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Abstract
Partial differential equations (PDEs) serve as crucial tools for modeling complex real-world
phenomena. The physics-informed neural network (PINN) is an advancedmethodwithin arti-
ficial neural network (ANN)-based approaches for solving a wide range of PDE problems.
The restarting strategy of PINN (r-PINN) is a novel modification that has demonstrated
a significant reduction in computational time compared to its predecessor. However, the
complexity of the r-PINN architecture poses challenges, particularly in accurately solving
PDE problems with complex geometries, resulting in a large number of trainable parameters
that affect computational performance and memory requirements. To address these chal-
lenges, this study integrates truncated singular value decomposition (TSVD) into both the
PINN and r-PINN frameworks to uncover the underlying structure of the trainable param-
eter matrices, enabling their factorization into low-rank components. This process yields a
compressed trainable parameter matrix, improving training efficiency while preserving accu-
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racy. The proposed approach aims to obtain numerical solutions for various benchmark PDE
problems, including up to three-dimensional cases and a PDE system. This approach is appli-
cable not only to the novel r-PINN but also to the basic PINN, allowing for an analysis of the
improvements gained throughTSVD.Comparative analyseswith non-TSVDapproacheswill
be presented, and experimental results will demonstrate the efficacy of TSVD in enhancing
computational performance across all benchmark problems, warranting further investigation.

Keywords Partial differential equations · PINN · r-PINN · TSVD · Low-rank matrices

1 Introduction

Partial differential equations (PDEs) are equations that describe the relationship between
an unknown function of two or more independent variables and their partial derivatives [1,
2]. Many different kinds of PDEs are used to analyze processes distributed in space and
time. Specifically, PDEs can model and analyze complex real-world phenomena such as
fluid dynamics, heat transfer, electromagnetic fields, quantum mechanics, and more. One
of the most well-known PDEs, the heat equation, can estimate the spread of thermal energy
within materials [3]. The wave equation is also able to describe time-dependent displacement
in an elastic material [4]. Laplace’s equation is widely applied in electrostatics, fluid flow,
geometry, and the theory of harmonic functions [5]. Lastly, the vulnerability of ecological
environments can also be analyzed using PDEs [6]. As elegant as these models are, studying
PDEs remains an active research field of considerable interest.

The solution to a PDE can be obtained either analytically or numerically. However, obtain-
ing an analytical solution can be challenging or even impossible for complex problems, either
because a solution has not yet been found or because it cannot be expressed using elementary
functions [7, 8]. As an alternative, numerical methods are used to approximate the solution.
Classical numerical methods such as the Finite Difference Method (FDM), Finite Element
Method (FEM), and Runge-Kutta have emerged in recent years as tools to obtain numerical
solutions to PDEs.However, thesemethods rely on domain discretization and become compu-
tationally expensive, especially when dealing with high-dimensional problems or complex
geometries [9, 10]. Furthermore, these classical methods are also inappropriate for real-
time use and are time-consuming to adapt to new problems, particularly for non-experts
in numerical mathematics and computational modeling [11]. Recently, artificial neural net-
works (ANNs) have emerged as a new class of approaches for obtaining numerical solutions
to PDEs.

Artificial Neural Networks (ANNs) are inspired by the structure and function of biological
neural networks. They have gained significant attention over the past two decades [12]. In
recent years, ANNs have shown remarkable success in handling various tasks such as natural
language processing [13], image classification [14], and error detection [15]. ANNs also
have tremendous advantages in function approximation due to their role as universal func-
tion approximators [16]. These advantages make ANNs a promising approach for obtaining
numerical solutions to PDEs and offer the potential to achieve high accuracy and efficiency.

Previous studies have demonstrated the potential of ANNs to solve various differential
equations (DEs). Lee andKang [17] solved first-order ordinary differential equations (ODEs)
by implementing a Hopfield neural network model using a parallel architecture. As a result,
their parallel neural algorithm is applicable for solving a wide range of DE problems. Lagaris
et al. [18] used different ANN techniques to solve DE problems by incorporating a trial
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solution into their methods. This trial solution technique succeeded in providing accurate
solutions for both ODEs and PDEs.

ANNsalso offer flexibility, allowing them tobe combinedwith other techniques to enhance
results. Aarts and Van der Veer demonstrated the use of ANN to solve a series of linear and
nonlinear DEs [19, 20]. Their ANN model was trained simultaneously with an evolutionary
algorithm to obtain more efficient results. Malek and Beidokhti combined ANN with the
Nelder-Mead simplex method to find numerical solutions for higher-order PDEs [21]. This
hybrid method provided excellent solutions for both lower- and higher-order PDE problems.
Several other studies have explored the integration of ANNs with different computational
methods to improve performance and accuracy. For instance, Sirignano and Spiliopoulos [22]
combinedANNswith theGalerkinmethod to form theDeepGalerkinMethod.Khanet al. [23]
applied a hybrid of ANNs with the Generalized Normal Distribution Optimization (GNDO)
and the Interior PointAlgorithm (IPA). In another study,ANNswere integratedwith themeta-
heuristic Biogeography-Based Heterogeneous Cuckoo Search (BHCS) to enhance numerical
efficiency [24]. Additionally, Khan et al. [25] employed a hybrid model that combines ANNs
with the Whale Optimization Algorithm (WOA) and the Nelder-Mead (NM) method. These
examples reflect the growing trend of hybridizing ANNs with advanced optimization or
numerical techniques to solve increasingly complex differential equation problems.

The Physics-Informed Neural Network (PINN) is one of the most recent ANN-based
approaches for solving PDEs and has gained significant attention in recent years [26–28].
However, it has been observed to have certain drawbacks, particularly the high training
cost, which can adversely affect both performance and accuracy. To improve accuracy, espe-
cially when dealingwith PDEs involving complex geometries, PINNs often require increased
architectural complexity. This typically involves more neurons, deeper layers, and results in
a large number of trainable parameters (weights and biases), which in turn increases com-
putational time and resource consumption. Therefore, compressing the trainable parameters
while maintaining accuracy is essential. Low-rank matrix factorization (MF) is one of the
most commonly usedANNcompression techniques to date. This approach is popular because
it has been proven to reduce the number of trainable parameters, shorten training time, and
enhance interpretability in many applications.

This study implements one of the matrix factorization (MF) techniques, known as trun-
cated singular value decomposition (TSVD), to be integrated with both PINN and r-PINN
methods for solving several benchmark PDE problems. TSVD is a variant of singular value
decomposition (SVD) in which the number of singular values is limited by a predefined
rank variable. It is a popular alternative to standard SVD due to its improved computational
efficiency and interpretability. TSVD is incorporated within the ANN layers to uncover the
latent structure of the trainable parameter matrix connecting each layer, factoring it into
low-rank matrices to provide a compressed representation. This compressed matrix signifi-
cantly reduces the number of trainable parameters and accelerates the training process. This
technique has previously been applied by Cai et al. [29] in image classification tasks, where
it achieved higher accuracy and compression ratios. A comparison between the original
PINN and the novel r-PINN, both with and without TSVD integration, will be conducted to
determine whether integrating TSVD is an effective way to enhance performance. The key
contributions of this study are summarized as follows:

1. TSVD is constructed within the architecture of ANNs for both basic PINN and r-PINN
methods and applied to approximate solutions for several benchmark PDE problems,
including those up to three dimensions and systems of PDEs.
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2. A loss function based on mean square error is formulated and monitored to update the
trainable parameters, which consist of weights and biases, using the Adam optimization
algorithm.

3. Several proposed actions are outlined based on the findings and the observed impact of
variations in the proposed approach.

4. The approximate results obtained using the integrated TSVD method are compared with
those from the non-TSVD approach and analytical solutions. The comparison includes
the absolute error distribution and mean absolute error (MAE) to validate the accuracy
and effectiveness of the proposed mechanism.

5. The approximate solutions, trainable parameters, computational time, and loss perfor-
mance for both the TSVD and non-TSVD approaches are presented using graphs and
tables, demonstrating the effectiveness and robustness of the proposed method.

Section 2 provides an overview of the PINN and r-PINN workflows for solving PDE
problems, along with a review of related work on TSVD as one of the MF techniques.
Section 3 outlines the numerical implementation, detailing how TSVD is integrated into
the proposed approach to solve the general form of PDE problems. Section 4 presents the
implementation results of the integrated TSVD approaches in solving PDEs involving up to
three spatial dimensions and one PDE system, including comparisons with the non-TSVD
approaches. Finally, Section 5 concludes the study by summarizing the key findings.

2 Literature Review

2.1 Physic-Informed Neural Network

The Physics-Informed Neural Network (PINN) is an efficient ANN-based method for solv-
ing unsupervised learning tasks by enforcing physical laws specified by partial differential
equations (PDEs), which are incorporated as regularization terms in the loss function [27].
Currently, PINNs are receiving significant attention from researchers and are being applied
across various fields, such as learning advection–diffusion–reaction (ADR) systems [30],
parameter estimation in subsurface problems [31, 32], predicting blood pressure [33], and
solving nonlinear multiphysics problems [34], among others.

The basic architecture of PINNs often struggles with large network size and excessive
parameters. Common architectures such as dense networks, convolutional neural networks
[35], and recurrent neural networks [36] typically involve deep and wide layers, resulting
in long training times, high memory usage, and increased computational cost, especially in
high-dimensional or real-time applications. To mitigate these challenges, researchers have
explored model compression using low-rank factorization methods such as Singular Value
Decomposition (SVD) and Non-negative Matrix Factorization (NMF) to compress models
while maintaining accuracy [37, 38]. For instance, Greenformers applied SVD-based com-
pression to convolutional layers, achieving up to 58.97% efficiency improvement with no
performance loss [39]. Truncated SVD (TSVD), which retains only the most significant
singular values, has also shown strong potential in ANN-based image classification tasks
[29].

Recent studies have explored the scalability of PINNs by applying tensor decomposition
methods, including CP, Tensor Train, and Tucker, which enable efficient variable separa-
tion and reduce model size [40]. A pruning strategy has also been proposed to accelerate
convergence in enriched PINNs for two-phase flow in heterogeneous porous media, thereby
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improving efficiency while maintaining accuracy [41]. Collectively, these advances in com-
pressing PINN complexity highlight a growing diversity of techniques aimed at addressing
limitations in efficiency and scalability for solving a wide range of PDEs.

2.2 Restarting PINN for Solving Partial Differential Equation

The original PINN usually used fixed iteration and frequently had limitations The basic PINN
typically uses a fixed number of iterations and often suffers from limitations that cause it to run
through all iterations without significantly reducing the loss function value, thereby wasting
computational time [42]. To address this issue, the r-PINN method employs a restarting
scheme adopted from [43], performing only a small number of iterations as a modification to
the original PINN. To better understand the idea behind this approach, consider the following
general high-dimensional d-th order PDE [44]:

F
(
x, y, t, u, ux , uy, ut , . . . , ux (d) , uy(d) , ut (d)

)
= f (x, y, t), (x, y) ∈ �, t ∈ [0, T ]. (1)

This equation is defined over the domain � ⊂ R
2, subject to the following initial and

boundary conditions:

u(x0, y0, 0) = u0, (x0, y0) ∈ ∂�,

u(xb, yb, t) = g(xb, yb, t), (xb, yb) ∈ ∂�, t ∈ [0, T ]. (2)

Similar to the original PINN, r-PINN aims to obtain a trained ANN function, û(x, y, t; θ),
where θ is a matrix of trainable parameters consisting of weights and biases, to approximate
an actual unknown function u(x, y, t). The ANN architecture includes three inputs (x , y, and
t),m hidden layers with n neurons each, and a single output that produces û(x, y, t; θ). A loss
function based on mean square error (MSE) is constructed and monitored using the Adam
optimizer [45] to update the trainable parameters. The Adam optimizer is chosen because
it has shown superior performance in optimizing r-PINN compared to other gradient-based
optimizers, as reported in [42].

Furthermore, the loss value is monitored throughout the training process, and if no further
improvement is observed over several upcoming iterations, the process is terminated and
restarted from the beginning. The best trainable parameters obtained during each cycle are
saved and used in the subsequent step until a predefined number of cycles is completed. The
complete scheme of the r-PINN method is illustrated in Figure 1.

2.3 Low-rankMatrix Factorization

The weight and bias parameters that connect each layer of an ANN typically take the form of
arrays or matrices. This has made low-rank matrix factorization (MF) one of the most widely
used ANN compression techniques to date. The key idea of MF is to uncover the latent struc-
ture in these matrices by factoring them into low-rank components, providing a compressed
representation [46]. Previous research suggests that integrating MF with ANN is a promis-
ing approach for reducing model size and improving efficiency and performance. Flenner
and Hunter [47] introduced a deep non-negative matrix factorization (NMF) framework by
combining multiple layers of NMF with pooling layers in a convolutional model trained
on limited text and audio data, outperforming deep neural networks that typically require
large amounts of training data. Guo et al. [48] proposed a sparse deep NMF model that
incorporated Nesterov’s accelerated algorithm to speed up the computation process during
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Fig. 1 The scheme of r-PINN for solving PDE

image classification. These studies highlight the potential of matrix factorization techniques
to enhance ANN efficiency and performance.

2.4 Truncated Singular Value Decomposition

Singular Value Decomposition (SVD) is a fundamental technique among MF methods and
is widely used in real-world systems and powerful data processing applications in the com-
putational domain [49]. In SVD, a rectangular matrix A ∈ R

m×n (where m ≥ n) can be
represented as the product of three matrices: the left singular matrixU ∈ R

m×n , the diagonal
singular matrix � ∈ R

n×n , and the right singular matrix VT ∈ R
n×n , which can be written

as [50]:
A = U�VT, (3)

whereU andVT are orthogonal, with column vectors ui , i = 1, . . . ,m, and v j , j = 1, . . . , n,
respectively. Furthermore, the diagonal entries σ j of � are called singular values and are
ordered as σ1 > σ2 > . . . > σn ≥ 0 [51]. However, instead of performing the full SVD
factorization, the decomposition can be approximated by truncating the top r singular values
from the three matrices, a method known as TSVD. In other words, matrixA can be approxi-
mated using the largest r singular values, where r ≤ min(m, n). Therefore, the approximated
matrix � can be constructed as follows:

A ≈ � = Ur�rVT
r , (4)

where Ur ∈ R
m×r , �r ∈ R

r×r , and VT
r ∈ R

r×n . The objective of TSVD is to minimize the
Frobenius norm between the original matrix A and the approximated matrix �, as expressed
by the following:

min‖A − Ur�rVT
r‖2F . (5)
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Fig. 2 Collocation, initial, and boundary sample points selected randomly within the PDE domain

The approximated matrix � lends itself to a matrix approximation scheme that is computa-
tionally cheaper than the full SVD.

3 r-PINN Integrated with TSVD for Solving PDE Problems

TSVD has not yet been integrated into the PINN framework for solving PDEs, highlighting a
key research gap. Given ongoing challenges with long training times and model complexity,
this section discusses a TSVD-based compression layer that reduces the number of trainable
parameters while maintaining accuracy. This approach is expected to significantly enhance
computational efficiency, making PINNs more practical and scalable for solving DEs in
real-world applications.

3.1 Define the Sample of PDE Collocation Points and Initial/boundary Points

After the PDE is defined as in Equation 1, the next step is to define the points inside the
PDE domain. The domain of a PDE typically refers to the grid points over the intervals of
the independent variables that describe the solution, usually represented within a rectangular
area. Using a random normal distribution, a small portion of sample points is selected to
represent the overall domain for ANN training. These points are subsequently categorized
into collocation points (NF ) and initial or boundary points (N0 or Nb), respectively. A simple
illustration of the sample and overall points is shown in Figure 2.

3.2 Define the ANN Architecture

Generally, the architecture of an ANN consists of multiple layers composed of many units
(neurons), including input, hidden, and output layers [52]. In this case, the input layer consists
of three neurons corresponding to the PDE’s independent variables (xi , y j , tk), which are
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Fig. 3 ANN architecture containing m layers with n units (neurons)

derived from the previously established sample points and fed sequentially into the ANN
model.

In ANN terminology, the hidden layer is located between the input and output layers and
sets up their connections. Each neuron in the hidden layer has a bias that shifts its activation
toward the positive or negative direction.All neurons are connected by a value called aweight,
which is initialized randomly based on a chosen initializer [53–55]. The weights and biases
are stored as trainable parameters denoted by θ . Lastly, the output layer has a single output
û(xi , y j , tk; θ) that approximates the unknown PDE function. See Figure 3 for a detailed
visualization of the architecture.

3.3 r-PINNwith TSVD For Solving PDE

As mentioned previously, the r-PINN approach to solving PDEs begins by initializing the
trainable parameters θ . In this case, the He normal distribution is employed [53]. A fully
connected (dense) layer is used as the first hidden layer, and its formulation is shown in Eq.
6. ⎡

⎢⎢⎢⎣

h1,1
h1,2

...

h1,n

⎤
⎥⎥⎥⎦
n×1

=

⎡
⎢⎢⎢⎣

w1,1 w1,n+1 w1,2n+1

w1,2 w1,n+2 w1,2n+2
...

...
...

w1,n w1,2n w1,3n

⎤
⎥⎥⎥⎦
n×3

⎡
⎣
xi
yi
tk

⎤
⎦
3×1

+

⎡
⎢⎢⎢⎣

b1,1
b1,2
...

b1,n

⎤
⎥⎥⎥⎦
n×1

, (6)

The trainable parameters θ are then used to form a linear combination with the inputs
(xi , y j , tk), where i = 0,…, M , j = 0,…, N , and k = 0,…, O , respectively. The resulting
terms are arranged into an operation matrix and processed as follows:

⎡
⎢⎢⎢⎣

h1,1
h1,2

...

h1,n

⎤
⎥⎥⎥⎦
n×1

=

⎡
⎢⎢⎢⎣

(
w1,1xi + w1,n+1y j + w1,2n+1tk

)+ b1,1(
w1,2xi + w1,n+2y j + w1,2n+1tk

)+ b1,2
...(

w1,nxi + w1,2n y j + w1,3ntk
)+ b1,n

⎤
⎥⎥⎥⎦
n×1

. (7)
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The activation function in the hidden layer plays a crucial role in the learning performance
of ANNs [56]. The hyperbolic tangent (tanh) activation function is employed and defined as
follows:

f (h1,p) = eh1,p − e−h1,p

eh1,p + e−h1,p
. (8)

This activation function is used as it has been empirically shown to offer superior approxima-
tion performance compared to other activation functions [57]. This is applied elementwise
to h1,p , where p = 1, . . . , n, and the resulting values serve as the input to the next layer.

The next step is the process from the current hidden layer to the next hidden layer, or from
the next hidden layer to the subsequent layer, until the last hidden layer. Equations 9 and
10 demonstrate the transformation from the current hidden layer hl to the next hidden layer
hl+1 (l = 1, . . . ,m).
⎡
⎢⎢⎢⎣

hl+1,1

hl+1,2
...

hl+1,n

⎤
⎥⎥⎥⎦
n×1

=

⎡
⎢⎢⎢⎣

wl,1 wl,n+1 · · · wl,n(n−1)+1
wl,2 wl,n+2 · · · wl,n(n−1)+2

...
...

. . .
...

wl,n wl,2n · · · wl,nn

⎤
⎥⎥⎥⎦
n×n

⎡
⎢⎢⎢⎣

f (hl,1)
f (hl,2)

...

f (hl,n)

⎤
⎥⎥⎥⎦
n×1

+

⎡
⎢⎢⎢⎣

bl+1,1

bl+1,2
...

bl+1,n

⎤
⎥⎥⎥⎦
n×1

, (9)

The calculation process is similar to the previous step, and the result is shown below:

⎡
⎢⎢⎢⎣

hl+1,1
hl+1,2

.

.

.

hl+1,n

⎤
⎥⎥⎥⎦
n×1

=

⎡
⎢⎢⎢⎣

(
wl,1 f (hl,1) + wl,n+1 f (hl,2) + . . . + wl,n(n−1)+1 f (hl,n)

)+ bl+1,1(
wl,2 f (hl,1) + wl,n+2 f (hl,2) + . . . + wl,n(n−1)+2 f (hl,n)

)+ bl+1,2
.
.
.(

wl,n f (hl,1) + wl,2n f (hl,2) + . . . + wl,nn f (hl,n)
)+ bl+1,n

⎤
⎥⎥⎥⎦
n×1

. (10)

It can be seen that the weight matrix in Equations 9 (say,Wl ) has n × n elements. TSVD
is used to decompose Wl so that the total number of weight parameters is reduced. The
decomposition process ofWl can be written as:

⎡
⎢⎢⎢⎣

wl,1 wl,n+1 · · · wl,n(n−1)+1
wl,2 wl,n+2 · · · wl,n(n−1)+2

.

.

.
.
.
.

. . .
.
.
.

wl,n wl,2n · · · wl,nn

⎤
⎥⎥⎥⎦
n×n

≈

⎡
⎢⎢⎢⎢⎢⎢⎣

ul1,1 · · · ul1,r
ul2,1

. . . ul2,r
.
.
.

.

.

.
.
.
.

uln,1 · · · uln,r

⎤
⎥⎥⎥⎥⎥⎥⎦
n×r

⎡
⎢⎢⎣

σ l
1 · · · 0
.
.
.

. . .
.
.
.

0 · · · σ l
r

⎤
⎥⎥⎦
r×r

⎡
⎢⎢⎣

vl1,1 vl1,2 · · · vl1,n
.
.
.

. . .
.
.
.

.

.

.

vlr ,1 vlr ,2 · · · vlr ,n

⎤
⎥⎥⎦
r×n

(11)
Equation 11 shows the decomposition process of Wl into the product of three matrices:

Ul
r , �

l
r , and VlT

r . These matrices are then truncated to retain only the top r components, as
explained in Section 2.4. The process reduces the number of weight parameters compared to
the original weight matrix Wl, so that hl+1,k can be obtained as follows:

⎡
⎢⎢⎢⎢⎣

hl+1,1
hl+1,2

.

.

.

hl+1,n

⎤
⎥⎥⎥⎥⎦
n×1

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎝

r∑

i=1

u1iσi vi1 f (hl,1) +
r∑

i=1

u1iσi vi2 f (hl,2) + . . . +
r∑

i=1

u1iσi vin f (hl,n )

⎞
⎠+ bl+1,1

⎛
⎝

r∑

i=1

u2iσi vi1 f (hl,1) +
r∑

i=1

u2iσi vi2 f (hl,2) + . . . +
r∑

i=1

u2i σi vin f (hl,n )

⎞
⎠+ bl+1,2

.

.

.⎛
⎝

r∑

i=1

uniσi vi1 f (hl,1) +
r∑

i=1

uniσi vi2 f (hl,2) + . . . +
r∑

i=1

uniσi vin f (hl,n )

⎞
⎠+ bl+1,n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
n×1

(12)
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The final step involves computing outputs to obtain û(xi , y j , tk; θ) from the last hidden
layer to the output layer. The operations matrix in Equation 13 specifies the process.

û(xi , y j , tk; θ) = [wm,1 wm,2 · · · wm,n
]
1×n

⎡
⎢⎢⎢⎣

f (hm,1)

f (hm,2)
...

f (hm,n)

⎤
⎥⎥⎥⎦
n×1

+ [bu
]
1×1 , (13)

such that

û(xi , y j , tk; θ) = (wm,1 f (hm,1) + wm,2 f (hm,2) + . . . + wm,n f (hm,n)
)+ bu

=
n∑

i=1

wm,i f (hm,i ) + bu . (14)

The output û(xi , y j , tk; θ) represent the network’s approximation to the unknown function
u(xi , y j , tk), which is governed by the PDE in Equation 1. Evaluating this output is crucial
for assessing how well the network satisfies the physical constraints imposed by the PDE.

Once the output is obtained, the next step is to compute the d-th derivatives of
û(xi , y j , tk; θ). These derivative are evaluated using automatic differentiation (AD), which
is implemented in TensorFlow [58], as shown in the following equations.

ûx (d) (xi , y j , tk; θ) = ∂(d)

∂x (d)
i

n∑
i=1

wm,i f (hm,i ),

û y(d) (xi , y j , tk; θ) = ∂(d)

∂ y(d)
j

n∑
i=1

wm,i f (hm,i ),

ût (d) (xi , y j , tk; θ) = ∂(d)

∂t (d)
k

n∑
i=1

wm,i f (hm,i ).

(15)

Collectively, this process establishes the forward pass and the derivative evaluation required
to formulate the PDE residuals before constructing the loss function used for training.

3.4 Build the Loss Function

After obtaining the approximate output û(xi , y j , tk; θ) and its derivatives, the next main task
is to define the loss function. The loss function of PINN is expressed as follows:

L(θ) = MSE0 + MSEb + MSEF , (16)

where MSE0, MSEb, and MSEF are mean squared error (MSE)-based loss functions cor-
responding to the initial conditions, boundary conditions, and the governing PDE, as given
in Equation 17.
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⎧
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MSE0 = 1
N0

N0∑
i=1

[
û(xi0, t

i
0; θ) − u0(x

i
0, y

i
0, t

i
0)
]2

,

MSEb = 1
Nb

Nb∑
i=1

[
û(xib, t

i
b; θ) − g(xib, y

i
b, t

i
b)
]2

,

MSEF= 1
NF

NF∑
i=1

[
F
(
xiF , yiF , t iF , ûi , ûix , û

i
y , û

i
t , . . . , û

i
x (d) , û

i
y(d) , û

i
t (d)

)
− f (xiF , yiF , t iF )

]2
.

(17)
where,

(xi0, y
i
0, t

i
0), and (xib, y

i
b, t

i
b): Randomly distributed initial points and boundary points,

respectively.
(xiF , yiF , t iF ): Randomly distributed collocation points in the domain.
N0, Nb and NF : Total number of sample data for initial points, boundary points, and

collocation points, respectively.
The most effective approach to achieving an optimal value of the loss function is to

minimize it toward zero. This is accomplished using the Adam optimizer, which iteratively
adjusts the values of θ to converge toward the optimal solution.

3.5 AdamOptimizer

The trainable parameter θ is updated to minimize the loss function using the Adam optimizer
in the next stage. The process of updating the trainable parameters using the Adam optimizer
is described by the following equation, as proposed by [45].

θ t+1 = θ t − αt+1mt+1√
vt+1 + ε

, (18)

where αt is the adaptive learning rate, with a default initial value of αt = 0.001, and is
described as follows

αt+1 = αt

√
1 − β1

t

1 − β2
t

, (19)

and
mt+1 = β1mt + (1 − β1)∇θL(θ t ),

vt+1 = β2vt + (1 − β2)[∇θL(θ t )]2.
(20)

Both mt and vt are initialized to 0, and the other parameters are described as follows:
t : iteration (0, 1, 2, . . . ,max iteration),
θ t : trainable parameters (weights and biases) in the current iteration,
β1, β2 ∈ [0, 1): exponential decay rates for moment estimates,
ε: very small number to prevent divided by zero,
∇θL(θ t ): gradient of the loss function regarding the trainable parameters.
The ANN architecture is iteratively improved by employing the Adam optimizer to gener-

ate a new θ t+1. This process is repeated until a termination condition is met. The termination
condition may be defined by reaching a specific number of iterations or by satisfying a pre-
determined error threshold between consecutive solutions. The complete process of r-PINN
integrated with TSVD is summarized in Algorithm 1 and 2.
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Algorithm 1 PINN-TSVD Algorithm for Solving PDEs
1: Require: the PDE system (e.g., Eq. (1));
2: Require: number of training points NF , N0, Nb;
3: Require: training inputs xi , y j , tk from each NF , N0, and Nb;
4: Require: total number of layers m;
5: Require: maximum number of training iterations T ;
6: Require: TSVD rank r and TSVD layer = ltsvd ;
7: Set I ← [xi , y j , tk ]T as an input;
8: Initialize network parameters θ = {W,b};
9: for t = 1 to T do
10: h1 ← f (W1I + b1);
11: for l = 2 to m do
12: if l = ltsvd then
13: Wl ← Ul

r�
l
r (V

l
r )

T ;
14: hl ← f (Wlhl−1 + bl );
15: else
16: hl ← f (Wlhl−1 + bl );
17: end if
18: end for
19: Compute output layer:
20: û(I; θ) ← Wuhm ;
21: Compute derivatives of û via automatic differentiation;
22: Compute loss L(θt );
23: Update θt using Adam optimizer;
24: end for
25: θ∗ ← parameters minimizing loss;
26: Return approximate outputs û over the domain;

Algorithm 2 Restarting Strategy of PINN-TSVD
1: Require: PINN-TSVD training procedure (Algorithm 1);
2: Require: Maximum number of cycles S;
3: Require: Maximum iterations per cycle T ;
4: Require: Patience length N (no. of steps without improvement);
5: Set cycle index s ← 1;
6: Initialize weights and biases θ0;
7: while s ≤ S do
8: Initialize best loss Lb ← ∞ and counter n ← 0;
9: for t = 1 to T do
10: Train using Algorithm 1 forward pass with current θt ;
11: if L(θt ) < Lb then
12: Lb ← L(θt );
13: Save θt as best parameters θb;
14: n ← 0;
15: else
16: n ← n + 1;
17: end if
18: if n = N then
19: Break the current iteration loop;
20: end if
21: end for
22: Set θ0 ← θb;
23: s ← s + 1;
24: end while
25: Select final θ∗ ← θb (best from all cycles);
26: Return approximate solution using θ∗;
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3.6 Another Performance EvaluationMetrics

Besides the MSE-based loss function, the mean absolute error (MAE) is also employed as a
performance evaluation metric in this study. However, unlike the MSE, which measures the
model’s residuals with respect to the PDE (including initial and boundary residuals within
the PINN formulation), MAE directly measures the average absolute difference between
the predicted solution and the exact DE solution, providing a clear and interpretable metric
of approximation accuracy. Specifically, the absolute error (AE) is first computed for each
variable, representing the pointwise difference between the predicted and exact values, as
formulated below:

AE=
∣∣û(x, y, t; θ) − uexact(x, y, t)

∣∣ . (21)

Here, uexact(x, y, t) represents the benchmark solution obtained from the analytical or
ground-truth solution. Then, MAE is defined as the mean value of these AE over the domain,
serving as a global measure of prediction accuracy. Calculating MAE can be formulated as:

MAE = 1

N

N∑
i=1

(
AE (i)

)
, (22)

where N denotes the total number of points alongside the result domain. In this way, the AE
provides localized error information, while theMAE summarizes the overall error magnitude
across the domain.

4 Experimental Results

In this section, benchmark problems derived from up to three-dimensional PDEs and one
system of PDEs are discussed. Table 1 provides a comprehensive list of all benchmark prob-
lems employed, along with references to scholarly articles that have previously addressed
similar problems. The results of the analysis have been systematically documented in a series
of tables and illustrative graphs. All computational experiments were conducted using the
Python programming language and executed on a Windows 11 laptop. The laptop specifica-
tions include 8GBof RAM, an Intel Core i7-8565U processor, and an Intel UHD620 graphics
card. This hardware configuration ensured optimal performance during the execution of our
experiments.

4.1 Simulation of TSVD Implementation within the ANN Architecture

To evaluate the impact of TSVDwithin the PINNarchitecture, two simulation experiments are
conducted. The first examines how the position and number of TSVD layers affect accuracy
and training speed, while the second explores how different rank-r values influence model
performance. These simulations collectively offer a comprehensive understanding of the
practical trade-offs introduced by TSVD in the PINN framework.

4.1.1 TSVD layer position simulation within the architecture

TSVD can be implemented at various positions within the hidden layers of the network. The
placement and number of TSVD layers within the architecture may influence the approxima-
tion results, potentially affecting both accuracy and computational time. Therefore, before
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Fig. 4 Variety of TSVD layer simulation within the ANN architecture

analyzing the numerical results of the benchmark problems, preliminary simulations were
conducted to determine the optimal number and placement of TSVD layers for effective inte-
gration within the PINN architecture. In this study, the test problem used for the simulation is
the one-dimensional wave equation, as described in Table 1, due to its moderate complexity
and its relevance as a baseline benchmark problem. The simulations explored various TSVD
configurations, including placement in the second layer only, the last layer only, and both the
second and last layers. An illustration of these configurations is shown in Figure 4.

It should be noted that the primary objective of TSVD is to compress the weight matrix
to accelerate the training process. Therefore, TSVD is not applied to the first hidden layer
in this simulation. This is because the number of trainable parameters between the input
layer and the first hidden layer is already small, so applying TSVD at this layer would not
provide any significant benefit in terms of model size reduction. In fact, it could add extra
computationwithoutmeaningfully improving themodel’s efficiency. Such an approachwould
therefore contradict the objective of optimizing the networks size and accelerating training.
Additionally, Table 2 outlines the configuration settings used in these simulations.

Table 2 illustrates that the ANN architecture comprises three hidden layers, each contain-
ing 50 neurons. This architecture was selected through a trial-and-error process to identify
the optimal configuration. The input layer consists of two neurons corresponding to the spa-
tial and temporal variables, x and t , respectively. The output layer contains a single neuron
representing the approximate unknown function û(x, t). Furthermore, the total domain grid
points for this problem are set to 200×200, resulting in a total of 40,000 points. Among these,
only 2,500 points are selected as collocation training points, while 100 points are designated
for initial and boundary training, with 25 points sampled from each initial and boundary
condition.

Table 2 also shows that the maximum TSVD rank was temporarily set to 5. This value
serves as a preliminary choice to evaluate the effect of the TSVD layer position, before amore
detailed analysis of rank variation is conducted in the next simulation. A clear comparison of
the number of trainable parameters between the TSVD-integratedmethod and the non-TSVD
approaches (basic PINN and r-PINN) is presented in Table 3.

Table 3 shows that integrating TSVD with a truncated top-5 rank in one of the hidden
layers significantly reduces the number of trainable parameters, from 2,550 to only 555. This
reduction results from decomposing the standard fully connected weight matrix with rank 5,
where the transformation matrix is expressed as:

Wl ≈ W5
l = U5�5VT

5 ,
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Table 3 Comparison of trainable parameters between the network with a TSVD layer (rank = 5) and the
standard (non-TSVD) network for one-dimensional wave equation

Layer type Neurons Number of trainable parameter
non-TSVD Second only Last only Second and last

Input 2 0 0 0 0

Hidden layer 1 50 150 150 150 150

Hidden layer 2 50 2,550 555 2,550 555

Hidden layer 3 50 2,550 2,550 555 555

Output 1 51 51 51 51

Total parameters 5301 3306 3306 1311

Size 99kB 78kB 78kB 61kB

Fig. 5 Loss values (left), computational time per iteration (mid), and total computational time (right) compar-
isons between basic PINN, r-PINN, and all TSVD configurations in solving one-dimensional wave equation

where U5 ∈ R
50×5, �5 ∈ R

5, and VT
5 ∈ R

5×50. Including an additional bias vector with 50
elements leads to

(50 × 5) + 5 + (5 × 50) + 50 = 555

trainable parameters within the TSVD layer. In this implementation, the singular values are
stored as a vector of length 5, since the off-diagonal elements of the singular value matrix
are always zero, making it unnecessary to store the entire matrix explicitly. This substantial
reduction also contributes to a smaller model memory size. The results of these simulation
configurations, compared to the performance of the non-TSVD methods, are presented in
Figure 5.

Each configuration shown in Figure 5 is tested through 10 independent simulation runs,
which further validate the reliability and consistency of this approach in solving the problem.
Among the TSVD configurations, the "last only" setup consistently yields lower loss values
than the "second and last" or "second only" configurations, demonstrating its efficiency and
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Table 4 Comparison of trainable parameters within the networks using TSVD with different rank values for
solving one-dimensional wave equation

Layer type Neurons Number of trainable parameter
non-TSVD rank = 5 rank = 10 rank = 15

Input 2 0 0 0 0

Hidden layer 1 50 150 150 150 150

Hidden layer 2 50 2550 2550 2550 2550

Hidden layer 3 50 2550 555 1060 1565

Output 1 51 51 51 51

Total parameters 5,301 3,306 3,811 4,316

Size 99kB 78kB 85kB 91kB

effectiveness in minimizing error. This trend remains consistent across both PINN-TSVD
and r-PINN-TSVD cases, highlighting the robustness of applying TSVD to the last layer.
Furthermore,when assessing computational efficiency, themiddle and right plots demonstrate
that incorporating TSVD effectively reduces computational costs. Although the "last only"
configuration is not the fastest among the TSVD setups, it still achieves a notable reduction
in computational time compared to the non-TSVD approaches, while maintaining lower loss.
Given its ability to strike a balance between accuracy and computational efficiency, the "last
only" configuration emerges as the most favorable choice for optimizing performance in this
study.

4.1.2 TSVD rank simulation within the architecture

The next simulation evaluates the influence of different TSVD rank values within the archi-
tecture. Specifically, rank values of 5, 10, and 15 are selected to assess the trade-off between
computational time and approximation accuracy. In this simulation, the PINN-TSVD model
adopts the "last only" configuration, which was identified as the most practical choice in
the previous experiment. This setup maintains a consistent network structure, allowing the
effect of different TSVD ranks to be evaluated more clearly. Before presenting the simulation
results, Table 4 provides a comparison of the number of trainable parameters associated with
each rank setting.

Table 4 shows that the non-TSVDmodel has 5,351 trainable parameters. In contrast, apply-
ing the TSVD layer in the "last-only" configuration with ranks 5, 10, and 15 significantly
reduces the parameter count to 3,356, 3,861, and 4,366, respectively. This demonstrates sub-
stantial compression without changing the overall architecture. To further assess its impact,
Figure 6 compares iteration times, total training times, and final loss values over 10 indepen-
dent runs.

As shown in Figure 6, increasing the TSVD rank value leads to a gradual rise in both
time per iteration (mid) and total training time (right). This observation is consistent with the
increase in the number of trainable parameters presented in Table 4. However, this additional
computational cost is not accompanied by a significant improvement in model accuracy.
As evidenced in Figure 6 (left), the loss values for TSVD models with ranks of 10 and 15
exhibit no significant improvement and tend to stagnate. Overall, the results from the two
simulations evaluating TSVD layer position and rank configuration indicate that the ’last-
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Fig. 6 Loss values (left), computational time per iteration (mid), and total computational time (right) com-
parisons between basic PINN, r-PINN, and all TSVD rank configurations in solving one-dimensional wave
equation

only’ configuration with a rank of 5 achieves the best balance between performance and
efficiency. This configuration will therefore be adopted throughout this study.

4.2 One-dimensional LinearWave Equation

For the one-dimensional PDE case, a PDE with one spatial variable (e.g., x) and possibly a
temporal variable (t) is typically selected. The linear wave equation, a representative of the
hyperbolic type, is employed to model the one-dimensional PDE. The wave equation is a
fundamentalmodel that appears in various scientific fields, such as acoustic wave propagation
[63] and seismic wave propagation [64]. The analytical solution to this equation is provided
in Equation 23 and visualized in Figure 7.

u(x, t) = 1

2
sin(πx)cos(π t) + 1

3
sin(3πx)sin(3π t). (23)

Figure 7 also illustrates the randomly selected collocation, initial, and boundary training
points. Specifically, 25 sample points are taken from each side of the boundary, resulting in
100 points in total. In addition, 2,500 collocation points are randomly sampled from a total
of 200 × 200 grid points within the domain (x, t) ∈ [0, 1]. The architecture of the ANN
model for this problem was configured with three hidden layers, each containing 50 neurons,
consistent with the previous simulations. A clear comparison of the number of trainable
parameters between the TSVD-integrated and non-TSVD methods is shown in Table 5.

The approximate PINN solution for the one-dimensional wave equation is defined as
follows:

F := ût t (x, t; θ) − ûxx (x, t; θ) = 0. (24)

Furthermore, the loss function of this problem is defined by the following equation:

L(θ) = MSE0 + MSEb + MSEF , (25)
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Fig. 7 Randomly selected collocation, initial, and boundary training points within the overall domain grid
(left) and analytical solution (right) for one-dimensional wave equation

Table 5 Trainable parameters comparison between method with TSVD and non-TSVD in one-dimensional
wave equation

Layer type Neurons Number of trainable parameter
non-TSVD With TSVD with rank = 5

Input 2 0 0

Hidden layer 1 50 150 150

Hidden layer 2 50 2,550 2,550

Hidden layer 3 50 2,550 555

Output 1 51 51

Total parameters 5301 3306

Size 99kB 78kB

where
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

MSE0 = 1
N0

N0∑
i=1

[
û(xi0, 0; θ) − 1

2 sin(πxi0)
]2 + [ût (xi0, 0; θ) − πsin(3πxi0)

]2
,

MSEb = 1
Nb

Nb∑
i=1

[
û(0, t ib; θ)

]2 + [û(1, t ib; θ)
]2

,

MSEF = 1
NF

NF∑
i=1

[F(xiF , t iF ; θ)
]2

.

(26)

This loss function should be minimized during the training process to obtain the best
approximate solution. However, the primary concern in the construction of a PINN model is
the randomness of weight initialization, which can frequently result in poor convergence if
the initial weights are not appropriately chosen [65]. Running the models multiple times is
crucial to emphasize their stability in terms of convergence and effectiveness [66]. Thus, 10
independent runs are performed to ensure the stability and consistency in learning capability
of eachmethod. For the restarting approaches, 100 iterations are conducted across 10 separate
cycles. In comparison, the non-restarting approaches is subjected to 1,000 iterations in a single
sequence. The visualization summary of these multiple runs can be seen in Figure 8.
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Fig. 8 Boxplot comparison of loss values, time per iteration, total computational time from 10 independent
runs between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD in solving one-dimensional wave
equation

Table 6 Minimum, maximum, mean, and standard deviation for all methods during ten times run in one-
dimensional wave equation

Stat Basic PINN Basic PINN-TSVD r-PINN r-PINN-TSVD
Sample Overall Sample Overall Sample Overall Sample Overall

Min 9.101e−05 1.482e−04 1.955e−05 2.470e−05 3.859e−04 3.228e−04 1.009e−04 6.808e−05

Max 1.251e−03 6.311e−03 5.084e−04 2.094e−03 4.866e−03 4.153e−03 4.489e−04 4.226e−04

Mean 5.407e−04 2.547e−03 1.287e−04 4.660e−04 2.102e−03 1.231e−03 2.625e−04 1.812e−04

Std. Dev. 4.425e−04 2.341e−03 1.518e−04 6.893e−04 1.271e−03 1.090e−03 1.140e−04 1.142e−04

Fig. 9 Visualization of the statistical description of loss function values for all methods over ten runs on the
one-dimensional wave equation

During the 10 independent runs, the boxplot above shows that integrating TSVD consis-
tently yields lower loss function values compared to the non-TSVDmethods. This is primarily
due to the lower sample loss and overall loss values obtained by both TSVD methods com-
pared to the non-TSVD method, as illustrated in Figure 8 (left). This statement is further
supported by Table 6, which presents statistical details across all iterations for each method,
with bold values indicating better results.

From Table 6, it is observed that the minimum, maximum, and average (mean) values
associated with the TSVD-integrated method are lower than those of the non-TSVDmethod.
Moreover, the standard deviation values are also lower in the TSVD-integrated method,
indicating more stable performance across all runs for the one-dimensional wave equation
case. Furthermore, Figure 9 visualizes the values in Table 6 to provide a clearer illustration.

Despite a reduction in loss values, a substantial decrease in computational time was also
observed when incorporating TSVD within the PINN framework. This reduction is clearly
attributed to the significant decrease in the total number of trainable parameters, as shown in
Table 5. A clearer illustration of the computational time statistics is presented in Figure 10.
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Fig. 10 Comparison of computational performance among all methods for the one-dimensional wave equation

Fig. 11 Loss function value history for each method in one-dimensional wave equation

When applied to the basic PINN, the integration of TSVD markedly reduces the average
time per iteration from 2.68 seconds to 1.84 seconds, representing a 31.34% reduction.
Specifically, it reduces the total computational duration from 2861.07 seconds in the basic
PINN to 1838.60 seconds in the PINN-TSVD variant, amounting to a substantial 35.73%
reduction. On the other hand, TSVD also brings a significant improvement in the r-PINN,
reducing the time required per iteration from 3.32 seconds to 1.95 seconds, representing a
41.2%. This further demonstrates the computational efficiency of incorporating TSVD in
solving the one-dimensional wave equation. Furthermore, Figure 11 offers a comprehensive
overview of the progression of the loss function captured at each iteration for all methods.

Notably, in the absence of a restarting approach (as shown in Figures 11a and 11b ),
the training process continues up to the 1000th iteration even when no significant reduction
occurs in the loss function value. This may lead to instability in subsequent iterations and
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Fig. 12 Analytical solution and comparison between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-
TSVD solutions for the one-dimensional wave equation at t = 0.20, t = 0.50 and t = 0.80 (bottom)

result in a higher final loss. Conversely, by employing a restarting strategy, as reflected in the
even and odd training cycles, the training process is halted once no significant progress is
observed in the loss function. This is due to the continuous monitoring of the loss function at
each iteration. Upon completion of the training process, the approximation results obtained
for all methods are displayed in Figure 12.

The top panel of Figure 12 displays the spatiotemporal solution from the analytical model,
while the bottom subfigures provide cross-sectional comparisons at selected time instances:
t = 0.20, t = 0.50, and t = 0.80. At each time slice, the predicted results from both TSVD
and non-TSVD methods closely align with the analytical solution, capturing the essential
dynamics of the PDE. Given the close visual agreement among these approximations, a
more detailed comparison is presented in Figure 13, which quantifies the absolute differences
between all tested methods relative to the reference solution.

A uniform error scale is applied to all AE plots to enable a fair visual comparison among
them. However, the distribution plots in Figure 13 alone are not sufficient to determine
the overall differences among the methods. Therefore, a comparison of MAE, provided
in Figure 14, offers a clearer illustration of each method’s overall accuracy relative to the
analytical solution.

Figure 14a reaffirms the observations from the AE contour plots for each method. Incor-
porating TSVD within the PINN framework improves accuracy relative to the analytical
solution, compared to the non-TSVD method. From the figure, PINN-TSVD achieves the
lowest MAE of 2.11×10−2, which is lower than its non-TSVD counterpart, which recorded
2.43 × 10−2. An improvement is also observed when TSVD is applied to r-PINN, which
achieves an MAE of 2.89 × 10−2, improved from 3.41 × 10−2 obtained by the original
r-PINN. This result is consistent across 10 independent runs, as shown in Figure 14b , where
incorporating TSVD consistently improves accuracy compared to non-TSVD approaches.
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Fig. 13 Comparison of the AE between (a) PINN, (b) PINN-TSVD, (c) r-PINN, and (d) r-PINN-TSVD
relative to the analytical solution along the one-dimensional wave equation domain

Fig. 14 Comparison of the MAE between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD relative
to the one-dimensional wave equation’s analytical solution
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Finally, Table 7 summarizes all previously presented results, further underscoring the efficacy
of the TSVD approach in this one-dimensional wave equation case.

4.3 Two-dimensional Linear Poisson Equation

The next evaluation uses the linear Poisson equation to assess all methods’ performance
in the two-dimensional case. The Poisson equation was chosen not only for representing a
spatially two-dimensional problem, but also for being one of the most widely used PDEs
in modern technologies [67, 68], and is applied to a wide range of problems, such as fluid
flow simulation [69], surface reconstruction [70], and image processing [71]. The analytical
solution for this equation is given in Equation 23.

u(x, y) = (x + y3)e−x . (27)

A total of 40,000 grid points within the Poisson domain were established, consistent with the
preceding one-dimensional scenario and illustrated in Figure 15.

From Figure 15, 100 random points were selected exactly on the boundary, along with
2,500 sample collocation points. Moreover, the input pairs x and y of the sample points
are computed using an architecture configured with three hidden layers, each containing 50
neurons. Similar to the previous case, the TSVD layer was embedded within the third hidden
layer. A comparison of the number of trainable parameters among all methods is consistent,
as shown in Table 5 in the previous one-dimensional example. Additionally, the approximate
solution to this PDE using the ANN is defined in Equation 28.

F := ûxx (x, y; θ) + û yy(x, y; θ) − r(x, y), (28)

where
r(x, y) = e−x (x − 2 + y3 + 6y). (29)

The loss function is defined in Equation (30) as follows

L(θ) = MSEb + MSEF , (30)

where MSEb and MSEF can be replaced by the following expressions:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

MSEb = 1

Nb

Nb∑
i=1

[
û(xib, 0; θ) − xibe

xib
]2 +

[
û(xib, 1; θ) − (xib + 1)e−xib

]2

+
[
û(0, yib; θ) − (yib)

3
]2 +

[
û(1, yib; θ) − (1 + [yib]3)e−1

]2
,

MSEF = 1

NF

NF∑
i=1

[
F(xiF , yiF ; θ)

]2
.

(31)

The training process to minimize the loss function for approximating the two-dimensional
PDE using r-PINN was conducted for 100 iterations, repeated across 5 cycles. Meanwhile,
the basic PINN method was only performed for 500 iterations in a single sequence. The
performance of each method across 10 independent training runs is visualized in Figure 16.

The Poisson equation is a fundamental equation that can be solved using PINN. Conse-
quently, all four methods, whether with or without TSVD, are capable of achieving good
and stable loss function performance across ten runs. However, upon further analysis, the
integration of TSVD into both the basic PINN and r-PINN effectively minimizes overfitting
and underfitting. This is indicated by theminimal gap between the sample loss and the overall
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Fig. 15 Randomly selected collocation, initial, and boundary training points within the overall domain grid
(left) and analytical solution (right) for the two-dimensional wave equation

Fig. 16 Boxplot comparison of loss values, time per iteration, total computational time from 10 independent
runs between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD in solving two-dimensional Poisson
equation

Table 8 Minimum, maximum, mean, and standard deviation for all methods during ten times run in two-
dimensional Poisson equation

Stat Basic PINN Basic PINN-TSVD r-PINN r-PINN-TSVD

Sample Overall Sample Overall Sample Overall Sample Overall

Min 1.444e−05 3.167e-06 8.018e-06 9.263e−06 6.198e−06 7.365e-07 6.114e-06 5.870e−06

Max 2.601e−04 5.996e-06 6.005e-05 6.814e−05 2.355e-05 3.324e-06 3.340e−05 3.222e−05

Mean 8.502e−05 4.311e-06 2.184e-05 2.470e−05 1.432e-05 1.961e-06 1.603e−05 1.473e−05

Std. Dev. 7.919e−05 9.296e−07 1.587e−05 1.864e−05 6.405e-06 9.207e-07 8.214e−06 7.859e−06

loss. In contrast, the non-TSVD methods exhibit a clearer gap in both the basic PINN and
r-PINN approaches, as depicted in Figure 16 (left). The statistical details from ten iterations,
including the minimum, maximum, mean, and standard deviation, are presented in Table 8.
While TSVD-based methods show consistently lower loss values at the sample level, this
advantage does not extend to the overall loss. The results in Table 8 are visualized in Figure
17.

Although methods incorporating TSVD do not maintain their performance in terms of
overall loss for this case, they offer another advantage, as illustrated in Figure 18, which
presents the computational time for all methods.

The computational time performance of all four methods was evaluated under conditions
similar to the previous case. As shown in Figure 18, integrating TSVD consistently acceler-
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Fig. 17 Visualization of the statistical description of loss function values for all methods over ten runs on the
two-dimensional Poisson equation

Fig. 18 Comparison of computational performance among all methods in two-dimensional Poisson equation

ates the time per iteration compared to non-TSVD methods. The average time per iteration
for basic PINN is 2.52 seconds, which improves to 1.78 seconds, representing a 29.36%
reduction. Similarly, r-PINN with TSVD reduces the time from 3.28 to 2.04 seconds, result-
ing in a 37.8% improvement. Although TSVDmethods may not always yield the best overall
loss, their efficiency in reducing computational time demonstrates a clear advantage in terms
of training speed. The corresponding loss function histories are shown in Figure 19.

Figure 19 shows the loss function history for maximum 500 iterations for all four meth-
ods. r-PINN and r-PINN-TSVD converge faster than the basic methods, benefiting from
the restarting strategy. TSVD-based methods, particularly PINN-TSVD and r-PINN-TSVD,
exhibit more stable loss curves with fewer fluctuations. While they do not achieve the abso-
lute lowest loss, their performance remains comparable. The corresponding approximation
results for the 2D Poisson equation are shown in Figure 20.

As a fundamental PDE, the Poisson equation is closely approximated by all methods,
resulting in indistinguishable differences among them, as observed in Figure 20. Therefore,
Figure 21 compares their AE alongside the problem domain to highlight the absolute differ-
ences with the analytical solution.

Overall, Figure 21 shows that all methods tend to produce relatively random error spikes
across the domain. It is difficult to determine which method shows closer agreement with the
analytical solution based on this figure. Figure 22 presents the MAE comparison across all
methods to better illustrate the accuracy of each method relative to the analytical solution.

As shown in Figure 22a , all methods achieveMAE values on the order of 10−4, indicating
that each method is capable of producing accurate approximations. On the other hand, Figure
22b illustrates the distribution of MAE across 10 independent runs. While there are slight
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Fig. 19 Loss function value history for each method in two-dimensional Poisson equation

Fig. 20 Analytical solution and comparison between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-
TSVD solutions for the two-dimensional wave equation at x = 0.20, x = 0.50 and x = 0.80 (bottom)
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Fig. 21 Comparison of the AE between (a) PINN, (b) PINN-TSVD, (c) r-PINN, and (d) r-PINN-TSVD
relative to the analytical solution along the two-dimensional Poisson equation domain

Fig. 22 Comparison of the MAE between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD relative
to the two-dimensional Poisson equation’s analytical solution

variations in accuracy, all methods remain within a close range, reflecting their comparable
performance. The summary of all previous results is presented in Table 9.
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Fig. 23 Randomly selected collocation and boundary training points within the overall domain grid (left) and
analytical solution (right) for the three-dimensional SG equation

4.4 Three-dimensional Sine-Gordon equation

In the three-dimensional case, the PDE involves three spatial dimensions (e.g., x , y, and z).
The nonlinear hyperbolic sine-Gordon (SG) equation is utilized. The term "sine-Gordon"
(SG) is a linguistic twist on the similarly named Klein–Gordon equation [72]. This equation
is used in a variety of fields, including, but not limited to, magnetic flux propagation in
Josephson junctions, sound propagation in crystal lattices, and several other areas [73, 74].
The analytical solution for this equation is given in Equation 32 [61].

u(x, y, z) = e−αx (1 − cos(π y))(1 − cos(π z)) (32)

The total number of grid points within the SG domain is 125,000, derived from a 50×50×50
grid over the x , y, and z dimensions. For this problem, 300boundary points (50 fromeach side)
and 2,500 collocation points are used. Figure 23 illustrates the grid-point layout alongside
the analytical solution.

The configuration of the ANN architecture in the third case needs to be increased to
3 hidden layers with 200 neurons each, and the TSVD layer is embedded within the third
hidden layer. The comparison of the number of trainable parameters among all three methods
is shown in Table 10.

As the network expands, the number of trainable parameters correspondingly increases.
The implementation of TSVD, where rank = 5, results in only 43,406 trainable parameters,
compared to the usual 81,401. This also reduces the model’s total memory requirement to
just 169 kB, compared to the standard size of 317 kB without TSVD. Consequently, the
approximate solution for this PDE is defined as follows:

F := ûxx (x, y, z; θ) + ρût (x, y, z; θ) − û yy(x, y, z; θ) − ûzz(x, y, z; θ) − q(x, y, z, u),

(33)
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Table 10 Trainable parameters comparison between method with TSVD and non-TSVD in three-dimensional
SG equation

Layer type Neurons Number of trainable parameter

With TSVD with rank = 5 Without TSVD/basic PINN

Input 3 0 0

Hidden layer 1 200 800 800

Hidden layer 2 200 40200 40200

Hidden layer 3 200 2205 40200

Output 1 201 201

Total parameters 43406 81401

Size 169kB 317kB

Fig. 24 Boxplot comparison of loss values, time per iteration, total computational time from 10 independent
runs between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD in solving the three-dimensional SG
equation

where

q(x, y, z, u) = −2 sin(u(x, y, z)) + 2 sin

[
e−αx (1 − cos(π y))(1 − cos(π z))

]

− e−αx
[
α(ρ − α)(1 − cos(π y))(1 − cos(π z))

+ π2( cos(π y) + cos(π z) − 2 cos(π y) cos(π z)
)]

(34)

In this case, the values of α and ρ are set to 1. Moreover, the loss function is defined in
Equation (35) as follows:

L(θ) = MSEb + MSEF , (35)

where the MSEb and MSEF can be replaced by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

MSEb = 1

Nb

Nb∑
i=1

[
û(0, yib, z

i
b; θ) − (1 − cos(π yib))(1 − cos(π zib))

]2

+
[
ûx (0, y

i
b, z

i
b; θ) + α(1 − cos(π yib))(1 − cos(π zib))

]2 +
[
û(xib, 0, z

i
b; θ)
]2

+
[
û(xib, 2, z

i
b; θ)
]2 +

[
û(zib, y

i
b, 0; θ)

]2 +
[
û(xib, y

i
b, 2; θ)

]2
,

MSEF = 1

NF

NF∑
i=1

[
F(xiF , yiF , ziF ; θ)

]2
.

(36)
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Fig. 25 Visualization of loss function values statistical description from all methods during ten times run in
three-dimensional Poisson equation

Fig. 26 Comparison of computational performance among all methods in three-dimensional SG equation

The training process for the three-dimensional SG equation using PINN with a restarting
strategy was conducted for 100 iterations, repeated across 10 cycles. Meanwhile, the basic
PINN method was performed for 1,000 iterations. The performance of each method across
10 training runs is visualized in Figure 24.

Figure 24 shows that without TSVD, both basic PINN and r-PINN still exhibit slight
underfitting or overfitting, as indicated by the discrepancy between sample loss and over-
all loss. In contrast, TSVD-based methods display more consistent loss values, indicating
improved stability. Furthermore, when r-PINN is combined with TSVD, it balances sample
and overall loss more effectively, suggesting it may be the most stable and reliable method.
The statistical summary of these results is presented in Table 11.

Similar to the previous Poisson results, Table 11 shows that incorporating TSVD yields
only a slight improvement in sample loss. These values are further illustrated in Figure 25.

In addition, another advantage of TSVD is illustrated in Figure 26, which shows the
computational time comparison among all methods.

Figure 26 shows that the basic PINN method generated an average total training time of
5,043.79 seconds. However, the integration with TSVD significantly reduced the average
time to 3,600.50 seconds. This improvement is attributed to a reduction in time per iteration
from 5.04 seconds to 3.60 seconds, representing a 28.6% reduction. On the other hand, the
r-PINN method achieved an average total training time of 2,425.44 seconds, with an average
of 5.08 seconds per iteration.When TSVD is applied, it reduces the average time per iteration
by approximately 32.7%, lowering it to just 3.42 seconds. Subsequently, the loss function
value history, recorded for up to 1,000 iterations across all methods, is visualized in Figure
27.
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Fig. 27 Loss function value history for each method in three-dimensional SG equation

Fig. 28 Analytical solution at z = 0.41, z = 0.98 and z = 1.55 (top) and comparison between the basic
PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD solutions for the three-dimensional SG equation at x = 1.02
(bottom)

Figure 27 presents a representative result from ten independent runs of the training process.
Both the basicPINNandbasicPINN-TSVDwere trained for 1,000 iterations,whereas r-PINN
and r-PINN-TSVD completed training in approximately 500 and 700 iterations, respectively.
In terms of loss function history, all methods exhibit smoother patterns during training for this
case. Thismay be attributed to the SG equation, which has smooth spatiotemporal behavior in
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Fig. 29 Comparison of theAE between (a) PINN, (b) PINN-TSVD, (c) r-PINN, and (d) r-PINN-TSVD relative
to the analytical solution along the system of SS-NS equations domain

its solution. The approximation results for the three-dimensional SG equation are presented
in Figure 28.

The top panel of Figure 28 shows the analytical solution of the three-dimensional SG
equation at three cross-sections along the z-axis: z = 0.41, z = 0.98, and z = 1.55. The
bottom row compares the predicted profiles at x = 1.02 for each z-slice, obtained from basic
PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD. All methods closely match the analytical
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Fig. 30 Comparison of the MAE between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD relative
to the three-dimensional SG equation’s analytical solution

solution, consistent with the trends observed in the Poisson case. Due to minimal visual
differences, Figure 29 provides a more detailed AE comparison across the domain at the
same z-values.

Overall, Figure 29 shows that all methods tend to produce relatively random error spikes
across the domain. However, these distribution plots only visualize the selected spatial slices
at z = 0.41, z = 0.98, and z = 1.55, and are not sufficient to determine the overall differences
among all methods. Therefore, a comparison of MAE, provided in Figure 30, offers a clearer
illustration of each method’s overall accuracy relative to the analytical solution.

Figure 30a shows that the basic PINN and PINN-TSVD achieve comparableMAE values,
indicating similar accuracy relative to the analytical solution. In contrast, applying the restart-
ing strategy slightly reduces accuracy in this case, as reflected by the higher MAE values for
the restarting approaches. The boxplot in Figure 30b further summarizes the MAE distribu-
tions across 10 independent runs. Furthermore, Table 12 presents a statistical summary of all
the corresponding results.

4.5 Steady-state Navier-Stokes Equations

The final test case for evaluating the proposed methods is the steady-state Navier-Stokes
(SS-NS) equations, a fundamental class of SPDEs governing fluid motion. These equations
are widely applied in modeling weather patterns [75], ocean currents [76], and aerodynamic
flows [77]. The SS-NS system consists of two momentum equations describing velocity
behavior under external forces and one continuity equation ensuring fluid incompressibility.
Although no closed-form analytical solution exists, grid-based solution data (51× 51) from
Chiu et al. [62] is used as a benchmark. Figure 31 shows the training points and reference
data for u(x, y), v(x, y), and p(x, y).

Given the limited total of 2,601 points, 1,500 collocation points were used, while 100
boundary pointswere retained and randomly selected from the domain. TheANNarchitecture
in this case was expanded to 5 hidden layers with 50 neurons each. The comparison of the
trainable parameters between the TSVD and non-TSVD models for this case is provided in
Table 13.

Table 13 also shows the total neurons for the output layer were extended to 3 as it repre-
sents the approximate outputs û(x, y), v̂(x, y), and p̂(x, y), respectively. Furthermore, the
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Fig. 31 Randomly selected collocation and boundary training points within the overall domain grid (top-left),
ground-truth solution for u(x, y) (top-right), ground-truth solution for v(x, y) (bottom-left), and ground-truth
solution for p(x, y) (bottom-right)

Table 13 Trainable parameters comparison between method with TSVD and non-TSVD in the system of
SS-NS equations

Layer type Neurons Number of trainable parameter

With TSVD with rank = 5 Without TSVD/basic PINN

Input 2 0 0

Hidden layer 1 50 150 150

Hidden layer 2 50 2,550 2,550

Hidden layer 3 50 2,550 2,550

Hidden layer 4 50 2,550 2,550

Hidden layer 5 50 555 2,550

Output 3 153 153

Total parameters 8,508 10,503

Size 159kB 180kB

approximate solution function for this SS-NS case is defined as follows:

⎧⎪⎪⎨
⎪⎪⎩

F1 := ∂(ûû)
∂x (x, y; θ) + ∂(ûv̂)

∂ y (x, y; θ) − 1
Re

(
∂2û(x,y;θ)

∂x2
+ ∂2û(x,y;θ)

∂ y2

)
+ ∂ p̂(x,y;θ)

∂x

F2 := ∂(ûv̂)
∂x (x, y; θ) + ∂(v̂v̂)

∂ y (x, y; θ) − 1
Re

(
∂2 v̂(x,y;θ)

∂x2
+ ∂2 v̂(x,y;θ)

∂ y2

)
− ∂ p̂(x,y;θ)

∂ y

F3 := ∂ û(x,y;θ)
∂x + ∂v̂(x,y;θ)

∂ y
(37)
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Fig. 32 Boxplot comparison of loss values, time per iteration, total computational time from 10 independent
runs between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD in solving system of SS-NS equations

within the spatial domain x ∈ [0, 1] and y ∈ [−1, 0]. Here, û(x, y) and v̂(x, y) denote the
approximations of the velocity components along the x and y-axes, respectively.Additionally,
p̂(x, y) represents the pressure distributionwithin the cavityflow,while theReynolds number,
denoted as Re, is set to Re = 400 for this case. The loss function formulation for this case
is divided into two separate components, each associated with the main SPDE equations and
boundary conditions listed in Table 1. These components are defined as follows:

{
Lb(θ) = MSE1

b + MSE2
b ,

LF (θ) = MSE1
F + MSE2

F + MSE3
F .

(38)

All MSE terms used in these components are explicitly formulated below:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

MSE1
b = 1

Nb

Nb∑
i=1

( [
û(0, yib; θ)

]2 + [û(1, yib; θ)
]2 + [û(xib, 0; θ) − 1

]2

+ [û(xib,−1; θ)
]2 )

,

MSE2
b = 1

Nb

Nb∑
i=1

( [
v̂(0, yib; θ)

]2 + [v̂(1, yib; θ)
]2 + [v̂(xib, 0; θ)

]2
,

(39)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

MSE1
F = 1

NF
∑NF

i=1

[
∂(ûû)
∂xiF

(xiF , yiF ; θ) + ∂(ûv̂)
∂ y (xiF , yiF ; θ)

− 1
Re

(
∂2û(xiF ,yiF ;θ)

∂(xiF )2
+ ∂2û(xiF ,yiF ;θ)

∂(yiF )2

)

+ ∂ p̂(xiF ,yiF ;θ)

∂xiF

]2
,

+ [v̂(xib,−1; θ)
]2 )

.

MSE2
F = 1

NF
∑NF

i=1

[
∂(ûv̂)
∂xiF

(xiF , yiF ; θ) + ∂(v̂v̂)
∂ yiF

(xiF , yiF ; θ)

− 1
Re

(
∂2 v̂(xiF ,yiF ;θ)

∂(xiF )2
+ ∂2 v̂(xiF ,yiF ;θ)

∂(yiF )2

)
− ∂ p̂(xiF ,yiF ;θ)

∂ yiF

]2
,

MSE3
F = 1

NF
∑NF

i=1

[
∂ û(xiF ,yiF ;θ)

∂xiF
+ ∂v̂(xiF ,yiF ;θ)

∂ yiF

]2
.

(40)

The total loss function L(θ) is then formulated as the sum of these two components:

L(θ) = Lb(θ) + LF (θ). (41)
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Fig. 33 Visualization of loss function values statistical description from all methods during ten times run in
system of SS-NS equations

Fig. 34 Comparison of computational performance among all methods in the system of SS-NS equation

Fig. 35 Loss function value history for each method in system of SS-NS equations
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Fig. 36 Analytical solution (top) and comparison between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-
TSVD solutions for the SS-NS equation at y = −0.5

The loss function is minimized for 50 iterations, repeated over 40 cycles for methods
employing a restarting strategy, whereas non-restarting methods perform 2000 iterations in
a single sequence. The results from 10 independent training runs for this case are presented
in Figure 32.

From Figure 32, it is evident that all methods achieve comparable loss values. Despite
this, the methods incorporating TSVD also demonstrate faster time per iteration and total
computational time, as evidenced in the middle and right subplots. This suggests that the
TSVD models not only achieve faster convergence but also maintain a comparable loss for
this case. The statistical summary from the loss function values is presented in Table 14.

As previously discussed, Table 14 shows a relatively balanced outcome between the basic
PINN and PINN-TSVD methods. While basic PINN performs better in terms of minimum
and maximum loss, PINN-TSVD achieves a lower mean, reflecting improved consistency.
However, this pattern does not hold for the restarting variants; r-PINN-TSVD only shows
an advantage in the minimum value, indicating a slight lower in overall performance. These
values are more clearly visualized in Figure 33.

Furthermore, the computational performance among all methods is presented in Figure
34, showing the advantage of involving TSVD in accelerating the training time per iteration.

Figure 34 shows that for solving a complex problem such as the SS-NS equations, involv-
ing TSVD can reduce the average iteration time from 3.01 seconds to just 2.30 seconds,
representing a 23.5% reduction. This improvement also leads to a significant decrease in
total computational time, reaching 4608.71 seconds. When combined with the restarting
approach, the reduction increases to 34.1%, lowering the iteration time from 3.34 seconds
to just 2.20 seconds. This improvement in time per iteration also resulted in r-PINN-TSVD
achieving the fastest total computational time, completing in only 4106.51 seconds. Further-
more, the loss function history from one of the 10 independent runs is presented in Figure
35.

Figures 35a and 35b show that both the basic PINN and PINN-TSVD required at most
2,000 iterations. These figures also show that a fluctuation occurred around the 1,400th iter-

123



Revolutionizing High-Dimensional PDE Solutions: A Novel Approach… Page 45 of 52 49

Fig. 37 Comparison of theAE between (a) PINN, (b) PINN-TSVD, (c) r-PINN, and (d) r-PINN-TSVD relative
to the analytical solution along the two-dimensional Poisson equation domain

ation during the training process of the basic PINN, while PINN-TSVD exhibited smoother
convergence. Figures 35c and 35d

show that one of the r-PINN training runs stopped at around 1,200 iterations, whereas
r-PINN-TSVD continued until approximately 1,600 iterations due to the involvement of the
restarting strategy. The approximation results for this case are presented in Figure 36.
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Fig. 38 Comparison of the MAE between the basic PINN, PINN-TSVD, r-PINN, and r-PINN-TSVD relative
to the system of SS-NS equations’ analytical solution

Table 15 System of SS-NS equations summarize table

Method Cycle Stat Total iter Time/iter Total tim Loss MAE

Sample Overall

Basic PINN 1 Min 2000 2.38s 4765.70s 1.523e−04 1.321e−04 1.107e−03

Max 2000 3.29s 6583.60s 4.537e−03 3.297e−03 5.317e−03

Mean 2000 3.01s 6024.90s 1.093e−03 9.004e−04 2.564e−03

Std. Dev. 0 0.26s 529.24s 1.391e−03 1.092e−03 1.340e−03

Basic PINN-TSVD 1 Min 2000 1.91s 3826.42s 4.552e−04 1.995e−04 1.966e−03

Max 2000 2.96s 5927.62s 1.702e−03 1.670e−03 4.274e−03

Mean 2000 2.30s 4608.71s 8.715e−04 6.787e−04 2.988e−03

Std. Dev. 0 0.31s 617.91s 4.581e−04 4.349e−04 8.106e−04

r-PINN 40 Min 1485 2.89s 4354.24s 1.499e−04 1.433e−04 1.107e−03

Max 1929 3.81s 6718.07s 2.590e−03 2.150e−03 4.844e−03

Mean 1754.40 3.34s 5878.01s 7.327e−04 6.420e−04 2.517e−03

Std. Dev. 125.74 0.31s 742.15s 6.784e−04 5.390e−04 1.247e−03

r-PINN-TSVD 40 Min 1777 1.88s 3368.39s 1.173e−04 1.170e−04 1.517e−03

Max 1971 2.57s 4852.61s 2.649e−03 2.612e−03 5.429e−03

Mean 1864.4 2.20s 4106.51s 1.172e−03 1.131e−03 2.897e−03

Std. Dev. 56.29 0.27s 570.29s 7.616e−04 7.575e−04 1.074e−03

The top row of Figure 36 displays the analytical solutions of u(x, y), v(x, y), and p(x, y).
Furthermore, the line plots in the bottom row show the approximate solutions from all tested
methods for the SS-NS equation at a specific value of y, compared against the analytical
solution. This figure also highlights that all methods show close agreement with the analyt-
ical solution in this case. For a clearer evaluation of accuracy, Figure 37 presents the AE
distributions for each method.

Another noticeable spike in error across all methods is found near the domain boundaries,
particularly for the v(x, y) velocity component. This high spike is likely caused by the
difficulty of accurately resolving sharp velocity gradients near the edges. In addition, Figure
38 provides a comparison of the MAE across the evaluated methods.
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Figure 38 displays the MAE from a representative run, taken from one of the 10 indepen-
dent runs shown in Figure 38b . This figure shows that all methods achieve comparable levels
of accuracy relative to the analytical solution. Notably, the TSVD-based methods maintain a
similar MAE to their non-TSVD counterparts while achieving faster computational time, as
previously shown in Figure 34. Figure 38b extends this comparison across 10 independent
runs, reaffirming that incorporating TSVD does not compromise accuracy, as the distribution
of MAE values remains comparable to those of the baseline methods. Furthermore, Table 15
presents a statistical summary of all the corresponding results.

5 Discussion

In the present study, three PDE problems, including cases up to three dimensions, and
one system of PDEs are investigated using an innovative integrated TSVD approach. The
approximation results obtained from the integrated TSVD approaches are compared with the
analytical solutions and the results from non-TSVD approaches. The following discussion
elaborates on the experimental findings.

1. Two sets of simulations, varying the position of TSVD on ANN layers and the truncated
TSVD rank, were conducted to determine the most optimal TSVD configuration. The
scenario of conducting ten runs is investigated, and it is found that integrating TSVD is
most effective when applied to a single layer, specifically the final layer of the network.
Moreover, increasing the truncated TSVD rank to 10 or 15 leads to a gradual increase
in both time per iteration and total training time. However, the additional computational
cost is not accompanied by a significant improvement in accuracy. Thus, applying TSVD
at the final layer with a rank of 5 represents a practical choice, balancing computational
efficiency and predictive accuracy.

2. Amodelwith three hidden layers and 50 neurons is employed in both the one-dimensional
and two-dimensional cases. The integrated TSVD layer, with a rank of 5, has successfully
reduced the trainable parameters by up to 45.5% and the model size by up to 42.4%. For
the three-dimensional case, the model complexity is increased by incorporating three
hidden layers with 200 neurons each. In terms of the trainable parameters, TSVD has
successfully reduced the total number of trainable parameters by 46.6%. Furthermore, for
the system of PDEs case, the model is extended to five hidden layers, each consisting of
50 neurons. In this case, TSVD reduces the number of trainable parameters from 10,503
to 8,508, resulting in an 18,9% reduction.

3. As a result of reduced model complexity, a shorter computational time is observed, both
in time per iteration (up to 41.2%) and in total computation time (up to 37.8%). This
observation is supported by Figures 10, 18, 26, and 34.

4. Incorporating TSVD yields favorable results in both the one-dimensional wave equation
and the system of SS-NS equations. In the one-dimensional case, TSVD not only reduces
training time per iteration but also improves performance, as shown by the loss values
and MAE comparisons. For the system of SS-NS equations, TSVD maintains accuracy
comparable to its non-TSVD counterparts while still offering computational advantages.
In contrast, for the two- and three-dimensional cases, the impact of TSVD is less sig-
nificant, with improvements restricted to sample-level losses and no significant gains
in overall accuracy. These findings suggest that while TSVD provides clear advantages
in more complex problems, its impact is limited in cases with simpler spatiotemporal
solutions.
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6 Conclusion

This study aims to investigate the integration of Truncated Singular Value Decomposition
(TSVD) within a layer of a Physics-Informed Neural Network (PINN) that employs a restart-
ing strategy to solve up to three-dimensional Partial Differential Equations (PDEs) and
systems of PDEs (SPDEs). The models used in this investigation include a one-dimensional
wave equation, a two-dimensional Poisson equation, a three-dimensional sine-Gordon (SG)
equation, and the steady-state Navier-Stokes (SS-NS) equations. The accuracy of the pro-
posed method is measured using a Mean Squared Error (MSE)-based loss function and is
validated using the Mean Absolute Error (MAE) relative to the analytical solutions of each
problem.

Incorporating TSVD has been shown to significantly reduce the number of trainable
parameters within the ANN architecture. These results are due to the ability of TSVD to
compress the weight matrices into lower-rank matrices that preserve essential features. This
reduction also brings significant acceleration in time per iteration during the training process.
In more complex cases, such as the wave equation and SS-NS equations, integrating TSVD
within the layers of basic PINN and r-PINN not only improves computational performance
but also yields superior accuracy compared to the non-TSVD approach, as evidenced by
the presented figures and tables. In terms of training, incorporating TSVD also increases
the stability of the loss function during the optimization process. This is evidenced by the
smoother loss function history provided by the TSVD-based approaches, while their non-
TSVD counterparts exhibit more noticeable fluctuations.

However, one limitation in the application of TSVD in this study is that it is only applied
to the final layer of the network. This is due to performance issues that arise when multiple
TSVD layers are integrated into the network. Increasing the TSVD rank also did not result in
a significant increase in loss function values. Consequently, applying TSVD to the final layer
with a rank of 5 effectively reduces the number of trainable parameters without significant
information loss, thereby yielding superior approximation results.

The proposed approach has wide-ranging applicability, as TSVD can be applied to any
ANN layer. It is useful not only for obtaining numerical solutions for PDEs but also for a
broader range of general ANN applications. One such application is the ongoing investigation
into applying the proposed method to numerical simulations of reaction-diffusion systems.
The goal is to optimally control competitive interactions between native and invasive species.
PINNs are also compatible with the integration of various complementary techniques. Future
work will explore the use of functional-link artificial neural networks and alternative activa-
tion functions to further enhance the performance of PINNs.
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