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Abstract

If G is a reductive group with Borel subgroup B then the coset space G/B is the chamber set of a
spherical building whose Weyl distance is governed by the Bruhat order on the Weyl group. For
Kac-Moody groups, the two conjugacy classes of standard Borel subgroups give rise to a twin
building, with a codistance governed by the reverse Bruhat order. However, infinite root systems
admit many more conjugacy classes of sets of positive roots, and these are not captured by the

twin building.

This thesis defines a new object, called a citadel, designed to organise these non-standard
conjugacy classes. A citadel consists of a distinguished central building, called the keep, together
with further buildings associated to other conjugacy classes of positive systems. The additional
buildings are related to the keep through distance functions defined by Dyer’s twisted Bruhat
orders. It is proved that a citadel supports notions of projections between residues, leading to a

notion of convexity.

The thesis proves that a Kac-Moody group possesses two canonical citadels that are shown to
form a twin citadel. The set of chambers of the twin citadel can be identified with the disjoint
union of coset spaces G/Qwy, where the Qg are quasi-Borel subgroups generalising standard
Borel subgroups. The construction requires the development of quasi-parabolic subgroups,
generalising the parabolic subgroups, and an extension of the Bruhat-type decomposition of

Billig and Dyer.

The thesis concludes by defining a notion of complete reducibility for convex subsets of twin
citadels. This leads to a new notion of G-complete reducibility for subgroups of Kac-Moody

groups, generalising existing formulations that have been derived using the twin building.
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CHAPTER

Introduction

The theory of reductive groups over algebraically closed fields is rich and pervades modern
algebra and group theory. At its core, a reductive group is controlled by a finite root system that
is determined by a choice of maximal torus, and many important subgroups such as the Borel
subgroups and the parabolic subgroups can be characterised in this way. For example, the choice
of a Borel subgroup determines a so-called standard positive system, separating the roots into a

(standard) positive set and corresponding negative set, satisfying some natural axioms.

The collection of proper parabolic subgroups in a reductive group admits a surprisingly combi-
natorial structure called a spherical building. This object is locally isomorphic to the Coxeter
complex of the finite Weyl group, equipped with a distance function that is governed by the
Bruhat order. By studying the action of the group on its building, one can translate properties
of subgroups into geometric questions about fixed point sets in the building. This is the ba-
sis of Serre’s notion of G-complete reducibility which generalises the question of whether a
representation

p:H— GL(V)
is completely reducible by replacing GL(V') with an arbitrary reductive group.

A Kac-Moody group is a natural generalisation of a reductive group that is typically infinite-

dimensional. Nevertheless, every such group admits a maximal torus which determines a root
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system and Weyl group, meaning one can define notions of Borel subgroups and parabolic
subgroups accordingly. The Weyl group is a crystallographic Coxeter group and the root system
is often infinite. As a consequence, the geometry underlying the group is more complex. For
instance, an infinite root system admits two distinct conjugacy classes of standard sets of positive
roots, rather than just one in the finite case. This leads the collection of proper parabolic
subgroups of a Kac-Moody group to form an object called a twin building, consisting of two
buildings, one for each conjugacy class of Borel subgroup, and a codistance function between

them that is governed by the reverse Bruhat order.

It has been known since at least [27] that there are non-standard sets of positive roots in infinite
root systems. In affine root systems there are finitely many conjugacy classes of sets of positive
roots; otherwise, there may be infinitely many. Furthermore, extensive work of Dyer [15]
associates to every set of positive roots a twisted Bruhat order which recovers the usual Bruhat

order and reverse Bruhat order in the situations above.

Therefore, a twin building does not capture a full range of positive systems. At the level of
the Kac-Moody group, this suggests the existence of a natural class of subgroups associated
to non-standard sets of positive roots, which are not encoded by the usual twin building. This
observation leads to the main structure defined in this thesis, a citfadel. A citadel generalises the
notion of a building, or one half of a twin building, by adjoining extra buildings associated to

conjugacy classes of non-standard sets of positive roots.

The use of the term citadel has been chosen to suggest a distinguished central building, called
the keep, surrounded by buildings clustered according to the conjugacy class of their associated
set of positive roots. The outer buildings are related to the keep via a twisted distance, but need

not have a notion of distance between them.

A citadel consists of a collection of twisted buildings which are pairs of buildings % and Ay
in which 4 is a building associated to a Coxeter group W and Ay is an additional building
associated to a reflection subgroup Wiy of W. The pair must admit a twisted distance function in
which the usual length function is replaced by Dyer’s twisted length function hy. It is proved in

Subsection 3.2.3 that there is a well-defined notion of projections between residues in twisted
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Figure 1.1: A schematic of a citadel: the keep corresponds to the standard positive system A™
while the surrounding components correspond to other conjugacy classes of positive systems,
related to the keep via distances defined with twisted Bruhat orders.

buildings, generalising the coprojection maps found in twin buildings.

The reflection subgroups Wiy are often proper subgroups of W. As a consequence, the ambient
group W does not generally act on the Coxeter complex of Wy. Therefore, the choice of
representative set of positive roots W within its orbit affects the building Zy. In order to remove

this dependency, a citadel contains a family of buildings of isomorphic type for each orbit.
Definition 1.1. A citadel of type (W,S) is a triple (¢,%,0") consisting of
* adisjoint union % of families of buildings, running over orbits of sets of positive roots,
* adistinguished building % of type (W, S),

e a W-valued map

0" (BXE)U(C X AB)—>W,

such that the restriction of 8* to any pair of buildings containing % defines a twisted building.

The negation of a set of positive roots is always a set of positive roots. Therefore, there is a
partition of the collection of sets of positive roots induced via negation. This leads to the notion
of a twin citadel in which one demands every building forms a twin building with its opposite. In
both the citadel and the twin citadel there are notions of projection maps and convexity arising
from the twisted and twin buildings inside. The main advantage of considering a twin citadel is
the guarantee of a notion of opposition that can be defined at the level of the twin buildings it

contains.

Let G be a Kac-Moody group with maximal torus 7' and root system A = A(G,T). For every set
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of positive roots ¥ C A one can define a quasi-Borel subgroup Qw in a way that generalises the

standard Borel subgroup construction. In general, a quasi-Borel subgroup is of the form

Oy = UgpNy

where Uy is generated by root groups indexed by W and Ny is a subgroup normalising 7. The
groups Q?P = UyT appear in the work of Billig and Dyer [7, Thm. 1, Cor. 1’] where the following

result, which will be called the Billig-Dyer decomposition, was established.
Theorem 1.2. Let B be a standard Borel subgroup of G relative to T and write Q° = Q?I,. Then
G= |_| BWQO.
weWw

Moreover, for every simple reflection sq € S and w € W, one has
Bst0 - BstQO - BwQO U BstO

Furthermore, if ly(sw) > ly(w) then BsBwQ® = BswQP.

It is often the case that a Bruhat-type decomposition suggests the existence of a W-valued map
between buildings. In this context, the Billig-Dyer decompositions define twisted buildings
and lead to the construction of a twin citadel structure in Chapter 4. The asymmetry of the
decomposition is precisely what distinguishes the keep from the rest of the citadel. The first

result in this direction is the following.
Proposition 1.3. The coset space G/Qw is a family of buildings.

The families one obtains include the standard flag variety, which will become the keep, the
semi-infinite flag variety when G is a loop group, and a spectrum of other twisted analogues in

general.

The Billig-Dyer decomposition defines most of the twisted building structure but misses an
important component associated to right multiplication of certain double cosets. This is resolved

by considering a wider class of subgroups called the quasi-parabolic subgroups that extend the



notion of a parabolic subgroup. It is proved that such subgroups have a pleasant decomposition

into factors partitioned by the standard set of positive roots.
Proposition 1.4. A quasi-parabolic subgroup is of the form Qg = (Ug NU)(Ug NU ™ )Ny.

The decomposition of Proposition 1.4 provides an effective way to study quasi-parabolic sub-

groups and leads to the following extension of the Billig-Dyer decomposition.

Proposition 1.5. Let B be a standard Borel subgroup of G relative to T and write Q° = Q%,. For

every reflection t € Sy and w € W, one has
BwtQ° C BwQt0° C BwQ® UBwtQ°.

Furthermore, if ly(wt) > ly(w) then BwQ°tQ® = Bwt Q.

From this point, everything is in place to define a citadel structure out of the coset spaces of
Proposition 1.3. In fact, there is a natural twin citadel structure which contains the usual twin

building of the group as the keep.

Theorem 1.6. The disjoint union 6¢ of

¢t =||G/Qy and ¢ =||G/0-w
Q Q

admits a twin citadel structure of type (W, S).

The group G acts naturally on 65 and identifies the stabilisers of chambers with quasi-Borel
subgroups and the stabilisers of residues with facial quasi-parabolic subgroups. The extent to

which facial quasi-parabolic subgroups describe all quasi-parabolic subgroups is unclear.

The initial motivation for this work was to study complete reducibility in Kac-Moody groups.
After establishing the framework of citadels and constructing a twin citadel associated to a

Kac-Moody group, the central definition and first properties of the theory are immediate.

Definition 1.7. A convex subset M of a twin citadel & is €’-completely reducible (¢ -cr for

short) if every residue in M has an opposite in M.
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The notion of complete reducibility relies on a global notion of convexity. However, the
opposition relation is local in the sense that it is defined at the level of the twin buildings. This
allows one to apply results from the theory of complete reducibility in twin buildings [12] to

obtain the following result which generalises a classical result of Serre [41].

Theorem 1.8. Let M be a convex subset of a twin citadel €. Suppose that M contains a Levi
sphere S in every twin building of € that it meets. Then M is € -cr if and only if Mg is €s-cr for
all S.

Roughly speaking, this means that one can reduce the theory of complete reducibility to certain

spherical subbuildings, provided one deals with sufficiently well-behaved convex sets.

At the level of the Kac-Moody group, complete reducibility in the twin citadel can be translated
into a group-theoretic definition of G-complete reducibility (G-cr for short) in the group. In
particular, one has

His G-cr <= €H is 5-cr

for any subgroup H of G. This defines a new notion of complete reducibility for subgroups of
Kac-Moody groups, extending an existing notion due to Caprace [9] that is defined analogously
using the twin building. The equivalence above can be used to obtain a group-theoretic version

of Theorem 1.8.

Corollary 1.9. Let H be a subgroup of G. Suppose that whenever H is contained in a maximal
facial quasi-parabolic subgroup Py of G then H is contained in a finite type quasi-Levi subgroup
Ly of some facial quasi-parabolic subgroup Py C Py. Then H is G-cr if and only if H is Ly-cr

for all such Ly.

Organisation

The thesis is organised as follows. In Chapter 2 the necessary background of Coxeter theory,
buildings, and Kac-Moody theory is recalled, placing some emphasis on an exposition of the
recent realisation of Kac-Moody groups as ind-varieties. In Chapter 3 the abstract theory of

citadels and twin citadels is introduced. This begins with a review of Dyer’s twisted Bruhat



orders and ends by defining a notion of a twin citadel for any crystallographic Coxeter system.
In Chapter 4 a twin citadel is constructed out of a Kac-Moody group, providing a motivating
example in the wild. In order to do this, a generalisation of parabolic subgroups is defined and
studied in a style similar to the theory of parahoric subgroups for Kac-Moody groups over valued
fields. Finally, Chapter 5 defines a notion of complete reducibility in twin citadels which leads to
a definition of G-complete reducibility for subgroups of Kac-Moody groups, generalising the

existing notions in the literature.



CHAPTER

Preliminaries

This chapter describes the prerequisites required for the rest of the thesis. Throughout, k&
will denote an algebraically closed field of characteristic p > 0. A ring will be assumed to
be commutative with identity. If R is a ring then write R* for the unit group of R. Write

N={1,2,---} and Z>¢ = NU{0}.

2.1 Coxeter theory

In this section the basics of Coxeter groups and Coxeter systems are recalled. These are objects
that are intimately related to reflection groups and appear at the heart of the theory of reductive
groups and Kac-Moody groups. In particular, every reductive or Kac-Moody group possesses a
certain reflection subgroup called the Weyl group which governs its behaviour. A comprehensive

reference for this material is [1].

A Coxeter group is a group of the form
W= (s1,...,80 | (sis;)" =1)

where every s; is an involution, and if i # j then either m;; > 2 or m;; = oo if (5;5;)™ # 1 for any

m € 7. If S = (s;);er is a generating set for W, then say (W, S) is a Coxeter system. The elements



2.1 Coxeter theory 9

of S are called the simple reflections, while the reflections are given by Ry = J,,ew wSw .
Throughout this thesis, assume that S is finite and that (W,S) is crystallographic, i.e. m;; =
2,3,4,6, or co. These Coxeter systems are precisely those arising in Kac-Moody theory. If (W, S)
is irreducible then it is said to be spherical, affine, or indefinite type according to the signature of
the symmetric bilinear form introduced below. In particular, the group W is finite precisely when

(W,S) is spherical type.

Example 2.1. 1. The symmetric groups S, are spherical Coxeter groups. A set of simple

reflections for S, is given by the transpositions s; = (ii+ 1) for l <i<n-—1.

2. The affine symmetric groups S, = S, x Z"~! are affine Coxeter groups. A set of simple
reflections for S, is the set of simple reflections s; in the previous example, along with a
transposition sq satisfying

(sos1)® = 1= (sos,_1)°.

3. The infinite dihedral group D.. is the only infinite Coxeter group of rank two. A set of

simple reflections is given by two elements s and ¢ that do not commute.

4. The modular group PGL,(Z) is a Coxeter group of indefinite type. A set of simple

reflections is given by the elements

with my2 = 3, m3 = 2, and my3 = o in the notation from before.

The elements of W can be represented as words of the form w = s - - - s; where s; € S. This defines
a (standard) length function | : W — Z>o on W, where [(w) = d if the expression w = s1 - - - 54 is
minimal. In this case, the expression w = s - -5, is called reduced. By convention, [(w) =0
if w is the identity. Otherwise, the length of an element is a positive integer. An immediate
consequence of the definition is that /(w) = [(w~!) forall w € W. If s € S then I(sw) = [(w) £ 1

in general. This follows from the deletion condition, which will not be stated here (cf. [1, §2.1]).

If W is spherical then the length function on W is bounded. In particular, there is a unique
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longest element wqy of W, for which /(wg) is maximal. This element is an involution, and has the
property that

L(wwg) = 1(wg) — L(w) = [(wow)

for all w € W. By contrast, the length function of a non-spherical Coxeter group is unbounded

and there is no such longest element.

For every subset J C S one defines the standard parabolic subgroup Wy = (J) in W. A standard
parabolic subgroup W; is a Coxeter system with generating set J. Moreover, the standard length
function on Wj coincides with the length function induced from W. If W; is finite then write

wo(J) for the longest element of W.

It is possible to define a partial order on W using the length function. Given v,w € W, write v < w
if and only if there is a sequence v = vg,vy,...,v, = w of elements in W with I(v;) = [(v;_1) + 1
and viv;ll € Rw. This order is called the Bruhat order and will play an important role in the

sequel.

Let V = R/l be the real vector space with basis consisting of symbols (¢;);c;. Then W defines a

symmetric bilinear form on V by

T
B(ej,ej) = —cos —
mj;
for all i, j € I. Here, one sets B(e;j,ej) = —1 if m;; = co. Then, for all i € ] and x € V, the

equations

s5i(x) = x—2B(ej,x)e;

define an action of W on V by linear reflections. In particular, there is a linear representation

p : W — GL(V) which is faithful. Hence, every Coxeter group can be realised as a real reflection
group.

The basis vectors e; of V are called the simple roots of W, and more commonly denoted by
o; = e;. A root of W is a vector o € V of the form o = wa; for some w € W and i € I. The set
of roots A is called the root system associated to (W,S). The reflection corresponding to a root

o = wa; is defined to be the conjugate s, = ws;w ™! € W. It is precisely the reflection through
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the hyperplane orthogonal to & in V.

The roots of A whose coordinates are non-negative with respect to the simple roots (@;);c; form
the standard set of positive roots, denoted A™. In general, any set of the form wA™" will form a
set of positive roots. The sets of positive roots in A will play a fundamental role in the sequel.

The inversion set of an element w € W is defined to be
N (W) = {sq €Rw | @ € AT Nw(—-A")}.

The set .4 (w) records the reflections associated with those positive roots « that are sent to
negative roots by w~!. The longest element w of a finite Coxeter group W is the unique element
for which .#"(wg) = Ry. For infinite Coxeter groups, no such element exists. The positive roots

associated to the inversion set are denoted by
N (w)y={aecAT |acw(—A")}

In the literature, it is not uncommon to define the inversion set of w to be .4 (w) but this is not

the convention taken in this thesis.

It is usually helpful to study Coxeter systems in terms of words, and also in terms of the
reflection representation described above. Indeed, many geometric notions have useful algebraic
descriptions. For instance, one can show that /(w) = |.4"(w)| for any w € W. Similarly, one has

I(ws;) > I(w) if and only if wo; € AT, and

N (w)={t € Rw | [(tw) <I(w)}.

2.2 Algebraic groups

This section reviews the theory surrounding reductive groups. Much of this is what inspires the
theory of Kac-Moody groups and therefore most of the thesis to come. For this reason, it is

necessary to describe the main features of the theory, even when the full generality given here is
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largely unnecessary. The language of schemes via their functor of points is used as it enables one
to hide some of the more technical details. This point of view will also be useful in the sequel to

describe the constructions of Kac-Moody groups as certain representable functors.

2.2.1 Schemes and group schemes

In this subsection the notions of affine schemes and affine group schemes are defined, along with
some prerequisites for the rest of the thesis. Roughly speaking, these are objects which capture
the geometric properties of solutions to polynomial equations. The material of this subsection

can be found in most standard textbooks on the subject, e.g. [34] or [45].

An affine scheme X over a ring R, or affine R-scheme, is a representable functor X from the
category of commutative R-algebras to the category of sets. This means there is an R-algebra A
such that

X (B) = Homg_ag(A,B)

for all R-algebras B. In this case, one writes X = Spec(A). If B is an R-algebra, then the B-points
of X are the elements of the set X(B). Hence a B-point can be thought of as an R-algebra

homomorphism A — B.

If the algebra A can be presented as a quotient of a polynomial ring in finitely many variables, one
says that X is of finite type; otherwise, X is of infinite type. When X 1is of finite type the B-points
of X correspond to the solutions of the defining polynomial equations of A with coordinates
taken in B. If the ideal of such polynomial equations is itself finitely generated, then X is said to
be of finite presentation. Notably, if R is a Noetherian ring, for example when R = F is a field or
when R = Z, then the Hilbert basis theorem [45, A.5] implies that every affine scheme of finite

type is of finite presentation. The sequel will involve schemes of finite type and infinite type.

There is a well-known equivalence of categories from the category of affine R-schemes to
the (opposite) category of commutative R-algebras [34, A.33]. This means that the algebra A
determines X uniquely up to isomorphism and vice versa. This algebra is called the coordinate

ring of X for the reasons described above.



2.2 Algebraic groups 13

At the moment, the affine R-scheme X is just a functor. In order to study geometric and
topological notions on X one must associate to it a topological space. This space is the set
of prime ideals of A, justifying the labelling X = Spec(A). The link between X and the space
Spec(A) of prime ideals is natural. Because X is representable, the set of F-points X (F), for any
field F, corresponds to the R-algebra homomorphisms from A to F. The kernel of such a map is
a prime ideal of A. Therefore, evaluating the functor X at fields naturally produces points in the

set of prime ideals.
The set Spec(A) can be endowed with the Zariski topology. In this topology, the closed sets are

defined as

V(a) ={p € Spec(A) |aCp}

for all ideals a C A. By definition, the topological properties of X can be rephrased into properties

of the coordinate ring A. For instance, one has:

X connected «— A contains no non-trivial idempotents,
X irreducible «— nilradical of A is a prime ideal,

X reduced «— A contains no non-zero nilpotents.

When R = F is a field, a reduced affine F-scheme of finite type is called an affine variety over
F, or an affine F-variety. If k is an algebraically closed field, then an affine k-variety is fully

determined by its k-points. As a result, one often identifies X with X (k).

A morphism f : X — Y of affine R-schemes is a natural transformation of functors, meaning a
collection of maps

fB:X(B)—Y(B)

for all R-algebras B which commute with changes of coefficient algebra B. The affine R-scheme
X is a subfunctor of Y if fp : X (B) — Y (B) is injective for every R-algebra B. If X is a subfunctor

of Y and there is an ideal Iy C Ay of the coordinate ring of ¥ such that

X(B)={@cY(B) | ¢(ly) =0}
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for every R-algebra B, then f is a closed immersion and X is a closed R-subscheme of Y. Roughly
speaking, this means that closed subschemes are defined by the vanishing of polynomials. On the

other hand, if X is a subfunctor of Y and there exists a collection of elements g; € Ay such that

X(B)={¢ €Y (B) | ¢(gi) generate B as a B-module}

for every R-algebra B, then f is an open immersion and X is an open R-subscheme of Y. Note

that an open subscheme of an irreducible scheme is dense.

The Zariski topology on X is often insufficient when R is not a field. Instead, one uses the
structure morphism X — Spec(R) and studies topological notions fiberwise. This structure
morphism arises from the fact that the coordinate ring A of X is an R-algebra, hence there is an

R-homomorphism R — A.

If p 1s a prime ideal of R, the fiber over p of X is the fiber product

X=X X Spec(R) SpeC<K(p))

of R-schemes, where k(p) is the residue field of p in R. This is often called the base change of
X to k(p). An affine R-scheme is (fiberwise) connected if, for all p € Spec(R), the fiber X, is
connected with respect to the Zariski topology. It is (fiberwise) geometrically connected if, for
all p € Spec(R), the geometric fiber

Xp =X Xspec(r) Spec(k(p))

is connected, where k(p) is the algebraic closure of k(p).

An affine group scheme G over R, or just affine R-group, is a group object in the category of
affine R-schemes. By the equivalence of categories mentioned above, the group operations on
G correspond to R-algebra homomorphisms on the coordinate ring A. This endows A with the
structure of a Hopf algebra. In this way, the category of affine R-groups is equivalent to the

(opposite) category of commutative Hopf algebras over R. Importantly, the set of B-points G(B)
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form a group in this sense, even when the underlying topological space of G need not have a

group structure.

Example 2.2. The multiplicative group G, g is a fiberwise connected affine R-group of finite
type. If B is an R-algebra then G,, z(B) is the group invertible elements of B, denoted B*. The

R-scheme G,  has the coordinate ring A = R[x,t]/(xt — 1).

One can define a tangent space at every R-point x € X (R) as follows. Write R[e] = R[t]/(¢?) for
the ring of dual numbers over R. The map 7 : R[€] — R defined by sending € to zero induces a
map

X(m) : X(R[e]) — X (R)

by functoriality of X. The fangent space of X at x is then defined to be

T.X ={veX(R[e]) | X(m)(v) = x}.

If X = G is an affine R-group then the tangent space of G at the identity is equipped with an
R-bilinear map called a Lie bracket. This means that it has the structure of a Lie algebra over
R and one denotes it by Lie G. Furthermore, the group multiplication operation on G induces

isomorphisms 7y(G) = Lie G of R-modules for all x € G(R).

One more notion that will be of importance is that of smoothness. If F is a field then an affine
F-group G is smooth if and only if its Krull dimension equals the dimension of its Lie algebra.
For the most part, the R-groups in this thesis will be smooth. For example, G, r is a smooth
R-group. Moreover, if F is a field of characteristic zero then every affine F-group is smooth by a
theorem of Cartier. Similarly, smoothness in affine F-groups when F' is perfect is equivalent to

the coordinate ring being reduced. This is guaranteed when F is algebraically closed.

Example 2.3. The additive group G, g is a smooth fiberwise connected affine R-group of finite
type. If B is an R-algebra then G, g(B) is the underlying additive group of B. It has the coordinate
ring A = R[x| and G, gr(B) = Homg_aio(R[x], B) can be thought of as evaluating polynomials in x
at values in B. The R-scheme structure on G,  is the affine line denoted by A}e. Moreover, the

Lie algebra Lie G, g is naturally isomorphic to R equipped with the trivial Lie bracket.
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Example 2.4. The general linear group GL,,  is a smooth fiberwise connected affine R-group of
finite type. If B is an R-algebra then GL, g(B) is the group of n x n invertible matrices over B. It
has coordinate ring A = R[X|1, ..., Xu,t]/(tdet(x;;) — 1). The Lie algebra Lie GL, f is naturally
isomorphic to the R-module M,,(R) of n x n matrices over R equipped with the commutator Lie

bracket.

In general, there is a wider class of objects called schemes that need not be affine. This level
of generality is unnecessary for this thesis, and every scheme encountered will be affine with
one exception in §2.4.3. Henceforth, affine R-schemes, affine F'-varieties, and affine R-groups
will be abbreviated to R-schemes, F-varieties, and R-groups respectively. Similarly, a closed

subgroup will refer to a closed R-subscheme that is also a subgroup R-scheme.

2.2.2 Linear algebraic groups

This subsection describes the structure of a specific subclass of R-groups that can be viewed as
matrix groups over a field. As a consequence, it becomes easier to use group-theoretic results
alongside geometric arguments, leveraging the concrete tools from linear algebra to obtain a

remarkable structure theory. A standard reference for this subsection is [25].

A k-group G of finite type is called a linear algebraic group. In this case, there is a k-
homomorphism

G — GL(V) 2 GL, 4

that is a closed immersion, where V is a k-vector space of dimension n. Since k is algebraically
closed, both G and GL,,  are k-varieties, meaning one can safely identify G with G(k) and GL,, 4

with GL, (k). In particular, G is a group of matrices over k.

Suppose that G = G(k) is a linear algebraic group. The embedding of G into GL,,(k) allows one
to define a Jordan decomposition for elements of a linear algebraic group. An element g € G
1s semisimple if it is diagonalisable as a matrix, and unipotent if its eigenvalues are all 1. Then

every element g € G can be written uniquely as
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where s is semisimple, u is unipotent, and su = us. Remarkably, s,u € G and the decomposition

is independent of the choice of embedding of G into GL,, (k).

A connected linear algebraic group is a forus if it consists only of semisimple elements. These
k-groups are isomorphic to a product of copies of the multiplicative group G,, . The maximal
tori of a linear algebraic group G are all conjugate by elements of G. Similarly, a linear algebraic
group consisting of only unipotent elements is called unipotent. These groups can be conjugated
into an upper uni-triangular subgroup whenever G is embedded into some GL,, (k). As the latter
group is nilpotent, every unipotent subgroup is nilpotent and hence soluble. For example, the

additive group G, (k) is a 1-dimensional unipotent subgroup via the map

I x
Gax — GLy(k) : x —

01
Relatedly, the Lie-Kolchin theorem states that every connected soluble linear algebraic group can
be conjugated into the upper-triangular subgroup whenever G is embedded into some GL,, (k). A
maximal connected soluble subgroup of G is called a Borel subgroup. The Borel subgroups of
G are pairwise conjugate by elements of G and cover the group. If B is a Borel subgroup then
one has the semi-direct decomposition B =T x U where T is a maximal torus of B and U is a

connected unipotent normal subgroup. As a variety, B is isomorphic to 7 x U.

An important feature of solubility and unipotence is that they are closed under multiplication
of normal subgroups. That is to say, a group generated by two normal soluble (resp. unipotent)
groups is again soluble (resp. unipotent) and normal. Therefore, there is a unique maximal
connected soluble normal subgroup R(G), called the radical, and a unique maximal connected
unipotent normal subgroup R, (G), called the unipotent radical. In fact, one can show that the

unipotent radical is precisely the set of unipotent elements of the radical.

2.2.3 Reductive groups

In order to study linear algebraic groups in more detail, it is often useful to quotient out the

normal unipotent subgroups described at the end of the previous subsection. This isolates a
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natural class of groups that includes the so-called classical groups. A standard reference for this

section is again [25].

A linear algebraic group G = G(k) is called reductive if its unipotent radical R, (G) is trivial, and
semisimple if its radical R(G) is trivial. For the remainder of the subsection, assume that G is

connected and reductive.

The structure of a semisimple or reductive linear algebraic group is rigidified by its maximal tori.

A maximal torus T of G acts on Lie G via the adjoint action, producing a decomposition

LieG=h® P ga

acA

where h = LieT is the zero weight-space, the Cartan subalgebra, and
ga ={x€LieG| Ad(t)x=o(t)x forallr € T}

for every non-trivial weight a. The non-trivial weights are called the roots of G relative to T,
and the set A = A(G,T) is a finite root system. Accordingly, the weight-spaces g, are called

root spaces. Every root space is 1-dimensional and differentiating the equation

yields
[h,x] =da(h)x

for all 4 € h and x € g¢. In other words, the Cartan subalgebra acts via the Lie bracket on the
root spaces. Since maximal tori are conjugate in G, the choice of T does not play an important

role once it is fixed.

The root decomposition of Lie G is reflected in G, and one has

G=(T,Uy| o €A)
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where each root group Uy is a copy of the additive group G, x that is normalised by T'. Moreover,

one has LieUy = g for all o € A.

Example 2.5. In G = SL;, (k) there is a maximal torus

T = cek”

which admits a character y(diag(c,c™!)) = c. The roots of A(G,T) are given by & = 2 and

—o = —2%. Then

Uy = ack and U_g4= ack

are the corresponding root groups.

There is a finite Weyl group W(G,T) = Ng(T ) /Cq(T) relative to T. The Weyl group is, up to iso-
morphism, independent of the choice of maximal torus 7', so one typically writes W = W (G, T).
This is a crystallographic Coxeter group whose root system coincides with A. Therefore, W

permutes the root spaces and root groups of G via representatives in Ng(T').

A choice of a set of positive roots AT C A determines a base of simple roots IT C AT, as well as

a Borel subgroup B that contains 7'. Indeed, one has an isomorphism of k-varieties

R,(B)= [] Ua

acAt

where the product may be taken in any fixed order [25, Proposition 28.1]. This provides a
normal form for elements of B =T x R, (B). The choice of IT defines a set of simple reflections

S = {5« | @ € IT} which makes (W, S) into a Coxeter system.

A subgroup P of G is called a parabolic subgroup if it contains a Borel subgroup of G. Every
parabolic subgroup is connected and self-normalising. If B O T is the Borel subgroup corre-

sponding to A" then the parabolic subgroups of G containing B are enumerated by the subsets of
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simple roots in I'l. Moreover, every parabolic subgroup admits a Levi decomposition given by
P=LXR,(P)

where the Levi factor L is a connected reductive linear algebraic group. If P’ is a second parabolic
subgroup then say that P is opposite to P’ if PN P’ is a common Levi factor of P and P’. This

will play an important role in the sequel.

Example 2.6. In G = GL, (k) the Borel subgroups are the subgroups that can be put in upper-
triangular form. Similarly, the parabolic subgroups are those subgroups that can be put in block
upper-triangular form. Therefore, up to conjugation, the Levi decomposition of a parabolic

subgroup is roughly of the form

where in general there are more blocks, all of which are copies of GL,, (k) where };n; = n.

For a fixed Borel subgroup B 2 T, the group G possesses a Bruhat decomposition

G= || BwB

wew

where w € W is represented by a lift in Ng(7). The double cosets possess a rich structure, with
BswB C BsBwB C BwBU BswB

for all s € S. Moreover, if [(sw) > [(w) then BsBwB = BswB. These relations describe an

underlying combinatorial structure on G/B that will be defined in 2.5.

To classify semisimple and reductive groups one looks to the root system. The finite root systems
are classified up to isomorphism by Cartan matrices that encode how a fixed choice of simple
roots interact. A Cartan matrix C = (¢;;) € M,(Z) can be characterised as a diagonalisable

matrix C = DS, where D is diagonal and S is positive-definite symmetric, such that c;; = 2, the
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c;j are non-positive integers when i # j, and ¢;; = 0 implies c¢;; = 0.

However, a Cartan matrix only classifies the root system and does not see the center Z(G) of
G. As a consequence, the Cartan matrices classify semisimple groups up to isogeny and do
even less to distinguish connected reductive groups. For example, SL,(k) and PGL,,(k) share
the same Cartan matrix yet are not isomorphic as semisimple groups. Further still, both of these
semisimple groups share their Cartan matrix with GL,,(k), a connected reductive group of higher
dimension. Instead, one requires more combinatorial data that encodes the size and structure of

the maximal tori in the group.

Write X7 = Homgy(T, Gy, ) for the character lattice of T and Yr = Homgz(G,,x,T) for the

cocharacter lattice of T. If A € Y7 and y € X7, the composition

X oA: Gm,k — Gm,k

is an endomorphism ¢ — ¢ for some n € Z. This defines a perfect pairing

(—,—>ZYT><XT—>Z

where (A,x) = n is as above. In particular, for every root o € X7 there is a unique coroot
a" € Yr determined by the root system of G, for which (@, &) = 2. The (based) root datum of

G with respect to B O T is the tuple

9G = (XT7H7YT7H\/)

where II is the set of simple roots associated to B D T, and IT" is the corresponding set of

COroots.

A foundational result of Chevalley says that the connected reductive k-groups are determined
up to unique isomorphism by their root data, and for every root datum and every algebraically

closed field k one can associate a connected reductive k-group.
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2.2.4 Reductive group schemes

The structure theory of reductive k-groups can be extended to include group schemes over rings

and even group schemes relative to other schemes. For a comprehensive account, see [10].

In order to extend geometric notions over a field to more general settings, one typically looks at
geometric fibers. For instance, an R-group G is unipotent if its geometric fibers are unipotent
linear algebraic groups. Similarly, a reductive R-group is a smooth R-group whose geometric

fibers are connected reductive groups.

The theory becomes more tractable when G is split. That is to say, G contains a split R-torus
T= Gﬁu r for some n € N. In particular, the existence and uniqueness theorems of Chevalley
extend to reductive Z-groups that admit a maximal Z-torus [10, Proposition 6.4.1]. Note that in
this case, every such torus is necessarily split. Specifically, the same root data as before classifies
these groups up to unique isomorphism. In the sequel, a reductive Z-group that admits a maximal

Z-torus will be called a Chevalley group.

2.3 Abstract Kac-Moody theory

This section reviews the basics of Kac-Moody algebras and Kac-Moody groups. It should be
understood by analogy to the classification of reductive groups, but in reverse order: starting
from a generalisation of a (based) root datum and building a generalisation of a reductive group.

The material covered in this section can be found in [31] and references therein.

2.3.1 Root data

The classification of reductive group schemes is, in large part, determined by the Cartan matrices
that control much of a based root datum. A key insight of Kac and Moody was to observe that
the condition C = DS where C is a Cartan matrix, D a diagonal matrix, and S a positive-definite

symmetric matrix, could be weakened and still produce a similar theory.

A generalised Cartan matrix, or GCM for short, is a matrix C = (¢;;) € M,(Z) for which C = DS,

where D is diagonal and § is symmetric, such that ¢;; = 2, the ¢;; are non-positive integers when
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i # j, and ¢;; = 0 implies cj; = 0. In particular, the GCM that can be written as C = DS with §

positive definite, are precisely the Cartan matrices.

A (based) Kac-Moody root datum is a quadruple

2 = (X, IL,X",11Y)

where X is a free Z-module of finite rank and XV = Homgz(X,Z) is its Z-dual, and IT and IT" are
finite subsets of X and X", respectively, indexed by a finite set I of size n, along with a bijection
a; — o’ of IT onto IT" such that C = ({aj, &t’)) is a GCM. For example, the root datum of a
reductive group is a Kac-Moody root datum for which C is a Cartan matrix. Henceforth, simply
refer to & as a root datum. The convention for root data here is closer to the approach taken in

[8], this is to align with the content of 2.2.

The dimension of a root datum ¥ is the rank of X, denoted by dim &. Similarly, the rank of & is
the cardinality of I1, denoted by rk Z. If C is a Cartan matrix, then the & € IT (resp. oV € IT)
are Z-linearly independent in X (resp. X"). In general, neither of these properties may be true.
Say that 9 is free (resp. cofree) if the o € IT (resp. a¥ € I1V) are Z-linearly independent in X

(resp. X V). The root datum Z is cotorsion-free if X" /ZI1" is torsion-free.
Example 2.7. The generalised Cartan matrix C = (32 ’22) defines a root datum by setting X = Z
and o = — 0. Then oV = — ). Moreover, one has & + 0 = 0 and similarly o + oy’ = 0. It

follows that C is neither free nor cofree.

Let 21 = (X,,I1;,X),1I}) and 2, = (X»,I1,X,’,I1}) be root data with generalised Cartan
matrices C; and C, respectively. A morphism of root data ¢ : 9y — %, consists of a linear
map ¢ : X, — X, and an injection i : IT; — I, such that C; = Ca|my, x11,, (") = i(a)", and

i(ot) o = o forall @ € T1.
If ¢ : 91 — 2, is a morphism of root data, then:
* 9 is a central toric extension of %, if @ is surjective and i is a bijection.

* 9, is a subroot datum of 2 if @ is injective and X,'/@(X,’) is torsion-free.
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* 9, is a semidirect extension of 9 if &, is a subroot datum of 2, and i is a bijection.
The next result is due to Rousseau [38, Proposition 1.3].
Proposition 2.8. Let & be a root datum.
1. There exists a central toric extension 2°°F of 9 that is both cofree and cotorsion-free.
2. There exists a free semidirect extension 2% of 9. Moreover, if 9 is cofree then so is "

3. If D is free, cofree, and cotorsion-free then & is a semidirect extension of a root datum

9™ which is free, cofree, cotorsion-free, and of dimension rk & + corank C.
The extensions Z°°1, 2t and 2™ of 2 are called the cofree, free, and minimal free extensions.

In general, one has (2°°0)f = (21)¢°f by the first of the remarks following [38, Prop. 1.3]. This
motivates the Kac extension 2% := (2N, It is often useful to use Proposition 2.8 to reduce
to the case that 2 = 2% because then the groups and algebras that will be constructed will

possess enough cocharacters and nonzero dominant integral weights (cf. [31, Example 7.23]).

2.3.2 Kac-Moody Lie algebras

This subsection associates a Lie algebra to every root datum &. The idea is to generalise a
construction of Serre that associates to any Cartan matrix a finite-dimensional semisimple Lie

algebra. The standard references for this subsection are [28] and [31].

The complex Kac-Moody algebra g4 associated to a root datum ¥ is the Lie algebra generated
by the Cartan subalgebra 4 = X" @7 C and the Chevalley generators (e;, fi)ic1 subject to the

relations:

[h@vb@] = 0; [haei] = ai(h)ei7 [h7fl] = _al(h)fl for h € h@?
lei, fi] = =iy,

(ade;)! ~Ue; = (ad f;)' 7€ f; =0,

where &;; is the Kronecker delta symbol. By construction, if & is the root datum of a reductive

group then g4 is a finite-dimensional reductive Lie algebra. When the root datum ¥ is clear, write
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g and b for g4 and b respectively. This thesis follows the Tits convention that [e;, fj]| = — &’

rather than [e;, fj] = ;0 which is equivalent but removes minus signs later in the construction.

Let Qi = @1 Z0o; be a free Z-module on the basis IT. One defines a Qy-gradation of g by the

assignments degh = 0 and dege; = o; = —deg(f;) for all i € 1. Therefore

gzb@@ga

acA

where A C Oy \ {0} is the root system of g. The elements o; are called simple roots, and the o
are called roots. When C is not a Cartan matrix, the root system A is no longer finite. Similarly,
if 7 is not free then

9o C{xeg]| [hx] =a(h)xforallhe b}

is a proper inclusion. These are two of the major differences that can occur when one considers
arbitrary GCMs. In this instance, the linear map QO — X defined by «; — «; need not be

injective.

Example 2.9. Let & be the root datum as defined in Example 2.7. The root system is infinite
and given by
A={a+nd, og+nd, mé |ne€Z, meZ\{0}}

where 6 = o + . The element § € Qy lies in the kernel of the map O,y — X. It follows that

Gotns C{x€g|[hx] = (a+nd)(h)xforall h€h},

Cl{xeg|[hx]=a(h)xforallheh}
for all n € Z. But g¢ # g¢.1ns for any non-zero n, hence the inclusion
o C{xeg]|[hx]=o(h)xforall heh}

1S proper.

The map defined by the assignment ¥ — g4 is functorial. In particular, the extensions of
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Proposition 2.8 yield morphisms of the corresponding Kac-Moody algebras. The cofree extension
2" induces a central extension g geot Of g, while the free extension 2" induces a semidirect
extension gy r of gg in degree zero. Similarly, any free, cofree, and cotorsion-free datum
induces a trivial central extension of ggm. It follows that the extension ggkac of gg is simply an
enlargement of the Cartan subalgebra 4. As a consequence, despite the discrepancy between
the QOr-gradation and the adjoint weight decomposition, the root system A and the root spaces

g depend only on C, and not on the ambient datum Z.

The partition Q}f = ¥;c; Z>00; of Qy induces a partition of the root system A. In particular, one

has A= AT UA™ where AT = ANQ,f and A~ = —A™. The corresponding subalgebras

nt = @ga and n = EBga

aeAt oEA”
depend only on C and produce a triangular decomposition g=n" @ hdnt.

The generalised Cartan matrix C can be used to construct a Coxeter system. First, define the
indices m;; by the rule: m;; = 2,3,4,6 or « according to whether ¢;;jc;; = 0,1,2,3 or > 4. Then

the Weyl group associated to C is the group
W= (s | (sis)™ = 1)

where s;(@) = a — a(a;’); is an automorphism of Qy. By construction, the indices m;; force

W to be a crystallographic Coxeter group. The pair (W,S) is a Coxeter system, where S = (s;)¢;.

By construction, the Weyl group W associated to C acts on Q. In fact, W acts by the same
formula on X, and dually on X". Moreover, the action stabilises A in Q. A root ¢ € A is real if
o =wao; for some w € W and o; € I1. As soon as A is infinite, there are imaginary roots that do
not lie in the W-orbit of a simple root ¢;. Moreover, there is no element of the Weyl group that
swaps AT and A™. This reflects the fact that W does not contain a longest element when it is

infinite.

The real roots of A are denoted by Ay and the imaginary roots by Aj,, = A\ Are. The partition
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A = AT LJA™ induces partitions

Are =ALUA, and A=Al UA_

accordingly. Note that A;r“n and A;  are stable under the action of W [28, Proposition 5.2].

An equivalent characterisation of the real roots can be obtained via the adjoint action of the
Kac-Moody algebra [28, Chapter 3]. In particular, a root & € A is real if, for all x € g4, the
automorphism adx € Aut(g) is locally nilpotent. That is to say, for each x € g4 and every y € g
one has (adx)"(y) = 0 for some n € N. Moreover, a real root space is always 1-dimensional, in
contrast with imaginary root spaces which can have arbitrarily large dimension. This implies

that, for every i € I, the subalgebra (f;, a;’,e;) C g is type Ay, and

s; = expad f;-expade;-expad f; = expade; -expad f; - expade;

is an automorphism of g.

The subgroup W* of Aut(g) generated by the s} admits a surjective homomorphism v : W* — W
given by s7 — ;. The action of W* stabilises h and permutes the root spaces g¢ according to the
action of W on A. Further still, for every i € I and w* € W*, the double base E; = {w*e;,—w"e;}
depends only on the root v(w*)a;. Therefore, there is a choice of root vector e, in every real

root space g, such that, for all & € A, i € I, and w* € W*, one has

V

eq =¢€i, lea,fo]=—a" and w'eq = teyq

where fo = e_q forall o € A;';/.. This will be of use in the following subsection.

At present, the Kac-Moody algebra g is defined over the complex numbers. This can be extended
to Z using the double bases of the previous subsection. The following construction is due to Tits

[44, §4].

Associated to the Lie algebra g is its universal enveloping algebra % (g). Let %z(g) be the
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Z-subalgebra of % (g) generated by the divided powers

Pt T ()M
l ! : n! n n!

forall h € XV, i€ 1, and n € Z>¢. The subalgebra %7(g) is a Z-form of % (g). Specifically, one

has % (g) = %7(g) ®z C. This in turn defines a Z-form gz = g\ %z(g) of g. In particular,
oz = 0aN0z=Zeq and U (8a) U (9)na N %u(g) = Ze)

forall @ € A, and n € N.

After defining b7, nJZr, and n,, in the same way, one obtains an integral triangular decomposition
- +

of the Z-form gz. For any ring R, the R-algebras % (g), gr, br, n}, and ny are defined by

tensoring over Z the respective Z-forms with R.

2.3.3 The constructive Tits functor

This subsection recalls the construction of a functor which associates to any root datum % and
ring R, a group that acts on the R-algebra gr in a reasonable way. Specifically, when R = F is a
field, the kernel of the action is contained in a canonical F-torus. The construction is due to Tits

[44, §3.6]

A collection of roots £ C A is prenilpotent if v(£) C AT and w(X) C A~ for some v,w € W. As
the sets A;I“n and A;  are W-stable, a prenilpotent set of roots X is contained in Are. A prenilpotent

set X C AU {0} that is closed, i.e.

a,peX and o+BecAU{0} = a+BcX



2.3 Abstract Kac-Moody theory 29

is called nilpotent. Importantly, if the pair {«, B} is prenilpotent then the intervals
(0, B] = {ia+jB |i.j>0}NA and (a,B)={ia+jB|ij>1}NA

are both nilpotent sets of roots. If & # +3 then { ¢, B} is prenilpotent if and only if [et, B] C Ap.

The nilpotent sets of roots are of particular importance for constructing unipotent Z-groups.
Recall from Example 2.3 that Lie G, 7 is isomorphic as a Z-module to Z. Since g7 = Zeq is a
free Z-module of rank 1, one can associate to every real root & € A, a unique smooth connected
unipotent Z-group Uy with Lie algebra gqz. This defines an isomorphism xq : G, 7 5 U,
which is determined at the level of R-points. For any ring R and element r € R, denote the image

of r under this isomorphism by x4 (7). If & = o € I1 then write x; = x¢.

Moreover, for any nilpotent set £ C AU {0}, there is a unique unipotent Z-group Uy, containing

every Ugy, o € X, such that, for a fixed order on X, the product morphism

[1Ua— Us

acy

is an isomorphism of schemes [44, Proposition 1]. Hence, for any prenilpotent pair {o, B}, there

B

that determine the commutation relations between

B

are integer Chevalley structure constants Cg
U and Ug in U4 gy. If A is infinite then the constants Cg may take arbitrarily large integer

values.

The isomorphism above defines the normal form of the unipotent radical in 2.2.2. However, the
set A is nilpotent if and only if C is a Cartan matrix. As a result, the unipotent Z-group Uy is
insufficient in describing the positive roots A, when A is infinite. Instead, one defines a functor

manually, using the commutation relations described above when they are available.

The Steinberg functor is the group functor Stc : Z-alg — Grp defined such that, for every ring R,

the group St¢(R) is the free product of the groups Uy (R), for o € A, subject to the relations

wa (1), x5 ()] = [ [en(CEP 1u)
Y
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for all #,u € R, and all prenilpotent pairs {o, 8} running through v =ia + jB € (a, ), with

c*P

;j asabove. Note that Src is not representable in general.

Similarly, define the functor T : Z-alg — Grp that sends a ring R to the group Tx (R) = X" ®7 R*.
This is the split Z-torus with coordinate ring A = Z[X |, whose character group Xz, is canonically

isomorphic to X. In particular, Tx is canonically isomorphic to Ggf‘z?@ .

The action of W on X" induces an action of W on Tx (R) for every ring R. Likewise, the action

of W* on the double bases E; induces an action of W* on St¢(R) defined by

$i (Xa(r)) = X5,(c) (£7)

forall o € A, i € 1, and r € R, where the sign is determined by the sign of s7 (eq) = :I:esi(a).

Finally, everything is ready to define the group functor of [44] associated to an arbitrary root
datum Z. The constructive Tits functor is the group functor ths : Z-alg — Grp defined such

that, for every ring R, one has the group
GUS(R) = Tx (R) * Stc(R) / (relations (R1) to (R4))

where for all @ € A, i € I, r € R*, and t € Tx(R), one has

where §;(r) = x;(r)x_;(r~"x;(r) and §; = §;(1).

For every ring R, the canonical homomorphism Tx (R) — GT9itS (R) is injective. Similarly, the
canonical homomorphism Us (R) — G1(R) is injective for any nilpotent subset £ C AU{0}.
Henceforth, identify Tx and every such Uy with the corresponding subgroup functors of ths.

For instance, there is a subgroup functor Uy, for every o € Are. The subgroup Tx (R) is called the
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canonical maximal torus of G, while the groups Uq (R) are called root subgroups of GO (R).

Note that root subgroups are only associated to real roots.

There are subgroup functors Uan, UZ;,B;{,’ and B, of Gg“ defined by

Up(R) = (Ua(R) | & € Age),
Up(R) = (Ua(R) | & € A),

BY,(R) = Tu (R)Up(R),

B, (R) = Tx (R)Uy (R),

for any ring R. Note that these are abstract group functors that play the role of unipotent subgroups
and Borel subgroups but need not be representable in the previous sense. The subgroups B;D (R)
and B, (R) are called the canonical positive Borel subgroup and the canonical negative Borel

subgroup of G4(R) respectively. Moreover, there is a subgroup functor N of ths defined by
N(R) = (5, Tx(R) | i € 1)

for any ring R. There is a homomorphism N(R) — W defined by the mapping §; — s; whose

kernel is Tx (R). In particular, if F is a field with |F| > 3 then
N(F) = Nths(F)(TX(F))

by [35, §8.4.1].

The mapping 2 — GL* is functorial. If 2y = (X;,I1;,X,',11{) and 2, = (X>,11,,X,, 1Y) are

root data, then two important cases arise:

* If 9, is a central toric extension of Z; then T, surjects onto Tx, with kernel Ty,, where

X3 is the Z-dual of ker ¢. This implies that Gg;s is a central extension of Gg}s by Tx;.

* If 2, is a semidirect extension of Z; then Tx, = Tx, x Ty, for some X3 C X;. This implies

that Gg;‘“' is the semidirect product of Ggis by the torus T,. For a fixed ring R, the action
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of Tx, (R) on Ggfs (R) is given by

/-1

t-t -t -1

/

=t and t-xg(r)-t7 =xq(o(t)r)

forall7 € Tx,(R), ' € T, (R), and & € Are.

In particular, at the level of functors, the Kac extension of a root datum induces a central extension

by a torus followed by a semidirect extension by another torus, or vice versa.
This subsection concludes by completing the running example of this section.

Example 2.10. The generalised Cartan matrix

defines the Weyl group W = (s1,s» | s7 = s3 = 1) which is isomorphic to D..
yL g 1 2

The simple roots are o and o). Set § = o + 0. Then the associated root system

A={o+n8, ag+nd, m8|ncZ, meZ\{0}},

={B+n8|BcA ncZ}u{mé|mecZ\{0}}

is infinite, where A is the root system {o, —a} of type Aj.

Furthermore, one has the partition A = A UA;;,, where
Are ={0t+nd,00+nd |ncZ} and Ay, ={mé|meZ\{0}}.
There is also a partition A = AT UA™ where
AT ={a+nd,ap+nd |n€Zso}U{md | mc N},

Let Z be the root datum associated to C defined in Example 2.7. Then Gg“(k) is isomorphic to
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the polynomial loop group SL;(k[t,#~!]). The corresponding canonical subgroups are

(
c O
T (k) = cek” },
0 ¢!
\
(
1 at"
UOH—n5 (k) = ack )
0 1
\
(
U (k) o k
n = ack .,
Oo+nd a1
\
k] k]
B, (k) = SLy(k[z]) N ,
tk[t] klt]
kit='] k[t

By (k) = SLy(k[t ') N
ket ke
The root datum & is neither free nor cofree. By passing to the minimal free extension of &, one

obtains a group isomorphic to SLy(k[¢,#!]) x k* where the action is induced by ¢ : ¢ + ct.

2.3.4 The structure of Kac-Moody groups

In this thesis, a Kac-Moody group is a group of the form G = ths(k) where k is an algebraically
closed field. By construction, a Kac-Moody group is similar in many ways to a reductive group.
Indeed, if the underlying matrix of & is a Cartan matrix then G is a reductive group. In this
subsection, some basic properties of Kac-Moody groups will be listed. For ease of notation, the
subgroups of G defined in the previous subsection will often omit reference to the datum and

other subscripts. The content of this subsection is essentially [31, Appendix B.4]

The constructive Tits functor is not representable, meaning G has no topology or algebro-
geometric structure a priori. One way to sidestep this problem is to consider a certain adjoint
representation

Ad: G — Aut(%(g))

which was defined and studied in [35, Chapter 9]. The kernel of Ad is contained in the canonical
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torus 7.

A subgroup H of G is Ad-diagonalisable if 7% (g) can be decomposed into a direct sum of
1-dimensional subspaces that are stable under Ad(H). Then the maximal Ad-diagonalisable
subgroups of G are all conjugate to 7'. This is analogous to the fact that the maximal tori of a

reductive group are conjugate.

The tuples (B™,N) and (B~,N) are saturated BN-pairs which means that
G=(B",N)=(B",N)

and

T=B'NN=B NN= ((wB'w = wB w
wew weWw

is normal in N, with W = N /T. Moreover, there is a generating set S of W such that, for all s € §
and w € W one has

BsBwB C BwBUBswB and sBs~' ¢ B.

This implies the existence of Bruhat decompositions
G=||B"'wB"= || B wB™
weW weW

that are typically distinct. Indeed, when W is infinite the Borel subgroups B™ and B~ are not

conjugate in G. This reflects the fact that there is no element of W that swaps A" and A~
The BN-pairs (BT,N) and (B~,N) are rwinned. This implies the Birkhoff decompositions
G=|]|B*wB = || B wB"
weW weW

which are not equivalent to the Bruhat decompositions when W is infinite. These decompositions

will play an important role in the sequel.

Further still, the triple (U",U~,N) is a refined BN-pair. This is an even stronger condition
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implying

NUTNU  =U"NNU- =U"NN=U NN={1}.

This leads to the right-hand sides of the equations
B*wBT =B"wU! and B wB =B wU,

having a uniqueness of expression, where Ut = Ut Nw U~ wand U, = U~ Nw~ U w.

A similar result holds for uniqueness of expressions in the Birkhoff decompositions. In particular,

one has

G=||Uvtwu-=||UnU"
neN neN

which have uniqueness of expression for elements of UTTU ™~ and U~ TU ™ respectively.

The BN-pairs (B™,N) and (B~,N) define a notion of a parabolic subgroup in G. The standard

parabolic subgroups of type J C I, relative to T, of positive and negative sign are the subgroups
P =B"™W;B" and P; =B W;B~

respectively, where Wy is the parabolic subgroup of W generated by s; for i € J. More generally,
a conjugate of PJJr is a parabolic subgroup of type J of positive sign, while a conjugate of P, is a
parabolic subgroup of type J of negative sign. These are the subgroups of G which contain a

conjugate of B™ or B~ respectively.

The tuple

(Ga T, (UOC>Ot€Are)

satisfies the axioms of a linear root group datum of type (W,S) in the sense of [31, Appendix

B.4]. The linearity of the root group datum implies the existence of Levi decompositions

Pf=L;xU; and P; =L;xU;
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where L; = Ggﬁs(k) is the Kac-Moody group associated to Z(J) = (X,I1|;,X",I1V|;), and

U}L = <Ua ‘ o c Art\WJHJ%

Uy = (Ua | 00 € A\ WiI1y).

As is familiar in the theory of reductive groups, these Levi decompositions extend to all parabolic

subgroups [35, Theorem 6.2.2].

The normal subgroups Ujr and U are called the unipotent radicals of the respective parabolic
subgroups, while the complement L; is called a Levi factor of the parabolic subgroup. If the Levi
factor L of a parabolic subgroup P is abstractly isomorphic to a reductive group then L and P are
said to be of finite type. A pair of parabolic subgroups P+ and P~ are opposite if they are of the

same type and their intersection is a common Levi factor.

If a subgroup H of G is contained in the intersection of two parabolic subgroups of finite type and
opposite sign, then H is called bounded. There is a Levi decomposition for bounded subgroups.
In particular, a bounded subgroup H is of the form H = L x U where L is a Levi factor of finite
type and U is bounded unipotent in the sense of [9]. The Zariski closure of the image of a
bounded subgroup in the adjoint representation is a connected algebraic group that is typically

not reductive [35, §10.3].

2.4 Kac-Moody groups as ind-groups

The abstract Kac-Moody theory of the previous section aims to generalise the combinatorial and
group theoretic aspects of reductive groups to infinite dimensions. However, it does not itself
realise Kac-Moody groups as certain group objects of an algebro-geometric category, analogous
to the realisation of linear algebraic groups as group schemes. For Kac-Moody groups, an
appropriate generalisation of a scheme appears to be an ind-scheme. This is evidenced by the
construction of Kac-Moody groups as ind-schemes, first by Mathieu’s formal group [33] and
more recently by Bouthier and Vasserot’s minimal group [8]. In this section, the basic theory

of ind-schemes is described without delving too far into the technical details which are beyond
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the scope of this thesis. Following this, there is an exposition of the various Kac-Moody group

functors one can associate to an arbitrary root datum.

2.4.1 Ind-schemes and ind-groups

This subsection reviews the basic properties of ind-schemes and group ind-schemes that are
required for the theory of Kac-Moody groups. The material exists in far greater generality than

is given here. For more details, the author suggests [36] and references therein.

An ind-affine ind-scheme X over a ring R, or an ind-affine R-ind-scheme, is a functor from the

category of commutative R-algebras to the category of sets which admits a presentation
X = colim; X;

as the filtered colimit of a directed system of affine R-schemes X; where the transition maps
X; — X are closed immersions for all natural numbers i < j. In particular, if B is an R-algebra

then X (B) = |J; X;(B). Henceforth, an ind-scheme will mean an ind-affine ind-scheme.

The underlying topological space of an ind-scheme X is given by the colimit

x| =UIxil
i
where |X;| is the underlying topological space of the R-scheme X;. In particular,

Y C |X| closed <= Y N|X;| closed for all i

with a similar characterisation for open sets. This will be called the ind-Zariski topology.

If P is a property of R-schemes then an ind-scheme X is ind-P if there is a presentation X =
colim; X; where each X; is P. The examples used in this thesis are connected, finitely presented,
finite type, and reduced. In this vein, an F'-ind-variety is an ind-(finite type reduced) F-ind-

scheme for some field F.

As is the case for R-schemes, a morphism f : X — Y of R-ind-schemes is a natural transformation
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of functors. If X = colim; X; and Y = colim;Y; then the morphism f factors as

fl'SXi—>Ym(l-)‘—>Y

where X; — Y,,(;) is a morphism of R-schemes and m(i) is an index of Y dependent on i. In
particular,

Homlndsch (X, Y) = lim,- COlil’Ilj Homsch (Xi, Yj)

for all R-ind-schemes X and Y. Therefore, perhaps after a suitable re-indexing, a morphism f

has a presentation as a system of morphisms f;; : X; — Y; of R-schemes.

The category of R-ind-schemes is closed under fiber products [36, Lemma 1.10]. This allows
one to define embeddings of R-ind-schemes. A morphism f : X — Y is schematic if for every
R-scheme T with a morphism T — Y, the fiber product X Xy T is an R-scheme. A schematic

morphism f : X — Y is P if the induced morphism

fXYT:XXYT—>T

of R-schemes is P for all R-schemes 7T'. For example, one obtains notions of open immersions
and closed immersions of R-ind-schemes, defining open R-ind-subschemes and closed R-ind-

subschemes respectively.

On the other hand, if P is a property of a morphism of schemes then a morphism f : X — Y
is ind-P if it admits a presentation in which each f;; is P. Hence, it makes sense to talk of
ind-closed embeddings and there will be several important examples in the sequel. In general, a

closed embedding is an ind-closed embedding but the converse need not be true.

A group ind-scheme G over R, or just an R-ind-group, is a group object in the category of
R-ind-schemes. In particular, an R-ind-group admits a presentation G = colim; G; where each G;
is an R-scheme. Note that the R-schemes G; are typically not R-groups. A closed subgroup of G

will refer to a closed R-ind-subscheme H that is also a subgroup R-ind-scheme.

Example 2.11. A countable group, such as the integers Z, has the structure of an R-ind-group of
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ind-finite type. The presentation is given by an ascending chain of finite subsets, each of which

is viewed as a disjoint union of copies of Spec(R).

Example 2.12. The functor GL., g = colim, GL, g, with transition maps defined by the block
diagonal embedding at the level of B-points for every R-algebra B, is an ind-(connected finite

type) R-ind-group.

As for R-schemes, one can also define a tangent space for an R-ind-scheme X = colim; X; as

T.X = colim; T.X;

where T.X; is the tangent space of X; at x. Note that x € |X;| eventually. If X = G is an R-ind-group
with identity element e, then Lie G = T, G has the structure of an R-Lie algebra [29, Proposition

4.2.2].

2.4.2 Attractors in ind-schemes

In this subsection we describe a powerful geometric technique sometimes known as the dynamic
approach. The material presented here can be found in [11] and [23]. In the theory of reductive
groups, this method provides a way to define parabolic subgroups without reference to an ambient
root system or by using the classical characterisation involving quotients of varieties. Therefore,
it is an effective way to study similar categories of groups that may have harder structure theories,

such as k-groups [5], reductive group schemes [10], and pseudo-reductive groups [11].

The theory has been generalised significantly in recent years and the construction extends to a
far wider class of geometric objects. In particular, there is a well-defined dynamic approach for

group ind-schemes. Throughout, assume that R = F a field or R = Z.

Let X be an R-ind-scheme of ind-finite type, equipped with a G,,-action that is trivial on R. The
action of G, on X is admissible [37, Lemma A.3.5] which implies that there is a presentation
X = colim; X; that is G,,-stable. Therefore, if B is an R-algebra and x € X (B) then the orbit map
factors as

Gmﬂ — (X,')B — XB
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where x € X;(B). Then lim,_,ga - x exists if the B-morphism

Gmp— (Xi), a—a-x

”

extends to a B-morphism A} — (X;)p.

The attractor X is the subfunctor defined by
B— {x € X(B) | lima-x exists}
a—0
for any R-algebra B, whilst the fixed point locus X° is the subfunctor defined by
B— {x€X(B) | lima-x=x}
a—0

for any R-algebra B.
The next result follows from [23, Theorem 2.1] and its proof.
Theorem 2.13. Let X = colim; X; be an R-ind-scheme of ind-finite type. Then

1. The functors X° and Xt are representable by closed ind-subschemes of X of ind-finite type.

In particular, one has

xY = colimiXiO and X+ = colim,-Xf.

2. The map X — X° defined at the level of B-points by

x— lima-x
a—0

for every R-algebra B, is ind-affine with geometrically connected fibers.

3. IfY is an R-ind-scheme equipped with a G,,-action that is trivial on R, and f : X — Y is
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schematic, then there are schematic maps
X'5v% and xt -yt

of fixed point loci and attractors respectively. Furthermore, if f is a closed immersion then

so are the induced maps on the fixed point loci and attractors.

Let G be an R-ind-group admitting a cocharacter A € Y;. Then A defines a G,,-action on G
by conjugation. The corresponding attractor is denoted by P, (G) and the fixed point locus is

denoted L) (G).

The next result is a rephrasing of Theorem 2.13 in conjunction with the results of [11, §2.1].

Proposition 2.14. Let G = colim; G; be an R-ind-group of ind-finite type with A € Yg. Then:
1. P)(G) = colim;G; and L (G) = colim; G? are closed subgroups of G.

2. There is an R-homomorphism c;, : Py (G) — L, (G) defined at the level of B-points by
g limA(a)gA(a)™!
a—0

for any R-algebra B, whose kernel is an ind-connected subgroup, denoted by U, (G).
3. The multiplication map L) (G) x U),(G) — P,(G) is an isomorphism of R-ind-groups.

4. If H is a closed subgroup of G and A € Yy then

PA(H):P;L(G>QH, L;L(H):L;L(G)QH, and U;L(H):UA(G)QH.

5. If B is an R-algebra then P, (G) = gP;, (G)g~! for any g € G(B). Similarly for L; (G)

and Uy (G).

To avoid confusion, G° will always denote the identity component of an R-ind-group G. That is,
the connected component of G° containing the identity element. In Proposition 2.14 above, note

that the G? are the fixed point loci of the R-ind-schemes G;.
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Write Py (resp. L, and Uj ) when the ambient group is clear. Following [6], the R-ind-group P,
is called an R-parabolic subgroup of G. If P is an R-parabolic subgroup of G then L = L is an
R-Levi subgroup of P if P = P, for some A € Y. Note that L, = Py NP_, is the ind-scheme

theoretic centraliser of A in G.

2.4.3 The formal Kac-Moody group ind-scheme

This subsection describes Mathieu’s construction of a group ind-scheme associated to every root
datum Z. For more details, see [33, 38]. The main idea is to construct a Z-group associated to
any closed set of roots in A, thereby generalising the Z-group Uy defined for X nilpotent. The

new Z-group, which is typically of infinite type, is then used to produce a group ind-scheme.

There is a Lie subalgebra

gr=PoaCy

acxr

defined for any closed set of roots £ C AU{0}. Accordingly, one may define the Z-subalgebra
Uy(E) = % (9s) N Uz(9) C %z(9)

where 7% (gx) is the universal enveloping algebra of gy. If £ C AT U{0} then gy admits a

Q. -grading which extends to % (gx) and a fortiori to Uz(X).

Suppose that £ C AT U{0}. In order to define a scheme Uy™" one needs to build a coordinate
ring which will represent it. Specifically, one requires a Z-algebra Ay which will become the
coordinate ring, defining the scheme via the mapping Uy™" (R) = Homy,_ 1, (Ax, R) for every

ring R. This is realised by the restricted dual of %7(¥) defined as the Z-module

Ar= P %)

(XEZEOZ

where %z,(X)s, = Homy (%z(X) ., Z) is the Z-dual of %7 (X) . In particular, Ay is a commutative
Hopf algebra, therefore it represents a Z-group Ug’a+ which can be shown to be split pro-

unipotent.
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There is a Z>o-grading of %(X) obtained from the height of elements with respect to the

Qi -grading. The completion of %% (X) with respect to this Z>(-grading is given by

Uy (LX) = H Uy (X)a-
acQy
The completed algebra %(E) can be identified with the Z-dual of Ay. As a consequence, one
may identify Uy™" with a multiplicative subgroup of Ur (X) = %(E) ®7z R by [38, Proposition
3.2].

The construction above allows one to define a Z-group U™*" associated to the positive set of
roots AT C A. Note that U™** depends only on the generalised Cartan matrix C and not on .

In order to make it clear in the sequel that Ug“aJr is contained in U™*" one will often write
Uit = U™ (x).

If ¢ € AT then the set

Yo =NoanACA"

is closed. In particular, if « is real then £, = {a} and otherwise £, = Na. Then a Z-group
UMt () can be defined for each a € AT, If « is real, or X is finite, then Uy, = UP™H(Zy)
and U; = U™ (X) are the unique smooth connected unipotent Z-groups from 2.3.3 with Lie

algebras go7 and Py g7, respectively.

The group of R-points Tx (R) acts on gg via the adjoint map, and more broadly on 02//;+ = Uy (A™).
Specifically, the action of an element 7 € Tx(R) on %g(g)¢ is multiplication by a(r) € R*.
Therefore, after identifying U™**(R) C @;*, one obtains a conjugation action of Ty on U™,

Furthermore, every U™ () is stable under the action of Tx.
From now on, assume that 2 = %™. This hypothesis will be removed later.

The conjugation action of Tx on U™ defines the canonical positive Borel Z.-group

B™F =Ty x U™
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which mimics the Borel subgroup functor in the preceding section. Note that B™ is of finite
type if and only if C is a Cartan matrix. Similarly, there is a canonical positive minimal parabolic
Zi-group

PP = Go x U™ (AT\ @)

associated to every simple root & € II, where G is the unique Chevalley group defined by
the root datum (X, ®,X","). In particular, there is a closed Z-group U_q C G4 acting on
U™ (AT \ a) that is isomorphic to G, 7. As the name suggests, the Z-group Py*" corresponds
to a minimal parabolic subgroup. Note that Tx,Uy, and U_, are closed in G, which in turn is

closed, along with B™ in P+,

The Z-group B™* acts by left and right multiplication on every Po?*. Therefore, one can define

the Z-scheme

P(Ixna + % pma+t Pgla+ — ( P(rxna+ X Pgla+) / Bma+

which is the fppf sheafification of the presheaf quotient

R (Pg""(R) x Pg™"(R))/ ~

where (p,p’) ~ (pb~!,bp’) for all b € B™*(R), p € PP (R), and p’ € P[g“aJr (R). For details

of quotients of schemes by group actions, see [34, Chapter 7].

If w=s;, ---s;, is areduced decomposition in W, then define the Z-scheme

ma-+ ma-+ ma-+
E(w) = Plat 5 B pmat (BT BT pmat
gl ) d

In general, E(w) need not be an affine. As a remedy, one considers its affinisation
B(w) = Spec(Z[E(w)])

which is independent of the choice of reduced decomposition for w [33, p. 40].

If v < w in the Bruhat order for some v € W, then v is a subword of w for some reduced
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decompositions of v and w. Hence, after replacing P&I;?Jr with B™* for all letters s; in w outside
of v, one obtains a closed subscheme of E(w) isomorphic to E(v). The corresponding closed
immersion E(v) < E(w) induces a closed immersion B(v) < B(w) which is independent of the

choice of reduced decompositions of v and w [32, p. 255].

The formal Kac-Moody Z-group is the functor G : Z-alg — Grp defined as the inductive limit
G = colimyew B(w)

in the category of presheaves, with respect to the Bruhat order on W. Therefore G;"‘“L is an
ind-scheme over Z. The opposite formal Kac-Moody 7-group G~ can be defined in the same

way after swapping A" with A,

Ifv=s; - " Si; and w = s;, - - - 5;, are reduced decompositions then the morphism
PR x oo x PR PR o PR — B(v) x B(w)

oy i i iy,

factors through B(¢ (v,w)) where ¢ (v,w) < vw. That is to say, ¢ (v,w) admits a reduced decom-

position which is a subword of a reduced decomposition of vw. This induces a morphism
Gng}a-i— % G;ﬁ-ﬁ- _ G;&H—
of ind-schemes. Similarly, one obtains morphisms
B(w) = B(w™') and SpecZ — B™" — B(w)
which in turn induce morphisms
Gyt — G and  SpecZ — G

of ind-schemes, respectively [33, p. 45].

It follows that G;H is a Z-ind-group. Moreover, B™" P+ Ty and U™**, are closed sub-
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groups of G3**. The construction above can be modified to define an R-ind-group G%5" for
any ring R. However, the formation of G3*" = G%%" commutes with base change, so this is not

strictly necessary (cf. [8, Proposition 2.3.3]).

As one might hope, there is a homomorphism ths — G’gth of group functors. Moreover, the
Lie algebra of G;‘” is isomorphic as a Z-Lie algebra to the Z-form of the formal Kac-Moody
algebra

g=n"®hon”
where N7 = [[gea+ 0o is the completion of n™. That is,

~

LieGy'm =gz =1, bz dny

This also holds true after replacing Z with any ring R [8, Theorem 2.4.7].

Mathieu’s construction is not dependent on dim & and passes through identically for any free,
cofree, and cotorsion-free root datum. By Proposition 2.8, any such datum ¥ is a semidirect

extension of the minimal free datum 2™. The result is a functor
ma-+ __ ~ma+

where T3 is as in §2.3.3. If Z is arbitrary, then Gggm can be constructed via a central extension

Tits

Ggﬁif of GI! by a torus Tj, followed by a semidirect extension of G Pt

by a torus 7. The

ma-+

homomorphism GT¥ = — 7> with kernel GTIS; extends to a homomorphism G Kac

Kae geo — T> whose

ma-+
@cof

ma-+

kernel is denoted by G ;-

Finally, one defines G%" to be the quotient of G4 by Ty as a
group functor. Strictly speaking, this defines two functors for a free, cofree, and cotorsion-free

datum, but one can be identified with the other [38, §3.19].

When ¥ = 2™ and C is a Cartan matrix, G'g“L is a semisimple simply-connected Chevalley
group. The discussion above implies that the functors G;‘H are precisely the Chevalley groups

when C is a Cartan matrix.

In the sequel, the notation for G;aJr, G, and Ty will be abbreviated to G™t GM~ and T
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respectively.

2.4.4 The minimal Kac-Moody group ind-scheme

As mentioned previously, the main obstruction preventing a Kac-Moody group possessing a
geometric structure is the fact that the group functor U;{) is not representable. In Mathieu’s
construction of the formal group, one instead considers a certain completion of this functor,
defining a scheme U™*" of infinite type. This makes the resulting group ind-scheme G™** rather
unwieldy. Another consequence of the construction is that Lie G™ is a choice of completion of
the desired Kac-Moody algebra and therefore symmetry is lost between positive and negative

directions.

However, the formal groups G™* and G™*~ provide a space in which one can define a more
suitable closed group ind-scheme G. This is achieved by considering a certain ind-subscheme of
U™t of ind-finite type. Roughly speaking, this amounts to the fact that, over an algebraically
closed field, the abstract Kac-Moody group defined in 2.3.3 can be endowed with an ind-variety
structure. This section outlines the definition of G which is due to Bouthier and Vasserot [8].

The construction is technical, so the exposition will be brief.

The first step towards the construction of an ind-subscheme of G™* that is ind-finite type is
to construct an analogue of U™ that is ind-finite type. This is achieved using the formalism
of attractors. In particular, since 7 C B™* the presentation of G™ as an inductive limit of
the Z-schemes B(w) is T-stable under the conjugation action. Therefore, one can define the
R-parabolic subgroup P) (G™*") of G™ for any cocharacter A € T. Strictly speaking, this is not
covered by §2.4.2 since G™ is not of ind-finite type. However, the details of the construction

can be found in the proof of [22, Lemma 4.1] whose statement is recorded here.

Proposition 2.15. Let J C I. Suppose that A € T with (A, ;) =0 forall i € J, and (A,0;) >0
foralli € I\J. Then the group ind-scheme U_; (G™") is of ind-finite presentation. Moreover

the multiplication morphism

U 5 (G™) x Py (GM™F) — Gmat
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Is a quasi-compact open immersion.

In particular, if A is generic in the sense that (A, o) > 0 for all @ € II, then there are closed
subgroups

Ut=U,(G™)CG™ and U =U_;(G™")CGm™t

of ind-finite presentation, where

UT(F) = Uy (F) = (Ua(F) | a € AL)

for any field F.

By Proposition 2.15, the product

U™ xPy(G™T)=U" xT xU™*

is a dense open ind-subscheme of G™T_ The idea is to construct a similar ind-subscheme, but
now of ind-finite presentation, by replacing U™*" with U ™. Thus far, U™ is a closed subgroup
of G™~ but not of G™ a priori. This can be resolved and, as one might expect, there is an

ind-closed embedding

U+ N Uma+ C Gma+

of group ind-schemes, defined over Z [8, Proposition 2.4.4]. Therefore, there is an ind-closed
embedding

U xTxU"T U xTxU™t Cgmt

defined over Z, where Ut x T x U~ is an ind-scheme of ind-finite presentation.

Taking inspiration from the Birkhoff decomposition of a Kac-Moody group, it remains to build
an ind-scheme that is covered by translates of the ind-scheme above, at least at the level of

F-points, and then show such a functor is well-behaved. This is done formally as follows.

The minimal Kac-Moody 7Z-group is the functor G4 : Z-alg — Grp defined as the Zariski
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sheafification of the presheaf given by

R | Jw(U"(R)xT(R)x U (R))
wew

for any ring R. For details on the process of sheafification, see [42, 007X].

There is a canonical isomorphism

Gg X Spec(Z) SpeC(R) = Ggr

for any ring R, where G g is the functor obtained via the same construction, using instead T, U 1'{ ,
and Uy . In other words, the construction of G4 commutes with base-change [8, Proposition

2.5.2(a)]. In the sequel, the notation will often be abbreviated to G and Gg respectively.

The functor G is representable as an ind-finitely presented Z-ind-scheme. In particular, there is
an ind-closed embedding

G — G™MaT

of group ind-schemes over Z. Note that this does not imply that G is a closed subgroup of G as

it may not be schematic.

Moreover, the group of F-points G(F) is canonically isomorphic to GT'S(F) for any field F.

Further, one has an isomorphism of R-Lie algebras
LieGgr = gz ®zR

for any ring R, where gz is the Z-form of the Kac-Moody algebra g = g¢. In particular, the Lie
algebras of the minimal Kac-Moody groups coincide with the Kac-Moody algebras, in contrast

to the formal Kac-Moody groups. This is [8, Proposition 2.5.3] and its proof.

There is a canonical positive Borel Z-ind-group and a canonical negative Borel Z-ind-group

B"=TxU" and B =TxU"~
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respectively. These are closed subgroups of G and one has
UT=U™"NG and B"=B™"NG

from which it follows that 7 is a closed subgroup of G also [8, Proposition 2.5.2(d)].

In fact, Gg is ind-normal over R in the sense of [8]. As a consequence, the base change Gr over
a field F is ind-reduced. It follows that, for any algebraically closed field &, the minimal Kac-
Moody k-group Gy is an ind-variety, and can be identified with its set of k-points Gy (k) endowed
with the ind-Zariski topology. Henceforth, a Kac-Moody group of 2.3.3 may be endowed with

the ind-variety structure of Gy.

2.5 Groups and buildings

This section describes the concept of a building associated to a Coxeter system. These objects
were originally defined by Tits due to their relation to semisimple algebraic groups [43]. Specifi-
cally, any semisimple linear algebraic group admits an action on an associated spherical building.
In general, buildings can be defined axiomatically with no reference to a group action. However,
the various generalisations of buildings provide effective ways to study more exotic structures,
such as reductive groups over local fields and Kac-Moody groups. For a comprehensive survey

on the subject, see [1].

2.5.1 Tits buildings

There are many equivalent approaches that one can take when defining buildings. In this
subsection, a building is defined as a W-metric space. This is a relatively modern approach
that is suited to introducing projection maps quickly. The goal of §3.2 will be to generalise this

framework and define a new structure.

Let (W,S) be a Coxeter system. A building of type (W,S) is a pair (4, 0) consisting of a
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non-empty set 4, along with a W-valued map

0. BXAB—W,

such that, for all b, c € & with 6(b,c) = w, and all s € S, the following properties hold:
(B1) 8(b,c) =1if and only if b = c.

(B2) If b’ € & satisfies 6(b',b) = s, then 6 (', ¢) € {w,sw}. Moreover, one has §(b',c) = sw
if I(sw) > I(w).

(B3) There is b’ € % with §(b',b) = s and 6(b',c) = sw.

This is a combinatorial object which encodes the standard length function of (W,S). The map &

will often be omitted from notation. The elements of & are called chambers.

Example 2.16. A Coxeter group W is a building of type (W, S), where

O0:WxW—->W

is defined by &(v,w) = v~ 'w. Then (B1) and (B3) are immediate, and observe that if §(b',b) =
()" 'b=sand §(b,c) =b'c=w then

S(W,c)=0)"te=0)""ob e =sw

regardless of the extra condition in (B2).

A pair of chambers b and c in 4 are called s-adjacent if 6(b,c) = s and s-equivalent if 6(b,c) €
{1,s}. The s-adjacency relation is symmetric while s-equivalence is an equivalence relation.
Call the equivalence classes s-panels, or simply panels. The building A is thick if every panel

contains at least three chambers and thin otherwise, e.g. the Coxeter groups of Example 2.16.

If b and c are s-adjacent for some s € S then call them adjacent. Then a gallery in 2 is a sequence
by, ...,b, of chambers where each b; and b;_; are adjacent. The distance d(by,b,) between

bo and by, is the minimal length gallery between them. Then by, ..., b, is a minimal gallery if
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d(bo,b,) = n. It is a basic fact that d(b,c) = 1(6(b,c)) for all b,c € A. In particular, there is a
gallery between every pair of chambers. Moreover, one can show that §(b,c) = 8(c,b)~! and

therefore d(b,c) = d(c,b).

If W is finite then the distance between a pair of chambers is bounded. In particular, it is at
most [(wp) where wy is the longest element of W. A pair of chambers b and ¢ are opposite
if d(b,c) = I(wp). In general, a chamber will have many opposite chambers. This opposition
relation exists only in spherical buildings. An analogous property for pairs of non-spherical

buildings will be defined in 3.2.1.

If J C S then say b and c are J-equivalent if 6(b,c) € W;. This is a direct generalisation of
s-equivalence, and is also an equivalence relation. A J-residue is an equivalence class under this

relation. It follows that the J-residue containing b is given by

Ry(b)={ce A | d(b,c) € Ws}.

A subset of A is called a residue of type J if it is a J-residue for some J C S. For instance,
an s-panel is a residue of type J = {s}. The J-residues of % are themselves buildings of type

(Wy,J).

For every residue R; and every chamber ¢ € %, there is a unique chamber b € R; for which
d(b,c) is minimal [1, Proposition 5.34]. This chamber b is called the projection of ¢ onto R; and
its existence is intimately linked to the fact that every coset of W; in W has a unique element
of minimal length. This can be extended further to the notion of a projection of a residue onto
another residue. If the residues are of the same type, then the projection maps between them

define isomorphisms between the corresponding buildings [1, Proposition 5.37].

A subset M C A is convex if it contains a minimal gallery for every pair of chambers b,c € M.
For example, every residue is convex. Equivalently, M is convex if and only if it is closed under
projections. This means that convex subsets are a particularly useful class of subsets that one can
work with. A countable intersection of convex sets is again convex, provided it is non-empty.

The smallest convex set containing a given non-empty subset of % is called the convex hull.
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An arbitrary subset of 2 is called a subbuilding if it is a building of type (W, S), along with the
restriction of 8. An apartment of 4 is a thin subbuilding. Equivalently, a non-empty subset
of # is an apartment if it is thin and convex. It is a fundamental property of buildings that the
apartments are isometric to the Coxeter complexes of Example 2.16. These subbuildings give
a local model for & in the sense that any pair of chambers of % share a common apartment.

Moreover, when W is finite, there is precisely one opposite to every chamber in an apartment.

2.5.2 Buildings associated to groups

This subsection briefly outlines the relationship between a BN-pair and a building. This is
a particularly important idea that motivates much of the rest of the thesis. In particular, the
existence of twinned BN-pairs in Kac-Moody groups implies the existence of an associated twin
building. The results in the sequel will establish a far greater class of buildings associated to a
Kac-Moody group, which may imply the existence of a new generalisation of a BN-pair. This

will be discussed in §6.

Suppose that a group G acts on a building %. The action is strongly transitive if it is transitive
on pairs (<7 ,b) where <7 is an apartment and b € .7 is a chamber. In this case, one can fix a
distinguished pair (2%, bg) consisting of the fundamental apartment <% and the fundamental

chamber bg. The following result is due to Tits [1, Theorem 6.56].

Theorem 2.17. Let G be a group with a BN-pair (B,N). Then there is a thick building % that
admits a strongly transitive action of G, where B is the stabiliser of the fundamental chamber

and N is the stabiliser of the fundamental apartment.

To construct the building % explicitly, one considers coset space G/B equipped with the W-
valued map

0:G/BxG/B—W
defined by 8(gB,hB) = w if g~ 'h € BwB, where g,h € G.

The fact that 0 satisfies (B1) is immediate, while the axioms (B2) and (B3) follow from the
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property
BswB C BsBwB C BwB U BswB

of the Bruhat decomposition. Similarly, the condition

sBs~' ¢ B

implies that the building is thick.

Example 2.18. 1. Let G be a reductive group with a maximal torus 7. Suppose that B is a
Borel subgroup containing 7', and set N = Ng(T'). Then (B,N) is a BN-pair for G and
G/B is a spherical building. The apartments of G/B correspond to maximal tori of G. If S
is a maximal torus of G then the chambers of the associated apartment correspond to Borel

subgroups containing S. The parabolic subgroups of G correspond to residues in G/B.

2. Let G be a Kac-Moody group. Then (B™,N) and (B~,N) are BN-pairs and therefore G
admits two thick (often non-spherical) buildings. The fact that the BN-pairs are twinned

implies that the two buildings form a twin building which will be defined in §3.2.1.



CHAPTER

Citadels

In this chapter a generalisation of a twin building is defined, in which one component is replaced
by a building associated to an arbitrary system of positive roots. The codistance that relates
the two components of a twin building is then replaced by a distance function governed by an
appropriate twisted Bruhat order. It is then shown that projection maps exist between components
of the new structure, subject to natural restraints on residues that one finds in twin building
theory. The existence of projections defines a notion of convexity in a way that is in line with the

analogous notions in buildings and twin buildings.

One feature of the new pairs of buildings is that their local models are not stable under the action
of the ambient Weyl group. This introduces an element of choice when picking a representative
of the conjugacy class of positive system. The solution provided in this chapter is to consider all
choices at once and glue the resulting object appropriately. It is straightforward to show that the

distance functions on the subobjects do not degenerate.

Finally, a citadel is defined. This is an object that contains all the conjugacy classes of positive
roots at once. It should be thought of as a constellation of buildings, with enclaves of buildings
corresponding to the conjugacy class of their associated positive system. There is a single central
building, called the keep, corresponding to the usual standard system of positive roots, and every

building has a well-defined distance to and from it. The other buildings do not relate to one
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another a priori. However, there is a natural partition of the space induced from taking negations
of systems of positive roots. Therefore, every building has a twin, lying on the other side of the

partition, and the resulting pairs can possess a twin building structure.

3.1 Preliminaries

This section records some generalisations of standard results for Coxeter systems. The material
can all be attributed to Dyer [14, 17] and precise references will be given where appropriate.
Throughout, let (W, S) be a Coxeter system with length function / : W — Z~(. Moreover, assume

that W is crystallographic and S is finite.

3.1.1 Twisted length functions

In this subsection several length functions on a Coxeter group are introduced, generalising
the well-known standard length function. The material presented here can be found in greater

generality in [15].

Let V be the faithful representation of W defined in 2.1. Suppose that A is the corresponding

root system. The following definition appears as early as [26].

Definition 3.1. A subset W C A is a set of positive roots if it is closed, ¥ N (—¥) = 0, and

PU(—P) =A.

The standard example of a set of positive roots comes from a root basis, i.e. a collection of roots
{au,...,a,} such that for every B € A, one can write 8 = Y"' ; ¢;®; where the ¢; € Z are either
all non-negative or all non-positive. Then the set of roots for which the c; are all non-negative
forms a set of positive roots. These sets of positive roots are often called standard, e.g. the
standard set of positive roots AT associated to the simple roots. This approach yields every set of
positive roots precisely when W is finite. In general, there are finitely many distinct W-orbits of
sets of positive roots when W is affine, and possibly infinitely many when W is of indefinite type

[27, 19].

Example 3.2. Let (W,S) be a Coxeter system of affine type that is untwisted in the sense of [28,
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Chapter 7]. Then A is a real affine root system with roots of the form o +nd for some n € Z,
where « is a root of the underlying finite root system A and § is the indecomposable imaginary

root. The standard set of positive roots is

At =ATU{a+nd €A|neN}.

Suppose that J is a subset of the simple roots associated to A*. Then

¥;={a+nScA|acAT\ZJ], nc ZYUAT U{a+nd € A| « € ANZJ, n € N}.

is a set of positive roots and every set of positive roots is of this form, up to conjugation by

W x {£1}. This classification is due to [27]. If J = 0 then

¥, ={a+nScA|lacAt ncZ}

is often called the natural partition.

The next result gives a recipe to construct all sets of positive roots, due to Billig-Dyer [7,

Proposition 1].

Proposition 3.3. Fix an ordered basis of V. Then the set of roots ¥ C A whose first non-zero
coordinate is positive with respect to this basis is a set of positive roots. Moreover, every set of

positive roots can be obtained this way.

Note that multiple orderings may give rise to the same set of positive roots. Roughly speaking,
Proposition 3.3 says that every set of positive roots arises by taking successive hyperplanes in V
along with choices of positive and negative halves. In contrast to finite root systems, the number

of hyperplanes required in infinite root systems may be greater than one.

Let ¥ be a set of positive roots in A. Set Ay = {sq | &« € ATN(—¥)}. Then Ay is an initial
section of a reflection order in the sense of [16]. This can be thought of in the following way. A
reflection order on A" is a total order such that, for all o, 8 € A™, the restriction of the order to

the plane Ro + R is either the order defined by a clockwise or anticlockwise sweep through the
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plane, beginning at a negative root. An initial section of a reflection order < is a set of reflections

A C Ry for which s <7 forall s € A andr € Ry \ A.

B o+p

—(a+pB) —B

Figure 3.1: The possible restrictions of a reflection order to Ro + Rf3

Importantly, there is a length function on W associated to any initial section [15]. The twisted

length function Iy : W — 7 associated to Ay is defined by

byp(w) = 1(w) = 2[(AT\ ) nw ™! (-AT)].

In words, /g (w) counts (with multiplicity) the number of roots in A™ sent to —A™" by w, where a
root is counted with multiplicity 1 if it lies in ¥ and with multiplicity —1 otherwise. If ¥ = AT
then one retrieves the standard length function /. = [ while ¥ = —A™ returns the opposite length

function /_ = —[.

The inversion sets .#"(w) have an equivalent characterisation of a more algebraic flavour which is
described in [13, Lemma 1.3]. In particular, there is an inversion function A : W — & (Ry ) that
is characterised by .4 (s) = {s} forall s € S, and .4 (vw) = A (v) +v. A (w)v~! forall v,w € W.
Here, the addition sign refers to the operation of symmetric difference. This immediately defines
an action of W on the collection of sets Ay given by wAy = A (w) + wApw ™! for all w e W

and A C Ry . As one might hope, wAy = A,y forallw e W.
The following proposition records basic properties of twisted length functions [15].
Proposition 3.4. Let ¥ C A be a set of positive roots. Then:

1. If w € W is the identity then ly(w) = 0.
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2. Forallw € W, we have | _g(w) = —lg(w).
3. Forallt € Ry and w € W, we have lg(tw) > ly(w) if and only if t ¢ wAg.
4. Foralls € Sandw € W, we have ly(sw) = hy(w) £ 1.

Alongside the length function, there is a twisted Bruhat order <g on W such that v <y w if and

only if there is a sequence v = vg,vy,...,v, = w of elements in W with hg(v;) = lp(vi—1) + 1

and v,~vlj1 € Ry . Therefore, Proposition 3.4(4) can be written as the following:

5. Forall s € S and w € W, we have

+1 ifsw >y w,
by (sw) — hp(w) =
—1 ifsw <y w.

Remark 3.5. The analogue of Proposition 3.4(3) for right multiplication can be deduced as

follows:

Ly (wt) > bp(w) <= bp((wew™)w) > ly(w),
— wiw ! ¢ wAy,
= wiw ¢ N (W) + wApw !
= r¢w Ly (w)w+Ay,

<t ¢ JV(W_])-l-AqJ.

The twisted Bruhat order when ¥ = A" is simply the Bruhat order, while ¥ = —A™ induces the
reverse Bruhat order. This is part of a more general pattern. Indeed, the definition of ¥ implies
that A_y = Ry \ Ay for any W C A. It follows that <_ is the reverse of the order <y for any
set of positive roots [15, Remark 1.6]. Note that (W, <y) is order isomorphic to (W, <,) for

all w € W. For more detail on this topic, see [17, §1.12].

Example 3.6. Let (W,S) be an untwisted affine Coxeter system. Suppose that ¥ is the natural

partition of Example 3.2. Then Ay = {s,5_o | @ € AT, n € N}. By [17, Proposition 1.16] the
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associated partial order is isomorphic to the order on the set of alcoves in the natural Euclidean
reflection representation studied by Lusztig [30]. This is sometimes referred to as the semi-
infinite Bruhat order. Here, the Euclidean reflection representation is the standard realisation of
an affine Coxeter group by reflections in affine hyperplanes in Euclidean space, see [1, §10.1].

Note that it is distinct from the faithful linear representation defined in 2.1.

3.1.2 Reflection subgroups

This subsection presents material on certain subgroups of Coxeter groups that are generated by
reflections. An important class of such subgroups arise from sets of positive roots in the ambient

root system. The content can be found in [13] or [15].

A subgroup W' of W is a reflection subgroup if it is generated by the reflections of W that it
contains. If W’ is a reflection subgroup of W then it is shown in [13, Theorem 1.8] that (W', ")

is a Coxeter system, where

S'=SW)={teRy | N(t)NW ={t}}

is called a set of Coxeter generators for W'. The pair (W', S') is called a reflection subsystem of
(W, S) with an inversion function 4" : W — Z(Ry NW’) given by A" (w) = A (w)NW'. Tt

is important to note that S’ need not be finite, even when S is finite.

In the ambient root system A one can define

My ={a€A" |sq €S} and Ay ={a€A|sq €W}

Then
HWI = {(X € AT | W(Sa) ﬂAW/ = {(X}} and AWI = Wlnwl
by [13, Lemma 2.4(ii)(a)] and [13, Theorem 1.8] respectively.

The property of being a reflection subsystem is transitive [13, Corollary 1.9]. That is, if W” is a
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subgroup of W’ then
(W"S") reflection subsystem of (W', S") <= (W",S") reflection subsystem of (W,S)

where §” = S(W”). This is particularly useful when studying parabolic subgroups of reflection

subgroups.

A set of positive roots ¥ C A defines a reflection subsystem of (W,S) in the following way. First,
define Sy = {t € Rw | tAy = {t} + Ay }. Then Wiy = (Swy) is a Coxeter group and (W, Sy) is a
Coxeter system. The corresponding inversion function Ay : Wy — Z2(Ry N Wy) satisfies the
property that Ap(w) = Ag +wAw. If ¥ = AT then A4 (s) = {s} for s € S implies S = Sy and

W = Wy. The next example illustrates that Wiy is a proper reflection subgroup of W in general.

Example 3.7. Let (W,S) be a Coxeter system of type A>. Write A = {4, +8,+(at + )} for

the underlying A; root system of A. Suppose that ¥ is a set of positive roots of A.
1. If ¥ is the natural partition then Sy is empty and Wip is trivial.

2. Set J = {B} and ¥ =¥,. Then Ay = {sq_,5,5a+p-ns> n € N}. A straightforward

calculation proves that

Sy = {sp,55_p}-
This can be verified as follows:
* Suppose t = SB- Then tAy = JV(SB) —I—SﬁAlySBI = {Sﬁ} +Awp.

* Suppose t = s5_g. Then

1
Ay = e/V(Sg,ﬁ) +S57ﬁA‘P35_[37
= {5a,55—a—p:55-} T {Sa+B—(n+1)5:5a>Sa—ns | 1 € N},

= {85,/3} +Awp.

This exhausts the reflections contained in Sy. It follows that Wiy is type Aj.

The next result should be compared with Proposition 3.4. The proof can be found in [15, §1.8].
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Proposition 3.8. Let ¥ C A be a set of positive roots. Then:

1. Forallt € Sy andw € W, one has

+1  ifwt >gw,
l\p(wt) —l\p(w) =
-1 ifwt <gw.

2. If sw >g w and swt <y wt then wt >y w and sw = wt.

Before continuing, some notation will be set. Suppose that W’ is a reflection subgroup of W.
There is a standard length function on W’ which will be denoted by I’. For any set of positive
roots ¥ C A there is also a length function on W’ defined using W' N Ay. This length function
will be denoted 4. Note that the length function /; on W’ induced from the standard length

function [ on W need not coincide with [’. This is illustrated in the following example.

Example 3.9. Let W = (s,s5 | (s152)* = 1) be the dihedral group of a square. Consider
the reflection subgroup W’ = (sy,s25152) of W. Observe that s1(s2s1s2) has order 2 in W, so
W' 27, x 7. Tt follows that §" = {s1,s25152}. But then ['(sps152) = 1 # 3 = [(s25152). This
example can also be used to show that the Bruhat order on a reflection subgroup W C W does

not coincide with the order induced as a subset of W.

3.1.3 Cosets

In the sequel it will be important to have knowledge of coset representatives of reflection
subgroups that are minimal with respect to different length functions. This is intimately linked
to the notion of a projection in building theory and will play an analogous role in the objects
defined later. The results presented are due to Dyer in full generality. However, some statements
are difficult to reference precisely or are currently unpublished. For this reason, the full proofs
will be given here for completeness. The unpublished proofs were communicated to the author
by Dyer privately, and are reproduced here with permission. Specifically, the proofs of Lemma

3.11, Lemma 3.12, and Corollary 3.13 are due to Dyer.

Fix a set of positive roots ¥ C A. Set W = Wy, S’ = Sy, R’ = Ry, and A" = . Therefore



3.1 Preliminaries 63

Wy is the standard parabolic subgroup of W’ of type K C §'.

Consider the set

Xy ={weW|Il(tw) >I(w) forallt eR'} = {weW | A+ (w)NR =0}

of minimal length left coset representatives for W' in W. This name is justified in the following
result which is well-known for standard parabolic subgroups. The general case is due to Dyer,

e.g. [13, Proposition 1.13] and [14, Corollary 3.4].
Proposition 3.10. Suppose w € W and write w = uv where u € W' and v € Xyyr. Then:
1. Xy is the set of elements of minimal length in their left coset of W'.
2. Xy ={weW |I(tw) > I(w) forallt € §'}.
3. The expression w = uv is unique.
4. 1(tw) < I(w) if and only if l'(tu) < I'(u) for allt € R'.

In particular, there is a unique element xj in each coset W'w of minimal length /(x(). Moreover,
Xo is contained in Xy. There is a right analogue of Proposition 3.10 obtained by inverting

elements. This form will be used often in the sequel.
The next two results relate different twisted length functions in W.

Lemma 3.11. Let J C S. Suppose w € W is of the form w = uv where u € Wy and v € W. Then

hy(w) = Loagrw, (u) +hyp(v).

In particular, the map Wy — Wjv defined by u — uv is an isomorphism of posets where Wj has

order <,s,nw, and Wyv has the order <y induced from W.

Proof. Lett be a reflection of W;. By Proposition 3.4(3), one has

hp(tw) < lg(w) <= t € wAw.
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for allw € W. But

wAy = u(Ayy) = AN (u) + uApgu !,

from which it follows that

llp(tw) < l\y(w) <~ t e JV(M) —f—uAv\puil,

= ultueu 'V (wu+Aw,

= utue N (u ) +Awy.

Observe that u'tu € Wj, so the latter condition can be rewritten as

ultue (A (wHNWy) + (A NW)).

Altogether, one has

ly(tw) < by(w) <= u'tue (N (™ )NW)) + (AwNW)).

<t e (JV(M) ij) +M(AV\1JQW])M_1.

Since Wy is a standard parabolic subgroup, the standard length function on W; coincides with
the standard length function on W. In particular, .4 (x) N W; is the inversion set of u in W;.
Therefore

(JV(M) N Wj) + M(AVLIJ N Wj)u_l = M(Avql N W])

and thus hy(tw) < hy(w) if and only if Lygnw, (fu) < lywnw, (1) by Proposition 3.4(3).

The length additivity equality now follows from induction on /(u). For the base case, if /(u) =0
then u is the identity in W and the equality holds by Proposition 3.4(1). Assume the equality is
true for /(1) = n. Suppose ¢ € J with I(tu) = [(u) + 1. By Proposition 3.4(4), if t € J C S then

Lwrw, (tu) = Lwrw, (1) = 1, from which it follows that lg(tw) = lg(w) £ 1 (with compatible
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same signs) by the discussion above. Therefore

l\p(l‘w) = l\y(w) +1,
= lvA\yﬁWJ (Lt) + Iy (V) +1,

= Lagnw, (1) + Lo (v),

where the induction hypothesis has been used in the second equality. This proves the length

additivity equation. The second claim follows from this. [

Lemma 3.12. Suppose w € W and write w = uv where u € Xy and v € W'. Then

L () = by (1) + By (v™).

In particular, the map W' — wW' defined by v—' — uv is an isomorphism of posets where W'

has order <yna,, and wW' has the order <y induced from W.

Proof. Lett be a reflection of W’. By Proposition 3.4(3), one has

v <lp(v!) = rev Ay,

for all v € W’. The latter inclusion can be written as t € 4" (v=!) +v~1 (Ag NW')v. By viewing
W' as an arbitrary reflection subgroup of W, one has 4" (v=!) = 4 (v=1) NW'. However, since

W’ = Wiy one also has

N (v =Ag +v Ay,
=Ap+ A (D +v Ay,
= (Ag+A (v +v Agr) W,

= (AgNW) + (V" HNW) +v L AgnW)r.

Hence

Ly(ov ™ <Iu(v™) <= te AgnW)+ (A (v HNW').
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However, u € Xy implies .4 (u~') "W’ = 0 by definition, hence v~ !4 (u= )vnW' = 0. Tt

follows that

N YW = (v Y+ ) nw,

=4 Hnw'.

Altogether, using the fact that z € W’ and w = uv, one has

v ) <lp(v) <= tecAp+ /(v ™,

e l\p(wt) < l\y(w)

where the final equivalence is an application of Remark 3.5. The length additivity equality
now follows from induction on /(v~!) using the same argument as Lemma 3.11. The second

statement follows from the length additivity. 0

In the sequel only special cases of Lemmas 3.11 and 3.12 will be used. Suppose that J C § and

K C §'. Define

Wy = {w e W | ly(sw) > hy(w) for all s € J},
={weW | wApNW; =0}, and
WE = {we W | ly(wt) > ly(w) forall r € K},

={weWw| (f/V(wfl)+A\p)ﬂW[’< = 0}.

For simplicity, when ¥ = A* write /Wy ='W, and W = WE. Note that /W, is the standard
set of minimal left coset representatives, often denoted by /W. The content of the following
result implies that the elements w € I Wag (resp. w € W\g ) are those that are of minimal twisted

length [ (w) in their coset Wyw (resp. wWy,).

Corollary 3.13. 1. Let J C S. Suppose w € W is of the form w = uv where u € Wy and
v € "Wy, Then

hp(w) =1(u) +bg(v). (3.1)
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In particular, the map Wy — Wjv defined by u — uv is an isomorphism of posets where W;

has the Bruhat order induced from W and Wjv has the order <y induced from W.

2. Let K C S'. Suppose w € W is of the form w = uv where u € Wq[f and v € Wy. Then

hp(w) = by (u) +1'(v). (3.2)

In particular, the map Wy, — uWj, defined by vl uv is an isomorphism of posets where

Wy has the Bruhat order induced from W' and uWy, has the order < induced from W.

Proof. For (1) note that vAy NW; = 0 by definition of / Wiy. The result then follows from Lemma
3.11. The proof of (2) is more involved. Write u = xy~! where y € W’ and x~! € Xy». Then

N (uHYNW' = 4 (y)NW’. Observe that

N'(y) = Ag + yAy,
= Ay + A (y) +yAwy !,
= (Aw+4 () +yAwy ) NW,
= (Ag W)+ (A () W) + (Awy ' W),

= (A NW) + (A )W) +y(Ag NW )y~ !

It follows that

(AN (W) +Agp) W' = (AN (y)+Ap) W',
= (A ()NW)+ (AgNW'),

=A(y) +y(Ap W)y !,

where the last expression is simply y(Ag NW’) in W’. The hypothesis that u € Wi§ implies
(A (u™1) +Ag) "Wy = 0, hence also y(Ay "W') "Wy, = 0. This is analogous to the condition

used in the proof of (1).

1

To obtain the result, first write uv = xy~'v = x(v~'y)~!. Then, apply Lemma 3.12 to w = uv,
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followed by (1) in W/, and then Lemma 3.12 once more. In particular, one has

hy(w) = hy(x) + 1y (v'y),
= lp(x) +1' (v + R (),
= lxy(xy_l)—kl/(v_l),

— Ly () +1'(v),

as required. The final equality makes use of the fact that '(v=') = /(v) for the standard length

function I’ of W'. O

If Wy is finite or ¥ = A™, then every element w € W can be written uniquely as w = uy where
u € Wy and v € Wy. That is to say, every coset Wyw has a coset representative in Wy with
minimal twisted length. The analogous statement is true for the cosets wWy if Wy is finite or

Y =AT.
Example 3.14. Let J C S.

1. If ¥ = A* then (3.1) becomes the so-called gate property. That is, for all v € /W, one has

Llwv) =1(wy)+1(v)

for all w; € W;. For more on this, see [1, Figure 1.6, Remark 2.22].

2. If ¥ = A~ and W is finite, then one obtains the well-known equality

l(W]W()) = l(W()) — l(W])

for all wy € W;, where wy is the longest element in W;. Indeed, wg € JW_ has the minimal

twisted length /_(wp). But I_(w) = —I(w) for all w € W. Therefore /(wy) is maximal.
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3.1.4 Double cosets and intersections

This subsection uses the results of the previous subsection to obtain generalisations of well-
known results due to Kilmoyer and Howlett, respectively. The case of ¥ = A can be found in
standard textbooks, e.g. [1, Proposition 2.23, Corollary 2.25]. The proofs presented below were

communicated to the author by Dyer privately, and are reproduced here with permission.

For J C S and K C ¥, define the set

TWE =Twynws.

Proposition 3.15. Let J C S and K C S'. Suppose w € 'WX. Then

WrNwWiew ™! =W

where L = JNwKw™ L.

Proof. The inclusion W, C Wy NwWgw ™! is immediate. Suppose u € Wy NwWiw~!. Sou € Wy
and u = wyw ™! for some v € Wf.. It follows that uw = wv. As an element of W one can
write u using reflections s; € J. Let s = s; be one such reflection. Then 1 < s < u in the
Bruhat order. By Corollary 3.13(2) one has w <y sw <y uw since w € W& C /Wiy. Moreover,
Igp(sw) = lp(w) + 1. Substituting uw = wv gives w < sw <y wv. But w € W also. Therefore
Corollary 3.13(2) implies that sw lies between w and wv in the coset wWy.. Hence sw = wt for
some ¢ € Wy. Furthermore,

l\p(wl) = le(SW) = l\y(W) +1

which implies I(t) = 1 by Corollary 3.13(2). In other words, # € K and thus s = wtw ™! € Wy,

Altogether, this implies that u € Wy, as required. 0

Proposition 3.16. Let J C S and K C S'. Suppose w € "WE. Then every element w' of the double
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coset WywWy, can be written uniquely as
w' = abwc
where a € Wy N Wj{mWKwil, b e W kw1, and c € Wy ﬂKﬂW?lJWWL. Moreover, one has
lp(W') =1(a) +1(b) + g (w)+1'(c)

with we € "W, aw € WE, and w' = awb'c where b’ = w™1bw € Wy and [(b) =1'(D").

wLJw

Proof. Letw' € WywWy, sow’ = a'wc’ for some a’ € Wy and ¢’ € Wy.. As an element of Wy, one

. -1
can write ¢’ = ¢”’c where ¢ € Wy, _ and ¢ € W nKM™Iww!  Then

wlJw
/ / / ", —
dwe' =d (wc"w Hwe

and moreover a’ = a' (wc"w=1) € W;. If a"we = a{lwc, for some df € Wy and ¢ € Wi N

1 .
Ktw=Jwy ! then a” = af and ¢ = c|. Indeed, since ¢,c; € Wy and a”,d € Wy, one has

cert =w (a7 d)yw € W Ow T Wow = Wi
where the final equality is a result of Proposition 3.15. But ¢ and ¢; are unique minimal left coset
representatives for Wyn,,-1,,, in W¢.. Then ccl_1 € Wxrw-1, implies that ¢ and ¢ are contained
in the same left coset of Wgp,,-1,,. It must therefore follow that ¢ = ¢, then also a” = df.
To complete the uniqueness of expression statement, notice that the decomposition a” = ab is

. —1
unique, where a € Wy NW{™KW " and b € W), k1
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Now, observe that

weAg Wy = (A (W) +wAcpw™ ) N W,
= (A (W) +w(A () +Ap)w™ ) Wy,
= (N (W) +wA ()w™ +wAgw ™) NW,
= (wAg+wA (c)w™ ) NW,

= (WwAy OW)) + (wA ' ()w™ I nwy).

Since w € /Wy one has wAy NW; = 0. Moreover, .4’ (c) C W1/< because ¢ € W,’(. This implies
that

N () w Wow = A7 () N Wypyy-15,, = 0

where the first equality is an application of Proposition 3.15 and the second equality follows
from the fact that ¢ € K™/ "W/ Altogether, this implies weAy NW; = 0 and thus wc € /Wip.

Then, applying Corollary 3.13 three times, yields

ly(a"we) = 1(d") + by(we),
=Il(a)+1(b) + ly(wc),

=1(a) +1(b) +Lp(w)+1'(c).

Observe that abwc = aw(w~'bw)c where b’ = wlbw € Wy . By Proposition 3.15, con-

w—1Jw

jugation by w™! induces a length-preserving isomorphism W, kw107 =2 Wllmwfl J, Of Coxeter

groups, whence [(b) = I'(b’). Finally, notice that

ly(awb'c) = by (abwc),
=l(a) +1(b) +lp(w)+1'(c),
=1l(a)+U'(b")+1p(w)+1(c),

= ly(aw)+1'(bc),

which, because b'c € Wy, implies that aw € W\I’f ) O
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In particular, if W; and Wy, are finite or ¥ = A™, then every double coset W;vW}, has a unique

element w of minimal twisted length /p(w) and w € /WS

Example 3.17. If ¥ = A" then Proposition 3.16 retrieves the fact that every double coset WyyWg
has a unique representative w of minimal length /(w), every element w’ of WywWg can be written
uniquely as

/
w = WiWwwg

where w; € Wy and wg € Wk, and

[(W') =1(ws)+1(w)+1(wk).

3.2 Pairs of buildings

Let (W, S) be a Coxeter system with root system A. When W is infinite there is more than one
conjugacy class of sets of positive roots in A, leading one to consider pairs of buildings associated
to the standard sets of positive roots A" and A~ respectively. Often, one can define a certain
W-valued map between these pairs of buildings, producing so-called twin buildings. These
objects were developed by Ronan and Tits and have been studied extensively since. For more on

this topic, see [1].

This subsection defines and studies other pairs of buildings that arise naturally from (W, S) and
admit similar W-valued maps between them. This includes twin buildings associated to reflection
subsystems of the form (Wy,Sy) for some set of positive roots ¥ C A, but also generalisations
of a twin buildings in which one component is replaced by a building of type (W, Sy ). In both
of these instances, Dyer’s theory of twisted Bruhat orders and reflection subsystems plays an

essential role.

3.2.1 Twin buildings

In this subsection the notion of a twin building is recalled. In particular, one can associate such

an object to any reflection subsystem of the form (Wi, Sg) where W is a set of positive roots in
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A.

Let ¥ C A be a set of positive roots. It is straightforward to deduce that

(W, Sy) = (W_y,S )
and therefore [ will denote their common standard length function. Suppose that Ay and %_y

are buildings of type (Wi, Sy) and write Sy and d_w for the respective Wip-distance functions.

A twinning of By and A _y is a Wig-valued map

5\; : (,@\p X @_w) U (%—‘P X %\p) — Wy

such that, for all b € Bey and ¢ € B_ey with 85(b,c) =wand € € {+,—}, and all s € Sy, the

following properties hold:

(T1) &(b,c) = 8(c,b)~".

(T2) If b’ € Bey satisfies Sew(b',b) =5, then 85 (H,c) = swif [T (sw) < ¥ (w).

(T3) There is b’ € Bey with Spw(b',b) = s and 65 (b',¢) = sw.

A triple (By, B_w, 8y,) satisfying (T1)-(T3) is called a twin building of type (Wi, Swy).

It will be important for the sequel to note that the condition

1Y (sw) < 1¥(w)

found in (T2) is analogous to the condition

1% (sw) > 1% (w)

found in (B2) for the buildings Zey. In particular, the former condition is equivalent to the latter
condition if one replaces the standard length function ¥ on Wy with its reverse length function
given by —/". In this way, the twin building structure encodes the Bruhat order within each

building, and the reverse Bruhat order is encoded in how the buildings interact.
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3.2.2 Twisted buildings

This subsection builds upon the observation that the W-metric on a building is governed by the
standard length function, while the twinning map between buildings is governed by the reverse
length function.

Definition 3.18. An e-rwisted building of type (W, S, V) is a triple (%, By, ") where (4, 9) is
a building of type (W,S) and (Ay, Oy) is a building of type (Wy,Sy), along with a W-valued
map

0" (B X By)U(PBy x B)—W

such that, for all b € & and ¢ € By with 6*(b,c) =w, and all s € S and 7 € Sy, the following

properties hold:
(T’1) 6*(b,c) = 6*(c,b)~".
(T°2) (a) If b’ € A satisfies §(b',b) = s, then 6* (b, c) = sw if leg(sw) > loy(w).
(b) If ¢ € By satisfies dy(c,c’) =1, then 8*(b,c’) = wr if log(wt) > loyp(w).
(T°3) (a) Thereis b’ € # with 6(b',b) = s and 6*(b,c) = sw.
(b) There is ¢’ € By with dy(c,c’) =t and 6*(b,c’) = wr.
In this case, the W-valued map 0* is called an e-twisting of 4 and SBy.

To the author’s knowledge, twisted buildings are not defined in the literature beyond twin
buildings. When € = + the twisted building (£, %y, §*) will be called positively twisted, and
negatively twisted otherwise. Similarly, 6* will be called a positive twisting or a negative twisting

respectively.

Example 3.19. Let (%, 6) be a building of type (W,S) associated to A™. Then the ordinary
W-metric on 4 is a positive twisting. On the other hand, if 6* is a negative twisting then 6™ is a

twinning, and (%, %,6") is a twin building of type (W,S).

Example 3.20. Let (W, S) be a Coxeter system with root system A. Suppose that ¥ C A is a set

of positive roots. Then W and Wiy are canonically thin buildings of type (W, S) and (W, Sy)
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respectively. Moreover, the disjoint union W LI Wy 1s a twisted building with twisting map
0" : W x Wy — W defined by

¥ (vw) =vlw

for all v € W and w € Wi. In fact, 6 is both a positive twisting and a negative twisting. This

twisted building is the thin twisted building associated to W and Wip.

It will be helpful to assume the following technical assumption on sets of positive roots. This

will have important implications for the corresponding twisted buildings.
Definition 3.21. A set of positive roots ¥ C A is aligned if Iy (t) is constant for all 1 € Sy.

In the sequel, if Sy is empty then W will be aligned. It is straightforward to see that ¥ is aligned
if and only if —¥ is aligned. If W is aligned then a twisted building of the form (%, By, 6")

will be called an aligned twisted building.
Example 3.22. The sets W; described in Example 3.2 are aligned and ly, (1) = 1 forall 7 € Sy, .

Example 3.23. If ¥ = wA™ for some non-trivial w € W then ¥ need not be aligned. Indeed, one
has Sy = wSw! and therefore Iy (t) = £1 for all t = wsw™ ! with s € S. In particular, ly(t) = 1

if 1 € Aw, and lp(t) = —1 otherwise. But

Ay =Apr = {50 | € EATN(—WAT)}

is simply the inversion set .4 (w) of w. Set t = wsow ™! for some simple root « € I1. Hence
t = Sy(q) € Ay if and only if w(a) € —AT. Tt follows that ¥ is not aligned if one can find simple

roots o, B € AT for which w(a) € AT and w(f) ¢ A™T.

An aligned set of positive roots ¥ is of positive sign, written sgn(W¥) = +1, if hy(¢) is positive for
all 1 € Sy and of negative sign, so sgn(¥) = —1, if ly(¢) is negative for all ¢ € Sy. Importantly,

if ¥ is of positive sign then [Ty C W, and if ¥ is of negative sign then —ITy C V.

This partitions the aligned sets of positive roots for which Sy is non-empty. When Sy is empty
we do not assign a sign to . An aligned set of positive roots W is of positive sign if and only if it

lies in the same partition as A™. Moreover, W is of positive sign if and only if —¥ is of negative
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sign.

Remark 3.24. Let W be a set of positive roots. If Sy is empty, then any building of type (W, Sy)
will be a single point. When W is of affine type, this point should be thought of as lying at
infinity. As a consequence, the corresponding twisted buildings behave in slightly different ways.

For the purpose of the later chapters, this case will not be excluded.

Henceforth, fix an e-twisted building (%, Ay, ") of type (W,S, V).

3.2.3 Projections

Essential tools in the theory of buildings are the projection maps. It is well-known that there
are projection maps onto residues in a twin building, provided the residues are spherical. In
this subsection it is shown that there are well-defined projection maps between components of
twisted buildings subject to similar constraints. The approach taken here is inspired by the theory

of twin buildings, e.g. [1, §5.8].

The simplest case of a projection is given by the following result, whose proof is essentially [1,

Lemma 5.139].

Lemma 3.25. Let b € % and c € PBy. Suppose that 6*(b,c) =w. Then, forall s € S andt € Sy,

one has the following:
1. Ifb' € B with 8(b',b) = s then 6*(b',c) € {w,sw}.
2. If ' € Py with dp(c,c’) =t then §*(b,c") € {w,wt}.

Furthermore, if leg(sw) < loy(w) then there is a unique chamber b’ € 2 with §(b',b) = s and

0*(b',c) = sw. Similarly, if loy(wt) < low(w) then there is a unique chamber ¢’ € Py with

Sp(c,c’) =t and 6*(b,c") = wt.

Proof. If lgy(sw) > low(w) then 6*(b',c) = sw by (T’2). So assume otherwise. By (T°3)
there is some b” € A with 6(b”,b) = s and 6*(b",c) = sw. If b’ = b” then (1) is satisfied, so
assume otherwise. Since 8(b”,b) = s, and 6(b',b) = s by the hypothesis, one can deduce that

o(b',b") € {1,s}. But b’ # b” by assumption, so &(b’,b") =s. One also has ley(s(sw)) >
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lew(sw) by assumption, therefore (T°2) implies 6*(b’,c¢) = s(sw) = w. This proves (1). The

argument for (2) is the same. The final statement is a repackaging of this argument. [

This gives a notion of projection onto panels in twisted buildings.

Definition 3.26. Let P be a panel of &% and Q a panel of Zy. Suppose that b € P and ¢ € Q.
The unique chamber b’ of Lemma 3.25 is the projection of ¢ onto P, denoted by projpc. The

analogous definition is made for the projection of b onto Q, denoted by proj, b.

The remainder of the subsection is spent defining projections onto larger residues. This begins

with the next result which is an analogue of [1, Lemma 5.140].

Lemma 3.27. Let b,b' € B and c,c’ € PBy. Suppose that u = 8(b,b’), v = 8*(b,c), and
w = 0y(c,c). Then:

1. Ifu=sy---s; where s; € S then 6" (b,c) = s;, - - s;,v for some subword s;, ---s;, of s1---s].
2. Ifw=ty---t; where t; € Sy then 8*(b',c") = vt;, - - -t for some subword t;, ---t;,_of t| ---1;.
3. If lew(uv) = l(u) + lew(v) then 6*(b,c) = uv.
4. Iflog(vw) = Iy (v) +I'(w) then 6*(b', ") = vw.
Proof. For (1) choose a gallery in % from b to b’ described by s; - - -5;. The result follows from
repeated applications of Lemma 3.25(1). Similarly, one deduces (2) using a gallery in Ay from

c to ¢’ described by 1, - - - 1;, along with repeated applications of Lemma 3.25(2). The case of (3)

is split into two cases for clarity:

* Suppose that € = +. Let u = 57 - - - 54 be a reduced decomposition. Then hy(sx) = hy(x) £+ 1

for all s € S and x € W by Proposition 3.4(3.1.1). The hypothesis implies that

Dy (si--5qv) > by(sip1---5qv) and by (sgv) > hyp(v)

forall 1 <i<d— 1. The result now follows from repeated applications of (T’2) on the

gallery from b to b’ described by s7 - - - s4.
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* Suppose that € = —. Then the hypothesis now implies that

by (si---5qv) < by (sit1---sqv) and by (sgv) < bp(v)

forall 1 <i<d—1. This is equivalent to

l_\y(si .. -SdV) > l_ly(si_H . ~SdV) and l_\p(SdV) > l_\p(v)

forall 1 <i<d—1. The same argument as before yields the result.

An analogous argument is made for (4). Indeed, hy(xt) = hy(x) =1 for all # € Sy and x € W by
Proposition 3.8(1). If w =1, ---t; is a reduced decomposition in Wiy then the argument follows

identically. 0

Suppose that R is a J-residue of 8 and Ry a K-residue of %y where J C S and K C Sy. Set

6"(R,Ry) ={8"(b,c) |[bER, c € Ry}.

The next result describes 6*(R,Ry) as a double coset. The proof follows that of [1, Lemma

5.29].

Lemma 3.28. Let R be a J-residue of B and Ry a K-residue of Py where J C S and K C Sy.

Then 6*(R,Ry) = W;8"(b,c)(Wy)k for any b € R and ¢ € Ry.

Proof. Suppose that b € % and ¢ € By with 6*(b,c) =v. If b’ € Rand ¢’ € Ry then §(b',b) € W,
and 8y (c,c’) € (Wy)k. Setu=8(b',b) and w = dy(c,c’). Applying Lemma 3.27(1) and Lemma
3.27(2) in succession, one can deduce that 6*(b',¢’) = u'vw' for some subwords ' of u and w’

of w. Therefore 6*(R,Ry) C W;8*(b,c)(Wy)k. This becomes an equality with (T°3). O

In light of Proposition 3.16, the content of Lemma 3.28 implies that §* (R, Ry) contains a unique
element w whose twisted length /y(w) is minimal, provided Wy and Wy, are finite. This element
will be denoted by w = min(0*(R, Ry)). It will now be shown that if R is a chamber b then there

is a unique chamber ¢ € Ry for which 8*(b,c) = w, and vice versa.
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Definition 3.29. For all b € 4 and ¢ € Py, define the distance

d"P(b7C) _ lg\y(5 (b,C)) lfSly =0

sgn(¥) - hy(6*(b,c)), otherwise.

The reason one sees the sign factor in the definition above can be attributed to the fact that the
projection will be the chamber for which the twisted length /oy is minimal (cf. Lemma 3.25).
Therefore, the chamber 4’ from Lemma 3.25 can be characterised as the unique chamber in the
s-panel of b whose distance to ¢ is minimal if € and ¥ are of the same sign, or if Sy is empty,
and maximal otherwise. The analogous characterisation holds true for ¢’ of Lemma 3.25. The

next result extends this phenomenon from panels to spherical residues.

Example 3.30. The definition of distance in a twisted building is a simple generalisation of the

notion of codistance d*(b,c) = I(b,c) in twin buildings. In particular, observe that

d=8(b,c) =1(b,c) = d*(b,c).

The proof is identical to [1, Lemma 5.149].

Proposition 3.31. Let R be a spherical J-residue of % and Ry a spherical K-residue of Py

where J C S and K C Sy. Suppose that b € 5 and ¢ € PBy. Then:

1. There is a unique chamber b’ € R whose distance to ¢ is minimal if € and ¥ are of the

same sign, or if Sy is empty, and maximal otherwise.

2. There is a unique chamber ¢’ € Ry whose distance to b is minimal if € and ¥ are of the

same sign, or if Sy is empty, and maximal otherwise.
Moreover, the chambers b' and ¢’ satisfy:

1. Forall b € R, one has 6*(b,c) = 8(b,b')6*(V',c) and

dl}’(b/ac) _d(bab,) lfsgn(q]> =g
d¥(b,c) =
d(b,b')+d¥(b',c) otherwise.
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2. For all ¢ € Ry, one has §*(b,c) = 6*(b,c")op(c',¢) and

d‘P(b ) dlp(b7c/) —d\y(C/,C> lngIl(‘P) =&
yC) =

d¥(b,c)+dy(c',c) otherwise.

Proof. Assume that € = 4 and that ¥ is of positive sign. Suppose that b’ € R such that d¥ (', ¢)

is minimal among chambers of R. Then, by (3.1) one has

lp(wy8* (b c)) = l(wy) + e (8*(V )

for all wy € Wj. In particular,

Lo (8(b,b)8* (b)) = 1(8(b,b')) + ly(8* (¥, c)) (3.3)

for all b € R. By Lemma 3.27(3), this implies 6*(b,c) = 6(b,b’)6* (D', ). The case of € = —
and W of negative sign requires the assumption that d¥ (b',c) = [_y(8* (b, ¢)) is minimal. By
(3.1) one has

L (0s8(B,)) = 1wy) +1_w(8*(8',)) (3.4)

for all w; € W;. Whence 6*(b,c) = 8(b,b')6*(b',c) for all b € R by the same argument. A
similar argument is used in the case that Sy is empty. The remaining cases, when € and ¥
are opposite sign, follow one of the arguments above after assuming d* (b, ¢) is maximal: if
sgn(¥) = —1 then apply the first argument; otherwise, apply the second argument. For the final

part, assume again € = + and that P is of positive sign with b’ € 2 as above. Then

d¥ (b,c) = 1g(8(b,b")8*(V,c)),
=1(8(b,b)) + 1y(8* (¥ ,¢)),

=d(b,b)+d¥(V,c)

for all b € R, by Lemma 3.27(3). The case of € = — and W of negative sign is obtained in a

similar fashion from (3.4) using the fact that /_w(x) = —lp(x) for all x € W. If € and ¥ are
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opposite sign, then applying sgn(¥) to (3.3) or (3.4) yields

d¥(b,c) =—d(b, b)) +d¥ (¥, c).

These equations also prove the uniqueness of »'. The analogous arguments are made for

e By . ]

Example 3.32. In the case of the twin building, the sign of € and W are opposite by definition.

Then Proposition 3.31 describes the existence of co-projections and gives the analogue

d*(b,c) = d*(b' ,c)—d(b,b)

of the gate property for all b € R.
It is now possible to extend the notion of a projection from panels to spherical residues.

Definition 3.33. Let R be a spherical residue of 24 and Ry a spherical residue of %y. Suppose
that b € R and ¢ € Ry. The unique chamber b’ of Proposition 3.31 is the projection of ¢ onto R,
denoted by projg c. The analogous definition is made for the projection of b onto Ry, denoted by
projg,, b-

In particular, the projection is characterised as the unique chamber in the residue at minimal

(resp. maximal) distance from the source, depending on the sign of V¥ relative to €. This

subsection concludes by providing a description of projections of residues onto residues.

Definition 3.34. Let R be a spherical residue of 2 and Ry a residue of Py. The projection of

Ry onto R is the set

projg Ry = {projgc | ¢ € Ry}.

The analogous definition is made for the projection of R onto Ry, denoted projg,, R, provided

Ry 1s spherical.
The next result is an analogue of [1, Lemma 5.36, Exercise 5.168].

Proposition 3.35. Let R be a spherical J-residue of 8 and Ry a K-residue of By where J C S
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and K C Sy. Suppose that w = min(6*(R,Ry)). Then:

1.

. {beR|wed"(b,Ry)} ife =+,
projg Ry =
{beR|wo(J)we€ 6*(b,Ry)} otherwise.

Moreover, if b € R and ¢ € Ry where w = 6*(b, c) then b = projgc.

. {c€ Ry |wed*(R,c)} €=+,
projg, R =
{c € Ry | wwo(K) € 6*(R,c)} otherwise.

Moreover, if b € R and ¢ € Ry where w = &% (b, c) then ¢ = projg,, b.

3. If € is positive then projg Ry is a residue of type JNwKw™1; otherwise, projr Ry is a

residue of type J Nwo(J)wKw ™ two(J) L.

4. 1If € is positive then projg, R is a residue of type K Nw~Lw; otherwise, proj ryR s a

residue of type K Nwo(J) ™ 'w=Lwwg (7).

Proof. If Sy is empty then the result follows from Proposition 3.31. So assume € and ¥ are
of positive sign. Set P={b € R |w € 6*(b,Ry)}. If b € R and ¢ € Ry where w = §*(b,c) €
0*(b,Ry) then b = projg ¢ € projg Ry by definition. Hence P C projg Ry. For the converse,
suppose b = projgc’ for some ¢’ € Ry. Set w' = §*(b,c’), so w' € 6*(R,Ry) = WywWy, by
Lemma 3.28. By the definition of projection, w' = 8*(b,¢’) = min(8*(R,¢’)). Using Proposition

3.16, one may write w' = abwc where ab € Wy and ¢ € Wy, and
lp(W') =1(a) +1(b) + Iy (w)+1'(c).

But w' is of minimal twisted length Iy (w’) in 6*(R,¢’) = Wyw/, whence I(a) = I(b) = 0 and
w' = we. In other words, w € w'W}, = 6*(b,Ry) and therefore b € P. This proves the first case of
(1) when € and W are of the same sign. If € and W are of negative sign, then (1) follows from the
same argument using wo(J)w, since I_y(wo(J)w) is minimal in Wyw. The analogous cases of (2)
follow similarly. For the remaining cases, first assume € and ¥ are opposite sign. If € is positive

then set P ={b € R | w e 6*(b,Ry)}. If b € R and ¢ € Ry where w = 6*(b,¢) € 6*(b,Ry)
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then b = projg ¢ € projg Ry because d*¥ (b,c) = —ly(w) is maximal. Therefore P’ C projg Ry.
Now suppose b = projg ¢’ for some ¢’ € Ry. Setw’' = §*(b,c’), sow’ € 6*(R,Ry) = WywWj, by

Lemma 3.28. Then w' = abwc where ab € Wy and ¢ € WI’(, and

lp(W') =1(a) +1(b) + g (w) +1'(c)

by Proposition 3.16. It follows from b = projg ¢’ that w' = min(8*(R,¢’)). Hence w' = wc as
required. The final case can be constructed as a combination of the previous two cases. Again,

the analogous cases of (2) follow similarly.

Suppose that € is positive and b’ € projgz Ry. Using (1) choose ¢’ € Ry with w = §*(b',¢’). In

particular, b’ = projg ¢’. If b € R, with u = &(b,b’), then

8*(b,c") = 8(b,b")6* (V' ,c") = uw

by Proposition 3.31. Observe that b € projg Ry if u € Wy and w € §*(b, Ry). But

w=8%(b,Ry) = 8*(b,c" ) Wi = uwWy,

where the second equality follows from Lemma 3.28. Altogether, one has

1

b €projpRy <= ucWynwWyw ' <= ucw

where the second equivalence is an application of Proposition 3.16, where L = JNwKw™!. If &

is negative then the same argument yields

1

b € projpRy <= u € WyNwo()wWiw wo(J) ™! <= uecw.

This proves (3) and (4) follows by an analogous argument. [
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Remark 3.36. The analogue of Proposition 3.35 in twin buildings is the fact that

projpS={b € R | wo(J)w € 6*(D,S)}

for two spherical residues R and S, of opposite sign, where w is the element of §*(R,S) with /(w)
minimal. The difference between this and the statement of Proposition 3.35 is superficial. Indeed,
note that the element w of the proposition is of minimal twisted length ly(w) in 6*(R,Ry). As a

consequence, one is always led to the second option in Proposition 3.35(1,2).

Remark 3.37. In twin buildings, the hypothesis that the source residue in Proposition 3.35 is
spherical can be removed. This does not appear to be the case in general, where sphericity

ensures w is well-defined.

3.2.4 Convexity

In buildings and twin buildings there are well-established notions of convexity. In a twin building,
one can no longer approach convexity via minimal galleries. Instead, a subcomplex of a twin
building is convex if it is closed under projections. That is to say, closed under projections
between residues in opposing buildings, and also closed under projections within the individual
buildings themselves. One also assumes that any convex subcomplex meets both components of
the twin building. This implies that the intersection of a convex subcomplex with each building

is convex in that building.
The discussion above motivates the following generalisation to twisted buildings.

Definition 3.38. A pair (M, My) of non-empty subsets M C % and My C Py is called convex
if projpb € M UMy for every chamber b € M UMy and every panel P € # U Ay that meets

MUMy.
Just as for twin buildings, the definition can be simplified in twisted buildings.

Lemma 3.39. A pair (M, My) of non-empty subsets M C 9 and My C Py is convex if and only

if it is closed under projections.
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Proof. 1f b and P lie in the same building, then the result is well-known [1, Lemma 5.45]. The

remaining case is essentially [1, Exercise 5.169]. O

If (M, My) is convex then M is convex in & and My is convex in Hy. This is immediate from
the definition. The converse is not necessarily true, this already fails for twin buildings. Another
similarity is the fact that the intersection (taken component-wise) of a family of convex pairs is

again convex, provided the intersections remain non-empty.

Definition 3.40. The convex hull Con(M,My) of a pair (M, My) of non-empty subsets M C &

and My C Py is the intersection of all convex pairs containing (M, My).

In other words, the convex hull of a pair (M,My) is the smallest (ordered component-wise)
convex pair containing (M, My). It follows that Con(M, My) N % contains the convex hull of M

in A, and similarly for My, but the converse need not be true.

3.3 The definition of a citadel

Thus far, it has been shown that one can define building structures to pairs of sets of positive
roots that are either negations of one another in the twinning case, or when one set in the pair
is a standard set of positive roots in the twisting case. The final section of this chapter brings
together these structures to create an object that can encode every set of positive roots associated

to a Coxeter system.

This is achieved in two steps. First, to every aligned set of positive roots ¥ C A define a disjoint

union

BY) = | | By,

ichy
running over a countable index set Iy, where each %y ; is a building whose type is isomorphic
to (Wap, Sw). This should be thought of as accounting for the fact that the reflection subgroups
Wy of W may be proper, meaning apartments in %y need not be stable under a natural action of

W. In this way, it will be assumed that Z(¥) = %y when W is a standard set of positive roots.

Next, let Q be a collection of aligned representatives ¥ C A of distinct W-orbits of sets of
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positive roots in A. Then set

¢ =| |B(¥Y)
Q

using the notation above. In what follows, it will be assumed that Q contains the orbit of the
standard set of positive roots. Moreover, assume that each W is of the same fixed sign whenever

Sy 1s non-empty.

Definition 3.41. A citadel of type (W,S) is a triple (¢,%,6") where € = | | Z(¥) and A are

defined as above, along with a W-valued map
0" (BXE)U(EC X RB)—>W,
such that, for every building Ay ; C #(¥), the triple

(B, B i,6"|(Bx By ) U( By 1% B))

is a twisted building of type isomorphic to (W,S,¥).

A citadel is a structure that is covered by buildings. Therefore, freely take language from the
buildings within the citadel. For example, a chamber (resp. residue) of a citadel ¢ is a chamber
(resp. residue) of some building Ay ; C €. Similarly the sign of a residue in ¢ is the sign of
the residue in the family (W) that contains it. Therefore, the sign is controlled by Sy. This
presents an interesting phenomenon that will be of note in the sequel. In particular, even if % has
no non-spherical residues, the other buildings %y ; may be, themselves, non-spherical residues

that are strictly contained in €.

The buildings that cover % relate to one another and form twisted buildings. The distinguished
building Z in a citadel is called the keep. This should be thought of as the building at the centre

of the citadel, to which every other building is connected, hence the name.

The behaviour of a citadel ¢ is also largely determined locally. For instance, the projections of a
citadel are just the projections at the level of the various substructures within it. This means that

% has two distinct kinds of projections, those within buildings or within twisted buildings.
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B(Yiar) B(¥p1)
Figure 3.2: The citadel of type A,.

One notion in the citadel that is defined globally is that of convexity. Say that a set M C % is
convex if it is closed under projections and meets the keep. Specifically, the set M is not required

to meet every building in %

The motivating example for citadels arises from Kac-Moody groups. In this instance, the keep
corresponds to the well-known (positive) building, hence admits a strongly transitive action of
the group. The fixed point sets of 4 under the action of a subgroup should therefore always

stabilise A, but perhaps not the other buildings within the citadel.
The next example illustrates a citadel structure arising from a Coxeter system.

Example 3.42. Let (W,S) be a Coxeter system with root system A. For every set of positive
roots W C A the reflection subgroup Wiy is canonically a thin building of type (Wy,Sy) with

Wy-metric &y : Wy x Wy — Wiy defined

Sy (u,v) =uly

for all u,v € Wap.

Fix a set W of positive roots in A and set By = Wip. If w € W then W,y = wWew ™! is also a
reflection subgroup and S,y = wSyw ! is its canonical set of generators by [13, Lemma 1.7].
In particular, the Coxeter systems (Wy, Sy) and (W,,w,S,w) are isomorphic. Denote by By ,,

the corresponding canonical thin building of type (W, S,w).

The induced map from By to Ay ,, implies

Sy (W -u,w-v) = wp(u,v)w 1 =wu lyw™!
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where O,y is the usual W-metric on %y ,,. Of course, if W is standard then Wiy = W,,w and this

action is an automorphism on Hy. In general, this is only the case when w € Wiy.

By Example 3.20 the map 6* : W x Wig — W defined by
*(u,v) =ulv

for all u € W and v € Wiy produces a twisted building structure on W LI Wp. It is straightforward
to see that the induced map from Ay to Ay ,, is compatible with the twisted building structure

on WULW,y.

Let Hy = Staby (V) and Ky = Hy X Wy. The construction above can be captured using the
twisted product

33(\11) ZIWXK\I,W\{JIWXW\{J/N

where (w,v) ~ (wk,k=1-v) for all w € W, v € Wy, and k € Ky. Here, k' -v =u"'(h"'vh)
where k = hu for some h € Hy and u € Wip. Notice that for every w € W there is a W,,p-valued
map

6quI(WXW\p)X(WXWq1)—>WWq/

defined by 8,y ([w,u], [w,v]) = wu~'vw~! for all u,v € Wip. This turns the space %(P) into a
disjoint union of isomorphic buildings of the form Ay ,, = W,y described above. That is, the

map [w,v] — wyw ™! where w € W and v € Wap, defines a bijection

%(T)Z |_| WWLIJ.
W /Ky

The set of chambers in A(¥) is canonically isomorphic to W /Hy. Thus, there is a W-action
W x B(Y) — B(¥)

where w - vHy = wvHy for all v,w € W. This allows one to pass between the buildings in the

disjoint union above.
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The thin citadel of (W,S) is defined to be

Gw =| |B(¥)
Q

where Q runs over every W-orbit of aligned positive sets of roots in A of the same fixed sign. For
example, if Q contains AT then Z(AT) = W whereas if W is affine and ¥ = W, then B(¥) = W

is the underlying finite Coxeter group thought of as a collection of trivial buildings.

The definition of a citadel requires that every W is of the same fixed sign. This can be loosened

to define the following larger object.

Definition 3.43. A twin citadel of type (W,S) is a triple (¢, ¢, (0y)w) Where € = | |o B(¥)

and €_ = | o B(—Y) are citadels of type (W,S), along with a Wig-valued map
6.; : (%ly X %,\p) @) (%,W X %\p) — Wy,
for every ¥, such that, for every building By ; C (W), the triple

(B, B_w.i,0p)

is a twin building of type isomorphic to (Wi, Sy).

Suppose that ¢ = ¢ U%- is a twin citadel with keeps . and Z_ respectively. Then & =
B JPA_ forms a distinguished twin building which will be called the twin keep. Just as for the

citadel, borrow language for the twin citadel from the buildings that cover it.

The main difference in a twin citadel is the guarantee of opposite chambers and residues, owing
to the existence of twin buildings within it. Therefore, there is a third kind of projection in a twin
citadel which comes from projections between twin buildings. In a similar way, one can define a

subset M C % to be convex in € if it is closed under projections and meets the twin keep.

Remark 3.44. The definitions above are intentionally quite weak to allow for a broader range of
structures. However, one could go even further in the case of twin citadels and drop the demand

that every By ; C (W) forms a twin building.
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The citadels of a Kac-Moody group

This chapter associates to any Kac-Moody group G a twin citadel structure. The construction
itself is reminiscent of the construction of the twin building of G, where one constructs each
component as a coset space G/B where B is a standard Borel subgroup of varying sign. In
particular, one first constructs a subgroup Q associated to an arbitrary set of positive roots in the
root system of G, not simply those that arise from root bases. Then, a building is identified in
the coset space G/Q. In contrast to the components of the twin building, these new buildings
are typically proper subsets of the corresponding coset space. The entire coset space can be
naturally identified with the collection of all buildings associated to the same conjugacy class of
a positive set of roots. The twinning and twisting maps arise naturally from certain Bruhat-type

decompositions of the group and the definition of the twin citadel follows accordingly.

The chapter makes use of two main inputs from the literature. First, the Billig-Dyer decomposi-
tion of [7] provides an analogue of the Bruhat and Birkhoff decompositions that define the usual
buildings and twin building associated to G. To verify every axiom of a twisted building, it is
proved that the Billig-Dyer decomposition also admits a right-handed multiplication property.
The proof of this result rests on a detailed study of certain subgroups of G that play an analogous
role to the parahoric subgroups appearing in the construction of masures in [20]. This study

adapts the proofs of op. cit. to the context of this thesis. Therefore, the reader familiar with
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the construction of masures for Kac-Moody groups should recognise the strategy taken here to

construct citadels.

Throughout, G denotes a Kac-Moody group associated to a free datum.

4.1 Quasi-parabolic subgroups

This section defines and studies analogues of parabolic subgroups associated to non-standard
sets of positive roots. In the end, these subgroups will become the stabilisers of residues in the
twin citadel, or points in its vectorial model. The approach taken here is inspired by the work of
[20] and [38] when defining parahoric subgroups associated to masures. The arguments provided
have analogues in op. cit., but using slightly different objects. For the sake of completeness, the

full proofs are detailed below.

4.1.1 The definition

A typical way to define and study parabolic subgroups in reductive groups is using cocharacters
of the group. This is due in part to the fact that the group of cocharacters, by duality with the
group of characters, defines half-spaces in the ambient finite root system associated to the group.
This is the basis of the approach taken in this subsection. The main difference that arises is due
to the fact that the root system of an arbitrary Kac-Moody group is infinite. In short, this means
that a single cocharacter, or equivalently single half-space, is often not enough to define every

partition that is of interest.

Fix a maximal torus 7 of G and write A = A(G, T). Recall from Proposition 3.3 that every set of
positive roots W C A, arises as the set of roots that are positive with respect to a lexicographical
ordering of the vector space RA. This can be understood via cocharacters of 7 in the following

way.

The space of virtual cocharacters Yp(R) = Yr @7 R of T gives a faithful reflection representation
for W. Details of this construction can be found in [39]. In particular, there is a closed convex

cone, called the Tits cone T, which can be identified with the Coxeter complex of (W,S). If W
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is finite then 7, = Y7 (IR). Otherwise, the twin Tits cone T U —14 is typically a proper subset of

Yr(R).

If S is a subtorus of 7 then Ys(IR) can be identified as a linear subspace of Y7 (R). Following [35,
Chapter 10], a subtorus S of T is generic if Ys(R) C Y7 (R) meets the interior of the Tits cone
in Y7 (R). If Yg(R) is generated by its intersection with the Tits cone then S is almost generic;
otherwise, S is non-generic. These definitions extend to cover all tori in G, i.e. the definition is

independent of the choice of T containing S.

Remark 4.1. More recently, generic tori have been called J-regular in [22] for finite subsets J C 1.

In this language, the almost generic tori are the J-regular tori where J C [ is an arbitrary subset.

The duality between X7 (R) and Y7 (R) provides a correspondence between virtual cocharacters
and hyperplanes of the root system RA. That is, for every A € Y7(IR) one obtains the hyperplane
ker(A,—) in X7(R). Therefore, if ¥ C A is a set of positive roots then there is a tuple

A= (A1,...,4) € YL(R) for which

¥=A, ={a €A | (A ) > 0}

by Proposition 3.3. The rank of A is finite, so one may assume that the tuple is also finite.
Moreover, one has —A; = A_,. It is well-known that ‘¥ is a standard set of positive roots if

A = A; € Y7 lies in the interior of the Tits cone.

The lexicographical condition above can be expressed algebraically via non-Archimedean field
extensions. One benefit of this approach is that it keeps track of the order of cocharacters in A
in a concrete way. Let K = R(€) be a non-Archimedean ordered field with 0 < € < r for every

r € R positive. The perfect pairing between X7 and Y7 extends K-linearly to a pairing

<—,—> : YT(K) XXT(K) —+ K

where X7 (K) = X7 ®z K and Y7 (K) = Y7 ®z K. In a similar way, the action of W on X7 and Yr
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extends to an action on X7 (K) and Y7 (K) respectively. Then

<&7a> Zlex 0 <= <9Laa> >0

where 6, = A + €l + -+ €714 € Y7 (K). Henceforth, write

for all 6 € Yr(K).

Remark 4.2. The construction above can be understood as a phenomenon of infinite hyperplane
arrangements. In Y7 (R) every root o € A defines a hyperplane ker(—, @). Fixing a set of
positive roots W C A, corresponds to choosing an open half-space associated to each such
hyperplane. The intersection of these half-spaces defines what is known as a pre-region in Y7 (R).
If A is a finite root system then every pre-region contains an R-point. In other words, one can
find a virtual cocharacter A € Yr(R) for which A (o) > 0 precisely when o € W. In general, a
pre-region may not contain any R-points. However, since Y7 (RR) is finite dimensional, every
pre-region is a region and also admits a point over some ordered field K =R(e) with0 < e <r
for all » € R positive [3, Lemma 2.1.7]. The former means that, for every finite subset £ C A,

there is a real virtual cocharacter Ay € Yr(R) such that

(As,0) >0ifa e ENY and Az, ) <O0ifx € ZN—P.

The latter is equivalent to the existence of some 6 € Y7 (K) such that

() >0 <= aeV.

Set

Nog = (n € Ng(T) | nAg = Ag).

It is straightforward to see that T C Ng. The discussion above motivates the following definition.
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Definition 4.3. Let 6 € Y7 (K). A subgroup of the form
Q= Q¢ :=(No, Uy | ¢ € A, (6,0t) >0)

is called a standard quasi-parabolic subgroup of G, relative to T. A subgroup that is conjugate
to a standard quasi-parabolic subgroup is called a quasi-parabolic subgroup. Moreover, if Ag is
a set of positive roots then Q is a standard quasi-Borel subgroup of G, relative to 7. In a similar
fashion, a subgroup that is conjugate to a standard quasi-Borel subgroup is called a quasi-Borel

subgroup.

Note that every quasi-parabolic subgroup is of the form Q = Qg for some 6 € Ys(K) where S is
a maximal torus of G. The root groups Uy must be taken relative to A = A(G,S). In the sequel,

a quasi-Borel subgroup associated to a set of positive roots ¥ = Ag will often be denoted by

0= 0y.

The presence of Ny in the construction of a quasi-Borel subgroup is an important detail which
is not seen in Borel subgroups. In particular, if Ag = W for some standard set of positive roots
Y C A then Ng = T. In general, Ng can contain non-trivial lifts of elements in the Weyl group

W [40, Proposition 3.3.1].

Example 4.4. Let G = GL3(k[t,t~!]) x k> with T the diagonal maximal torus in the standard
copy of GL3(k) x k™. The root system A(G,T) is untwisted affine type and the sets of positive
roots are classified by Example 3.2. In line with the notation of Example 3.7, one has simple roots
{a, B} of the underlying finite root system A of type A,. The Weyl group W of G is isomorphic
to 3 X Z2. The copy of S3 is generated by elements s, and sp that are lifted, respectively, by

elements

0 —1 0 10 0
ng=11 0 0| €Ng(T) and ng=|[0 0 —1|€Ns(T).

0 0 1 01 O

Similarly, the translation subgroup Z? is generated by elements #,v and tgv that are lifted,
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respectively, by elements

t 0 0 1 0 O
ngv=10 +' 0|€ENG(T) and ngv=1|0 ¢+ 0 |€Ng(T).
0 0 1 00 ¢!
Then:
1. If W =Y, gy = AT then Qg = B™ where Staby (¥) = 1.

2. If ¥ =Yg, then Qg = <Q%,n> where

S R I T 1 0 0 t 00
ov=|0 Kl k) | xk* and n=]0 —1 0|navng=|0 0 ¢!
0  tklt] klt] 0 0 1 01 0

The element n lifts #,vsg € W and Staby (W) = Z. Observe that n? is a lift of the translation
tévtﬁv € W which generates a normal subgroup Ay = Z of Staby (¥). Therefore, one has
the non-split extension

1 — Ay — Staby (¥) - C, — 1
where C; is the cyclic group of order 2.

3. If ¥ = ¥, then Qy = <Q0\{,,nav,n5v> where

k* kle,e'] k[t,e
Qy=1|0 Kk K] | kK
0 0 k>

and Staby (W) = (tqv,1gv) = Z2.

Let 0 € Yr(K) and define

Ug=(Uy | & € Are, (6,00) > 0).
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It is immediate from the definition that Ng normalises Uy, hence

Q¢ = UgNp.

Define the subgroup

0% = (T, Uy | & € Are, (B,0) >0).

Then Qg = QgNg. As seen in Example 4.4, the inclusion QQI, C Qw is typically proper for
quasi-Borel subgroups that are not Borel subgroups. When G is equipped with the ind-Zariski

topology this subgroup is precisely the identity component of Qg.

There is a notion of sign associated to quasi-Borel subgroups that is induced from the sign of
the associated set of positive roots. Specifically, a quasi-Borel subgroup Q = Qy is of positive
(resp. negative) sign if ¥ = Ag is of positive (resp. negative) sign. Note that a quasi-Borel

subgroup may have no sign, for instance when Sy is empty.

The definition of quasi-Borel subgroups is implicit in [7] where some properties are proved in
characteristic zero. The authors note that they remain true in positive characteristic by the same
arguments. The next result records some of the properties established in op. cit. for quasi-Borel

subgroups.

Proposition 4.5. Let G be a Kac-Moody group with maximal torus T. Suppose that B is a

standard Borel subgroup of G relative to T. Then
G= || BwQ"
weWw

for every standard quasi-Borel subgroup Q = Qw of G relative to T. Forall oo € I1andw € W,
one has

Bst0 - BstQO - BwQO U Bst0

where s = sq is a simple reflection. Moreover; if ly(sw) > hy(w) then BsBwQ? = Bsw(Q".

In the sequel, the first statement of Proposition 4.5 will define a twisting map and the second

statement will verify (T°2)(a) and (T’3)(a). The remaining axioms follow from a right-analogue
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of the second statement that will be proved later.

The notion of sign for quasi-Borel subgroups extends to quasi-parabolic subgroups. Specifically,
a quasi-parabolic subgroup Q = Qg is of positive (resp. negative) sign if it contains a quasi-Borel
subgroup of positive (resp. negative) sign. A pair P and Q of quasi-parabolic subgroups will
be called opposite if there is a maximal torus S of G such that P = Qg and Q = Q_¢ for some
0 € Ys(K). Therefore, if a quasi-parabolic subgroup possesses a sign, then its opposite will be of
opposite sign. The intersection of a quasi-parabolic subgroup with an opposite quasi-parabolic

subgroup is called a quasi-Levi subgroup.

Example 4.6. Keep the notation of Example 4.4 and consider the cocharacter A € Yr defined by

A(c) = diag(c,1,1) x 1 for all ¢ € k*. Then

x k%
Qo=|0 % x| xk™.

0 * x
In particular, if u € Y7 is defined by u(c) = diag(c,c?,c?) x ¢ for all ¢ € k*, then

klt] k[t,e=1] k[t
Qpven=0Qwp =1 0  kff] kK[r] | xk*
0  tk[t] k(]

is the quasi-Borel subgroup from before.

In general, an element 6 € Y7 (K) describes a quasi-parabolic set of roots in the sense of [18,
§2.5]. That is, the set Ag is closed and Are = Ag U (—Ag). If Ag is not a set of positive roots then
the set @9 = Ag N (—Ag) is non-empty. Moreover, @y is root generated, and therefore a closed

subroot system of A by [21, Theorem 1].

It follows that every quasi-parabolic subgroup contains a quasi-Borel subgroup. Indeed, pick
some A € Y7 (K) that is regular in ®¢ and define 8’ = 6 + &'T! 1 where [ is the highest degree
of €in 6. Then Qg C Qg is a quasi-Borel subgroup. This process is illustrated in Example 4.6

above.
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4.1.2 A decomposition of quasi-parabolic subgroups

This subsection provides a decomposition for quasi-parabolic subgroups which gives an effective
way to study them. The study of quasi-parabolic subgroups ultimately reduces to the study of
the subgroups Uy. However, it is difficult to handle Uy in G due to the absence of commutation
relations between root groups Ug and Ug when & and 3 do not form a prenilpotent pair. In order
to resolve this issue, one can define several larger subgroups in the completions of G and show

that they descend to G in a well-defined manner. The method is inspired by [20] and [38].

Fix a maximal torus T of G and write A = A(G, T). Before passing to the maximal groups, some

notation must be established. For all o € A, define

Uy if (6,a) >0,
Uoc,@ =
1 otherwise.

Write Ue()a) for the group generated by Uy g and U_ g. Therefore U éa) is either a root group or

a semisimple rank 1 algebraic subgroup of G. Set
NS = Ne(T)nU{®  and N§ = (N | & € Are).

In particular, Ny is generated by reflections arising from subgroups isogenous to SL; in Ug. The

next result is [20, Lemma 3.3].

Lemma 4.7. Let 6 € Y7(K). Then
U™ = Uq pU_q oN™ = U_ g 9Us 6N

forall a € Ar.

Proof. 1f (0, @) # 0 then Uéa) is either Uy g or U_ ¢ and the result is trivial. Otherwise, the

result follows from the rank 1 Bruhat decomposition in Ue(,a) (cf. [25, §28.2]). O

Recall the pro-unipotent subgroup U™** of G™** and write U™~ for the analogous subgroup in
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the opposite formal group G™?~. In particular, one has

UTCcyu™t and U CU™,

In the sequel, one would like to consider similar completed subgroups associated to 0. This is
achieved as follows. Let g be the Kac-Moody algebra of G. Recall that the Z-form % = %y(g)

of the universal enveloping algebra of g admits a Q-grading

U= U

ey

If ¥ C AU{0} is closed then

gr = @ga

acX
is a Lie algebra, and write % (£) = % N“%¢c(gx). These two algebras are stable by the adjoint
action of % (X). Moreover, % (X) can be Z-graded by total degree, defining the positive
completion 52//\1’(2) of % (X). Then 02//\1’(2) is a submodule of %7 that is stable under its adjoint

action.

If instead X C A is closed then % (X) admits a Q; -grading and therefore one can form the

completion

%)= ] %%

acQt

after grading by total degree. In particular, set

%0 = @ %oc@)Zk

€Oy
(6,0)=0

and write %ep and %, for its positive and negative completion with respect to the total degree

and its opposite, respectively. Then define

U(X)= @ %X)a@zk and %E) = [] %E)aczk

acQ; acQy
(6,a)>0 (6,a)>0
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It is straightforward to see that % (X) is a subalgebra of ?//27 and of ?//;(Z) = ?//\(Z) ®z k.

In this instance, the intersection Ug'*(X) of Uy (X) or 02//;” with U™ is a subgroup of Uy™. Note
that U™ (X) and Uy (X) = GNU™(X) stabilise ?//g” for the adjoint action of Uy™ on ?//Z’ , the
positive completion of %. A similar statement holds for a subgroup Up™(X) obtained via

intersecting G with a negative analogue of Ug"(X).

Define the closed sets
Ay ={aeAt|(0,0) >0} and A;={acA |(6,a)>0}
By [38, Lemme 3.3] there are pro-unipotent subgroups
U™t = U™T(A) CG™ and Up®™ =U™"(Ay) C G™

that are closed in U™** and U™ respectively. The intersections of these subgroups with G are

given by
U™ =GnUMt =UTNUAT and URMT =GNURMT =U NUS
where the second equalities follow from
Ut=GNU™" and U =GNU™"
respectively. Importantly, it is not immediate as to whether U, gm+ and Uy™™ coincide with
Uiy =U"NUy and Uy =U NUg

respectively. This will be proved by the end of the subsection.

Let o be a simple root of A. Again by [38, Lemme 3.3] one has

U™ = Uy x U™(AT\ @)
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which in turn implies that
UP™™ = Uy x U§*(AT\ @) and US™ =Ugyex US™(AT\ @)
where U™ (AT \ o) = GNUZ* (AT \ ). Similarly, one has
UM =U_qox UM(A™ \—a) and U™ =U_gox US™(A™\ —)

where Up™(A™\ —a) = GNUZ*(A™\ —).

Define

US™ = (Ug,US™) and  UJ™ = (Ug,Ug™").

The next result is a version of [20, Proposition 3.4] that provides useful decompositions for the

subgroups Uy, Ugm, and Ug™ in terms of positive and negative root groups.

Proposition 4.8. Let 6 € Yr(K). Then
Upg =Ug Uy Ny = Uy Ug Ny.
Moreover, one has
US" =US™ U Ny and Up™ = U™ U N§.
Proof. SetU = UngrUgm’Ng. By the previous discussion, if & € A is simple then

U=UqoUg" (AT \0)U_qUs™(A™\ —0)Ng,
= Uy (AT\ a)Ug™(A™\ —)Uq,pU—q 6Ng,

= Ugm(A+ \a)Up™(A™\ _a)Ufa,GUaﬂNg,

where the second equality follows from the fact that U(ga) normalises Ugm+ (AT \ o) and

Ug™ (A~ \ —«), while the third equality follows from Lemma 4.7. Performing the proce-
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dure in reverse, one obtains

U=U"(A"\a)Us™ (A~ \ —a)U_q,0Uq 0Ng,
=U_qoUp" (A" \ a)Uq gUg™ (A~ \ —at)Ng,

=UL" (saAT)UG™ (sqA™ )Ny .

In particular, U is invariant under conjugation of A™ by elements of W. It follows that every
Uq.¢ With @ € A can appear in a leftmost factor in a presentation of U. Therefore U is stable

under left multiplication by all such Uy g. Hence
Ug CU" CU.

Suppose that g € UNU™**. In particular, write g = uu_n where uy € US"™ ", u_ € U™, and

n € Ny. Then Ugm+ C U™ implies that
un=u;'gc U™ NU N
where the final intersection is trivial by the Birkhoff decomposition. It follows that
u_'=neU NN

which is again trivial by the same reasoning, so u_ = n = 1. This proves that U NU™*t = U gm+

and now Ugm C U implies that
Ukt = Ut U™t =0t nut

Set

Ug(AT\ &) =Ug U (AT \ &) =Ug NUZ (AT \ @)

where the final equality follows from the fact that U (AT \ o) C UT. Observe that Uéa)

normalises Up (AT \ @). Indeed, suppose that g € Ug g and h € Ug(A™ \ o). Then g,h € Up and



4.1 Quasi-parabolic subgroups 103

g normalises Uy (A" \ o). Therefore
ghg ' € UpgNUZ™ (AT \ ) = Up(AT\ @)

as required. The same argument holds if g € U_g ¢ which proves the claim.

The observation above implies that
Uy =Ugox Ug(AT\ 00).

Indeed, suppose that u € UJ. Using Ugr C Ugm+ one can write u = uqu’ where ug € Uy ¢ and

u' € US" (AT \ ). But then
W =ugz'ue UgnUZ™ (AT \ &) = U (AT \ @).

The reverse inclusion is immediate, since Uy g and Up(At \ o) are contained in U, . An

analogous result can be obtained for Uy .

Finally, repeating the initial argument of the proof on
U =UU;Ny or U=U""UsNs or U =Us""U, N

respectively, using the decompositions of the previous paragraph, yields the result. 0

Remark 4.9. In the special case when 6 defines a set of positive roots ¥ C A the decomposition

of Uy in Proposition 4.8 retrieves [7, Theorem 3].

In order to get an even better handle on Ug one considers a large subgroup defined as the
stabiliser in G of certain natural modules, such as the enveloping algebra. This allows one to

work effectively with individual elements in the group.

Recall that Ug‘a+ stabilises 52//2’ under the adjoint action. Similarly, the group U™ stabilises %
for the adjoint action of G and U ™. These two actions coincide on Ut = GNU™**, meaning

U gm+ =U"NU, gla+ stabilises %y = %, N ?//g’ for the adjoint action of G. A similar argument
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shows that Up™ " stabilises %p. By construction, %j is stable under Uy g = Up™(cx) for all

0 € Are, hence also Ug. This implies that Uy and Up™ stabilise % also.

An analogous process gives the same conclusions when considering highest and lowest weight
modules of G. Importantly, if M is one such module over k then there is a submodule My,
defined in a similar way as above, that is also a 02/9’7 -module. It can be shown that My is stable

under the action of T', Uy, Ugm, and Ugm. For more detail on this topic, see [38, §2.14,§4.8].

Define Py to be the subgroup of G stabilising %y and My for every highest or lowest weight

module M. By the previous discussion Py contains T, Ug, Up™ and Up™. Set Ng = Py NN.

The next result is a version of [38, Lemme 4.11]. The proof given here will consider only % but
the argument is the same for My a highest or lowest weight module. In what follows, if g € Py

then write

v‘g|u

for the restriction of g to a u-weight space followed by the projection onto a v-weight space.

Proposition 4.10. Let 6 € Y7 (K). Then
PoNUTN=UL""Ng and PoNU N =U™ Np.

Proof. Letg=un € PgNUTN where u € UT and n € N lifts some w € W. The element n sends

a weight 1 to a weight wit, so one can write

”:@quu-
u

However, since u acts upper-triangularly

wu|“”’u = wu|’l|u
for all u, meaning n stabilises % and thus n € Ng. Hence

ﬁgﬂU_i—N: (ﬁgﬂU_‘_)Ng.
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It remains to show that 159 NUT = Ugm+. The inclusion Ugm+ - ﬁg NU™ follows from the
discussion above. For the reverse inclusion, suppose that u € PyNU™. It suffices to show that

u € UP*T, thenu € UTNUR* = U™

Using the fact that u € U C U™ one can write

u= H ug where ugy = [expltqieql - [expltaieq
oAt
for some basis ey, - . .,eq; Of gz and tq1, ...ty € k, where [exp| denotes the twisted exponential

of [38, §2.8]. Moreover, assume that the product is ordered such that the height of o increases
from right to left. This generalises the usual decomposition of the unipotent radical of a Borel
subgroup in a reductive group via its simple root elements. The remainder of the proof does not

make use of any specific properties of the decomposition, so the details are deferred to loc. cit.

It will be proved by induction on the height that (6, a) > 0 for all uy # 1 in the product. In
particular, assume that (6,) > 0 for all B € A" with ht(8) < ht(c). If ug is a factor to the
right of ug then ug € Ugm+ by assumption, so suppose that ug = 1 without loss of generality.
Henceforth, one has

u= H ug | ua

B#a
ht(B)>ht(cx)

and also ¢|u|o = «|ualo- Suppose for a contradiction that (6, ) < 0. Pick some /% in the Z-basis
of bz such that o/(h) = m # 0. Up to replacing i with —h one can assume that m > 0. A direct

computation shows that the a-weight component of Ad(uq) (") is

3 rastea) (*) = Fraa (z (") (;j‘ih;))

where n € Z>. For more details, see [38, Lemme 4.11].

However, the eg; (Z) for 1 <i <!l and g € Z> belong to a Z-basis of %z which means that

each such eg; (Z) must lie in the o-weight component. In particular, when n = m and ¢ = 0 one
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h
—laiCai (0) (Z) = —taieai € (%) a

But by assumption one has (0, @) < 0, meaning there is no o-weight space in %j. It follows

obtains a factor

that 74; = 0 and therefore uq = 1 as required. Altogether, one obtains u € GNUZ*" =U, gm+

which gives the result. An analogous argument can be made for the negations. 0

Define the subgroup

Py = (Pg,Np).

In the end, it will be shown that Py coincides with the standard quasi-parabolic subgroup Qg

relative to 7.

The next result uses the strategy of [20, Remarks 3.7] to obtain a useful decomposition of
Py, replacing the Iwasawa decomposition of op. cit. with the Billig-Dyer decomposition of

Proposition 4.5.

Lemma 4.11. Let 6 € Y7 (K). Then
Py =U U™ Nog =UJ"" Uy No.

Proof. It follows from Ugm+ C 139 that Uy C 139 for some set of positive roots ¥ C A;.. Therefore,

the Billig-Dyer decompositions
G=U"NUy =U NUy
of Proposition 4.5 imply that
Py = (PyNUTN)Uy = (PgNU"N)Usgp.
By Proposition 4.10 this becomes

ﬁg = Ugm+]V9Ulp = Ugmif\}gUly.
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But Ng normalises Ug O Uy and therefore
Py =US" Uy No = Up™ U4 No

where Proposition 4.8 has been used to write Ug = Ué'r UgNg=Uy U; Ng. Now Ny contains

Ny and normalises Py, Ugm+, U™, Ug , and Uy, giving the result. ]

The next result follows immediately from the previous two, using an argument analogous to that

of [2, §2.4].

Proposition 4.12. Let 0 € Y7 (K). Then
UTU~Na — 117+
Py = Ui Uy Ng = Uy Ug Ny.

In particular, U} = Ugm+ and Uy =Up™".

Proof. By Lemma 4.11 one has
Py = U§™ NoUy = Ug™ NoUy = Uy NeUp™"
where the third equality follows from the third expression using the map g — g~!. Then
PoNUTTU™ =US™TU, = U TUS™

using the second and fourth expressions above. The Birkhoff decomposition is unique on the

subset UTTU~ which implies that U, = Ugm+ and U, = U™ . The result now follows. [

Note that Proposition 4.8 and Proposition 4.12 imply that
_yjt7/— — p7Pm+ymm—

for any set of positive roots ¥ C A... The first equality is precisely [7, Theorem 3]. Finally, the

goal of the subsection is proved.
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Corollary 4.13. Let 6 € Y7 (K). Then Py = Q.

Proof. The inclusion Qg C Py is immediate. For the reverse inclusion, observe that Py is

generated by UJ , Uy , and Ng by Proposition 4.12. Therefore Py C Qg as required. 0

The following consequence of Proposition 4.12 will be useful in the sequel.

Corollary 4.14. Let 6 € Yr(K). Then NN Qg = Ny.

Proof. By Proposition 4.12 and Corollary 4.13 an element g € N N Qg can be written as
g=n=uiu_ng
where n € N, ng € Ng, u; € Ut,andu_ € U, . But then
uj_lnngl =u_ cUNNU~

where the intersection is trivial by the Birkhoff decomposition. It follows that u_ = 1. The

Birkhoff decomposition also implies that U™ NN = 1 from which one deduces
uy=u_=1 and n=ng

as required. 0

Remark 4.15. The decomposition for the subgroup Py should be compared with the decomposi-
tions of parahoric subgroups associated to filters of subsets in Y7 (R). Specifically, when masures
were first defined in [20] it was unclear whether such subgroups would have nice decompositions
that would allow them to be studied effectively. In other words, it was unclear whether parahoric
subgroups were good fixators in the sense of op. cit. It was known in the case where the filter
was a point, which is analogous to the context here. Recently, this has been resolved and it is

known that all filters have good fixators [24, Theorem 6.6.7].
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4.2 Constructing citadels

In this section, a twisted building is defined for every conjugacy class of quasi-Borel subgroup
in G. Specifically, to every set of positive roots ¥ C A, under a certain finiteness restriction,
one defines a Kac-Moody subgroup Gy whose Weyl group is the reflection subgroup Wy. The
Gy define buildings which are related to the keep G/B, for some fixed Borel subgroup B, using
Billig-Dyer decompositions. Afterwards, the twisted buildings are bundled together to produce

two citadels associated to G which are naturally twinned.

4.2.1 A right-analogue of the Billig-Dyer decomposition

The aim of this subsection is to extend the work of Billig-Dyer to include a right-analogue of
Proposition 4.5. As mentioned previously, this will provide the axioms (T*2)(b) and (T’3)(b) for

the twisted buildings constructed in the sequel.

Let Iy = {&t € A" | 5o € Sy} be the standard set of simple roots associated to Wip. In what
follows, write

o =Pn{o,—a}

for all t = 5o € Sy. Therefore ¢ is the unique root in ¥ representing ¢. Note that if ¥ is of

positive sign then [Ty C W and o = « for all t = 54 € Sy with o € I1y.

Lemma 4.16. Let G be a Kac-Moody group with maximal torus T. Suppose that ¥ is a set of

positive roots of A. Then
Uy = Uq,(Ug Nt~ 0gt) = (Up Nt 01U,

forallt € Sy.

Proof. By [7, Theorem 3] and Proposition 4.12 one may write

Uy = Ug Uy = UY" USM™
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where Uf;,m+ = Ugm+ for some 6 € Y7(K) defining ¥, and similarly for Uy" . Moreover, by
Proposition 4.12

Ug =US"" and Uy =US™".
Suppose that 1 = 54 € Sy. Without loss of generality, write o = . Moreover, assume that

o € PNAT. The case for o € ¥ NA~ would be symmetric.

Since ¥ and A" are closed in A, the intersection A = YN AT is closed in AT. Moreover,

Ao =A\ a is closed and an ideal in A. Indeed:

* To see closure, suppose that B,y € Ag and B + ¥ € A. Then B 4y € A since Ag C A and A

is closed. It remains to show that 8 + ¥ # . Suppose otherwise. Then
tB,ryeP\a and tf+ty=ra=—-a

by the fact that 1(¥\ a) =¥\ a and () = —a since t € Sy. But then —a € ¥\ o

implies that o ¢ ¥ which is a contradiction. Hence 8 + 7 € Ag and thus A is closed in A.

* For the ideal property, suppose that € Ag and ¥ € A and  + ¥ € A. One must show that
B +7v € Ag. Note that B + ¥ € A, so it suffices to show that § + ¥ # o. Suppose otherwise.

Then y # a which implies ¥ € Ag. The rest of the argument follows the previous bullet.

The inclusions Ag C A C A applied to [38, Lemme 5] or [31, Lemma 8.58] give
U™ (A) = Uy x U™ (Ag) = U™ (Ag) X Ug
in the maximal Kac-Moody group G™**. Hence
U =UP™(A) =GN (Ug x U™ (Ay)).
Write g € U; as g = ugu’ where uy € Uy and u’ € U™ (Ag). Then

W' =ug'g € GNU™T(A).
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But Ag = r¥ N AT and therefore Proposition 4.12 implies that
Ug = U x (GNU™"(A)) = Ug x Uy
Substituting this into the original equation, one obtains
Uy = UgU Uy
Note that #(U Uy )t ! C Uy and
Uy =UN" =GNU™T(Ag) CGNU™T(A) =US" =US

therefore

UbUy C Uy Nt Ut

It follows that

Uy C Uy (Ug Nt 1 UI)

and the reverse inclusion is immediate. The decomposition in which Uy appears on the right is

proved in an analogous way. [

The following result should be considered as an extension of Proposition 4.5.

Proposition 4.17. Let G be a Kac-Moody group with maximal torus T. Suppose that B is the
standard positive Borel subgroup of G relative to T and that Q = Qw is a standard quasi-Borel

subgroup of G relative to T. Then, for all t € Sg¢ and w € W, one has
BwiQ® C BwQ% 0" C BwQ® UBwrQ°.

Moreover, if ly(wt) > ly(w) then BwQ'tQ% = BwtQ°.

Proof. The proof follows standard arguments, given here for completeness. Fix t = 5o € Sw.

Without loss of generality, write & = ¢4 € . By Lemma 4.16, one may write Q° = U,Q’, T
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where Q/, is normalised by ¢. Then
BwQ"Q° = BwUat Q0" = BwUqt Q" = BU,, w1 Q°.

If Upa) € B then BwQ% Q" = BwrQ®. So assume otherwise and consider u € Uy. Then
u,t € (Ug,U_q) and therefore ut = u_uh where u_ € U_q, uy € Ugy, and h € T. This follows
from the Bruhat decomposition in the semisimple rank 1 group (Uy,U_q) (cf. [25, §28.2]). If u

is the identity element then BwurQ® = BwrQP, so assume otherwise. Then
BwthO = Bwu_u+hQ0 = Bwu_QO.

But U, (o) £ B by assumption, hence U,,_q) C B and BwutQ° = BwQ".

For the final statement, recall from Remark 3.5 that iy (wt) > hy(w) is equivalent to ¢ ¢ A (w™!) +
Ag. If @ € A" then @ € N AT and thus ¢ ¢ Ay. It follows that ¢ .4 (w~!) which implies
that w(a) € AT. On the other hand, if @ € A~ then —a € (—¥) NAT which means 7 € Ay.
Therefore ¢t ¢ .4 (w™!) 4+ Ay implies that t € .4 (w™!). But then w(—a) € A~ or equivalently

w(a) € AT, as required. O

4.2.2 The twisted buildings

This subsection will construct a collection of twisted buildings that arise naturally from quasi-
Borel subgroups in G. The construction is a generalisation of the usual way in which one

associates a twin building to a pair of opposite standard Borel subgroups.

Throughout, fix a maximal torus 7" of G. Let B be the standard positive Borel subgroup of G

relative to 7. The Bruhat decomposition of G with respect to B defines the W-valued map
5:G/BxG/B—W, &(gB,hB)=wifg 'heBwB.

It is well-known that (G/B, d) is a building of type (W, S). This building will be the keep of the

positive citadel associated to G, denoted henceforth by Z.
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Set A=A(G,T) and Ay = {at € A | 54 € Wi }. In particular, Ay is the root system associated to

Wy. Define the subgroups

Gy = <N\y,Ua ’ ac A\yﬂAre>,

Gy = (T,Uy | & € AgNA),
for every set of positive roots ¥ C A.. Since Ny C Gy normalises G(\i, one has
_ 0

From this point onwards, assume that Sy is finite for every set of positive roots ¥ C A. This
becomes a genuine restriction when W is of indefinite type, in which case Sy may be infinite.

The restriction implies that Gg, is a Kac-Moody subgroup of G with Weyl group Wip.

Remark 4.18. The finiteness restriction is not necessary in the construction of abstract citadels,
since the theory of buildings allows Coxeter systems of infinite rank. It is plausible that the
finiteness restriction on Sy can be removed in the group-theoretic setting (cf. [21, Theorem 1]).
However, doing so would involve a systematic treatment of groups associated to generalised
Cartan matrices of infinite rank. This is beyond the scope of the thesis and will be explored in

future work.

Lemma 4.19. Let VY be an aligned set of positive roots in A. Then
Gy N Qw = (G N Q) Ny

where F?y = GQP N Q?P is a standard Borel subgroup of Gg, relative to T. In particular, if ¥ is of
positive sign then

BYy = (T,Uq | o € Iy).

Proof. If Sy is empty then Wiy is trivial and Gy = Ny. In this case,

GyNQy =Ny and GLNQY =T
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by Corollary 4.14 which gives the result. Henceforth, assume that Sy is non-empty. Replacing
Y by —W and the corresponding Borel subgroup by its opposite if necessary, it suffices to treat

the case that W is of positive sign. Hence [Ty C W. Define the subgroup
By = (T,Uq | o0 € TTy).

Set By = FO\Pny. The inclusion Gy N Qy D By is immediate. For the opposite inclusion
Gy N Qg C By pick an element g € Gy N Qw. So g = hn for some h € G?P and n € Ny. Observe
that E?P is the standard positive Borel subgroup of GO\I, relative to T'. Therefore, h = bn’'b’ where
b,b € E?y and n’ € NG()‘P (T) represents some w € Wip. By the first inclusion and the fact that
h= gn_1 € Qw, one has

n=b"1h(b) € Ggn Q.

In particular,

n' € Ngg (T)NQy = Gy N Ny

by Corollary 4.14. It follows that w € Wig N Staby (\W). But then
Np(w) =Ag +wAy = Ag+ Ay =0

implies w = 1 and thus n’ € T. This implies h € 1_9?1, which concludes the proof. [

Henceforth, assume that ¥ is a set of positive roots in A of positive sign. The set G\% / 1_38, can
be endowed with a building structure of type (W, Sy) in the same way as above. In particular,

there is a Wig-valued map
Sy : G /By x Gy /By — W,  Sw(gBy,hBYy) = wif g~ 'h € BywBYy

that is well-defined by the Bruhat decomposition on G?I,. Note that g, h € G?I,.

Set By = ByNy. The inclusion G4 C Gy induces a surjective map

GY%/By — Gy/By, gBy > gBy
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using the fact that Gy = G?Ppr and Ny C By. Moreover, the map is injective. Indeed, if

g,h € G and gBy = hBy then
g 'he GYNBy = G4 NBYNy = By
where the final equality follows from GO.P NNg =T C I_B?P which is implicit in the proof of

Lemma 4.19.

The inverse bijection ¢ of the map above identifies the coset spaces
¢ : Gy /By = G /By
By transport of structure, ¢ defines a building on the set Gy /By with a Wip-valued map
8y : Gy/By x Gy/By — Wy, Su(gBy,hBy) =wif g;'ho € BywBy

where ¢ (gBy) = goBy and ¢ (hBy) = hoBy for some go, ho € GY.

The induced building structure on Gy /By will be denoted by %y. This construction is analogous
to the convention that the building of a non-connected reductive group is the building associated
to its identity component. The key difference is that Gy, and more specifically Ny, acts on By
in ways that are not type-preserving (cf. [6, §7.9]). In particular, N¢ may not fix Sy pointwise

and therefore
8‘1’(” “G,n- C/) 7£ 5‘1’(67 C/)
for pairs ¢,¢’ € Py in general.

Example 4.20. Let G = GL3(k[t,t~']) x k. Suppose that ¥ = ¥ (B} in the notation of Example

3.7. From Example 4.4, one has

I

Staby (lP) = <x> 7z

where x = t4vsg. But Wy = (sg,ss_pg) from Example 3.7. A direct computation shows that the
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conjugation action of x on (W, Sy) coincides with the diagram automorphism swapping the two

nodes of A;. In particular, for all ¢,c’ € Py, one has
Sy(c,c') = sg = Sy(n-c,n-c') = S5—p

where n € Ny is aliftof x ¢ W.

Define the map

. —0 . -0
Iy GQP/B\P — G/Q?I,, ip(gBy) = gQ?P.
Lemma 4.21. The map iy is well-defined, injective, and G?P—equivariant.

Proof. The fact that iy 1s well-defined follows from E?P - Q?I,. Indeed, if gEOP = hB% then

g lhe E?p Hence
i (sBy) = 0% = g(g~'h) 0% = h0Y = i (hBy)
as required. To see that iy is injective, suppose that gQ?P = hQ?P for some g, h € GO.{,. Then
g 'heGynoY =By

by Lemma 4.19. It follows that gEg, = hE?P and G&,—equivariance is immediate from the

construction. ]

The map
T . - T 1D - -0
ip =ipo@:Gy/By — G/0%, iw(hBy)=hyQY where ¢(hBy) = hoBy

is well-defined, as the composition of well-defined maps ¢ and iy. In particular, Ay can be

identified with the subset

ip(Gy/By) = {30% | g € Gy} C G/Qy,.
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This identification allows one to define a W-valued map
8*:G/Bx Gy /By —W, &% (gB,hBy)=wif g 'hy € BwQY,

where ¢ (hBy) = hOE?P as above. The map is well-defined by the disjoint Billig-Dyer decompo-

sition of Proposition 4.5 and the previous discussion.

Before showing that 6* is a twisting map one must prove the following technical lemma which

allows one to pass from cosets involving Qg, to those involving By.

Lemma 4.22. Let Y be an aligned set of positive roots in A. Then
04105 = 04ByiBy
forallt =5y € Sy.

Proof. Fixt =5 € Sy and assume & = ;. The inclusion Q?PB\PIB\P - Q?PIQPP is immediate,

since F\% - Qg,. For the reverse inclusion, use Lemma 4.16 to write
0 _
Q‘{J - Q(xU(XT
where Q), = Uy Nt~ 'Uypt. Then

Oyt QY = 04t QuUqT,
= Q401U T,
= Q4tUqT,

C QYBy,

C 04ByBy
as required. [

Everything is now in place to complete the aim of this subsection and define a twisted building
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structure between % and HBy.

Proposition 4.23. The triple (B, %y, 8*) is a twisted building of type (W,S, V).

Proof. By the discussion above, % and Ay are buildings of type (W,S) and (Wi, Sy) respec-
tively. Observe that (T’1) is immediate from the definition of 8*. The rest of the proof follows

standard arguments, outlined here for completeness.

For (T°2) pick some s € S and w € W. Set b’ = gB, b = hB for some g,h € G. Similarly, let
¢ € Py such that ¢ (c) = kF?P and ig(c) = kQY, for some k € GY,. Suppose that §(b',b) = s and

8*(b,c) = w. Therefore g~1h € BsB and h™ 'k € BwQY, respectively. Then
g k= (g 'h)(h k) € BsBwQY,.

If Iy (sw) > ly(w) then BsBwQY, = BswQY, by Proposition 4.5, hence 8*(b',c) = sw. This gives
the first part of (T’2). The remaining case follows from the analogous argument using Proposition
4.17. In particular, pick some t = 54 € Sy and w € W. Set b = gB for some g € G, and let
c € Py with ¢(c) = hEO\{, and iy(c) = hQY, for some h € GY. Suppose that §*(b,c) = w, so
g 'he BwQY,. Let ¢’ € By with ¢(c’) = kEg, and iy (c") = kQY, for some k € GY. Suppose that

Sw(c,c’)=t,soh ke T??PtEO\P Then
g k= (g 'n)(h k) € BwQ?PtEg, C BwQY10Y.

If hy(wt) > lp(w) then BwQ%t QY = BwtQY, by Proposition 4.17, hence §*(b,c’) = wt.

For (T°3), set b = gB for some g € G, and let ¢ € By with ¢(c) = hE?P and iyp(c) = hQY,
for some h € GY,. Suppose that §*(b,c) = w, so g~'h € BwQY,. Substituting w — sw into
Proposition 4.5, one deduces that g~/ = xy for some x € BsB and y € BstO.{,. Set b’ = gxB.
Then

x gl h=yecBswQlY — §(b,c)=sw

and

x gl g=x"1eBsB = §(V',b)=s.
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This gives the first case of (T’3). In the latter case, one makes the substitution w — wt in
Proposition 4.17. Then g~ 'h = xy for some x € Bth?P andy € EOPIF?P by Lemma 4.22. Similar

to before, let ¢’ € By with ¢ (') = ng?P and ig(c’) = gxQY. Note that
gx=hy ! € GY - BytBy C Gy
so this is well-defined. Then
gl gx=xeBwrQY = §*(b,c)=wr

and

hlogr=y! EE?PIE?P = Sy(c,d) =t.

O

In particular, the twisted buildings of Proposition 4.23 are positively twisted. It follows from the
result that the canonical twin building of G is one of a much larger class of twisted buildings that

can be associated to G when it is not of finite type.

4.2.3 The citadel

In this subsection the twisted buildings of the previous subsection will be bundled together to
form a citadel structure. The construction should be compared with the description of the thin

citadel associated to a Coxeter system (W, S) in Example 3.42.

If Qw is a standard Borel subgroup then Gy = G and therefore Ay = A is G-stable. In general,
the left multiplication action of G on the coset space G/Qwy does not preserve le(%\p) Instead,
if g ¢ GyQw then the image of szp(%’xp) under multiplication by g is a building defined by the

cosets of gQwg .

The goal is to construct a single G-space that one can study. This can be achieved using the
quotient space

B(P) = G xg, By =G x By/ ~
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defined by (g,x) ~ (gh,h~!-x) where g € G, x € Py, and h € Gy. In the case where Qg = B

one retrieves G/B. In general, there is a G-equivariant bijection

B(P)ie = G/By

defined by the mapping [g, hBy] = [ghBy].

However, this identification is too fine when considering the action of G. In particular, the
stabiliser in G of a point in # (‘P)ﬁ“e is a Borel subgroup of some conjugate of Gy in G. Ideally,
one would like the stabilisers of points to be in one-to-one correspondence with quasi-Borel

subgroups of G.

The solution is to consider the local chamber sets Gy / By inside the coset space G /Qw with an

appropriate gluing. In order to complete this goal, the following technical lemma is proved.

Lemma 4.24. Let VY C A, be a set of positive roots. Then Gy Qv is a subgroup of G.

Proof. First, observe that Proposition 4.12 implies that

0%t € G3L0% 4.1

for all 1 = s¢ € Sy. Indeed, fix t = 54 € Sy and assume that @ = oy. If ¢ = uqg’ for some g € Qg,

and ¢’ € Q% Nt~ 1QYt then

gt = ugq't = ugt(t~'q't) € G 0%

as required.

In order for GgQwy to be a subgroup it suffices to show that QgGy C GyQy. Recall that

Gy =GyNy, Qu=0}Ny, and Ny =GyNQOy.
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Therefore, it is enough to check Q?I,G\OP C GOTQQI,. By the Bruhat decomposition in GY,, one has

Gy = |_| E?PWF%
weWyp

Since Ef’p - Q\OP the problem reduces to proving that Q?I,w C GO\PQ\OP for all w € Wy, Suppose
that w =t ---#; is a reduced decomposition for w € Wy. Then repeated applications of (4.1)

yields the result. O

In light of Lemma 4.24, define the subgroup Ky = GgQw.

Proposition 4.25. The natural map

Gy/(GeNQy) = Ky/Qw, g(GyNQOy)— g0w

is a Gy-equivariant bijection. In particular, there is a bijection
Py = Gy /By = Ky /Qy.
which induces an isomorphism
B(Y) =G Xk, By — G/ Q.

Proof. The first claim follows from (4.1)and the second follows from Lemma 4.19. ]

It follows from Proposition 4.25 that the cosets gQy of Z(¥) correspond to chambers in the
building ¢ when g € Ky. The other buildings in () that correspond to different conjugates

of Qy in G, are enumerated by G/Ky.

The W-metric from the keep to Z('P) is defined componentwise. Specifically, the twisting map

between each building and the keep is obtained as the translate of the twisting map

5*Z%X<@l}f—>w
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defined above.
Define the disjoint union

¢t =| |2(¥)
Q

running over the W-orbits Q of sets of admissible positive roots ¥ C A of positive sign. This
is the underlying space for the citadel associated to G. Write " = 2. The next result is

immediate.
Proposition 4.26. The triple (¢, %7",6%) is a citadel of type (W, S).
The next example illustrates a citadel structure of an affine Kac-Moody group.

Example 4.27. Let G = GL3(k[t,~']) x k. Then G is type A;. From Example 3.2, there are

four W-orbits of sets of positive roots of positive sign in A.

The subgroups Qw for the representatives ¥ = V'; are

k[t]  «  x k[t] k[t] = klt]
B”, K[] kf) || ek[] k7] * |, and k]
tklt] klt] klt] klt]

From this, it is straightforward to see that the buildings %y are of type A5, Aj, Aq, and trivial
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respectively. The corresponding subgroups Ky are, respectively

% k% * ok xk * k%
G, x % |,|* % x|, and x ok
k0 ok * *

The construction described above involves only sets of positive roots of positive sign. By an

analogous process, one can define a second citadel
¢ = |_|%7 (—)
Q

running over the same collection Q of W-orbits of sets of admissible positive roots ¥ C Ar.
Therefore

%(—\P) ~ G/Q_\p

The keep of ¢~ is the typical negative building
B =G/B”

where B~ is the Borel subgroup of G opposite B = B, relative to T. Note that in this case, one

uses an analogue of the Billig-Dyer decomposition where B is replaced by B™.

Observe that

W\p = W,ly and G\p = G,lp

which means that E?P and 1_3(1\{, are opposite standard Borel subgroups of Gg,. Therefore, the

Birkhoff decomposition

=0 =0
GO = I_I BE‘I’WBfS\I” Ec {+,—}
weWy

defines a twinning

—0 —0 o 1, =0 =0
Oy : GQP/BS‘I‘ X GO‘{'/B—S‘P — Wy,  Oy(gBey,hB_oy) =wif g 'he BeyWB_ oy
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By transport of structure, ¢ defines a building %_y on the set Gy /B_y with a Wy-valued map
= = = = e =0 =0
8y : Gw/Bew X Gy /B_ew — W,  85(8Bew, hB_ew) = w if g5 ' ho € BogwB_ sy

where ¢(gBew) = goBey and ¢ (hB_ew) = hoB' ¢y for some go, ho € GY.

In particular, the triples (%, % _w, 8) are twin buildings of type (W, Sy). For example, the

buildings " and %~ form the usual twin building associated to G. The next result is immediate.
Proposition 4.28. The triple (¢, %, (8y)w) is a twin citadel of type (W, S).

In the sequel, this twin citadel will be denoted by 6 = %(. Note that G acts transitively on the
chamber set of Z(W¥) for all . More precisely, Ky acts transitively on the chamber set of the
distinguished building Ay, while G/Ky indexes the building components occurring in £ (V).
Moreover, the action of G on % permutes the building components of ¢ and the W-metric on
each component is obtained via transporting the local twisting map. In a similar fashion, the

action of Ky on By U % _y preserves the Wig-metrics Sy and dy,.

Remark 4.29. The approach taken in this thesis to axiomatise the structures between coset spaces

of the form G/Qw has ignored maps of the form

G/Qy, xG/Qwy, =W

where W1 and ¥, are both non-standard and not the negations of one another. One reason for
this choice is the fact that G does not always possess a Bruhat decomposition with respect to

Oy, and Qw,. Specifically, one typically has

G # Qy,WQy,.

Therefore, any map

5 :G/Qw, X G/Qu, = W

for which 0*(gQw,,hQw,) = w if g lhe Qw,wQy, is not everywhere defined. Moreover, one

cannot reduce to a smaller group, as in the case for the twinnings &y, because Gy, # Gy, .
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This is illustrated in the following example. Let G = GL;(k[t,t~!]) x k*. Suppose Q is the
upper-triangular subgroup of G. In particular, Q corresponds to a chamber in Z(¥) where W is

the natural partition. A direct calculation shows

1 0
g= x1¢QoWQ.
I+ 1
It follows that 8*(Q, gQ) is not defined. This can be seen as a failure of the common apartment
property that has been observed in other building-like structures, e.g. [20] or [5]. It is reasonable

to expect that one could refine the definition of a (twin) citadel to capture this phenomenon.

4.2.4 A dictionary between the group and the citadel

It is well-known that chambers of the twin keep " U .2~ are in one-to-one correspondence
with the Borel subgroups of G, and the residues correspond to parabolic subgroups of G. This
subsection shows that, in an analogous way, the chambers of the twin citadel ¢ correspond to

quasi-Borel subgroups, while the residues correspond to quasi-parabolic subgroups.

Fix a set of positive roots ¥ C A, occurring in the construction of 6. Then Qw is a quasi-Borel

subgroup of G and one has the identification

From this, it is immediate that the stabiliser of a chamber gQw in Z(W¥) is the quasi-Borel

1

subgroup gQwg . It follows that every quasi-Borel subgroup appears as the stabiliser of a

chamber in %;.

Let K C Sy. Suppose that Pk is the standard parabolic subgroup of G?P of type K containing the

Borel subgroup TB?P. Then

Qw x = PxQy

is a subgroup of Ky by the argument of Lemma 4.24. In fact, it is a quasi-parabolic subgroup. It
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is straightforward to see that Qy g coincides with the stabiliser of the residue

Rx ={pQw | p € Pk} CG/Qw

of type K in Zy. Indeed, Ry = Pk Qwy /Ow so gRg C R forall g € QOw k 1s immediate, and the
converse follows from considering g~!. It follows that the stabiliser of any residue of type K
in #(¥) is a conjugate of Qy x and any such subgroup appears this way. A quasi-parabolic

subgroup of this form, for an admissible W, will be called facial.

The stabiliser of a chamber in the twin keep 2" U2~ is a Borel subgroup. For instance, the
standard positive Borel subgroup B containing 7 corresponds to the fundamental chamber in
" of the apartment associated to T. It is well-known that BN Ng(T) = T. In other words, if
g € G fixes the fundamental chamber and the apartment associated to 7 then it acts trivially on

the apartment. This is no longer the case away from the twin keep. In particular, since

NN By = Ny

by Corollary 4.14 there are non-trivial apartment automorphisms in Ay that fix chambers.

When G is reductive, the parabolic subgroups of G are facial and self-normalising. This means
that there is a correspondence between parabolic subgroups of G and residues of the building
associated to G. It is plausible that all quasi-parabolic subgroups of Kac-Moody groups are self-
normalising and facial. If proved in the affirmative, the residues of ¢ would be in one-to-one

correspondence with quasi-parabolic subgroups.

Conjecture 4.30. Let G be a Kac-Moody group. If Q is a quasi-parabolic subgroup of G then Q
is facial and Ng(Q) = O.

There is a partial order on parabolic subgroups of G, defined by reverse inclusion. This induces
a partial order < on the set of facial quasi-parabolic subgroups of G. In particular, if Q| and
Q> are facial quasi-parabolic subgroups then write Q1 < Q, if Q1 = P10} and Q; = P, Q) for
some parabolic subgroups P and P, of Gy with P, C Py. As a poset, it is the disjoint union of

the posets of parabolic subgroups, ordered by reverse inclusion, of each Gy. The quasi-Borel
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subgroups of G are the maximal elements in the poset. The minimal elements are facial quasi-
parabolic subgroups of type Sy for some set of positive roots ¥ in A. As is the convention for

buildings, one allows § = Sy, meaning G is a minimal element too.

The preceding discussion describes a simplicial approach to citadels. That is to say, a description
of the (twin) citadel as the disjoint union of simplicial complexes. The maximal simplices
correspond to chambers and quasi-Borel subgroups, while the minimal simplices correspond to
the buildings Ay. The families Z (W) here correspond to orbits of minimal simplices under the

action of G.

Remark 4.31. There is an obvious way in which one could define a vectorial model ¥ of the
twin citadel 6. The vectorial apartments would be the K-vector spaces Y7 (K) running over the
maximal tori 7 of G. The gluing operation would involve the quasi-parabolic subgroups Qg, or
perhaps a slightly smaller subgroup Q, for which N N Q}, was the point stabiliser of 6 € Y7 (K).
By construction every quasi-parabolic subgroup would be associated to a point of ¥4 in a natural
way, not just those which are facial or associated to admissible sets of positive roots. This will

be the focus of future work.



CHAPTER

Complete reducibility

This chapter defines and studies the notion of complete reducibility in citadels. This leads
to a new notion of complete reducibility for subgroups of Kac-Moody groups, distinct from
current definitions in the literature, that faithfully generalises existing notions for connected and
non-connected reductive algebraic groups. Once this is done, some basic consequences of the

definition are established.

5.1 Background

Let X be a spherical building. A convex subset Y of X is completely reducible if every residue in
Y has an opposite in Y. This definition is due to Serre [41]. Strictly speaking, the assumption of

convexity is not necessary, but it will be true in every case in the sequel.

Suppose that X = X(G) is the building associated to some connected reductive group G. Then G
acts strongly transitively on X. If H is a subgroup of G then the set of residues in X stabilised
by H is denoted X. It is well-known that X is convex. This fact enables one to study the

complete reducibility of X safely. In particular, X is completely reducible in X if and only if

H C P a parabolic subgroup = H C L a Levi subgroup of P. S.D
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A subgroup H of G with the property (5.1) is called G-completely reducible, or G-cr for short.

Otherwise, say that H is non-G-cr.

In his seminal paper, Serre proves a number of equivalent characterisations of complete reducibil-

ity. Most of these are recorded in the next result.

Proposition 5.1. Let X be a spherical building and Y a convex subcomplex of X. Then the

following are equivalent:
1. Y is completely reducible in X.
2. Y contains a pair of opposite residues with the same dimension as'Y .
3. Y contains a Levi sphere S with the same dimension as'Y .
4. Every vertex in'Y has an opposite in'Y.

Here, a Levi sphere is the convex hull of a pair of opposite residues in X. A helpful way to think
about such objects comes from the geometric realisation of X. First, note that a Levi sphere is
contained in some apartment of X, by minimality of the convex hull. When this apartment is
viewed as a sphere in some Euclidean space, the Levi sphere is an intersection of this sphere

with a vector subspace.

Let S be the Levi sphere of X defined by the residues R and R'. It is well-known that there is an
isomorphism R — R’ of buildings given by the projection maps [1, Proposition 5.37]. Write Xg
for the building that R defines in X. If Y is a subcomplex of X then write Y for the corresponding

subcomplex in Xg. The following result is due to Serre [41, Proposition 2.5].

Theorem 5.2. Let X be a spherical building and Y a convex subcomplex of X. Suppose that Y
contains a Levi sphere S. Then Y is completely reducible in X if and only if Yg is completely

reducible in Xg.

In particular, the Levi spheres in X provide a way to study complete reducibility locally. The

corresponding result for subgroups of G is recorded in the following corollary.

Corollary 5.3. Let G be a reductive group and H a subgroup of G. Suppose H is contained in a

Levi subgroup L of G. Then H is G-cr if and only if H is L-cr.
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A natural generalisation of a spherical building that preserves an opposition relation is a twin
building. The corresponding definition for completely reducible subcomplexes of twin buildings
follows the original definition verbatim. That is, a convex subcomplex Y of X is completely
reducible if every residue in Y contains an opposite in Y. This definition was first written down

by Dawson [12]. Note that opposite residues in twin buildings lie in different components.

Let X = X(G) be the twin building associated to a Kac-Moody group. Then X” is completely
reducible in X if and only if whenever H is contained in a parabolic subgroup P of G then H is
contained in a Levi subgroup of P. A subgroup H of G is basically G-completely reducible, or
basically G-cr for short, if this property is satisfied. Otherwise, say that H is basically non-G-cr.
The name is justified by the fact that the parabolic subgroups in G are those quasi-parabolic

subgroups that arise from root bases.

Prior to the work of Dawson, there was a definition of completely reducible subgroups in groups
with a twin BN-pair, e.g. Kac-Moody groups, due to Caprace [9]. This definition assumes that H
is bounded, 1.e. contained in the intersection of two finite type parabolic subgroups of opposite
sign. It follows from [35, §10.3] that H must be an algebraic subgroup of G. The remaining
condition in the definition requires that one check (5.1) using only parabolic subgroups of finite
type. In the sequel, a subgroup of this form will be called boundedly G-completely reducible, or

boundedly G-cr for short. Otherwise, say that H is boundedly non-G-cr.

A number of classical results concerning complete reducibility in spherical buildings can be
extended to twin buildings. The next result records these results, the proofs of which are due to
[12]. In order to state the result, generalise the notion of a Levi sphere to mean the convex hull

of a pair of opposite spherical residues, now in a possibly non-spherical twin building X .

Proposition 5.4. Let X = (X;,X_) be a twin building and Y a convex subcomplex of X. Suppose

that Y contains a spherical residue in each component of X. Then the following are equivalent:
1. Y is completely reducible in X.
2. Y contains a pair of opposite (spherical) residues with the same dimension as'Y .

3. Y contains a Levi sphere S with the same dimension as Y .
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4. Every spherical vertex in Y has an opposite in'Y.

The assumption that Y contains a spherical simplex in each component is quite restrictive. This
is illustrated clearly in the consequence it has for subgroups of Kac-Moody groups. Indeed, if H
is a subgroup of a Kac-Moody group G and X = X(G), then X¥ contains a spherical residue in
each component if and only if H is bounded. This should be compared with the hypotheses of

bounded G-complete reducibility.

Let S be the Levi sphere of X defined by the spherical residues R and R'. Just as for spherical
buildings, there is an isomorphism R — R’ of buildings given by the co-projection maps [I,
Proposition 5.152]. Again, write Xg for the building that R defines in X and similarly Ys for the
subcomplex of Xg defined by some subcomplex Y in X. Note that Xg is contained in only one of

the components of X. The next result is [12, Proposition 28].

Theorem 5.5. Let X = (X;,X_) be a twin building and Y a convex subcomplex of X. Suppose
that Y contains a Levi sphere S. Then Y is completely reducible in X if and only if Ys is completely

reducible in Xj.

Note that, by the hypothesis, the subcomplex Y of Theorem 5.5 contains a spherical residue in

each component.

Corollary 5.6. Let G be a Kac-Moody group and H a subgroup of G. Suppose H is contained in

a finite type Levi subgroup L of G. Then H is basically G-cr if and only if H is L-cr.

Importantly, finite type Levi subgroups of Kac-Moody groups are reductive subgroups. There-
fore, the content of Corollary 5.6 shows that basic complete reducibility, of a priori algebraic
subgroups of Kac-Moody groups, can be checked at the level of the reductive subgroups that
contain them. This provides an easy way to generate basically G-cr or basically non-G-cr

subgroups in Kac-Moody groups.

There are limitations to the notions of bounded and basic G-complete reducibility. For a start,
consider a Kac-Moody group G of affine type. Then every proper parabolic subgroup of G is
finite type. This causes a peculiarity if H is not contained in any proper parabolic subgroups of

G. In particular, if H is unbounded then H is trivially boundedly non-G-cr whereas H is trivially
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basically G-cr.

On the technical side, one might also expect that key results from G-complete reducibility in
reductive groups held in the greater generality of Kac-Moody groups, at least when G is linear.
For example, the fact that the property of G-complete reducibility in reductive groups is closed
under taking centralisers and normalisers [6]. The next example illustrates how this fails for

boundedly G-cr subgroups.

Example 5.7. Let G = SL,(k[t,#']) x k*. Fix an embedding SL, (k) C G and choose a maximal
torus T = § x k* of G where S is a maximal torus of SL,(k). It is straightforward to see
that C;(T) = T is boundedly G-cr. However, recall that C;(S) = (S x Z) x k* is unbounded.
Therefore C(S) must be boundedly non-G-cr. In particular, the centraliser of a boundedly G-cr
subgroup may not be boundedly G-cr. This phenomenon is not restricted to maximal tori. In fact,

if L is Levi subgroup of G properly contained in SL, (k) then C;(L) is also unbounded.

A second property that is fundamental to the theory of G-cr in reductive groups is that every
unipotent subgroup U C G is non-G-cr. This can be deduced from the fact that U C B for some
Borel subgroup, hence if U is G-cr then U is contained in some maximal torus of B, which is
impossible. The next example explores cases of ‘unipotent” subgroups of Kac-Moody groups for

which this fact breaks down.

Example 5.8. Let G be a Kac-Moody group. Suppose that By and B, are Borel subgroups of
G with opposite sign. Set U = R,(B; N By). Then U is bounded unipotent in the sense of [9].
It is proved in op. cit. that U N B C R, (B) for all Borel subgroups B of G. Therefore U is not

boundedly G-cr, as one would expect.

On the other hand, let G = SL,,(k[t,t~']) x k*. Suppose that U’ is the upper uni-triangular
matrices in G. Then U’ is a soluble ind-group generated by unipotent algebraic groups. It
is straightforward to see that U’ is not bounded, hence U’ is (trivially) boundedly non-G-cr.
However, U’ is not contained in any proper parabolic subgroup of G. This implies that U’ is

(trivially) basically G-cr.

The problems that arise in the examples above come from quasi-parabolic subgroups that are



5.2 Completely reducible sets in citadels 133

not parabolic. In particular, keeping the same notation, note that C;(S) x U’ is just the subgroup
of upper-triangular matrices in G. Therefore, the natural setting in which to extend the notion
of complete reducibility is to that of the twin citadel. This will be achieved in the following

sections.

5.2 Completely reducible sets in citadels

In order to define any notion of complete reducibility one requires a notion of opposition. This
leads us to consider subcomplexes in twin citadels, rather than citadels alone. Throughout this

section, let ¢’ = (¢, %) be a twin citadel.

Definition 5.9. A convex subset M C % is € -completely reducible (% -cr for short) if every

residue in M has an opposite in M.

Note that opposition is only defined between the twin buildings in a twin citadel. Therefore, a
convex subset is ¢ -cr if and only if its intersection with every twin building % it meets is Z-cr.
This means that complete reducibility in 4" can be checked at the level of the twin buildings %
in €. It follows that the definition is equivalent to Dawson’s notion of complete reducibility for

convex subsets of the twin keep. In general, one can apply Proposition 5.4 to each # in €.

An advantage of studying complete reducibility using the entire twin citadel, and not only the
twin keep, is that residues within the twin citadel are often non-standard. Therefore, the space of
convex sets that one can study is far richer. This is visible already in the thin twin citadel 6w
of Example 3.42 when W is affine. In this example, the proper residues of the thin twin keep
Bw =W x W are finite parabolic subgroups of the form W; for some J C S. On the other hand,

proper residues of 4 may be type K = Sy for some Wy C W, which will often be non-spherical.

The rest of the section records a generalisation of Theorem 5.5 for twin citadels. First, one must

define the analogue of a Levi sphere in a twin citadel.
Definition 5.10. A Levi sphere in € is the convex hull of a pair of opposite spherical residues.

By the same reasoning as before, the Levi spheres in ¢ are precisely the Levi spheres of each

twin building in %’. This follows from the fact that opposition is defined between twin buildings
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of €, which are convex.

Suppose S = (R,R’) is a Levi sphere in €, where R and R’ are opposite spherical residues in
some twin building # C €. As before, there is a building s associated to S in A. Denote this
building in % by %s. Similarly, if M C % then write Mg for the subset of %5 defined by M. Note
that M is empty if M does not meet . The next result is an immediate consequence of [12,

Proposition 28].

Theorem 5.11. Let M be a convex subset of €. Suppose that M contains a Levi sphere S in

every twin building of € that it meets. Then M is € -cr if and only if Mg is €s-cr for all S.

5.3 G-complete reducibility in Kac-Moody groups

This section defines a notion of G-complete reducibility for Kac-Moody groups, using the notion
of complete reducibility in the citadel. Some examples are given to illustrate the differences

between the new definition and those currently in the literature.

Let G be a Kac-Moody group and 6 = % its twin citadel. Suppose H is a subgroup of G. Then
H acts on € and one can consider the fixed points ¢’ under this action. This can be computed

on each (V) C ¢ independently. Then
BP)H = {R residue of By C B(¥) | h-R=Rforallhc H}.
Altogether, one has

e =] |#B(®)",
Q

= {Rresidue of € | h-R=Rforallh € H}.

Therefore €7 corresponds to the facial quasi-parabolic subgroups P of G such that H C P.

As one would hope, the fixed points ! form a convex set in %. Indeed, suppose Re and Ry

are spherical residues of %, and (W) respectively, contained in €. One must show that the
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projection of Ry onto R, and vice versa, is also contained in &H. Lethe H. Then
h-projg, Ry = proj,.g. h- Ry
because the action of G on & preserves 6. But i- R = R and h- Ry = Ry. Therefore
h-projg, Ry = projg Rg = projg Ry € ¢H.

After replacing Re with Ry, the same argument yields the fact that projg,, Re € €. The case
of two residues in the same building, or some twin building, follows in the same way. In this
instance, since H fixes the residues it must fix the W-metric between them, even if H does not

fix the entire (twin) building. This is recorded in the following lemma.

Lemma 5.12. Let G be a Kac-Moody group and € = 6 its twin citadel. Suppose H is a

subgroup of G. Then € is convex.

In particular, there is a well-defined notion of complete reducibility for fixed point sets of twin
citadels ¥ = % under the action of a subgroup H of G. The next definition characterises this

property using the subgroup structure of G.

Definition 5.13. Let G be a Kac-Moody group and H a subgroup of G. Then H is G-completely
reducible (G-cr for short) if whenever H is contained in a facial quasi-parabolic subgroup P of

G, then H is contained in a quasi-Levi subgroup L of P.

It is straightforward to see that a subgroup H is G-cr if and only if € is €-cr. Similarly, if H
is G-cr then H is basically G-cr. The converse is not true. This is illustrated in the following

example.

Example 5.14. Let G = SL,(k[t,']) x k*. Suppose that U’ is the subgroup from Example 5.8,
so U’ is basically G-cr. But U’ = U, for some non-generic cocharacter A € Y. In particular,
P = P, is a quasi-Borel subgroup. Therefore the quasi-Levi subgroups of P are, up to some
discrete group, just maximal tori of G. It follows that U’ is not contained in any quasi-Levi

subgroup of P. Hence U’ is non-G-cr.
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A bounded subgroup H of G is boundedly G-cr if it is G-cr. The converse remains an open

question. At least when G is affine type, this question seems related to [12].
Conjecture 5.15. A bounded subgroup H of G is G-cr if and only if it is boundedly G-cr.

The next example details the flexibility of studying G-cr subgroups using quasi-parabolic sub-

groups rather than parabolic subgroups.

Example 5.16. Let G = SL,,(k[t,!]) x k*. Suppose that S and T are the tori of G from Example
5.7. Then Cs(T) = T is a bounded subgroup of G, hence stabilises a pair of spherical residues
in the twin keep % = %. In fact, it is well-known that %7 is a twin apartment of %, hence
completely reducible in .Z. On the other hand, the centraliser C(S) = (S x Z) x k* is unbounded,
therefore the only residue in B is A itself. However, Cc(S) is a quasi-Levi subgroup of a
quasi-Borel subgroup. This implies that the fixed point set of 4" under Cg(S) contains a building
from each #(¥). That is to say, €CclS) is non-empty and completely reducible. Note that this

includes a trivial spherical building from (W) when W is the natural partition.
The final result of this section provides a group-theoretic analogue of Theorem 5.11.

Theorem 5.17. Let G be a Kac-Moody group and H a subgroup of G. Suppose that whenever H
is contained in a maximal facial quasi-parabolic subgroup Py of G then H is contained in finite
type quasi-Levi subgroup Ly of some facial quasi-parabolic subgroup Py C Py. Then H is G-cr

if and only if H is Ly-cr for all such Ly.

The upshot of Theorem 5.17 is that the framework of citadels and quasi-parabolic subgroups
appears to be the natural setting in which one can study complete reducibility for Kac-Moody
groups. In particular, the theorem suggests that many structural results from the theory for
reductive groups admit analogues in Kac-Moody groups once parabolic and Levi subgroups are
replaced by their quasi-parabolic and quasi-Levi counterparts. For instance, it is likely that one
can obtain results about normalisers and centralisers of G-completely reducible subgroups similar
to those first proved in [4, Theorem 3.1]. These extensions will be addressed in forthcoming

work.
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Future directions

The thesis concludes by suggesting three avenues for further research, each motivated by the

findings in the preceding chapters.

First of all, it would be interesting to see how far the analogy between twin and twisted buildings
extends. This thesis defines twisted buildings using the W-metric approach which provides a
way to define building-like objects without reference to an apartment system. The first question
one might like to ask is whether there is a suitable notion of an apartment in a twisted building.
The author expects this to be true, and the globally defined twisting map ought to imply that
the common apartment property holds. Extending this further, one might expect a notion of an
apartment in citadels and twin citadels. However, the failure of Bruhat-type decompositions for
quasi-Borel subgroups suggests that the common apartment property fails for arbitrary chambers

outside of the keep.

It is a fundamental result in the theory of buildings that a group with a BN-pair admits a thick
building with a strongly transitive action. This is a powerful axiomatic tool that can be used
to prove simplicity results for the group. There are similar structures, such as twin BN-pairs,
that capture the notion of a twin building associated to a group. By looking at the Billig-Dyer
decompositions one could naively define the notion of a twisted BN-pair. 1t is plausible that

a group admitting such a structure would admit a twisted building, and this could lead to new
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simplicity results. It would be interesting to see whether such a definition was independent of the
various BN-pairs in the literature, or whether possessing a certain BN-pair implies the existence

of a twisted BN-pair.

A related problem is whether it makes sense to extend the definition of a twisted building beyond
those arising from sets of positive roots. In particular, Dyer’s theory of twisted Bruhat orders
and reflection subgroups is phrased in the more general setting of initial sections of reflection
orders, not only those arising from sets of positive roots. Moreover, many of the results presented
about minimal length elements in cosets hold in this generality. This suggests that one may be
able to obtain a well-behaved theory of twisted buildings after replacing Ay with an arbitrary
initial section of a reflection order. However, the collection of initial sections of reflection orders
is wild. An interesting subclass to consider would be the initial sections that appear in Dyer’s

formulation of the Kazhdan-Lusztig conjecture for Kac-Moody algebras [15, Conjecture 6.15].
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