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ABSTRACT ARTICLE HISTORY
Inspired by Berkes et al. [3] and Wu [37], we prove an almost sure invari- Received 1 February 2024
ance principle for stationary 8-mixing stochastic processes defined on ~ Accepted 2 August 2026
Hilbert spaces. Our result applies to Markov chains satisfying the Meyn-
Twee'd!e-t)./pe Lyapunov condition, thereby generall.zmg the contraction Almost sure invariance
condition in Berkes et al. [3, Example 2.2]. The main theorem is estab- e .
- ! > : ¢ principle; Hilbert space;
lished using the big and small blocks technique and an embedding B-mixing time series
result from Gotze and Zaitsev [14]. Examples of ergodic Markov chains

and functional autoregressive processes are provided as applications. MsC2020
60F17;60G10
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1. Introduction

Let (Xk)keN, be random variables with EXj = 0and E|Xk|P < oo forp > 2, (Xy)ken, satisfies
the almost sure invariance principle (ASIP) with rate r,, if there exists, after suitably enlarging
the probability space, independent Gaussian random variables (1;)ken, With covariance
cov(Xy), that is 5, ~ N (0, cov(Xy)) such that

1 1
1?21 | ;Xk ; Nxl = o(rn), almost surely.

The ASIP was introduced by [33,34] to prove the functional law of iterated logarithm
for independent, identically distributed (i.i.d.) random variables. Moreover, it serves as a
powerful tool, directly implying Donsker’s theorem [17,18]. considered this problem for
i.i.d. random variables with a finite p-th moment and established the optimal rate n'/? for
p > 2. For dependent random variables [37], employed martingale approximation and the
Skorokhod embedding to demonstrate the ASIP with a rate of n'/?(logn)'/? for a class of
stationary processes with 2 < p < 4 in R. However, this approach cannot achieve the
optimal rate, and extending the martingale embedding method to d-dimensional spaces is
challenging, see [25] for more details. Under the framework of [3,37] applied the block
technique to construct independent block sums, obtaining the optimal rate n'/? for p > 2
in R. For further studies on the ASIP in R, we refer the reader to [8,9, 22,31].
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For the multidimensional invariance principle [38], obtained the optimal rate for the
multivariate version of the Komlos-Major-Tusnddy (KMT) theorem and then established
multivariate versions of Sakhanenko’s theorem, see [39-41]. These Gaussian approximation
results for independent multivariate random variables provide essential tools for proving the
ASIP for multidimensional dependent random variables. Using the block technique [20],
achieved the rate n'/? for 2 < p < 4 in R, For more general p [15], established the ASIP
with rate n!/4+1/@=9+€ for p > 2 and € > 0, under mixing conditions expressed via the
characteristic function. Under similar conditions [16], obtained the rate n'/4+€ for uniformly
bounded ¢-mixing sequences defined in d-dimensional space.

The motivations for studying the ASIP of stationary B-mixing time series are two fold.
First, while there has been extensive research on the ASIP for dependent R- and R9-valued
random variables, there are few results of this type for dependent time series in Hilbert
spaces. See [7,12] and the references therein for some existing work. Second, classical results
by [3,20,37] rely on geometric moment contraction (GMC) conditions, which require strict
exponential decay rates and are not satisfied by some examples. In this paper, we aim to prove
the ASIP under a more general condition.

Our main contribution is the proof of the ASIP for stationary B-mixing time series
defined on infinite dimensional Hilbert spaces using the block technique. This result not
only complements the existing ASIP results in Hilbert spaces but also relaxes the GMC
condition, thereby broadening its applicability. Due to the equivalence between S-mixing and
ergodicity for stationary Markov chains, many practical examples satisfy this condition and
consequently exhibit the corresponding ASIP. Furthermore, since our result is independent
of dimensionality, it provides a tool for analyzing asymptotic normality for high-dimensional
data analysis and can get a convergence rate independent with the dimension. As a byproduct,
we extend the moment inequality for this type of time series to the Hilbert space setting.
However, a limitation of our result is that the convergence rate obtained in the ASIP is not
optimal. This arises from the treatment of certain elements in the Hilbert space as remainders,
which introduces additional approximation error into the overall result. Future research could
focus on refining the decomposition and better block construction techniques to improve the
rate.

1.1. Main result and methodology

Considering a separable Hilbert space H with orthonormal basis {ey}xen, denote by (-, -) and
|| - || the associated inner product and norm respectively. For any x € H, there exists a unique
representation x = Y ;°, xe with x; € R fork > 1and ) ;- x < 00, and thus we can
represent x by the sequence (x1,.,xx,.)T, where T is the transpose operator. For a positive
integer d and any x € H, H can be decomposed into

H=H<+ Hs.q4
with element (x1, . ..,x7)T € H<g and (X441, %442 - - )T e H.,

Let X and Y be two H-valued random variables, denote by Px .y the joint probability of
(X, Y) and by Py, Py the probabilities of X and Y respectively, define

BXY) = |Pxxy — Px x Pylty,
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where ||.||Tv is the total variation norm of probability measures, i.e.,

IPxxy — Px x Pyllpty = sup Pxxy(f) — Px x Py(f)l.
FeCyHxH:||f[| . <1

Now we consider an H-valued time series (Xj)xen,. The S — mixing coeflicient of the time
series is defined as

B(n) = iuP,B ((Xi)ogigk’ (Xi)ier—k) . (1.1)
>1

In this paper, we assume that

(A1) (Xk)ken, defined on the probability space (€2, F,P) is stationary with a stationary
measure 7 and exponentially 8-mixing, i.e., there exist some C > 0 and § > 0 such that

B(n) < Ce P, neN.
(A2) There exists some positive linear operator I' : Hl — H such that

cov(zz;é X5
m ——==0"" _

n—00 n

ra

where cov(.) is the covariance operator of the H-valued random variable. Moreover, I' has
positive eigenvalues {Ag}xen With A1 > A > ... > 0. There exist §;>§, > 1 and positive
constants C; and Cj, such that

Gk < <Gk, keN.
Remark 1.1. It is easy to obtain

o0
I = cov(Xo) + Y _ (cov(Xo, Xs) + cov(Xo, Xp)") .
k=1

The assumption (A2) implies that I has effective rank and the eigenvalues of covariance
operator polynomially decay. Similar conditions can be found in [21,29] and citations therein.
For random variables £ and n, let & Zz n denote they have the same distribution. Our main
result is given as follows.
Theorem 1.2. Assume that (A1) and (A2) hold and that the stationary measure w has p-th
moment with p > 2. Then there exists a probability space on which we can define random

variables X7 and i.i.d. Gaussian random variables n; such that (X;)1<i<n Zz (XD 1<i<n>
MD1<i<n ~ N(0,T) and

i i
- _ |l
1rgiaxn XI:(XJ- (X)) Xgn] o(n”), as.,
= =

, = (2p—2)814+282423p—4  (2p—2)81+28:+p(p+4)/2—4
where I defined in (A2) and 6 > max{44p_4+(4p_4)51+2p82, P2~ (dp— 4517205, }

Corollary 1.3. Under the conditions of Theorem 1.2, for any ¢ > 0, there exists a 8p,e depending
on p and & and defined in (3.17) such that as h < k% and § > 8p.e» there exists a probability
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space on which we can define random variables X} and i.i.d. Gaussian random variables n; such
9
that (Xi)1<i<n = X)1<i<n> 1; ~ N(0,T) and

i i
* _ lJr%%s
ggl XI:(X]-—JT(X))—ZI:U]- —o<n3 3Gp—2 >, a.s. (1.2)
= =

Remark 1.4. For random variables defined on R with condition (A1) and further assume
I is a positive semidefinite matrix. As we shall see in step 1 of the proof of Lemma 3.3, by
the block technique and the invariance principle of i.i.d. random vectors in [42, Corollary 3],
when A > %1 + 4(p+1)’ the following ASIP holds,

i i

* _ 8 A

1??5%: Z(Xj — (X)) — Z nj| =o ((d logd)n ) ,  as. (1.3)
j=1 j=1

This rate is same as [15, Theorem 1.2] which is under the mixing condition tied to spectral

properties. As A =< e~ K" with y > 0, the rate on the right hand side of (1.2) can be improved

1 2
too <n§+3<3P*2>) by our method. One may intuitively see this by letting §; and §, tend to co

in Theorem 1.2.

Remark 1.5 [6, Theorem 2.1]. considered the almost sure invariance principle for the Markov
chain under the polynomial ergodic condition, which is closely related to the B-mixing
condition, in 1-dimensional space. Following the Nummelin splitting technique, see [26],

to construct independent blocks, they obtained the rate nivll’ for p € (2,4]. See [23,27]
for more details of this method and result. Their result considers the 1-dimensional case
and requires the Markov property condition, which is not used in this paper. The weaker
polynomial mixing condition and more optimal rate is our future research goal.

Let us briefly describe our approach as follows. We divide the positive integer number N
into the intervals [2" + 1,2"1] for m = 0, 1,. Each interval is partitioned into a sequence
of big blocks with length 2“1 for a; € (0,1) and small blocks with length m. Following
the properties of — mixing, we can construct i.i.d. random variables distributed as the big
block sums in H. The projection of these random variables on H-; are comparable with
Gaussian random variables following [14], while the residual on H., ; and small block sums
are negligible. After carefully choosing the relation between the dimension d and the sample
size n, we can get the result.

1.2. Organization of the paper and some notations

The paper is organized as follows. Our main result is stated in Section 1. In Section 2, we
provide some preliminary lemmas and the technique for the proof of our main result. The
proof of the ASIP is given in Section 3. In Section 4, we give some applications. Some proofs
of preliminary lemmas are given in Appendices A and B, and the proofs of examples in Section
4 are given in Appendix C.

We finish this section by introducing some notations which will be frequently used in
sequel. For variables (X;)ieny, € H, X;; denotes the j—th element of X;. We denote £* the



STOCHASTIC ANALYSIS AND APPLICATIONS e 5

random variable that has the same distribution as &. For an operator A : H — H, ||A||F for
operator on H denote the Frobenius norm of A, i.e., [|A||r = v/ Tr(AAT). For x € R, [x] and
[x] smallest integer greater than x and the integer part of x respectively. We further denote
an < by, if there exist positive constants ¢ and C such that ca, < b, < Ca,. The symbols C
and c denote positive numbers, C, and ¢, denote positive numbers depend on the parameter
p- Their values may vary from line to line.

For the stationary process (Xy)ken, with ergodic measure 7, without loss of generality,
from now on we assume

JT(X()) =0.

2. Auxiliary lemmas for Theorem 1.2

The strategy of proving Theorem 1.2 is to decompose Y i, X; into two parts by the block
technique, showing that the big block sum is comparable with Gaussian random variables
and the small block sum is negligible following the properties of f— mixing which are shown
below. In this section, we provide some preliminary lemmas and the technique for the proof
of our main result.

2.1. Lemmas of B— mixing time series

In this subsection, we recall the result of [1] first for the convenience of the reader, which is
useful to construct the independence for f— mixing time series. At the end of this subsection,
we give the following two lemmas, the first lemma paving a way for proving the last which is
an extension to infinite dimensional space valued random variables of [32, Theorem 4.1].

Lemma 2.1 [24, Lemma 2]. Let X and Y be two random variables defined on H with quantile
Sfunctions Qx| (u) and Q)y| (u). Then

[E(X,Y) — (EX,EY)| < 18 /0 Qux () Qv ().

Here Qx| (u) = inf{t : P(||X|| > t) < u} and Q)y| () is defined similarly. & is defined by
& = SUP 4, (x)Beo (1) LIP(A N B) — P(A)P(B)}. Similarly,

lcov(X, Y)|IF < 18/0 Qx| (W Qpyy (w)du.

It is easy to see that Qx| is the inverse function of P(||X|| > #) and is a non-increasing

function. Moreover, Qx| (U) Z | X||, where U is a random variable uniformly distributed on
[0, 1].

Lemma 2.2. Suppose Assumption (A1) holds and Xo ~ 7 with p—th moment, there exists a
constant C > 0, such that for any 2 < p’ < p and large enough n,

4 , ,

_ 7 P

< Cnz (z(IX[7)) ?

Proof. The proof is given in Appendix B. O
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2.2. Blocking

The blocking technique is a typical way for dependent time series and applied in proving
almost sure invariance principle, see [3,15,20].

We subdivide N into the intervals [2” + 1,2™T!]. For any positive integer m, let m; =
2lenml and m, = LC* log ZmJ with 0 < a; < 1 and C* > 0, @1 and C* will be chosen later.
For any n € [2™ + 1,2™*!], we denote

For 1 <j < «(2™1), put

Lpj={i:2" 4+ (m+m)(j—1)+1<i<2"+ (m +m)G— 1)+ mi},
Jmj ={i: 2" + (my +mp)(G— 1) +my + 1 < i <2" + (my + my)j},

where I, ; (resp., ] j) are big (resp., small) blocks. The tail is defined by

Lyyeamtiypr = {i: 2" (my+mp)e 2™ +1 < i < 2" A ((m1 + my)k (2" + my)},

T mitysr = (i : 2" + (my + m)e ™) +my +1 <i < 2"}

Thus, we decompose the interval [2™ 4 1,2"F!] as a union of x (2" 1) + 1 big blocks and
k(21 + 1 small blocks. We further denote iy, j is smallest element of I;,;, Z(m) = Uj I
and J(m) = Uj Jm,j- Let the block sums defined by

Ym’jz ZX{, and Zm,j: in.

iGImJ iGImJ

We introduce following lemmas to give the moment bounds for Y, j and Z,,, ; which paving
a way for showing that Y, ; is comparable with i.i.d. 17,,1 j distributed as Y, j for j = 1,., k (n)
and small blocks Z,, ; are negligible. Their proofs are given in Appendix C.

Lemma 2.3. Under the condition of Theorem 1.2, forany2 < p’ < pandj =1,k (2™ 1) +1,
we have

/ /

, z , [
E[lYmilP < Cmi, El|ZnjlP < Cmj .

Lemma 2.4. Under the condition of Theorem 1.2, for any 2 < p' < p, we can construct
independent random variables Y ,; defined on a richer probability space (21, A1, P1) such that

Yy Z Y jforj =1,k Q™) satisfies

1<i<g(2mtl)

i

max | Y (Y — V)| = 0QUIm0/P /DM flogom) as. (21)
j=1

Moreover,

i
max | Y (Yme — Vo)l = 0@ 7e0/Prea/2m flogom), s, (2.2)
=1

1<i<j
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Lemma 2.5. Under the condition of Theorem 1.2, for any n € [2™ + 1,2"%1], we have

1
max Xyl = 0227 M 552 gs.
2mil<i<n Z ¢ ( g2") s
LeJ (m)N[0,i]

Moreover, for any i.i.d. centered Gaussian random vectors 1,

1
max = 0227 M 5g0M) g,
o Z e = of og2™), as
LeJ (m)N[0,i]

3. Proof of Theorem 1.2

The strategy for proving Theorem 1.2 is to decompose the sum ) ; X; into two parts using
the block technique, where the contribution of small blocks is negligible as shown in Lemma
2.5. For the big blocks, the projection of these random variables onto the subspace H is
comparable to Gaussian random variables according to [14], while the residual on H.. ; can be
directly bounded. The dimension d will be chosen carefully with respect to #. In this section,
we first introduce the necessary lemmas to establish the Gaussian approximation for the big
blocks, and then conclude with the proof of Theorem 1.2.

Under Assumption (A2), there exists an orthonormal operator U such that the long-
run covariance operator of the transformed sequence (UXy)ken,, given by I = uru’,
is a diagonal matrix diag(A1,A2,...). By the unitary invariance of the norm, the almost
sure invariance principle analysis for the original sequence (Xi)en, is equivalent to that of
(UXk)keN,- Thus, without loss of generality, we assume hereinafter that I is diagonal in this
section.

Lemma 3.1. Under the conditions of Theorem 1.2, one has
n
leov(} X — Tl < G, (3.1)
i=1

where C is a positive constant depends on p and B. For the diagonal elements of the matrix
cov(} i, X;), we further have

2
n
E |:Z X,')g:| — nAg = 1y, (3.2)
i=1
where X ¢ is the £-th element of X; and ry is a square summable constant depends on £.

Proof. A straight calculation yields that
n n
COV(Z X)) = Z cov(X;) + Z (cov(Xi,Xj) + COV(X,-,Xj)T) .
i=1 i=1 1<i<j<n
Since (X;)o<i<n is stationary, there exist linear operators I'; for i = 0, 1, 2,. such that

cov(Xy) =Ty cov(X;, X)) = E[XinT] = E[XOX].T,,.] =T
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We further denote T' = T'g + Y32 (Tx + I'}). Thus,

n
cov(Z X;) —nIl
i=1 F
n (o.¢]
= Y coviXp+ Y (cov(Xy, X)) + cov(X;, X)) —nTo —n Y _ (Tx+TY)
i=1 1<i<j<n k=1 F
n oo
= > =@+ T)H)—n) (Tx+T})
k=1 k=1 F
[e.¢] n
< |n D0 @e+TH|+ D k(T +TY)
k=n+1 k=1 F

To finish the proof, we show that ||cov(Xo, Xi)|lr = Tkllr < Ce~ and this gives the
bound of (3.1). Following Lemma 2.1 and Hoélder’s inequality, one has

a (k)
llcov(Xo, Xi)llF < 18/ QﬁXoH ()du
0

1 1-2/p 1 2/p
<18 (/ 1{u§a(k)}du> (/ Qﬁxoll (u)du)
0 0

< Ce~kB(1=2/p) (E||X||p)2/P.

Thus, we obtain

< CEIX|I)*?.
F

cov(Xn: X;) —nIl

i=1

Notice that T is diagonal with element A;, A5, . and with the form I' = Ty + Z,‘:‘;I(Fk +
I‘]{), thus, for each element of I, we have for the £—th element in the diagonal

o0
E[X5,1+ 2 Z E[Xo,eXke]l = Aes (3.3)
k=1

and for the remaining elements with i # jand i,j = 1,2,...,

o0
E[Xo,iXo,] + Z (E[X0,iXkj] + E[Xo,Xk]) = 0. (3.4)
k=1

Following (3.1) and the definition of Frobenius norm, it is easy to see that

o0 n 2 2
dYolE [in,g} —nie | <C,
i=1

(=1

which implies there exists a square summable number r; such that

2

n

E |:Z Xi,gi| — nAg = 179.
i=1
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O

For any vectors &, ., &, defined on H let

d d
El( ) = (-’;"i,b .. -asi,d)T S Rd’ Sl[ ! - (0) .. ~>O>Si,d+l’si,d+2’- . -)T € HL.

Lemma 3.2. Under the conditions of Theorem 1.2 and m Ly > Ck+ ¢ for k € N and constants

Cand ¢, let Amax and Amin be the largest and smallest eigenvalue of COV(Z?;II de)) respectively,
then one has one has

Amax < CmiA1  Amin > cmiAg.

Proof. Since X; = ((de))T, 0,)7 + X,[d], a straight calculation implies that cov(X::i‘1 Xl@)
is the upper left d x d block of cov(}_;", X;). Following [13, Corollary I1.A.3], we have

d mi my
Amax =< ker{ri?.).(d} o E |:§ Xz',k ;Xl,]i|
my 2 d my my
Amin > ker{rll,i.l.l.d} E |:Z Xi,k:| - Z E |:Z Xik ZXi,j:|
i=1 j=1,j#k i=1 i=1
Since
d mj mi
> B [ Xix ZX,J}
j=1,j#k i=1 i=1

i=1 1<i<r<m

d my
= > D_EXuXil + Bl D XiaXej+ XijXpx]
j=Li#k

d my
= Z mE[XoxXo,] + Z(Wu — DE[XoXij + Xo,Xikl|
J=Li#k i=1

(3.4) and Lemma 2.1 yield

d my my
> [e[Sndox
j=1,j#k i=1 i=1
d o0 mi
= > | > mEXoxXij+ XoiXix] + Y iEIXoxXij + XoXik]
j=Lj#k |i=mi+1 i=1
< C(d—1).

Combining with (3.2) and the fact (7k)i>0 is a sequence of summable constants, we obtain

mq mq
ﬂ2mz%}
i=1 i=1

< max (C{d—1)+mhrr+r1r) <Cd+mi+c
ke(l,...d)

d

Amax < max
ke{l,...d} i1
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d
)‘«man mln [szk:| - Z

j=Ljk

> min (mAp+re— C(d—1)) > mrg; — Cd+c.
kel{l,...d}

my mi
E [Z Xix Z X; ,J}

i=1 i=1

Since miA; > miiy > Cd + c, thus
Amax < Cmidi,  Amin = cmidg.

O

Lemma 3.3. Under the conditions of Theorem 1.2 and mAx > Ck + ¢ for k € N. For any
2 <p < pand f/m,j, one can construct on a probability space (22, Az, P2) a sequence of
independent random vectors (Y, ;j)* and the corresponding sequence of independent Gaussian
random vectors

= ()"0, + g,

for1 <j < k(™) so that

2 .5 Sldl d ()
Y= Ym)* (41 ./\/(0, cov(Ym)j)), 17( S~ N (0, cov(Ym’j))

> "m] m,j

and

i
max Y (Y m)* = ny
j=1

1<i<k(2mtl)

1
=0 (As/ A;%2((1_“1)/P,+“1/2)’”\/10g 2m 4 2m/24(1=02)/2 |og 2’”) as.

To compare (Y, i) 1<j<icem+1y with Gaussian random vectors on Hilbert space H, we show

that Y j are comparable with Gaussian random variables on R¥ space following [14

ﬂm J
Theorem 2] and Y are negligible.

Step 1. We show that for Y @ j one can construct on a probability space (23,42, P,) a

d

sequence of independent random vectors (Ym ])* Zy Y, ) ;jand the corresponding sequence

of independent Gaussian random vectors ~ N(0, cov(Y )) forl <j < K (21

such that

i 1
d - ,
max S () —l) =0(A§ g Oan ' 2m @m)

i m+1
1<i<k(2 ) i1

ne)

(3.6)
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where A; = C max{

For brevity, instead of writing out the properties of (Ym ])* and n(d) listed above we simply
say that there is a construction of Y Y ) to show that one can construct a coupling between Y ]
and Gaussian random variables on a probability space enjoying the mentioned additional

properties accordingly for 1 < j < x(2™*1).
Let Amax,y and Aminy be the maximal and minimal strictly positive eigenvalues of the

~(d
covariance matrix cov(Y( )) respectively. According to [14, Theorem 2], there is a construc-

tion of Y on probability space (£25,.42,P,) such that

(CIN d v 5 /
E| max ”Z(Wmﬂ W) I | = AdGumas,y /Amin) T @ DEN T

1<i<k(2mtl)
/

P P
< CAg(Amax,Y/Amin,Y) 2 K(2m+l)m12

Following Lemma 3.2, we obtain

/ /

; P
E| max ||Z((ijf;) @) 1| < cAmn, T @ yme.

1<i<k (2m+t1)

Thus, we have

o 1
Z]P, max | Z <(ij3) (d)) > A" Iy ~2p(an)/p'ar/Dm, fooom
m=1

1<i<i(2mtl)

o

1<i<k(2mtl)

d
E| max ||Z((an§) (d)) | A; lx 2~ (o) teap/2m (1o g omy =5
1 j=1

3
Il

3

/

Z C(log2™) ™7 < oo.
m=1

By the Borel-Cantelli lemma, we obtain

i 1
d 7o =1 /
max Z ((Yini) (d).> =0 <A§ Ay 2(—a)/p +"‘1/2)m‘/10g2m) , A4S,
j:

1<i<i(2m+l)

Step 2. We show that there is a construction of Y on probability space (€23, Az, P;) such

that
i
d
max Z <(Y£n]]) — 7]%) = o(2Umam/2(] 4 peumgl=82)1/2 log2™) a.s.

i m+1
1<i<k (2 ) =1

(3.7)

According to [14, (25,28,29)], one has

i
ld] «
Bl max 130 (Fnpr =)
j=1

1<i<i(2mtl)

2
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2 2
<CE Z(YEZ”J) +CE| max Z )

1<Z<K(2m+l) 1<i<i (2m+1)

K(2m+1)
<cC Z IE|

By (3.2) and the COIldlthIl mirg > Ck + ¢ > ri for k € N, we can get
2

i oo m
E| max i((yiﬂ) )| | soe@™h Y E[lei,k]z
j=1

Lsise@mth k=d+1  i=1

s [d] H

(o.¢]
=Ce@™) > (midk+ 1)
k=d+1

<C2md' %,
Thus, the Markov inequality yields
0 i i
Z P max Z ((YEn]]) _ [d]_) > Zm/Zd(l—(Sz)/z log om

i m+1
1<i<k (2 ) =1

_ ‘ 2

[e.¢] 1
< Z E max Z <(Y£j]J) %) 2 Mm% log(fz) 2™

i m+1
1<i<k(2 ) =1

m=1

< Q.

By the Borel-Cantelli lemma, we obtain
: d
max Z ((YE,,]]) — EZ]]) =0 <2m/2d(1_52)/2 log 2’”) ,  as.

1<i<k(2m+1)

Step 3. Combining the estimates in step 1 and step 2 above, i.e., (3.6) and (3.7), one has

i

max Z ((?m,j)* - ﬂm,j> I

i m+1
1<i<k(2 ) i1

i i
(@) % d [d] d
< max ) ((YmJ) - "fﬂD + _max >0 ((ij) E”]J>
=1

1<i<k(2m+1) pa 1<i<k(2mtl)

1
=0 (Af; A;%2<(1—°‘1)/P/+“1/2)m,/logzm 4 2m/2q(1=82)/2 10g2m) as.

Proof of Theorem 1.2. Foranyi € [2™ + 1,2™F1], it is easy to see that
k(i)

i
ZXE ZZYm,j+ Z Xe + Z Xe.
=1 j=1

CE€L iy 11N[2"+1,i] €eJ (mN[2M+1,i]
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Recall that iy, ; is the smallest element of I,,, j, following Lemma 2.5, we can get
K (i)

i
max ZXg — Z Y,
=1 j=1

2m+15i52m+1

<  max Z X¢ll +  max Z Xy

oM 1<i<om+l 2mp1<i<om+l

€€l (iy+1NI27+1,] e (mN[2m+1,i]
i it
1
= max max Z X, +o(25(1_“‘)mlog2’”), a.s.. (3.8)

<j<k(mt1) 1<i<|I;
1<j<ic(2m+1) 1<i<|In,j| Py

Let p’ be a positive constant such that 2 < p’ < p. For the first term, [37, Proposition 1]
and Lemma 2.3 imply

] P\ ¥ . i N\ 7 .
. < (r—i)/p’ . < r=D/p (hivy < 9%
Bl mey |2 =aE x| etz e,
which yields
gt [|P] ; ;
£ 15gellﬁn,jl €=2i,,;,sz < mjl7 <2747

Thus, the Markov inequality implies
im,j+i

o0
Z P max max Z Xl > 2((1_"‘1)/1’/‘“’“/2)’”(lome)l/2
m=1

<j<k(2m+1) 1<i<|L;
l_]_K(2 ) 1= |m,]| ZZim,j

o0 i jti v
< ZE max max Z X, 2~ (U—catenp’/2m 1oq 2m)=p'/2

1<j<w(2mH1) 1<i<|Ip |

oo k(2 i [P
< E| max X o~ (A=artenp’/2m 16 omy=p'/2
<2 2 E| mx ) X (log2™)
m=1 j=1 L=ip,;

m=1
By the Borel-Cantelli lemma, we obtain
max (3.9)
im,j+i
1<j<ic[2m+1) max || Y Xg|=o0@(—en)/p'+a1/Dmogom)1/2 |, g,
i<Imjlll =iy,

Similar estimate holds for any i.i.d. centered Gaussian random vectors 7, i.e.,
max  max Z N, = 0(2((1_“1)/P,+“1/2)m(log2'”)1/2), a.s. (3.10)

1<j<k (2mF1) i<|Ip,jl .
E:zm,j
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Combining (3.8) and (3.9), we have

i K (1)

1 /
max X, — Ynill =o ((27(1_“1)’" + 2= /p'Fan/2)my 14 2’”) ,  a.s.
2m+15i52m+1 ; ; m,J g

Following Lemma 2.4, on a richer probability space of (€2, A, P), one has
K (i)

max ng — Z i/mJ
(=1 j=1

2my1<i<om+l

Kk (i) Kk (i) 140)

i
S T ) : 7 SRS ST 9) 3
2m1<i<amtl — — — —
= j=1 j=1 j=1
=0 ((2%(1—011)"1 + 2((1—(x1)/P/+a1/2)rn) log Zm) . as. (3.11)

Lemma 3.3 implies that there is a construction of Y., ;j on probability space (22, Az, P2)
and one can compare Y, with i.i.d. Gaussian random variables 7,,, ;. Now we regularize 1, ;,
that is, replacing the covariance matrix cov(y,, ;) by the linear form |I,,,|T'. We denote 7j,,, ; :=
N(0, |IjT).

Following Lemma 3.1 and for large enough m, one has
cov(y,,)) + Mmj = [Imj|lT + Nom,j (3.12)

where M, j and N, ; are positive definite linear operators with ||[M,jllr < C, [Numjllr < C.
Therefor, N (0, |I,,, JIT + Npj) is the sum of 7, J and an independent random variable
N(0,Ny,). On the other hand, (3.12) implies N'(0, |I,,jIT + Ny,;) is also the sum of
N and an independent random variable N (0, M,, ;j)- Using [2, Lemma Al], we obtain a
coupling between 1,,; and 1,,,; such that the difference Dyj = 1,,,j — 1],,, is centered and
E[|Dp,ll* < C.

Thus, following the Lévy inequality, see [19, 5.4.a], we have

K (1)
P max ZD”‘J > 2%(1_"‘1)'”102(;2'”
=1

2m+1§i§2m+1

K(2m+l)
1
< 2P Z D, >2?(1_°’1)m10g2m
i=1
Kk (@mtly 2
<2E Z D,y j| 277 m (Jog2m) 2
j=1

< Crk(2m T2~ A-em((ogpmy =2,

which is summable with respect to m. Then there is a construction for 7,,; on probability
space (€23, A3, P3) such that

Kk (i)
max_ | Y, — i) | = 024" l0g2™),  ass. (3.13)

2m41<i<amtl
<i< =1
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Combining (3.13) with (3.3) and [3, Lemma 4.1], there is a construction for an jon
probability space (24, A4, P4) such that
40
~ ok ~
max Z(Ym»j - n*mfj)
j=1

2m+15i52m+1

L1 (e o
=0 ((Ag A 2T M | om2 g2 2(1—“1)'"/2) log 2’”) as. (3.14)

Using [3, Lemma 4.1] again with (3.10), (3.11), (3.14) and Lemma 2.5, we can finally
construct a probability space (), A(m)> P(m)) on which we can define Xj distributed as
X/ and i.i.d. Gaussian random variables 5, ~ N (0, ') such that

i

i
2 X =D n
(=1

=1

max
2m+15i52m+1

l —o o
Y <(A§/ A;%Z(lp’ L+ )m 4om/2g(1=82)/2 4 2(1—a1)m/2) log 2m> s,
Recall the definition of A4 and condition in Lemma 3.3,
v s P4l
A; =Cmax{d ,d % (logd) 2}, mix>Ck+ec,

and C1d ™% <y < Cd %,d = 2% 'We take a1 = (14 681)0y and

p—2 p—2 }
220 — 24 (2p —2)81 + '8 p(p +2)/2 =2+ (2p' —2)81 +p'S

Opr = min {

to ensure

1 l1-a; | oy )

- § 91
AT 3

m_ Zl_%m(l 4 pemgl=82y1/2,

Then we have

max
2m+15i52m+1

Z (X5 — 1)

—0 (Z;m(l(ézl)ﬁp/)(log 2m)p/2+3) . as.
£=2m+1

Hence, we can construct probability space (', A’, ') on which

i
max | (X} — 1)

<j<ym+l1
1<i<2 =1

-0 (2;m(l—(Sz—l)GP/)(logzm)P/zﬁ) s,

For the logarithmic term, there exists a 2 < p” < p’ such that,

D (X —np)
=1

Let p” close enough to p, we obtain

> (X —mp)
=1

max
1§i§2m+l

-0 (Z%m(l—(sz—l)ep//)) s

max =02™) as.,

15i§2m+1
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where
G- max{ QGp =25 +25+23p—4 Qp—Dh +25+p(p+4)/2 - 4}  618)
44p — 4+ (4p — 481 +2pd2 plp+2) — 4+ (dp — Dd1 + 2pd,
and consequently
* — (nd
lrgiaf); Z (X7 —my)|| =o(n”), as.
(=1
O
Proof of Corollary 1.3. When §; = 8, = §, it is easy to see that
- 2 - —
5 >max{ pS +23p — 4 ’ 2p8+pp+4)/2—4 } (3.16)
44p — 44 (6p—4)5 p(p+2) — 4+ (6p —4)d

which converges to % + m as 8 — oo. That is, for any & > 0,as § > &, where

25p% —54p+8—(44p—4) (3p—2)e

_ —5 p <42,
) & = 3 2_2(3p/ 2)_8 2 _ _ (3-17)
p P’ /243p*—12p'+8—(p*+2p—4)3p—2)¢ - 42
2(3p—2)%e > P :
we obtain
i
1 2
*_ ool = 3t e
lnflzas)i1 Z(X] 11]) = o(n P ), a.s.
j=1
O

4. Examples

In this section, we give two examples where the first compares the mixing condition with the
geometric moment contraction (GMC) condition of [3, Example 2.2] on H and the second
considers the functional autoregressive processes.

4.1. Markov chain

Let (Xi) k>0 be a H— valued time homogeneous Markov chain with p—th moment for p > 2
satisfying the condition:

(A3) (Xx)k>o0 is irreducible, aperiodic and Feller. There exists a Lyapunov function V :
H — [1,400) such that

E[V(XDIXo = x] = yV(x) + Klc(%), (4.1)

where 0 < ¥ < 1, K > 0 and C is a compact set.

Itis easy to prove that (Xy) x>0 is exponential ergodic with invariant measure 7 which yields
exponential f— mixing, see [35, Theorem 2.1] and [11, Proposition 1]. We further assume
that Xo ~ 7 and I is a positive definite operator whose eigenvalues polynomial decay, then
(Xk) k>0 satisfies ASIP with rate (1.3).

Comparing (A3) with the contraction condition in [3],

E|x5—X|" < |x—y|, (4.2)
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where 0 < r < 1, X7 denotes the Markov chain with initial value Xy = x. The term K1¢(x)
of (A3) makes it be a weaker condition than the contraction condition.

4.2. Functional autoregressive processes
We consider the functional autoregressive processes
Xit1 = 1+ AXy + Begy, (4.3)

where A and B are linear operators from H to H with kernel a(-,-) and b(:, -) respectively,
€41 is white noise. Let (ex)xen be an orthonormal basis of L2([0, 7r]) with the form ey (x) =

\/g sin(kx) and

where Af (x) = foﬂ a(s, x)f (s)ds. According to Karhunen-Loéve decomposition, one has

Aer(x) = Arer(x),

a(s, ) =y her()ex(d).

k=1

(4.3) can be written as
Xiet1() =M(')+/O a("S)Xk(S)dS-F/O b(:,s)&k+1(s)ds. (4.4)

We refer the reader to [4, 36] for more details of functional autoregressive processes. We
assume pt = 0, B> = A and A is symmetric for the simplify of calculation. Further assuming
that 0 < A =< k=% < 1, conditions (A1) and (A2) are satisfied and (Xi)ken, satisfies the
ASIP.
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Appendix A: The proof of Lemma 2.2

Since a(n) < B(n), assumption (A1) implies

a(n) < Ce P (A1)

We first give following preparing lemma.

Lemma A.1. Let (0;)1<i<n be a sequence of random variables on H with finite p—moment and
let Fi = 0 (0,j < i). Then for any p > 2, there exists constant Cy, such that

E

p n %’ n n
<G (ZEnoinz) + Y EN0:l1P + 1P Y " B8 Fi1]]P
i=1

i=1 i=1

n
>0
i=1
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n 14
+ni LY E[ELI6:1? 1Fio1] — E ||oi||2|2) :

i=1

Proof. The strategy is to construct martingale differences 6; — E[6;|F;—1] and using the

Burkholder inequality to get the result. That is,
P

n

E |y (6; — EI0i|F;1]+ E6:] Fi1))

i=1

<2F (IE

For the first term, [28, Theorem 4.1] implies
P

p

n

> (6; — EI0i| Fi1])

i=1

n
+n' YR ||E[0i|fi_1]np) :

i=1

E [ (0 —El0i Fi1])

i=1

[STaS)

n [ n

<G | Y El0; —El6:|Fiall? + E ZE[noi—E[aoim_ﬂnzm_l]}
i=1 Li=1

P

2

n [ n
<G [ Y E116; — EI8i|Fioal|P +E ZE[me_ﬂ]

Li=1

i=1 i=1

n n
Co | D_E0; — EI6;| Fi1]IP +E [Z 2E[[10;11% | Fica] — E[16:]* + E ||0i||2}
p
2

P
n n 2 n
<G D El6:r + (ZE ||0i||2> +E <Z(E[u0in2 |Fil—E ||01-||2>>
i=1 i=1

i=1

P
n n 2
<G ZEMMM(ZEnaiuZ) +nz*IZE|E[||oZ|| |Fical —E (16,17 |2
i=1 i=1

i=1

Thus, we can get the result. O

Proof of Lemma 2.2. We first prove the case p’ = 2 which is a extension of [30] on H. The fact
that (X;)1<i<n is zero mean implies

B

1<i<n1<j<n

Y EIXiI*+2 Y (EX.X;) — (EX,,EX;))

1<i<n 1<i<j<n

o (j—1i)
SEE+2 Y 1[0 Qe

1<i<n 1<i<j<n

IA
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where the last line follows Lemma 2.1 and «(j— i) > & therein. For the second term, a straight
calculation yields

o (j—i)
> f Qly, (wdu

1<i<j<n
= Z/ > Uag-n>u Qfx, (w)du
1<i<n i<j<n
P2
1 R 2
= S S | au] ([ o)
1<i<n i<j<n 0

Since Zlfjfn l{a(j>u) = kifand only if @ (k + 1) < u < a(k), then we have

L L
1 =) =)
/ Z Lo (j—i)>u} du < Lia(y>u} du
0 i<j<n
_p_
00 ak) n p—2
= Z 1{a(j)>u} du.
1 ¢ o (et1) =1
00

< Lza(k) < 0.
k=1

Notice that fol Qp X (u)du = E|X;||P, combining estimates above with (A), we obtain

a(j—1i) 2
2 ) 18 / Qix,(wdu < ) CE|X|P)? (A.3)
1<i<j<n 1<i<n
Thus, the stationary of (X;)o<i<, implies
n 2 2
E(Y Xi| <Cn(z(IX|P)?, (A4)
i=1

We shall prove the case p > p’ > 2 by induction on n. Suppose that for 1 < k < n,

< k5 (2 (X))

4
P (A.5)

When k = n,letm = L\/ZJ and K(n) = LmJ here. The block sums are defined by

nAQRi—1)m nA2im
Yio= Y X3 Y= Y X ie{l,...km+1}
j=1+42(i—1)m j=14Qi—1)m

Then we can get

i=1

R(n)+1 Z(n)+1 v

p/
=E| > Yu+ ) Yi
=1 j=1
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R(m)+1 v R(n)+1 4
<PTHE| D Y| +E| D Y
j=1 j=1
=271 + D). (A.6)
For I}, Lemma A.1 implies
v
k(n)+1 2 k(n)+1
L<C|| X BIYal®| +Gm+17"" Y EIEYy|Fiall?
i=1 i=1
g ko1 ;o R(m)+1
+@m + 177 Y EIRNYal?1Fa] —BIYa P2 + ) Bl
i=1 i=1
i=Cy (1 + N2+ 13+ 14),
where F; = 0 (Yj,1,j < i). For I1 1, (A.4) implies
I
ik(n)+1 2 , ,
2 _ 4 P
Ly<| Y. Cm(z(IX|P)? | < (Cm(k(n)+1)7 (w(|X][IP))?
i=1
For I, 5, since E[Y; | F;_1] is Fi—; measurable, one has
k(n)+1
Ly =@ +DP 1Y BBV Fioy L EIY 1| Fioa JIEY | Fia 11 2)
i=1
K(n)+1
=(e(m+ 1P Y B(Yi, BIYi | Fid LY i Fia 1P 2)
i=1

k(n)+1 nAQi—1)m
=Gkm+D Y > E(XLEIY i | Fi B [ Fioa I 2).
i=1 j=1+2(i—)m
Since (X;)i>o are zero mean, Lemma 2.1 and Young’s inequality yield

k(n)+1 nAQi—1)m a(m)

IPESHEOES VA DY /0 Qi (DQgy, 7,y (W)

i=1 j=142(i—1)m
k(n)+1 nAQi—1)m a(m)

18 _ _ :
< 5 EE+ 1P Y Y /O Qx, (wdu
i=1 j=14+2(i—Dm
/ K(n)+1 p,
18(p' — 1) _ ool /Mm) 1
Ty WmEh ; o QUmrr, g W

For the first term, Holder’s inequality implies

o (m) / 1 1_%/ !
f Qx,(wdu < / La(m>u)du / Qi (0
0 J 0 0 !

[
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L ol
=a(m)' "7 EIX;|P) 7.

For the second term, similar calculation implies

/ /

o(m) ’P/l ! 1_% 1 /‘Dl P
- ) du < 1 d - ) d
/0 oy, iz (09 = </0 fotm= u) (/0 pry -1 D

/

o L

/1)L
=a(m) (E[liE[Yi,lm_l]n(" ”P/l])ﬁ

_r
»

P
<a(m)' 7 (E|Y;,|P)?

7 v
p ?

m? (z(IX|1P))

<a(m)'

Then we have,
k(n)+1 nAQRi—1)m

Il,zf;—?@(muf“ SO am rEIXINT

i=1 j=142(i—)m

;o ) Kk(n)+1 , , /
+ %(fz(m SO Y alm) e (r(IXI) B
i=1
< <;—?<fz(n> + 1) m+ %(E(m - I)P/mf”“) alm) ™ ((IX1) 7

_ / / lipi IL/
<363k (n) + P mP T (Ce™P™) P (z(IXIIP)) 7,

where the last line follows (A.1). For I} 3, we denote
Yi1 = EUYil?1Fica] — ENYial%,

Fi—1— measurable. Following the definition of Y;; and [10, Corollary], one has

_ g _ g’_ _
E|Y;i|Z =E [|Y,~,1| 2 Ysgn(Y; ) (B Vi |21 Fi-1] — E||Y,~,1||2)}

nAQi—1)m ,

= Y E [n?,-,u"z—lsgn(?i,l)(Euxj,Xz)m1] — E[<Xj,Xz>])]
jl=142(—1)m

nAQRi—1)m ,

- ) {E[ﬁf,-,lﬁ—lsgn<?,»,1)<xj,Xz>}

pl=1423G—1)m
- _
—E [|Yi,1| 2 lsgn(Yi,l):| E[(Xj,XlH}

nAQRi—1)m s

_2_p=2 2 S
<12 Yy am [E|<Xj)Xl)|§]p|:E[|Yi,1|pz_l]",_2j|
jl=1423—1)m
P2
P/

2_2 2 - '
< 2mPa(m)? ? (z(|X|P))? [E'Y“'g]
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Thus, we can get

/

.

7 (w(IX1P))

_ / / , ll/
E|¥iy|7 < 127 mP a(m) ’
Then we have
A _r L
Iy < L+ &MY T 127 mP a(m)' ™7 EIXIIP) 7
’ / A P
< 12177(7;#1)1)7 (Ce_ﬁm)1 P (T IXIP)) 7
For I 4, the induction hypothesis (A.5) implies
- 4 2
Ly < Ck(n) + ym= (z(IX|1P)) 7

_ / 4
< O3t (x(IX19) 7 .
Combining the estimate of I 1, I 7, I 3 and Iy, one has
/ r _v
I} <Cy <(Cm(12(n) 1) 436k (n) + DF m? ! (Ce=Pm)' ™5

’ / A B / P
+127 (mn)'T (Ce )77 +Cn%+i> (r(1X|P))?

’ , _pf’ / Pi/
<Gy <c1,p,n"z + Gyl PV CnH) (AIX|P)) 7 .
Similarly,
' ;o vy / v
L <Cy (Cl,prnpz + Cz,prn%P ¢ V=) + Cné#;) (r(IX[1P)) 7 .

Combining the estimate of I1, I, with (A.6), we have
n P
%
i=1

/ / L _psraty s 1d 4
E <2'c, <C1)p/n}’2 + Gyl e PV Cni“l) ((IX|1P)) 7

- v
< Cn'” (T(IXI7)7 .
here we take C/3 > 2¢' CyCyp, nis large enough. 0

Appendix B: The proof of lemmas in Section 2.2

Proof of Lemma 2.4. For m large enough, [1, Lemma 2.1] implies that one can construct

independent random variables Y, J distributed as Y, J forj = 1,.,k(2™*1) on a richer
probability space and

P(Yyj# Y forsomel <j<wx(™™) <x@™™)p(my)
< Ck (2mt1yehm2,

The Markov inequality implies

1<i<i(2mtl)

i
P max Z(Y’”J — f/m,j) > x
j=1
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. P
1
<E max Z(Y’”J — Yu)) x”
i=1

1<i<k(2mt1)

P

=x"E Z(ij Yon) Ly, ;7 for some j=1,...i}

1<z</<(2’”+1)

Notice that

l{YmJ#ffmJ for some j=1,...,i} = I{Ym,j;él?m,j for some j=1,...,r} for i =

Then we have

1<i<i(2mtl)

i
E|  max > Fij— V)l Ly, 5 for some o1,
j=1

~ /
<E max Yyi—YudlP 1 . .
= l<i<k(2m+1) I JZ;( m,j m,])” {Y1nj#Y mj for some j=1,....kc 2MF1)}

1

2

i
o
=B max 1 W= Bl [ b By, 250 o some o]
j=1

1<i<k(2m+1)

D=

A straight calculation yields

K(2m+1)

E [ Z(Ym,—Ympu PUSE] Y Wy — Vgl

1<z<;c(2”‘+1) =1
K(2m+1)
< Gy @™ E N BV g | +EN T 1)
j=1
< Cpie2™ YW i

[@ ~
where the last line follows Lemma 2.3 and the fact Y, z Y n,j. For the indicator function
part, we have

. _ s . +1
E[I{Ym,j;éYm,j for some j=1,.., K(z'"+1)}] =P(Yyj # Ypjforsomej=1,.. LKk (M)

< Ce(@"H e ™,

Thus,
i » 5
YO - ) < m+1yp'+3 e 2M2
’ <ite(m) | Z(Y"w Vo) I 18,47, for some j=1...0 Cm K (2770)

Taking x = 2((—e/pFer/2m [logm and C* > 2(1 — a1)(p/ — 1)/, we can get

00 i
SDP| max Y (Ymj—Yupl = x
j=1

1 m+1
=1 1<i<k (2 )
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A

o0 y . 8
Z Cx P a7omy@'+3)(d—anm eXP{—Emz}

m=1

IA

o /
Z C(lome)_%Z(P —2)(1—anm exp{—éC* log 2™} < oo.
m=1 2
The Borel-Cantelli lemma yields
i
max 1Y (Vg = Tl = 0@(e0/#+e1/Dm flggam) a5,
j=1

1<i<g(2mtl)

Foranyj < k(2™ (2.1) immediately implies (2.2). O

Proof of Lemma 2.5. Similar with the proof of Lemma 2.4, we can construct independent
random variables Z,,; distributed as Z,; for j = 1,.,1 + x (21 on a richer probability
space and

P(Z,; # Zm,j for some 1 <j < k™Y +1) < Ce™HB(my).

Considering the following probability,

P max Xe|| >
2My1<i<n Z b =X
LeJ (m)N[2m+1]
K (i) (ke (D) (my+mz)+my) Vi K (i)
= 2m_1:'113£§<n Z( myj — m,]) + o Z + 2m_1’g11825<n I Z m,]” >Xx
=k (i) (m1+mz)+mi+1 j=1

K (i)
<P| max | sz,j“ >x/2 | + Cp/x_P/
=1

2Mt1<i<n
K (i) (ke (D) (my+ma)+my)Vi
E max Zpi— Zu)IP | +E max X1
BN D s = Lyl | ) il

=k (i) (m1+mz)+mi+1

For the first term, since Z,, ;j are centered ii.d. random vectors, Lévy’s inequality and
Lemma 2.3 imply

K (i)
P| max Z, il > x/2
2my1<i<n I ZI: mill = x/
Kk (n) «(n) p/
<2P|| sz]“ >x/2 | < CxP'E| sz]Hp <Cx K(2m+1) o m
J 1 ] 1

Taking x = 21 ~%/2]og 2™, one has

00 Kk (i)
SoP| . max D Zujll = x/2 | < o (B.1)
j=1

2M41<i<n
m=1
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For the second term, similar with the estimate of Lemma 2.4, a straight calculation implies

Kk (i)
E| max Y (Zmj—Zm|P
j=1

2Mmy1<i<n

1<i<k(n)

1
=E| max Y Zmj~ Zn)lIP Lz, 27, for some jm1...0
j=1

/

5 mrip'+1 By
<Cmy k(2" T2e7 2™,

For the last term, following [37, Proposition 1] and Lemma 2.3, one has

1 )
Y r 2! Y

i
El ma X117 < 2r=0/p | R X7
[ ma ||;j ) I Zg ”,; il

.
<C Y 200 21 < cad,
i=0

which yields

)
max ||ZX,||P <mb/%

1<i<my
Then we have
(k (D) (my+ma)+my)Vi
E| max | Z X;|IP

2M+1<i<n | ,
Jj=k (i) (m1+m)+mi+1

/

P
<Ck(™HE | max X|” | < @™ Hm
@"HE | max ||le il @"*m;

Thus,
00 k(i) i
D x TGy Bl max_ 1D (Zmj = ZmpIl” | +E| max ||} X
m=1 j=1 - =l

m41<i<n
oy L omtlptl B m+1y, P'/2
SZx PCy [ my e @™THP F2e7 2™ 4 (2 )mg < 0.
m=1

Combining (B.1) and (B), the Borel-Cantelli lemma implies

max X, || = 0@m1—)/21902™) g5,
2M4-1<i<n Z ¢ ( ) )
e T (mN[2m+1 4]

Similarly estimates hold for any i.i.d. centered Gaussian random vectors 7. O
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Appendix C: Proof of examples in Section 4

Lemma C.1. Under Assumption (A3), (Xi)k>o is exponential ergodic with invariant measure
7, that is,

sup [E[f(Xn)|Xo = x] — ()] < V(x)e ",
Ifl<14+V

where C,, > 0 depends on y.

Proof. We give the proof of the ergodicity of (X,),>0 following [35, Theorem 2.1]. To verify
condition (7) of [35], let

Vi(x) = €V (x)  r(n) = Cpern,
the constant C,, > 0 will be chosen later. Following Equation (4.1), one has
PV (x) + r(n) V(x)

< &y (ntD) (yV(x)+K)+ CyeCV”V(x)

c, -1 1 1
="V (x) + C,e" ((y— + —yeVx) + —Kecy> :
c, G Cy

Choosing C, small enough such that ye“ — 1+ C, < 0, we can get
PV () + r(mV (x) < V(%) + br(m)]xec),

where b = KeCy/Cy andC = {x: V(x) < %}' We deduce that (X,,),>0 is ergodic
with invariant measure 7. I

Recall the definition of 8 — mixing in [11, Proposition 1] which is equivalent with (1.1).

Definition C.2. The f— mixing coefficients are given by:

B(n) = f sup |Puf () — / £dQIAQ,

0<f<l1
where Q is a stationary distribution. The process X, is §— mixing if lim,_, o B(n) = 0; is
B— mixing with exponential decay rate if 8(n) < Ce™" for some C > 0 and ¢ > 0.
Lemma C.3. Under Assumption (A3), one has
B(n) < m(V)e ™. (C.1)

Proof. Acording to Lemma C.1 and 7 (V) < oo, one has

B(n) = / sup |E[f(X,)|Xo = x] — 7 (f) |7 (dx)

0<f<1

S/ sup |E[f(Xn)|Xo = x] — 7 (f)|7 (dx)

0<f<Vv

< / V(x)e” 9" (dx)
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=g(V)e O,

Thus, (X,,),>0 is B— mixing with exponential decay rate. O
Thus, condition (A1) is satisfied and (X},),>¢ satisfies ASIP with rate greater than 1/4 +

1/(4p — 4).
C.2. Proof of Example 4.2

Proof. 1t is easy to calculate that (4.3) has a unique stationary solution given by
o0
X; = ZA]Bsk_j. (C.2)
j=0

For this exponential ergodic process, (A1) is easy to verified. Now we verify the condition
(A2).

n—1 n—1
COV(Z Xp) = Z cov(Xy) + Z (cov(X;, Xj) + cov(Xi,Xj)T)
k=0 k=0 0<i<j<n—1

=ncov(Xo) + ¥ (cov(Xo, Xj—i) + cov(Xo, Xj—)").

0<i<j<n-—-1

Following (C.2), one has

[e.¢]
cov(Xp) = cov ZAjBe_j =(I—-A*»"'B%,

j=0
and
00 j—i—1 00
cov(Xo, Xj—;) = cov ZAre_,, Z Ae_j i+ ZA]_’”E_,
r=0 r=0 r=0
= cov(Xo) A",
Thus, we have as n — o0,
n—1 1 n—1
cov(D  Xp)/n = cov(Xo) + - > "k (cov(Xo, Xu—k) + cov(Xo, Xu—i) ")
k=0 k=1

— cov(Xg) + 2cov(Xp)(A~ =)7L,
ie, I' = cov(Xg) + 2cov(Xo)(A~! — I)~L. Tt is easy to see that,

r-()—( Moy )-()
e T aoaana-n)

Thus, (A2) is satisfied by taking A; < i~® and ASIP holds. O
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