.31 508.174+2.35 127.8240.30 294.15+0.39
GraphiT + Diffusion  4.44+0.17  6.31+0.27  31.49+0.20 70.82+0.23 34.46+0.23 20.70+£0.33
GraphiT + Adj 4.61£0.18  6.26+£0.27  31.1740.22 70.93+0.21 34.19+0.21 19.3840.30
GraphiT + GCKN 3.894£0.19  6.7040.22 35.55+0.24 77.36+0.46 35.01£2.5 22.16+0.25
GraFix 1.89+0.04 4.25+0.05 11.99+0.04 52.63+0.05 28.20+£0.13 9.97+0.04
GraFix++ 3.164+0.09  5.58+0.10 18.63+0.12  63.15 + 0.18  30.3640.21 19.974+0.12

computed on the node features. Indeed, this is achieved by precomputing the
attention coefficients rather than learning them end-to-end. The slight increase
in running speed observed for GraFix++, on the other hand, can be attributed
to the additional computational operations required by the model, resulting
from the introduction of multiple attention heads.

At the same time, note that GraFix++ remains significantly faster than
both SAT and GraphiT, with the exception of the IMDB-BINARY dataset.
Notably, the runtime of GraFix++ is nearly comparable to that of the vanilla
transformer. This shows that GraFix+4 maintains a substantial advantage
in terms of training efficiency while simultaneously enhancing the accuracy of
the original GraFix model. Note that the times shown here do not include the
precomputation of the graph kernels or the GCKN features, diffusion kernel, and
adjacency matrix positional encoding of GraphiT [20]. Finally, these training
times refer to the best performing models selected during the grid search and

used to generate the classification results of Table 2.

5.7. Number of Model Parameters

We present a comparative analysis of the parameter counts of our proposed
model against several alternative graph transformer architectures evaluated in
these experiments, as showed in Table 5. As expected, by leveraging a precom-
puted non-learnable attention matrix, our model achieves a significant reduction

in the number of trainable parameters, even when compared to the standard
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Table 5: Comparison of the number of model parameters for different configurations of
GraphiT and our model. For each dataset, the model with the least (second least) num-

ber of parameters is highlighted in bold (underlined).

Dataset MUTAG PTC PROTEINS NCI1 AIDS IMDB-BINARY
Vanilla transformer 105,154 105,858 104,898 107,074 107,138 113,410
SAT 142,594 143,298 142,338 144,514 144,578 150,850
GraphiT + Diffusion 104,386 105,090 104,130 106,306 106,370 112,642
GraphiT + Adj 104,386 105,090 104,130 106,306 106,370 112,642
GraphiT + GCKN 111,362 112,066 111,106 113,282 113,346 119,618
GraFix 67,522 68,226 67,266 69,442 69,506 75,778
GraFix++ 80,706 82,114 80,194 84,546 84,674 97,218

transformer architecture. Importantly, while fixing the attention coefficients re-
duces the number of trainable parameters within the model, it still maintains or
improves the model accuracy. Therefore our model is able to optimize compu-
tational efficiency without sacrificing performance. This is particularly relevant
when we compare our results to those of SAT, which effectively learns a kernel
(a dot product attention between learned structural features), which in turn
involves complex GNN aggregations during every epoch.

Specifically, we observe that GraFix utilizes fewer than 50% and approx-
imately 65% of the parameters required by SAT and GraphiT, respectively.
GraFix++, on the other hand, exhibits an increase in parameter count when
compared to to GraFix, however it remains more parameter-efficient than all
other transformer-based models and significantly outperforms GraFix in terms
of classification accuracy as shown in Table 2. Finally note that for a fair com-
parison of parameter counts across all models, we standardized the number of

transformer layers to 3 in each architecture.

5.8. Ablation Studies

We conclude the experiments by evaluating the impact of different parame-
ters and architectural choices on the performance of our model.

We start by evaluating the impact of varying the number of WL kernel it-

erations and subgraph hop numbers on the performance of the model (with a
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Figure 4: Average classification accuracy + standard error on the (a) MUTAG and (b) PRO-
TEINS datasets as we vary the subgraph hops k and the number of WL iterations h.

standard linear embedding instead of the GNN one). As illustrated in Figure 4,
we report the average classification accuracy of our model across different con-
figurations, varying the number of subgraph hops k from 1 to 3 and the number
of WL iterations A from 1 to 5. On both the MUTAG and PROTEINS datasets,
our model achieves optimal performance with a relatively small number of WL
iterations. This phenomenon can be attributed to the smoothing effect observed
in the attention matrix as the number of iterations increases, which consequently
reduces the discriminative capacity of structural features. Regarding the sub-
graph hop parameter k, we observed distinct behaviours between the MUTAG
and PROTEINS datasets. Specifically, on the MUTAG dataset, the model per-
formance improves when smaller subgraphs (fewer hops) are utilized, whereas
on the PROTEINS dataset, the model demonstrates a preference for larger sub-
graphs (more hops). This divergence aligns with the inherent characteristics of
the datasets, as MUTAG consists of smaller graphs while PROTEINS comprises
larger graphs, as detailed in Table 1.

We then evaluate the impact of type of graph kernel used to calculate the at-
tention coefficients, including the Weisfeiler-Lehman (WL), shortest path (SP),
random walk (RW), and graphlet (GL) kernels, as well as their combination
(WL4SP+RW+GL), without resorting to the initial GNN embedding. We
compare this to the model using a single WL attention head plus the initial
GNN embedding layer, as well as the full model combining the four fixed at-
tention heads plus the initial GNN embedding layer. Table 6 shows the results
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Table 6: Impact of the multiple attention heads and the GNN embedding. The results are

shown as average mean classification accuracy + standard error for each dataset.

Dataset MUTAG PTC PROTEINS NCI1 AIDS IMDB-BINARY
GraFix (WL) 85.09 £+ 2.6 57.57 £ 2.4 7511 +£12 7170 £ 0.5 99.45 £ 0.1 73.30 £ 14
GraFix (SP) 81.90 £+ 3.2 57.03 £ 2.2 73.89 £ 1.1 7275+£0.9 9940 £ 0.1 72.40 £ 1.3
GraFix (RW) 75.99 + 3.3 57.23 £ 2.6 7539+ 1.3 6795+ 0.1  99.45 + 0.1 7290 £ 1.5
GraFix (GL) 84.62 + 3.4 57.26 + 1.4 7457+ 1.2 70.76 £ 0.6  99.50 £+ 0.2 70.50 £ 1.1

(

GraFix (WL+SP+RW+GL)  85.61 = 1.7 60.55 + 3.9 75474+ 1.0 7287 +0.6 99.63 + 0.2 72.70 £ 1.6

GraFix (WL) + GraphConv ~ 86.64 + 2.2 61.30 & 2.5 7520 £1.5 7538 £0.9 99.30 £0.2 73.20 £ 1.3

GraFix++ 87.25 £ 1.5 61.92 +1.8 76.19 £ 0.8 76.47 0.6 99.55 £ 0.1 73.40 £ 1.5

of this experiment We observe that the performance of GraFix (without GNN
embedding layer) tends to reflect the performance of the underlying kernel, par-
ticularly in the case of RW kernel, which is known to perform poorly on MUTAG
and NCI1 [59]. This in turn can be due to (a) the tottering effect of the RW
kernel (which arises when random walks are allowed to move back and forth
between the same two nodes, creating artificial high similarity) and (b) the fact
that longer walks are heavily downweighted in the RW kernel, thus causing a
partial loss of global structural information (unlike other kernels). MUTAG in
particular is a small dataset composed of small graphs, which in turn can further
exacerbate the issues of the RW kernel. We also note that the the performance
differences when using a single kernel are often not statistically significant, which
suggests that our architecture can level the performance between the different
kernel choices to some extent, e.g., through the use of the downstream classifier
head. Most importantly, when combining multiple kernels our model is able to
close the gap between the individual kernels, achieving a classification accuracy
that matches the best one achieved by using a single kernel, thus effectively
removing the need to choose a particular kernel. Indeed, the main performance
boost for GraFix++ seems to be the addition of the GNN embedding layer, as
the results of GraFix (WL) 4+ GraphConv show. With the exception of AIDS
and IMDB-BINARY, where all models performs similarly well, on all the other
datasets the addition of the GNN embedding layer is sufficient to bump the per-

formance of GraFix with WL attention head to the second best one. Overall, it
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Figure 5: Avg classification accuracy =+ std error on all datasets for varying number of layers.

is both the combination of the GNN embedding layer and the multiple attention
heads that gives GraFix++ an edge over other configurations.

Figure 5 presents an ablation study on the effect of the number of lay-
ers on classification accuracy across six datasets with GraFix++. The results
indicate that, with the exception of the AIDS dataset, a single-layer model gen-
erally achieves higher accuracy. This suggests that by refining the attention
mechanism in the transformer and reducing the model training parameters, we
enable effective performance with fewer network layers. As a result, compared
to other models, GraFix++ achieves superior experimental results with fewer
network layers, thereby significantly reducing hardware resource consumption
while maintaining a competitive performance. In general, we observe that the
optimal number of layers of our GraFix++ remains mostly independent of the
nature of the underlying graphs. Indeed, the same behaviour persists on a wide
range of datasets from different domains and varied sizes and connectivity struc-
tures. A notable exception is the case of node classification datasets. Here the
graphs are significantly larger, have a distinctive scale-free nature, and are char-

acterized by high-dimensional node features that are highly discriminative for

26



591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

©
@
~
=)

Accuracy (%)
@ ©
& 3
Accuracy (%)
=3
3
Accuracy (%)
N N @
a X 3
o wu o

o
o
~
N
o

@
S
o
S
~
o
o

1 3 1 3 1 3
Number of Hops Number of Hops Number of Hops
(a) MUTAG (b) PTC (c) PROTEINS
82 100
80 99 775
~78 - -~
g g o 575.0
276 > >
g g o7 §725
g g §700
3 .
<1 < 9 <
67.5
70 95
65.0
1 2 3 1 2 3 1 2 3
Number of Hops Number of Hops Number of Hops
(d) NCI1 (e) AIDS (f) IMDB

Figure 6: Avg classification accuracy + std error on all datasets for varying number of hops.

classifying the nodes. On these datasets, the optimal number of layers selected
during the hyperparameters grid search is 2.

Finally, we analyze the impact of varying the number of hops in GraFix++.
Figure 6 presents the classification accuracy as the number of hops used to build
the subgraphs increases from 1 to 3. For datasets with a relatively small number
of nodes, such as MUTAG and PTC, we observe that increasing the number of
hops leads to a decline in classification accuracy. This can be attributed to the
fact that extracting multi-hop subgraphs in small graphs results in kernel values
becoming overly smooth and similar, thereby reducing the discriminative power
of the model. This effect is also clearly visible on IMDB-BINARY, where the
graphs are relatively small world (i.e., their diameter is small) and thus a few
hops are sufficient for a subgraph to span the entire graph. As a consequence,
using a single hop allows for better feature extraction while avoiding excessive
information blending. We observe a slightly different trend on the AIDS and
PROTEINS datasets, where leveraging more hops enables the model to capture
a broader range of relational dependencies without excessive smoothing. As a

result, the performance remains relatively stable across different hop settings.
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6. Conclusion

In this paper, we introduced GraFix++-, a novel graph transformer architec-
ture that diverges from conventional approaches by employing a fixed attention
mechanisms derived from graph kernels, rather than learning attention weights.
Specifically, the attention coefficients are precomputed to capture the similarity
between substructures within the input graphs, leveraging the expressive power
of graph kernels. We demonstrate that the proposed model, which utilizes multi-
ple graph kernels to compute node-level attention coefficients, achieves compet-
itive performance compared to both GNNs and traditional graph transformers
on standard graph classification benchmarks. The modular design of GraFix++
allows for the seamless integration of alternative graph kernels to adapt to di-
verse datasets, as well as the incorporation of additional fixed attention heads
to enrich the extraction of substructure information. Furthermore, our archi-
tecture significantly reduces the number of trainable parameters, thereby lower-
ing computational complexity and alleviating hardware resource requirements,
while maintaining a robust performance.

While GraFix++ offers substantial improvements in training efficiency and
scalability, it still has limitations. Our approach involves a strategic trade-
off: the significant reduction in per-epoch training time is achieved at the ex-
pense of an initial pre-computation overhead for the structural kernels. Conse-
quently, GraFix++ is optimized for scenarios prioritizing high-throughput train-

ing rather than total pipeline latency minimization (including pre-processing).
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