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Abstract

We study robust empirical risk minimization from a single dependent trajectory, a
central setting in dynamic risk management, adaptive control, and reinforcement
learning. The key difficulty is the simultaneous presence of serial dependence and
extreme-risk observations: dependence reduces the effective sample size, while
heavy tails can cause standard empirical risk minimization to suffer from poor
deviation control and high sensitivity to extreme observations. Existing robust
learning theory largely treats heavy tails under independence and often bounded
variance conditions, leaving a gap for modern sequential decision-making prob-
lems where observations are serially correlated and can exhibit infinite-variance
behavior. We close this gap by introducing a logarithmically truncated estimator for
heavy-tailed trajectory data. Under mixing and stationary conditions, we establish
high-probability excess-risk guarantees that explicitly quantify the joint effects
of temporal dependence and tail heaviness. The resulting rate demonstrates that
blocking can recover marginal-tail-driven learning behavior up to dependence-
induced logarithmic factors. As practical implications, we derive guarantees for
downstream applications, including regression under autoregressive dependence
and linear dynamical system identification. Numerical experiments show that the
proposed estimator remains stable in regimes where standard methods break down.

1 Introduction

Empirical risk minimization (ERM) is a foundational framework for estimating model parameters
and decision rules by minimizing an empirical approximation of the population risk. Classical
formulations typically assume independent and identically distributed (i.i.d.) observations from an
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underlying distribution with regular tail conditions, such as boundedness, sub-Gaussianity. However,
many modern Al and decision-making systems operate on sequential data, where observations arise
from a stochastic process with high variability and are indeed inherently dependent. This paper focuses
on a particularly challenging regime: robust ERM estimation from a single dependent trajectory
under heavy-tailed uncertainty [Tu et al.,[2024] |Wang et al.| 2022} Duchi et al.| 2012]]. Such problems
arise in healthcare, finance, operational control, and reinforcement learning, where observations are
collected along one evolving path and are shaped by both temporal dependence and rare high-impact
events [Shi et al.| 2023| [Wang and Janson, 2021} (Gondl et al., 2021]]. This sampling structure is
intrinsic to sequential data, but it poses substantial methodological and theoretical challenges.

The central difficulty is the coupling between serial dependence and tail risk [Forsyth and Vetzal,
2017, Wang et al.l 2020, Roy et al., [2021]]. Temporal dependence reduces the effective sample
size and weakens the concentration of empirical risks relative to the i.i.d. case, making classical
concentration tools for independent samples inapplicable. Rare but large losses further amplify this
difficulty, since they can dominate the empirical objective and, under dependence, may appear as
clusters or persistent episodes of large fluctuations along the trajectory rather than isolated outliers.
Together, these effects lead to poor deviation control for standard ERM. Existing theory for sequential
learning often relies on bounded observations, Gaussian noise, or finite-variance assumptions [Wang
et al., 2022} [Liu and Tao} [2014, [ Xu et al.| 2020]. These assumptions may fail in realistic regimes
where observations can have very large, or even infinite, variance [Xu et al.,[2023| |Brownlees et al.,
2015, Davis et al.,|{1992]. In such settings, expectation-based guarantees are insufficient, and high-
probability bounds obtained through crude tools such as Markov’s inequality are typically too weak.
Although robust optimization methods provide an alternative route [Hsu and Sabato, 2016], they
often do not explicitly account for how tail risk interacts with serial dependence in trajectory data
and can be computationally demanding, over-parameterized, and sensitive to tuning. This motivates
robust ERM methods that provide high-probability control under dependent, infinite-variance regimes
while remaining computationally simple.

Main Contribution. In this paper, we initiate a framework for robust empirical risk minimization
from a single dependent trajectory under heavy-tailed uncertainty. We propose a logarithmically
truncated estimator that provides a regularization of large empirical losses while retaining information
from extreme samples. Our theory moves beyond bounded-loss, sub-Gaussian, and finite-variance
regimes. The estimator applies broadly to ERM problems under mild Lipschitz-type regularity of the
loss. Our main contributions are summarized as follows.

1. We formulate a robust ERM framework for a single temporally dependent stochastic process,
allowing serial dependence, unbounded observations.

2. We develop a logarithmically truncated estimator with high-probability deviation control
under temporal dependence. The truncation mechanism dampens extreme-risk observations
while retaining informative tail behavior. Under suitable mixing and non-degeneracy con-
ditions, we establish excess-risk guarantees whose rates explicitly capture the effects of
temporal dependence and tail heaviness.

3. We instantiate the framework in downstream applications, including regression with autore-
gressive covariates and linear dynamical system identification, and validate the estimator
through numerical experiments.

Related work. This paper is motivated by a line of research on learning from a single depen-
dent trajectory, with a particular emphasis on robust estimation under unbounded and heavy-tailed
observations. In this section, we review the lines of work most closely related to our framework.

Learning from the trajectory of observations. A central setting in this paper is learning from
observations generated along an ordered stochastic process, where dependence arises naturally over
time. Such data appear across robotics [Mason et al., 2016, [Nguyen-Tuong and Peters, [2011]],
language modelling [Carta et al.,|2023| [Zhai et al.| 2024], financial risk management [Forsyth and
Vetzal, 2017, |[Hambly et al.,|2021]], operational control [Wang and Janson, 2021} |Pan et al., [2025]], and
reinforcement learning [Shi et al., [2023]]. In supervised learning, this often corresponds to a single
dependent trajectory of covariate-response pairs, as in autoregressive modeling and linear dynamical
system identification [Wong and Li, 2000} Dean et al.l 2020]. In reinforcement learning, trajectories
of states, actions, and rewards describe the interaction between a decision-maker and the environment.
These settings depart from the i.i.d. paradigm underlying much of classical statistical learning theory,
limiting the applicability of standard estimators and guarantees. This gap motivates learning methods



tailored to trajectory data, with explicit control of temporal dependence and sample efficiency. In
this work, we aim to fill this gap by focusing on the stationary dependent-trajectory regime, where
observations are generated from a fixed stochastic process satisfying suitable mixing conditions. This
regime covers a broad class of time-series, autoregressive, and stable dynamical-system problems,
and is also relevant to policy-fixed settings in reinforcement learning and control, such as fixed-policy
evaluation, off-policy evaluation under a fixed behavior policy, and closed-loop system identification
under a prescribed stabilizing controller. In these settings, the policy or controller is fixed during data
collection, so the resulting trajectory can often be analyzed as a stationary dependent process under
appropriate stability and mixing assumptions.

Trajectory data under heavy-tailed distributions. Existing work on trajectory data often assumes
stationarity and stability through boundedness, finite variance, or Gaussian-type conditions. These
assumptions ensure convergence to a target distribution, making the learning problem well defined,
and provide the concentration guarantee needed along the trajectory. However, they may fail in
sequential systems that visit extreme states, generating heavy-tailed losses and destabilizing ERM.
Pareto distributions, for example, are unbounded and possess finite moments only below their shape
parameter, making them canonical models for extreme events [He et al., 2022]]. In such regimes,
expectation-based guarantees can be inadequate because the corresponding high-probability bounds
may become uninformative when relevant moments are infinite.

Learning under infinite variance has therefore received growing attention. [Kanter and Steiger|[[1974]]
study regression and time-series estimation with infinite-variance variables, showing that least squares
can fail in general heavy-tailed linear models but may remain consistent in certain autoregressive and
moving-average settings under stable-law assumptions. More recently, |Xu et al.| [2023]] developed
log-truncated robust M-estimators for infinite-variance learning, covering convex regression and
high-dimensional nonconvex models such as deep neural networks. [de la Pefia et al.|[2025]] propose a
transformation-based predictor for random variables with infinite mean or variance and establish its
statistical properties and confidence intervals. These works are closely related in their focus on heavy-
tailed and infinite-variance regimes, but they do not provide a general robust learning framework for
trajectory data where temporal dependence is central. Existing results are typically tailored to i.i.d.
samples, specific autoregressive models, or robust reinforcement learning. In contrast, our framework
provides high-probability guarantees for broad empirical risk minimization problems under temporal
dependence, yielding an estimator suitable for robust learning from dependent trajectories.

2 Problem statement and preliminaries

We consider learning from a single dependent trajectory. Let £ be a random vector taking values in =
with marginal distribution P, and let £ : © x = — R be a pre-specified loss function. The population
risk minimization problem is

6 := argmin {Ewe;gn -/ ew;s)P(ds)} , 0

0co

where © C RP is the parameter space and ©* is the collection of all minimizers ¢;. The loss £ is

assumed to be closed, convex, and proper in 6, but not necessarily differentiable. Let 27 = {&}];
denote the observed training data, viewed as a finite realization of a stationary stochastic process with

marginal distribution P. The standard ERM replaces P by the empirical distribution ﬁT and solves

0.1 —argmm{RgT /M)g ) Pr(d¢) = TZ (9@)} @)

Throughout, quantities with hats depend on the observed trajectory. To study robust learning under
dependence and heavy tails, we impose the following assumptions.

Assumption 1 (Convexity and compactness). The parameter space © C RP is convex and compact.
In particular, there exists v > 0 such that ||0|| < r for all § € ©.

Assumption 2 (Local Lipschitz). For any & € R, the loss function (0, ) is Lipschitz continuous
in 0 on ©. That is, for any 01,02 € O, there exists a constant H¢ depending on & such that
[€(6158) — £(02;§)| < Hel|61 — 0.



Assumption 3 (Exponential S-mixing). The process {& }i>1 is strictly stationary with marginal
distribution P. Fort > 1, let F{ := o(&1,..., &), and FY ) = 0(eqks Etirts - - -). The B-mixing
coefficient at lag k is defined as

B(k):=supE | sup |P(B|F{)—-P(B)||,

t>1 | BeFy,

where B ranges over all events determined by the future observations {&1k, &t 4kt1,---}. We
assume that the process is exponentially 3-mixing: there exist constants Cg > 0 and cg > 0 such

that B(k) < Cge=°* k € N.

Remark 1 (5-mixing and effective independence). The 3-mixing coefficient quantifies the dependence
between the past F} and the future F;? Tr- Exponential decay means that observations far apart
in time become approximately independent This enables blocking arguments, where a dependent
trajectory is decomposed into blocks that behave nearly independently up to a controllable error.
Thus, Assumption[3|allows temporal dependence while retaining enough weak-independence structure
for high-probability learning guarantees.

Beyond temporal dependence, we allow the observations to be heavy-tailed. When the data are
heavy-tailed, the empirical estimator 67 ;- in () can be unstable. Its realized behavior may deviate

substantially from its population target, especially when observations are unbounded and only
low-order moments exist.

In the following section, we introduce logarithmically truncated estimators for a broad class of
learning tasks and establish excess-risk bounds under this infinite-variance, dependent-data regime.

3 Logarithmically truncated loss and estimator

Let « > 0 be a robustification parameter and p > 0 an ¢,-regularization parameter. We define the
logarithmically truncated M-estimator as

0,0 = afegefgin{ﬁw,aa(@ +p||9||2}7 with Ry, .0 (0) : leT: (af (G;Q)). A3)

The truncation function ¢, satisfies, for a pre-specified nonnegative function A,
—log[l — # + A(J2l)] < ¥a(2) < logll + 2+ Ajal)], VaeR. 4)

The choice of A controls the influence of extreme losses while retaining information from heavy-
tailed observations, making the framework adaptable to different tail behaviours. Let R,(0) :=

E[¢(6;€)]. Given 9@ ¢» We measure statistical performance through the excess risk, defined as
Rz ( N Z) — mingee Rg(e)

The logarithmic truncation form in (@) follows the Catoni-type robustification principle and is closely
related to existing robust procedures for heavy-tailed learning (Catoni| [2012], |[Fan et al.|[2017]], Chen
et al.[[2021], Xu et al.|[2023]]. In particular, Xu et al.[[2023]] studied Catoni-type and log-truncated
M-estimators under infinite variance using a general control function \. Building on this line of work,
the present paper considers log-truncated robust empirical risk minimization for a single temporally
dependent trajectory with heavy-tailed, possibly infinite-variance, observations. The dependent
single-trajectory setting differs from the i.i.d. setting because serial dependence prevents a direct
factorization of exponential-moment bounds, and hence requires blocking and coupling arguments
under 3-mixing dependence.

Assumption 4 (Truncation-control regularity). The function A\(z) : R™ — RT is a continuous
non-decreasing function such that lim,_, ., A\(z)/x = co. Moreover, there exist positive constant
c1 > 0 and a function f(z) : RT — R such that

Avz) < f(W)A() forany v,z € RT, and lim & =0,

z—0t F

Az + 1) < er(Mx) + Ay)) for any z,y € RT.



Assumption 5 (Boundness of truncated risk). We assume that the parameter H¢ in Assumption
2| satisfies E[H¢] < oo, E[N(He)] < oo. Additionally, Rxot(©) = suppee Raot(#) < oo, where
Rxoe(0) = E[A(L(6;6))]-

Assumption [] imposes structural conditions on the control function A used in the logarithmic
truncation envelope. The function A regulates the degree to which large losses are damped. Its
growth rate may be chosen to reflect available moment information or anticipated tail behavior of
the underlying data, while remaining compatible with the integrability requirements on A(H¢) and

A(€(6;€)) imposed in Assumption l The scaling and sub-additivity-type conditions control the
effects of rescaling and summation in the concentration arguments.

Assumption 5] requires integrability of the random Lipschitz coefficient and of the A-transformed loss.
The condition E[A(H¢)] < oo can be interpreted as a moment or tail condition on the data-dependent
Lipschitz envelope. For instance, if A(z) = |z|? /v withy € (1,2), then E[A(H¢)] < oo corresponds
to a finite y-th moment condition on H¢. Together with the uniform condition R 2ot (©) < oo, these
assumptions ensure that the robust empirical criterion is well defined and stable, without requiring
the original loss to have finite variance. Potential choices of A(z) are summarized in Table [2

Remark 2. The condition Ryo¢(©) < oo requires only the truncated loss \(£(0;&)) to have finite
expectation uniformly over ©; it does not require the original loss to have finite variance. If the loss
grows too quickly relative to ), this condition may fail, in which case additional robustification, such
as explicit truncation or Huber-type losses, may be needed.

3.1 Main Result

In this subsection, we state our main results. We establish excess-risk guarantees whose rates
explicitly capture the effects of temporal dependence and the tail behavior of the loss distribution.

Theorem 1 (Excess risk bound). Suppose Assumptions hold. Let N'(©, k) denote a k-net of
the parameter space © with covering number N (O, k). Let ||©*| := infgco~ ||0]|. Then for any
confidence level § € (0,1) and any scaling parameter o > 0, with probability at least 1 — 0, we have

L(1) + L(N(O, K))

~ 1+e¢ o )
Ry (9:;»[) — Ry(67) < %Rme(@) + + 2kE[H|
’ o Tacg —
Truncation bias Comple)dry covering-net approximation

+ AR e )+ e
« N—_——

Lipschitz-envelope tail control regularization bias
where L(-) is the logarithmic complexity term defined as below that captures both the confi-
dence level 6 and the complexity of the parameter space through its covering number L(x) =

10g (2C’;3Tz> IOg (&ﬂ IOg <2C/5T;1;>) '

Theorem [I] provides a finite-sample excess-risk guarantee for the proposed log-truncated estimator
under temporally dependent observations. The bound separates the excess risk into five components:
truncation bias, complexity, covering-net approximation error, Lipschitz-envelope tail control, and
regularization bias. The sample size 1" improves the bound through the complexity term, which
scales as 1/(T«), and through the discretization term when the covering radius is chosen as k = 1/7.
Compared with the i.i.d. result of Xu et al.|[2023]], temporal dependence enters our bound through
the logarithmic complexity factor £(-) and the mixing-rate constant cg. These terms quantify the cost
of controlling deviations along a 8-mixing trajectory rather than independent samples: faster mixing
yields a smaller penalty, while stronger dependence increases the effective complexity of the bound.
In particular, let x = 1/7" make the covering-net error O (T‘l). Balancing the truncation-bias and

complexity terms yields
o= f1 (E(l) + L(N(6, 1/T))> .
Tepg(1+ c1)Raoe(O)
Substituting this choice into Theorem [I] we obtain

&)

E\(He)] + pl|©**.



We emphasize that Theorem|[T]is formulated for a general control function )\ satisfying Assumptions|4]
and 5] Unlike analyses that require monotonicity of the truncation map v, [Xu et al.l [2023]], our
argument is based on the two-sided logarithmic envelope condition in (@) together with the regularity
conditions imposed on \. This relaxes the monotonicity requirement on v, and provides additional
flexibility in constructing the truncation function. In practical implementations, A may also be
selected in a data-adaptive manner as part of the logarithmic truncation scheme. In this case, the
data-adaptive procedure must be accompanied by additional regularity conditions ensuring that the
selected A belongs to an admissible class satisfying Assumptions 4| and [5| Such conditions may
involve moment or tail restrictions, boundedness of the admissible tuning class, and concentration
guarantees that remain valid under the S-mixing dependence structure in Assumption

Remark 3 (Trade-off induced by «). The truncation parameter o balances truncation bias and
statistical complexity in Theorem|l| The statistical-complexity term decreases with « through the
factor 1/, whereas the truncation-bias term may increase through f(«)/a. Thus, a controls the
trade-off between statistical accuracy and robustness to extreme losses. Balancing these two leading
contributions gives the optimized choice of « used in the rate analysis.

We next consider the special case A(z) = |z|7/7, v € (1,2), which satisfies Assumptions 4] and[3]
and is commonly used in practice.

Corollary 1 (Heavy-tail-dependent excess-risk rate). Let A(x) = |z|Y /v with vy € (1,2). Suppose
Assumptions|[l]-Plhold, and choose the scaling parameter o as in (I8). Then, for any confidence level
6 € (0,1), with probability at least 1 — 4,

D * _a=1 205T(1 4+ 2rT _ %71
Ry (9%,@> — Ry(07) <pT~ "7 log <'8(5)> (4CA,M + 4E[)\(H£)]C:\Y,z,1y> Cg

2
+ ZE[H + o]0,

where C ¢, > 0 is a constant. Consequently,

. . s (205T(1+ 2T N
e (35,.) = rlt) = 0 (57 tog (2LTEL2I) e

Corollary[T|makes explicit how the tail parameter controls the convergence rate. The leading stochastic
term scales as pT*(V*I)/ 7log T, up to confidence, dependence, and constant factors. Smaller values
of v correspond to heavier tails and slower convergence. As v — 2, the rate approaches the near-
parametric order pT~'/21og T, up to logarithmic, dependence-related, and regularization factors.
Figure [2| provides a visual illustration of the impact of -y on the strength of logarithmic truncation.

Remark 4. In this work, we focus on logarithmically truncated loss with Lo penalty, which is mainly
due to the Assumption[l} Assumption(l|is naturally guaranteed by Lo regularization. We highlight
that Theorem (I and Corollary(I|are more general and also apply to the logarithmically truncated
loss in (@) with an Ly penalty. In that case, only the regularization bias changes to p||©*||1, while
the remaining terms remain unchanged.

3.2 Examples

This section demonstrates the proposed framework in two common trajectory-data settings: regression
with autoregressive covariates and closed-loop system identification. In both examples, observations
arise from a dependent stochastic trajectory, making the i.i.d. framework inappropriate. Further
details are provided in Appendix [A]

Regression with autoregressive covariates [Duchi et al., 2012]. We first consider regression
with covariates generated by an autoregressive process. This setting provides a canonical example
of trajectory data: the covariates are not independently sampled, but evolve through a stochastic
recursion. Such models arise in time-series analysis, financial modelling, network traffic, and control
systems, where current observations depend on past states and may be affected by rare but extreme
shocks. Consider the autoregressive model

Xt :Athl'i_EWh n:g(e*;Xt)—'—gh t= 17"'7T7 (6)

where A is a transition matrix with spectral radius strictly less than one, ¥ is a fixed matrix, and {W; }
and {£;} denote innovation and noise sequences, the variance of {£;} does not exist. The parameter



of interest is 0* € ©, where © = {0 € R? : ||f|| < R}. For & = (Y, X;), with a pre-specified
loss £(6; £), we estimate 60* by the log-truncated estimator as (3). We note that, when the maximum
eigenvalue of the transition matrix A is strictly less than 1, i.e., p(A) < 1, the autoregressive covariate
process is stable under standard innovation conditions and admits a stationary distribution. Hence,
the resulting observations form a dependent trajectory rather than an i.i.d. sample.

Corollary 2 (Regression with autoregressive covariates). Assume that the parameter space, loss
function, and truncation function satisfy Assumptions and E] Then, for any 6 € (0,1), a > 0,
and k > 0, with probability at least 1 — 6,

R (B,0) ~ utep) < LD gy 4 EUE ;Cg@, K)

AL B He) + pll©*

This corollary illustrates the broad utility of the proposed framework by covering a wide class of
Lipschitz loss-based regression problems with autoregressive covariates, including quantile regression,
additive models, neural network regression under suitable Lipschitz and moment controls, and certain
quasi-likelihood or generalized linear models such as logistic regression. Hence, the guarantee is not
tied to a single regression model, but applies broadly to robust learning from dependent covariate
trajectories under heavy-tailed noise.

Remark 5. For the linear model g(0,&) = (0,&), the assumptions become simpler. The model is
automatically Lipschitz in 0, with Lipschitz constant depending only on ||€||. Therefore, instead
of imposing an abstract Lipschitz condition, it is enough to assume suitable finite moments of the
covariates and the noise.

Learning with linear dynamical trajectories. We next consider system identification from closed-
loop trajectory data. Let A € R™*™ denote the transition matrix and B € R™*™ the control matrix.
The system evolves according to

Tyl = Al’t -+ But + &, (7)

where x; € R” is the system state, u; € R™ is the control input, and €, € R"™ is the additive
system noise. Such models arise widely in model-based reinforcement learning, dynamical system
identification, and operational control.

We focus on the closed-loop setting, where the control input is generated by a known deterministic
feedback law u; = 7(x¢). Given trajectory data {&}?;01 with & = (24, us, T441), we define
the absolute prediction loss ¢((A, B); &) = ||x¢+1 — Axy — Buy||;. The corresponding penalized
estimator is

(4.B) =arg_ min  { Ry, callvec(4)T,vee(B)]7) + p (A7 + 1BIF) }

(A,B)G@AB

Unlike the i.i.d. regression setting, the observations {ft}tT;()l are generated along a single closed-loop
trajectory and are therefore serially dependent. This makes system identification a natural application
of the proposed framework for robust learning from dependent trajectory data.
Corollary 3 (Learning with linear dynamical trajectories). Suppose the regression noise {e;} is
i.i.d. with finite v-th moment for some v € (1,2). Assume the closed-loop matrix is stable. Let
ANz) = |z|" /v and Assumption[I| hold. Then, for any 6 € (0,1), o > 0, and r > 0, with probability
at least 1 — 6,

-~

Ry ([vec(A)T,vec(E)T]T) — Ry([vec(A) T, vee(B)T]T)
PR (4000 +BNHIICTLS ) ¢} + 281 + ol P

where Cx ¢ ~ is a positive constant and H¢ is the local Lipschitz constant bounded by C'k ||z

<(n*+ mn)TﬁwT_1 log (

Remark 6. Apart from the above application, a broad class of data-generating processes can be
viewed as trajectory data. Examples include time-series, Markov chains, longitudinal measurements,
and path-tracking trajectories, where observations are collected along an evolving stochastic path.
This viewpoint provides a unified framework for studying learning problems driven by Trajectory
observations.



4 Simulation studies

We evaluate the performance of the proposed estimator. The goal of the simulation study is to
examine the qualitative behavior of the proposed estimator under controlled designs that reflect the
main theoretical challenges considered in this paper: temporal dependence and heavy-tailedness. We
therefore use autoregressive data-generating mechanisms with Pareto-type errors, which allow the
dependence strength, tail parameter, and sample size to be varied systematically. These experiments
are designed to validate the theoretical predictions and to compare the stability of the proposed
estimator with standard baselines under dependent heavy-tailed regimes. Herein, we mainly focus on
the dynamic mean estimation and regression tasks across several settings. The detailed simulation
settings and the regression and logistic regression experiments are provided in Appendix

Dynamic mean estimation. In this experiment, the data {¢;}7_; is generated from the autoregressive
process & = p&;_1 + €, where £, denotes the random error. We compare the log-truncated estimator
(LTE) in (3) with two baselines: vanilla empirical risk minimization (ERM) and the Cauchy truncated
estimator (Cauchy). We set 15 (z) = (log (1 + x + |z|7/vy) —log (1 — x + |z|”/v)) /2 for the LTE
method throughout our analysis. The ERM estimator is given by the sample average, while the loss
function for the Cauchy method is defined as:

(e @), el <
viw) = {1og (1+(e/@)?), |z|>e,

where ¢ is the scale parameter and e is the truncation threshold. All tuning parameters were selected
through an independent pilot study conducted under the same data-generating design. A grid of
candidate values was evaluated using the same performance criterion as in the main simulation study,
and the selected values were then fixed for the final comparison. We use mean squared error (MSE)
to compare performance across methods. The results are summarized in Table|T]

Table 1: MSE comparison across (7', 7, p) settings with v = 1.5

p=0.25 p=0.5 p=0.75
T T LTE Cauchy ERM LTE Cauchy ERM LTE Cauchy ERM
1.3 34827 8.1694 41.4436 8.4531 13.6388 87.6146 469136 36.9801 290.2720
50 1.6 05109 12100 2.6790 1.0567 1.7920  5.7454 4.5039  4.6055 19.8040
2.01 0.1061 02712  0.2967 0.2397 03751  0.6444 0.9699  0.9819 2.3033
4.01 0.0064 0.0131 0.0077 0.0139 0.0180  0.0169 0.0528  0.0590 0.0629
1.3 24138 8.2387 26.6822 5.5460 13.8300 59.8725 229623 36.0199 237.4384
100 1.6 02780 1.1972  1.4302 0.6423  1.7348  3.2053 2.6341  3.8962  12.6642
2.01 0.0607 02592  0.1433 0.1401  0.3386  0.3208 0.5632  0.7213 1.2621
4.01 0.0031 0.0112 0.0037 0.0071  0.0133  0.0082 0.0290  0.0348 0.0321
1.3 1.6972 83669 10.1423 3.0693 14.2236 22.8166 11.8340 379911 91.1809
500 1.6 0.1086 1.2035  0.3665 0.2496  1.7330  0.8243 1.0240  3.6767 3.2914
2.01 0.0191 02567 0.0306 0.0403  0.3206  0.0688 0.1628  0.5684 0.2743
4.01 0.0009 0.0101  0.0008 0.0017  0.0100  0.0018 0.0068  0.0147 0.0070

Table[T]demonstrates that the proposed LTE generally achieves superior performance, attaining the
lowest MSE compared with the two baseline methods. The benefit is especially pronounced when
the errors are heavy-tailed. Notably, smaller values of 7 correspond to heavier-tailed errors; in these
settings, ERM is highly sensitive to extreme observations, while the Cauchy truncated estimator can
still exhibit relatively large errors. As the trajectory length 7" increases, the MSE of LTE decreases
steadily, confirming the benefit of larger sample sizes even under temporal dependence. As expected,
dependence deteriorates the performance: larger p leads to larger MSEs for all methods, reflecting the
loss of effective sample size under stronger serial correlation. When 7 = 4.01, the error distribution is
relatively light-tailed, and all methods perform similarly. These results demonstrate that LTE remains
stable under both heavy tails and stronger dependence, while retaining competitive performance in
lighter-tailed settings.

We further illustrate the role of the order ~y in estimation performance. Note that larger values of v
indicate that more information is retained by the logarithmically truncated M-estimator. As shown in
Figure([I] for a fixed sample size, the corresponding MSE decreases as vy increase.
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Figure 1: MSE for different y over various T for Pareto error with p = 0.5, 7 = 1.6

5 Conclusion and discussion

We study robust learning from a single temporally dependent trajectory under an infinite-variance
setting and propose a log-truncated estimator for stabilizing empirical risk minimization. The theory
quantifies how tail heaviness and temporal dependence jointly affect excess risk, showing that near-
classical behavior can still be recovered under suitable mixing and moment conditions. Simulations
further support the theory: LTE is most effective under heavier tails, remains competitive in lighter-
tailed settings, improves with longer trajectories, and is affected by stronger dependence through
reduced effective sample size. For both continuous and binary regression tasks, LTE provides more
stable performance than ERM under contaminated covariates.

Several limitations motivate future work. First, the theoretical guarantees depend on unknown
problem-specific quantities, such as tail and dependence parameters, which limits their direct use for
practical tuning. Developing fully data-adaptive tuning procedures is therefore an important next step.
Second, the present theory is developed for a single stationary dependent trajectory satisfying suitable
mixing and moment conditions. Consequently, the framework is most directly applicable to stationary
dependent time-series settings, including policy-evaluation and fixed-policy learning problems. These
assumptions may be restrictive for fully adaptive reinforcement-learning or control environments,
where the learned policy may change the data-generating process and stationarity may fail. Extending
the analysis to nonstationary, non-mixing, or policy-adaptive data-generating mechanisms remains an
important direction for future work. Third, the numerical experiments are primarily theory-guided
and are limited to controlled autoregressive and regression settings with Pareto-type heavy-tailed
behavior. These designs allow us to systematically study the effects of dependence strength, tail
heaviness, and sample size, but they do not fully capture the complexity of real-world trajectory
data. In practice, data may exhibit nonstationarity, model misspecification, adaptive sampling, high-
dimensional structure, and unknown dependence or tail behavior. Incorporating real-data applications
and more complex trajectory-learning benchmarks is an important direction for future work.

Further extensions to modern learning architectures and robust optimization/control applications,
such as online optimization and federated learning, would broaden the practical relevance of the
framework. In addition, this work focuses on excess-risk guarantees rather than inference. Confidence
intervals, hypothesis testing, and uncertainty quantification for robust estimators under heavy-tailed
dependence remain open problems. Since classical inference often relies on variance-based quantities
and central limit approximations, understanding whether stable-law exists and how to develop valid
inferential tools in infinite-variance regimes is an important future direction.
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Table 2: Examples of control functions A for the logarithmic truncation envelope.

Control function A(x) Growth rate Typical integrability condi-
_ tion
z—, ~v € (1,2) [[Chen et al.}|2021] sub-quadratic polynomial finite y-th moment
s
2
x—, i.e., v = 2 [[Catoni} 2012] quadratic finite second moment

—

1 2_p\ /2
—— \Y, (J> x",n € (1,2) [Minsker,[2018]  sub-quadratic polynomial  finite »-th moment

n n
anz x—', m 2> 2 [Xu et al.} 2020] polynomial finite m-th moment
General A satisfying Assumption 5| user-specified Ryoe(®) < oo and
1L E\(He)] < o0
1 Aex+a(x), ) u
w0 =5loa(3 7“,‘([’(‘)) , Logarithmic truncation with (u) -

R identity: w(x) =x

— camma=1

............. gamma=1.4

gamma=16

Figure 2: Effect of the control function A(z) = 27 /- on the logarithmic truncation map.

A Trajectory data and related applications

We describe several applications in which the considered data-generating processes naturally arise.

Learning with linear dynamical trajectories. Fix a transition matrix A € R™*™ and a control
matrix B € R"*™. Consider the n-dimensional trajectory {x;}}_, generated by the linear system

Tip1 = Ay + Bug + g4, (8)

where x; € R" is the system state at time ¢, initialized either deterministically or randomly at zo;
u; € R™ is the control input; and €; € R" is the additive system noise. Such models arise widely in
model-based reinforcement learning, dynamical system identification, and operational control. One
canonical example is the policy estimation for linear-quadratic regulator (LQR), where the system
evolves according to (8) and the objective is to minimize the cumulative quadratic cost

T-1
J(K)=E Z e |, where ¢; = (2] Qg +uf Ruy) ,up = Kay,
P

over a feedback policy K, with Q = 0 and R > 0. So the observed data form a single dependent
trajectory, making LQR a natural setting in which learning from dependent trajectory data is essential.

This framework also covers closed-loop system identification under a fixed feedback policy. Sup-
pose the control input is generated by a known deterministic linear feedback law u; = m(xy).

Given trajectory data {&;}/_,', where & := (x4, us,7441), define the absolute prediction loss
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(((A, B); &) := ||x441 — Axy — Buyl|,. We then consider the penalized estimator

(A,B):=arg min  { Ry, pallvec(4) T vee(B) )+ p (1413 + | BI3) }
(A,B)€O®aB

Since the data are generated by the closed-loop dynamics, the samples {&}tTgol are serially dependent

rather than independent.

The same formulation also extends naturally to online experimentation and A/B testing in linear
dynamical systems. Consider two candidate policies, 74 and 7. Under policy 7;, j € {A, B},
the control input is u{’) = 7;(2\")), and the state evolves as :cgﬂr)l = Az + Bu + ). The

resulting trajectory is {t(j )= m,ﬁj ), uij ), xgi) ) . For a performance metric or outcome Y (7;), the

policy contrast can be written as A := Y (m4) — Y (7p), leading to the testing problem
Hy:A=0 versus Hy:A#0.

Because each policy is evaluated along an evolving trajectory, the observations are generally serially
dependent, placing online A/B testing within the scope of dependent trajectory data.

Regression tasks from autoregressive process. As a concrete instance of our trajectory-data
framework, consider an observed sequence {(Y;, X t)}thl generated by the autoregressive model

Xt:AXt_l—l—EWt, Yrt:g(g*;Xt)—Fé‘t, tzl,,T

Here, A € R™*™ is the transition matrix, Y. is a constant matrix, and {W;}~_; and {¢;}Z_, denote
the disturbance and noise sequences, respectively. This model provides a standard representation of
dependent trajectory data in time-series analysis, adaptive control, system identification, and dynamic
programming [Gerencsér and Vagoél|1999, [Kumar and Varaiya, |1986, Mamakoukas et al.| |2020]. The
observations { (Y3, X, t)}tT:1 encode the evolution of uncertainty along a single stochastic path and
may be collected at regular or irregular time points. Under standard assumptions on the innovation
sequence, when A is asymptotically stable, meaning that all eigenvalues lie strictly inside the unit
circle, the autoregressive process is ergodic and admits a unique stationary distribution [Mokkadem,
1988]). Thus, vector autoregressive dynamics provide a canonical example of trajectory data for which
temporal dependence is intrinsic, while stability and tail behavior govern the validity of statistical
learning guarantees.

Specifically, we assume that the disturbance sequence {W;} is i.i.d. with a finite covariance matrix,
and the regression noise {e;} is i.i.d. with a finite 7- th moment for some v € (1,2). For an
observation &; = (Y3, X), we define the loss function as £(0,&) = |Y — g(6, x)|.

B Additional simulation studies

Dynamic mean estimation. The dynamic mean estimation experiment can be viewed as a stylized
prototype for policy-evaluation tasks, where the goal is to estimate an average outcome, reward, or
dynamic treatment effect in dynamic A/B testing, reinforcement learning, or sequential decision-
making frameworks. Similarly, the regression and logistic regression experiments represent robust
supervised learning from dependent covariate-response trajectories.

In this experiment, the data {&;}7_; is generated from the autoregressive process & = p€;_1 + &4,
where £, denotes the random error. We vary p € {0.25,0.5,0.75} throughout this analysis. The
error €y, is generated from a Pareto distribution with tail parameter 7 € {1.3,1.6,2.01,4.01} and is
appropriately recentered in order to have zero mean, that is ¢; = Z; — 5, Z; ~ Pareto(1,7). We
consider sample sizes n = 50, 100, 500, and the replication time is 1000.

Robust logistic regression. We next consider logistic regression with binary outcomes. Let Y; €
{0, 1} denote the response and let 6* € RP? be the unknown regression coefficient vector, assumed to
belong to a compact subset of R”. The empirical logistic loss is

Rer(9) = —% > [ViX[ 0 —log {1+ exp(X,[0)}] .

T
t=1

In our simulation, the covariates are generated from the autoregressive process X; = AX;_1 + Wy,
where Wy are i.i.d. N (0, I,,). The entries of A are first generated independently from the standard
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normal distribution and then rescaled so that || A||# = 0.8. Conditional on X, the binary response is

generated as
exp(X, 6%) )
1+ exp(X, 0*)

The true coefficient vector 6* is generated coordinatewise from U(—1, 1). To assess robustness, we
contaminate the covariates by heavy-tailed Pareto noise. Specifically, the contaminated covariate
is given by X] = X; + €, where ¢, = (€s1,. .., e,gp)T and the nonzero contaminated entries are
generated independently from a Pareto distribution with scale parameter 1 and shape parameter
7 € {1.3,1.6,2.01,4.01}. We vary the contamination proportion from {0.1,0.15,0.2}. We set
p = 20, T € {100,500,1000}, and use 100 Monte Carlo replications. As a baseline, we also
compute the Ly penalized non-truncated estimator by adding penalization to (2)). Table 3] summarizes
the results.

Y; | X; ~ Bernoulli (

Table 3: Comparison of Lo-estimation error for logistic regression under different (n, 7) and contam-
ination percentage (cp) settings with v = 1.5
cp=0.1 cp=0.15 cp=0.2
n T LTE ERM LTE ERM LTE ERM
1.3 1.6456 1.6518 1.6610 1.6819 1.8577 1.8836
1.6 1.5493 1.5676 1.5553 1.5747 1.7419 1.7620

100 201 14646 1.4763 1.4355 1.4562 1.6071 1.6232
4.01 1.3394 1.3429 1.2728 1.2767 1.3758 1.3799

1.3 1.0849 1.6705 1.3177  2.0054 1.4360 2.1583

500 1.6 0.8996 1.3315 1.0612 1.6321 1.1531 1.8153
2.01 0.8156 1.0175 0.8825 1.2272 0.9430 1.3858

4.01 0.7156 0.7146 0.7437 0.7467 0.7590 0.7697

1.3 09855 1.7962 1.1254  2.1488 1.2311  2.2927

1000 1.6 0.7348 1.4021 0.8358  1.7407 0.9033  1.9021

201 0.6161 1.0223 0.6834 1.2755 0.7304 1.4064
4.01 0.5779 0.6010 0.6381 0.6717 0.6689 0.7030

Under the dependent data setting, Table 3] shows that the proposed log-truncated estimator achieves a
smaller Lo estimation error than the non-truncated estimator, particularly when the data are highly
heavy-tailed, such as when 7 = 1.3 or 1.6. As 7 increases, extreme outliers become less frequent
and the data become less heavy-tailed; consequently, both methods improve. Nevertheless, the
log-truncated estimator continues to outperform the non-truncated estimator across the considered
settings.

C Proof of Lemmall]

Lemma 1. Suppose Assumptions - E]hold. Let 0 denote the minimizer of the population risk Ry (6).
Then for any ¢ € (0,1), with probability at least 1 — §, we have

= . . fla) . 1 2031 20[31
— <l =7 I .
Ry, 0,0(07) — Re(6]) < Raoe(07) + Tacs log 5 log 5 log 5

Proof. Substituting the definitions of Ew,g’a(ﬂg) and Ry (6} ), we obtain

Ry a0) = Rel0}) = Zw (at (67:&)) —E[6(07:9)

% > (valat (07:6)) - aRe(07))

t=1

T
To address the dependence in the sequence {gt} , we employ a blocking technique. Without loss

of generality, assume that T = km for positive integers k& and m. Partition the index set {1,...,7T}
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into m interleaving subsequences of length k. For j = 1,...,m, define

Zs, =Y (1/& (Oéf (%;5:)) - aRz(%)) :

J

Define

Then

R . ) 1 m m
P (Rys.ta(0) = Re(67) 2 2) =P E;Z‘% >a| < ;]P’ (Zs, = kaz).

By [Berbee|[[1987, Lemma 2.1], since the spacing between consecutive elements in each subsequence

S; is m, we can construct independent random variables &, ~ & fort e &; such that the distance
between the distributions is controlled by the mixing coefficient. Define

Zs,= > (w (ae (9*;5})) - aRg(H*)) .

Then
P (Zsj > k:oz:z:) <P (Zsj > kax) +P (ét =+ & for some t € Sj)

<P (Zgj > kax) + kB(m).
Combining over all m subsequences gives
P (ﬁw,z,a(%) — Ry(67) > 96) < i]P’ (Zgj > kam) + mk B(m). )
j=1
Next, we bound the first term. Using @) and Assumption[d]
exp {vn (af (6136) ) } < 1+ at (67:6) + F@A (£(05:&)) - (10)
‘We now bound the exponential moment
ox (ot (6%:4)) - aRu(6").
Applying (T0),
E {exp (w (oz[ (9}; é)) — ozRg(QE))} = R ODE [exp {1/},\ (a@ (9*;&)) H
< e MODE 1+ at (07:4) + fl)r (¢(01:6) )]
= e~ 0D (14 aRy(67) + f (o) Raor(6}))
< exp{f(a)Rroe(67)},

where the last step uses 1 4+ y < e¥.

Since the variables in each subsequence are independent, Markov’s inequality implies

P (Zsj > k:aa:) < g kT [exp {Zsj H

= e [T E [exp {un (at (6:6)) - aRe(6)) }]
teS;
<exp{—kazx+ kf(a)Rroe(0])}. (11)
Substituting (TT) into (9) and noting that 7' = mk, we obtain

P (Runa(0)) = Re(07) 2 7) < mexp{—kaa + kf(a) Raoe(67)} + TCe™ ™,
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where Assumption[3]gives 3(m) < CBe ™.

Choose
and set
m
_ fle )Rw(e,) m <5>
2 20T
f( )R,\oz(ee ( . > tog < o <Cﬂ>> '
(% 1)
This yields
P (R al0]) — ReO]) > 2) <6,
which completes the proof. 0

D Proof of Lemma/[2

Lemma 2. Suppose Assumptions Assumptions|I|-|5|hold. Let N (O, k) denote the covering number
of the parameter space © with radius k. Then for any 6 € (0, 1), with probability at least 1 — 6, we
have

Re (05,0) = Bona (B,.0) < 26E[H] + Clj;l(a)R)\og(@) + leio"‘)E[A(HE)]

1 log 2C3T N (O, k) log 2N (0, k) log 2C3T N(0©, k) .
Tacg ] dcg ]

_|_

Proof. Let N(©, k) be a k-net of the parameter space © and denote its covering number as N (0O, k).
By definition, for any ’02’2%( € O, there exists a § € N (O, k) such that ‘ 67%’[ — é“ < k. By
Assumption 2] the loss function satisfies the Lipschitz condition

[0 (8, 5¢) — £ (5| <

¢ (é; g) ~ kH <0 (5%_{;5) < (é; 5) + k. (12)
Taking the expectation with respect to the stationary measure P, we obtain,

R (03,0) =R [0, )] <E[006:6) + nHe| = Ra(0) + wE[H, (13)

—éH S HH&.

This implies

For the empirical risk §¢A7g,a (tz)\l*m €> , (@) implies

T
Rt (Binr) = 75 L r(@iB, 8 1%
T
<L Z 81— 0l(@, &) + A (li@:, 8)))]
T
< Z {1—@19£t)+anHA+01f() (Il(9;§)|)+01f(%)A<Ha>}’
=1

where the last inequality follows (I2) and Assumption[d] Denote

Asg =1 - allB:&) + arHg, + e f@)X (10 €)]) + en flam)\(He,).
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Combining (I3) and (T4), the event {Rz (thA Z) — Ryt (517&,2) > x} implies that for some

0 € N(©,k),
T

Re(0) + kE[He] + % 3 log (Aé,gt) > 1.
t=1

Applying the union bound over (0, k), we obtain

P (Rg (@% e) ~ Ry, 00 (@\fm ) > x)
< N(©,k) (Zlog( K ) >Ta (m—Rz (5) —nE[Hd)) .

We now proceed to bound the probability for a fixed 6 using the block technique similar to the proof
of Lemma|[T} We assume that 7' = km where m is the block gap and k is the length. We partition the
index set into m interleaving sub-sequences S; = {j,j +m,...,j + (k — 1)m}. Applying Berbee
(1987, Lemma 2.1], for each sub-sequence S;, there exists an independent sequence &; ~ ;. Then
we have,

(Z log (Agg,) = Ta (v~ Re () - nlE[Hg])>

<ZIP Zlog( 6E )Zka(x—Re@)—ﬁE[H&])

teS;

< ZIP Z log( ) > ka (x — Ry (9) - KE[Hg]) + mkB(m).

tes;
Similar with the estimation of (II)) in the proof of Lemma I} equation (), Assumption [ and the
independence of {ét} imply,

teS;

A 6) > ka (m ~ R (é) - I{E[HED

Eing
I~
Q
02
/~
D

< exp{—ka (w — R (6) ~ E[H)) }E |exp{ D~ log (4y¢,)

teS;

e {1 (6) 0} T oo )]

€s;

o+

< exp{—kaz + 2kakE[H¢] + c1k f(a) Rxoe(©) + 1k f(ar)E[N(He)]},

where Rxor(©) = supgeg Raor(6). Combining the estimates above, we obtain

P (Rz (@%,z) ~ Ry, ta (@’;M) > x)
< N(©, k)mexp{—kazx + 2karE[He| + cikf(a) Raot(O) + c1k f(ar)E[X(H¢)]}
+ N(©, )T Cp exp{—cpm}.

Set

xTr = 2I<.;E[H5] —+

Ry ot(©) +

Clj;(a) clf(om)]E m <2mN(G), m)) ’



and m = é log (%W) which yields N (0, k)mkCge™ ™ < §/2. We conclude that

IE”(R@ (@*M) — Ry ta (%l) > 2E[He] + %W)ng(@) + %C“)E[A(Hg)]
n 1 log (QCgTN(@,m)> log <2N(@, K) log (2CgTN(®,/{)>) > <6
Toacg 0 dcg o

E Proof of Theorem 1l

We first establish the error decomposition for the excess risk R, (5:“ 7 z) — Ry (67). Decompose the
excess risk, one has,

Ry (5.0) = Rel0) = (Be (05,0) = Bona () (s)
- (Rinstal@,.0) = Run0a0)) + (Run.eal]) = RA6))) . (16)
According to the definition of %A o we have
-~ ~ ~ 2 ~
Bosa 050) + 0 [Fore] < Boneal®)) + o107,
Rearranging this inequality, we obtain an upper bound for the second term of (T3)
Ry; t.a (%A,e) — Ry, 0,a(07) < pl0*]* — p‘
Substituting it back into (I3]), we obtain the decomposition,
Re (0, 0) = Re (03,0) < Be (85, 0) = Rt (Bi0) + B ea(07) = Re(67) + 7]
a7

Applying Lemma and Lemma 2 with probability ¢ /2 for each, respectively, we obtain that with
probability at most 6,

~ * f(oz) * 1 20/3T 2 QCﬁT w12
Re (03,.0) = Re (67) <57 Booe0)) + s —ow (=5 g (o108 (=) ) +o1e7]

D 2 * 12
O] < oll")?.

Q@ Tacg
+ 25E[He] + lea(o‘) Ryoe(©) + @E[A(ﬂ@]
n 1 log (2CgTN(®,I€)> log <2N(®, K) log (2CﬁTN(®7FC)>)
Tocg 0 dcg o
1+a)f(a 1 N
) Roc(©) + e (L) + £N(O.0) + p]0°
1 onE[He] + 2 é““)E[A(HE)],
where 2C6T 2 2C3T
- gL T 71' gL X
L(z)log( 5 >log<écﬂlog( 5 )),
and [|©*|| = infg.co-|€|. The final inequality follows by bounding Rx.¢(6;) <

Supgco Raoe(8) := Rxo¢(©) and taking the infimum over all §; € ©*.

Let the covering net radius be < = 1/7T. By equating the bias and variance trade-off terms, we choose
the optimal scaling parameter « as

o1 (L) +L(N(©,1/T))
o=/ ( Teg(1+ c1)Raoe(©) ) '

Substituting this « into the main inequality, and noting that ! (‘Xa/ ED . % ! (a"‘/TT ) 5 0as T — oo, the

-~

excess risk of 67, , is bounded by

E\(He)] + plO**.
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F Proof of Corollary ]|

Given the definition of A(x) = |z|7 /v with v € (1,2), we can explicitly determine the function
f(t) and constant ¢; in Assumption ] Since A(vz) = |vz|7/y = V7 A(z), we have f(v) = 1.
Furthermore, utilizing the standard inequality |z + y|? < 27=!(|z|” + |y|) for v > 1, we obtain
Cc1 = 27_1.

Applying the general bound from Theorem [I]and equating the bias and variance terms to tune the
optimal scaling parameter «, we have

o 1 (m) +L(N(®, 1/T>>) _ ( £(1) + L(N(©,1/T)) )i
Tep(1+ c1)Raoe(©) Teg(1+27"1H)Ry0e(©) )

For the covering number N (O, %), [Xu et al., 2023, Lemma 15] implies that N (O, 1) < (1+2rT)P.
Substituting « into the excess risk bound of Theorem [I] yields

(18)

2(L(1) +LN©.1/T)) ¢, f(a
( ) + / /T)E[)\(Hg)] + %E[Hﬁ] + plor.

D _ ) o
Re (9%,@) Ru(07) < Tacg «
(19)

To simplify the logarithmic complexity, note that

L(x) = log (205Tx> log <2;1; log (QCng>) < 2log? <QC§Tx) .

) dc

Since 7y € (1, 2), the exponent satisfies 7771 < 1. Combined with the bound for N (6, 7), we can
get

<“U+MN@mwm“*<@mg(%f)+zm9@@ﬁqumj)%

ggﬁm%%wg”ﬁg):%mc%ﬂywﬂ)

Substituting this upper bound and « into the first term of (T9), we have

2(£) + ;(aNB(@ ym) UL 1/T>>)le (042 ) R(©)

L 20,T(1 + 2rT
< 4pT—T<(1+2’Y*1)RAOg(@)) ¢ 'log <O"(M>

)
For the second term of (I9), we have
c1f(a)T) 27t
—————=E[MNH¢)] = ———E|\H,
M gia () = 2B (H)

ot ( L(1) + L(N(©,1/T))
T T \Tes(1+ 27 1) Ryoe(©

)) E[A(He)]

< 4T (L4 27 Raar(©)) 7 cj_lE[A(HE)] log (26"T(16+ 2TT)> :

1
To ease the notation, let us denote C o = ((1 + 2771)R>\Og(®)) . Summing up all the terms, we
arrive at the excess risk bound

D * 20 T 1 + 27"T
R[ (ew)”é) - R((ee) B ( )

a1 - 31
1 o (2T (4 + 4BINHICT )

IN

2 *
+ ZE[H] + oo

= O(pT™~"5 log (2C5T(1 + 2rT)/6) + p|©*]).

19



G Proof of Corollary 2|

Following [Duchi et al., 2012], the sequence {X;} is exponentially ergodic with a mixing rate
bounded by Mn*, where M > 0 and n € (0, 1) are constants depending on the matrices A and 3.
As shown by [Lu et al.| [2022], this ergodicity implies that the sequence is exponentially S-mixing.
Furthermore, the joint process & = (V,", X;) is also exponentially 3-mixing. This formulation
maps directly to our condition with the mixing constants given by Cg = M and cg = —In7. Thus,
Assumption [3|is satisfied, which completes the proof of Corollary

In the special case where (0, &) = (0, X), it is straightforward to verify Assumptions [2Jand 5] For
any 60,,05 € ©, we have

£0013€) = €623 )| = ||V = (61, X)] = Y = (62, X
< |V = (1, X)) = (v = (62, X))
< [IX116: - 92||

This demonstrates that the loss function is Lipschitz continuous with respect to . Consequently, we
can define H¢ = || X||. Since {W;} is an i.i.d. sequence with finite variance, and the y-th moment of
€ is finite, it follows that the y-th moment of {&;} also exists. Given that the sequence {&; }1_; is
ergodic and has finite expectation, both Assumption [2]and Assumption [5|are satisfied. Consequently,
under Assumption [I]and the specification g(#, X ) = (9, X), Corollary 2] holds.

H Proof of Corollary 3|

The proof of Corollary [3is similar with the proof of Corollary 2] The data-generating process is
a closed-loop system evolving according to z;11 = Az; + Buy + €;. Under the feedback law
u; = Kxy, the system can be rewritten as a standard vector autoregressive process:

Tyy1 = Faxy + 64, where F = A+ BK.
Let 0 = [vec(A) ", vec(B)"]T € RP where p = n? + nm. Notice that ||0]|? = || A||% + || B||%.

Because p(F') < 1, the closed-loop transition matrix F is asymptotically stable, and the noise {e;} is
i.i.d. with a finite y-th moment, the sequence {x;} is exponentially ergodic and admits a stationary
distribution with a finite «-th moment. This directly implies the sequence is exponentially 5-mixing,
satisfying Assumption 3]

For any two parameters #; and 65 corresponding to matrix pairs (Aj, B1) and (As, Bs) in the
compact set © 45, the Lq loss satisfies

[1(01; &) — 1(02; )] = [lrer1 — A1y — Bruglly — [|oeq1 — Aaxy — Baugl[1]
< [(Ar = Ag)zy + (Br — Ba) Ky
< Vn||(Ay — Ag)azy + (By — Ba) Ky |
< Vn (A = Asllpllzdl + 1By = BellpIK | #llz:)
< vnmax(L [|K|[r) ([ A1 — Azllp + || By — Bal|r) [|l2¢]
< V2nmax(1, IIKIIF)\/||A1 — A%+ 1B1 = Ba F [l
= Ckll]|[|0r — 02|

where Cx = v2nmax(1,| K| ). Thus, the loss is Lipschitz continuous with respect to the
vectorized parameter 0, with He, = Cic |||, satisfying Assumption 2]

Since v € (1,2), the existence of the y-th moment guarantees the existence of the first moment.
Therefore, E[H¢,] = C K]E[th l] < co. Additionally, using the truncation function A(z) = |z|7 /7,

we have E[A(He,)] = (CK E[||z¢]|"] < co. Thus, Assumptionis fully satisfied.
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